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MODELS OF INTUITIONISTIC TT AND NF
DANIEL DZIERZGOWSKI

Abstract. Let us define the intuitionistic part of a classical theory T as the intuitionistic theory whose
proper axioms are identical with the proper axioms of 7. For example, Heyting arithmetic HA is the
intuitionistic part of classical Peano arithmetic PA.

It’s a well-known fact, proved by Heyting and Myhill, that ZF is identical with its intuitionistic part.

In this paper, we mainly prove that TT, Russell’s Simple Theory of Types, and NF, Quine’s “New
Foundations,” are not equal to their intuitionistic part. So, an intuitionistic version of TT or NF seems
more naturally definable than an intuitionistic version of ZF.

In the first section, we present a simple technique to build Kripke models of the intuitionistic part of
TT (with short examples showing bad properties of finite setsif they are defined in the usual classical way).

In the remaining sections, we show how models of intuitionistic NF, and NF can be obtained from
well-chosen classical ones. In these models, the excluded middle will not be satisfied for some non-stratified
sentences.

81. Models of intuitionistic TT.

1.1. The axioms of TT. The language Zrr of TT is a many-sorted language
including variables x', y’, ... for each i € N. The atomic formule of %1 are of
the form x’ € y*! or x’ = y?, foreachi € N.

We define intuitionistic TT as the intuitionistic theory whose proper axioms are
exactly the proper axioms of classical TT (see [1] for more details about classical
TT):

e extensionality axioms: for eachi € N,
(inﬂ)(VyiH)((VZi)(Zi c xi+l PN zi c yi+l) N xi+1 — yi+1);
e comprehension axioms: (Ix'*1)(Vz')(z' € x'*! < ¢), for each formula ¢
in which x?*! does not occur free and each i € N.

1.2. Models of intuitionistic TT. We shall now introduce a very simple technique
to obtain Kripke models of intuitionistic TT, in which the reader might recognize
ideas from [3] or [7].

Consider a model # = (M, €*) of classical ZF (a similar construction could be

undertaken within models of other set theories, including classical TT, for example;
see section 1.4 below). Within .#, we are going to define a Kripke structure

N = <(/Vk)ke1<,(K, <,0)>,where
e (K, <,0) is a partial ordering such that (Vk € K)(0 < k);
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e foreach k € K, #; = (N2, N}, ... ; €%, =") is a classical Zrr-structure,
except that the equality relation =" does not need to be standard;

e as usually in Kripke structures, #; C .#; whenever k < [/ (/) C #; means
that the domain and relations of .}, are respectively included in the domain
and relations of .#7; it does not mean that .#} is a substructure of ./} ).

We want ./ to be a model of intuitionistic TT.

So let (K, <,0) € M such that # |= ((K, <,0) is a partial ordering). For each
i € N, we are going to define, within .#, a class N’ of functions whose domain is a
subset of K. Then, we shall define N} as {x € N’ | k € dom(x)}.

On the other hand, the elements of each N! will contain all the information
needed to characterize the €”%’s and ="*’s. For example, if x,y € N, 0 we shall
define x ="* y as # = x(k) = y(k). On the other hand, if x € N} and y € NJ™!,
we would like to define x € y as # |= x € y(k). But if we want . to satisfy the
extensionality axiom, the definition of €** should be a little bit more sophisticated,
as we shall see below.

Here are the details. Let N° be any non empty class of functions x € M such
that the following properties are satisfied in ./Z:

e x # @and dom(x) C K

o (Vk € dom(x))(Vk' € K)(k' > k — k' € dom(x));

o (Vx' € NO)(Vk € K)(x(k) = x'(k) — (Vk' > k)(x(k') = x'(K'))).

For each k € K, we define N = {x € N° | k € dom(x)}.

Then the remaining N’s are inductively defined from N in the following way.
Within .#, we define N'*! as the class of a// functions x such that

e x # @ and dom(x) C K;

e if k € dom(x), then x(k) C N/;

o if k € dom(x), then (Vk' > k)(k' € dom(x) A x(k) C x(k')).

For each k € K, we define, as above, N/ ™! = {x € N'*! | k € dom(x)}.

Finally, # Ik, x € y (i.e, x €”% y)and & Ik, x = y (ie., x =" y) are defined
as follows, by induction on the type of x and y:

e if x,y € NQ, then # Iy x = y ifand only if # |= x(k) = y(k);

e if x € N/ and y € N/}, then # Ik, x € y if and only if (3z € Nj)(/ Ik
x=z AN M Eze€ylk)),

o if x,y € N,i“, then /" Ik, x = y if and only if /" Ik, Eq[x, y], where
Eq(x*!, yi+1l) = (Vz/)(z! € x'*! « zi*!1 € pi*l) and I, is the usual
satisfiability relation (forcing) for Kripke structures (for example, /" Ity
(p — w)isdefinedas (VI = k)((S Ik @) — (V 1F; w))).

It is easy to check that ./ is indeed a Kripke structure (#} C #; when k < ),
and that /" satisfies the axioms of equality.

It is worth noting that, for a given .#, ./ is totally characterized by N°.

It is also easy to prove the following Definability Lemma.

LemMma 1. Let p(x',y/,...) be a formula of Zrr. Then there exists a formula
Ay (p1, P2, P3, Pas X, p, .. .) in the language of ZF such that, for all k € K, a € N},

beN/, ...,
N e plah, ... ] M = AJK, <, N k,a,b,...].
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Now we can prove the main property of /.
THEOREM 2. /" is a model of intuitionistic TT.

Proor. Letk € K.

By definition of /" Ik x = y, it is clear that /" Ik ¢, if ¢ is an extensionality
axiom.

The comprehension is a little bit more difficult. We want to prove that, for any
formula ¢, and any values a,b,... of its parameters, # I, (3x/+1)(Vz!)(z! €
x e p)a,b,...].

A satisfies the comprehension schema of ZF. Thus, by the Definability Lemma,
there exists some x € N, ,i“ such that, forall / > k,

M =x(l)={z €N/ | ¥ p[z,a,b,...]}.
Foralll > k,

Nzex < @eN)HNiz=z2 AN A EZ €x())
= (@ eN)HNrz=2z' NN plz,ab,...])
<~ (S p[z,a,b,...]) (equality axioms).

Then, it is clear that /" Ik (3x'1)(Vz7)(z' € x < p(z"))[a,b,...]. 4

1.3. Application: a short study of finiteness. In this section, we plan to demon-
strate how the technique described above can be used to show that the usual defi-
nition of finiteness in classical TT satisfies some “bad properties” in intuitionistic
TT.

Finite sets in intuitionistic TT. As in classical TT, we define Fin? as (\{E? | E?
is inductive}, i.e., the smallest inductive set of type 2, where a set E? is inductive
if and only if @' € E? and (Vx! € E?)(Vy%)(x' U {y°} € E?) (in an intuitionistic
framework, it may be useful to state precisely that @' = {x° | =(x° = x°)}, and
{»°} = {x°] x° = »°}). As expected, the following induction principle can then
be proved in intuitionistic TT:

(1) [e(e") A (vx' eFin) (p(x') = WO)(p(x' L HD))]
— (Vx! € Fin?)ep(x!).
The first “bad” property of Fin is that
(2) (vx! € Fin?)(vy")(»' € x! — y! € Fin?)
cannot be proved in intuitionistic TT. Before constructing a Kripke model of TT
where (2) is not satisfied, it is worth noting that: (2) is rather strong, as shown by
Proposition 3.

From now on, we omit the type indices to improve readability of the formulz.
There should be no ambiguity; the type of Fin is always assumed to be 2.
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PROPOSITION 3. Let g, 0,2, 03 and a4 be the following sentences:

a1. (Vx € Fin)(Vy C x)(y € Fin)

o2. (Vx)(Vy C {x})(y € Fin)

o5 (7x)(¥y € (x]IE2)(z € y) v ~(32)(z € y)]
oo (F0)vy € (DI € 1) V(G € )

Then o, 02, o3 and o4 are provably equivalent in intuitionistic TT. Furthermore,
a; — (¢ V ) can be proved in intuitionistic TT, for each i € {1,2,3,4} and each
Sormula .

PrOOF.

o1 — oy: Trivial because {x} € Fin.

g, — o3 Itis easy to prove that (Vx € Fin)[(3z)(z € x) V ~(3z)(z € x)], by
induction on x € Fin, using (1).

g3 — o1: Prove g by induction on x € Fin, using o3 and (Vx, y € Fin)(xUy €
Fin), which can be proved by induction on x.

g4 — (@ V —p): This is a part of folklore (see for example [9]). Suppose that
x and z do not occur free in ¢, and define £ = {z | z = x A ¢}. E C {x}. But
(3z)(z € E) implies ¢, while =(3z)(z € E) implies . So a4 — (¢ V —¢).

o3 < ag4: One direction is trivial, and the other one is a consequence of the
previous point. .

First example (constant domains, standard equality for type 0 objects). We are now
going to build a Kripke model .#" of TT which does not satisfy o4. By Proposition 3,
# will also fail to satisfy (2).

Consider any model .# of ZF. Take any elements 0, € M and define K =
{0,a}, with 0 < «. Finally, define N° = {x}, where x is any function whose
domain is equal to K. K and N° are easily seen to exist in .#, as a consequence of
the comprehension schema of ZF. From N°, define ./ as in section 1.2.

Now consider the following two elements s and s’ of N!: s is a function such
that # = (s(0) = s(a) = {x}), while # = (s'(0) = & A s'(a) = {x}). Clearly,
N ko (s = {x}) and & Iky (s’ C 5). But # Wy (3z)(z € s5). Furthermore,
N ko ~=(s" = s) and so # Wy =(32)(z € s’). Thus # satisfies neither a4, nor (2).

An axiom of infinity. In classical TT, the axiom of infinity is defined to be V! ¢
Fin?, where V! is the set {x° | x® = x°}, ie., the universe of type 1. But in
intuitionistic TT, V' ¢ Fin does not seem appropriate as an axiom of infinity. For
example, V' ¢ Fin does not imply the existence of finite sets as large as you want.
More precisely, in intuitionistic TT, V' ¢ Fin does not imply

(3) (Vx € Fin)(3y)(»y ¢ x).

This can be seen by means of the following example.
Second example (variable domains, standard equality for type 0 objects). Take any
model .# of ZF, and any K = {0,a} € M, with 0 < a. In #, define

N°={a}u{a; | i € w},
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where a is the function {(0,0), (@,0)}, and each a; is the function {(e,i)}. From
NO, define ./ in # as described in section 1.2. So NJ = {a} and N? = N% in N{
and N2, the equality is standard.

As a is the only element in N°, # Ko (3y)(y & {a}). So # Ky (Vx €
Fin)(3y)(y & x).

On the other hand, .#, may be considered as a classical structure, and, for any
formula ¢, # I+, ¢ if and only if ¥, |= ¢. Itis easy to check that #, = V ¢ Fin,
and then to see that this implies /" |9 V' ¢ Fin.

So (3) is not a consequence of ¥ ¢ Fin in intuitionistic TT.

Third example (constant domains, non standard equality for type 0 objects). The
model we have shown in the preceding section satisfies

(4) (Vx € Fin)=~(3y)(y & x).

Nevertheless, intuitionistic TT does not prove that V' ¢ Fin implies (4).

A model of V ¢ Fin where (4) is not satisfied is a little bit more difficult to obtain.
To that aim, take .# to be any model of ZF. Suppose # = (K = w). In 4, let
< be the usual order on @, and 0 = 0. Then, in .#, define N° to be {an | n € w},
where, for each n € w,

[ {n} ifk <n,
""(k)—{ 0.....n... .k} ifk>n

So, forevery k € K, N? = N°. Now define ./ from N°, as described in section 1.2.
If k > n, then # Iy a, = ai. Thus, for all a,,ax € N, # ko =—(a, = ax).
This implies

Nk (Vx) ((Elz)(z ex) — (Vy)-(ye x)),

and then /" g (Vx € Fin)—-—(3y)(y € x).
On the other hand, it is harder to check that /" Iy V' ¢ Fin. Here are the main
steps of the proof. In ., there exists a set & such that

M = (VE) (E eF o (EeNY) A (VkeK)(E®K)| < w))‘

Define F € N? to be the function such that, forallk € K, F(k) = .

First prove that /" Iy (F is inductive). So /# Iky (Fin C F). Then prove that
N |k (V & F), by using, mainly, the fact that # = IN,?/ =")| = w). Thus
N ko (V ¢ Fin).

From the above examples, it is clear that the excluded middle is not a consequence
of the axioms of intuitionistic TT. We leave open the question about the right way to
define the set of finite sets in intuitionistic TT and to state the axiom of infinity. Our
intention was simply to give the reader some examples of models of intuitionistic
TT.

1.4. Remarks about the construction of models. (1) In the inductive definition of
the N'’s, we defined N'*! as “the class of all functions x such that...”. N'*! could
be smaller: it must simply be large enough to include the x required in the proof of
Theorem 2. Remark also that K, <, and all the N'’s (including N°) can be proper
classes; nevertheless, they must be definable, so that the Definability Lemma can be
proved.
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(2) We defined our models .#* within models .# of ZF. We could have chosen
another set theory than ZF. The main requirement is that .# must satisfy a com-
prehension schema strong enough to prove Theorem 2. In particular, .# could be a
model of classical TT. Nevertheless, for the construction to work in that case, one
has to be careful with types. For example, if x € N, then x is a function whose
domain is a subset of K. So, in .#, the type of x and the type of N° are higher
than the type of K. Butif x € N'!, then x should be a function whose domain is a
subset of K, and whose range is a subset of N°. This is a problem in TT because,
with the usual definition of a function as a set of Kuratowski pairs, the domain of
a function should have the same type as its range. This problem can be avoided by
using another definition for pairs, or by replacing, in the definition of each N*, K
with USC*(K), for some suitable k € N (recall that USC(K) = {{x} | x € K}).
Those type raising technicalities make the definitions more complex, of course.

§2. Elementary extensions of Kripke structures. Before we exhibit some Kripke
models of intuitionistic NF, and NF, we need to present some definitions and
results about elementary extensions of Kripke structures.

From now on, we suppose that, if <(//{k)k€ & (K, <, 0)> is a Kripke structure,
then (K, <, 0) is an w-tree, i.e.,
e < isa partial order relation on K

e foreachk € K,0 < k;
e foreachk € K, {I/ € K | I < k} is finite and totally ordered by <.

In other words, K is a tree, with root 0, whose height is less or equal to w. A
completeness theorem for predicate calculus can still be proved if this restriction on
K is added.

Let X be a set of Z-formule, for some language . We define X to be closed
under subformule if and only if any subformula of a formula ¢ € Z also belongs to
%,

Now consider # = (M )rek, (K, <,0)) and & = (M )rek, (K',<',0)).
Then we say that a function i : K — K’ induces a X-elementary embedding of #
into W if and only if:

o forevery k,l € K, k <[ implies i(k) <’ i(]);

o forevery k € K, My C ¥} (in a more general definition, we could replace
C with an embedding);

e foreachk € K,eachp € ¥, and each ay,... ,a, € My,

M play, ... ,ay] <= Nk elars ... an).

Then we shall say that /" is a Z-elementary extension of # (noted & <s M) if
and only if there exists a function inducing a X-elementary embedding of .# into
N,

Replacing truncations with elementary extensions. Let # = ((#})rck, (K, <,0))
be a Kripke structure. If k € K, the truncation of # at k, #>*, is the subtree of
M which is above k :

M = <(//lk)ke1<>k , (KZX, <f1<>k,k>>,
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0 0
M M ((A1))ieL)

FiGURE 1. A picture of # ((//(,));eL).

where K2 = {l e K | [ > k}.

We shall use the following result: if some .# >*’s are replaced with Z-elementary
extensions of those £ >’s, then the resulting structure is also a Z-elementary ex-
tension of the initial structure .Z.

Let us state this result in a more precise way. Given .#, we define L to be the set
of leaves of K : .

L={leK|~(3k e K)k>1I)}.
Now consider a family of Kripke structures (#(;));c., where 4, = <(///(,)k)k€ K>

(K1, <, l}>, for each / € L (remark that M1y is the “root” structure of ///(,)). We
say that this family is compatible with ./ if and only if
o foreveryl € L, #; C M yy;
o if I’ € L,then ! # I’ implies K; N K;) = @.
M ((#))1eL) is the structure obtained by attaching the .#(;)’s “on the top” of #
(see Figure 1) :

/[((//f(l))leL) = <(///k)k€1?, (K, 4,0)>,

where
. E:KUUK,;
leL
e x=<ulJss
leL

e ifke K \ L, then Zk = M, and if k € K, then Zk = /Z(])k.
So, if (#(;))e. and (/l(’ N )ieL are two families of Kripke structures, compatible with
M ,then A ((/f(’,) )ier) can be considered as 4 ((#(;));c ) where some subtrees (the
A ;y’s) have been replaced with other Kripke structures (the /Z(’,)’s). Now we can
state the result we need.

THEOREM 4. Let # = ((My)rek, (K, <,0)) be a Kripke structure where (K, <,0)
is an w-tree, and let L be the set of leaves of K. Let (M) and (///(’1))1€L
be two families of Kripke structures, compatible with #. Let also X be a set of
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Sormule which is closed under subformule. If #;) <s //{(’1) for every Il € L, then
M((M))ier) <5 M ((M))ieL)-

Proor. First, let us introduce some notations. For each/ € L, let
‘/l(l) = <(ﬁ(l)k)k€K,5 <K15 <ls l>> and ‘/Z(,[) = <(‘%(I[)k)k€1(/ ’ <K]I, g;, I>>

Also, let

/(((//lu))/a) = <(//lk)k€g, (K, <,O>> and
/((/”(n)leL) = <(/7;()k€1—<—,,<1?’,4',0>>.

As M)y <s //{(’1), there exists a function #; : K; — K| inducing a Z-elementary
embedding of .#(;) into /”(’1)' Then the following function i induces a Z-elementary
embedding of 4 ((#(;))cL) into /ﬂ((//{(’l))leL) :

k  ifkek\L

.= 77 .
i'K —K .kn—-e{ ij(k) ifk e K;, forsome!l € L.

We should now prove that, if k € K, ay,... ,a, € M) and ¢ € Z, then

M((A))ier) i plars ... an) <= M ((A))1eL) Fig) plar, .. an].

This can be proved by induction on the length of ¢. The proof is easy but tedious.
So we shall simply give one of the (sub)cases, which should be convincing enough.
Suppose ¢ is =y and k € K \ L (other cases for k are trivial). Then

M((M))ier) b ~ylar, ..., an]
= (VK" = k)(# ((#))1eL) Ko vlar, ... s an))
< (VK'e K\L)(k' =k — # (M) icL) ¥r vlay, ..., a,))
AN (VI € LY(VK' > 1)(# ((#))1eL) i wlar,. .. ,an])
(definition of K and <)
< (VK'e K\L)(k' =k — #(Mp)icL) ¥r vlay, ..., a,])
N (VI € L) () Ik —ylay,... ,a))
= (VK" e K\ L)(K' = i(k) — A ((#)icL) ¥r ylar,...  an])
A (VI € L)(#)y I —ylay,. .. an])
(i(k) = k, induction hypothesis and #(;) <z #(,)
= M((L)ieL) i) ~lar,. .. an]
(as above).

Notice that, to be able to use the induction hypothesis, y must belong to Z; that is
why X is required to be closed under subformule. -
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§3. A model of intuitionistic NF,. Intuitionistic NF is the intuitionistic theory
whose language is the language of ZF, and whose proper axioms are the usual
proper axioms of classical NF:

e extensionality axiom: (Vx)(Vy)((Vz)(z € x <z €y) — x = y);

e comprehension axioms: (3x)(Vz)(z € x < ¢), for each stratified formula
¢ in which x does not occur free; a formula ¢ is stratified if its variables can
be given type indices so as to obtain a well-formed formula in the language
of TT. (Note for readers familiar with details of NF: in this paper, it
does not matter whether “stratified” means “strongly stratified” or “weakly
stratified”.)

In other words, the axioms of NF are exactly the axioms of TT where the type
indices have been “erased.”

NF, is a fragment of NF. Its comprehension schema is restricted to the 2-
stratified comprehension axioms of NF. A formula is said to be 2-stratified if it can
be obtained by “erasing” type indices in a formula of the language of TT where at
most two different types occur. So NF; is the “typeless version” of TT, i.e., of the
fragment of TT restricted to types 0 and 1.

For more information about NF, NF; and TT,, we refer the reader to [1] and [5].

If the underlying logic is classical logic, the celebrated technique of Specker allows
us to obtain a model of NF, from a suitable model of TT,. Roughly, this can be
stated as follows.

Let # = (M°, M', € 4,=) be a classical model of TT, (so €4 C M x M" and
=C (M°x M°)U(M' x M")). & is said to be a shifting model if and only if there
exists a one-one function f mapping M° onto M.

If 4 is shifting, then .# can be transformed into a model . (f) of NF, by
“collapsing types™:

#(f) = (M’ ey, =)

where x €, y ifand only if # |= x € f(y).

A (f) is a model of NF, because .# is a model of TT,: in some sense, .# and
M (f) satisfy the “same” 2-stratified formule. More precisely, this remark can be
formalized as follows (an analogous lemma can be proved in the intuitionistic case).

LemMA 5. Let p(x%y°,...,tY u',...) be a formula in the language of TT>. Let
0°(x,y,... ,t,u,...) be the formula in the language of NF obtained by “erasing”
the type indices in ¢. Assume that x,y,...,t,u,... are distinct variables. If
ab,...,c,d,...€ M° then

H(f)E@°lab,...,cd,...] < M |=ylab,...,[flc)f(d),...]
ProoF. The proof is nothing but an easy induction on the length of ¢. .

So to find a model of NF», it is enough to find a shifting model of TT,. And it
has been proved (see [2]) that such shifting models can be exactly identified with
the atomic Boolean algebras which have the same cardinality as their set of atoms.
For example, consider B = {I C w | I is finite or I is cofinite}. The set of atoms
of Bis A = {{n} | n € w}. Asboth 4 and B are countable, # = {4, B;C,=}is
a classical shifting model of TT,.
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We want to build a Kripke model of intuitionistic NF,. Of course, we do not
want a degenerated Kripke model which would appear to be equivalent to a classical
model! The model we are going to exhibit satisfies the excluded middle for 2-
stratified formul®. But we shall also explicitly give a sentence o, which is not
2-stratified and such that o v —¢ is not satisfied in the model.

The idea is simple. Take two classical models .#y and .#1, for the language of
NF. If #y C 4, this pair of models can be used to define a Kripke model:

My /My = ((H)ieqnny, ({0.11,<,0))

(where 0 < 1).
Now take a classical model .#y of NF,. .#y can be considered as the Kripke
model

(ieqop. ({0}, <,0)

(where < is the trivial order relation on {0}). For any formula ¢ in the language of
NF,

(5) Mo o pld] = My = pla],

for any @ € M. So this Kripke model satisfies the excluded middle for all formulz.
Furthermore, it is easy to see that .#, satisfies exactly the same formule as
./ﬂo /‘ ./ﬂol

(6) (Mo /M) Ik pld)] = #y = pla],

for every formula ¢ and every @ € M.

But here comes the trick: consider a classical structure .#; such that .#y <52 4,
where X2 is the set of 2-stratified formule. When .#y and .#; are considered as
Kripke structures, #y <y: .#; remains true. Thus, by Theorem 4,

(Mo / My) <52 (Mo /" M).

So 4y / A remains a Kripke model of NF,. Furthermore, we are going to prove
that .#y and .#; can be chosen in such a way that (#y = #y) £ (My / M1).
More precisely, we shall find a sentence ¢ V —~a which is (of course) satisfied in the
“classical” structure .#y " .4y, but not in .#y " .#,. This sentence is necessarily
not 2-stratified.

My and £, will be obtained from shifting models of TT».

LemMMA 6. There exist two classical models #y and #\ of NF, such that #y <s5: A\,
and My ¥ o and M\ |= o, where 0 = (3x)(x = {x}).

Proor. Consider a countable shifting model .# of TT,. Let f be the 1-1 function
mapping M° onto M. First, we are going to transform f into f”, so that, for all
x € M, # = f'(x) # {x}. To that aim, let

S={{xx}cM | 4 E fx)={x}and £ |= f(x') = V\ {x}}.
Now define f/: M? — M! as follows:
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f'(x)= f(x) ifthereisno x’ € M° such that {x,x'} € S
f'x)=fx) if{xx} €S

Then it is easy to check that £’ is a 1-1 function mapping M° onto M'. And for
allx e M°, # |= f'(x) # {x}.
Consider £ (f"). If x € M(f'), we have:

A(fVEx={x} <= L(f)EM)yexeoy=x)
= M=) fl(x) =y’ =x)
= ME[f(x)={x}.

So A (f') ¥ (3x)(x = {x}), and we can set the .#y we want equal to .Z (f’).

We want now to build a structure .#’ such that the .#; we want can be defined as
M'(f"), for some suitable 1.

Let us come back to . Let A be the elementary diagram of .#. Take ag, ay, ...
to be a countable list of new type 0 constant symbols. Define T = AU {a; #
aj | i # j}. T is easily seen to be consistent, by the compactness theorem. So
T has a countable model #'. As #' = A, # < #’'. Furthermore, M 10 \ M°
is countable, because it contains the interpretations of the a;’s. And M"’ \ M!is
also countable, because it contains countably many y’s such that £’ = y = {a;}
for some i € w. So there exists a 1-1 function f” : M — M'"" such that f"is
onto and extends f' : such an f” is simply f’ U g, where g is any 1-1 function
mapping M'° \ M° onto M"' \ M. We may suppose that £’ |= f"(x) = {x}, for
some x € M"° (the argument is a simpler variant of the argument used above to
transform f into f').

Let #) = #'(f"). Then 4, = (3x)(x = {x}).

Furthermore, as f” extends f’, Lemma 5 can be used to deduce .#y ~5. 4
from the fact that # < .#’. -

With .#y and .# as defined in the above lemma, it is easy to build a “non-classical”
Kripke model of intuitionistic NF,: simply put .#; above .#; !

PROPOSITION 7. There is a Kripke model of intuitionistic NF, which satisfies the
excluded middle for all 2-stratified sentences, but does not satisfy o \ —a, where

o = (Ix)(x = {x}).

Proor. By Lemma 6, we can find two classical models .#y and .#; of NF, such
that #y <52 A, #) ¥ o and Ay = 0.

We claim that (#y ~ #)) ¥y o. Otherwise, there would exist some a € N°
such that (#y / #,) kg a = {a}. But y = {x} is a 2-stratified formula and
(My My) <52 (My / My). So (My / My) ko a = {a} And thus, by (6),
My = a = {a}, contradicting the hypothesis.

On the other hand, #, = ¢. In other words, (#y / #,) I+ o. So (A /
,/Zl) ¥ —ao.

All this implies that (#y / #,) ¥ o V —0.

Furthermore, as (#y / #y) <52 (My /' M1), then by (6), (My / M) IF NF,,
and (#y / M) I+ 7V —1, for all 2-stratified sentences 7. -
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§4. A model of intuitionistic NF. Suppose that (classical) NF is consistent. We
would like to adapt the techniques of the previous section to build a non trivial
Kripke model of intuitionistic NF. To state it more precisely, we would like to find
two models .#y and .#; of NF such that #y <z~ #; but #y A 4, where Z°° is
the set of all stratified formulz.

This is not so easy. Nevertheless, remark that the method of permutation models
(see [12] and [5, § 3.1]) allows us to find, in a quite simple way, two models .# and
M’ of classical NF which are not elementary equivalent, although they satisfy the
same stratified sentences, i.e., # =5~ #' and # # #’'. But when = is replaced
with <, the problem is much more difficult.

In terms of types, this problem amounts to finding two shifting models .#" and
W of classical TT, such that # < .#’ and also such that the shift function of .#"
extends the shift function of .#. Thomas Forster, with the help of André Pétry, first
published a partial solution to this problem in [4]. But recently, Friederike K&rner
gave a full solution.

Using cofinal indiscernibles, she proved the following theorem (see [6]):

If (classical) NF is consistent, then there exist two classical models of NF,
My and M, such that My <5~ M), and My = —oc and M| |= &, where
o = (3n € Nn)(Vm > n)(m < Tm).
(Nnis the set of natural numbers and T the “type-raising” operation roughly defined
by: Tn = m if and only if for some x whose cardinality is n, m is the cardinality of
USC(x); see [5, Chap. 2] for details.)
Now it is quite easy to build a non-trivial Kripke model of intuitionistic NF.

PROPOSITION 8. If classical NF is consistent, then there exists a Kripke model of
intuitionistic NF, which satisfies the excluded middle for all stratified sentences, but
does not satisfy o V' —a, where ¢ = (In € Nn)(¥m > n)(m < Tm).

PROOF. The proof is similar to the proof of Proposition 7, but a little bit more
elaborate.

Consider the models .#p and .#; of Korner’s theorem. £y <z~ .#; implies
(My / M) <5 (Mo / #1). But, as we remarked above, #y = ¢[d] if and only
if (Mo / My) o p[d], for every formula ¢ (stratified or not), and every @ € M.
So, for every stratified formula ¢ and every @ € My,

(7) My = [d) > (My /1) IFo p[a).

We claim that (#y  #)) ¥q o. Indeed, if (#y / #,) IFg o, then, by definition
of the I relation, this would imply
(Eln (S Mo) [(ﬂo / //ll) o n € Nn

A (vm e Mo) (Mg 7 ) ko m > n — (Mo /A1) ko m < Tm)].

The formule x € Nn, x > y and x < Ty are stratified formule, so by (7),
(EInEMo)(/%}:nENn A (Vme My)(Mol=m>n — MyEm< Tm)).

In other words, #y = o, which is absurd. So (#y / #1) ¥ 0.
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On the other hand, if (#y /' #)) |-y —0, then, in particular, (#y / #)) ¥, o.
But, as in (5), this is equivalent to .#; ¥ o, which is absurd. So (#y / #;) g —o.
From all this we conclude that (#y / #,) ¥y o V —0. 4

We have just proved that if classical NF is consistent, then intuitionistic NF
does not prove the excluded middle (at least for non-stratified formule). It is not
known whether the consistency of intuitionistic NF implies the consistency of clas-
sical NF: for example, it seems that to find some double negation interpretation
of classical NF into intuitionistic NF is much more difficult than for theories as
PA/HA, ZF or TT: as the universe of NF is not well-founded, the constructions
by induction used for ZF (see [11]) or TT (see [8] and [10]) cannot be repro-
duced.

Nevertheless, Thomas Forster pointed out to me the following easy remark.

COROLLARY 9. If intuitionistic NF is consistent, then it does not prove the excluded
middle (for non-stratified formule).

Proor. Suppose that intuitionistic NF is consistent, and suppose it proves the
excluded middle (for all formule, including formula where some variables occur
free). Then (intuitionistic NF + excluded middle) is consistent. In other words,
this means that classical NF is consistent. So, by Proposition 8, intuitionistic NF
does not prove the excluded middle. This is absurd and proves that intuitionistic
NF does not proves the excluded middle, under the hypothesis that it is consis-
tent. —

REFERENCES

[1] MAURICE BOFFA, The point on Quine’s NF (with a bibliography), Teoria, vol. IV /2 (1984), pp. 3-13.

[2] MAURICE BOFFA and MARCEL CRABBE, Les théorémes 3-stratifiés de NF3, Comptes Rendus de
UAcadémie des Sciences de Paris, Série A, vol. 280 (1975), pp. 1657-1658.

[3] MELVIN CHRIS FITTING, Intuitionistic logic model theory and forcing, Studies in Logic, North
Holland, Amsterdam, London, 1969.

[4] THOMAS E. FORSTER, On a problem of Dzierzgowski, Bulletin de la Société Mathématique de
Belgique, série B, vol. 44 (1992), no. 2, pp. 207-214.

[5] , Set theory with a universal set. Exploiting an untyped universe, Oxford Logic Guides,
vol. 20, Clarendon Press. Oxford University Press, 1992.

[6] FRIEDERIKE KORNER, Cofinal indiscernibles and their application to New Foundations, Mathematical
Logic Quaterly, vol. 40 (1994), no. 3, pp. 347-356.

[7] RENE LAVENDHOMME and THIERRY LUCAS, A note on intuitionistic models of ZF, Notre Dame
Journal of Formal Logic, vol. 24 (1983), no. 1, pp. 54-66.

[8] Joun MYHILL, Embedding classical type theory in “intuitionistic” type theory, Axiomatic set theory
(Dana S. Scott, editor), Proceedings of Symposia in Pure Mathematics, vol. XIII, Part I, American
Mathematical Society, Providence, R.I., 1971, Proceedings of the Summer Institute in Set Theory,
University of California, Los Angeles, 1967, pp. 267-270.

9] , Some properties of intuitionistic Zermelo-Fraenkel set theory, Cambridge summer school
in mathematical logic, Lecture Notes in Mathematics, vol. 337, Springer-Verlag, 1973, pp. 206-231.

[10] , Embedding classical type theory in “intuitionistic” type theory: a correction, Axiomatic
set theory (Thomas Jech, editor), Proceedings of Symposia in Pura Mathematics, vol. XIII, Part II,
American Mathematical Society, Providence, R.I., 1974, Proceedings of the Summer Institute in Set
Theory, University of California, Los Angeles, 1967, pp. 185-188.




MODELS OF INTUITIONISTIC TT AND NF 653

[11] WiLLiaM C. PowEeLL, Extending Gddel’s negative interpretation to ZF, this JOURNAL, vol. 40
1975), pp. 221-229.
[12] DANA ScOTT, Quine’s individuals, Logic, methodology and philosophy of science (Stanford, Cal-
fornia) (Nagel, Suppes, and Tarski, editors), Stanford University Press, 1962, Proceedings of the
[nternational Congress, Stanford, California, 1960, pp. 111-115.

UNIVERSITE CATHOLIQUE DE LOUVAIN
DEPARTEMENT DE MATHEMATIQUE
CHEMIN DU CYCLOTRON 2
B-1348 LOUVAIN-LA-NEUVE (BELGIUM)

E-mail: ddz@agel.ucl.ac.be



	Article Contents
	p. 640
	p. 641
	p. 642
	p. 643
	p. 644
	p. 645
	p. 646
	p. 647
	p. 648
	p. 649
	p. 650
	p. 651
	p. 652
	p. 653

	Issue Table of Contents
	The Journal of Symbolic Logic, Vol. 60, No. 2 (Jun., 1995), pp. 353-704
	Front Matter
	Weight ω in Stable Theories with Few Types [pp.  353 - 373]
	Martin's Axiom and the Continuum [pp.  374 - 391]
	The Dimension of the Negation of Transitive Closure [pp.  392 - 414]
	Ultrafilters Generated by a Closed Set of Functions [pp.  415 - 430]
	On the Equivalence of Certain Consequences of the Proper Forcing Axiom [pp.  431 - 443]
	Hechler Reals [pp.  444 - 458]
	On the Basic Logic of STIT with a Single Agent [pp.  459 - 483]
	Anneaux de Fonctions p-Adiques [pp.  484 - 497]
	The Decidability of Dependency in Intuitionistic Propositional Logi [pp.  498 - 504]
	The Thickness Lemma From <tex-math>$P_- + I\sum_1 + \urcorner B\sum_2$</tex-math> [pp.  505 - 511]
	The Isomorphism Property for Nonstandard Universes [pp.  512 - 516]
	Complete Problems for Fixed-Point Logics [pp.  517 - 527]
	Corps et Chirurgie [pp.  528 - 533]
	Possible Behaviours of the Reflection Ordering of Stationary Sets [pp.  534 - 547]
	Élimination des Quantificateurs Dans des Paires de Corps [pp.  548 - 562]
	A Geometric Proof of the Completeness of the Łukasiewicz Calculus [pp.  563 - 578]
	A Star-free Semantics for R [pp.  579 - 590]
	Cylindric Modal Logic [pp.  591 - 623]
	Ultrafilters on ω [pp.  624 - 639]
	Models of Intuitionistic TT and N [pp.  640 - 653]
	Model Completions and Omitting Types [pp.  654 - 672]
	Compactly Expandable Models and Stability [pp.  673 - 683]
	Reviews
	untitled [pp.  684 - 685]
	untitled [pp.  686 - 687]
	untitled [pp.  687 - 689]
	untitled [pp.  689 - 691]
	untitled [pp.  691 - 692]
	untitled [pp.  692 - 694]
	untitled [pp.  694 - 695]
	untitled [pp.  695 - 696]
	untitled [pp.  696 - 698]
	untitled [p.  698]
	untitled [pp.  698 - 701]
	untitled [pp.  701 - 704]

	Back Matter



