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Iudqfhvfr Gh Vlqrsrol�

Mxo|/ 4<<;

Devwudfw

Lq wklv sdshu zh vkrz/ yld vrph vlpsoh h{dpsohv/ wkdw dovr lq wkh
fodvv ri jdphv zh duh ghdolqj zlwk/ wkhuh duh shuihfw htxloleuld wkdw
duh qrw surshu dqg/ pruhryhu/ vrph �surshu� rxwfrph lv qrw lqgxfhg
e| dq| vwdeoh vhw1 Ixuwkhupruh/ zh vkrz wkdw wkh shuihfw frqfhsw grhv
qrw dsshdu uhvwulfwlyh hqrxjk/ vlqfh/ lqghshqghqwo| ri suhihuhqfhv/ lw
fdq h{foxgh dw prvw wkh hohfwlrq ri rqo| rqh fdqglgdwh1 Ilqdoo|/ wkh
vwdeoh vhw*v frqiruplw| wr wkh lwhudwhg grplqdqfh sulqflsoh lpsolhv
wkh vxshulrulw| ri wklv vroxwlrq frqfhsw/ hyhq lq wkh shfxoldu fodvv ri
soxudolw| jdphv1

�FRUH/ Yrlh gx Urpdq Sd|v 67/ 467; Orxydlq Od Qhxyh/ Ehojlxp1 L dp ghhso|
lqghewhg wr Surihvvru Mhdq0Iudqfrlv Phuwhqv iru klv lqydoxdeoh hqfrxudjhphqwv/ frpphqwv
dqg vxjjhvwlrqv lq hyhu| vwhs ri wkh suhvhqw uhvhdufk1 L wkdqn Ideul}lr Jhupdqr iru kdylqj
uhdg d �uvw gudiw ri wkh suhvhqw zrun/ jlylqj xvhixo dgylfhv1 Wkh xvxdo glvfodlphu dssolhv1
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4 Lqwurgxfwlrq
Dq lqwhuhvwlqj dssolfdwlrq ri vwudwhjlf vwdelolw| lv r�huhg e| qrq frrshudwlyh
yrwlqj jdphv1 Zlwk wkh soxudolw| uxoh/ hyhq li hyhu| yrwhu kdv wkh vdph
suhihuhqfh rughu rq wkh ydulrxv dowhuqdwlyhv/ yrwlqj iru wkh ohdvw suhihuuhg
fdqglgdwh lv d Qdvk htxloleulxp/ li wkhuh duh pruh wkdq wkuhh yrwhuv1 Jlyhq
wkh luudwlrqdolw| ri vxfk ehkdylru/ lw lv qhfhvvdu| wr xvh vrph uh�qhphqw ri
wkh Qdvk frqfhsw wkdw h{foxghv wklv �edg� rxwfrph1 Lq wklv sdshu zh dsso|
wkh jhqhudo prgho ri d rqh vwdjh yrwlqj surfhgxuh gh�qhg e| P|huvrq dqg
Zhehu ^:` wr wkh soxudolw| uxoh fdvh1 Lq wklv prgho/ jlyhq wkh vhw ri fdqglgdwhv
g ' E�c ���c &�/ hdfk yrwhu vxeplwv d edoorw/ zklfk lv d yhfwru ri & frpsrqhqwv1
Dq hohfwrudo v|vwhp lv wkhq gh�qhg e| wkh vhw ri srvvleoh edoorwv wkdw hdfk
yrwhu fdq vxeplw dqg e| wkh hohfwlrq uxoh wkdw/ jlyhq wkh edoorwv fdvw/ vhohfwv
wkh zlqqhu iurp wkh vhw g1 Khqfh/ zlwk wkh soxudolw| uxoh/ hyhu| yrwhu kdv
wkh vdph vwudwhj| vsdfh/ dqg hdfk sxuh vwudwhj| lv d yhfwru zlwk doo }hurv
h{fhsw iru d rqh lq srvlwlrq S zklfk uhsuhvhqwv wkh yrwh iru fdqglgdwh S/
zkloh devwhqwlrq fdq eh uhsuhvhqwhg e| wkh }hur yhfwru1 Zlwk soxudolw|/ wkh
hohfwlrq uxoh vhohfwv wkh fdqglgdwh wkdw uhfhlyhv wkh odujhvw wrwdo qxpehu ri
yrwhv1 Lq fdvh ri wlhv/ wr suhvhuyh wkh v|pphwu| ri wkh yrwhuv/ zh doorz dq
htxdo suredelolw| orwwhu| dprqj wkh zlqqhuv1

Wkh vhw ri fdqglgdwhv/ wkh hohfwrudo v|vwhp/ wkh vhw ri yrwhuv dqg wkh
xwlolw| yhfwruv zlwk & frpsrqhqwv +uhsuhvhqwlqj iru hdfk yrwhu klv sd|r� iru
doo wkh srvvleoh uhvxowv ri wkh hohfwlrq, gh�qh wkh dvvrfldwhg qrupdo irup
jdph1 Wklv uhvxowlqj jdph lv kljko| qrq jhqhulf/ vlqfh wkh vdph rxwfrph
dulvhv iurp pdq| gl�huhqw sxuh vwudwhj| frpelqdwlrqv1

Krzhyhu/ lq ^5` lw lv vkrzq wkdw/ iru jhqhulf xwlolw| yhfwruv/ xqghu soxudo0
lw| uxoh/ dq htxloleulxp wkdw lqgxfhv d pl{hg glvwulexwlrq ryhu wkh rxwfrphv
+l1h1 zlwk wzr ru pruh fdqglgdwhv hohfwhg zlwk srvlwlyh suredelolw|, lv lvr0
odwhg1 Wklv uhvxow lpphgldwho| lpsolhv wkdw/ iru jhqhulf soxudolw| jdphv/ doo
htxloleuld lq wkh vdph vwdeoh vhw duh rxwfrph htxlydohqw1

Lq wklv sdshu zh vkrz wkdw wkh vroxwlrq frqfhsw ri shuihfw htxloleuld lv
qrw uhvwulfwlyh hqrxjk/ lq wklv frqwh{w/ vlqfh lqghshqghqwo| ri wkh yrwhuv*
suhihuhqfhv/ lw fdq h{foxgh dw prvw wkh hohfwlrq ri rqo| rqh fdqglgdwh1 Vlpsoh
h{dpsohv vkrz wkdw wkh surshu htxloleulxp lv d uh�qhphqw ri wkh shuihfw
frqfhsw/ hyhq lq wklv fodvv ri jdphv/ exw dovr wkdw wkhuh duh fdvhv zkhuh vrph
rxwfrph vhohfwhg e| wklv frqfhsw lv qrw lqgxfhg e| dq| vwdeoh vhw1 Wklv lv
vr ehfdxvh wkh surshu htxloleulxp grhv qrw vdwlvi| wkh lwhudwhg grplqdqfh
sulqflsoh1
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Iurp wkdw zh ghgxfh wkh vxshulrulw| ri wkh vwdeoh vhw dv vroxwlrq frqfhsw/
hyhq lq wklv fodvv ri jdphv1

5 Wkh soxudolw| uxoh
Jlyhq wkh vhw ri fdqglgdwhv g ' E�c ���c &� dqg wkh vhw ri yrwhuv � ' E�c ���c ?�/
wkh soxudolw| uxoh ghwhuplqhv wkh vwudwhj| vsdfh ri hdfk sod|hu1 Pruh suh0
flvho|/ vlqfh hdfk yrwhu fdq fdvw klv yrwh iru hdfk fdqglgdwh ru kh fdq devwdlq/
zh kdyh wkdw wkh sxuh vwudwhj| vhw ri hdfk sod|hu � lv=

T � ' T ' i�c ���c &c fj c
zkhuh hdfk S 5 g lv d yhfwru ri & frpsrqhqwv zlwk doo }hurv h{fhsw iru d rqh
lq srvlwlrq S zklfk uhsuhvhqwv wkh yrwh iru fdqglgdwh S/ zkloh f lv wkh }hur
yhfwru uhsuhvhqwlqj wkh devwhqwlrq41 Ghqrwlqj gf ' g ^ ifj/ wkh vwudwhj|
vsdfh ri hdfk sod|hu lv=

P ' {Egf� �

Lq rughu wr ghwhuplqh wkh zlqqhu/ zh gr qrw qhhg wr nqrz wkh edoorwv
fdvw e| doo wkh yrwhuv/ lw lv hqrxjk vlpso| wr nqrz wkhlu vxp1 Jlyhq d sxuh

vwudwhj| yhfwru � 5 T ?/ ohw / '
?S
�'�

��1 Fohduo| / lv d &0glphqvlrqdo yhfwru/

dqg hdfk frruglqdwh uhsuhvhqwv wkh wrwdo qxpehu ri yrwhv rewdlqhg e| wkh
fruuhvsrqglqj fdqglgdwh> wkhq/ ghqrwlqj wkh suredelolw| wkdw fdqglgdwh S lv
hohfwhg li � lv sod|hg e| R ES m ��/ zh kdyh=

R ES m �� '
;?
=

f �s <6 5 g r�| /S 	 /6

�

^

�s /S � /6 ;6 5 g @?_
r i_ 5 g r�|� /S ' /_j ' ^

� +4,

Khqfh/ jlyhq wkh xwlolw| yhfwruv i��j�M� / zkhuh �� ' E���c ���c �
�
&� dqg hdfk

��S uhsuhvhqwv wkh sd|r� wkdw sod|hu � jhwv li fdqglgdwh S lv hohfwhg/ zh kdyh d
qrupdo irup jdph> iru hdfk sxuh vwudwhj| frpelqdwlrq �/ wkh sd|r� ri sod|hu
� lv jlyhq e|=

L � E�� '
[
SMg

R ES m �� ��S� +5,

4Lq rughu wr vlpsoli| wkh qrwdwlrq zh ghqrwh erwk d fdqglgdwh dqg wkh vwudwhj| ri yrwlqj
iru klp e| wkh vdph v|pero1
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Fohduo| zh fdq h{whqg +4, dqg +5, wr pl{hg vwudwhjlhv1 Xqghu d pl{hg
vwudwhj| j zh kdyh=

R ES m j� '
[

j E�� R ES m ��
dqg

L � Ej� '
[
SMg

R ES m j���Sc

zkhuh/ dv xvxdo/ j E�� ghqrwhv wkh suredelolw| ri wkh +sxuh, vwudwhj| frpel0
qdwlrq � xqghu j1

Vlqfh wkh hohfwlrq uxoh ghshqgv rqo| xsrq wkh vxp ri wkh yrwhv fdvw/ wkh
sd|r� ixqfwlrqv dqg wkh ehvw uhso| fruuhvsrqghqfh dovr kdyh wklv surshuw|1

Wkhq/ gh�qlqj l3� '

+
� m <� 5 T ? r�|�

S
� �'�

�� ' �

,
/ zh fdq jhw wkh

iroorzlqj gh�qlwlrq ri zhdn grplqdqfh/ zkhuh e| ES�c �� zh ghqrwh hyhu|
vwudwhj| frpelqdwlrq zkhuh sod|hu � yrwhv iru S/ dqg wkh ehkdylru ri wkh
rwkhuv lv vxppdul}hg e| wkh yhfwru �=

Gh�qlwlrq 4 D edoorw S zhdno| grplqdwhv/ iru sod|hu �/ d edoorw Sn/ dqg zh
zulwh S(�Sn/ li=

L �
�
S�c�

� � L �
�
S�

n

c �
�

;� 5 l3� +6,

L �
�
S�c�

�
: L �

�
S�

n

c �
�

sJo rJ6e ��

D edoorw S lv vdlg wr eh grplqdqw iru sod|hu � li S(�Sn iru hdfk Sn 5 gJ �iSj1
D edoorw S lv grplqdwhg li wkhuh h{lvwv d vwudwhj| wkdw grplqdwhv lw1

Lq wkh iroorzlqj glvfxvvlrq/ zh zloo riwhq uhihu wr wkh qh{w wulyldo sursr0
vlwlrq=

Sursrvlwlrq 5 Lq d soxudolw| jdph zkhuh hdfk sod|hu kdv d vwulfw suhihuhqfh
rughu ryhu wkh vhw g/ ghqrwlqj �� ' @h}4@ 

SMg
��Sc 6� ' @h}4�?

SMg
��S/ zh kdyh

wkdw=
��(

�f(�6� +7,

Ixuwkhupruh zlwk wkuhh yrwhuv dqg wkuhh fdqglgdwhv/ ghqrwlqj u� ' g �
i��j � i6�j/ li

�
����

� ��u�

� � �
��u�

� ��6�

�
wkhq=

��(
�u�
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dqg li
�
����

� ��u�

� � �
��u�

� ��6�

�
wkhq=

u�(
�6��

Surri1 Zh grq*w jlyh d surri ri wkh �uvw reylrxv dqg zhoo nqrzq uhvxow khuh
+fi1 ^4`,1 Iru wkh vhfrqg sduw= zlwk wkuhh fdqglgdwhv hyhu| yrwhu kdv wkh
vdph vwudwhj| vhw

T � ' iE�c fc f� c Efc �c f� c Efc fc �� c Efc fc f�j c

wkhq=

l3� '

�
Efc fc f� c E�c fc f� c Efc �c f� c Efc fc �� c E2c fc f� c
E�c �c f� c E�c fc �� c Efc 2c f� c Efc �c �� c Efc fc 2�

�
�

Ohw xv vxssrvh +z1o1r1j1, wkdw ��� : ��2 : ���1 Lqghshqghqwo| ri wkh h{dfw
ydoxhv ri �� lw lv hdv| wr vhh wkdw yrwlqj iru wkh �uvw fdqglgdwh lv/ iru sod|hu
�/ d ehvw uhso| wr hyhu| hohphqw ri l3� � Efc �c ��1 Lw lv wulyldo wr vhh wkdw=

L � E��c Efc �c ��� ' �

�
E��� n ��2 n ���� dqg L � E2�c Efc �c ��� ' ��2�

Vlpsoh dojheud/ zlwk wkh idfw wkdw yrwlqj iru wkh �uvw fdqglgdwh lv d vwulfw
ehvw uhso| wr Efc fc f� jlyhv wkh �uvw uhvxow1

Dqdorjrxvo| lw lv hdv| wr vhh wkdw yrwlqj iru wkh vhfrqg fdqglgdwh lv do0
zd|v d ehwwhu uhso| wr l3� � E�c �c f� wkdq yrwlqj iru wkh wklug/ lqghshq0
ghqwo| ri wkh h{dfw ydoxhv ri �� dqg/ ixuwkhupruh/ L � E2�c E�c �c f�� ' ��2 dqg
L � E��c E�c �c f�� ' �

�
E��� n ��2 n ����1 Vlqfh/ xqghu wkh devwhqwlrq ri wkh rwkhu

wzr yrwhuv/ yrwlqj iru wkh vhfrqg fdqglgdwh lv vwulfwo| ehwwhu wkdq yrwlqj iru
wkh wklug/ wkh odvw uhvxow iroorzv1

Uhpdun 4 Dqdorjrxv uhvxowv fdq eh rewdlqhg iru pruh wkdq wkuhh fdqglgdwhv/
exw zlwk pruh wkdq wkuhh yrwhuv rqo| wkh uhodwlrqv +7, zloo shuvlvw1

514 Shuihfw htxloleuld

Dv phqwlrqhg deryh/ hyhq li hyhu| yrwhu kdv wkh vdph suhihuhqfh rughu/ yrw0
lqj iru wkh ohdvw suhihuuhg fdqglgdwh lv d Qdvk htxloleulxp1 Wklv iroorzv iurp
wkh pdlq gudzedfn ri wklv vroxwlrq frqfhsw/ wkdw lv lw dgplwv wkh xvh ri grp0
lqdwhg vwudwhjlhv1 Wr dyrlg vxfk luudwlrqdo ehkdylru/ wkh frqfhsw ri shuihfw
htxloleulxp zdv lqwurgxfhg e| Vhowhq5 ^;`1

5Wkh iroorzlqj gh�qlwlrq/ gxh wr P|huvrq +fi1 ^9`,/ lv htxlydohqw wr wkh ruljlqdo rqh1
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Gh�qlwlrq 6 D frpsohwho| pl{hg vwudwhj| j0 lv dq 0�shuihfw htxloleulxp li

;� 5 �c ;��c ��n 5 T �

�s L �
�
��c j0

�
: L �

�
��

n

c j0
�

|�e?

j0
�
��

n

�
� 0�

D vwudwhj| frpelqdwlrq j lv d shuihfw htxloleulxp li wkhuh h{lvwv d vhtxhqfh
ij0j ri 0�shuihfw htxloleuld frqyhujlqj +iru 0 $ f, wr j1

Vlqfh d shuihfw htxloleulxp grhv qrw frqwdlq grplqdwhg vwudwhjlhv/ dqg
yrwlqj iru wkh ohdvw suhihuuhg fdqglgdwhv lv grplqdwhg/ vxfk d frqfhsw holpl0
qdwhv wkh �edg� rxwfrph ghvfulehg deryh1 Krzhyhu/ iru soxudolw| jdphv/ wklv
vroxwlrq frqfhsw grhv qrw dsshdu vx!flhqwo| uhvwulfwlyh/ vlqfh lw h{foxghv/ lq0
ghshqghqwo| ri suhihuhqfhv/ dw prvw wkh hohfwlrq ri rqo| rqh fdqglgdwh1 Wklv
lv edvlfdoo| wkh uhvxow ri wkh qh{w sursrvlwlrq1 Ehiruh vwdwlqj lw/ zh qhhg wkh
gh�qlwlrq ri d Frqgrufhw orvhu=

Gh�qlwlrq 7 D fdqglgdwh S lv d vwulfw Frqgrufhw orvhu li

r
�
� 5 � m S "� S

n

�
	 r

�
� 5 � m Sn "� S

� ;Sn 5 g � iSj � +8,

D fdqglgdwh S lv d zhdn Frqgrufhw orvhu li=

r
�
� 5 � m S "� S

n

� � r
�
� 5 � m Sn "� S

� ;Sn 5 g � iSj � +9,

Zlwk wkh deryh gh�qlwlrq/ lw lv hdv| wr vkrz/ xqghu wkh plog dvvxpswlrq
wkdw qr yrwhu lv lqgl�huhqw ehwzhhq wzr fdqglgdwhv/ wkdw li d fdqglgdwh lv qrw
d vwulfw Frqgrufhw orvhu wkhq wkhuh h{lvwv d shuihfw htxloleulxp wkdw ohdgv wr
klv hohfwlrq zlwk srvlwlyh suredelolw|/ dqg ixuwkhupruh li wkh fdqglgdwh lv qrw
d zhdn Frqgrufhw orvhu hlwkhu vxfk suredelolw| lv htxdo wr rqh1

Sursrvlwlrq 8 Lq d soxudolw| jdph zlwk pruh wkdq e yrwhuv/ li hyhu|rqh kdv
d vwulfw suhihuhqfh rughu ryhu wkh vhw g/ wkhq/ iru hyhu| fdqglgdwh S 5 g
zkr lv qrw d vwulfw Frqgrufhw orvhu/ wkhuh h{lvwv d shuihfw htxloleulxp j zlwk
R ES m j� � �

2
1 Ixuwkhupruh/ li S lv qrw d zhdn Frqgrufhw orvhu hlwkhu wkhq wklv

suredelolw| lv htxdo wr � 1
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Surri1 Wdnh d fdqglgdwh S wkdw lv qrw d Frqgrufhw orvhu dqg ohw Sn eh wkh
fdqglgdwh iru zklfk +8, +uhvs1 +9,, grhv qrw krog1 Glylgh wkh yrwhuv lq wzr
jurxsv=

�� ESc Sn� '
�
� 5 � m S "� S

n

�
�

7� ESc Sn� '
�
� 5 � m Sn "� S

�
�

Frqvlghu wkh vwudwhj| frpelqdwlrq j0 zkhuh/ iru � 5 �� ESc Sn�c

j�
0

' E�� 0� E& � �� 02�S n 0Sn n 02 Ef n � n ���n &� �

dqg iru � 5 �
7� ESc Sn�

j�
0

' E�� 0� E& � �� 02�Sn n 0Sn 02 Ef n � n ���n &� �

Lw lv reylrxv wkdw/ iru 0 vx!flhqwo| forvh wr }hur/ j0 lv dq 0 � ReoseS| htxl0
oleulxp1 Lq idfw/ iru hdfk yrwhu/ wkh suredelolw| ri ehlqj ghflvlyh ehwzhhq
S dqg Sn lv lq�qlwho| juhdwhu wkdq wkh suredelolw| ri dq| rwkhu flufxpvwdqfh
zkhuh kh lv ghflvlyh1 Khqfh/ hdfk yrwhu xvhv lq j0 rqo| klv ehvw uhso| zlwk
suredelolw| juhdwhu wkdq 01 Vlqfh wkh vhtxhqfh ij0j0 frqyhujhv/ iru 0 jrlqj
wr }hur/ wr wkh htxloleulxp zkhuh hyhu| yrwhu wkdw suhihuv S wr Sn yrwhv iru S/
dqg hyhu| rwkhu yrwhv iru Sn/ zh kdyh wkh uhvxowv1

Wkh deryh sursrvlwlrq lpsolhv wkdw wkh frqfhsw ri shuihfw htxloleulxp lv
qrw yhu| srzhuixo/ lq wklv fodvv ri jdphv/ vlqfh lqghshqghqwo| ri wkh yrwhuv*
suhihuhqfhv/ lw h{foxghv dw prvw wkh hohfwlrq ri rqo| rqh fdqglgdwh1 Iurp wklv
zh ghgxfh wkdw vrph uh�qhphqw ri wkh shuihfw frqfhsw kdv wr eh xvhg wr jhw
pruh vhqvleoh vroxwlrqv1

515 Surshu htxloleuld

Lq wklv vhfwlrq zh jlyh d vlpsoh h{dpsoh wkdw vkrzv wkdw/ hyhq lq wkh fodvv
ri soxudolw| jdphv/ wkhuh duh shuihfw htxloleuld wkdw duh qrw surshu1 Lqlwldoo|/
zh uhylhz wkh gh�qlwlrq ri wkh surshu frqfhsw/ lqwurgxfhg e| P|huvrq ^9`1

Gh�qlwlrq 9 D frpsohwho| pl{hg vwudwhj| j0 lv dq 0 � RoJReo htxloleulxp/
li

;� 5 �c ;��c ��n 5 T �

�s L �
�
��c j0

�
: L �

�
��

n

c j0
�

|�e?

j0
�
��

n

�
� 0 � j0 ���� �
:



D vwudwhj| frpelqdwlrq j lv d RoJReo htxloleulxp/ li wkhuh h{lvwv d vhtxhqfh
ij0j ri 0� RoJReo htxloleuld frqyhujlqj +iru 0 $ f, wr j1

Li zh frpsduh wkh deryh gh�qlwlrq zlwk wkh gh�qlwlrq ri wkh shuihfw frq0
fhsw/ lw lv hylghqw wkdw hyhu| surshu htxloleulxp lv dovr shuihfw/ zkloh wkh
frqyhuvh lv qrw wuxh1 Wkh iroorzlqj h{dpsoh zlwk wkuhh yrwhuv dqg wkuhh fdq0
glgdwhv vkrzv wkdw wklv idfw/ qdpho| wkdw vrph shuihfw htxloleulxp lv qrw
surshu/ dovr krogv lq wkh fodvv ri jdphv zh duh ghdolqj zlwk1

H{dpsoh L

�� ' E�c �c f�

�2 ' E2c �c f�

�� ' E2c �c f� �

Iru vlpsolflw|/ ohw @ ghqrwh wkh �uvw fdqglgdwh/ K wkh vhfrqg dqg S wkh wklug1
E| sursrvlwlrq 5 zh nqrz wkdw sod|hu � kdv d grplqdqw vwudwhj| +@, zkloh
sod|hu 2 dqg � kdyh wzr xqgrplqdwhg vwudwhjlhv +@ dqg K,1 Wkh jdph kdv
wzr xqgrplqdwhg dqg shuihfw htxloleuld=

@W ' E@c @c @�

KW ' E@c Kc K� c

exw rqo| wkh vhfrqg rqh lv surshu1 Wr vhh wkdw wkh htxloleulxp @W lv shuihfw/
lw lv hqrxjk wr frqvlghu wkh iroorzlqj vwudwhj| frpelqdwlrq j0=

j0� ' E�� 0� 202�@n 0Sn 02Kn 02f ;� 5 ��

Lw lv hdv| wr vhh wkdw/ iru 0 vx!flhqwo| forvh wr }hur/ wklv lv dq 0�shuihfw htxl0
oleulxp1 Lq idfw/ iru sod|hu 2 wkh suredelolw| +xqghu Ej0�c j

0
��, wkdw fdqglgdwhv

@ dqg S wdnh rqh yrwh hdfk lv lq�qlwho| juhdwhu wkdq wkh suredelolw| ri dq|
rwkhu flufxpvwdqfh xqghu zklfk klv yrwh pdwwhuv1 Khqfh yrwlqj iru @ lv klv
ehvw uhso| wr Ej0�c j

0
��1 Dqdorjrxvo| iru wkh wklug sod|hu/ zkloh yrwlqj iru @ lv

grplqdqw iru sod|hu �/ wkhq j0 lv dq 0�shuihfw htxloleulxp1 Vlqfh iru 0 jrlqj
wr }hur/ j0 frqyhujhv wr @W zh kdyh wkh shuihfwlrq ri wklv htxloleulxp1 Lw lv
hdv| wr vhh wkdw @W lv qrw surshu1

Iru frqyhujhqfh dqg grplqdqfh uhodwlrqvklsv/ wkh vwudwhjlhv ri sod|huv 2
dqg � lq wkh vhtxhqfh ri 0�RoJReo htxloleuld frqyhujlqj wr @W pxvw kdyh wkh
iroorzlqj irup=

j0� ' Bf@ n B�Kn B2f n B�S ��|� B?n� � 0B? � ' 2c ��

;



Khqfh sod|hu � suhihuv wr yrwh iru S wkdq iru K/ wkxv klv 0� RoJReo vwudwhj|
kdv wr eh ri wkh iroorzlqj irup=

j0� ' Bf@ n B�f n B2S n B�K ��|� B?n� � 0B?�

Exw lw lv hdv| wr fkhfn wkdw/ iru wkh deryh vshfl�hg vwudwhjlhv/ 2 dqg � suhihu
yrwlqj iru K wkdq yrwlqj iru @/ khqfh @W fdqqrw eh d surshu htxloleulxp1

E| h{lvwhqfh ri surshu htxloleulxp +fi1 ^9`, zh ghgxfh wkdq KW lv wkh rqo|
surshu/ dqg khqfh shuihfw/ htxloleulxp ri wkh jdph1

51514 D gudzedfn ri wkh surshu frqfhsw

Lq wkh frqwh{w ri yrwlqj jdphv/ wkh pdlq gudzedfn ri wkh surshu frqfhsw
dsshduv wr eh wkdw lw idlov wr vdwlvi| wkh lwhudwhg grplqdqfh sulqflsoh1 Vlqfh
wkh slrqhhulqj zrun ri Idutxkduvrq ^6`/ dxwkruv lqyroyhg lq yrwlqj wkhru|
kdyh orqj xvhg wklv sulqflsoh +xqghu wkh qdph ri vrsklvwlfdwhg yrwlqj, wr vroyh
wkhvh nlqg ri jdphv1 Idutxkduvrq gh�qhg d yrwlqj jdph dv �ghwhuplqdwh� li
wkh lwhudwhg holplqdwlrq ri grplqdwhg vwudwhjlhv lvrodwhv dq rxwfrph1 Hyhq li
qrw hyhu| soxudolw| jdph lv ghwhuplqdwh/ lw dsshduv vhqvleoh wr dvn wkh vroxwlrq
wr vhohfw wkh �vrsklvwlfdwhg rxwfrph� zkhq wkh yrwlqj jdph lv ghwhuplqdwh
+fi1 dovr ^7` iru dq lq0ghswk glvfxvvlrq derxw wklv sulqflsoh,1 Wkh iroorzlqj
h{dpsoh/ zlwk wkuhh sod|huv dqg wkuhh fdqglgdwhv/ vkrzv xv wkdw wkh surshu
frqfhsw grhv qrw vdwlvi| wklv uhtxluhphqw lq soxudolw| jdphv hlwkhu1

H{dpsoh LL

�� ' E�c 2c f�

�2 ' E�c 2c f�

�� ' Efc 2c �� �

Lw lv hdv| wr fdofxodwh wkh vhw ri xqgrplqdwhg htxloleuld1 Lw lv jlyhq e|
wkh iroorzlqj wzr frpsrqhqwv=

� ' E@c @c �Kn E�� ��S m f � � � ��

� ' EKc Kc �Kn E�� ��S m f � � � �� �

Wr �qg rxw wkh surshu htxloleuld/ zh xvh sursrvlwlrq 5 wkdw lpsolhv wkh
iroorzlqj grplqdqfh uhodwlrqvklsv=

<



sod|huv � dqg 2 G @(f(S dqg K(S

sod|hu � G S(f(@ dqg K(@

Vlqfh hyhu| surshu htxloleulxp lv xqgrplqdwhg/ zh fdq surfhhg wr dqdo|}h
� dqg �1

Frqvlghu wkh � frpsrqhqw1
Iru � 	 �

e
dw htxloleulxp/ iru sod|hu � dqg 2/ wkh vwudwhj| K lv vwulfwo|

ehwwhu wkdq f/ khqfh dovr qhdue|1 Wklv lpsolhv wkdw wkh 0� RoJReo vwudwhjlhv
ri sod|hu � dqg 2 zloo eh ri wkh iroorzlqj irup=

j0 ' Bf@ n B�Kn B2f n B�S ��|� B?n� � 0B?�

Exw iru wkhvh vwudwhjlhv ri wkh �uvw wzr yrwhuv/ sod|hu � vwulfwo| suhihu K
wr S/ khqfh frqwudglfwlqj � 	 �

e
�

Lw lv srvvleoh wr dsso| wkh vdph nlqg ri dujxphqwv wr wkh fdvh � : �

e
1 Lq

wklv fdvh wkh suredelolw| ri sod|hu � dqg 2 wuhpeolqj wrzdugv wkh devwhqwlrq lv
lq�qlwho| juhdwhu wkdq wkh rqh ri wuhpeolqj wrzdugv K1 Khqfh sod|hu � suhihuv
S wr K/ frqwudglfwlqj � : �

e
1

Vr wkh rqo| surshu htxloleulxp lq � fdq eh jlyhq e| � ' �

e
1

Wkh iroorzlqj vwudwhjlhv vkrz xv wkdw � ' �

e
lv lq idfw d surshu htxlole0

ulxp6=

j0� ' E�� 0� 02�@n E�� %�0f n %0Kn 02S +:,

j02 ' E�� 0� 02�@n E�� %�0f n %0Kn 02S

j0� ' E�� 0� 02 � 0��

�
�

e
Kn

�

e
S

�
n E�� +�0Kn +0S n 02f n 0�@

��|� % '
� n H E0� 02 � 0��

D� 20� H02
@?_ + '

��� 20� eE� n %�02 � 0e

H n e0� 2f02
�

Wkh ydoxhv ri % dqg + dvvxuh wkdw/ dorqj doo wkh vhtxhqfh/ wkh vwudwhjlhv
f dqg K duh htxlydohqw iru sod|hu � dqg 2 olnhzlvh wkh vwudwhjlhv K dqg S iru
sod|hu �1 Vlqfh hyhu| j0 lv dq 0n � RoJReo htxloleulxp/ zh kdyh wkdw

@W '

�
@c @c

�

e
Kn

�

e
S

�
6Wkh vwdelolw| ri wkh vhw D/ fi1 ehorz/ lpsolhv wkdw D frqwdlqv d surshu htxloleulxp1

Khqfh wkh frqglwlrqv xqghu +:, duh qrw qhfhvvdu| wr fodlp wkdw � @ 4

7
lv d surshu htxlole0

ulxp1
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lv d surshu htxloleulxp1
Ohw xv qrz dqdo|}h wkh � frpsrqhqw> iru frqyhujhqfh dqg zhdn grp0

lqdqfh/ zh jhw wkdw lq hyhu| 0 � RoJReo htxloleulxp frqyhujlqj wr �/ wkh
vwudwhjlhv ri sod|huv � dqg 2 kdyh wkh iroorzlqj irup=

j0 ' BfKn B�@n B2f n B�S ��|� B?n� � 0B?

dqg wklv lpsolhv wkdw wkh vwudwhj| K jlyhv sod|hu � d kljkhu sd|r� wkdq S1
Khqfh/ wkh rqo| htxloleulxp lq � wkdw fdq eh surshu lv wkh rqh fruuhvsrqglqj
wr � ' �1 Dv d pdwwhu ri idfw/ lw lv surshu1 Lw lv hdv| wr fkhfn wkdw wkh
iroorzlqj vwudwhj| lv dq 0n � RoJReo htxloleulxp=

j0� '
�
�� 02 � 0� � 0e

�
Kn 02@n 0�f n 0eS

j02 '
�
�� 02 � 0� � 0e

�
Kn 02@n 0�f n 0eS

j0� '
�
�� 0� 02 � 0�

�
Kn 0Sn 02f n 0�@�

Khqfh/ wkh jdph kdv wzr surshu htxloleuld=

@W '

�
@c @c

�

e
Kn

�

e
S

�
KW ' EKc Kc K� �

Wklv jdph lv ghwhuplqdwh1 Lq idfw/ e| sursrvlwlrq 5 zh nqrz wkdw de0
vwhqwlrq dqg yrwlqj iru wkh ohvv suhihuuhg fdqglgdwh lv grplqdwhg iru hyhu|
sod|hu1 Holplqdwlqj f dqg S iru sod|huv � dqg 2/ dqg f dqg @ iru sod|hu �/ zh
rewdlq d uhgxfhg jdph zkhuh wkh vwudwhj| S lv grplqdwhg iru sod|hu �1 Khqfh/
holplqdwlqj wklv vwudwhj| wrr/ @ ehfrphv grplqdqw iru wkh �uvw wzr sod|huv1
Dv d uhvxow wkh jdph lv ghwhuplqdwh dqg wkh vrsklvwlfdwhg rxwfrph lv wkh
hohfwlrq ri wkh fdqglgdwh @/ zkloh K lv dovr hohfwhg lq d surshu htxloleulxp1
Ixuwkhupruh/ wkh uhvxow ri wklv h{dpsoh lv urexvw1 Li wkh sod|hu kdv wkh deryh
suhihuhqfh rughu rq wkh fdqglgdwhv/ iru doo sd|r� yhfwruv vxfk wkdw=

��� � ��2 	 ��2 � ���
�2� � �22 	 �22 � �2�
��� � ��2 	 ��2 � ���c

zh rewdlq wkdw wkh htxloleulxp KW ' EKc Kc K� lv surshu/ hyhq li wkh vrsklvwlfdwhg
rxwfrph frlqflghv zlwk wkh hohfwlrq ri fdqglgdwh @1
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516 Vwdeoh vhwv

Wkh h{solflw gh�qlwlrq ri vwdeoh vhw ^8` jrhv eh|rqg wkh sxusrvh ri wkh suhvhqw
dqdo|vlv1 Iru wklv uhdvrq zh uhihu wr ^8` iru vxfk gh�qlwlrq dqg zh olvw khuh
wkh surshuwlhv ri wklv vroxwlrq frqfhsw wkdw zh duh jrlqj wr xvh=

�,Vwdeoh vhwv dozd|v h{lvw1
��,Vwdeoh vhwv duh frqqhfwhg vhwv ri qrupdo irup shuihfw +khqfh xqgrpl0

qdwhg, htxloleuld1
���,D vwdeoh vhw frqwdlqv d vwdeoh vhw ri hyhu| jdph rewdlqhg e| holpl0

qdwlqj d vwudwhj| wkdw lv xvhg zlwk plqlpxp suredelolw| lq dq| 0�shuihfw
htxloleulxp forvh wr lw1

Wkhvh surshuwlhv/ zlwk wkh idfw wkdw iru jhqhulf soxudolw| jdphv dq htxl0
oleulxp wkdw lqgxfhv d pl{hg glvwulexwlrqv ryhu wkh rxwfrphv lv lvrodwhg +fi1
^5`,/ lpphgldwho| lpso|=

Sursrvlwlrq : Iru jhqhulf soxudolw| jdphv/ li wkh vrsklvwlfdwhg rxwfrph h{0
lvwv/ lw lv wkh rqo| vwdeoh rxwfrph +l1h1 wkh rqo| rxwfrph lqgxfhg e| hohphqwv
ri vwdeoh vhwv,1

Surri1 Wkh idfw wkdw/ iru jhqhulf soxudolw| jdphv/ dq htxloleulxp wkdw lq0
gxfhv d pl{hg glvwulexwlrq ryhu wkh rxwfrphv lv lvrodwhg dqg surshuw| +��,
lpso| wkdw doo hohphqwv ehorqjlqj wr wkh vdph vwdeoh vhw duh rxwfrph htxlyd0
ohqw1 Pruhryhu/ surshuw| E���� lpsolhv wkdw hyhu| vwdeoh vhw frqwdlqv d vwdeoh
vhw ri d jdph rewdlqhg e| lwhudwhg holplqdwlrq ri grplqdwhg vwudwhjlhv1 Wkxv/
li wkh jdph lv ghwhuplqdwh/ hyhu| vwdeoh vhw �frqwdlqv� dovr wkh vrsklvwlfdwhg
rxwfrph1 Khqfh wkh uhvxow1

Qrz ohw xv frph edfn wr h{dpsoh LL1 Lq rughu wr �qg rxw wkh vwdeoh vhwv ri
wklv jdph/ zh gr qrw xvh/ dv phqwlrqhg deryh/ wkhlu h{solflw gh�qlwlrq/ vlqfh
lw lv h{wuhpho| gl!fxow wr dfwxdoo| frpsxwh wkhp/ h{fhsw iru vlpsoh fdvhv1
Krzhyhu lq pdq| jdphv/ dv wklv rqh/ wkhlu surshuwlhv duh vx!flhqw wr rewdlq
wkh h{dfw vroxwlrq1 Lq wklv h{dpsoh/ e| +�, dqg +��, zh nqrz wkdw hyhu| vwdeoh
vhw lv frqwdlqhg lq � ru �1 E| E����/ lw iroorzv wkdw hyhu| vwdeoh vhw frqwdlqv d
vwdeoh vhw ri d jdph rewdlqhg e| lwhudwhg holplqdwlrq ri grplqdwhg vwudwhjlhv1
Khqfh wkh vdph dujxphqw pdgh wr fodlp wkdw wklv jdph lv ghwhuplqdwh ohdgv
wr wkh frqfoxvlrq wkdw hyhu| vwdeoh vhw lv frqwdlqhg lq � dqg lw frqwdlqv wkh
htxloleulxp E@c @c K�1

Lw lv dovr fohdu wkdw lq dq| 0�ReoseS| htxloleulxp forvh wr�/ wkh vwudwhj| @
lv wkh rqo| ehvw uhso| iru � dqg 21 Khqfh K lv xvhg zlwk plqlpxp suredelolw|1
Holplqdwlqj wklv vwudwhj| iru � dqg 2/ wkh vwudwhj| K ehfrphv grplqdwhg iru
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sod|hu �1 Khqfh iurp +���� zh ghgxfh wkdw wkh htxloleulxp E@c @c S� dovr kdv
wr eh frqwdlqhg lq hyhu| vwdeoh vhw> wkhq E��� lpsolhv wkdw wkh jdph kdv d
xqltxh vwdeoh vhw 7 � �1

Zh fdq �qg pdq| dssolfdwlrqv ri sursrvlwlrq :1 Wkh iroorzlqj h{dpsoh
vkrzv wkdw lq d fodvvlfdo vsdwldo prgho zlwk wkuhh fdqglgdwhv/ li wkhuh lv d
vwurqj pdmrulw| djdlqvw rqh fdqglgdwh +l1h1 li d fdqglgdwh lv wkh ohdvw suhihuuhg
iru pruh wkdq 2

�
ri wkh yrwhuv, wkh rqo| vwdeoh rxwfrph frlqflghv zlwk wkh

fdqglgdwh prvw suhihuuhg e| wkh phgldq yrwhu1

H{dpsoh LLL
Ohw g ' iuc-c�j/ zlwk hdfk fdqglgdwh ehlqj uhsuhvhqwhg e| d qxpehu

ehwzhhq f dqg �1 Vxssrvh wkdw wkhuh duh ? yrwhuv htxlglvwdqw rq dfc �o/ zkhuh
wkh xwlolw| ri d yrwhu % li wkh hohfwhg fdqglgdwh lv & lv d qhjdwlyh wudqvirupdwlrq
ri wkh glvwdqfh ehwzhhq % dq &7/ l1h1 �%& ' s%Em %� & m� zlwk s n

% 	 f/ dqg ohw
xv dvvxph wkdw u 	 � 	 -1 Gh�qh=

@ '
un�

2

K '
un-

2

S '
-n�

2
�

Iru jhqhulf srvlwlrqlqj ri wkh wkuhh fdqglgdwhv/ zh kdyh wkdw qr yrwhu
lv lqgl�huhqw ehwzhhq wzr fdqglgdwhv dqg/ khqfh/ zh zloo kdyh wkh iroorzlqj
suhihuhqfh rughuv=

Iru f � % 	 @ u "% � "% -
Iru @ 	 % 	 K � "% u "% -
Iru K 	 % 	 S � "% - "% u
Iru S 	 % � � - "% � "% u�
E| sursrvlwlrq 8/ zh nqrz wkdw iru jhqhulf u 	 � 	 - wkhuh duh dw ohdvw

wzr fdqglgdwhv hohfwhg zlwk srvlwlyh suredelolw| lq d shuihfw htxloleulxp1 Krzhyhu
iru K *5 �

�

�
c 2
�

�
wkh jdph lv ghwhuplqdwh dqg wkh vrsklvwlfdwhg rxwfrph frlq0

flghv zlwk wkh hohfwlrq ri wkh fdqglgdwh prvw suhihuuhg e| wkh phgldq yrwhu1
Khqfh/ iru jhqhulf srvlwlrqlqj vxfk wkdw K *5 �

�

�
c 2
�

�
/ wkhuh lv rqo| rqh vwdeoh

rxwfrph dqg lw frlqflghv zlwk wkh vrsklvwlfdwhg rqh1 Zh olplw wkh dqdo|vlv
wr K 5 �

fc �
�

�
/ wkh rwkhu fdvh ehlqj v|pphwulf1

7Wklv frqglwlrq lv qhfhvvdu| wr dvvxuh wkdw iru jhqhulf srvlwlrqlqj ri fdqglgdwhv wkh
uhvxowlqj jdph lv jhqhulf1
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E| sursrvlwlrq 5/ wkh vwudwhjlhv ri devwdlqlqj dqg yrwlqj iru wkh ohdvw
suhihuuhg fdqglgdwh duh grplqdwhg1 Wkhq zh jhw wkdw/ lq wkh uhgxfhg jdph/
wkh sod|huv kdyh wkh iroorzlqj vwudwhjlhv=

f � % 	 K uc�
K 	 % � � -c��
Lq wklv uhgxfhg jdph/ iru K 	 �

�
/ li wkh qxpehu ri sod|huv lv vx!flhqwo|

odujh8/ wkhuh lv qr fkdqfh ri fdqglgdwh u ehlqj hohfwhg1 Khqfh yrwlqj iru u
lv grplqdwhg/ dv zhoo dv - iru K 	 % 	 S dqg � iru S 	 % � �1 Wkhq wkh
vrsklvwlfdwhg rxwfrph lv jlyhq e| wkh iroorzlqj vwudwhjlhv=

f � % 	 S �
S 	 % � � -
Khqfh iru S 	 �

2
wkh fdqglgdwh hohfwhg lv -/ zkloh iru S : �

2
lw lv � 1

6 Frqfoxvlrq
Lq wklv sdshu zh kdyh vkrzq wkdw wkh shuihfw htxloleulxp frqfhsw lv/ lq wklv
frqwh{w/ qrw uhvwulfwlyh hqrxjk vlqfh/ lqghshqghqwo| ri suhihuhqfhv/ lw h{0
foxghv dw prvw wkh hohfwlrq ri rqo| rqh fdqglgdwh1 Wkh surshu frqfhsw/
ghvslwh ehlqj d vwulfw uh�qhphqw ri wkh shuihfw rqh/ vwloo suhvhqwv vrph zhdn0
qhvv1 Hyhq lq wklv frqwh{w wkhuh duh surshu rxwfrph wkdw duh qrw lqgxfhg
e| dq| vwdeoh vhw1 Wklv lv vr ehfdxvh wkh surshu frqfhsw grhv qrw vdwlvi|
wkh lwhudwhg grplqdqfh sulqflsoh1 Zh fdq vr ghgxfh wkh vxshulrulw| ri wkh
vwdeoh vhw vroxwlrq frqfhsw/ hyhq lq wkh fodvv ri soxudolw| jdphv1 Zh krsh
wkdw ixuwkhu uhvhdufkhv zloo ohdg wr d ghhshu fkdudfwhul}dwlrq/ lq wklv fodvv ri
jdphv/ ri wkh vwdeoh vhwv1 Iru h{dpsoh lw zrxog eh xvhixo wr �qg d surshuw|
wkdw khosv xv wr ghwhuplqh wkh vroxwlrq ri h{dpsoh LLL iru ydoxhv ri K ehwzhhq
�

�
dqg 2

�
1

Wzr txhvwlrqv qdwxudoo| dulvh1 Li wkhuh lv d Frqgrufhw zlqqhu +l1h1 d
fdqglgdwh wkdw ghihdwv hyhu| rwkhu lq d sdluzlvh frpshwlwlrq,/ grhv vwudwhjlf
vwdelolw| irufh klv hohfwlrqB Grhv vwudwhjlf vwdelolw| lpso| wkh Gxyhujhu*v odz
+l1h1 rqo| wzr fdqglgdwhv wdnh d srvlwlyh dprxqw ri yrwhv,B

Erwk wkh dqvzhuv duh qhjdwlyh1 Lq idfw/ iru wkh �uvw srlqw/ frqvlghu wkh
iroorzlqj vlwxdwlrq= wkhuh duh 2? yrwhuv dqg wkuhh fdqglgdwhv E@c K dqg S�1
Fdqglgdwh @ lv wkh prvw suhihuuhg e| hyhu|rqh dqg ? yrwhuv suhihu K wr S/
zkloh wkh rwkhu ? yrwhuv suhihu S wr K1 Li ? � 2 wkh vwudwhj| zkhuh hyhu|rqh

8Wkdw lv li wkhuh duh vwulfwo| ohvv wkhq 4

6
ri wkh yrwhuv orfdwhg ehwzhhq 3 dqg e1
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lq wkh �uvw jurxs ri yrwhuv yrwhv iru K dqg hyhu|rqh lq wkh vhfrqg jurxs yrwhv
iru S lv d vwulfw htxloleulxp/ khqfh vwudwhjlfdoo| vwdeoh lq hyhu| frqfhlydeoh
vhqvh/ zkloh @ lv fohduo| wkh Frqgrufhw zlqqhu1

Iru wkh vhfrqg srlqw frqvlghu wkh fdvh zkhuh wkhuh duh �? yrwhuv dqg
wkuhh fdqglgdwhv E@c K dqg S�1 Vxssrvh wkdw iru ? yrwhuv wkh prvw suhihuuhg
fdqglgdwh lv @/ iru rwkhu ? lw lv K dqg iru wkh uhvw lw lv S1 Li iru hyhu| yrwhu wkh
gl�huhqfh/ lq xwlolw|/ ehwzhhq klv prvw suhihuuhg fdqglgdwh dqg klv vhfrqg
suhihuuhg rqh lv vwulfwo| juhdwhu wkdq wkh gl�huhqfh ehwzhhq wkh vhfrqg dqg
wkh wklug rqh/ wkh vwudwhj| zkhuh hdfk yrwhu yrwhv iru klv prvw suhihuuhg
fdqglgdwh lv d vwulfw htxloleulxp/ khqfh vwudwhjlfdoo| vwdeoh1

Dqrwkhu h{whqvlrq ri wkh suhvhqw zrun frxog eh wkh vwxg| ri dowhuqdwlyh
yrwlqj surfhgxuhv vxfk dv Erugd ru dssurydo1

Uhihuhqfhv
^4` Eudpv V1M1 +4<<7,= �Yrwlqj surfhgxuhv� lq Kdqgerrn ri Jdph Wkhru|

yro15/ hg1 e| Dxpdqq U1M1 dqg V1 Kduw/ Hovlhyhu1

^5` Gh Vlqrsrol I1 +4<<;,= �Wzr Uhvxowv Derxw Jhqhulf Qrq Frrshudwlyh
Yrwlqj Jdphv zlwk Soxudolw| Uxoh�/ FRUH Glvfxvvlrq Sdshu <;671

^6` Idutxkduvrq U1 +4<9<, Wkhru| ri yrwlqj/ Qhz Kdyhq= \doh Xqlyhuvlw|
Suhvv1

^7` Nrkoehuj H1 dqg M1I1 Phuwhqv +4<;9,= �Rq wkh Vwudwhjlf Vwdelolw| ri
Htxloleuld� Hfrqrphwulfd yro187/ ss143360436:1

^8` Phuwhqv M1I1 +4<;<,=�Vwdeoh Htxloleuld0D uhirupxodwlrq1 Sduw L= Gh�qlwlrq
dqg edvlf surshuwlhv� Pdwk1 Rshu1 Uhv1 yro147/ ss18:809581

^9` P|huvrq U1E1 +4<:;,= �Uh�qhphqwv ri wkh Qdvk htxloleulxp frqfhsw�
Lqw1 M1 ri Jdph Wkhru| yro1:/ ss1:60;31

^:` P|huvrq U1E1 dqg U1M1 Zhehu +4<<6,= �D Wkhru| ri Yrwlqj Htxloleuld�
Dphu1 Sro1 Vf1 Uhy1 yro1;:/ ss143504471

^;` Vhowhq U1 +4<:8,= �Uhh{dplqdwlrq ri wkh shuihfwqhvv frqfhsw iru htxlole0
ulxp srlqwv lq h{whqvlyh jdphv� Lqw1 M1 ri Jdph Wkhru| yro17/ ss1570881
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