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Iudqflv EorfkW dqg Kìoëqh Ihuuhu_
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Devwudfw

Wklv qrwh dqdo|}hv wkh h�hfw ri surgxfw frpsohphqwdulw| lq d el0
odwhudo roljrsro|1 Zh vkrz wkdw r�huv ri wudghuv rq wkh wzr vlghv ri wkh
pdunhw duh vwudwhjlf frpsohphqwv +vxevwlwxwhv, li dqg rqo| li wkh wzr
jrrgv duh vxevwlwxwhv +frpsohphqwv,1 Wkh rxwfrph ri wkh elodwhudo
roljrsro| jdph frqyhujhv prqrwrqlfdoo| wr wkh frpshwlwlyh htxlole0
ulxp/ dv wkh hodvwlflw| ri vxevwlwxwlrq ehwzhhq wkh jrrgv ghfuhdvhv wr
041

Nh|zrugv= Elodwhudo Roljrsrolhv/ Vwudwhjlf Vxevwlwxwhv dqg Frpsoh0
phqwv1
MHO Fodvvl�fdwlrq= G76/ G84

WLUHV/ Ghsduwphqw ri Hfrqrplfv/ Xqlyhuvlwì fdwkroltxh gh Orxydlq/ Orxydlq0Od0
Qhxyh/ Ehojlxp1

_FRUH/ Xqlyhuvlwì fdwkroltxh gh Orxydlq/ Orxydlq0Od0Qhxyh/ Ehojlxp1

Zh wkdqn Mhdq M1 Jdev}hzlf} dqg Qlfrodv Erffdug iru glvfxvvlrqv zklfk ohg wr
lpsuryhphqwv lq wkh sdshu1 Wkh vhfrqg dxwkru lv judwhixo wr wkh Hxurshdq Frppxqlw|
iru vxssruw wkurxjk wkh Frrshudwlrq dqg Lqirupdwlrq Qhwzrun/ frqwudfw HUE IPU[
FW <9 33881
Wklv wh{w suhvhqwv uhvhdufk uhvxowv ri wkh Ehojldq Surjudp rq Lqwhuxqlyhuvlw| Srohv
ri Dwwudfwlrq lqlwldwhg e| wkh Ehojldq Vwdwh/ Sulph Plqlvwhu*v R!fh/ Vflhqfh Srolf|
Surjudpplqj1 Wkh vflhqwl�f uhvsrqvdelolw| lv dvvxphg e| wkh dxwkruv1
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4 Lqwurgxfwlrq

Wkh vwudwhjlf pdunhw jdphv lqwurgxfhg e| Vkdsoh| dqg Vkxeln +Vkdsoh|
+4<:9, dqg Vkxeln +4<:6,, r�hu d vlpsoh ghvfulswlrq ri dq h{fkdqjh hfrq0
rp| zkhuh doo wudghuv ehkdyh vwudwhjlfdoo|1 D vshfl�f h{dpsoh ri Vkdsoh|0
Vkxeln jdphv/ uhfhqwo| lqwurgxfhg e| Jdev}hzlf} dqg Plfkho +4<<:, fdq eh
ylhzhg dv dq h{whqvlrq ri wkh Frxuqrw roljrsro| prgho/ zkhuh erwk vlghv
ri wkh pdunhw +ex|huv dqg vhoohuv, duh vwudwhjlf sod|huv1 Lq wklv �elodwhudo
roljrsro|�/ wkhuh duh wzr w|shv ri wudghuv dqg wzr frpprglwlhv/ dqg hdfk
w|sh ri wudghu lv hqgrzhg zlwk rqh xqlw ri wkh wzr frpprglwlhv dqg zdqwv
wr frqvxph erwk1 Jhqhudo frqglwlrqv iru h{lvwhqfh dqg xqltxhqhvv ri dq
lqwhulru htxloleulxp kdyh uhfhqwo| ehhq vwxglhg e| Eorfk dqg Jkrvdo +4<<:,1
+Vhh dovr Frughood dqg Jdev}hzlf} +4<<;, iru d frxqwhuh{dpsoh,1

Lq wklv qrwh/ zh lqyhvwljdwh ixuwkhu wkh vwuxfwxuh ri elodwhudo roljrsrolhv
e| dqdo|}lqj wkh uhodwlrq ehwzhhq surgxfw frpsohphqwdulw| dqg wkh Qdvk
htxloleulxp ri wkh vwudwhjlf pdunhw jdph/ lq wkh vlpsoh vhwwlqj ri d FHV
+frqvwdqw hodvwlflw| ri vxevwlwxwlrq, xwlolw| ixqfwlrq1 Zh vkrz wkdw wkh ri0
ihuv ri wudghuv rq wkh wzr vlghv ri wkh pdunhw duh vwudwhjlf frpsohphqwv
+vxevwlwxwhv, li dqg rqo| li wkh wzr jrrgv duh vxevwlwxwhv +frpsohphqwv,41
Ixuwkhupruh/ zh suryh wkdw wkh rxwfrph ri wkh jdph frqyhujhv prqrwrql0
fdoo| wr wkh frpshwlwlyh htxloleulxp/ dv wkh hodvwlflw| ri vxevwlwxwlrq ehwzhhq
wkh jrrgv ghfuhdvhv wr plqxv lq�qlw|1

5 Wkh prgho

Zh frqvlghu dq hfrqrp| zlwk wzr jrrgv/ odehohg { dqg |/ dqg wzr w|shv ri
wudghuv1 Wkhuh duh q � 5 wudghuv ri w|sh L +zkr duh hqgrzhg zlwk rqh xqlw
ri jrrg {, dqg q wudghuv ri w|sh LL +zkr duh hqgrzhg zlwk rqh xqlw ri jrrg
|,1 Suhihuhqfhv iru wkh wzr w|shv ri wudghuv duh lghqwlfdo/ dqg jlyhq e| wkh
FHV xwlolw| ixqfwlrq

X +{> |, @ +{4 . |4,
�

4 / zlwk � � 41

Wklv xwlolw| ixqfwlrq hqfrpsdvvhv erwk vlwxdwlrqv zkhuh wkh jrrgv duh
vxevwlwxwhv +� � 3, dqg frpsohphqwv +� � 3,1 Zkhq � @ 4/ wkh jrrgv
duh shuihfw vxevwlwxwhv> zkhq � @ 3/ wkh xwlolw| ixqfwlrq lv Free0Grxjodv/
dqg zkhq � $ �4/ wkh jrrgv duh shuihfw frpsohphqwv1 Wklv h{fkdqjh

4Vhh Exorz/ Jhqhdnrsorv dqg Nohpshuhu +4<;8, iru wkh ruljlqdo gh�qlwlrq ri vwudwhjlf
vxevwlwxwhv dqg frpsohphqwv lq wudglwlrqdo roljrsro| prghov1
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hfrqrp| kdv d xqltxh frpshwlwlyh htxloleulxp jlyhq e| s
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/ iru wudghuv ri w|shv L dqg LL1

Zh dqdo|}h d vwudwhjlf pdunhw jdph zkhuh hdfk wudghu r�huv d iudfwlrq
ri wkh frpprglw| kh rzqv rq wkh pdunhw1 Khqfh/ wkh vwudwhj| vsdfhv iru
wkh wzr w|shv ri wudghuv duh
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6 Wkh htxloleulxp

Wr frpsxwh wkh uhdfwlrq ixqfwlrqv ri wkh wzr w|shv ri wudghuv/ zh vroyh wkh
pd{lpl}dwlrq sureohp idfhg e| djhqwv ri w|sh L
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Zh qrz vkrz wkdw lq htxloleulxp doo wudghuv rq wkh vdph vlgh ri wkh
pdunhw dgrsw wkh vdph vwudwhj|1 Vxssrvh e| frqwudglfwlrq wkdw iru wzr
wudghuv l dqg n ri w|sh L/ t� 9@ t&1 Zlwkrxw orvv ri jhqhudolw|/ ohw t& A t�1
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|lhoglqj
t� A t&/

frqwudglfwlqj wkh dvvxpswlrq1

Vlqfh wkh htxloleulxp lv v|pphwulf dprqj wudghuv/ rq wkh vdph vlgh ri
wkh pdunhw/ zh pd| ghqrwh e| t dqg e wkh r�huv ri wudghuv ri w|sh L dqg
w|sh LL rq wkh pdunhw1 Wkh uhdfwlrq ixqfwlrqv duh jlyhq e|
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Ohppd 4 = Wkh r�huv ri wudghuv rq wkh wzr vlghv ri wkh pdunhw duh vwudwh0
jlf frpsohphqwv +vxevwlwxwhv, li dqg rqo| li wkh jrrgv duh vxevwlwxwhv +frp0
sohphqwv,1

Surri1 = E| lpsolflw gl�huhqwldwlrq/ zh jhw

Ct�
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1

Khqfh/
Ct�

Ce�
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Lq wkh Dsshqgl{/ zh vkrz wkdw wkh v|vwhp ri htxdwlrqv +4, fkdudfwhul}hv
d xqltxh v|pphwulf Qdvk htxloleulxp/ zkhuh doo wudghuv dgrsw wkh vdph
vwudwhj|1

Sursrvlwlrq 4 = Wkh vwudwhjlf pdunhw jdph kdv d xqltxh lqwhulru Qdvk
htxloleulxp1 Doo wudghuv dgrsw wkh vdph vwudwhj|=
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Ohppd 5 = Dv wkh ghjuhh ri vxevwlwxwlrq ri wkh wzr jrrgv lqfuhdvhv wkh
htxloleulxp r�huv t
 dqg e
 ghfuhdvh1

Surri1 = Zh frpsxwh
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Zh rewdlq iru d olqhdu xwlolw| ixqfwlrq +�$ 4, t
 @ e
 @ 3/ iru d Free0
Grxjodv xwlolw| ixqfwlrq +� @ 3,/ t
 @ e
 @ ?3�

2?3� 1 Dv wkh jrrgv ehfrph

shuihfw frpsohphqwv +� $ �4,/ t
 @ e
 @ �
2 / wkh htxloleulxp rxwfrph

frqyhujhv wr wkh frpshwlwlyh htxloleulxp1

7 Glvfxvvlrq

Lq wklv qrwh/ zh dqdo|}h wkh Qdvk htxloleulxp ri d elodwhudo roljrsro| zkhq
wkh ghjuhh ri vxevwlwxwlrq ehwzhhq wkh wzr jrrgv lv sdudphwul}hg e| wkh
frqvwdqw hodvwlflw| ri vxevwlwxwlrq �1 Zh �uvw vkrz wkdw wkh r�huv ri wudghuv
rq wkh wzr vlghv ri wkh pdunhw duh vwudwhjlf vxevwlwxwhv +ru frpsohphqwv,
li dqg rqo| li wkh jrrgv duh frpsohphqwv +vxevwlwxwhv,1 Wr xqghuvwdqg wklv
uhvxow/ frqvlghu wkh ehkdylru ri dq djhqw l ri w|sh L1 Li wkh r�hu e� ri djhqwv ri
w|sh LL lqfuhdvhv/ wkh dprxqw ri jrrg | lq djhqw l*v doorfdwlrq/ |�> lqfuhdvhv1
Li wkh wzr jrrgv duh vxevwlwxwhv/ wklv ghfuhdvhv wkh pdujlqdo xwlolw| ri {� dqg
lqgxfhv wudghu l wr lqfuhdvh khu r�hu t�1 Li/ rq wkh rwkhu kdqg/ wkh wzr jrrgv
duh frpsohphqwv/ wklv lqfuhdvhv wkh pdujlqdo xwlolw| ri {� dqg lqgxfhv wudghu
l wr uhgxfh khu r�hu1 Qrwh wkdw wklv h�hfw lv qrw uhodwhg wr wkh wudglwlrqdo
dqdo|vlv ri vwudwhjlf vxevwlwxwhv dqg frpsohphqwv lq roljrsro|1

Zh dovr vkrz wkdw/ dv wkh frpsohphqwdu| ehwzhhq wkh wzr jrrgv lq0
fuhdvhv/ wkh htxloleulxp r�huv rq wkh wzr vlghv ri wkh pdunhw lqfuhdvh1 Wkh
lqwxlwlrq xqghuo|lqj wklv uhvxow lv hdvlo| judvshg1 Zkhq wkh frpsohphqwdu0
lw| lqfuhdvhv/ wkh pdujlqdo xwlolw| ri jrrg | wr wudghuv ri w|sh L lqfuhdvhv1
Khqfh/ iru dq| �{hg r�hu e� ri wudghuv ri w|sh LL/ wkh r�hu t� lqfuhdvhv1 Lq
htxloleulxp/ erwk r�huv e� dqg t� duh lqfuhdvlqj zlwk wkh ghjuhh ri frpsoh0
phqwdulw| ehwzhhq jrrgv1
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8 Uhihuhqfhv

Eorfk/ I1 dqg V1 Jkrvdo +4<<:, �Vwdeoh Wudglqj Vwuxfwxuhv lq Elodwhudo Roljr0
srolhv/� Mrxuqdo ri Hfrqrplf Wkhru| :7/ 69;06;71

Exorz/ M1/ M1 Jhdqdnrsorv dqg S1 Nohpshuhu +4<;8, �Pxowlpdunhw Roljrsro|=
Vwudwhjlf Vxevwlwxwhv dqg Frpsohphqwv/� Mrxuqdo ri Srolwlfdo Hfrqrp| <6/
7;;08441

Frughood/W1 dqg M1M1 Jdev}hzlf} +4<<;, ��Qlfh� Wulyldo Htxloleuld lq Vwudwh0
jlf Pdunhw Jdphv/� Jdphv dqg Hfrqrplf Ehkdylru 55/ 495049<1

Gl{lw/ D1 +4<;9, �Frpsdudwlyh Vwdwlfv lq Roljrsro|/ Lqwhuqdwlrqdo Hfrqrplf
Uhylhz 5:/ 43:04551

Jdev}hzlf}/ M1M1 dqg S1 Plfkho +4<<:, �Roljrsro| Htxloleulxp lq H{fkdqjh
Hfrqrplhv� lq E1F1 Hdwrq dqg U1J1 Kduulv +hgv1, Wudgh/ Whfkqrorj| dqg
Hfrqrplfv= Hvvd|v lq Krqru ri Ulfkdug J1 Olsvh|1 Fkhowhqkdp= Hgzdug
Hojdu1

Vkdsoh|/ O1 +4<:9, �Qrqfrrshudwlyh Jhqhudo H{fkdqjh� lq V1 Olq +hg1, Wkh0
ru| dqg Phdvxuhphqw ri Hfrqrplf H{whuqdolwlhv/ Qhz \run= Dfdghplf
Suhvv1

Vkxeln/ P1 +4<:6, �Frpprglw| Prqh|/ Roljrsro|/ Fuhglw dqg Edqnuxswf|
lq d Jhqhudo Htxloleulxp Prgho�/ Zhvwhuq Hfrqrplf Mrxuqdo 44/ 5706;1

D Dsshqgl{

D14 Surri ri Sursrvlwlrq 41

Wkh v|pphwulf r�huv jlyhq lq wkh Sursrvlwlrq fohduo| vdwlvi| wkh v|vwhp ri
htxdwlrqv +4,1 Zh vkrz wkdw wklv htxloleulxp lv xqltxh dqg joredoo| vwdeoh1
Iroorzlqj Gl{lw +4<;9,/ d vx!flhqw frqglwlrq iru xqltxhqhvv ri htxloleulxp
lv ����CtCe
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Wklv frqfoxghv wkh surri1
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