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4 Lqwurgxfwlrq
Wklv sdshu vwxglhv vlwxdwlrqv lq zklfk djhqwv gr qrw lqlwldoo| nqrz wkh h�hfw
ri wkhlu ghflvlrqv/ exw ohduq iurp h{shulhqfh wkh sd|r�v lqgxfhg e| wkhlu
fkrlfhv dqg wkhlu rssrqhqw*v1 Vxfk d eurdg ghvfulswlrq lqfoxghv pdq| uhdo
olih vlwxdwlrqv rqh pd| wklqn ri1 Zh �uvw prwlydwh rxu vwxg| zlwk d plolwdu|
h{dpsoh dqg dq hfrqrplf h{dpsoh1

Dq dwwdfnlqj jhqhudo frqwhpsodwlqj d vwudwhj| ru d zhdsrq wkdw zdv qhyhu
xvhg ehiruh zrxog qhhg wr wu| lw rq wkh �hog lq rughu wr nqrz lwv h�hfwv1 Rq
wkh rwkhu vlgh/ wkh ghihqghu dovr qhhgv wr h{shulphqw wr �qg rxw klv ehvw uhso|
djdlqvw wkh dwwdfnhu*v qhz vwudwhj|1 Lw kdv ehhq hvwdeolvkhg e| klvwruldqv wkdw
wkh Hqjolvk ylfwru| dw Fuhf| lq 4679 zdv d frqvhtxhqfh ri wkh vxshulrulw|
ri Hqjolvk orqjerzv ryhu wkh Iuhqfk furvverzv1 Vxfk dq vxshulrulw| zdv
suredeo| qrw fhuwdlq ehiruh wkh edwwoh/ kdv ehhq suryhg dw Fuhf|/ dqg vlqfh
wkhq orqjerzv ehjdq wr uhsodfh furvverzv lq Hxurshdq duplhv1

Lq d zruog zlwk lpshuihfw frpshwlwlrq/ wkhuh lv qr uhdvrq wr eholhyh wkdw
wkh ghpdqg ixqfwlrq ri dq rshqlqj pdunhw +vhhq dv d ixqfwlrq ri doo sulfhv iru
vlplodu jrrgv, lv nqrzq e| wkh pdqdjhuv ri �upv1 Rqh h{shfwv pdqdjhuv wr
irup eholhiv rq wkh wuxh ghpdqg ixqfwlrq dqg wr wu| gl�huhqw sulfh vwudwhjlhv
ehiruh vhwwlqj wkhlu sulfhv rswlpdoo|1

Wkhvh wzr h{dpsohv vkduh vrph ihdwxuhv rq zklfk zh uho| wr frqvwuxfw
rxu prgho1 Iluvw/ lw fdq eh dvvxphg wkdw wkh dfwlrqv fkrvhq e| doo djhqwv duh
sxeolfo| revhuyhg1 Wkhvh dfwlrqv duh wkh edwwoh sodqv lq wkh �uvw fdvh/ dqg wkh
sulfhv ri jrrgv rq wkh pdunhw iru wkh vhfrqg h{dpsoh1 Vhfrqg/ wkh rxwfrphv
duh dovr sxeolfo| revhuyhg1 Hdfk jhqhudo fdq dvvhvv wkh orvvhv rq wkh wzr
vlghv/ dqg wkh txdqwlwlhv vrog fdq eh frqvlghuhg dv sxeolf lqirupdwlrq1

Zh vwxg| d prgho ri uhshdwhg jdphv zlwk v|pphwulf lqfrpsohwh lqiru0
pdwlrq lq zklfk diwhu hdfk wxuq/ erwk wkh dfwlrq sur�oh sod|hg dqg wkh fru0
uhvsrqglqj sd|r� sur�oh duh sxeolfo| dqqrxqfhg1 Wkh wzr h{dpsohv deryh
fdq eh ylhzhg dv lqvwdqfhv ri wkh }hur0vxp dqg ri wkh qrq0}hur vxp fdvhv1

Wkh sduwlfxodu fdvh ri wzr sod|huv dqg }hur0vxp kdv ehhq suhylrxvo| vwxg0
lhg e| Edôrv ^7` dqgPhjlggr ^46`1 Wkh| suryh wkdw hdfk sod|hu fdq jxdudqwhh
wkh ydoxh ri wkh wuxh xqghuo|lqj jdph1 Wkhuhiruh/ qr sod|hu fdq ehqh�w iurp
wkh lqlwldo odfn ri lqirupdwlrq rq wkh sd|r�v dv orqj dv wkhvh sd|r�v duh
dqqrxqfhg diwhu hdfk wxuq1 Zh �uvw h{whqg wkhlu uhvxow wr dq| qxpehu ri
sod|huv1 Djdlq/ zh rewdlq wkdw wkh plq pd{ ohyho ri d sod|hu lv wkh plq pd{
ohyho lq zklfk doo lqirupdwlrq rq wkh sd|r�v lv uhyhdohg1 Wklv suholplqdu|
uhvxow dovr fkdudfwhul}hv sod|hu*v lqglylgxdoo| udwlrqdo ohyhov iru wkh qrq0}hur
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vxp fdvh1
Lq wkh jhqhudo fdvh/ zh suryh wkdw ixoo h{sorudwlrq vwloo frqvwlwxwhv dq htxl0

oleulxp1 Qdpho|/ zh h{klelw htxloleuld lq zklfk sod|huv h{soruh wkh sd|r�v
lqgxfhg e| hyhu| dfwlrq sur�oh ehiruh wkh| sod| dq htxloleulxp ri wkh fru0
uhvsrqglqj lq�qlwho| uhshdwhg jdph zlwk shuihfw lqirupdwlrq1 Qhyhuwkhohvv/
wklv idplo| ri htxloleuld fdq eh Sduhwr grplqdwhg e| htxloleuld zlwk sduwldo
uhyhodwlrq ri wkh sd|r� ixqfwlrqv rqo|1 Kluvkohlihu ^44` douhdg| srlqwhg rxw
wkdw sxeolf lqirupdwlrq fdq eh vrfldoo| gdpdjlqj1 Zh dqdo|}h wkh sxeolf
ydoxh ri lqirupdwlrq lq d vwudwhjlf prgho zkhuh lqirupdwlrq glvforvxuh lv d
frqvhtxhqfh ri djhqw*v dfwlrqv dqg fkdudfwhul}h krz froohfwlyh ohduqlqj wdnhv
sodfh1

Zh h{klelw d idplo| ri htxloleuld lq zklfk dq h{sorudwlrq skdvh lv iroorzhg
e| d sd|r� dftxlvlwlrq skdvh1 Dw hdfk vwdjh ri wkh h{sorudwlrq skdvh/ sod|huv
fkrrvh d sur�oh ri dfwlrqv zklfk kdv qrw ehhq sod|hg ehiruh1 Wkh| fdq
dovr fkrrvh wr vwrs h{sorulqj/ lq zklfk fdvh wkh sd|r� dftxlvlwlrq skdvh
vwduwv1 Gxulqj wklv skdvh/ zklfk odvwv iruhyhu/ wkh rqo| dfwlrqv sod|hg duh
wkh rqhv zklfk zhuh whvwhg gxulqj wkh h{sorudwlrq skdvh1 Wkhuhiruh/ wkh rqo|
lqirupdwlrq sod|huv kdyh rq wkh sd|r�v lv wkh lqirupdwlrq rewdlqhg gxulqj
wkh h{sorudwlrq skdvh1

Frqyhuvho|/ zh suryh wkdw dq| htxloleulxp lv sd|r� htxlydohqw wr d frqyh{
frpelqdwlrq ri htxloleuld ri wkh suhfhglqj irup1 Wr gr wklv/ zh vkrz wkdw zh
fdq uhgxfh doo klvwrulhv rq wkh htxloleulxp sdwk lq vxfk d zd| wkdw h{sorudwlrq
rqo| wdnhv sodfh gxulqj wkh �uvw vwdjhv1

Lw fdq eh xvhixo wr sodfh rxu zrun lq oljkw ri wkh olwhudwxuhv ri uhshdwhg
jdphv zlwk lqfrpsohwh lqirupdwlrq dqg pxowl0duphg edqglwv/ vlqfh wkhvh
duh dovr frqfhuqhg zlwk wkh txhvwlrq ri ohduqlqj wkurxjk wkh uhshwlwlrq ri d
vlwxdwlrq1

Wkh wkhru| ri wzr0sod|hu uhshdwhg jdphv zlwk lqfrpsohwh lqirupdwlrq
+vhh ^5`/ ^;` iru wkh jhqhudo wkhru|, xvxdoo| dvvxphv dfwlrqv duh revhuydeoh
zkhuhdv sd|r�v duh qrw1 Zlwk odfn ri lqirupdwlrq rq pruh wkdq rqh vlgh +qr
sod|hu lv pruh lqiruphg wkdq wkh rwkhu, htxloleuld pd| qrw h{lvw1 Wkh rqo|
jhqhudo h{lvwhqfh wkhruhpv duh rewdlqhg zlwk glvfrxqwlqj rq wkh sd|r�v +d
�{hg srlqw dujxphqw dssolhv, ru zlwk odfn ri lqirupdwlrq rq rqh vlgh rqo|1
Zlwk odfn ri lqirupdwlrq rq rqh vlgh/ Kduw ^43` surylghv d fkdudfwhul}dwlrq
ri htxloleulxp sd|r�v= edvlfdoo|/ dw hdfk vwdjh ri wkh uhshwlwlrq wkh lqiruphg
sod|hu uhyhdov d elw pruh ri klv lqirupdwlrq wr wkh xqlqiruphg1 D uhvxow gxh
wr Dxpdqq dqg Kduw ^4` vkrzv wkdw wklv uhyhodwlrq surfhvv fdq eh hqgohvv>
qrw doo htxloleuld duh sd|r�0htxlydohqw wr htxloleuld lq zklfk uhyhodwlrq frphv
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grzq wr d �qlwh qxpehu ri vwdjhv dw wkh ehjlqqlqj ri wkh jdph1
Sduwlfxodu dwwhqwlrq kdv ehhq sdlg wr wkh fdvh zkhuh hdfk sod|hu lv lq0

iruphg ri klv rzq sd|r� ixqfwlrq1 Zlwk odfn ri lqirupdwlrq rq erwk vlghv/
Nruhq ^45` suryhv wkdw dq| htxloleulxp lv sd|r�0htxlydohqw wr dq htxloleulxp
lq zklfk hdfk djhqw lv shuihfwo| lqiruphg ri wkh wuxh sur�oh ri sd|r� ixqf0
wlrqv/ dqg vkrzv wkdw d �qlwh qxpehu ri wxuqv vx!fhv iru wkh zkroh surfhvv
ri lqirupdwlrq wudqvplvvlrq1 \hw/ htxloleuld fdq idlo wr h{lvw1

Idloxuh ri h{lvwhqfh ri htxloleuld fdq eh vhhq dv d frqvhtxhqfh ri dv|p0
phwu| ri lqirupdwlrq dprqj sod|huv1 Irujhv ^:` iru wkh }hur0vxp fdvh dqg
Qh|pdq dqg Vrulq ^48` iru wkh jhqhudo fdvh suryh wkdw htxloleuld dozd|v h{lvwv
zkhqhyhu lqirupdwlrq lv v|pphwulf dfurvv sod|huv1 Wkhlu surriv uho| rq wkh
lghqwl�fdwlrq ri sxeolf lqirupdwlrq wr d vwdwh yduldeoh lq d vwrfkdvwlf jdph1

Zlwk rqh djhqw/ pxowl0duphg edqglwv prghov +vhh ^8` iru d jhqhudo suh0
vhqwdwlrq, vwxg| wkh rswlpdo doorfdwlrq ri wlph ehwzhhq ohduqlqj dqg sd|r�
rswlpl}dwlrq frqglwlrqdo wr sdvw lqirupdwlrq1 Wkh djhqw*v sd|r� dw hdfk wxuq
ghshqgv erwk rq klv dfwlrq dw wkdw wlph/ rq vrph xqnqrzq vwdwh ri qdwxuh/
dqg rq vrph h{wud udqgrp idfwru1 Dv wlph jrhv e|/ wkh djhqw ohduqv zklfk
glvwulexwlrq ri sd|r�v lv dvvrfldwhg wr hdfk ri klv srvvleoh dfwlrqv1

Exloglqj d jhqhudol}dwlrq wr dq| qxpehu ri sod|huv/ Erowrq dqg Kduulv ^9`
frqvlghu d jurxs ri lqglylgxdov zkr vlpxowdqhrxvo| idfh wkh vdph pxowl0
duphg edqglw sureohp1 Hdfk djhqw revhuyhv rwkhu*v dfwlrqv dqg sd|r�v/ vr
wkdw rqh fdq ohduq iurp rwkhu*v h{shulphqwv1 Erowrq dqg Kduulv vkrz wkdw
sxeolf lqirupdwlrq lv d sxeolf jrrg wr zklfk rqh frqwulexwhv e| h{sorulqj
sd|r�v dqg wkh| vwxg| wkh fruuhvsrqglqj iuhh0ulghu sureohp1

Dv rssrvhg wr Erowrq dqg Kduulv*v iudphzrun/ lq rxu prgho hdfk djhqw*v
sd|r� ghshqgv rq rwkhu*v fkrlfhv dv zhoo dv rq klv1 Rq wkh rwkhu kdqg/ zh
dvvxph wkdw wkh vdph dfwlrq sur�oh |lhogv wkh vdph sd|r� dw hdfk wxuq/ dqg
zh gr qrw glvfrxqw wkh sd|r�v1 Wkhvh dvvxpswlrqv doorz xv wr vwxg| wkh
lqirupdwlrq dftxlvlwlrq vhsdudwho| iurp sd|r� dftxlvlwlrq1 Lq d prgho zlwk
glvfrxqwlqj/ hdfk vwdjh kdv d vwulfwo| srvlwlyh zhljkw rq wkh wrwdo sd|r� dqg
wkh rughu lq zklfk fhoov duh h{soruhg ehfrphv lpsruwdqw1 Fohduo|/ edqglw
sureohpv zlwk qr glvfrxqwlqj zrxog eh wulyldo vlqfh ixoo lqirupdwlrq rq wkh
sd|r� glvwulexwlrqv frxog eh dftxluhg dw qr frvw1 Doo wkh gl!fxow| ri edqglw
sureohpv frphv iurp wkh wudgh r� ehwzhhq lqirupdwlrq dftxlvlwlrq dqg sd|r�
pd{lpl}dwlrq frqglwlrqdo wr sdvw lqirupdwlrq1 Khuh/ zh vkrz wkdw hyhq li
sod|huv fdq vshqg wlph wr h{soruh sd|r�v dw qr frvw/ lw fdq eh vrfldoo| h!flhqw
wr vwrs wklv ohduqlqj surfhvv ehiruh ixoo lqirupdwlrq lv rewdlqhg1

Zh �uvw glvfxvv dq h{dpsoh wr lqwurgxfh wkh pdlq ihdwxuhv ri rxu prgho
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lq Vhfwlrq 51 Vhfwlrq 6 suhvhqwv wkh prgho1 Wkh }hur0vxp fdvh lv vwxglhg lq
Vhfwlrq 71 Lq Vhfwlrq 8/ zh lqwurgxfh vfhqdull dv d fodvv ri vwudwhjlhv zlwk
uhvshfw wr zklfk zh fkdudfwhul}h htxloleulxp sd|r�v lq wkh jhqhudo qrq0}hur0
vxp fdvh1 Vhfwlrq 9 lv ghyrwhg wr wkh surri ri wkh pdlq wkhruhp1

5 Glvfxvvlrq dqg h{dpsoh
Zh duh frqfhuqhg zlwk htxloleuld ri jdphv zkhuh sod|huv froohfwlyho| ohduq
wkhlu sur�oh ri sd|r� ixqfwlrqv1 Lqlwldoo|/ sod|huv nqrz wkdw wkh jdph ehlqj
sod|hg lv rqh ri d �qlwh idplo| ECE&��

&Mg
/ dqg wkh| vkduh d frpprq sulru R

rq g1 Zh ghqrwh e| C
"
ER� wkh lq�qlwho| uhshdwhg jdph lq zklfk & lv gudzq

dffruglqj wr R dw vwdjh f dqg lq zklfk diwhu hdfk vxevhtxhqw vwdjh/ wkh dfwlrq
sur�oh sod|hg dqg wkh sd|r� sur�oh |lhoghg e| & dqg e| wkh dfwlrq sur�oh
duh sxeolfo| dqqrxqfhg1

Gxulqj wkh sod| ri C
"
ER�/ sod|huv ohduq pruh dqg pruh derxw wkhlu sur�oh

ri sd|r� ixqfwlrqv1 Hyhqwxdoo|/ wkh| fdq ixoo| ohduq wkh xqghuo|lqj jdph
CE&� dqg sod| lq wkh lq�qlwh uhshwlwlrq C

"
E&� ri CE&�1 Wkh Iron Wkhruhp

fkdudfwhul}hv doo Qdvk htxloleulxp sd|r�v ri C
"
E&� iru hdfk &1

Zh vkdoo suryh wkh h{lvwhqfh ri htxloleuld lq zklfk wkh wuxh sur�oh ri
sd|r� ixqfwlrqv lv uhyhdohg/ pruh suhflvho|=

Sursrvlwlrq 4 Jlyhq dq htxloleulxp sd|r� %E&� iru hdfk jdph C
"
E&�/ wkhuh

h{lvwv dq htxloleulxp sd|r� ri C
"
ER� lq zklfk sod|huv uhfhlyh %E&� zkhq wkh

vwdwh ri qdwxuh lv &1

Sursrvlwlrq 4 fkdudfwhul}hv d vxevhw ri htxloleulxp sd|r�v ri C
"
ER� lq

zklfk sod|huv jhw htxloleulxp sd|r�v ri wkh uhdo xqghuo|lqj lq�qlwho| uh0
shdwhg jdph1 Lq vxfk htxloleuld/ doo sod|huv frpsohwho| ohduq wkhlu sd|r�
ixqfwlrqv1 Wkh iroorzlqj h{dpsoh vkrzv wkdw lw pd| eh ehwwhu iru doo sod|huv
qrw wr glvfryhu wkh ydoxh ri &/ wkhuhiruh ohdylqj vrph xqfhuwdlqw| rq wkh wuxh
xqghuo|lqj jdph1

H{dpsoh 4= Frqvlghu d vlwxdwlrq ri gxrsro| lq zklfk hdfk �up fdq eh
shdfhixo +S, ru lqlwldwh d zdu +Z,1 Zkhq d zdu lv lqlwldwhg e| dq| ri wkh wzr
�upv/ d zlqqhu lv ghfoduhg wkdw zloo dovr zlq doo vxevhtxhqw zduv1 Iru lqvwdqfh
zh pd| lpdjlqh wkdw rqh ri wkh wzr �upv srvvhvvhv d vwurqjhu whfkqrorj| exw
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wkh lghqwlw| ri wkh vwurqjhu lv xqnqrzq xqwlo d zdu rffxuv1 Wkh wuxh jdph
sod|hg fdq eh CE�� ru CE2�/ zkhuh CE�� kdsshqv zkhq � lv wkh vwurqjhvw �up=

` �
` 5/05 5/05
� 5/05 4/4

C
�

` �
` 05/5 05/5
� 05/5 4/4

C
2

Sod|huv dvvhvv lqlwldo suredelolw| R ' E�
2

c �
2

� rq wkh jdph ehlqj CE�� ru CE2�1
Iluvw/ qrwh wkdw lw lv dq htxloleulxp ri CER� wr sod| E`c` � iruhyhu/ wkxv

uhyhdolqj wkh wuxh sd|r� ixqfwlrq dqg sod|lqj d Qdvk htxloleulxp ri wkh
dvvrfldwhg lq�qlwho| uhshdwhg jdph1 Lq idfw/ wkh rqo| htxloleulxp sd|r�v ri
C
"
E�� dqg C

"
E2� duh E2c�2� dqg E�2c 2� uhvshfwlyho|1

Wkhuh dovr h{lvw htxloleuld lq zklfk zdu lv qhyhu ghfoduhg1 Diwhu ` lv
sod|hg rqfh/ wkh sd|r� ixqfwlrq lv uhyhdohg dqg rqh ri wkh wzr sod|huv kdv`
dv d grplqdqw vwudwhj|1 Wkxv diwhu d zdu wkh zlqqhu jhwv 2 iruhyhu dqg wkh
orvhu jhwv �2 iruhyhu1 Li dw vrph vwdjh qr zdu kdv hyhu ehhq ghfoduhg/ hdfk
sod|hu dqwlflsdwhv wr ehlqj vwurqjhvw ru wkh zhdnhvw zlwk htxdo suredelolwlhv1
Wkh h{shfwhg sd|r� li d zdu lv ghfoduhg lv f/ zklfk lv ohvv wkdq wkh sd|r�
ri � li shdfh odvwv iruhyhu1 Wkhuhiruh lw lv dq htxloleulxp wkdw sod|huv uhpdlq
shdfhixo iruhyhu1 Lq wklv htxloleulxp qr zdu lv hyhu ghfoduhg ehfdxvh hdfk
sod|hu ihduv ehlqj wkh orvhu1

6 Prgho

614 Wkh jdph

Wkh vhw ri sod|huv lv d �qlwh vhw U1 Hdfk sod|hu � kdv d �qlwh vhw ri dfwlrqv ��1
Wkh �qlwh vhw g ri vwdwhv ri qdwxuh lv lqlwldoo| hqgrzhg zlwk suredelolw| R 5
{Eg� zlwk ixoo vxssruw +iru dq| �qlwh vhw 7/ {E7� lv wkh vhw ri suredelolwlhv
ryhu 7,1 Iru hdfk & 5 g lv jlyhq d jdph lq vwudwhjlf irup C

&

' EE���
�MU
c }

&

G
� $ U-U� +dv xvxdo � '

T
�

��/ �3� '
T

� �'�
�� dqg zh xvh vlplodu qrwdwlrqv

zkhqhyhu frqyhqlhqw,1
Wkh jdph C

"
ER� xqirogv dv iroorzv1

vwhs 3= d vwdwh & 5 g lv gudzq dffruglqj wr vrph glvwulexwlrq R1
vwhs ?/ ? � �= Wkh sod|huv duh wrog wkh sdvw vhtxhqfh ri dfwlrqv E@

R

�
R

dqg wkh fruuhvsrqglqj vhtxhqfh ri sd|r�v1 Wkh| wkhq fkrrvh lqghshqghqwo|
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dfwlrqv @�
?

/ � 5 U1
Wkh deryh ghvfulswlrq/ lqfoxglqj R/ lv frpprq nqrzohgjh1 Qrwlfh wkdw

doo wkh sod|huv kdyh wkh vdph lqirupdwlrq derxw &/ dqg uhfhlyh wkh vdph
dgglwlrqdo lqirupdwlrq1 Khqfh/ qr dv|pphwu| ri lqirupdwlrq fdq srvvleo|
dulvh gxulqj wkh sod|1

Zh pdnh wkh lqqrfxrxv dvvxpswlrq wkdw d vwdwh ri qdwxuh frqwdlqv qr
pruh wkdq wkh lqirupdwlrq uhodwlyh wr wkh sd|r�v= iru dq| wzr glvwlqfw vwdwhv
&
�
c &

2
/ wkh sd|r� ixqfwlrqv }

&�
dqg }

&2
gl�hu1

615 Vwudwhjlhv

Zh ghqrwh e| M
"

' g � �U� wkh vhw ri sod|v1 Iru ? � �/ zh gh�qh d j0
dojheudK

?

rq M
"
zklfk uhsuhvhqwv wkh lqirupdwlrq dydlodeoh dw vwdjh ?1 Ohw

�c �� 5 M
"
/ zlwk � ' E�c E@

R

�
RD�

�c �� ' E&�c E@�
R

�
RD�

�1 Zh vd| wkdw � dqg ��

duh ?0htxlydohqw li @
R

' @�
R

/ dqg }
&

E@
R

� ' }
&

�E@
R

�/ iru hdfk R 	 ?1 Lw fdswxuhv
wkh lqwxlwlyh lghd wkdw/ sulru wr sod|lqj lq vwdjh ?/ wkh sod|huv duh xqdeoh
wr glvwlqjxlvk wkh wzr sod|v � dqg ��1 Wklv htxlydohqfh uhodwlrq sduwlwlrqv
M
"
lqwr �qlwho| pdq| htxlydohqfh fodvvhv1 Zh ghqrwh e| K

?

wkh j0dojheud
ryhu M

"
lqgxfhg e| wklv sduwlwlrq1 Qrwh wkdw EK

?

�
?

lv d �owudwlrq ryhu M
"
/

l1h1 K
?

� K
?n�

iru hdfk ?1 Zh gh�qh K
"

' jE^
?

K
?

�> lw lv wkh frduvhvw
j0dojheud ryhu M

"
zklfk frqwdlqv hdfk K

?

1
D +ehkdylru, vwudwhj| ri sod|hu � lv d vhtxhqfh j� ' Es �

?

�
?D�

/ zkhuh s �
?

lv
d phdvxudeoh pds s �

?

G EM
"
cK

?

� $ {E��� zklfk ghvfulehv wkh ehkdylru ri
sod|hu � lq vwdjh ?1 Wkh vsdfh ri vwudwhjlhv ri sod|hu � lv ghqrwhg e| P�1

Jlyhq R/ dq| sur�oh j 5 P lqgxfhv d suredelolw| glvwulexwlrq �
Rcj

ryhu wkh
vhw ri sod|v EM

"
cK

"
�1 Zh zulwh �

&cj

iru wkh glvwulexwlrq rq K
"
frqglwlrqdo

rq & 5 g1 Qrwh wkdw �
&cj

' �
B

&
cj

zkhuh B
&

lv wkh Gludf pdvv rq g dqg
�
Rcj

'
S

&

RE&��
&cj

1 Iru dq| K
"
0phdvxudeoh erxqghg udqgrp yduldeoh f

zh zulwh .
Rcj

f dqg .
&cj

f iru wkh h{shfwdwlrqv ri f xqghu �
Rcj

dqg �
&cj

uhvshfwlyho|1
Wkh dfwlrq @�

?

sod|hg e| � dqg wkh dfwlrq sur�oh @
?

' E@�
?
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�MU

dw vwdjh
? duh udqgrp yduldeohv ryhu EM

"
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"
�1 Wkhq/ }
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E@
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� lv wkh sd|r�
yhfwru lq vwdjh ? li wkh wuxh vwdwh ri qdwxuh lv &/ dqg iru j 5 P/ �

?

Ej� '
.
Rcj
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j lv wkh h{shfwhg dyhudjh sd|r� xs wr vwdjh ?1 Dovr �
?

E&c j� '
.
&cj
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?

S
?
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}
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j lv wkh dyhudjh sd|r� lq vwdwh &1
Zh ghqrwh e| C

?

ER� wkh ?0vwdjh yhuvlrq ri C
"
ER�/ lw kdv vwudwhj| vhwv P�/

dqg sd|r� ixqfwlrq �
?

1
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616 Htxloleulxp qrwlrqv

Zh uhfdoo iurp ^47` wkh qrwlrq ri xqlirup htxloleulxp1

Gh�qlwlrq 4 D sur�oh j 5 P lv dq xqlirup htxloleulxp sur�oh li wkh iroorz0
lqj wzr frqglwlrqv duh vdwlv�hg=

41 iru hyhu| & 5 g/ �E&c j� ' *�4
?<"

�
?

E&c j� h{lvwv>

51 iru hdfk 0 : f/ wkhuh h{lvwv � 5 U� vxfk wkdw/ surylghg ? � � / j lv dq
00htxloleulxp lq C

?

ER�1

Zh wkhq vd| wkdw �Ej� ' E�E&c j��
&Mg

lv dq xqlirup htxloleulxp sd|r�1

Wkhvh duh derxw wkh prvw vwulqjhqw uhtxluhphqwv iru htxloleulxp= wkh
vdph sur�oh lv dq 00htxloleulxp lq hyhu| �qlwho| uhshdwhg jdph surylghg
wkh qxpehu ri uhshwlwlrqv lv odujh hqrxjk1 Ixuwkhupruh wklv lpsolhv wkdw wklv
sur�oh lv dovr dq 00htxloleulxp lq hyhu| glvfrxqwhg jdph/ surylghg wkh sd|r�v
duh vx!flhqwo| olwwoh glvfrxqwhg1

Wkh xqlirup htxloleulxp qrwlrq grhv qrw doorz wr dvvrfldwh xqdpeljx0
rxvo| d sd|r� yhfwru wr dq| vwudwhj| sur�oh1 Iru wklv sxusrvh zh pd| xvh
d Edqdfk olplw O rq U-U 1 Zh ghqrwh C

n
ER� wkh jdph zlwk vwudwhj| vhwv P�

dqg sd|r� ixqfwlrq �
n

Ej� ' OEE�
?

Ej��
?

�1 D Edqdfk htxloleulxp sd|r� ri
CER� lv gh�qhg dv dq htxloleulxp sd|r� ri C

n
ER� iru vrph Edqdfk olplw O

+vhh ^43`,1 Qrwh wkdw doo xqlirup htxloleuld duh dovr Edqdfk htxloleuld vlqfh
wkh| duh htxloleuld ri C

n
ER� iru dq| Edqdfk olplw O1

Zh vkdoo ghqrwh e| .ER� wkh vhw ri htxloleulxp sd|r�v ri CER�/ hlwkhu zlwk
wkh xqlirup htxloleulxp qrwlrq ru zlwk wkh Edqdfk htxloleulxp qrwlrq1 Rxu
uhvxowv zloo vwdqg iru erwk htxloleulxp qrwlrqv dqg wkh wzr +vlplodu, surriv
zloo eh surylghg1

617 Lqglylgxdoo| udwlrqdo ohyhov

Dv xvxdo iru uhshdwhg jdphv/ lw lv hvvhqwldo wr fkdudfwhul}h wkh ohyho dw zklfk
sod|huv rwkhu wkdq � fdq sxqlvk sod|hu �1 Wkh fruuhvsrqglqj frqfhsw lv wkdw
ri 4�?4@ 1

Jlyhq d Edqdfk olplw O/ wkh 4�?4@ iru sod|hu � lq C
n
ER� lv gh�qhg dv=

��ER� ' 4�?
j

3�
MP

3�

4@ 
j

�
MP

�

��
n

Ej3�c j��

Iru xqlirup htxloleuld/ zh vd| wkdw ��ER� lv wkh xqlirup4�?4@ iru sod|hu
� li wkh iroorzlqj wzr frqglwlrqv duh vdwlv�hg=
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41 Sod|huv �� fdq jxdudqwhh ��ER�= wkhuh h{lvwv j3� 5 P3� vxfk wkdw
*�4 t�T

?

4@ 
j

� ��
?

Ej3�c j�� � ��ER�>

51 Sod|hu � fdq ghihqg ��ER�= iru hyhu| j3� 5 P3�/ wkhuh h{lvwv j� vxfk
wkdw *�4 �?u

?

��
?

Ej3�c j�� � ��ER�1

Dowkrxjk wkh| duh glvwlqfw qrwlrqv/ zh nhhs wkh vdph qrwdwlrq iru wkh
xqlirup 4�?4@ dqg wkh Edqdfk 4�?4@ 1

Li KER� kdsshqv wr eh d jdph ri frpsohwh lqirupdwlrq +mgm ' �/ ru R lv
d xqlw pdvv rq vrph & 5 g,/ wkh 4�?4@ iru sod|hu � h{lvwv dqg frlqflghv
zlwk wkh 4�?4@ ri wkh fruuhvsrqglqj rqh0vkrw jdph/ gh�qhg dv=
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Zkhq sod|huv � 9' � fdq fruuhodwh wkhlu vwudwhjlhv/ P3� dqg
T

� �'�
{E��� lq

wkh deryh gh�qlwlrqv pxvw eh uhsodfhg e| {EP3�� dqg {E�3�� uhvshfwlyho|1
Wklv gh�qhv wkh fruuhodwhg 4�?4@ iru sod|hu � lq CER� dqg CE&� wkdw zh
ghqrwh ��ER� dqg ��

&

1
Lq jhqhudo/ ��ER� 	 ��ER� dqg ��

&

	 ��
&

/ h{fhsw zlwk wzr sod|huv zkhuh
htxdolw| krogv1 Lq Vhfwlrq 7 zh fkdudfwhul}h ��ER� dqg ��ER�1

618 Fruuhodwhg dqg frppxqlfdwlrq htxloleuld

Lq pdq| vlwxdwlrqv/ lw lv qdwxudo wr dvvxph wkdw sod|huv kdyh wkh rssruwxqlw|
wr frppxqlfdwh gxulqj wkh sod| ri wkh jdph1 Lq wkh prvw jhqhudo iudph0
zrun/ sod|huv fdq frppxqlfdwh ehwzhhq dq| wzr vwdjhv wkurxjk wkh xvh ri
dq| frppxqlfdwlrq phfkdqlvp wkdw vhqgv wkhp edfn sulydwh/ vwrfkdvwlfdoo|
gudzq vljqdov +Irujhv ^;`,1

Zkhq zh dvvxph sod|huv fdq frppxqlfdwh ehwzhhq dq| wzr vwdjhv xvlqj
dq| frppxqlfdwlrq phfkdqlvp/ wkh +xqlirup ru Edqdfk, htxloleulxp sd|r�v
lqgxfhg rq wkh lq�qlwho| uhshdwhg jdph duh fdoohg wkh h{whqvlyh irup frp0
pxqlfdwlrq htxloleuld1 Wkhlu vhw lv ghqrwhg .frpER�1 Zh dovr frqvlghu vrph
frpprq olplwdwlrqv rq wkh phfkdqlvpv xvhg wr frppxqlfdwh1 Iluvw/ li sod|0
huv fdq rqo| frppxqlfdwh ehiruh wkh jdph vwduwv/ zh vshdn ri qrupdo irup
frppxqlfdwlrq htxloleuld/ dqg wkh fruuhvsrqglqj vhw ri htxloleulxp sd|r�v lv
.W

frpER�1 Vhfrqg/ li zh dvvxph wkdw sod|huv* vljqdov gr qrw ghshqg rq wkhlu
phvvdjhv +ri htxlydohqwo| li wkh phfkdqlvp uhfhlyhv qr lqsxwv,/ wkh frppx0
qlfdwlrq phfkdqlvp lv fdoohg d fruuhodwlrq ghylfh +Dxpdqq ^6`,1 Wklv gh�qhv

;



wkh wzr fruuhvsrqglqj vhwv ri h{whqvlyh irup fruuhodwhg htxloleulxp sd|r�v
.fruER� dqg qrupdo irup fruuhodwhg htxloleulxp sd|r�v .W

fruER�1 Ixuwkhu0
pruh/ zkhq wkh fruuhodwlrq ghylfhv duh uhvwulfwhg wr eh sxeolf +hyhu| sod|hu
jhwv wkh vdph vljqdo,/ wkh htxloleuld duh fdoohg sxeolf fruuhodwhg htxloleuld
+lq h{whqvlyh irup ru qrw, dqg wkh vhwv ri htxloleulxp sd|r�v duh ghqrwhg
.W

sxeER� dqg .sxeER�1

7 Wkh }hur0vxp fdvh
Zh zloo uho| h{whqvlyho| rq wkh iroorzlqj fkdudfwhul}dwlrq ri 4�?4@ ohyhov
zklfk lv d frqvhtxhqfh ri uhvxowv gxh wr Edôrv ^7` dqg Phjlggr ^46` iru wkh
sduwlfxodu fdvh ri wzr sod|huv dqg wkdw zh h{whqg wr wkh � sod|huv fdvh1

Wkhruhp 5 Wkh 4�?4@ iru sod|hu � lq C
"
ER� h{lvwv dqg=
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R
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Vlploduo|/ zh fkdudfwhul}h wkh fruuhodwhg 4�?4@ =

Fruroodu| 6 Wkh fruuhodwhg 4�?4@ iru sod|hu � lq C
"
ER� h{lvwv dqg=

��ER� ' H
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&
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&
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&
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&

Wkh suhfhglqj uhvxowv duh srzhuixo wrrov wkdw vkrz wkdw wkh wzr 4�?4@ 
iru � lq CER� duh wkh vdph dv lq wkh jdph lq zklfk wkh vwdwh ri qdwxuh lv
sxeolfo| uhyhdohg1

Lq rwkhu zrugv/ dv orqj dv sd|r�v duh sxeolfo| uhyhdohg/ � fdqqrw eh zruvh
r� qhlwkhu fdq kh wdnh dgydqwdjh ri wkh idfw wkdw wkh jdph kdv lqlwldoo|
lqfrpsohwh lqirupdwlrq rq wkh sd|r�v1 Ri frxuvh/ wklv krogv rqo| iru }hu0vxp
jdphv1

Wkhvh surshuwlhv duh ghhso| uhodwhg wr wkh revhuydelolw| ri sd|r�v/ dqg
kdugo| wr wkh dvvxpswlrq ri v|pphwulf lqirupdwlrq1 Lq rughu wr hpskdvl}h
wklv srlqw/ zh vkdoo suryh pruh wkdq wkh vwdwhphqw ri Wkhruhp 5/ dqg frqvlghu
vlwxdwlrqv ri dv|pphwulf lqirupdwlrq1 Zh vkdoo suryh wkdw=

41 li sod|hu � lv ixoo| lqiruphg ri &/ zkloh sod|huv �� duh qrw hyhq lqiruphg
ri R/ wkh| fdq jxdudqwhh ��

&

lq hyhu| vwdwh &>

<



51 li hdfk sod|hu ri wkh frdolwlrq �� lv ixoo| lqiruphg ri &/ zkloh sod|hu �
lv wrog rqo| R/ kh fdq vwloo ghihqg ��

&

lq hyhu| vwdwh &1

Surri ri Wkhruhp 5= Zh surylgh khuh rqo| wkh lqwxlwlrq ri wkh surri1 Iru
d ghwdlohg surri/ wkh uhdghu lv uhihuuhg wr Dqqh{ D1 Zh vkdoo suryh wkh fodlp
iru sod|hu � dqg zloo/ iru qrwdwlrqdo frqyhqlhqfh/ vxssuhvv dq| uhihuhqfh wr �
lq wkh sd|r�v1

Wr jxdudqwhh �
&

Zh frqvwuxfw j3� 5 P3� vxfk wkdw/

;"c <�
"

c ;j�c ;? � �c ;& .
&cj

d}
?

o � �
&

n "� +4,

Iluvw/ zh dujxh wkdw lw lv hqrxjk wr frqvwuxfw/ iru hdfk "/ d sur�oh j3�
"

iru zklfk +4, lv vdwlv�hg1 Lqghhg/ iru dq| vhtxhqfh E"
?

� ghfuhdvlqj wr 3/ wkh
sur�oh j3� gh�qhg dv= sod| j3�

"�

iru �
"�
vwdjhv/ wkhq irujhw wkh sdvw dqg sod|

j3�
"2

iru �
"2
vwdjhv/ hwf1 zrxog wkhq vdwlvi| +4, iru hdfk "1

Wkhuhiruh/ ohw " : f1 Ghqrwh e| ��E?� wkh vhw ri wkrvh dfwlrqv @� 5 ��

zklfk frqvhtxhqfhv duh nqrzq dw vwdjh ?/ l1h1 wkrvh @� vxfk wkdw doo dfwlrq
frpelqdwlrqv E@�c @3��/ @3� 5 �3� kdyh ehhq sod|hg dw ohdvw rqfh sulru wr
vwdjh ?1

Zh gh�qh j3� dv= sod| E� � "�j3�E&c��E?�� n "e3� lq vwdjh ?/ zkhuh
j3�E&c ��E?�� lv dq rswlpdo vwudwhj| ri sod|huv �� lq wkh +frpsohwh lqirupd0
wlrq, rqh0vkrw jdph zkhuh sod|hu � lv uhvwulfwhg wr ��E?�/ dqg e3� lv vrph
glvwulexwlrq zlwk ixoo vxssruw1 +dw vwdjh ?/ sod|hu � nqrzv wkh uhvwulfwlrq
ri }

&

wr ��E?�> wkhuhiruh/ wklv uhvwulfwhg jdph pd| eh ylhzhg dv d rqh0vkrw
jdph zlwk frpsohwh lqirupdwlrq,1

Dw hyhu| vwdjh/ hyhu| dfwlrq frpelqdwlrq ri sod|huv �� lv sod|hg zlwk d
srvlwlyh suredelolw|/ erxqghg dzd| iurp 31 Wkhuhiruh/ wkhuh fdq qrw eh pdq|
vwdjhv/ rq dyhudjh/ lq zklfk sod|hu � fkrrvhv dq dfwlrq zklfk frqvhtxhqfhv
duh qrw |hw ixoo| nqrzq1 Rq wkh rwkhu kdqg/ zkhqhyhu sod|hu � fkrrvhv dq
dfwlrq lq ��E?�/ klv h{shfwhg sd|r� djdlqvw j3�E&c ��E?�� grhv qrw h{fhhg �

&

1

Wr ghihqg �
&

Zh suryh wkdw iru hyhu| j3� 5 P3�/ wkhuh h{lvwv j� 5 P� vxfk wkdw ;" : f=

<�
"

c ;? � �
"

c & 5 gc .
&cj

3�
cj

� d}
?

o � �
&

� "� +5,

Pruhryhu/ �
"

pd| eh fkrvhq lqghshqghqwo| ri j3�1
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Dv lq wkh �uvw sduw ri wkh surri/ zh ohw " : f/ dqg j3�1 Zh gh�qh d
vwudwhj| j�

"

dqg suryh wkdw lw vdwlv�hv +5,1
Zh ghqrwh e| j3�

?

wkh glvwulexwlrq ri sod|huv ��*v dfwlrqv lq vwdjh ?/
frqglwlrqdo rq wkh lqirupdwlrq khog e| sod|hu �/ dqg e| R

?

wkh frqglwlrqdo
glvwulexwlrq ryhu g1

Gh�qh j�
"

dv= sod| E�� "�j�ER
?

c j3�
?

� n "e� lq vwdjh ?/ zkhuh j�ER
?

c j3�
?

� lv
d ehvw uhso| ri sod|hu � wr wkh fruuhodwhg glvwulexwlrq j3�

?

lq wkh jdph zlwk
sd|r� ixqfwlrq

S
&

R
?

E&�}
&

1
Wr hvwdeolvk +5,/ wzr pdlq dujxphqwv duh xvhg1 Iluvw/ lw lv vkrzq dv lq wkh

suhylrxv sduw ri wkh surri wkdw wkhuh duh qrw wrr pdq| vwdjhv lq zklfk wkhuh
lv d qrq0vpdoo suredelolw| wkdw sod|huv �� zloo slfn dq dfwlrq frpelqdwlrq
zklfk frqvhtxhqfhv kdyh qrw ehhq ixoo| h{shulhqfhg lq wkh sdvw1 Vhfrqg/ zh
uho| rq d fodvvlf uhvxow lq wkh olwhudwxuh rq uhsxwdwlrq h�hfwv ru phujlqj gxh
wr Ixghqehuj dqg Ohylqh ^<` zklfk vwdwhv urxjko| wkdw prvw ri wkh wlph/ wkh
glvwulexwlrq ri sod|huv ��*v dfwlrqv dqwlflsdwhg e| sod|hu � lv txlwh forvh wr
wkh wuxh glvwulexwlrq1

Eulqjlqj wkhvh wzr sduwv wrjhwkhu |lhogv wkh uhvxow1 Frqvlghu dq| vwdjh
lq zklfk erwk wkh dqwlflsdwlrq ri sod|hu � lv jrrg dqg wkhuh lv rqo| d vpdoo
suredelolw| wkdw sod|huv �� vhohfwv dq dfwlrq frpelqdwlrq zklfk lv qrw frp0
sohwho| nqrzq1 Lq wkdw vwdjh/ wkh h{shfwhg sd|r� wr sod|hu � lv dw ohdvw �

&

plqxv vrph vpdoo txdqwlw|1

Surri ri Fruroodu| 6= Frqvlghu wkh wzr sod|huv jdph CER� zkhuh sod|hu U
kdv vwudwhj| vhw �3�/ sod|hu UU kdv vwudwhj| vhw ��/ dqg wkh sd|r� ixqfwlrq
wr UU lv }�1 Revhuyh wkdw wkh fruuhodwhg 4�?4@ iru � lq CER� lv htxdo wr wkh
4�?4@ iru UU lq CER�1 Khqfh wkh uhvxow iurp Wkhruhp 51

8 Wkh jhqhudo fdvh
Zh dqdo|}h htxloleuld ri C

"
ER� zlwk uhvshfw wr vlpsoh vwudwhjlhv lq zklfk doo

h{sorudwlrq wdnhv sodfh gxulqj wkh �uvw vwdjhv ri uhshwlwlrq1

814 Vfhqdull

Zh �uvw gh�qh krz sod|huv h{soruh wkhlu sd|r�v1 Dq h{sorudwlrq uxoh lv d
sdlu e ' Esc |� zkhuh=
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lv d sur�oh ri sxuh vwudwhjlhv vxfk wkdw iru hyhu| sod| � '
E&c @

�
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c � � �� dqg ? � m�m/ s
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E�� lv qrw lq wkh vhw i@
�
c � � � c @

?3�
j1

� | lv d vwrsslqj wlph7 | G EM
"
cK

"
�$ i2c � � � c m�mn �j1

s ghvfulehv wkh rughu lq zklfk fhoov duh h{soruhg/ zkhuhdv | � � � m�m lv
wkh odvw vwdjh dw zklfk h{sorudwlrq wdnhv sodfh1 Wkh frqglwlrq rq | hqvxuhv
wkdw wkh ghflvlrq zkhwkhu wr vwrs ru qrw dw vwdjh ? ghshqgv rqo| rq wkhlu
lqirupdwlrq dw vwdjh ?1 Qrwh wkdw wkh gh�qlwlrq ri s pdwwhuv rqo| xs wr vwdjh
m�m vlqfh | � m�mn �1

Dq h{sorudwlrq uxoh e wrjhwkhu zlwk d vwdwh ri qdwxuh & lqgxfh d klvwru|
E&c @

�
c @

2
c � � � c @

|3�
� gxulqj wkh h{sorudwlrq skdvh/ zklfk fdq eh frpsohwhg wr

d sod| eE&� ' E&c @
�
c @

2
c � � � c @

|3�
c @

|3�
c � � � c @

|3�
c � � �� 5 M

"
1 Wklv gh�qhv d

pds e G g $ EM
"
cK

"
�1 Zh ohw Z

sc|

' e3�EK
"
� eh wkh frduvhvw j0dojheud
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BE&�
}
&

E@� dv wkh dyhudjh
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lq wkh gh�qlwlrq ri dq dgplvvleoh vfhqdulr/ wkh fruuhvsrqglqj vhw ri lqgxfhg
sd|r�v zloo eh ghqrwhg �ER� lqvwhdg ri �ER�1
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� .ER�/ dqg lv wkhuhiruh d
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Wklv lpsolhv wkh iroorzlqj ohppd wkdw zh vkdoo xvh h{whqvlyho| +wkh surri
lv vwudljkwiruzdug dqg rplwhg,=

Ohppd 8 Iru dq| pdsslqj s iurp g wr U-/ dq| sur�oh ri vwudwhjlhv j dqg
? � �/ H

jcR

ds mK
?

o '
S

&

R
?

E&�sE&�/ �
Rcj

0d1v1
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wkhuhiruh glvfryhu wkh sd|r�v lqgxfhg e| vrph dfwlrq frpelqdwlrqv1 Wklv
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Sursrvlwlrq ; .ER� � SJ�ER�1
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Dq| sur�oh ri sxuh vwudwhjlhv lqgxfhv d idplo| ri sod|v/ rqh iru hdfk vwdwh
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dw wkh ehjlqqlqj ri wkh sod|1 Wkhuhiruh/ zh kdyh dvvrfldwhg dq h{sorudwlrq
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Li ^ kdsshqv wr eh fkrvhq/ sod|huv iroorz d sur�oh gh�qhg dv lq wkh surri

ri Sursrvlwlrq :/ zlwk wkh iroorzlqj prgl�fdwlrq1 Dw hdfk vwdjh/ d fruuhodwlrq
ghylfh lv dydlodeoh/ zklfk lv xvhg li vrph sod|hu/ vd| sod|hu � ghyldwhg iurp
wkh htxloleulxp sdwk= lw hqdeohv sod|huv �� wr fruuhodwh wkhlu dfwlrqv/ lq rughu
wr dfklhyh wkh fruuhodwhg 4�?4@ ohyho1
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"
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zklfk frqwurov wkh frppxqlfdwlrq phfkdqlvpv +zkrvh vwudwhj| lv wr fkrrvh
wkh rxwsxwv dv d ixqfwlrq ri wkh lqsxwv kh jhwv,1 Ohw j eh d fruuhvsrqglqj
htxloleulxp sur�oh +ri frxuvh/ wkh vwudwhj| ri wkh �fwlwlrxv sod|hu frlqflghv
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wkh yhfwru ri lqsxwv zklfk kdyh ehhq vhqw/ dffruglqj wr r/ lq wkh suhylrxv
vwdjhv/ wkhuhiruh dovr wkh rxwsxwv vlqfh wkh �fwlwlrxv sod|hu lv dovr xvlqj d
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Wr jxdudqwhh �
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