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This article introduces a new class of diffusive processes with rough mutually excit-
ing jumps for modeling financial asset returns. The novel feature is that the memory
of positive and negative jump processes is defined by the product of a dampening
factor and a kernel involved in the construction of the rough Brownian motion. The
jump processes are nearly unstable because their intensity diverges to +oo for a brief
duration after a shock. We first infer the stability conditions and explore the features
of the dampened rough (DR) kernel, which defines a fractional operator, similar to the
Riemann-Liouville integral. We next reformulate intensities as infinite-dimensional
Markov processes. Approximating these processes by discretization and then consid-
ering the limit allows us to retrieve the Laplace transform of asset log-return. We
show that this transform depends on the solution of a particular fractional integro-
differential equation. We also define a family of changes of measure that preserves
the features of the process under a risk-neutral measure. We next develop an econo-
metric estimation procedure based on the peak over threshold (POT) method. To
illustrate this work, we fit the mutually exciting rough jump-diffusion to time series
of Bitcoin log-returns and compare the goodness of fit to its non-rough equivalent.
Finally, we analyze the influence of roughness on option prices.

Keywords: self-exciting process, Epidemic Type Aftershock Sequence (ETAS), jump-
diffusion, fractional Brownian motion, Riemann-Liouville fractional integral.

1 Introduction

The propensity of financial price jumps to cluster is abundantly documented in the literature.
The phenomenon is specifically studied and evidenced by Yu [38] and Maheu and McCurty [30]
who respectively examine DJITA and individual stocks returns. More recently, Ait-Sahalia et al.
[2] explore international equity market indices on a daily basis and conclude that jump clustering
over time is a strong effect for equity market indices.

This phenomenon of jump clustering raises questions about the relevance of classical jump-
diffusion dynamics for modeling asset prices. Unsurprisingly, a recent strand of the literature
has made significant efforts to develop quantitative methods for modeling jump clustering and
investigating its implications for asset or option pricing. A natural way to capture the clustering
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of jumps is by using self-exciting point processes, where the jump arrival intensity depends on
the number and sometimes the size of previous shocks on asset log-returns, as shown in Hainaut
and Moraux [20]. This approach is closely related to Hawkes self-exciting processes (see Hawkes
[25, 26]), which are also commonly used for modeling high-frequency data. Readers interested
in high-frequency applications may refer to Giot [15], Bowsher [6], Chavez-Demoulin and McGill
[7], Bacry et al. [4], Da Fonseca and Zaatour [10] or Hainaut and Goutte [19], for more recent
contributions. Ait-Sahalia and Jacod [3] examine whether such tick data models are compatible
with the typical macroscopic continuous-time approaches. The literature on financial applica-
tions of self-exciting processes is extensive, and for a detailed review, we recommend Hawkes [28].

In a standard self-exciting model, the jump intensity increases after a shock and revert next
to a baseline level. The speed of reversion is determined by a memory kernel. This category
of model is also called “Epidemic Type Aftershock Sequence” (ETAS) and is used for modelling
earthquakes as in Hawkes and Oakes [27]. In the most common specification, the memory kernel
is exponentially decreasing. In this particular case, the jump process is Markov, and we can rely
on Ité’s calculus to find an analytical expression for its Laplace transform. In a more general
setting, we lose the analytical tractability offered by stochastic calculus, except for moments or
asymptotic properties. For instance, Muzy et al. [32] derive the moments of stationary pro-
cesses and study their limit behavior. Stabile and Torrisi [36] study the asymptotic behavior of
non-stationary Hawkes process. Cristofaro et al. [9] propose a fractional differential equation
that governs the intensity rate of self-exciting process by using the Caputo fractional derivative.
Hainaut [21] finds the Laplace transform of self-exciting claims processes for memory kernels
that possess a closed-form inverse Fourier transform.

Recently, Jaisson and Rosenbaum [29] observed that nearly unstable Hawkes processes fit high-
frequency financial time series well. Under certain conditions, this unstable process asymptot-
ically behaves as a Brownian Volterra process with a kernel, k(u) = u® 1E, o(—u®), where
a € (0,1] and E, 4 is the two-parameter Mittag-Leffler function. Based on this, Chen et al. [8]
and Habyarimana et al. [18] use this kernel for defining a fractional Hawkes process. This kernel
diverges at zero but the jump process remains stable. In this paper, we incorporate a mutually
exciting process with a kernel that diverges at zero to a diffusion, drawing direct inspiration from
the literature on fractional Brownian motions and from Hainaut et al. [23].

The fractional Brownian motion (fBm) has dependent increments, unlike the Brownian mo-
tion (Bm). This dependence is quantified by the Hurst index, denoted as H € (0,1). A value of
H greater (or lower) than 1/2 corresponds to positive (or negative) correlation between incre-
ments. For H =1/2, we obtain the Bm with independent increments (for details, see Hainaut
[22], chapter 6). FBm’s with H < 1/2 exhibit highly volatile sample paths and are referred to
as ‘rough’ for this reason. At time t > 0, the rough fBm can be expressed as the sum of two
integrals, one over (—oo,0) and the other over (0,%), with respect to a Bm. The second term is

t (t—s)> 1
Jo 5%

the rough kernel %, diverges as u approaches 0. It is also used as an approximation for a
rough fBm. In this article, we refer to it as the 'rough Brownian motion’ to distinguish it from
the true rough fractional Brownian motion for clarity.

dWs where « € (0,1] and W, is a Bm. This integral remains well-defined even when

FBm’s and rough Bm have recently garnered significant attention in the literature. Guo et
al. [16] conducted an analytical and numerical study of the fractional Langevin equation driven
by fractional Brownian motion. Zeng et al. [39] addressed the stability problem of the fractional
order Black-Scholes model driven by fractional Brownian motion. Gatheral et al. [14]| proposed
a model in which the variance of log-prices is ruled by a rough Bm. Xu and Zhou [37] evaluated
perpetual American put options when the underlying asset price follows a sub-mixed fBm. The



properties of the rough Heston model, which is based on the rough Bm, are studied by El Euch
and Rosenbaum [11] and [12]. They formulated the process characteristic function with fractional
Riccati equations.

In this study, we combine a diffusion and a bivariate jump process for both positive and negative
shocks with mutual excitation. A noteworthy feature is that the kernels of the jump processes
exhibit roughness akin to that of a fractional Brownian motion (fBm) but are dampened by an
exponentially decaying function to ensure their stability. This novel process, referred to as the
‘mutually exciting rough jump-diffusion’ (MERJD), offers several interesting features for mod-
eling high-frequency or highly volatile assets, such as cryptocurrencies. First, in Section 2, we
demonstrate that the dampened rough (DR) kernel is a Sonine function, and as a result, it has
a conjugate kernel. This property enables us to derive analytical expressions for expected inten-
sities and establish the stability conditions of the bivariate jump process. The MERJD also has
an equivalent infinite-dimensional Markov representation, presented in Section 3. By discretizing
this representation, we can approximate the Laplace transform of the MERJD. Considering the
limit of the finite-dimensional approximation leads to the Laplace transform of the MERJD in
Section 4. In a manner similar to El Euch and Rosenbaum [12], this transform depends on the
solution of a fractional differential equation (FDE). This FDE involves an operator based on the
DR kernel, similar to the left fractional Riemann-Liouville (RL) integral. As detailed in Section
5, there exists a family of changes of measure that preserve the characteristics of the process
under a risk-neutral measure, making the MERJD well-suited for pricing financial derivatives.
In Section 6, we demonstrate that the log-likelihood of rough mutually exciting jump processes
has a closed-form expression. This is combined with a POT method for estimating MERJD
parameters using time series data of hourly Bitcoin returns. We conclude with an analysis of the
impact of roughness on option prices.

2 A dampened rough kernel

We consider an asset price process, denoted by (S;),~ defined on a probability space 2 endowed
with the natural filtration (F3),~, of all processes involved in the dynamic of S; and with a

probability measure P. The log-return X; = In g—é is ruled by a mutually exciting rough jump-
diffusion (MERJD) that is defined as follows

2 2 . to
X, = (u— (’2> tHoWi+ > <L§9) —Mj/o Agﬁds) : (1)
7=1

where (Lgl)) . and <L§2)> - are respectively positive and negative point processes, with in-
t t

tensities <A§1)> . and <A§2)> o (Wi),>0 is a Brownian motion and p,0 € R. p1 € RT and
> > =
o € R™ are respectively the expected jumps of Lgl) and ng). These point processes are the sum

of random increments, denoted by J,gl) and JIEQ),

NGO

Ly = Y J9 . j=12.
k=1

where <Nt(j )) . is the number of shocks observed up to time ¢. The statistical distributions of
t=

J,ij) ~ JU) for j = 1,2, are noted mU(.). JM) and J® are respectively defined on (R*, B(R™))



and (R™, B(R7)). The jump expectations are u; = E (J(j)) and the moment generating functions
are

Ti(w) =E (7)) (2)
for j =1,2.

In the numerical illustration, we examine a MERJD with positive and negative exponentially
distributed jumps. The probability density functions (pdf’s) of J() and J®) are in this case
respectively equal to

mW(z) = pre "l 50y, m?)(z) = —p2e P 1 <oy (3)

) 7

where p; € Rt and py € R™. For this choice of density, u; = —j and J;(w) =
with w < p1 and w > po.

The intensities depend on the past realizations of the counting processes (Nt(j)> . for j =1,2
t>

s) (t—s
)‘il) )‘él) n ( mi M2 > fo e—Blt=s) =82 ()) Lanty @
A2 AR m21 122 Jom e Plms) o s() AN

)
where o € (0,1], 8, m;; € RT for 4,5 € {1,2}. The stability conditions of these processes are

as follows:

discussed in Proposition 4. The functions k(u) = 6_5“7}( y s referred to as the 'memory “kernel”.

This is the product of a dampening term, e %, and the rough kernel, % W‘ This kernel is called
“rough” because its is involved in the construction of the rough Brownian motion (rBm). This

—s)*7

rBm is defined as an integral fo (o) dWS where (W) is a Brownian motion. As explained
in the following paragraphs, the dampening factor is necessary to prevent the divergence of inten-
sities. When a = 1, we obtain a standard bivariate Hawkes process with an exponential kernel.
We assume that the dampening and roughness parameters (8 and «) are the same for positive
and negative jumps. While this assumption may seem restrictive, it is necessary to maintain
analytical tractability in subsequent developments.

Before further studying the properties of the MERJD, we focus on the features of the dampened
rough kernels. They belong to the class of Sonine functions [35] and they define operators similar
to left fractional Riemann-Liouville integrals (defined in Equation 62 of Appendix A).

Definition 1. The kernel k(u) € Lj, (R") is a Sonine function if there exists a conjugate kernel
I(u) € L}, (RT) such that

/Otl(t—u)k:(u)duzl,w>0. ()
Let ¢ € L'(R™) | the Sonine operators associated to k(u) and I(u) are defined as
:/Otk:(t—u)gb(u)du,VtZO, (6)
:/Otl(t—u)gb(u)du,VtZO.

We observe a similarity between the Riemann-Liouville integral and (K ¢) ( fo e~ Blt—u) (=

)afl

(15,0) (0= [ “‘F(’“;)cb(u) du, ™)



The operator K is called the tempered Riemann-Liouville (RL) integral in the literature. Meer-
schaert et al. [31] study the properties of this operator and of the tempered fractional diffusion.

Remark that kernels k(u) and [(u) are necessary unbounded as u — 0. Therefore, we need
to establish conditions on the kernel to ensure the existence of the integral of L, functions. The
kernel k(u) can be expressed as

k(u) = Q_L ., u>0,suplg(u)| < oo,
U u>0

where g(u) = F(a)e —A is bounded over R*. From the Hardy-Littlewood [24] Sobolev inequality,
a sufficient condition is then a < 1/p. In this case, the operator acts from L,(R), 1 < p < 1/«
into Ly(R) where 1/¢ = 1/p — . Throughout the remainder of this article, we consider Li-

integrands which ensures that K¢ is well defined for a € [0,1). We refer to Samko and Cardoso
[34] for the necessary conditions of the existence of other integrals with general Sonine kernels.

We denote by (£¢) (z) = [~ e *“¢(u) du, the Laplace transform of a function, ¢ € L*(R™).
By direct calculatlon we determine the Laplace transform of the kernel:
(£k) (2) : )
z) = ————.
(B+2)

By Laplace rule for convolution, we find that the Laplace transform of the tempered RL integral
of a function ¢(t) is
L(O)(s)

(LKD) () = G s o)

Furthermore, the Sonine condition (5) is rewritten in terms of Laplace transforms of k(-) and

I(-):
(Lh) () (D) () = . (10)

This last relation allows us to prove the next result.

Proposition 1. The conjugate kernel I(-) of k(-) satisfying condition (5), is given by

oo ,—fs
l(u):ﬂo‘—l—r(la_a)/u zHads. (11)

Proof. We check that the Laplace transform of I(-) satisfies the condition (10). We first integrate
by parts the integral in Eq. (11):

ooefﬁs B 3 ]
a/ Sljds = e Py O‘—ﬁ/
u u

(L) (z) is next rewritten as the sum:

(L1) (2) = B* / ety + (11_04) /0 ey gy, (12)

1—a / / e s %dsdu.

After a change of variable v = (z + §)u, we obtain that

/ e~ AUy = (2 4+ B)*7IT(1 — @)
0



Using the Fubini’s theorem, we change the order of integration in the last integral of Equation

(12). We deduce that
/ / e P g™ ds du
0 u
1

o 1 [oe)
= / e Pisads — / e~ (Bt2)sg—a gg
ZJo ZJo

:ﬁm_a)_w

z z

I'l—a).
Combining previous results allows us to find that the Laplace transform of the conjugate kernel

of k(+) is (L1) (z) = M, which satisfies the condition (10). O

The tempered RL integral (K¢)(t) admits an inverse operator, comparable to a fractional
derivative.

Proposition 2. The inverse operator of the tempered RL integral K, is the deriwative of its
conjugate kernel. For ¢ € L' (RY), it is equal to

_ d
(K7'o) (1) = - (Lo) (1) (13)
d t
= o ; L(t—u)o(u)du.
This inverse operator is referred to as “tempered RL derivative”.

Proof. This result is a consequence of the Sonine condition. We apply the operator L to K¢ and
switch the order of integration. If we do the change of variable v = s — u, we have

(LK¢) (1)

/Otm_s) /Osk(s—u)gb(u) duds
_ /Otgb(u)/ot_ul(t—s)k(s—u)dsdu
_ /Otgb(u)/ot_ul(tuv)k(v)dvdu.

From the Sonine condition (5), the inner integral is equal to 1. Deriving both sides with respect

to t, leads to the conclusion, K ~1¢ = % (Lo). O]

The tempered RL integral and derivative will be later involved in the construction of the
Laplace transform of the MERJD, in Section 4. Before doing so, we determine the expected
intensities from which we infer conditions of stability.

Proposition 3. Let us note u;(t) = Ey ()\gj)> for 3 = 1,2. The expected intensities at time
t > 0 conditional on the filtration Fo, are given by

A _ A M1 M2 (Ku1) (t)
b ( A7 ) R ( A ) ! ( 1 2 ) < (Kuz) (1) ) |
where (Kuy) (t) and (Kus) (t) are equal to

(Kuw) (8) = f2 (A 4 (Kus) (5)) e PE9)(t = 8)2 LB o (£ — 8)%) ds,
(Kus) (1) = JE (A + o1 (Kur) (5)) e BED (b — )27 By o (maa(t — 5)%) dis,

)

(14)

and Eq o(+) is the two parametric Mittag Leffler function (see Appendiz for definition and prop-
erties).



Proof. From Eq (4) and by definition of the tempered RL integral, we have

< uy(t) > _ A . ( mi M2 ) < (Kuq) () ) ' (15)
us(t) AR n21 122 (Kusz) (t)
From Eq. (9), the Laplace transform of Ku; , for j = 1,2, is equal to (s+ )" * U;(s) where
Uj(s) = [;° e *'u;(t) dt. Therefore, the Laplace transform of the system (15) is equal to
(1)
Ui(s) =22+ (s+B) " Us(s) +ma (s + 8) " Us(s)

Us(s) = @ +n91 (s + ) “UL(s) +m22 (s + ) “ Ua(s) .

Rearranging terms, allows us to express Uj(s) and Us(s) as follows

Uls) A0 1 L g Us(y)
+A)T T s (s48) =m1) T ((s+B)%—m) (s+8)" (16)
Uss)  _ AP 1 L Ui (s)
(AT T s ((sHB)T—m2) T (5+8)"—m22) (s+8)%
. Uj(s —Btra— «a i
Given that (Si(ﬁ))a = L(Kuj)(s) and L (e P1te"LE, o(£nt®)) (s) = m we obtain the
system (14). O

The intensities are by construction unstable since the DR kernel diverges at origin. The next
proposition presents the conditions that ensure the existence of counting processes.

Proposition 4. If the parameters defining )\1(51) and )\§2) fulfill the following three conditions

BY>nu ,  BY> 2, (17)
(B = m11) (B* — m22) > mana1,

the expected intensities admit limits when t — oo, that are:

1) pa o 2 ga
1) (1) Ay (B*—m22)B%+mi2X; ' B
< Ace ) = lim Eq < ifz ) — (%“—7711)(5“—?722)—77?27721 ‘ (18)
t

t—o0 ) ASQ)(BQ —7711)5a+7721>\g)1),3°‘
(B%—=m11)(B>—n22)—m12m21

Proof. From Equations (16), we deduce that the Laplace transform Uj(s) of Eg ()\El)> is equal
to

Ui(s) A n Moy
(s+8)"  s((s+8)"—m1)  s((s+8)"—m1)((s+5)" —m2)
n12m21U1(s)

((s+8)* =m) ((s + B)" —ma2) (s + B)"

If we isolate Ui (s), the Laplace transform of Eo ()\gl)) is

_l’_

A (54 8)* =) (s 4 B)° + modg” (s + )"
s(((s+8)* =m1) ((s + B)* —ma2) —mama1)
According to the final value theorem, if (£f)(s) is the Laplace transform of f(t) , then lim, g+ s(Lf)(s) =

f(o0) if all poles of s(Lf)(s) are in the left half-plane. This property allows us to retrieve AQ:

Ui(s)

tl;noloul(t) = lim sU;(s)

s—0t
Mo (B = m22) B + ma)? 5
(B = m11) (B> — m22) — M2na1

/\é? is obtained in the same manner. By definition, these expectations must be positive and
bounded and therefore conditions (17) must be fulfilled. O



By construction, the MERJD is not a Markov process.However, we can represent the model as
an infinite-dimensional Markov process because the power 2%~ ! has an integral representation.
This step is detailed in the next proposition.

Proposition 5. For j = 1,2, let us consider a family of auziliary jump processes Zt(j’g), indexed
by £ € RT :
A t
709 _ / e~ (B3 gN () (19)
0
Let us denote vy(d§) := ( d£ for &€ > 0. The intensities )\(‘7) are expressed as integrals of
Zt( 9 with respect to y(d§):
00 1,£
A Ay n ( i Tha ) ey Jo 2 ) (20)
A2 AR M2t 122 ﬁfooo 739~ (dg)

Proof. We check by direct integration that ! is the following integral

a—1 __ * —x€ éia
x _/0 e 7I‘(1—a)d§'

(5:6)

By construction, the process Z;
and ruled by the dynamic

is an Ornstein-Uhlenbeck jump process, reverting toward 0

Az = —(8+ &) 250 dt + dND | (21)
This process has a finite expectation for all £ € RT. Furthermore the integrands in the next

Equation being bounded functions, we can use the first version of the Fubini’s theorem (see e.g.
Theorem 64, p207 of Protter [33]) for semimartingales to express the intensities as:

— oo _ —s - 1
A ALY n < mi Me > Jo JoT et )F(£1 2 € N
A AP M1 )\ [T [0 e era)- 8>F§17‘;d5 N

_ /\él) (7711 7712) ﬁfo t ds)
B (A(()Q) >+ n21 122 %@f Z(%) (d§) ' (22)

O

From Equation (21), we check that Zt(j ) is the sum of Zi(Lj ) for t > wu and of stochastic integral
from u to t with respect to N§J):

t
209 _ 706~ (3+6)-w) 4 / e~ (B+O(E=s) gN ) | (23)

u

()

Injecting this in Equation (22) allows us to rewrite \;

as the sum of )\gj ) and of linear combi-

nations of integrals from u to ¢ with respect to N and ~v(d§):

1) 1) t o —B(t—s) (t=5)""" dN(l)
( i,&) ) ( A ) " ( mi - M2 ) Jue T(a) (24)
t

)\52) M21 122 ft —B(t—s) t=8)""" ()) dN()

. ( L Z“’f)( —(BHO(t-u) _ 1) y(de) )] '

1a fo u ( (B+E(t— u)_l) y(dE)



We infer that the infinite-dimensional Y)),aq = ()\(j)) ,(Z(j’f)) ,(N(j))
e infer that the infinite-dimensional process (Y3) > < 0 ) \E) L cene v )i -

can be rewritten for u < t as the sum of Y,, and a vector of increments depending only of evolu-
tion of (Y;),~, between u and t. Therefore, there exists a probability measure P on the domain
of (Y),> such that

P(Y,e B|F.,) = P({t—u,Yy, B),

and the process is Markov. A similar rewriting of a non-Markov Hawkes process is used in
Hainaut [21] for kernels having a spectral representation. The main differences with this article
are that the considered kernels do not diverge at the origin and that equivalent processes to
Zt(j ) are defined in the complex plane. This method is also used in [1] for approximating rough
volatility models.

3 Finite-dimensional approximation

In this section, we approximate the integral in (20) on a finite grid of processes Zt(J’g). This
method allows us to find the Laplace transform of the log-return (X;),~, using It6’s calculus.
For this purpose, we approach () by a discrete measure on a finite numbers of atoms. We
consider a partition £ := {0 < 5(()") < §§n) <. < §7(ln) < o0}. The mid point of the interval

( l(n)jf(n)

l+1) is

(n) | ¢(n)
M ’l c {O’ .

b = .

wn—1} (25)

The mass of atoms at by, is defined as the integral of v(-) over the interval :

(n
&n

w; = /.gl(”) v(dz),l € {0,....,n —1}. (26)

If 0, is the Dirac measure located at point b, the discrete measure v, (-) approximating (-) is
defined as

n—1
(dE) = > widy,(€)dE.
=0

In a similar manner to [5], the partition £ satisfies three conditions:
1. limy 00 £ = 0 and limy, o0 £ = oo,

5 - =0

2. limy, 0o max [£;)

3. &) c glntl)

Proposition 6. Under assumptions (1)-(2)-(3), a non-negative and convez function g(.), y—integrable,
is such that

i [ g(€)m(de) = /0 " g(©n(de).

n—oo 0

and the convergence is monotone increasing.

The sketch of the proof is provided e.g. in [5]. We note Zt(j’l) = Zt(j’bl) for 5 = 1,2 and
l=1,..n—1. Each thj’l) is mean reverting and ruled by the SDE

dZ = (= (B+b) 20 ) dt+ aNP e {12},



NO

where Nt(j ) is the counting process in the finite-dimensional model. Its intensity, noted A\;"’, is
the sum of Zt(] ’l), weighted by the mass of atoms:

:\il) _ 5\81) i ( ni1 M2 > Zl 0 F(l Z 0
/\§2) )\(()2) M21 722 S FQEZ Z(2 2

The next corollary states the convergence of 5\19 ) to )\gj ),

Corollary 1. Under the assumptions of Proposition 6, it holds for t > 0 that lim,_, ng)(w) =
)\gj)(w), almost surely.

Proof. Let us consider fixed sample paths Ns(j)(w) for s € [0,t] where w € Q. Thus,
t
209y = / e~ (BHO=9) 1N 0) (o)
0

is a positive function of £ and is decreasing and convex since

9 23 s 7(5,€)
R ’ < - > .
(%Zt (w) < 0, 3§2Z (w) >0

Therefore, from Proposition 6,

| 289ntae) » [ 209 @nag).
0

0
with NV (w) = N9 (w). O

The infinitesimal dynamics of jump intensities are then equal to

dXE” ( nmi M2 > wy (B + by) t(l A wl V (1)

- = —_ dt + t (27
( dA? N21 122 zz; I'(a) 72 Z 27)
In the discrete framework, the approximate log-return, denoted <)~(t) . is driven by the following
SDE: =

~ 0'2 2 o s
ixX, — (u _ 2) dt +odW; + Y (dLﬁ” - ujng)dt) . (28)
j=1

Applying It6’s lemma to S, = SOeXt , allows us to show that the approximate asset price follows
a geometric dynamic:

ds - - <650
S: —  pdt+ odW, + ; ((e‘](]) . 1) dNY) — ﬂm?)dt) . (29)

The next proposition provides the Laplace transform of the approximate MERJD conditional
on the filtration of F3, in terms of backward ordinary differential equations (ODE’s). To clarify
developments, we adopt bold symbols for all vectors, i.e.

(1) >(1,0)
t ( §2) ) t t(2,l) U T

S 3

10



Proposition 7. Let w € RT. The Laplace function of the MERJD log-return X; at time t,
conditional on Fy, is given by the following expression

n—1
—wXs _ TX wi T 50 %
E (e |.7-"t> = exp (qo(s—t) +qg,\(s—1) )\t+lz;r(a)ql(s—t) Z, —th> (30)

where

o? o?
qQp(s—1t) = —w (u—2) (s—t)+w2?(s—t), (31)

and vector of functions q,(u), q;(u) : Rt — R2, solve ODE’s:

% = wpj + (jj(—w) exp <Zz 0 Fqé)a) (nqu,\(u) + ql(j)(u)>) - 1) )

(32)
W00 (54 (47 + nTarw)

with the initial conditions qg\j)(O) =0 and ql(j)(()) =0 forje{l,2} andl =0,...,n—1. We recall
that J;(.) is the mgf of jump sizes as defined in equation (2).
Proof. We denote by f <t,)~(t,5\t, <Z§l)>l—o . ,1~lt>, the Laplace transform E <e_"JX5|]-"t>.

f() being a conditional expectation, it is also a martingale and E (df | F;) = 0. From Itd’s
lemma, we infer that f(-) satisfies a stochastic differential equation (SDE):

O‘2 N N O'2
0=0,f + (u -5 —mh - mﬁ”) Oxf +

5 Oxx/ (33)

—Z B+ by) ( Z(lz)f—i-Z( Do Zt@’l)f)

n—1 2
w ﬁ+b
=Y S (0 200 4020 ) O £+
=0 7j=1
=) [ o wi [ (i)
5\]/ t’5‘+120<1j>7237+1 7)~(+ — Yy m9(d
R f( S () (B 1) K 2 ) = O m @)

As all processes are affine, we make the Ansatz that f(-) is an exponential affine function of the
type

f(-) =exp (qg(s—t)+q>\(s—t >‘t+z e )ql(s—t) Z()—th) . (34)
The partial derivatives of f(-) with respect to state variables are given by
Ozanf =1 ﬁ (3 —t),

axjf:qu (s—1),
af(f: _wfv af(f(f:wzfv

whereas, the derivative of f with respect to time is equal to

n—1
of() = f() (@%(5 — 1)+ ohq(s—t) A + Z at‘]z )TZEZ)> .

11



Under the assumption (34), the jump terms in Equation (33) are developed in the following way:

<O > (3:D) > _
f(t,)\tJrli(g[)(n;j),(Zt +1)Z,Xt+z>—f(.)_
n—1 ]
1) <exp <Z % (77qu,\(8 —t)+ ql(j)(s — t)) — wz) - 1) .
1=0

From previous equations, we infer that qo(:) , q,(-) and g;(-) satisfy:

B 2
O—ath(S*t)Jratq/\(S*t )\tJrZ )8tql( )TZEZ) w(,ua)

( Mo s — 1)+ 200 (s —1)

n—1
5+bz wlZ( 2Z(21)> G)( +WZ)‘1€ 1+

=0 7=1
o [ [ = w ) :
Pt )\t-] (A exp (;w (77 7jq)\(S*lJ;)<qu (Sft)) (JJZ) — 1m(-7)(dz)> .

Grouping and cancelling terms independent of state variables leads to the expression (31) for

qo(+). Cancelling terms multiplying Zt(j 2 give us for j = 1,2,

wy (6 + bl)
I'(a) I'(a)

X (77qu§ )(5 —t)+ 772]'(]/(\2)(5 —t)+ ql(j)(s — t)) ,

0=

&qm(s —t) —

that is the second equation in (32). The first equation in (32) is obtained by cancelling terms
multiplying 5\? ), O

The next corollary states that functions q;(u) admit an integral representation.

Corollary 2. The function ql(])( ) solving the ODE’s in Equation (32) are equal to

09 () = _/ (B+bp) e~ B @=0pT g () dy | j=1,2. (35)
0

This result is checked by deriving the expression of ql(] )( ) with respect to w. In this way, we

find the first ODE in (32). In Hainaut (|22], Chapter 5), the characteristic function of a non-
Markov Hawkes process is retrieved by considering the limit of the partition £M™. We cannot
apply the same approach for the dampened rough kernel. The reason is that the limit of the sum
of wy, involved in Equation (32), is not defined when n — oo:

n—1
. w1 e _
nlbnéog T(a) I‘(a)/o T —a)® ="

Nevertheless, we prove in the next section that the Laplace transform of the rough point process
seen from time ¢ = 0, admits a closed form expression. To establish this result, we need additional
intermediate results.

12



Corollary 3. The derivative of the function gy solves the following equation:

g’ (s —t) IO S T e, T d00(0)
P = e rE(e ) ew ZF(a)/o ’ T S

=0
p 1 dg”w) _ () T : :
roof. As _B+bz 7 =q (u) +m_;q,(u), the first ODE in (32) may be rewritten as
() n-1 ()
d gy’ (u) w dg (u)
—A 7 — . _|_ A — _ _ 1
du I <‘7J( w) exp ( ; Ta)(Bt+h) du
( ) () ) ()
Given that & (s B _ qu;u(u) and dg’ (S - ql;u(u) , this is equivalent to
u=s—t u=s—t
() n—1 ()
dgy’ (s —1t) wy dgy’ (s —1)
—_—— = —-11. 37
ds Wi+ (jj w) exp < ; T(a)(B+b)  ds (37)

From the integral representation (35) of q(] )( ), we infer that
¢ (s —t) = - /0 T By BRI T ) do = 1,2
After the change of variable v = s — u, we rewrite q(])(s —t) as follows:
=0 == [ (Gbye PO nTg (s ) du,
t
As ¢)(0) = 0, the derivative of ql(j)(s — t) with respect to s is given by

dql(j)(s —t) s _ _ dgy(s —u)
ot B SN A b (B+br) (u=t) g T ZHAN — 7 0
I /t (B+b)e um, s u
Doing a last change of variable, v = s — u, leads to Equation (36). O

From this last proposition, we will infer the Laplace transform of the MERJD by considering
the limit.

4 Laplace transform of the MERJD log-return

We now have the necessary tools for computing the Laplace transform of the MERJD process,
X;. The next proposition states that its initial value depends on a function solving a fractional
differential equation involving the tempered RL integral and derivative such as defined in Section
2.

Proposition 8. The Laplace transform of the log-return (Xy) ., conditional on Fy, forw € R,
18 equal to

L) =Bl 7)) = e~ (w(n-F) -5 ) a@™) 69

where q ( ) for j = 1,2 solves a forward ODE:

dq(s)

= wpy Jj(—w) exp <nTJ <KCZJ;> (s)> ~1 (39)

13



with the initial condition qg\j)(O) =

(J)
d (4) s o—B(s—u) ¢ (4)
KOO (5 = / e P gy () g,
ds L) Jo (s—u)l=@ du

of ;
. ()
An equivalent representation is obtained by defining YU (s) := <Kd(;; ) (s). this function solves

the fractional differential equation
(K_1¢(j)> (s) = wpj+ Jj(—w)exp (nTk ¢(s)> -1, (40)
. () .
where (K‘li/)(])) (s) = dzlg (s) is the tempered Riemann-Liowville derivative of 19 (s):

(0 6= [ (04 s [ o) 99 )

Proof. We consider the limit of the exponential term in Equation (36) when the size of the
partition £ tends to infinity. By construction, the following limit is well defined and given by:

n—1
: wi —+b s—t—v qu)\()
,}E}oz / (Bt T g,
=0

1 st L _ dg(v)
- —&(s—t—v) B (s—t—v), , T “94A\Y)
-wa [ 1(de)e 0l A0 g,

L [,
Y o I(a)(s—t—v)l=> dv ’

At time t = 0, i.e. conditional on Fpy, we recognize the the tempered Riemann-Liouville of 0sqy:

dq s e Blmw dq, (u)
(deA> () = /Or(a)(s_u>1—a C?u du, (41)

and combining Equations (36) and (41) leads to the fractional equation (39).

()
dgy’(s) —wJ ) dqy
T = wpj +E (e ) exp (1" K== I (s)] —1

Given that K~ K¢ = ¢, We immediately infer that 1(s) = (ch%) (s) and Equation (65). O

When a — 1, the rough jump process converges toward a standard Hawkes process with an
exponential kernel. In this case, the tempered RL integral of dc% converges toward the following

integral
lim <quA> (s) = / e—B(s—u)qu(u) du,,
a—1 dS 0 du

and from Equation (36)

e :
qu(S) = wpj + Jj(—w)exp (TTTJ/ =B a=n) 401 () du> —-1. (42)
p 7 /o du

14



In practice, we numerically solve Equation (39). We divide [0, s] in n subintervals [s, sky1] of
— . dg,(s)

length A, for k=0, ...,n — 1. We denote by g(k) := =3~ e

and we next use an explicit approximation of the tempered RL fractional integral :

(4) ) nTj kol =B (sk—su)
gV (k):wuj+E(e we )exp F(&)Z glu)A] —1. (43)

u=0 (Sk a Su) e

, the derivative of g, at time s,

The recursion is initialized by setting ¢)(0) = wpu; +E (e‘”‘ﬂj)) —1. We can utilize the previous

results to calculate the probability density function of the log-return (Xi),~,. Our approach
relies on a discrete fast Fourier transform (DFFT). We invert the characteristic function of the
process, which is the Laplace transform (38) evaluated on the imaginary axis. Let’s denote the
characteristic function of X, as Y,(iw) = E (e'“*«| Fy) for w € R. This function is also the
inverse Fourier transform of the probability density function (pdf) fX(z) of X|Fy. Therefore,
we can retrieve the density by computing the following integral (the Fourier transform, F[], of

Ts()):

@) = S FIT(w))
1 [t ,
= Ts(iw)e “Fdw . (44)

21 J o

This integral is approximated by discretization with the DFFT algorithm recalled in Appendix
B.

5 Change of measure

To avoid arbitrage, derivatives valuation is conducted under an equivalent measure known as
the risk-neutral measure. Under this measure, discounted asset prices behave as martingales.
However, our model features market incompleteness due to the presence of multiple non-traded
risk factors. This incompleteness leads to the existence of various equivalent measures, all of
which could potentially serve as candidates for defining a risk-neutral measure.

We begin by considering changes of measure within the finite-dimensional approximation pre-
sented in Section 3. Similar to the approach described in Section 4, the dynamics of the MERJD
under the transformed measure will be obtained by taking the limit of lim,_,,, € (n), We focus
on a family of measure changes induced by exponential martingales in the form:

W= e (- et - [ tso(s)dws) Y (45)

2 ) t_
exp }j[cjiﬁ”m—@(cj)) / Agﬁds}
0

j=1

where ¢(t) is a Fi-adapted process such that fot lp(s)]*ds < oo and ¢; € R are such that
J;j(¢j) < oo for j =1,2. Let us recall that the moment generating function of jumps is denoted

by Jj(w) =E (e“’J('j)) for j = 1,2. We can check that M; is a local martingale. Using the Ito’s

lemma allows us to infer that

2
dM, = —Myp(H)dW, + M, S (1= T5(¢) AVt
j=1

+ Mz (0 () 1) N
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The expectation being null, E(th) = 0, the integral of dM; is a local martingale. We denote by
Q the measure defined by the change of measure (45). This new measure preserves the structure
of the MERJD.

Proposition 9. For j = 1,2 let us denote by NtQ(j) the counting processes of intensity

Y/ ()Y (46)

We also define random variables J2U), through their moment generating functions under the
measure Q:

TP (w) =E2 (%) = %g(gfj) Li=1,2, (47)

=Q(7) _ MY Qu) : ] :
and processes L =%\t J,°. Under the measure Q, the dynamic of the log-return is ruled
by the following SDE

_ 2
dX; = <u - % - ng(t)> dt + O'thQ + (48)
~(cau)  _my [
JEQU) _ P / xgmds) |
JZ:; ( ! Jj(G5) Jo

where thQ = dW; + op(t)dt. Furthermore, the intensities S\?U) are such that
n—1 w; Q1,1
A A n < miJi(¢1) ma2J1(Cr) ) >0 Ty 0
)\Q(Q) j2(<- ) ((]2) anjQ(CQ) 7722\72( ) Zln 01 chly) ZQ(2 1) )

where ZtQ(j’l) = fg e~ (B+E)(t—s) stQ(j).

Proof. M is product of a Brownian and jump changes of measure. The impact of the Brownian
measure change on the drift of X; being standard, we set ¢(t) = 0 and consider a change of

measure M; = Z%L = exp (Y;) where
2
v, = > (1-T5(¢) J>dt+Z< dLY
j=1 j=1

Under the Q-measure, the Laplace transform of X, conditional on F; is equal to

o (et - PUELTIA)

= ¢VE (e X R

We denote E (efwj(ﬁys ‘]'—t> by f <t’Xt’5\t’ (Z'gl)>l—0

) ,it,Yt) From Ito’s lemma, f(-)
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satisfies the following stochastic differential equation (SDE):

2 _ N 2
0=0if + (u -5 —mA - u2>\§2)) Oxf + 5 0xxf (49)
2 _ n—1 2
+ov Y (= TGNAN =D (B+0)Y 270,60 f
j=1 1=0 j=1 k
w ﬁ—i—b 2 2
l 1 2,0 35
—Z > (mn 2 4 0pZ0) 0500 + 3A
j=1 j=1

) n—1
/0 ! (t, A+ Wn.,j (2090 +1) X+ v+ <1z> — f()m(dz)

We do the Ansatz that f(-) is an exponential affine function of risk factors:

n—1

f(')=e><p((Jo(s—t)JrqA(S—t)T(S\t@J )+Z Y (s — 1) Z()—thJrqy(s—t)Y)

=0 (a

where A; ® J(¢) is the element-wise or Hadamard product of A; and J(¢) =(J1(¢1), Ja(C2))-
The partial derivatives of f(-) with respect to state variables are given by

w
Oz f=f ﬁolé)ql(j)(s —t),

05.f =5 (G) Fa (s =),
Oxf=—wf, Oggf=w’f,
Of=fav(s—t).

The derivative of f with respect to time is equal to

w;
INGY!

8tql (s— )"z

n—1
af = f() (atQO(S —t)+oq(s—t) MNOIT) + ) + Yi0qy (s — t)) :
1=0

The jump terms in Equation (49) become for j = 1, 2:
< A+ Z EACLLES (209 +1) . X+ =i +c1z> - 1) =

n—1
1) (exp (Zlf(u(;) ((J(C) on. ) g\(s—1t) —|—q(J)(s —t)) —wz—i—Cquy(s—t)) - 1) .

=0

Combining the previous equations in Equation (49) allows us to infer that d:qy (s —t) = 0 and

17



qy (s —t) = 1. Therefore, qo(+) , q,(-) and g;(-) satisfy the relation

0= dhao(s — 1) + Auas(s — ) A © T(C) Z Fraydals -~z

2
g ~ ~ ag
+Yi0qy (s —t) —w (u ~ T A - u2>\§2)> + wQE

2
F 2 =TGN =3 i (Al = 0+ 20204 s~ 1)

n—1

2 % ((j(C) on;) a(s—1)+q’(s - t)> —wz+Gzgy(s — t)> — 1m@(dz)
1=0

oo

After grouping terms, we infer that go(s — ) is equal to Equation (31). Cancelling terms multi-

V)

plying Zt give us for j = 1,2,

_ ) wi (B+b)
S T i Ty

which corresponds to the second Equation (32) with parameters nTk elementwise multiplied by

J(¢). Cancelling terms multiplying 5\,@

. S —w n—1 w
0 (s =) = wﬂj(%exp (Zr(ciz)((J(cmn.,) axs =1 +q” s ”))1)'

=0

(F@on,) als-n+d 1),

leads to

After a change of variable, u = s — ¢, we obtain
(4) n—1
LN (/SR N b S T D)) -
T et (mp 2 T (T@oma) ) wP) | =1).

which is similar to the first Equation in (32). The Laplace transform EQ (e_“XS | ft> has there-

fore the same form as the one of E (e““j(s |ft), provided in Proposition 7 with intensities (46),
jumps (47) for j =1, 2. O]

When jumps are exponential random variables with pdf’s of Equation (3), the distribution of
jumps under QQ remains exponential as stated in the next corollary.

Corollary 4. If JU) ~ expo(p;) then for (i € (—p1,+00) and (o € (—o0, —p2), JOU) are
distributed as exponential random variable with parameters pJQ = pj — (j, under Q, for j =1,2.

This result is a direct consequence of Equation (47) and combined with Jj(w) = pjp—jw for
j=1,2, with w < p; and w > py. Another direct consequence of Proposition 9 is the possibility
to identify the familly of measure changes defining a risk neutral measure, i.e. a measure under
which the discounted asset price is a martingale. We consider a constant discount rate, denoted

by r € RT.
Corollary 5. The equivalent measures Q defined by the change of measure (45) are risk neutral

if
poro 22: WT6) (B (") 1) — s ;A ds (50)

g g

p(t) =
j=1

where v is the discount rate.
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Proof. Replacing the expression (50) of ¢(t) into the dynamic (48) of X; under Q, allows us to
infer that

- o? 2 Q) QU Q)
dX, = (r - 2) dt + cdW 2 + Z; (aZPD = AFVE (77 ~ 1) ar) . (51)
p=

If we remember that the asset price is Sy = S’oeXi, using It6’s lemma leads to the following SDIE:

= 2
dsy  _ Q JOW) GQk) JOW) Q)
o = rdtrod?e ; [(e - 1) dNO®) _E <e - 1) A dt} . (52)
Since E@ <dg—%) = rdt , the discounted price e 'S, is a well martingale under Q and Q is risk
neutral. O

By construction, when the size n of the partition EM) tends to 400, the process X, converges
toward X;. From Equation (51), we deduce that the MERJD, X;, under the risk neutral measure
is the following sum:

2 2 . o
Xo = (r=% ) erow@e > (289 -uf [200ds). (53)
2 =~ i)
Q _ Jow
;= Ele
Therefore, the Laplace transform of the log-return under Q is provided by Proposition 8 with
updated parameters:

TRw) = (% | F) = exp (- <w <7’ - ”2) - “’2”2> s+ q?(s)TAt> . (54)

where u ) — 1) for j = 1,2. The structure of X; under Q and P are similar.

2 2

where qi?(j)(8> for 7 = 1,2 solves a forward ODE:
Q>) 0
dg” () T dq

with the initial condition q?(J)(O) = 0. Inverting the characteristic function by DFFT | as
explained in Section 4, allow us to retrieve the pdf of X; under the risk neutral measure and to
price European options on the corresponding asset. The influence of roughness parameters, a
and (3, on call prices is studied in Section 7.

6 Econometric estimation

Estimating the parameters of a MERJD is a challenging task since jumps are not directly ob-
servable. For this reason, we adopt a peak-over-threshold approach for detecting jumps, similar
to that in [13].

The discrete record of p asset log-returns, equally spaced with alag A, is noted {z1,z1, 22, ..., xp}.
The times of observation are {sg, s1, ..., s,}. We assume that a jump occurs when the log-return
is above or below some thresholds. These thresholds are denoted by g(a1), g(a2) and depend
on two confidence levels, a1 and ay. To define thresholds, we first fit a pure Gaussian process:
xp ~ figA 4 0gWa to time-series. The unbiased estimators of ug and o4 are:

1 & 1 a )
A ]Zl YT o)A & (2 = o) (56)

J
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If ®(.) denotes the cdf of a standard normal, g(a1), g(asg) are set to the oy and a percentiles of
the Brownian motion: g(a;) = figA + 54V A®(a;) for i = 1,2. The times of the k' jump of
L'V and L? are
t t
) = min{s; € {1, spb a5 > glon), 552 )
T,iQ) = min{s; € {s1,.... 5.} |z; < g(a2), 55 > Tlg)l},

where Tél) = TéQ) = 0 and k € N is bounded by p. The sample path of (Nt(j))t>0 for j = 1,2 are
approached by the following time series: B
N (s;) = max{k € N| T,ij) <sit,i=1,..,n.

The levels of confidence, a; and as, are optimized such that the skewness and kurtosis of z; for
periods without jumps are close to those of a normal distribution. If the sets of times without
jump is noted T, parameter estimates of y and o are

Q)

2
_ 1 o .
= [TT-D& 2os,eT (% T8 2osieT fcz) )
~_ 1 . g
B= 3 2ser % T 5

We next fit the bivariate rough Hawkes process by log-likelihood maximization. We detail the
calculation of this log-likelihood. From Equation (4), the sample intensities are equal to

W = J>+Z Ty 2 ) =12,
(k)

<t
These realized intensities are involved in the calculation of the log-likelihood.

Proposition 10. We denote the Gamma incomplete function by I' (o, x) = f;o e “u®tdu. The
log-likelihood of a sample of observations over [0,S] is defined as:

2 N(J)

me = Y —/0 ds+21og( ) , (57)

J=1

where the integral of the intensity is equal to

(k>

/S Ads = AWs+ 22: ik Z (a’ 0 <S _ quk)» . (58)
0

I'(«)

Proof. From e.g. Embrechts et al. [13], the log-likelihood of the sample is given by Equation
(57). Using the expression (4) of A\; and changing the order of integration, the integral of the
intensity becomes:

/S ADd s 4+ Z / / =9 N0 g (59)
u U = S
0 ok I(a)

= AOJ)S+ZW/ / (u= 5><03) dudN{) .
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The inner integrals are reformulated in terms of Gamma functions by a change of variable v =

Bu—s)

s —Bu—s) (U — 8 ol
[e) a—1 [e%¢) a—1
— G_B(U_s) (u — S) du — / e—ﬁ(u—s) (u — S) du
/s I'(a) s I'(a)

= B / e v dy — b / e v L dy
L(a) Jo [(a) Jp(s—s)

Combining Equations (59) and (60) leads to the expression (58). O

For comparison, we consider a bivariate Hawkes process with an exponential memory kernel:

] ) 2 t—
A= A+ ( / e@’(”)dNS(k)) .
k=1 0

The log-likelihood in this case, has the same form as Equation (57) with

N

i <1 - e_6<5—775k>)> , (61)

u=1

S , 2
/0 Adu = A\PS+3 i
k=1

We recall that this corresponds to the rough model with @ = 1. If we denote by Oy, the set
of parameters of intensities, their estimates are obtained by maximization of the log-likelihood
(57):
Oy = argmaxIn £ (Oy) .
On

The distribution m(j)(.) of jumps is fitted independently of counting processes. In absence of
jumps, the log-return has a normal distribution. If a single jump occurs over A, From Chapter
1 of Hainaut [22] Proposition 1.3, the pdf of the sum oWa + JU) is equal to:

1 _ 2A
W (Elop) = Lpopprexp <2 (Po)* A p1z> o (Z\/lez) |

1 2 — pao?A
(2) - - 2 . . P2
h= (2o, p2) 1{z<0}p2 €xp <2 (p20)” A P22> (1 o <\FJ )) :

where ®(.) is the cdf of a standard normal random variable. If {Jl(j), e J](\QJ‘)} for j = 1,2 and
t

O are respectively the sample of jumps and the set of parameters of m(j)(.), estimates are found
by log-likelihood maximization:

5 NO

Q. — G) (7G5 .
@J—argnéaJX;kzlhi (J,C |a,pj>.

7 Numerical illustration

To illustrate this article, we fit the MERJD to time-series of hourly Bitcoin returns from the
9/2/2018 to 9/2/2023, traded in USD on the platform Gemini. The upper graph of Figure 1
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shows hourly returns and the lower plot displays Bitcoin prices. The bitcoin is traded 24h/24h
and the time interval between two successive observation is A = 1/8760 year.
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Figure 1: Hourly log-returns of Bitcoin.

Table 1 reports the average and standard deviation of hourly log-returns, such as defined in
Equation (56). Jumps are detected with the POT method! described in Section 6. The skewness
and kurtosis of log-returns for observations without jump are respectively equal to -9.19e-5 and
3.0002. The upper and lower thresholds are close to 1% in absolute values. The estimated
Brownian volatility is 0.38% per hour which is large but relevant for cryptocurrencies. Figure 2
shows the sample paths of intensities, reconstructed from jumps detected by the POT method.
Peaks of intensities correspond to large fluctuations of Bitcoin.

’ Parameters ‘ Values ‘ Parameters ‘ Values ‘

glon) -0.9752% g(a) 1.0001%
figA 0.0021% GaVA | 0.7974%
aA 0.0082% VA 0.3830%

Table 1: Mean and standard deviation of hourly returns. Thresholds for the POT method.

'R code available on request.
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Figure 2: Sample paths of intensities )\gl) and )\152).

The parameter estimates of the bivariate rough jump process are provided in Table 2. The «
determines the level of roughness and is around 0.90. The dampening parameter, 3 is close to
182. The matrix of n; ; provides valuable insights into self and mutual excitations between shocks.
Negative jumps exhibit self-excitation (722 = 87.13) but are nearly unaffected by positive jumps,
as 791 is nearly null. In contrast, positive shocks tend to be triggered by negative jumps (711 =
48.68). In practice, this contagion can be explained by bounce trading strategies. Additionally,
the level of self-excitation for positive jumps is almost half that of negative ones (711=48.68

whereas 720= 87.13). The baseline intensity of negative jumps, X[(]Q), is twice as high as that of

positive shocks, X(()l) .However, the asymptotic expected intensities are similar, with both positive
and negative jumps expected to occur at a rate of close to 500 times per year. In absolute values,
the average sizes of positive and negative jumps are comparable, approximately +1.7%.

Parameters | Values \ Parameters \ Values
a 0.9061 I3 181.7853
i1 48.6850 12 48.9050
o1 2.0365 o2 87.1365
A 53.8714 AP 101.8721
AL 488.9064 AP 505.8213

Log-lik. rough Hawkes process, £(On) : 28046.24
P | 59.4260 | Do | -57.8427

Log-lik. jumps : 15 458.44

Table 2: Parameter estimates, rough jump process.
We compare the bivariate rough jump process to its non-rough version (o = 1) with parameters

in Table 3. The dampening factor, 8 and levels of self-excitation, 711 and 722, are higher in this
last model. Similar to the rough process, we observe a one-way contagion of negative jumps
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on positive ones. Baseline intensities and asymptotic expected intensities are comparable to
those of the rough jump process.To assess the relevance of the rough jump model, we perform
a log-likelihood ratio test. Under the assumption that a = 1, the log of the squared ratio of
likelihoods,

2 (mc(éN) - 1nc(@?v)) ~ 2
is (asymptotically) a chi-square random variable with one degree of freedom. Using the figures

reported in Tables 2 and 3, we calculate a p-value of 0.0382%. This result confirms that the
rough jump model 1 provides a better goodness of fit compared to its non-rough version.

’ Parameters Values ‘ Parameters ‘ Values

a 1.0000 B 221.0378
i 107.089 M2 90.60763
o1 0.0416 o2 174.0245
A 38.0073 S 106.9566
A 473.9214 AP 503.2868

Log-lik. Hawkes process, £(O%) : 28 039.94

Table 3: Parameter estimates, bivariate (non-rough) Hawkes process.

To assess the contribution of jump components to the total volatility of log-return, we set o
to zero. To estimate any potential bias induced by the DFF'T, we also cancel the drift by setting
i = 0. Table 4 presents expectations, standard deviations and 5%-95% percentiles of X; under
these conditions for various maturities, with all other parameters equal to their estimate from
Table 2). These calculations are performed using the DFFT algorithm outlined in Appendix
B, with Zpee = 2.2 and M = 2%, We observe a slight bias of 0.20% for the log-return, which
theoretically should have zero expectation. Increasing the value of M reduces the bias but
prolongs computation time and requires adjusting x,,q, to keep A, small enough. The standard
deviation of X; ranges from 18% for a one-month horizon up to 41.2% for a half-year horizon.
The 90% confidence interval of X} is broad and expands to [—70%, 65%)] for a time horizon of 6
months. These statistics confirm that the jump component of X; significantly contributes to the
overall log-return volatility.

Standard percentiles

Days | Expectation

deviation | 5% 95%
30 0.002 0.180 -0.32 | 0.269
60 0.002 0.262 -0.458 | 0.398
90 0.002 0.315 -0.548 | 0.484
180 0.002 0.412 -0.703 | 0.652

Table 4: Statistics of Xy, without Brownian activity and no drift (¢ = 0 and p = 0). DFFT with
M = 210 components (and 2,4, = 2.2).

To understand the impact of rough jumps on derivatives, we value European call options
using the DFFT and calculate their implied volatility by inverting the Black & Scholes formula.
Once more, we set the Brownian volatility and drift to zero to specifically examine the jump
components of the log-return. The risk free rate is also set to zero. Options are valued with
the parameters of Table 2. We assume that Sy = 100 and consider strikes K from 50 to 150.
Expiration dates ranges from 1 to 6 months.
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Figure 3: Implied volatility surfaces of European call options (o = 0 and p = 0).

The upper left plot of Figure 3 shows the surface of implied volatilities. They ranges from
61.39% to 195.58% for deep 'out of” and ’in the’ money options. The implied volatility generated
by jumps seems broad but it is relevant with the history of market data. The implied volatility
generated by jumps appears wide in range, but it aligns with historical market data. For context,
the BitVol index, which measures the expected 30-day implied volatility in Bitcoin, fluctuates
between 60% and 100%, with a peak reaching 168% on March 17, 2020. The upper right plot
of Figure 3 illustrates 3 months implied volatilities for an « increased and decreased by 5%.
Decreasing this parameter enhances the roughness of the bivariate jump process, resulting in
higher implied volatilities. Conversely, increasing the dampening parameter, 3, accelerates the
reversion of intensities to their baseline values and subsequently reduces implied volatilities, as
shown in the left lower plot of Figure 3. The last plot reveals that increasing the parameters of
self and mutual excitations, contributes to higher implied volatilities.

8 Conclusions

This paper introduces a novel jump-diffusion process, the MERJD, featuring mutual excitation
between positive and negative jumps, governed by a dampened rough (DR) memory kernel. This
process exhibits several interesting properties for modeling asset returns with high volatility, par-
ticularly in the context of cryptocurrencies.

Even though the memory kernel diverges at zero, the process remains stable under mild condi-

tions. The MER.JD can be represented as an infinite-dimensional Markov process. By considering
the limit of a finite approximation of this process, we can obtain the Laplace transform of the
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MERJD. Given that the DR kernel is a Sonine function, we can define a fractional operator that
resembles the Riemann-Liouville derivative. The Laplace transform of the MERJD can then be
reformulated in terms of a solution to a fractional differential equation (FDE) using this new
operator. This FDE can be solved numerically.

The MERJD is well-suited for pricing derivatives. We have defined a family of changes of mea-
sure that preserve the characteristics of the process and determined the conditions under which
the new measure is risk-neutral. Numerical analysis indicates that the degree of roughness, as
defined by «, significantly increases implied volatilities. In contrast, the dampening parameter
B, accelerates the reversion of jump intensities to their baseline values, thereby reducing implied
volatilities.

The MERJD can also be utilized for risk management purposes, as parameters under the real
measure can be estimated using a peak-over-threshold method. This is feasible because the
log-likelihood of the bivariate rough jump process has an analytical expression. The numerical
illustration highlights the MERJD’s capacity to evaluate price jumps in volatile assets, such as
Bitcoin.

Appendix A. Mittag Leffler function

The Mittag-Leffler functions with one and two parameters are respectively defined by

0 k

Ea(z) = kZ_OI‘(ak:+l)’
Eop(z) = kzzolwy

where @ > 0 and 8 € C. The function u(x) = E4(nz®) is closely related to fractional calculus
when o € (0,1). We denote by I§, u is the following Riemann-Liouville fractional integral

o B S O N
(Igu) () = F(a)/o T )kad . (62)

- S
The left Riemann-Liouville derivative, denoted by Dg, u(t), is the derivative of I&;au(t):

N d (157 “u) (t) B 1 d (' u(s)
(D) (1) = =57 = T(1— a)dt/o t— s %

and is such that Dg, I§, u(t) = u(t). The solution of the fractional integral/differential equations
(Dgyu) (t) = nu(t)
is precisely the function u(z) = E,(nx®). In this article we also use the relation

dE(nz®)

V) e B (63)
From the Laplace’s transform of E,(+z®),
o] Za—l

L (Ba(t2®)) = /0 B (k) do = (64)

(see Gorenflo et al. [17], pages 40 and 41), we infer that

a—1

L(Ey(£nz®)) = . 65
(Balena®)) = =— (65)
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Appendix B. Fast Fourier’s transform

Let M be the number of steps used in the Discrete Fast Fourier’s Transform (DFFT) and

A, = foff, be a step of discretization. Let us denote A, = MQZI and w; = (j — 1)A,, for
j=1,...,M + 1. The pdf of X at points z = —%Am + (k= 1)A, for k = 1,...,M are
approached by
M
[ ) = s (iwj) exp (2 ((k — 1)) (66)

j:

xexp< k—1)( 1)M>7

whered; = (%)1{“:1} + 15213 and Ts(w) = E (ewXS ‘]'-0) :
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