A DECOMPOSITION FOR BOREL MEASURES p < H*
ANTOINE DETAILLE AND AUGUSTO C. PONCE

ABSTRACT. We prove that every finite Borel measure y in RY that is
bounded from above by the Hausdorff measure H* can be split in count-
able many parts x|, that are bounded from above by the Hausdorff
content H3,. Such a result generalises a theorem due to R. Delaware that
says that any Borel set with finite Hausdorff measure can be decomposed
as a countable disjoint union of straight sets. We apply this decomposi-
tion to give a simpler proof for the existence of solutions of a Dirichlet

problem involving an exponential nonlinearity.

1. INTRODUCTION AND MAIN RESULT

Let0 < s < 400 and N € N, with N, := N\ {0}. Our goal in this
paper is to exploit the concepts of Hausdorff measure H*® and content H_
to obtain some better understanding about the finite Borel measures y in
RY that satisfy the estimate

(1.1) w(E) < H¥(E) for every Borel set E C RY.

The definitions of #* and HJ_ are recalled in Section 2 and we implicitly
assume throughout the paper that our measures are nonnegative. Observe
that the condition 1 < H?® above is not only satisfied by measures 1 of
the form ¢ = fH® with a measurable function f < 1, but also by any p
such that ;(E) = 0 for every Borel set E C R" with finite H* measure. In
particular, one may have u = gH' with ¢ > s, regardless of the coefficient g.

We want to know more precisely in what extent H* may be replaced
in (1.1) by the smaller quantity that is %7, and whether there is a unifying
principle that would in particular cover the examples we mentioned above.
While one has H5 (F) = 0 if and only if #*(E) = 0, it turns out that H3_
and H° are quite different in general. For example, HZ  is finite on every
bounded subset of RY, which is far from being the case for #* when s < N.

They do coincide in some special cases of positive {* measure that are
inherited from the case s = N. Indeed, for every ¢ € {0,...,N},if T c RY
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is an (-dimensional affine hyperplane and B,(a) C RY is the open ball

centered at a € T' with radius > 0, then a straightforward argument gives
H! (Br(a) NT) = H (B.(a) N'T) = wyr?,

where w; denotes the volume of the /-dimensional unit ball. One then de-
duces more generally that, for every bounded Borel set A C T,

(1.2) HE(A) = HY(A);

see Proposition 2.1 below. These are examples of straight sets, a notion in-
troduced by J. Foran in [4]:

Definition 1.1. A Borel set E C RY is said to be s-straight whenever
Hi(E) = H(E) < +o0.

It is worth signalling that, the inequality HZ (E) < H®(E) being always
satisfied, one only needs to check the reverse inequality when proving that
a set is s-straight. The concept of s-straight set carries an implicit idea of
flatness as we have seen in (1.2), which is emphasised for instance by the

SN—I

fact that the unit sphere isnot (N — 1)-straight since

HZOVOfl(SNfl) = wWN_1 < %HNfl(SNfl).

R. Delaware established in [3, Theorem 5] the surprising property that s-
straight sets are the building blocks of any Borel set with finite 7 measure,
whence settling a conjecture made by J. Foran. More precisely, he proved
the following

Theorem 1. If E C RY is a Borel set of finite H® measure, then there exists a

sequence of disjoint Borel sets (Ey,)nen such that E = |J E,, and E,, is s-straight
neN
foreachn € N.

A generalisation of the notion of s-straight set to Borel measures can be
achieved based on the observation that every subset of an s-straight set is
also s-straight by Proposition 2.1 below. This property implies that a Borel

set E C RY of finite 7* measure is s-straight if and only if
HY(ENA) <HS(A) forevery Borel set A C RY.

Notice that this condition still makes sense if we replace H® by a Borel mea-
sure /. Inspired by the strategy from [3], we prove that Delaware’s theorem

has a valid counterpart in this larger framework :
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Theorem 2. If 1 is a finite Borel measure on RN such that u < H*, then there

exists a sequence of disjoint Borel sets (Ey)nen such that RN = J E,, and, for
neN
everyn € N,

w(E, N A) < HE(A)  for every Borel set A ¢ RY,

One deduces Theorem 1 by taking as p the restriction of #° to E. Aside
from the natural generalisation of Delaware’s theorem, our motivation for
establishing Theorem 2 is that it provides one with an elegant tool to prove
the existence of a solution in the sense of distributions for the Dirichlet
problem

—Au+(e"—1)=v inQQ,

(1.3)
u=0 onoade,

N
where Q C RY, v is a finite Borel measure in Q and A = 3" §?/02? denotes

i=1
the classical Laplacian. It has been proved by J. L. Vazquez [7] for N = 2
and by D. Bartolucci et al. [1] for N > 3 that (1.3) always admits a solution

when
(1.4) v < 4xHN 2,
Using Theorem 2 we provide a new proof of these results:

Theorem 3. Let N > 2 and Q C RY be a smooth bounded open set. If v is a
finite measure in ) that satisfies (1.4), then there exists a function u in the Sobolev
space W' () such that ¢* € L () and

(1.5) —Au+ (" —1) =v in the sense of distributions in ).

The original proof in [1] is quite involved and is based on approxima-
tion schemes of both the exponential term and the measure in the equation.
Moreover, the manipulation of the measure itself relies on a technical de-
compostion lemma in that paper and the notion of reduced measure intro-
duced in [2]. In contrast, the argument we present in Section 5 relies solely
on the equation we wish to solve and on the approximation of the measure
provided by Theorem 2.

A standard argument in Measure Theory extends Theorem 2 for o-finite
measures /.. One may wonder whether it is possible to have a counterpart
of Theorem 2 that includes the non o-finite case. To achieve this one should
allow the possibility of dealing with an uncountable family of Borel sets

that is suitably chosen in terms of ;. Using Zorn’s lemma, we show that
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Theorem 4. If ;1 is a Borel measure on RN such that i < H?, then RY may be

written as a disjoint union of Borel sets RN = |J E; U F where, for each i € I,
i€l

we have 0 < u(E;) < +oc and, for every Borel set A C RY,

w(E;NA) <HS(A) and u(FNA)e{0,+o0}.

Note that if p is o-finite, then the index set I must be countable and
F is negligible with respect to p. We thus recover Theorem 2 for o-finite
measures.

In the next section, we explore in more detail the generalisation of s-
straight sets to Borel measures that we announced above. Then, in Section 3
we develop some tools in preparation for the proofs of Theorems 2 and 4

that we present in Section 4.

2. FROM STRAIGHT SETS TO MEASURES

We begin by recalling the definition [5] of the Hausdorff measure H*® of
dimension s of a set E C R" as

(2.1) H*(E) = lim Hi(E) = sup Hi(E),
6—0 >0

where we take the Hausdorff capacity H3 defined for E C RY by

Hi(E) = inf{ZwsrfL :E C U B,, (zp), 0 <1, < 5}.

neN neN
We use here the normalization constant wy, = 72 /T( 5 + 1) that gives the
volume of the s-dimensional unit ball when s is an integer. Since the quan-
tity H3(E) increases as ¢ decreases, the limit in (2.1) always exists in [0, +o0]
and also

H3(B) < HF(E) < H(E).

The goal of this section is to study in more detail those measures satisfy-

ing u < H?® or p < HZ, and to illustrate through examples some differences
between both conditions. Given a Borel measure . on RV and a Borel set

E c RN, we first recall that the restriction of ;1 to E is the Borel measure
p| , defined for A C RY by

il (A) = p(E N A).

Example 2.1. If E C RY is a Borel set, then the Borel measure = H?|
satisfies ;1 < H*. On the other hand, we have ¢ < HZ if and only if the
Borel set E is s-straight. This relies on the fact that every subset of an s-

straight set is s-straight; see [4, Theorem 1] :
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Proposition 2.1. If E C RY isan s-straight Borel set, then every Borel set A C E

is also s-straight.

Proof. Since H? is Borel regular and H7_ is subadditive, we have
HI(E) = H(A) +HI(E\A) > H(A) +HIL(E\A) > HL(E).

Using that E is s-straight, all the inequalities above are actually equalities,
which implies that #*(A) = H5 (A). O

Example 2.2. If s < N and if f : R — Ris a nonnegative Borel measurable

function, then the absolutely continuous measure A\ defined by
M(E) = / fdz for every Borel set E C RY
E

satisfies A\ < H°. Indeed, for every Borel set E C R" with finite 4* mea-
sure, we have HY (E) = 0 and thus A ;(F) = 0. Now, using Proposition 2.2
below, one shows that Ay < H3 if and only if

/ fdz <wg®  for every ball B, (z) c RY.
B, (z)

This condition is fulfilled for instance if

SWg
< -
fa) < Nwy ,x\N—S

for almost every = € R™ \ {0}.

In the previous example, we used that, as for s-straight sets [3, Theo-
rem 1], Borel measures ;1 < 3 are characterized in terms of a density

estimate:

Proposition 2.2. If 0 < § < +oc and if ju is a Borel measure on RY, then p < Hj
if and only if

(B (z)) < wer®  for every ball B.(z) C RY with 0 < r < 4.
Proof. If n < H3, then we may directly write
p(Br(x)) < HF(Br(2)) < wsr”®

for every ball B, (z) C RV witho<r<4é by covering B, (z) with itself in
the definition of the Hausdorff capacity. For the converse, let E C R be

a Borel setand let £ C |J By, (zy) be an arbitrary covering of E by balls
neN
with 0 <7, < 6 for each n € N. The estimate for p implies that

W(E) < 3 By, () < 3 wurs.

neN neN

The conclusion follows by taking the infimum over such coverings. O
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This proposition sheds some light on Theorem 2. Indeed, it allows one,
through a decomposition, to convert the abstract inequality ;1 < H® into a
more explicit estimate satisfied by countably many parts of p.

We conclude this section by an example showing that the set F" in Theo-

rem 4 cannot be avoided for a general Borel measure:
Example 2.3. Given s < N, define a Borel measure 1 on RY by letting

0 if E is o-finite under H?,
W(E) =

+o0o otherwise.
This defines a Borel measure on RY that only takes the values 0 and +oo.
Furthermore, ;1 does not identically vanish due to our choice of s, and we
also have p < #H?.

However, the estimate |, < HZ, fails for every Borel set £ C RY with

p(E) > 0. Indeed, we must have p(E) = +oo and then, using the Increas-
ing Set Lemma, there exists a cube ) C RY such that

1l (Q) = n(ENQ) = +o0 > H(Q).

Hence, for this measure, Theorem 4 holds with I = @ and F = RV.

3. EXISTENCE OF AN s-STRAIGHT PART OF A MEASURE

For convenience, we shall say that a finite Borel measure (. is s-straight
whenever © < HZ,. As we have seen in Example 2.1, this is a natural
generalisation of s-straight sets.

In this section, we show that any nonzero finite Borel measure ;. contains
an s-straight part, that lives on a Borel set of positive measure under y:. This
is the counterpart of [3, Theorem 4] and will serve as a key tool to prove
our decomposition theorems. The main result of this section is stated as
follows:

Proposition 3.1. If u is a nonzero finite Borel measure on RY satisfying p < H?,
then there exists a Borel set E C RN such that u(E) > 0 and p| ,, is s-straight.

Before proving Proposition 3.1, we will need some preparatory tools. We
begin with the next result, which is an analogue of the Intermediate Value
Theorem for Borel measures that do not charge singletons.

Proposition 3.2. Let yu be a finite Borel measure on RY such that, for every x €
RY, we have p({z}) = 0. If E C RY is a Borel set satisfying u(E) > 0, then, for
every 0 < ¢ < u(E), there exists a Borel set A C E such that 1(A) = c.
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This property is well-known, but we present a proof for the comfort of

the reader. It relies on the following lemma.

Lemma 3.1. Let y be a finite Borel measure on RY such that, for every x € RY,
we have p({x}) = 0. If E C RY is a Borel set satisfying u(E) > 0, then, for each
e > 0, there exists a Borel set A C E such that 0 < p(A) <e.

Proof of Lemma 3.1. Using the Increasing Set Lemma, one finds a cube @)y C
R such that u(E N Qp) > 0. Then, by induction, one constructs a decreas-
ing sequence of cubes (Q,)nen such that u(EN Q) > 0 for each n € Nand
where the size of the side lengths of the cubes are halved at each step.
Since the diameters of the cubes tend to 0 as n — oo, there exists x € RY

such that () @, C {z}. As p is finite, one may apply the Decreasing Set
neN
Lemma to obtain

Tim (BN Q) = ( (ﬂQn)><u{x})—0

neN
It thus suffices to take A = F'N @y, for m € N large enough. O

The proof of Proposition 3.2 is based on a standard exhaustion argument.

Proof of Proposition 3.2. Let 0 < ¢ < p(F) and Ay = @. By induction, we

may construct a sequence (A,,)nen of disjoint Borel subsets of E such that
%" < u(A,) <c, <c foreachn e N,,

where
n—1
cn:sup{u(A):ACE\UAk, ) <c— (UAk>}
k=0

Let A = |J A, C E, so that pu(A) = le ,u( U Ak> < ¢. Assume by
neN oo k=0
contradiction that this inequality is strict. Then, since

WEN\A) = p(E) - p(4) >0 and ¢~ p(A4) > 0,

we may invoke the previous lemma to obtain a Borel set B C £ \ A such
that 0 < u(B) < ¢ — pu(A). But this implies that B is admissible in the
definition of the numbers ¢,, whence we deduce that u(B) < ¢, for each
n € N,. On the other hand, we write
52 e < 3 plAn) = (4) < oo,
neN. neN,
and thus ¢,, — 0 as n — co. This contradicts the fact that 0 < u(B) < ¢, for

each n € N,, and the conclusion follows. O
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Another tool is the following result whose proof can be found in [6,

Proposition 14.15].

Proposition 3.3. If . is a finite Borel measure on RY satisfying u < H?, then,
for every e > 0, there exists a Borel set A C RY such that

(1) for every B > 1, there exists § > 0 such that j| , < fH3,
(2 pRY\A) <e.

We are now ready to prove Proposition 3.1. We rely on the strategy
used by R. Delaware that had been suggested to him by D. Preiss. In
our case, Proposition 3.3 above acts as a replacement for general measures
of [3, Lemma 1] for H5.

Proof of Proposition 3.1. We begin by dealing separately with the special case
where there exists z € RY such that p({z}) > 0. This can only happen

when s = 0, but then we have

0 <p({z}) <H({2}) =1 =H({z})

It therefore suffices to let E = {z} to conclude. We may thus assume from
now on that u({z}) = 0 for every z € RY, which implies that y satisfies the
assumptions of Proposition 3.2.

Let (g;)jen be a decreasing sequence of positive real numbers that con-
verges to 0. We apply Proposition 3.3 with any 0 < ¢ < u(R”) to extract
a Borel set A C R such that x(A) > 0 and a sequence (J;);en such that
nl, <1 +8j)’H§j for each j € N. By Proposition 2.2, this condition rewrites

as
(3.1) pla(Br(2)) < (1 +¢j)wsr®

for every ball B,(z) C RY with r < 0;.
We now turn to the construction of the required Borel set E. Let us first
pick a decreasing sequence of positive real numbers () ey with r; < 6;

for each j € N that satisfies lim r; = 0 in addition to other properties to be
Jj—00

described later on. For each j € N,, we consider a partition A = |J A; ; into
ieN
disjoint Borel sets with diameter less than ;1. Assume that the sequence

(¢j)jen has been chosen such that €; < 1 for every j € N,. We may thus
apply Proposition 3.2 to find, for each i € N and j € N,, a Borel set E; ; C
A; j such that

p(Eij) = (1 —ej-1)pu(Ai;).
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We then let

E= () UEi

jEN. ieN
We show that the Borel set E satisfies the conclusion of Proposition 3.1,

provided that the sequences (¢;);jen and (7);jen are suitably chosen. We
begin with (E) > 0. Since for each j € N, the sets A; ; are disjoint, the

same holds for the subsets E; ;, whence

M( U Ez]) = p(Ei) = (1 —gj)u(Aig) = (1 —ej-1)p(A)

1€EN 1€EN 1€EN

for each j € N,. Writing

neen(ye)- Y (nye).

JEN, i€N JEN.
we obtain
WA\E) < Y u(A\ U E)
JEN, 1€N
= (u(A) = (1 —g_1)u(A) = Y g 1u(A).
JEN. JEN,

So, if we choose the sequence (¢;);en such that

Zc?j <1,

jeN
then we obtain
u(E) = p(A) — p(A\ E) > 0.

It remains to prove that p| , is s-straight. According to Proposition 2.2,
it suffices to show that u| , (B, (x)) < wsr® for every ball B, (z) C RY with
r > 0. Assume that » > ry. Using Proposition 3.2, we may suppose from

the beginning that 0 < p(A) < w,r§. We therefore have
1l (Br(2)) < p(B) < pu(A) < wiry < wyr,

We are thus left with the case 0 < r < 7. Since the sequence (r;);en

decreases to 0, we may then find j € N, such that

r; <r<Tiq.
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Denote by I the set of indices i € N such that B,.(z) N E; j # @. We observe
that

Lo B, = (B0 () U i)

keN, ieN

<u(U@nes) =u( U0 ).

i€N i€l
By the subadditivity of i, we get
) <Y p(Br@) N Eiy) <Y p(Biy) = (1-g5-1) Y (A )
i€l i€l i€l
Since the sets A; ; are disjoint, we find
Lo (B < (1= e U s ).
iel

Each set A; ; having a diameter less than r;,, it follows from the defini-

tion of I that A;; C By, ,(z) N A for every i € I, and thus |J A;; C
i€l
By, (x) N A. We deduce that

il (Br(@)) < (1= &5 )i(Brirys () N A) = (1 &)Ly (B (2)).
Assume now that

21, < 0, foreach k € N.
Since r < rj_1, we have r + r;41 < 2rj_1 < §;-1. We may thus apply
estimate (3.1) with 5 — 1 to find
plp(Br(z) < (1 =g 1)1+ gj-1)ws(r +7511)° = (1 — &5 Jws (r +1541)°.
To conclude, we invoke the uniform continuity of the function ¢ — t* over
[Tk, rk—1] to construct inductively ry1; < ry so that

(t+ rrs1)’

= 2
ts 1—ei

forevery rp <t < rp_;.

This leads to i, (Br(z)) < wsr® as required. Thus, p| , is s-straight. O

4. PROOFS OF THEOREMS 2 AND 4

This section is devoted to the proofs of our main results. Theorem 2 is
proved by an exhaustion argument, using Proposition 3.1 to recursively

extract s-straight parts of the Borel measure .
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Proof of Theorem 2. Let Ey = @. By induction, we construct a sequence of
disjoint Borel sets (E},)nen such that |, is s-straight for each n € N and
%dn < w(Ey) < dy for each n € N,, where

n—1
d,, = sup {M(A) tACRNN | B, il is s—straight} .
k=0

We claim that ,u(RN \ U En) = 0. Assume by contradiction that this
neN
statement fails. Using Proposition 3.1, we may thus find a Borel set A C

RN\ | E, such that u(A) > 0and |, is s-straight. But then, A is admis-
neN
sible in the definition of the numbers d,,, so that u(A) < d,, for each n € N,.

On the other hand, since

3 2 dns SuE) —u U B <4,

neEN, neN, nEN,

we deduce that the sequence (d, )nen, tends to 0, which contradicts the fact
that 0 < p(A) < d, for eachn € N,.

Since pt <}RN \U En) = 0, the measure p| is identically zero and

RN\ U By
neN neN
in particular s-straight. We may therefore replace Ey = @ by RV \ | E,
neN
in the sequence (E),)ncn, and this provides the required sequence of Borel
sets. O

Theorem 2 can be readily extended to the o-finite case. Indeed, if y is o-
finite, one finds a sequence of disjoint Borel sets (A4, ),en of finite measure
under p. One may then apply Theorem 2 to u|, for each n € N to obtain

a sequence of disjoint Borel sets (Ej ,)ren such that RV = | Ey ., and
kEN

(1la,) Loy, = Hlanns,, is s-straight for each k € N. It now suffices to
reorder the countable family {A, N E  }(xn)en2 into a sequence to get the
conclusion.

We now show how Theorem 1 can be obtained as a corollary of the pre-

vious theorem.

Proof of Theorem 1. 1f E C R¥ is a Borel set of finite 7* measure, then H*| ,
is a finite Borel measure on RY satisfying H*|, < H°. Hence, Theorem 2
ensures the existence of a sequence of disjoint Borel sets (£}, ),en such that

RN = U E, and (H*| )]s, = H®|s, s is s-straight for each n € N. But
neN
this implies that E,, N E is s-straight for each n € N. O
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We turn to the proof of our decomposition theorem for general Borel
measures. The argument follows the same idea as for Theorem 2, but one

has to replace the by-hand inductive construction with Zorn’s lemma.

Proof of Theorem 4. Let F be the set of all families (E;);cr of disjoint Borel
sets of positive measure under p and such that p|,, is s-straight for each
i € I. Observe that F contains the empty family. We introduce a partial
order in F by defining (E;)ic; < (Fj)jes whenever I C J and E; = F;
for every i € I. We notice that F is inductive since an upper bound for a

chain {(E;)ie1, }aca in F is provided by (E;);c j 1,- Hence, Zorn’s lemma
acA
ensures the existence of a maximal element (F;);cr in F.

Let F = R\ |J E;. Assume by contradiction that x|, does not take
iel

only the values 0 and +oco. In such a case, there exists £ C F such that

0 < u(E) < 4o0. Thus, Proposition 3.1 guarantees the existence of a Borel

set A C E such that pu(A) > 0 and pu|, is s-straight. But then adding A

to the family (E;);c; contradicts its maximality in . Therefore, F' is the

required Borel set. O

When p is o-finite, the index set I in Theorem 4 is countable and the set
F isnegligible under p.. One then recovers Theorem 2 for o-finite measures.
Indeed, since 1 is o-finite, we may find a sequence of Borel sets (A;,)nen of

finite measure under x such that RV = U A..
neN
To see that F' is negligible under 1, use the subadditivity of u to write

w(F) < > u(FNAyp). Since u(F N A,) < 4oo for each n € N, we have
neN
w(F N Ay,) = 0by assumption on F. Thus, u(F') = 0.

To prove that I is countable, we first observe that I C |J I,,, where each
neN
I,, denotes the set of indices i € I with u(E; N A,) > 0. Such an inclusion

comes from the fact that p(E;) > 0 for every ¢ € I. To conclude, it then
suffices to check that each I,, is countable, which follows from u(A,) <
+00.

In this paper, we have relied on the original definition of the Hausdorff
measure, sometimes called spherical Hausdorff measure. Another common
definition uses coverings by arbitrary subsets of R", and is based on the
following Hausdorff capacity :

H5(A) = inf {Z(diamAn)s :EC | Ap, 0 < diam A, < 5} ,

neN neN
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where diam A denotes the diameter of the set A C R™. The Hausdorff mea-
sure #{° is then defined accordingly. The counterparts of Theorems 2 and 4
are true using H* and ﬁgo instead. The proof of Proposition 3.1 requires
some minor changes. This comes from the fact that the characterisation of

s-straight measures in Proposition 2.2 has to be replaced by the estimate
u(A) < (diam A)*  for every Borel set A € RY with 0 < diam A < 6.

Equation (3.1) is thus modified accordingly, and the last part of the proof

consists in showing that
pt],(B) < (diam B)*  for every Borel set B C RY with diam B > 0.

For this purpose, in the case diam B > r( we assume that ;1(A) < r{ instead
of u(A) < wsrg, while in the case 0 < diam B < ro we replace B, (z) by
B' = {z € RY | d(z, B) < rj11}. The other proofs remain unchanged.

5. PROOF OF THEOREM 3

In this last section, we make use of the decomposition we obtained to
prove the existence of a solution in the sense of distributions to the Dirichlet
problem (1.3) involving a finite Borel measure v in Q ¢ RY.

We need an exponential estimate involving the Newtonian potential. We
recall that Nv : RY — [0, +0o0] is defined in dimension N > 3 by

1 dv(y
Nv(z) = Exv(x) = (N —2)Non /Q = ;’]3_2,

where FE is the fundamental solution of —A. In dimension N = 2, the

Newtonian potential has an analogous definition involving the log func-
tion. Assuming that v < a?—[f;v 2 for some a < 47 and 0 < § < 400, one

shows that
(5.1) N e L (RN).

The proof can be found in [6, Chapter 17] that is modeled upon [1]. Observe
that the conclusion is false for example if v = 47HN 2| };~ 2, where MV 2
is a (non-empty) compact manifold of dimension N — 2.

We begin with a particular case of Theorem 3:

Lemma 5.1. Theorem 3 holds when v < oM} ~2 for some o < 4 and 0 < § <
+00.

The proof of Lemma 5.1 relies on various properties about Dirichlet prob-

lems with an absorption term that includes (1.3) as a particular case. We
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refer the reader to the book [6], more specifically chapters 4, 5, 6 and 19, for
details.

Proof of Lemma 5.1. Take a sequence of radially decreasing mollifiers (px,)xen
in RY. For each k € N, let uy, satisfy
—Auy + (e — 1) = pgxv in(,

(5.2)
ug =0 on 0.

The existence of uj, can be deduced by minimisation of the functional & :
WOI’Q(Q) — (—00, +00] defined by

=5 [1vel+ [ @ v~ [ (e

From the Euler-Lagrange equation satisfied by u;, we have

(5.3) —/ up Ay + / (e —1)p = / (pr xv)p forevery p € C(Q),
Q Q Q

where Cg°(1) is the set of smooth functions with compact support in €.

Using the absorption estimate, we find

(54) e — 1z < llpk * VL1 (@) = (),

and then we deduce from (5.4) and the triangle inequality that
[Aur]Lr@) < llok * vllLe) + 6" = o) < 2v(Q).

Littman-Stampacchia-Weinberger’s estimate ensures that the sequence (uy)ken
is bounded in VVO1 P(Q) for every 1 < p < 7. By the Rellich-Kondrashov
compactness theorem [8, Theorem 6.4.6], there exist a subsequence (ukj )jeN
and u € WO1 1(Q) such that ug; — win L*(2) and almost everywhere in (.

Since N (py, * V) is a supersolution of the Dirichlet problem (5.2), by com-
parison we have

0 <up < N(pg *v).

Since the fundamental solution £ is superharmonic and pj, is radially de-

creasing, E * p, < E. An application of Fubini’s theorem then gives
Npp*xv)=Ex(pp*xv)=(Expg)xv < Exv=Nw.
Hence,
0<u, <N

By the density assumption satisfied by v, we can apply estimate (5.1) to
deduce that eV € L'(12). Therefore, the Dominated Convergence Theorem
ensures that e"*i — e* in L'(2). The conclusion then follows as we take
k =k;jin (5.3) and let j — oo. O
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We now present a localised reformulation of Theorem 2:

Lemma 5.2. If pn < H?, then there exist a non-increasing sequence of open sets

(Uj)jen and a sequence of positive numbers (6;)jen such that ;(U;) — 0 and
plry\u, < M3,  forevery j € N.

Proof. Lete > 0 and consider a decomposition RN = |J E, given by The-
neN
orem 2. For each n € N, by inner regularity of ;1 there exists a compact set

F, C B, with u(E, \ F,) < £/2""1. We have u(RN\ U Fn) < e. By
neN
construction, for any n > 0 we have

ple, < H3, < Hp.

Given k € N, choosing n = n;, = %min {d(Fa, F3) : 0 < a < f < k} in the

inequality above implies that

n=0

k
Thus, for k sufficiently large, the openset U = RV \ |J F}, is such that
0

n=

p(U) <2 and  plpvp < Hj, .

It now suffices to apply this conclusion to a sequence €; — 0 to find a
sequence (U;);cn satisfying the conclusion, except for the fact that it need

not be non-increasing. To achieve such an additional property, we further

o [ee]
impose that > ¢; < +oo. Thus, > u(U;) < 4o0o. For each n € N, let
=0 j=0

O, = |J Uj. The sequence (O, )ncn satisfies the required properties. O

j=n
Proof of Theorem 3. We apply Lemma 5.2 with ;1 = v/47 to obtain a non-
increasing sequence of open sets (U;) jen such that v(U;) — 0 and

vlrmp, < 47r7—[g_2 for every j € N.

Let (5;)jen be a nondecreasing sequence of positive numbers such that
Bj — 1. For each j € N, Lemma 5.1 provides u; such that

—AU] =+ (euj — 1) = /6JVLRN\Uj in Q,
uj =0 on 0f).

By monotonicity of (8;v|rv\y,)jen and comparison of solutions, the se-

quence (u;);jen is nondecreasing. Denote its pointwise limit by u. Using
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the absorption estimate, we find

(5.5) e =1l Lr o) < Biv(Q\ Uj) < v()
and then by the triangle inequality,

(5.6) [Augll L1y < 2v(Q).

From (5.6), we have by Littman-Stampacchia-Weinberger’s estimate that
u € Wol’l(Q). From (5.5) and Fatou’s lemma, we have e* € L'(Q). As
Jj — oo in the integral identity satisfied by u;, we deduce that u is a solution

of the equation in the sense of distributions in (2. U
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