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Abstract

In this paper, we present a version of the cubic regularization of Newton’s method for
unconstrained nonconvex optimization, in which the Hessian matrices are approx-
imated by forward finite difference Hessians. The regularization parameter of the
cubic models and the accuracy of the Hessian approximations are jointly adjusted
using a nonmonotone line search criterion. Assuming that the Hessian of the objective
function is globally Lipschitz continuous, we show that the proposed method needs
at most O (ne_3/ 2) function and gradient evaluations to generate an e-approximate
stationary point, where »n is the dimension of the domain of the objective function.
Preliminary numerical results corroborate our theoretical findings.

Keywords Nonconvex optimization - Second-order methods - Finite differences -
Worst-case complexity
1 Introduction

The cubic regularization of Newton’s method (CNM) is a globally convergent vari-
ant of Newton’s method for unconstrained minimization of twice continuously
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differentiable functions [16, 22]. At the ¢-th iteration of CNM, the next iterate x;1|
is obtained by minimizing a cubic model that consists of a third-order regularization
of the second-order Taylor approximation of the objective function f(-) around x;.
For a given tolerance € > 0, Nesterov and Polyak [22] proved that the CNM takes at
most O (6’3/ 2) iterations to generate an e-approximate stationary point of the objec-
tive function (i.e., an iterate x; such that ||V f (x;)||2 < €), when f(-) is a nonconvex
function with Lipschitz continuous Hessian. Remarkably, Cartis, Gould and Toint [7]
proved that in the same problem class the standard Newton’s method (without regu-
larization) may need a number of iterations arbitrarily close to O (6_2) to generate an
€-approximate stationary point of the objective function. In view of these complex-
ity results, several second-order methods inspired by the CNM have been proposed
for nonconvex optimization in the last decade (see, e.g., [2, 4, 9, 11, 13, 14, 19]).
More recently, Carmon et al. [6] showed that the worst-case complexity bound of
@) (6_3/ 2) is the best that second-order methods can achieve when applied to func-
tions with Lipschitz continuous Hessians, establishing the optimality of the CNM in
this problem class.

As aforementioned, the iterates in the CNM are computed by minimizing cubic
models, which involve Hessian matrices of the objective function. However, in sev-
eral applications the computation of Hessian matrices can be computationally very
expensive (see, e.g., [20, 24]). For the case in which only function values and first-
order derivatives are provided by the user, Cartis, Gould and Toint [10] analyzed a
variant of the CNM with Hessian matrices V2 f (x;) approximated by forward finite
difference Hessians B;. Assuming that the gradient and the Hessian of the objec-
tive function are Lipschitz continuous on the path of iterates, and that the gradient
is bounded over the iterates, they showed that the referred method (called ARC-
FDH) needs at most O (ne’3/ 2 4 n| log(e)|) calls of the oracle! to generate an
e-approximate stationary point, where n is the dimension of the domain of the objec-
tive function. Regarding the Hessian approximations, the key condition required in
[10] is that

IV £ (x0) = Bl < kpllxiset — xl, (1
where kg > 0. Since x;41 is unknown during the computation of B;, the ARC-FDH
is endowed with an adaptive procedure in which the stepsize that defines the finite
difference approximation B; is reduced until a sufficient condition for (1) is satisfied.
This is the source of the additional logarithmic term in the complexity bound for the
number of calls of the oracle (Lemma 3.2 in [10]).

In this paper, we present a new first-order version of the CNM with Hessian matri-
ces approximated by forward finite difference Hessians. Different from [10], the
stepsize that defines the finite difference approximation B, is adjusted aiming the
condition

IV2£(x) = Bill <kl — xi—1l. 2)
The use of (2) instead of (1) was first suggested by Kohler and Lucchi [18] and
further investigated (theoretically and numerically) by Wang et al. [26, 27], and by
Bellavia, Gurioli and Morini [1] in the context of sub-sampled variants of the CNM

'Throughout this paper, by call of the oracle we mean one function evaluation or one gradient evaluation.
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for finite-sum minimization?. Based on condition (2), in our method, the regulariza-
tion parameter of the cubic models and the accuracy of the Hessian approximations
are jointly adjusted using a nonmonotone line search criterion. Assuming that the
Hessian of the objective function is globally Lipschitz continuous, we show that the
proposed method needs at most O (ne’3/ 2) calls of the oracle to generate an e-
approximate stationary point. Moreover, we also show that the method needs at most

@ (n max {eg_ 3/ 2, 6;13 }) calls of the oracle to generate an (&g, €y )-approximate
second-order stationary point, i.e., an iterate x; such that

IVFGOI <€ and in (V2FG0) = —en.

The paper is organized as follows. In Section 2, we formulate the problem and
establish the crucial auxiliary results. In Section 3, we present our first-order CNM
variant and analyze its worst-case evaluation complexity. Finally, in Section 4, we
report preliminary numerical results that corroborate our theoretical findings.

Notation The symbol | - || denotes the 2-norm for vectors or matrices (depending on
the context), while || - || denotes the Frobenius norm for matrices. The Euclidean
inner product of x, y € R" is denoted by (x, y). For j = 1,...,n,e; € R" is the

Jj-th orthonormal vector of the canonical basis for R”. We denote the identity matrix
of R"*" by I, and for any symmetric matrix A € R"*", A,,;, (A) is the smallest
eigenvalue of A. Given two square matrices A and B, the inequality A > B means
that the matrix A — B is positive semidefinite.

2 Problem formulation and auxiliary results

We consider the unconstrained minimization problem

min f(x), 3

xeR"

where f : R” — R is a twice continuously differentiable function, potentially
nonconvex. Our analysis will be carried out under the following assumptions:

A1l The Hessian of f is L-Lipschitz continuous on the whole R”, i.e.,
IV2f () = V2f)ll < Lly — x|, Vx,y eR"
A2 There exists fj,,, € R suchthat f(x) > fjy, forall x € R".

From Al, it can be shown that, for all x, y € R",

1 L
FOM = f&)+ Vi), y —x) + E(sz(X)(y —x),y—Xx)+ glly )

2The numerical experiments reported in [1] show that in certain variants of CNM with inexact Hessians,
the difference between ||x;+1 — x;|| and ||x; — x,—1|| may reach different orders of magnitude. Thus, in
practice, inequalities (1) and (2) induce very different error bounds.
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and
L
IVF() — V) = V@) —x)) < Sy - x|1%. Q)

In view of inequality (4), we will consider the following cubic models for f(y):
1 o
e =F @)+ (VF(),y = 2) + (VD =x), y =)+ <lly = xI° (©)
and
1 o
My o (y):=f(x) +(Vfx),y —x)+ E(B(y —Xx),y —x)+ glly —xI} ™

where o > 0 and B € R"*" is an approximation to V2 f (x).
Our first auxiliary result gives upper bounds for ||V f(xT)| and also for
—Amin (V2 f (x+)) under suitable conditions about x* and the matrix B.

Lemma 1 Suppose that Al holds and assume that x* € R”" satisfies
IVMy o D) < 0llxt —x|? ®)

for some x € R", 0 > 0and 0 > 0. If for some kg > 0, y > 0 and x € R", we have

1B — V2 £ ()| < kpmin {[lx — £], Y IVF @)1}, )

then

o+ L+26 +kp) . . >
IVFaHI < 2 max {lx* — x|, min {x = £ ¥ IV F @}
(10)
If additionally

B+ 2wt — x|l = 6l - £I1. (11)

then

0+20+«kp+L) -

— i (V£ ) = o max {lt —xl  — £} (12)

Proof Given y € R", denote

1
Pr(y) == fX)+(Vfx),y —x) + §<V2f(x)(y —X),y —Xx).

Then, by (5)—(8), we get

IVFEOI = IVFET) = VoL + IV (F) = VMo D) | + VMo ()|
< Sl =P+ | (A0 = B) 0 =0 = St —xiet - o)
+I|VMX,U(X+)”
L
= ( ;a +9> lxt = x> + IV2f(x) — B|l|xt — x]|.
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Hence, it follows from (9) that

IV £l

IA

L+o . ~
< > +9) lxt — x| + kgmin {[lx — [, Y IV }Ix™ — x|

L+o . N
< (T +6 +KB) max {[x* — x|, min {|x — 2], ¥ IVF I},
that is, (10) is true.
On the other hand, by A1 and (9), for any d € R", we have

((B _ vzf(ﬁ)) d.d) = <<B - v2f(x)) d, d> 4 <(v2f(x) _ v2f(x+)) d, d>
1B — V2Ll + 1V £ (x) = V2 £ Dl |12
iplx — 2>+ LllxT — x|l|d|*

(e + Lymax {|[|lx* —x|I, x — 21} l4]1
= ((kp + Ly max {|lx* — x||, [Ix — |} Id, d).

INIATA

Since the inequality above holds for all d € R”, it follows that
B~V f(*) < (ep + Lymax {[lx* — x| x =21} 1
= B =< V2 /(M) + (ep + Lymax {[lx — x|, |x — 21} 1
Then, using Weyl’s inequality [12, 28], we get
Amin (B) = hmin (V2F 7)) + (kg + Lymax {x* = x, Jx = 21}, (13)
Now, assuming that (11) is true, we also have

o + ~
Amin (B) + Z{Ix" — x| = =0lx — X|
o + A
== Amin (B) + Z|x7 — x| +0llx = x| = 0

— Jomin (B) + (% +0) max {[lx* = x|, Ix = £} 2 0,
which gives

hin (B) = — (5 +0) max {|lx* — Il Ir = £[]}. (14)
Finally, combining (13) and (14), we obtain (12). ]

The next lemma provides a lower bound on f(x) — f(x) when M, ,(xT) <
M, -(x) = f(x) and o is sufficiently large.
Lemma 2 Suppose that Al holds and assume that x™ satisfies
Myo(xF) < f(x) (15)

for some x € R" and o > 0. Moreover, suppose that for some kg > 0 and X € R",
inequality (9) hold. If
o >2(L + 3kp) (16)
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then
KB

5 llx — 2% (17)

FO) = ) = Tt = -
Proof By (4), (7), (9) and (15), we have

FG) < FEOHVFG). X —x) + %<v2f<x>(x+ 0, =)+

1
= )+ (V). —x) + S(BOF —x).xt —x) + %nx* —x|?

1 (L — o)
(V20 = B) (=)t =) =)
1 (L—o0)
= Moo ) + 5 (V) = B) (=), xF =)+ = =)
KB R (L —o0)
< f<x>+7||x—x||||x+—x||2+ - It — x)3. (18)
Note that
lx — ZlHxT = x> < e = £1° + a7t — x| (19)
Combining (18) and (19), we get
KB . L+ 3kp —0o
Fh < foo)+ -l = 2P+ Tux+ — x|,
and so
o —L—3kp KB R
f) = fxt) > Tnx+ —x|P - - = 2113
Finally, using (16), it follows that (17) is true. O

The third auxiliary result gives sufficient conditions under which the error bound
(9) is satisfied by a suitable finite difference approximation B. This is a classical
result. For the reader’s convenience, we give the proof here.

Lemma 3 Suppose that Al holds. Given x € R" and h > 0, let A € R"*" be defined

by A::I:Vf(x—i—he}t)—Vf(x)““’ Vf(x—l—he;:)—Vf(x)] 20)
then the matrix |
Bi=3 <A+AT) Q1)
satisfies
1B —V?f0)l < @h (22)
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Proof Tt follows from (5) with y = x + he; that

HVﬂx+mw—Vf@%—MﬂﬂwaH§%#

h

=

L
2

N H(Vf(x +hel;‘) — Vi

)—V%um

2 L
= (A= V2 ()eill < Sh,
and so
n L 2
nA—V%vasnA—VHuw%=EZMA—V%m»aﬁsn<5)h%
i=1
which gives

L
A —V2fl < 3@;—h. (23)

Finally, combining (21) and (23), we get

L
HB—wanfM—V7QW§1;%

O

Combining the last two results, we have the following theorem, which is the basis
for the nonmonotone line search criterion used in our method.

Theorem 1 Suppose that Al holds and assume that x* satisfies (8) and (15) for
some x € R" and o > 0. Moreover, suppose that the matrix B in My (-) is defined
as

1
Bi= (A+4T),
> +
where A is given by (20) with
0<h=< 25 min {||x — £, y IV f (x)l} (24
~ Jno

for some kg >0,y > 0and x € R". If

o >2(L+6+3kp), (25)
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it holds
o K N
fx) = fxt) > Enﬁ — x| - 7an -z (26)

and
IV £ < o max {[x* — x|, min {|lx — £, ?IIVf(X)II}}Z, (27)

where y = max {1, y}.

Proof By (25) and (24), we have

2
0<h< J’;BLmin{ux — 3Ly IV £}

Then, it follows from Lemma 3 that

IB — V2f@)ll < kgmin {[x — &, y IVL)Il}. (23)
Finally, in view of (8), (15), (25) and (28), by Lemmas 1 and 2, we conclude that (26)
and (27) hold. O

. k . .
Lemma 4 Given 7,1 > 0 and a set {z j}jzl of nonnegative real numbers, with
k> 2, let

m(k) :=argmin;c(; g (Z; + Z§+1> . (29)
If
k
o=, (30)
j=1
then
2 \*
max {Zm), Zmk)+1} < (ﬁ) . 31

Proof 1t follows from (29) and (30) that
k—1

. 1
Ity T Zmy+1 = jeqmin_ (ij + z;+1> 1 Z (z; + z;+1)
=

Therefore, z,,t) < [24/(k — D]1VT and zugy+1 < [24/(k — 1)]/7, which implies
(31). O
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3 CNM with finite difference Hessian approximations

We are now in position to present our cubic regularization of Newton’s method with
finite difference Hessian approximations to problem (3).

Algorithm 1 CNM with finite-difference hessian approximations.

A

Step 0. Given xg, x; € R" (xg # x1), 01,y > 0,0 > 0, set kg = 01/6, y =
max {1, y},and r := 1.
Step 1. Find the smallest integer i > 0 such that 2ig; > 207.
Step 1.1. For
_ 2igmin{flx; — x|, y IV f (xo) I}

hi = . , 32
L ﬁ (Zlgt) ( )
compute
Api = [Vf(xz + hey) — Vf(Xz)’ - Vf(x: + hey) — Vf(Xz)] R (33)
hl‘ hi
and define |
Bimy (Avi+al,). (34)
Step 1.2. Consider the model
1 2iO't 3
Mxl,zfo, ) =) +(Vfx), y —xi) + E(Bt'i(y — X)),y —X) + 6 ly — x|,
and compute an approximate solution xtf ; to the subproblem
min Mxhzim(y), (35)
yeR?
such that
My, 20, (50 = ) and VM, DI < 0 min {1 = 5P 19 £ Gl G36)
Step 1.3. If
2o, o
+ T 3 1 3
) — f(x,,,-) > F”xt’i —x” = Enxt — X1 (37)
and

. 2
19 Gl < (2o max flt =l min {l = xi—1L 21V FGON}] T 39)

hold, set iy = i and go to Step 2. Otherwise, set i :=i + 1 and go to Step 1.1.
Step 2. Set x;+1 = xr Ot+1 = 2i=lg, t:=r+1,and go to Step 1.

1

Remark 1 Conditions in (36), which are similar to those proposed in [5], only require
a decrease of the cubic regularized model and an approximate first-order stationary
point.
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+ for

Remark 2 Notice that condition (37) allows the acceptance of a trial step x,';

which
+ 91 3
fQo) < fOx) = fla)+ EHX[ —xi—1|°.

Consequently, the corresponding sequence { f (x;)},~o may be nonmonotone. Thus,
Algorithm 1 is a nonmonotone CNM. Different nonmonotone variants of CNM have
been proposed in [3, 23, 30]. Specifically, the method presented in [3] is inspired
in the nonmonotone line search of Grippo, Lampariello and Lucidi [17], while the
methods presented in [23, 30] are inspired in the nonmonotone line search of Zhang
and Hager [29].

Lemma 5 Suppose that Al holds. Then, the sequence of regularization parameters
{o,} in Algorithm 1 satisfies

3
0'150'[52<L+9+%) ‘= Omax, (39

forall t > 1. Moreover, the number Ot of calls of the oracle up to the T -th iteration
is bounded as follows:

Or <(n+2 |:2T + log, <2 <L + 6+ 3;;1>) — 10g2(<71)i| . (40)

Proof Clearly, (39) is true for + = 1. Suppose that (39) holds for some ¢t > 1. If
iy = 0, then by Step 1 and the induction assumption, we have

1 301
01 <041 =01 <0 Z2(L+0+—],
2 2
that is, (39) holds for ¢ + 1. On the other hand, if i; > 1, then we must have
. 3
21 g, 52(L+9+%). (41)

Indeed, assuming by contradiction that (41) is not true and using kg = 01/6, it
follows that

ir—1 301
2 oy > 2 L+0+T =2(o1+L+60+3«p).
In this case, by Theorem 1, inequalities (37) and (38) would have been satisfied for

i = i; — 1, contradicting the minimality of i;. Thus, (41) is true. Consequently, by
Step 1 and (41), we have

1 i 301

that is, (39) also holds for ¢ + 1 in this case. This completes the induction argument.
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Finally, note that at the z-th iteration of Algorithm 1 the number of calls of the
oracle is bounded by (n + 2)(i; + 1). On the other hand,

o1 =21, =+ 26+ 1) = (n+2) [2 + log; (07141) — logy(07)] .
Thus,

T
Or < Y (1 +2)i + 1) = (1 +2) [2T + logy(o741) — logy(01)]

t=1
< (m+2) |:2T + log, <2 (L +0+ %)) - logz(al)] ,

where the last inequality is due to (39).

Remark 3 It follows from (40) that

1 +2 3
701 =201+2) + n T ) |:10g2 (2 (L + 60+ %)) —Ing(m)]-

Thus, in Algorithm 1, the average number of oracle calls per iteration, up to the 7'-th
iteration, is asymptotically bounded by 2(n + 2).

The theorem below establishes an iteration-complexity bound of O (6’3/ 2) for
Algorithm 1.

Theorem 2 Suppose that Al and A2 hold. Given € > 0, let {xt}thl be generated by
Algorithm 1, such that

IVFf)l >e, t=1,...,T. (42)
Then,

- [24(f<x1> —fiow) o _xO||3] [4 (L fos 3_;1)}2 3. (43)
a1

Proof Notice that Dirg, = 20441 and, by Step 1, oy > oy for all + > 1. Then, it
follows from (37) that

Or41 [of
Fx) — f(xig1) = ’Tuxm —x? - I—;th —xal} r=1,...,T -1
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As in [5], summing up these inequalities and using the lower bound on f(-) and
o; > o1, we get

f&x) = fiow = fx1) — fxr)

T-1

= > flx) = fxig)

t=1

\Y

T—1 T—1 o
z+1 t 3
> g ||xt+l_xl” E — lxr — xr—1l
6 12
t=1 t=1
T T—1
[ef} O 3
= E — e = xe—1 1P E — e = xe—1 1P _—||xl_x0||
6 12
=2 t=2
r [ef} d (o} o
! 3 1 3
> — || Xy — Xr—1 — X — Xr—1|]” — —||lx1 — X0
E 6IIz -1l E 12”1 -1l 12|| Il
=2 t=2
T
Ot 3
= E —ZIIXz—xz 1 __||x1_x0||

N
||
S}

v

o] o

1 3 1 3
= e = x 0P = =l = xoll,
2 L lloxr+ tll 12|| I

and so

12 ow
Z e — x ) M + [lx1 — xol*. (44)

Let us denote s; := x;4+1 — x;. In this way, we can rewrite (44) as

-1
12(f (1) = fiow
2 sl < w + llsoll*. (45)

Since (43) is clearly true for T € {1, 2}, let us assume that 7' > 3. Define

3 3
re=argminer—ay (15717 + sy 1)

Then, by Lemma 4 with z; = [|sj|l, k = T — 1 and t = 3, it follows from (45) that

max {[Ise, I, lIsr,+11} <

[M —|—2llso||3T e SR
o1 (T _2)%

On the other hand, by (38) and (42), we have

2
2 (or41) max s 41l Ise, I} = 1V f Dl = €
1

€ 2
= max {|ls., I, lse,+1ll} > ( ) . (47)
201,41
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Then, combining (46) and (47), it follows that

(2 € )z B [24(f(x1) — flow) +2”S0”3]3 1 |
Ot +1 o1 (T -2)3

3
€ 2 24(f (x1) = frow) 3 1
- (2Gt*+1> = [ o1 - 2lsol } -2

3
T 2o [24(f(x16) — fiow) 2”&)”3} (2az+1>2 '
1

Finally, using the upper bound on oy, 41 given by Lemma 5, we obtain (43). O

Combining (40) and (43), we obtain the following evaluation-complexity bound.

Corollary 1 Suppose that Al and A2 hold. Then, given € > 0, Algorithm I needs at

3
most O (neff) calls of the oracle to generate an iterate x; such that |V f (x;)|| < e.

As a consequence of Corollary 1, we also have a liminf-type global convergence
result for Algorithm 1.

Corollary 2 Suppose that Al and A2 hold and let {x;};>| be a sequence generated
by Algorithm 1. Then, either exists { such that V f (x;) = 0 or

liminf ||V f(xs)|| = 0. (48)
t—+00

Proof Suppose that V f(x;) # 0 for all + > 1. In this case, by Corollary 1, the

sequence {x;},> has a subsequence {x, }j>1 such that
IVfpl <, (49)
where
1, for j =1,
= | min {4 minizy ot 19 Gl for j = 2.

Since lim;_, y» €; = 0, by (49), we have
lim [V ()] =0,
Jj—>+00
and so (48) is true. O]

Let us now consider a variant of Algorithm 1 in which, besides (36), we require

2iO} +
B + TIIX,,,» = XM = =0llx; — X1 [l1. (50
This means that we will assume that x;fi approximately satisfies the first and
the second-order optimality conditions for a local minimizer of the cubic model
M, 5i,,(-). In this scenario, we can prove second-order complexity and global
convergence results for Algorithm 1.
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Theorem 3 Suppose that Al and A2 hold and let {x,}IT=1 be generated by Algorithm
1 with (36) and (50) being satisfied for all t andi < i;. Given g, eg > 0, if

IVFGOl > € or din (V2f () < e, fort=1,...T, (D)
then

24 (f(x1) — o 3 _
T <3+ [M +2x1 *x0||3j| (max{ /ZUmax»UmaX} + 60+ KI + L) max {ég 3/2,5;13} .
1
(52)

where oyqx is defined in (39).

Proof As in the proof of Theorem 2, we have that

} < |:24 (fx1) = frow)
= o

1
ER
max {[|sy|l, Ise,+1 + 2||So||3} (T—l (53)

where s; = x;41 — x; and

; 3 3
= argmine oo (I + sy 1)

If ||V f(x1,41)]l > €g, then, by (38), we have

2 (o1,11) max {llse, 111l, Ise. 1} > €
1

— max { sl Isel]} > (=5 )
. T 207,41

*

On the other hand, if |V f (x;,+1)|l < €, then, by (51), we must have

~hmin (V2 f i) > €.

In this case, it follows from Lemma 1 that
€H
on+1+0+kp+ L

max {[Isg, 11, lIse, 1} >

Thus, in any case, we have
1

max {,/26,*+1,0,*+1} +0+«kp+ L

Combining (53) and (54), we get

. 172
min 1€,/ ", €y .

(54)

max {[Isg, 11, lIse, 1} >

24 - 3 -
T-2< [M +2||s0\|3:| (max {‘/20,#1,0,#1} +6 +«kp +L) max {eg 3/2, 5213} .
o1

Finally, using the upper bound on oy, 1 given by Lemma 5, we obtain (52). O

Corollary 3 Suppose that Al and A2 hold and let {x,};>| be generated by Algorithm
1 with (36) and (50) being satisfied for all t and i < i;. Then, given €g, ey € (0, 1),
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Algorithm I needs at most O (n max {6;3/2, 6;13 }) calls of the oracle to generate x,
such that

IVFGOI <€ and din (V£ G0) 2 —en.

Consequently, either there exists i such that V f (x;) = 0 and V2f (x;) = 0or

tim inf max {1V £ (<o), =hnin (V2 £ Ge0)) | = 0. (55)

Proof The evaluation-complexity bound follows directly from Theorem 3 and
Lemma 5, while (55) follows by the same argument used to prove Corollary 2. [

Remark 4 From (55), we see that the addition of requirement (50) in Step 1.2 of
Algorithm 1 allows the iterates to escape from nondegenerate saddle points.

Finally, we can establish a local convergence rate under the following additional
assumption:

A3 There exists 1 > 0 such that V2 f(x) > I whenever

o1
FO) =2f () = fiow + £l = xoll*.
Note first that, by (37), we have

o]
Oy = £ = Sl =X I3, Vk>1.

Consequently, for all # > 2, we have

t—1

fFO) = f) =Y fljp) = fx))

j=1

o t—1

1 3

T 2 = xjl
j=1

IA

t—2
= Sl =l + 5 3 g —
j=1

a1
= < ln- xoll®> + f(x1) = fiows

where the last inequality is due to (45). Thus, it follows from A3 that

V2f(x) = pl, V=1 (56)

Using this remark, we can prove the following local quadratic convergence rate for
Algorithm 1.
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Theorem 4 Suppose that A1-A3 hold and let {x;},> be generated by Algorithm 1. If

61 w?
IV £ Gl < min : (57)
s { 2272 +8(9+1)2]amax}
then
u? 1\?
IVFEl < = (—) . Vi=2. (58)
TN = 527 786 + 1 o \2
Proof First, we will show that
2722 + 800 + 1o
IV f Geg )l 5[ e Jomas IV f@oll? (59)

for all > 1. Assume that

IV £ Gl < min | 2 e (60)
’ Ly’ 229212 + 860 + D] oar

for some ¢ > 1. Then, by (32)—(34), Lemma 3, the facts that kg = 01/6 and 2ig, >
2071, and (60), we have

nlL 2
IV2f(x) — By < € fkjﬁ Vrel < & IIVf( Ol = §||Vf(xt)||
< *
-2

Thus, given v # 0, we have

T(V2 e = B) v = 19260 = Billlol® < Sl = o7 (S1) v

== vTvzf(x,)v < i (Bl + %1) v

Thus,
V2 f(x,) < B + %1.

and, by Weyl’s inequality, we get
°
Amin (V f(xt)) =< Amin (Bt) + E

= honin (B) = huin (V3£ () -

Combining (61) and (56), we get

n
7 (61)

1
Amin (Bt) > Amin (V f(xt)> Amin <V2f(xt)) 2 Amin (V f(xt)) (62)
On the other hand, it follows from the second inequality in (36) that
IVM,, 2itg, e DI < OV f ) (63)
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where
ir

2l g,
VM, sitg,(Xe+1) = V f(x1) + By (xe41 — x0) + T[Hx,_,_l = x| (g1 — x1)

From the last equality, we get

rg;
<Bz + ) : X 41 — xt||1> (X1 = X)) = VM, girg, (X141) — V f(xe)

A Ot

2

-1
X 4+1 — xt”I) (VM_xt’Zl‘tg't (xr+1) — Vf(xt)) .
(64)

= Xi4l — Xt = — (Bt+
Then, by (64), (62) and (63), we have

Zi’at -
B, + T”xt—H — x|l (VMxt’zito'[ (xr+1) — vf(xt))

lxr 41 — x| = ‘

- VM, oirg, (Xi41) — V f (x0) |

N Amin (Bt)
- 2IVM,, gir g, (Xe41) — V f ()]
B Amin (sz(xt))
- 2(IIV My, pir g, e DI+ IV F 1)
B Amin (sz(xt))
20+ D ||V
Amin (V f(xt))
Now, combining (38), (39) and (65), and recalling that Qg = 20441, it follows that
. N 2
IV F Dl < 20max max {[lx41 — x|, min {|lx; — x,—1 1, PIVf )l }}

~ 2
20max {11 = X, PNV f )}

) 200+ DIV fx)l
Omax
Amin (V2 f (x1))

{z<9+1) Ar
—73/
I

IA

IA

2
, ?IIVf(xt)II}

IV £ (xo)lI?

80 + 1)?
<2;>2 + %) Omax IV f (x0) 1

27%u? + 80 + 1H?] o
< [ e Jmas IV £l

Moreover, by (60), we also have

IA

20max Max

IA

(292142 + 80 + 1] o w?
2 2[2921% + 80 + D?] Omax

1
IVfGeDIl = VGOl = IV f @l

6t u?

or . 66
Ly 2 [2]/2#2 + 8(0 + 1)2] Omax (©0

< min
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Thus, by induction, (59) holds for all ¢t > 1.
Denoting
[29%14% +8(0 + 1D*] omax

81:2 b ”Vf(-xl)”»
M

it follows from (59) that
Sip1 <8 Vi > 1.
Moreover, by (57), we also have
[272142 4+ 8(6 + 1)?] omax

81 = 3 IVf@oll =
n

1
>
Therefore, for all ¢t > 2,

u? 1 o

S <
20262 + 80 + D omar  — [27242 + 86 + )] omar |

IVl = [

= s o (3).
T 29262 + 800 + 1)?| omax \2/

and the proof is complete. O

4 lllustrative numerical experiments

In this section, we present preliminary numerical results obtained by an Octave
implementation of Algorithm 1. Our code corresponds to Algorithm 1 with the addi-
tional condition (50). Regarding the parameters, we used o1 = 1,60 = 10, y =
6|V f(x)|~" and ||x; — xo|| = 6, resulting in & = 1//n. Each cubic subproblem
(35) is approximately solved by a monotone BFGS line search method using as initial
point the approximate solution generated by 10 iterations of the method described in
Section 6.1 of [8]. In our first experiment, we applied the referred code to a set of 10
nonconvex test problems formed with functions from [21] (each problem with two
choices for the dimension n), using the following stopping criterion:

IVl < e. (67)

The results are shown in Table 1, where T (¢) represents the number of iterations
required by the code to satisfy the stopping criterion (67), O(e) represents the
corresponding number of calls of the oracle (function evaluations plus gradients
evaluations), and D(¢) is defined as

O (e)
D(e) i =————.
T(e)(n+2)
From Table 1, we can see that all problems were solved in the sense of condition

(67). Moreover, except for Problem 10, D(¢) is approximately bounded by 2, which
is in accordance with Remark 3, made about Lemma 5.

(63)

3The choice of performing 10 iterations was done based on a few preliminary numerical tests. Running the
method in [8] with this number of iterations often provided a very good initial point for the BFGS method.
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Table 1 Numerical results of an implementation of Algorithm 1

e=10"2 e=1073

PROBLEM (n) T (¢) O(e) D(e) T (e) O(e) D(e)

1. Extended Rosenbrock (8) 42 882 2.1000 45 942 2.0933
2. Extended Rosenbrock (16) 44 1640 2.0707 47 1748 2.0662
3. Extended Powell Singular (8) 14 252 1.8000 49 952 1.9429
4. Extended Powell Singular (16) 23 884 2.1353 67 2468 2.0464
5. Penalty I (8) 13 252 1.9385 172 3462 2.0128
6. Penalty I (16) 16 578 2.0069 196 7112 2.0159
7. Penalty II (8) 8 192 2.4000 71 1462 2.0592
8. Penalty II (16) 17 722 2.3595 212 7724 2.0241
9. Variably Dimensioned (8) 14 372 2.6571 16 392 2.4500
10. Variably Dimensioned (16) 18 902 2.7840 23 1496 3.6135
11. Trigonometric (8) 5 82 1.6400 8 122 1.5250
12. Trigonometric (16) 6 200 1.8519 8 236 1.6389
13. Discrete Boundary Value (8) 1 12 1.2000 8 82 1.0250
14. Discrete Boundary Value (16) 1 20 1.1111 23 416 1.0048
15. Discrete Integral Equation (8) 2 22 1.1000 3 32 1.0667
16. Discrete Integral Equation (16) 2 38 1.0556 3 56 1.0370
17. Broyden Tridiagonal (8) 4 42 1.0500 5 52 1.0400
18. Broyden Tridiagonal (16) 4 74 1.0278 4 74 1.0278
19. Broyden Banded (8) 6 132 2.2000 7 142 2.0286
20. Broyden Banded (16) 7 272 2.1587 8 290 2.0139

According with Theorem 2, the number of iterations 7T (¢) satisfies T(e) <
Cy, A€73/2 where the constant C 1.4 > 0 depends on the problem and the parameters
used in Algorithm 1. As pointed in [15], by assuming that

T(e)=Cyrae’, €>0,

we can estimate p numerically using the formula

1 T(e/T)
P = log() 1°g< T(e) ) (©9)

where T > 1. We estimated the complexity power p for the problems in Table 1
considering T (¢) and T'(¢/7) with € = 1072 and v = 103. The results are given in
Table 2.

As we can see, the estimated power p in all problems is much smaller than 3/2,
which agrees with Theorem 2. In particular, the largest power obtained was p =
0.4539. This result illustrate the very pessimistic aspect of the worst-case complexity
bounds in the nonconvex setting.
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Table2 Numerical estimation of the complexity order p in 7' (¢) = Cr, €~ ”. The largest power obtained
was p = 0.4539 for Problem 14

PROBLEM (n) T (e) T(e/7) p

1. Extended Rosenbrock (8) 42 45 0.0100
2. Extended Rosenbrock (16) 44 47 0.0095
3. Extended Powell Singular (8) 14 49 0.1814
4. Extended Powell Singular (16) 23 67 0.1548
5. Penalty I (8) 13 172 0.3739
6. Penalty I (16) 16 196 0.3627
7. Penalty 1I (8) 8 71 0.3161
8. Penalty II (16) 17 212 0.3653
9. Variably Dimensioned (8) 14 16 0.0193
10. Variably Dimensioned (16) 18 23 0.0355
11. Trigonometric (8) 5 8 0.0680
12. Trigonometric (16) 6 8 0.0416
13. Discrete Boundary Value (8) 1 8 0.3010
14. Discrete Boundary Value (16) 1 23 0.4539
15. Discrete Integral Equation (8) 2 3 0.0587
16. Discrete Integral Equation (16) 2 3 0.0587
17. Broyden Tridiagonal (8) 4 5 0.0323
18. Broyden Tridiagonal (16) 4 4 0.0000
19. Broyden Banded (8) 6 7 0.0223
20. Broyden Banded (16) 7 8 0.0193

In our second experiment, we applied our implementation of Algorithm 1 for the
two-dimensional problem [19]:

m%an fx) = (1/hx] 4+ (1/4)x5 — (5/3)x; — (5/3)x3. (70)
xXe

It is worth mentioning that the objective f(-) in (70) has a global minimum at x* =
[55 ]T, a degenerate saddle point at [0 0 ]T and nondegenerate saddle points at

[50 ]T and [0 5 ]T. We considered seven starting points close to the saddle points
of f(-). The results are shown in Table 3, where xr denotes the final point returned
by our code. As we can see in Table 3, for all starting points, Algorithm 1 returned a
point x very close to the global minimizer x*, escaping from the saddle points. With
respect to the nondegenerate saddle points, this result is in accordance with Remark
4, made about Corollary 3.

In our final experiment, we applied our code to />-regularized logistic problems of
the form

m

min £,,(0) i= = Y, [6© log(e: @) + (1 =6 log(1 — (@™ | + S x113.

xeR? £
i=1

(71)
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Table 3 Numerical results for Algorithm 1 applied to problem (70) with € = 107>

X llxp —x*|l T(e) O(e) D(e)

T

[4.9 —0.1] 4.9934E-11 6 26 1.0833
[5.1 001 ]T 2.3653E-08 6 30 1.2500
[4.99 0.01 ]T 1.3076E-09 6 30 1.2500
[ 0002 51 ]T 4.7686E-09 6 30 1.2500
[0.001 5T 7.3187E-09 5 26 1.3000
[0.001 0.1 ]T 9.5072E-10 11 70 1.5909
[0.001 —0.001 ]T 3.3821E-09 1 70 15909

where {(a®, b®)}" | C R" x {0, 1} is the dataset, cx(a) := 1/(1 + e~(@*)) is the
logistic model, and © > 0 is the regularization parameter. The objective function
Sfu(-) in (71) is p-strongly convex and has Lipschitz continous Hessian. Therefore,
fu(+) satisfies assumptions A1-A3. We considered the Breast Cancer Wisconsin

CRERN
K \

o8 | iy
£ 100 :

0 5 10 15 20
Number of Iterations

Fig.1 Behavior of ||V f,,(x;)|| as a function of the iteration counter ¢
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dataset [25]* with n = 10, m = 683 and aY) = 1fori =1,...,m. As starting point

weused xo = [0 ... O]T € R!°. Figure 1 shows the behavior of {||V f,, (x/)||} for
n € {0.1, 1, 5}. The curves confirm the quadratic rate of convergence established in
Theorem 4.

5 Conclusion

In this paper, we presented a new variant of the cubic regularization of Newton’s
method (CNM) with Hessian matrices approximated by forward finite difference
Hessians. The method is designed for the unconstrained minimization of twice dif-
ferentiable functions with globally Lipschitz continuous Hessians. The stepsizes that
define the finite difference approximations are adjusted jointly with the regulariza-
tion parameters of the cubic models. Specifically, at the 7-th iteration, our method
approximates V? f (x;) by a matrix B; such that

IV2 £ (x) = Bill < O (min {Jlx; — x,—1, IV £ G-

A similar approximation has been considered in [27] in the context of a CNM
variant with inexact Hessians. However, the method analyzed in [27] requires the
knowledge of the Lipschitz constant (used in the regularization parameter) and also
the exact solution of the subproblems. In contrast, our method uses a nonmono-
tone line search procedure to update the regularization parameters and allows the
inexact solution of the subproblems. We proved that the proposed method needs

at most O (neg_ 3 2) calls of the oracle to generate an €,-approximate first-order

stationary point of the objective function. Moreover, we showed that the method

needs at most O (n max {e£3/2, 6;13

approximate second-order stationary point. We also proved a quadratic convergence
result for the proposed method. Finally, we presented illustrative numerical results,
which confirmed our theoretical findings.

}) calls of the oracle to generate an (g, €p)-
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