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Abstract

The topic of this paper is the pricing and hedging of options on small capitalization stocks. Such
stocks tend to exhibit two features. The first is the presence of motionless periods in their prices. It
is a consequence of a lack of liquidity, since these stocks are not heavily traded. The second is the
occurrence of clustered sudden moves in the price at the times the stock is traded. The model we
propose is therefore a self-exciting Hawkes jump-diffusion process that is time-changed by the inverse
of an alpha-stable subordinator, a process that exhibits motionless periods. This article is divided into
two parts. In the first part, we prove that, when adding some information to the inverse alpha-stable
subordinator, we obtain a Markov process. This result allows us to obtain the dynamic framework we
need to establish a hedging strategy. In the second part, we deal with the pricing and hedging of options.
To this end, we derive a fractional partial differential equation (FPDE) for the Fourier transform of
the log asset price. We introduce a finite difference method to solve this FPDE. Prices of options can
be obtained by a numerical inversion of the Fourier transform with a fast-Fourier transform algorithm.
Changes of measures are then discussed, as well as an optimal quadratic hedging strategy for options.
Finally, the last section of this paper presents some numerical experiments.

Introduction

Illiquid assets, for example in emerging markets, are characterized by periods of time without any trade,
and thus without movement in their prices. Properly taking into account this feature require stochastic
processes that exhibit motionless periods. In this regard, usual models that involve Brownian motions or
more general Lévy processes do not seem appropriate, as such processes move all the time. This problem also
occurs in physical systems exhibiting sub-diffusion. The periods without trades correspond to the trapping
events in which the subdiffusive particle gets immobilized. Subdiffusion is thus a well known phenomenon in
statistical physics. The usual mathematical tool for this phenomenon is fractional calculus. More precisely,
the density of a subdiffusive model is characterized by a fractional partial differential equation (FPDE), as
in Barkai, Metzler, and Klafter (2000), Metzler and Klafter (2004) and Metzler and Klafter (2000). That is,
the partial derivative with respect to time is replaced by a fractional derivative. This particular equations
are also called fractional Fokker-Planck equations. Due to the link between the subdiffusive behaviour and
fractional calculus, we also refer to subdiffusive models as fractional models. Subdiffusive dynamics can also
be obtained by the technique of time-change, as in e.g. Ketelbuters and Hainaut (2022). A subdiffusion is
obtained when a standard diffusion process is time-changed by the inverse of an a-stable Lévy process. This
approach is used in Magdziarz (2009) to obtain a subdiffusive version of the famous Black and Scholes model
and to show that vanilla option prices can be computed by numerical integration. It is also established that
despite the Black and Scholes market being complete, its subdiffusive counterpart is not, since more than
one risk neutral measure exist. Hainaut and Leonenko (2021) propose an extension to a subdiffusive jump
diffusion model, for which option prices can be computed by solving a fractional partial integro-differential
equation. This equation is similar to Dupire’s forward partial differential equation (PDE) for call prices.
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A feature that often characterize financial data is the clustering of certain events. Events that are typically
clustered are jumps in the asset prices and defaults of companies. As an example, we can cite the 2008
economic crisis. The collapse of Lehman Brothers brought the financial system to the brink of a breakdown.
The important economical consequences indicates the existence of a propagation phenomena that is channeled
through the complex economic system. Self-exciting point processes, also called Hawkes processes, allow to
mathematically take into account this phenomenon of contagion. This approach finds its origins in the
papers Hawkes (1971a) and Hawkes (1971b), as well as in Hawkes and Oakes (1974). The arrival of events
is ruled by an intensity process which represents the instantaneous probability of occurrence. In the most
common and simplest setting, the intensity process suddenly increases when an event occurs. Motivated by
the 2008 crisis, the Hawkes process approach was used in Errais, Giesecke, and Goldberg (2010) to model
the spillover effect between defaults. Self-exciting processes were also used in Ait-Sahalia, Cacho-Diaz, and
Laeven (2015) to model the clustering of jumps in the prices of financial assets or in Hainaut (2016b) and
Hainaut (2016a) for modeling the term structure of interest rates. The pricing and hedging of vanilla options
when the asset is driven by a self-exciting jump diffusion was studied in Moraux and Hainaut (2018). More
precisely, this article shows that the Fourier transform of the log-asset price is described by a system of
ordinary differential equations. After having solved this system numerically, the method of Carr and Madan
(1999) is used to invert the transform with a fast Fourier transform (FFT) algorithm, leading to the option
prices.

A self-exciting model that exhibits subdiffusive behaviour was introduced in Hainaut (2020) under the name
of fractional Hawkes process. It is shown in Ketelbuters and Hainaut (2022) that such a process can be
calibrated to credit default swaps by solving numerically a FPDE that characterizes the associated Laplace
transform. The fractional Hawkes process is obtained by time-changing a Hawkes process, which is similar
to the work of Magdziarz (2009) with the Black and Scholes model. More precisely, the time-change used
for subdiffusions is a process (S;)i>0 defined as Sy := inf{r > 0 : U, > ¢}, where (U;);>0 is an a-stable
subordinator, i.e. an increasing Lévy process to be described with more details hereinafter. In other words,
(St)t>0 is the inverse of the a-stable subordinator (U;)i>o. (St)i>0 is of course nondecreasing, since S; is
defined as the smallest time (U;)¢>0 goes above the level ¢.

We refer to (S;)¢>0 as a time-change and not as a subordinator because it is not a Markov process, and
thus not a Lévy process either. Related to that, the practical use in finance of such a time-change suffers
from a twofold problem: nothing can be said about the distribution of S; conditional on S, s < t. Even
worse is the fact that even if the distribution of S; given S, could be known, the fact that (S;):>0 is not a
Markov process would make this distribution irrelevant. This is of course a significant problem if, as often,
one wants to re-evaluate a financial product after it is issued. A solution to the first part of this problem
was proposed in Hainaut (2021). More specifically, Hainaut (2021) shows how to determine the distribution
of S; conditional on (Ss,Ug,), s < t. That is, we have to adjunct the additional information on the last
known value Usg,_ of (Ug,)t>0, which represents the actual value reached by (U;)i>o on the first time it goes
above the level s. This solution provides an insight for the second part of the problem, which becomes: Is it
relevant to use the distribution of Sy given the last known values (Ss,Us,)? As a matter of fact, it could be
that the distribution S; seen from time s € (0,t) depends on some values (S, Us,) with u < s, leading to a
loss of information. The first main contribution of this paper is to show that the answer to the question in
italics is yes. We show that even though (S;):>0 is not a Markov process, the bivariate process (S, Us, )t>0
satisfies the Markov property, ensuring that the approach of Hainaut (2021) does not suffer from any loss of
information.

The second main contribution of this paper is a method for pricing vanilla options when the asset model
is both self-exciting and subdiffusive. We obtain such a model by applying the technique of time-change
mentioned above on the self-exciting jump diffusion asset model of Moraux and Hainaut (2018), leading to
what we call a fractional (or subdiffusive) self-exciting jump diffusion model. We show that the Fourier
transform of the log-price is ruled by a FPDE. Inspired by the finite difference method of Alikhanov (2015),
we propose a numerical method to solve the aforementioned FPDE and show that its error is (at least) of
order 2. Then, we compute vanilla option prices by numerical inversion of the transform with the help of a
FFT algorithm.

The third contribution of this paper is to tackle the question of the hedging of contingent claims in a



fractional self-exciting jump diffusion setting. As the market is incomplete, a perfect replication of all the
contingent claims is impossible. In this case, we aim at approximating the payoff of the contingent claim by
a self-financing portfolio (or self-financing strategy) that minimizes the expected squared hedging error, as
in e.g. Follmer and Sondermann (1985) and Cont, Tankov, and Voltchkova (2012). Unlike approaches based
on other loss functions, quadratic hedging yields linear hedging rules that are very convenient to implement,
see Schweizer (2001). Relying on the predictable representation theorem for square integrable martingales
of Kunita and Watanabe (1967), we derive the existence and uniqueness of an optimal quadratic hedging
strategy for any square integrable contingent claim. Moreover, if the payoff of the contingent claim is not
path dependent, i.e. if it depends on the final value of the asset only, we give an explicit formula for this
optimal quadratic hedging strategy. In particular, we deduce the hedging strategies for call options.

This paper is organized as follows. In the first section, we describe precisely the model we propose. In the
second section, we deal with the Markov property of (S;, Us, )¢>0. To do so, we derive some properties of the
processes that are involved and study the different filtrations that arise in our setting. In the third section,
we derive a fractional partial differential equation for the transform of the log-asset price. In the fourth
section, we describe a whole class of risk neutral measures. As a consequence, the market is arbitrage free
and incomplete. In the fifth section, we propose a numerical method based on finite differences that allows
to solve numerically the fractional partial differential equation derived in the third section. Furthermore, we
show how the results of this method can be used to retrieve the price of a call option under a particular risk
neutral measure. In Section 6, we deal with the optimal quadratic hedging of contingent claims. Finally, the
last section presents our numerical results that consist of call option prices and implied volatilities computed
with the method we proposed.

0.1 The Model

This first section is dedicated to the precise introduction of the model we use. For a technical reason, the
probability space (€, F,P) is assumed to be the product of two complete probability spaces (1), F(1) P(1))
and (Q®), F®) P(R)). The first probability space (Q1), F1) PMW) carries the non-fractional model which, as
mentioned in the introduction, is the same as in Moraux and Hainaut (2018). The other probability space
carries all the processes related to the time-change operation (the a-stable Lévy process and its inverse). The
introduction of the model with two probability spaces is the reason why the different stochastic processes
will be indexed by a superscript (i) indicating on which probability space they live (¢ = 1,2). This gives a
little cumbersome notations at the beginning of this article, but the product space construction is crucial to
simplify the proof of one of our results (this result is Proposition 0.17).

Let (A,(fl))go be a stochastic process on (1), F() P()) that satisfy the following stochastic differential
equation (SDE)
aal’

iy — ocdW M +dDM — AVE[e€ — 1)dt, (1)
t_

where (W");50 is a standard Brownian motion on (1), F1) PM). The processes (J\);z0 and (AM)is0
are defined as we explain now. Let (Nt(l))t>0 be a pure jump process with jumps of size 1 and inten-
sity (/\gl))@o and &1,&, -+ =qit € be independent and identically distributed random variables whose

distribution is given by the probability measure v on (R, Bg). We assume that the jumps &;,&o,... are
double-exponential random variables. That is, the probability measure v is of the form

v(B) := p/ pTe P+*dz — (1 —p)/ p e P-2dz (2)
BAR+ BNR-

where p and (1 — p) are respectively the probabilities to observe upward and downward jumps and p; > 0,
p— < 0 are the jump size parameters. The average upward jump size is 1/py > 0 whereas the average
downward jump size is 1/p_ < 0. Overall, the expected size of a jump is E[¢] = p(1/p4) + (1 — p)(1/p-).
The joint moment-generating function of (&, |£|) will be needed in the subsequent developments and is denoted



by ¥. From Equation (2), we have

P(z1,22) =K [ezlfﬂzlél}

_ 3)
e e R P
provided that (z1 4+ 22) < p4 and (21 — 22) > p_. We set
N N N®
D=3 - g =% LY =3l ()
k=1 k=1 k=1
and define the stochastic intensity process (/\il))tgo as
AV = k(0 — A\t + paL. (5)

Finally, we define the log-price of the stock as the process (Xt(l))@o = (In Agl))@o. Using Ito’s Lemma, we
have

2
ax® = (u - % — AR — 1]) at + odw M + dg. (6)
This relation implies that
(1) (1) o? ! (1) (1)
A=A exp{(u2)t]}3[e£1]/ AVds 4+ oW + g3 } (7)
0

This completes the introduction of all the stochastic processes defined on (M), F(U) P(1) Let (Ut(z))t>0 be
an a-stable subordinator on the probability space (Q2(2), F(2) P(2)). The process (Ut(Q))@o is thus a strictly
increasing Lévy process whose Laplace transform satisfies

a

E[ewafz)} — eftw
for some « € (0,1). We denote by (St(z))@o the inverse of (Ut(2))t>0, that is
575(2) =inf{r >0:UP >t}

for each ¢t > 0. The paths of (S, @ )t>0 are nondecreasing P®)-a.s., but not strictly increasing. Note that
(S, (2 ))t>0 has continuous paths P(®)-a.s., which is a consequence of the strictly increasing paths of (U(z) £>0-

)=
Let (€, F,P) be defined as follows: Q = QM) x Q) F = F) @ F2) and P(B; x By) = IP’(l)(Bl)IP’(z (Bs)
for any By x By € FM) x F2). The process (A¢)i>o is defined on (Q,F,P) as Ay(wi,ws) = t ( 1)
all (wy,wz) € Q. The process (Up)i>o is defined as Uy(wy,ws2) = Ut@)(wg). The other processes (A¢)i>o,
(J1)t>0, (St)i>0 and the others are defined similarly. This construction obviously implies that the processes
(A¢)i=0 and (Up)>o are independent. The null sets of (2, F,P) are denoted by A. By the assumption of
completeness of the probability space, we obviously have N' C F.

for

The stock price is represented by the time-changed process (Ag,):>0. Figure 1 displays examples of paths
for the asset price (As,)i>0 (or (At):>0 in the bottom right non fractional case) for different fractional orders
a. The cases a < 1 exhibit motionless periods, corresponding to the absence of trade for the asset. This is
the feature that allows to take into account the potential illiquidity of the asset. Observe that when « is
smaller, the periods of illiquidity tend to last longer.
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Figure 1: Five simulated paths for fractional order varying from 0.7 to 1. A fractional order equal to 1
corresponds to the non fractional model (no time change).

alpha=0.7

alpha=0.8

200

150

1004 &

50 4

T T T T
0.0 25 5.0 7.5

alpha=0.9

T T T T T
0.0 25 5.0 75 10.0

alpha=1

T T T
0.0 25 5.0

T T T T T
0.0 25 5.0 75 10.0




0.2 Markov property of the time-change process

We denote by (FY )0 and (F;)¢>o the natural filtrations of (U;)i>o and (Si)i>0. Note that all the natural
filtrations are assumed to contain the null sets N'. The a-stable subordinator (U;)¢>o admits a PDF that we
denote by py(t,7) = %P(Ut < 7). This PDF satisfies the representation

+

8

_1)k
k!

D(1 + ka)7~ ARk gin(rak)

3=

bu (t7 T) =

b
Il
o

for 7 > 0. See e.g. Proposition 3.1 in Gupta and Kumar (2022) for a proof. As a consequence, the
subordinator (U;);>o has strictly increasing paths P-a.s.. Note that being a Lévy process, (U)o is also a
Feller process, for which the reader is referred to the Chapter 3 of Revuz and Yor (2004). If we consider
(Ut)t=0 as a Feller process, any initial distribution can be considered for Uy. For a random variable X and a
\/t>0 FY-measurable random variable Z, we write EX[Z] for the expected value obtained for Z if the initial
distribution of Uy is the distribution of X. When no superscript is added on the expectation operator, we
consider Up = 0 P-a.s., i.e. E[Z] = E°[Z] and (U;);>0 is then a Lévy process.

The next proposition gives some further basic properties of (U)o and its inverse (S;)¢>o0-
Proposition 0.1. (i) For anyt >0, S; € {T > 0: U, >t} P-a.s., so that Us, >t P-a.s..

(i) For any t > 0, Sy is an P-a.s. finite stopping-time with respect to the filtration (F{)i>0. Moreover,
SUp, >0 Su < +00 P-a.s..

(751) (Si)i>0 has continuous paths P-a.s..

Proof. (i) By definition of Sy and the definition of infimum, there is a random sequence 7,, € {7 > 0: U, >t}
such that 7,, | S;. By the right-continuity of (U;)r>0, we have lim,,_, 1o, U, = Usg,. Since U,, > ¢ for all n,
we also have lim,_, 4 U,, =Us, > t.

(i) That S; is a stopping-time is a consequence of {S; < s} = {Us >t} € FV for all s > 0. Let us prove
that it is finite a.s.. For any fixed ¢ > 0,

P(S; < +o0) =P (U {8 < n})

neN

neN

where we used that {S; < n} = {U,, > t}. Moreover, since the process (U;)¢>0 is increasing, the sequence of
events ({U,, > t})nen is increasing. As a consequence, the continuity of probability measures implies that

P <U{Un > t}) = lim P(U, >t).

n—-+o0o
neN

Since (Us)s>o is an a-stable process, the random variables U, and n'/®U, share the same probability
distribution, thus

. . t
lim P(U, >¢)= lim P <{U1 > nl/a}) .

n—-+o0o n—-+oo

Again, the sequence of events ({U1 > nl% })neN is increasing so that the continuity of probability measures
yields



This proves that S; is a.s. finite. As a consequence of the nondecreasing paths of (S:):>0, the sequence of
events ({S, < +00})nen is decreasing. Therefore, the continuity of probability measures implies

P (SupSu < +oo> =P (ﬂ {S, < +oo}>

uz0 neN
= lim P(S, < +o0) =1,
n— oo

which concludes the proof of (ii).

(#93) A proof of the right-continuity of (S;):>0 is given at Lemma 4.8 in Chapter 0 of Revuz and Yor (2004).
We show now that the left-continuity can be obtained as a consequence of the strictly increasing paths of
(Lh)t>0. Let

A :={w € Q : the function ¢ — Uy(w) is strictly increasing}

and
By := {w € Q : the function ¢ — Si(w) is left-continuous}.

Let w € A and assume by contradiction that w ¢ B;. Then there would be some ¢ > 0 such that for all
e >0,
Si(w) — Si—e(w) >n.
It implies that
Us,(w)—etn(@) = Us,(w)-<(w) <&
Letting € decrease to 0 yields
Uisy(w)+m—(w) = Us,(w)-(w) <0,

where of course U;_ denotes the left limit limg: Us. As a consequence, we should have

Us(w) = Uts,()+m- (W) = Us, () (W)

for all s € (St(w), St(w)+n), contradicting that w € A. This proves that A C B; and hence the left-continuity
of (S¢)i>o0 follows from the strictly increasing paths of (Uy)i>o. O

Revuz and Yor (2004) also note that S;_ = inf{s > 0: U > t}, but since (S;)¢>0 is left-continuous by (#47)
in Proposition 0.1, we have

Sy=inf{s >0:U; >t} =inf{s > 0:Us > t}.

As (Si)i>0 is a nondecreasing process, Proposition 0.1 (4¢) implies that it is has bounded variation. Since it
has continuous (and thus cadlag) paths, Proposition 0.1 (i) also implies that (Si)¢>0 is a semimartingale.
Moreover, having proved that S; is a stopping-time for any ¢ > 0, we can introduce the stopped sigma-
algebras

Fe ={AeFL An{S; <u} e F] forall u>0},

where FU = \/t>0 FY. Since for any 0 < s < t, Sy and S; are stopping-times that satisfy Sy < S; a.s.,
it is clear that the collection (.FSUf )i>o0 of sigma-algebras is a filtration. We also introduce the filtrations

(FY%)>0 and (ftS’UOS)@o to be the natural filtrations of respectively (Us, )i>0 and (St, Us,)t>0. The next
proposition shows that (]:sUt )i>0 is finer than the natural filtration of (S¢)¢>0.

Proposition 0.2. For allt >0, .7-",55 C fgt.



Proof. Fix any r € R and 7 < t. We start by showing that {S, <7} N {S; <u} € FY for all u > 0. To this
end, note that {S; <r}N{S: <u} ={U, 27} n{U, >t} Ifr > u, then

{U, 2t} Cc{U, 2t} Cc{U, > 7}

so that {U, > 7} N{U, =t} = {U, >t} € FY. If r < u, it is clear that {U, > 7} N {U, >t} € FU.
This allows us to conclude that {S; <r} € FY . Since the intervals of the form (—oo, r] generates the Borel
o-algebra Bg, it implies that for any B € Bg and 0 < 7 < ¢, we have

{S, € B} e F§.

The conclusion follows. O

Similarly, we can define the o-algebra of events that happen before the stopping-time S; as
Fo_=Flvo{An{s< S}: AeF! seR"}.

It is well known that fg;7 C ]—'SUt, for all t > 0. Finally, we will also use the stopped processes (Us“/)@o that

S
are defined as

Us, ifs>=8S
Uft . {USI if s < St } - U81{5<St} + U5t1{525t} = Ushs, -
s t

We give now some intermediary results that will be useful to prove that the bivariate process (St, Us, )i>0
is a Markov process with respect to its natural filtration (]-"ts ’UOS)t2O. Before stating and proving these
results, let us stress their purpose. The proof of the Markov property of (S, Us,)i>0 relies on the strong
Markov property of the Feller process (U;)i>0, which states that such processes renew themselves at stopping-
times. When stopping (Uy;)¢>0 at the stopping-time Sy, the relevant o-algebra is the stopped o-algebra ]:é[’]f,'
However, as mentioned before, we want to prove that (S¢, Ug, )1>0 satisfies the Markov property with respect
to its natural filtration (]-'ts ’Uos)t>0. The first goal of our preliminary results is thus to establish that
both filtration (F.° ’Uos)t>0 and (FY )i>o coincide. The other goal of the preliminary results is to express
some events of interest as countable unions or intersections of more simple events to prove that they are
measurable.

Lemma 0.1. Let N denote the collection of all null sets in the probability space (2, F,P). Then for each
t > 0 it holds that
F§ =0(S, U ) VN,

t

where (S, US) denote the sigma-algebra generated by the random wvariable S; and the stopped process
(UZ)s0-

Proof. First part. The first step is to prove ]-"gt D o(Sy,U%) VvV N. By Proposition 0.2, it is clear that
.FSUt D o0(S;). By the assumption of completeness of the probability space, it also holds that ]—“g o N.
Therefore, the first step will be completed by proving that F. sUt D o(U%). Fix s > 0 and B € Bg. For any
u =0,

{US € BYn{S; <u}

({UsfeB}ﬂ{St ul N {S < }) ({UStEB}ﬁ{St u}ﬂ{St>s})
({Ust eBIN{S: < u/\s}) ({U e BYn{S; <u}n{S; >s}>

Theorem 6 (P 5) in Protter (2005) implies that {Us, € B} € F§ and consequently that {U* € B} N {S; <
uAsteFY, C FY. Moreover,

u/\s

1] ifs>u
{USEB}Q{Stgu}m{St>S}{{UeB}m{U >t n{U, >t} ifs<u}€fg'



It follows that {U?* € B} N {S; < u} € FY, which proves the first inclusion.
Second part. The second step is to prove .th C (S, U%) v N. Define

A:={AeFY E14|FS] =E1a|o(S:, U) VvV N]}.
Clearly A is a A-system that contains A. Let C be the collection of subsets

C:= ﬂ{Utj €Bj}:neNt; €eRY,Bj € B

j=1
This collection is a 7-system that satisfies o(C) VN = F{. For C € C,

n
E(lc|FS) =E | [] 1, enn | 7S,

j=1

n+1 n

= Z E 1{Sfe[tk—lﬁtk)} H 1{Utj €B;}
k=1 j=1

U
Fs, |

where 3 and ¢,,4+1 have to be understood as 0 and +oco respectively. Note that

. ) _ Ysiettea iy My s em,y 1T <k
{St€ltk—1:tr)} H{Ur; €B;} —

Lisieltnr )} LU, vs, 8,y T2k
Moreover, by the F§ -measurability of the random variables S; (Proposition 0.2) and Uy, s, = Utb; t (first

part of this proof), we deduce that 1es,ety 1t} 1{Us rs,€B,} 18 ]—"SUt—measurable whenever j < k. As a
iASt
consequence,

n+1 k—1 n
U U
E1c|FE] =Y sy || Liv,, rs,eB}E 11 Liv,,ys,e8,3|Fs,
k=1 =1 =k

Let Z be the FY -measurable random variable H;;k L, us,)_s,eB;}- Then
5 ,

n
H 1{Utj\/5t€Bj} = Zoest,
j=k

where (6;)¢>0 denotes the translation operators defined as 0;(Us) = Us4+ (see Revuz and Yor (2004), Chapters
1 and 3). From Theorem 3.1 in Chapter 3 of Revuz and Yor (2004), we have

E[Zo0s,|F5] =EYs:[Z],

and thus
n+1 k—1
E[1c|F§)) = Z 1is,elterte)} H ]-{U,,jAstij}EUst [Z].
k=1 j=1

Since F. é[‘]t D o(Sy, US) VN, the tower property for conditional expectations gives

E(lc|o(S:, US) vV N] = E[E[1c|FS]|o(S:, US) v N]

nt! k—1
= ZE 1{St€[tk—1,tk)} H 1{UtjASt€Bj}EUSt [Z] U(St, US‘) VA
k=1 i1
ntl k—1
= Z 1{St€[tk—17tk)} H 1{UtjASt€Bj}EUSt [Z]
k=1 j=1
= E[1o|75],



where the third equality comes from the o(S;, U%)-measurability of the random variable in the conditional
expectation. From Dynkin’s - theorem, we conclude that o(C) C A. Since o(C) VN = FY, it implies that
FY = A. As a conclusion, for any A € .7-"};{, A € A and therefore

14 =E[14|FY] = E[14]o(S:, US) VN,
so that A € o(S;, U%) vV N, concluding the proof. O

FUeS.S

In the following, we write (F°%);>0 for the natural filtration of the process (Us,)i>0 and (F; )i>o for

the natural filtration of the bivariate process (Us,, St)¢>o0-

Lemma 0.2. Forallt >0,

(i) F§, = o(F§,_,Us,),
(i) F§_ CFP.

Proof. (i) Recall that the F§ -measurability of Us, follows from Theorem 6 (P.5) in Protter (2005). Therefore
we just have to prove that F§ C o(FY _,Us,). By Lemma 0.1, F§ = o(S¢,US) VN, so that we will prove
that o(Fg, _,Us,) contains both o(S;) and o(U®*). From the definition of F§, _, clearly {S; > s} € F§ _
for all s > 0, so that o(US) C o(F§,_,Us,). For the second inclusion, note that for any s > 0 and B € Bg,
one has

{U% ¢ B} = <{U§t e B}IN{S, > s}) U <{U§t e BYn{s, > 5}>

= ({Ust € B}N{S > s}) U ({US € B}n{S, > s})
It is an easy task to check that the sets {S; > s} and {U, € B}N{S; > s} belong to Fg _. We thus conclude
that the second inclusion o(U%*) C o(F§ _, Us,) holds.

(ii) We have to show that AN {S; > s} € F whenever s > 0 and A € FU. For this, it is enough to show
that {Us < b} N {S; > u} € F7 for any b € R and s < u. Such sets satisfy

{Us < b} N{Sy > u} ={Sy > s} N{S; > u},
which proves that they are in 7 if b < t. In the case b > t, the nondecreasing paths of (S;);>¢ entail that
{Sy > s} N {S; > u} = {S; > u}, and thus the set also belongs to F; . O

Lemma 0.3. Lett >0 and x1 > 0. Then

Q ifxlgt

{Us, 2 21} = {{St =Su}t ifr >t

Proof. The case x1 < tis obvious since Ug, > t (Proposition 0.1). Let z; >t and w € {S;, > S:}. Then there
exists £ € (Sp(w), Sz, (w)). Tt follows that Ug, () (w) < Ug(w) < z1 and thus {Ug, = 21} N {Sy, > Si} = 0.
Since (Sy)u>0 is nondecreasing, we have

{USt 2= ‘Tl} = {USt = 1'1} N {S$1 Z St}
= ({Us, =2 21} N {52, > 5 }) U({Us, = 21} N {Sz, = 5i})
={Us, 2 21} N {5, = S}

so that {Us, > x1} C {Ss, = S:}. For the converse inclusion, let w € {S,, = S;}. Proposition 0.1 implies
that 21 < Us, | () (w). Since Us, (v)(w) = Us, (w)(w), we conclude that w € {Us, > z1}. O
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Lemma 0.4. Let 0 <t < xy. Then

s=s3-0 U [{Uq1<t}m{vq2>x1}. ®)

neEN  (q1,92)€QXQ
0<q1 <q2<q1+%

Proof. We denote by C' the set at the right-hand side of Equation (8). Let w € C. We can find sequences
(¢1,n)nens (g2,n)nen such that for all n, q1,n, < ga,n < @10 + %, Ug ., (w) < tand Uy, , (w) > x;. By definition
of (St)i>0, we have

1
G < S (w) <8, (W) <@ <@ + o

It is then clear that both the sequences (g1, )nen, (¢2,n)nen are convergent and converge towards the same
limit. We get w € {S; = S;,} as a conclusion.

Conversely, let w € {S; = S, }. For each n, let g1, € (Si(w) — 5, 5¢(w)) NQT and ga,y, € (Sy, (W), Sy (W) +
ﬁ) NQT. We clearly have Uy, , (w) < t, Uy, . (W) = 21, 10 < G2,n a0d g2, — G150 < %, the latter being a
consequence of Si(w) = Sy, (w). This proves that w € C. O

Corollary 0.1. For anyt >0, FV°% c FY.

Proof. This is a consequence of Lemmas 0.3 and 0.4, as they imply that {Us, > z} € F{ for all s <t. [

Lemma 0.5. For anyt > 0, we have .7-'tU°S’S = FSUt-

Proof. First part. We begin with the proof of .FtUOS’S - fgt. Since Proposition 0.2 states that F;° C .FSUt,
we only need to prove FU°5 C .FSUt. To this end, it suffices to show that for any x € R and s < ¢,
{Us, > x} € F§ . To this end, we must show that if u > 0, then {Us, > 2} N{S; < u} € FY. This is trivial
if x < s so we assume that z > s. We have

{Us, >z} N{S: <u} ={Ss =S} N{S: > u}
={9 =S} N{S; <u}n{S, <u}
={Ss =5 }nN{U,>tVvz}
=N U [{Uql<s}m{Uq2>x}ﬂ{Uu>tv:c} eFy

neN  (41,92)€QxQ
0<q; <a2<a1+3%

The first equality comes from Lemma 0.3, the second is a consequence of S, = S; < S, the third comes
from the definition of (S;);>0 and the fourth is an application of Lemma 0.4. We conclude that the last set
is in FU because whenever ga > u,

{Ugy <s}n{Ug, 2 2}n{U, 2tVa}={Uy, <s}nN{U, 2tVa}

e FY if g1 <u
:[Z)E]:f/ ifql>’u,

which concludes the proof.

Second part. We now prove Fy °%% 5 F§ . By Lemma 0.2 (i), F§, = o(F§ _,Us,). According to (ii) of
the same lemma, F§ _ C F7?, so that F{_c ftUOS’S. Since the ftUOS’S-measurability of Ug, is trivial, the
result follows. O

We can now prove the Markov property for (S;,Us,)i>0-

Theorem 0.1. The bivariate process (Si, Us, )0 is a Markov process with respect to its natural filtration.

11



Proof. According to Theorem 45 in the first chapter of Protter (2005), proving that the Markov property
holds amounts to showing that

E[f (S, Us, )|FV*%] = E[f (S, Us,)|o(Ss, Us, )]

for any t > s > 0 and any bounded Borel measurable function f : R> — R. Let

A= {A S O’(St, US,,) : E[IA‘ff’UOS] = ]E[1A|CT(SS,USS)}}
and
= {{St .%‘1} N {Ust 3?2} x1,Ty € R}

Note that C is a m-system and A is a A-system. Since the collection {(—o0,z1] X [z2,4+00) : z1,22 € R}
generates the Borel o-algebra Bge, it is clear that o(C) = o (S, Us,). We prove now that C C A. To this
end, we start by observing that

{Se <z} N{Us, = 22}

(S: <21} N {Us, > xz}ﬂ{SSt}> <{st 21} N {Us, > 22} N {8, <St}>

(
({SS z1}N{Ug, > xg}ﬁ{S—St}> ({St z1} N{Usg, = z2} N{S; <St}>
~

{S l‘l}ﬂ{Us = Ta \/t}) U ({St Z‘l}ﬂ{Ust l‘z}ﬂ{s <St})
Since {Ss < 1} N{Us, = x2 V t} is in 0(Ss, Us, ), it remains to show that

E[1{s,<a130{Us, 3aa3n(s. <5} Fo U °°] = ElL{s,<a130{Us, 3aa}n{s. <5} |0 (S5, Us, )]

To do so, we proceed in two steps. In the first step we will assume that zo < ¢, so that {Us, > x2} = Q.
This case is the most simple. In the second step, we will work with zo > t.

Let x5 < t. Then {S, < z1} N{Us, = 22} N{Ss < S;} = {S: < z1} N{Ss < Si}. We will establish that
{St < I’l} N {SS < St}

- HU{{USW tN{Ss+qg<x+n"H | n{Ss < S;}. ©)

neN qE‘Q
Let w be a member of the set at the left-hand side of Equation (9). Let n € N and ¢ € (S;(w) — Ss(w), 1 +
n~t — S(w)) N Q. Such a q exists because
S(w) — Ss(w) < 1 — Sy(w) <oy +n~t — S, (w).
Moreover, g + Ss(w) > Si(w) ensures that U, g ()(w) > t, so that w € {Us,14 = t}. Conversely, let w
be a member of the set at the right-hand side of Equation (9). For each n € N, let ¢, € Q, ¢, > 0 satisfy
Us, (w)+q, (W) =t and g, < 1 +n~" — S(w). Since Ss(w) + ¢n < 1 +n~" for any n, we have
t< USs(w)+qn (w) < Uz1+n*1(w)~

By the right-continuity of (Up)i>0, limy—4oo Uyyin-1(w) = Uy, (w) = t. By definition of (S;)¢>0, this is
equivalent to S¢(w) < x1. This proves that w € {S; < x1} and finishes the proof of Equation (9). Since the
bivariate process (Uy,t);>0 is a Feller process' with respect to its natural filtration (F);>0, it follows that
if we define the FY -measurable indicator random variable Z as

z=13 U {{Uq>t}ﬂ{q<x1+n‘1}

neN g¢€Q
a>0

Lthis follows from the fact that it is a Lévy process.

12



then Equation (9) implies that
Lisi<ain(s,<siy = Lis,<s:3Z 0 s,

By using the ]-'SUS -measurablility of 1¢g <g,} and Theorem 3.1 from the Chapter 3 of Revuz and Yor (2004),
we find

ElL{s,<or}n(s. <5} FS.] = 1s,<s,E[Z 0 0s,|FS ] (10)
= 15, <5 BT 5[ Z].

Similarly, Lemma 0.3 entails that 15 <g,} is 0(Ss, Us, )-measurable and thus by the tower property,

El1{s,<a11n18, <5110 (Ss, Us, )] = E[L(s, <5,y E[Z 0 0, | Fg ]|0 (S5, Us, )]
=15, <5, E[Es5)(Z]|0(Ss, Us, )] (11)
= 1(5,<5, ) E75%)[Z].
By combining Equations (10) and (11), it follows that

El1(s, <z 3n(s. <531 FS.] = E[l{s,<ur3n(s. <5310 (Ss, Us,)]

whenever zo < t.

We now consider the case x5 > t. We will establish that when x5 > t,

(S, <21} N{Us, = 22} N {8s < Si}

12
= ﬂ U |:{Uss+q1 <t} N{Us,+¢, = x2} N {Ss + ¢2 <331—|—Tl71} N{Ss < St} (12)
neN  (q1,92)€Q?
0<q1<t12<q1+%

Let w be a member of the first set of Equation (12) and n € N. Let
1 € (0V (Si(w) = Ss(w) = (2n)71), Sy(w) = Ss(w)) N Q

and
@2 € (Si(w) = Ss(w), (Si(w) = Ss(w) + (20) ") A (21 + 17" = S5(w))) NQ.

The existence of q; follows from Sy (w) > S,(w) whereas the existence of go follows from S;(w) < 1 < x1+n~ 1.
The inequality S,(w) + q1 < Si(w) implies that Ug, ()44, (w) < t. By Lemma 0.3, we have S, (w) = S¢(w),
so that Ss(w) + g2 > S¢(w) implies that Ss(w) 4+ g2 > Sz, (w), which in turn implies that Ug, (u)+4q, (W) = 22.
Finally, note that by construction, it also holds that 0 < ¢; < ¢2 < g + n~!. This proves that w is
also a member of the second set of Equation (12). We prove now the reverse inclusion: assume that w
is a member of the second set of Equation (12). For each n, let qin,¢2, be numbers in Q that satisfy
0<q1n<@n<q@n+n" Us (@iq., (@) <t Us, (@)tg, (W) =x2>tand gap < z1 +n" " — Sy(w). By
construction, Ss(w) + q1,n, < S¢(w), thus

22 < Us, ()42, (@) < Us, (w)+g1 n+n-1 (W) < Us, () 4n-1(w)

and the right-continuity of (Uy);>o implies that Usg, () (w) > 2. Similarly, Ss(w) + g2,n < 1 +n~"! implies
that
< T2 < USs(w)+qQ,n (w) < Uw1+n_l(w)

and Uy, (w) > t follows from the right-continuity of (U)i>o. We get Si(w) < x1 as a consequence, which
ends the proof of Equation (12). As a consequence, the FY -measurable random variable Z defined as

Z:=1 ﬂ U [{Uq1 <t}N{U, = z2}N{ge < z1+n"'}

neN  (q1,92)€0?
0<q1<gz<qi+<
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satisfies
1{s,<a1}n{Us, 222}0{S.<5,} = 1{s.<5,3Z 0 0s,.

Again, by using the fgs -measurability of 175 .g,3 and Theorem 3.1 from the Chapter 3 of Revuz and Yor
(2004), we find

E[1{s,<21}n{Us, 2aahn{s. <5} [ FS.] = 1{s,<5,1E[Z 0 05 | F§ ] (13)
= 1(s,<s) BV [Z].
Similarly, Lemma 0.3 entails that 15 <g,} is 0(Ss, Us, )-measurable and thus by the tower property,

E[L{s,<2130{Us, 2a2}n{s. <5} |0 (95, Us, )] = E[1(s,<5,1E[Z 0 05, | F§.]|0(5s, Us, )]
= 1(s5,<s5,) E[E75:5)[Z]|0 (S, Us, )] (14)
= 15, <5 BV 5 Z].
By combining Equations (13) and (14), it follows that

E[1{s,<2130{Us, >a23n{5. <5} F8,] = BlL{s,<a130{Us, 2a03n{S5. <530 (95, Us, )] (15)
whenever xzo > t. It follows that C C A and thus by Dynkin’s 7-A theorem, for any A € o(C) = o(S¢, Us, ),

E[14|F2Y°%] = E[1alo(Ss, Us,))-

Let f : R?> = R be a bounded Borel measurable function. Using the decomposition of f into its positive and
negative parts, i.e. f = (fV0) — ((—f) Vv 0), and the linearity of conditional expectations, we can assume
without loss of generality that f > 0. Define the sequence of functions (f,, : R? — R¥), ey as

22n

k
falw,y) = on L @w)elk/2n, (k+1)/2m)} -
k=0

We clearly have that 0 < f,, < fn41 < f for all n € N and f,, — f. Therefore, Equation (15) and two
applications of the monotone convergence theorem yield

BIF (S, Vs )IFSU°] = | i f,(5.,Us )75V

_ . S,UoS
= nk&looE[fn(St’USt)‘fs ]

22n

) k S,UoS
n I ,;) T s ver e i) 750
22n

. k
= i 57 S (L v e e ) (S, Us. )

= lim E[fu (S, Us)lo(Ss, Us,)]

=" |:nll>r-|1-1<>o fn (S, Us,)|o(Ss, USS)]

=E[f(St, Us,)|o(Ss, Us,),

which is what we had to prove. O

In the next section, we study the transform of our asset process. This will be useful to compute option
prices.
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0.3 FPDE’s for densities and Fourier transforms

This section is devoted to the derivation of FPDE’s for the joint densities and transforms of the bivariate
process (Xg,,As,)t>0°. Before diving into the main topic of this section, let us start by introducing the
filtrations we consider for this process. In the non-fractional market, the filtration of the asset price (A)i>o
is denoted by (F7');>0 and is defined as

ANV {W,:0<s<t}Vo{J,:0<s<t}=FVVvF,

where (F}V)i>0 and (F/ )t>0 are the completed natural filtrations of the brownian motion (W;);>o and the
jump process (J;)i>0 respectively. In other words, we assume that the impacts on the asset price of the
brownian component (i.e. the noise component) and the jump component can be isolated from one another.
Recall that N denotes the null sets of the probability space and are in F/V v F/ because we assumed that
the natural filtrations are completed. Note that the natural filtration (F;)¢>¢ carries the information about
the other jump processes (D¢)i>0 and (L)i>0 and about the intensity (A;);>o, that is

o{D,:0<s<t}Vo{Ls:0<s<t} Vo, :0<s<ty CF/,

for each t > 0. Let us now introduce the filtration for the fractional market. Let (]—' ’U)t>0 be defined as
]: = FAV FY. Since Ss is a (FY)i>o0-stopping-time for all s > 0, it is also a (.7-} )tgo—stopping-time.
Therefore, we can introduce the filtration (F/2°%);>o defined as the time-changed filtration F/A°% = fi’U

is well known from the chapter 10 of J. Jacod (1979) that if a process (A;);>0 is a (F;Y);>0-semimartingale,
then the time-changed process (Ag, )i>0 is a (F, ; ’U)t>0—semimartingale3. Therefore, the filtration of the asset
price (Asg,)¢=0 can be chosen to be (F{*°%);>0.

We move now to the main topic of this section. We first need to derive PDE’s for the joint densities
and transform of the process (X, A¢)i>0. Afterwards, we use the PDE of (X, \;);>0 to show that the
joint densities and transforms of the time-changed process (Xg,, As,):>o0 satisfy similar equations, with the
difference that the partial derivative with respect to time is replaced by a fractional Caputo derivative. In the
non-fractional case, we work conditionally on the last known value for (X, A);>0. This is justified because
self-exciting Hawkes processes satisfy the Markov property provided that we keep track of their intensity.
More precisely, (J;, At)i>0 is a Markov process whereas the jump process (J;)¢>o alone is not.

Proposition 0.3. Let p(t, z1,z2|s,y1,y2) be the bivariate probability density function (PDF) of (X, A¢)
given (Xg, As) = (y1,92), s <, i.e.

82
6.1‘18.%‘2

p(t, x1,T2]s,y1,Y2) := P(X: < a1, A < 22| X5 = w1, As = y2).

Then p satisfies the PDE
2

0 0
&p(tax17x2|s7ylay2) = - (,U/ - % - x2E[e£ - 1]) Tmp(t7mlax2‘8ayl7y2)

0.2 2

o 9" 9
2 Bx%p Oz
—nE[|E]p(t, 1 — & x2 — nl€ls, y1, y2)] + Elp(t, 21 — & 22 — nl€]|s, y1,y2) — p(t, x1, 2|5, y1,y2)],

with initial condition p(s,x1,22|s,y1,y2) = Orz(x1 — y1,%2 — Y2), Orz being the Dirac measure located at

(0,0) € R2.

+ (ta3317332|57y1ay2)_“(9_372) p(t7$17$2|87y17y2)+K’p(tax1ax2|57y1ay2)

Proof. This proof relies on the Cramers-Moyal expansion. It states that the bivariate PDF p satisfies
p(t + A $17x2|5791792) _p(tam1a$2|57y1a y2)

= ZZ a7 n—j (M(LTL _j7AltvmlaxZ)p(taxlax2‘87y17y2))
1m0’ 3x16

2Recall that (X¢);0 is the logarithm of the asset price, i.e. X; = In Ay.
3This is stated in Theorem 10.16, which can be applied to our case because our time-change (St)t=0 is both finite and
continuous. We shall come back more precisely to this point in the section about changes of measures.
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where M (j,n—j, Alt,z1,22) = E[(Xipn—X¢)? (Aira— )" 7| Xy = 21, \¢ = 22]. The proof of this statement
can be found in Hainaut (2020). Applying Ito’s Lemma on the functions R? 3 (z,y) — hj,(z,y) := 27y~
leads to

hj,n(Xt+A — X, Adea — A)
2

A
— j/ (Xits — Xe) 7 igs — X)) ([u - % — Ay sElef — 1]] ds + ath+s>
s=0

S 1 2 A ) }
+ u/ (Xpss — X0V "2 (s — M) ds
S

2 0 (17)
A . .
+(n— j)/ (Xits = Xl Nes = A)" 7 7R(0 = Aegs)ds
s=0
+/ ((Xt+s - X)) = (X — Xt)J> ((/\t+s =) = (Ao — )\t)J)dNt—i-s-
s=0
Let us now examine the expectation of each term of Equation (17). We have for the first term
E |:j/ (Xt+s - Xt)gil()\H»s - )\t)n73 (|:l1/ - 7 - /\t+5]E[€£ - 1]:| ds + Uth+s>:|
s=0
18
B (,u—%z—)\tE[eE—l])A—kO(AQ) ifn=j=1 (18)
O(A?) otherwise,
whereas the other terms can be respectively written as
S 1 0_2 A - i
E J( . ) / (Xprs — X3)7 2()‘t+s — )" ]d8‘|
=0
; (19)
oA+ 0(A?%) ifn=j=2
10(A?) otherwise,
A . .
E|(n— j)/ (Xits = Xl Nes = Ae)" 77 1R(0 = Aiys)ds
s=0
(20)
RO =XM)A+0(A?) ifn=1,j=0
~lo(A?) otherwise,
and
E l / ((XHS ~ XY — (Ko — Xt)f) ((AHS — )" = (g — At)”—f)dNHs] o
s=0

= A" E[EE["I]A + O(A?).
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Using Equations (16) to (21), we obtain
p(t + A7 X1, {L'QlS, Y1, 1/2) - p<t7 T, 1’2|S7 Y1, y?)
A
o

o 2
= _67% |:</1‘ - ? - xQE[eg - 1]) p(t7$17$2|57y17y2)

0% 9? 9
+ 7@}9(@%1»&62@7 Y1, y2) — D2s (0 = x2)p(t, 1, 2|5, Y2, y3)]

v | S > COCREN 0 00 sl | +0()
== n_] 8jlagj271723172 (22)
o? 0
- (,LL - ? - mZ]E[eg - 1]) aixlp(tamhxﬂ‘&ylay?)
o? 92 0
+7@p(t7$17$2|37917y2)_“(6_$2)87x2p(t,$1a372‘5791,y2)+’<~'p(t7$1,$2|3ay17?}2)
=y Iné“\"“?] o
+E ZZ 7~ (@2p(t, 21, 225,51, 92)) | + O(A).
n=1 ;=0 H(n —J)! Oy Oz,
The expectation term of Equation (22) can be rewritten as
T n n—j i gn—i
ZZ |n£‘)' ] — j($2p(t7x1>$2|57y1792))
n=1j=0 7)! Oy Oz,
+o0o n— 1
Y & 0
=E ZZ ] 8 ]6 n—j (x2p(ta$17x2|s7ylay2))
n=1 ;=0 11 0T
E (=O" t
+ Z — 81:1 (z2p(t, 21, 225, Y1, 92))
n=1 ’
toon— 1 n 1 n—j—1
(=ngh)" 7t &7 oI~
=FE |— t
[ |€|n21gzo n—7-D! o Ja n= 7= 1o(t, 21, 2|8, Y1, Y2)
+oo n—1
|77€| )9 o (23)
E —_— s t
+ |:n21§ ’I’L—j T2 o ja n Jp( ,I1,$2‘5,y1,y2)
+00 + \n on
+E Z ( g,) Wp(t $1,$25,yl,y2)]
n=1 s
DR I 2 O b aals. o
=FE |- t,x1,x2|8,Y1,
”nojo =) aaf gay IR
*Z“’Z \nfl)" T 2 | )
+E To— -p(t, x1, 2|8, Y1,
Pt I A
= —nE[[{|p(t, 1 — & z2 — nl€][s, y1, 2)]
+ J}QE[p(t,l']_ - gamQ - 77‘§H3ayl,y2) _p(t7x17332|5>y17y2)]~
The proof is then completed by combining Equations (22) and (23). O

For ¢t > 0, z; € C and 29 € R, define the conditional transform ¢ as
Sﬁ(ta 21, 22|57 Y1, yQ) = E[621Xt+i22)\t ‘XG = z1, )\s = y2]
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The function ¢ also satisfies a PDE.
Proposition 0.4. The function ¢ satisfies the PDE

0 . 0
87;0(1;’ 21, 22|57y1’ y2) = <1Z1E[6E - 1] — K22 + i—iE |:6Z1E+1Z2n‘£‘:|) ai(tv 21, Z2|37Z/1792)
22

o2 ocz)? .
+ <(,U/ - 2) z1 + % + IHQZQ) <P(t72’1722|37y1ay2)

with boundary conditions p(s, 21, 22|8,y1, y2) = e1¥1112292 and p(s,0,0|s,y1,y2) = 1.

Proof. The partial derivative of ¢ satisfies

) e HizT2 (5t 4 A xy, zols, Y1, y2) — p(t, 1, T2|S, Y1, dzdz
ai:(t721722|57y1ay2) :iimo fR+ fR (p( 1, T2| 72/1 Y2) — p(t, 1, 2|8, y1,92))dr1dws
—

) 0
:/ /621z1+122z2£(@$1,9€2|57y1,y2)d9€1d$2-

Thanks to Proposition 0.3, we find

0 . o2 0
ﬁ(t72’1722|57y1ay2) . —/ /élwﬁlzzwz p— — — 22E[e* — 1] l(taxlax2‘57y17y2)d$1dx2
825 R+ JR 2 61‘1

2 . 82
+U—/ /621$1+122$2—€(t,x17x2|s,yl,yg)dxldxg
2 Jr+ Jr Oy
z1@1+izexo Op
-k € (0 — x2)—(t, 1, 2|5, Y1, y2)dr1dT2
R+ JR Oz
ff/ /ezlw1+izﬂ2p(t,$1,$2\87y1,y2)d9€1d$2
r+ JR
—E [a [ [ ettt o — €.on = wlells )
R+ JR
E [ [ [t o — € = nféls,vasge) = plt, .ol vr. o) doad
r+ JR

We can now compute all the terms with the help of integrations by parts. To this end, note that if w € R
and E[e**t] < +o0, then
/ /ewmlp(tyI1,$2\5,ylyy2)dxld9€2 < +oo
R+ JR
so that
/ewmlp(t,$1,$2|57y1,y2)d$1 < +00 (24)
R

for almost all z5. Fix any x5 € R such that (24) holds. Since the function z1 — e“*1p(t, x1, 22|, Y1, y2) is
positive and continuous, Equation (24) implies that

1- Wi = U.
r1_1>ni1me p(t,$17$2|87y1ay2) 0

Also note that p(t, 1, 2|, y1,y2) vanishes whenever zs — +00. Moreover, since by definition of (A):>o,
At = 0 for all ¢, it follows that p(t,z1,0ls,y1,y2) = 0 for all ¢, 1, s,y1,y2. Bearing these facts in mind, the
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first term is rewritten as

Op
/ / z1zatizozs (u - — = xQE[ — 1]) e —(t, x1, 228, y1, y2)dz1das
R+

ezlxl “+00
(N— 2) /+2161Z2x2 [p(t T, T2|8, Y1, Y2) P /ezlxlp(t,xhﬂfz872/1,y2)d331] dzy
R r1=—00
) ezlxl +oo
+ E[ef — 1]/ o€ 2z {P(t,$17$2|8ay1,y2) —/621“]9(75,$1,$2|87y1;y2)d$1] dxo
R+ 21 xr1=—00
o? )
=2z (N - ) / /€Z1$1+1Z2wzp(t,$1,$2|37yl,y2)d9€1d9€2
2 ) Jr+ Jr
P .
+ iz E[ef — 1]7/ /ezlzlﬂzzmp(taffl,$2|S7y17y2)d3€1d$2
622 R+
o2 . dp
=ZzZ1 | H— ? @(t721a32|5a91792) + lzlE[ 1]8 (t Z15Z2|S yl?yQ)
The second second term is computed with two integrations by parts, that is
2 2
g z1x1+izox2 0 p
— e —=(t,x1,z32|8, Y1, y2)dr1dx
2/R+/R &Eg( 1, T2|s, Y1, y2)drv1dTs
2 e?1T1 +oo
_ g izoxwo ap / 2171 ap
= — e z t,x1,x2|8, Y1, e —(t, 21, z2|8, Y1, y2)dx dz
5 1[ o On, (t, 21, 22|5,91,Y2) — 8x1( 1, T2|8, Y1, y2)dry o 2
o
= —*21/ / mﬁlzz“ Op ~—(t, w1, 225,91, y2)dz1dwy
2 R+ 1
o et oo
= **21/ e 2 p(t,z1,22]8,y1,92) */ezlzlp(tvﬂfl,1’2|5,y17y2)d$1 dz,
2 ]R+ Zl r1=—00

2
g .
:725/ /62111+1Z2x2p(t7x1»$2|35y17y2)d9~"1d$2
R+ JR
0'2 2
= 721<P(ta21722|57y172y2)-

The third term is

) 0
— /{/ / ettt (g 962)—;l)(t7 x1, x2S, Y1, Yo )dridee
R+ JR O,

1222?2 ap
= *I{@/ leliZQ/ (t I’l,IQ‘S yl,yg)dl‘gdfﬂl
R+ 1z2 0x4

_ / 2111/ 1Z2m2 (t T1, 22|85, Y1, y2)draday
R+

+oo
= —H@izz/ezlm1 [p(t T, T2, Y1, y2) — /eimzzzp(twhmﬂs,y17y2)d9€2} dz
:EQ:O
—fﬂaf/ lel/ lzﬂz (t,x1,22]8,y1, y2)dxodr;
Z2 R+
:ﬁ@izg/ /eml"’iz”zp(t,xl,x2|s,y1,y2)dx1dx2
R+
9 izoTo . +oo
—fﬂ—/ezmizQ . p(t,xl,xQIS,y1,yz)—/6”2“1?(157xl,les,yhyz)dwz dx;
822 129 zo=0

. 0
= /‘5913280(157 21, 22|Saylay2) - na (ZQQD(ta 21, ZQ|37y1,y2))
2

. 0
= H’(p(tvzlaz2|57y1ay2)[olz2 - 1] - ZQR%(LZhZﬂSayhyQ)'
2
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The fourth term is simply

/f/ /ezwl—szmp(tv$1,$2|8,y17y2)d$1d$2 = kp(t, 21, 22|85, Y1, Y2)- (28)
r+ JR

The fifth term is computed as

s il [ [ et - 6an - aillsn oy
R R

_ e
_ _77]E ‘§| / / e (961Jr"f)%~1z2($2+77|§|)p(t7 x1, 3;‘2‘8, Y1, yg)d$1d£2‘|
L /-l IR (29)
= —nE ||¢]em&Tiznlel / / e THRT (¢ gy xas, 1, y2)dfﬂ1df€2]
L R+ JR
= —nE |§‘621£+122n|€|} (p(t7 21 22|57 Y1, y2)'
Similarly, the last term is rewritten as
E [/ / Toe® T HIRT2 (p(t py — € 1o — nl€]|s, Y1, Y2) —P(t75€173€2|87y17y2))d$1d$2]
R+ JR (30)
= (P(t, 21, 22|Sa Y1, yQ)UE |£‘621£+122n|f|:| + i (1 -E |:621§+122m§‘:|) ai(t7 21, Z2|Sa Y1, y2)
Z2
Adding all the terms of Equations (25) to (30) gives the announced result. O

Define ¢(© as .
(P(O) (t, 21,22|s7y1,y2) — E[621(Xt_y1)+122()\t_y2)|XS =y, A = y2]7

which is a variant of ¢ where the initial values of the processes (X;);>0 and (\)¢>o are substracted. The
PDE of Proposition 0.4 easily imply a PDE for ¢(©).

Corollary 0.2. The function ¢\© satisfies the PDE

D) 9o(©)
gt (t721322|s7y17y2):7(21722)%(tﬂzl722‘53y1’y2)+ﬂ(zl,22)90(0)(t7Z1322|87y13y2)

where '
Y(21, 22) == iz1E[e® — 1] — k2o + i — iR {621{4_122"‘5‘}

and

— _ 12 (le)Q ; _ _ E_ 11 — z1€§+izan|€|
B(z1,22) = | r ) 21 + ) +ik(0 — y2)2zo — 21y2E[e 1] —yo +yk |e .

Moreover the boundary conditions ¢(s, z1, z2|$, Y1, y2) = ©(8,0,0|s,91,y2) = 1 hold.

Proof. Tt follows from

@(O) (t7 21, Z2|sv Y1, y?) = exp{—zlxl - iZzyz}SO(@ 21, 22|Sv Y1, y2)

and Proposition 0.4. O

The interest of Corollary 0.2 is that the PDE of this corollary happened to be slightly easier to solve
numerically than the PDE of Proposition 0.4.

We now turn to the derivation of fractional counterparts of the PDE’s. In the following, for s < ¢, p, will
denote either the conditional PDF of (Xg,, As,) given that (Xs_,As.) = (y1,92), Ss = v and Ug, = u, in
which case it is written as

32
Pa(t, x1, 22|, Y1, Y2, v, u) := P(Xs, < z1,As, < 22| Xs, =41, s, =¥2,5: =v,Ug, =u),

T 921029
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the conditional PDF of (S, Xg,, As,) given the same information, in which case we denote it by
pa(t7 X0, L1, I2‘37 Y1,Y2,0, U)
83
= m]}” (St < 209, Xs, < x1,As, < 22| Xs. =y1,As. = Y2, 5 =v,Ug, = u).

or finally the conditional PDF of (S;, Xg,). In this last case, we write

62
pa(t7x07xl|57yl7y2avau) = P(St < anXSt < .T1|X5’S = ylvASS = yQaSS = ’UvUSS = U) -

o 8x08x1

The letter p still denotes the conditional PDF of (X, \;) knowing (X, As). The function g will denote the
PDF of S; given S, = v and Ug, = u, i.e.

g(t, 7|s,v,u) := %P(St -8 <7185 =v,Us, =u),

where t > s. It is shown in Hainaut (2021) that the Laplace transform of g with respect to time satisfies

+oo o
/ e “tg(t, |s, v, u)dt = w* temwuTTW
u

so that
G(w, T]s,v,u) ::/ e “tg(u+t,7|s,v,u)dt
R+ (31)
_ waflefﬂu"
for t > u. Note that the conditional PDF’s are related by the following identity
Pa(t7$17$2|57y171}271}7“) :/ p(“+T>$17$2|Uay17y2)9(t77‘371}7u)d7 (32)
R+

for ¢ > wu. It follows follows from
P(Xs, <z1,As, <22|Xs, = 91,5, = y2,9 =v,Us, = u)

/ P(X'u—i-r < T, >\v+‘r < $2|XSS = Y1, )\Ss = Y2, Ss =, USS = U)g(t, T|S,U,U)d7’
R+
= / P(XUJrT < 7y, )\erq— < 1’2|Xv =Y, A = y2)g(tv7—|5a v, u)dT‘

R+

The reason for imposing ¢ > u is the fact that if s <t < u = Ug,, then we have Ug, = Ug, = u, that is Ug,
is not random anymore.

The next lemma comes as a consequence of the relation between p and p, at Equation (32).

Lemma 0.6. The Laplace transforms of p and p, satisfy

ﬁa(waxlaxﬂsvylay%vvu) = wa_lp(wavmlvmﬂ’u,ylva)

where
ﬁa(wvmlvx2|svy17y23vau) ::/ e_wtpa(u+t7‘r17m2|sayl7y27vau)dt
R+
and
P(w, 21, T2|v, Y1, Y2) ;:/ e "“p(v+t, 21, 22|, Y1, yo)dt.
R+

21



Proof. From Equation (32) and Fubini’s Theorem,

ﬁa(w73317332|37y173/2a v, ’LL) = / e_wtpa(u + t7$17$2|5>y179277),u)dt
R+

:/ e_Wt/ p(U+7"3717552|Ua91»y2)9(u+ta7|37vau)d7dt

R+ R+

:/ p(v+7,x1,x2|v,y1,y2)/ e “rg(u+t,7|s,v,u)dtdr
R+ R+

a—1 —Tw®
=w / e ™ p(v + 7,21, 22|v, Y1, y2)dT
R+
a—1~

=w p(waam17x2|u7ylay2)7
as announced. 0
In the next lemma, we recall another useful result.
Lemma 0.7. For any function h : R* — R, it holds that
doh .
@(w) = wh(w) — w* th(0)

where

aa?L d*h —wt T —wt
o (w) := /}R+ dt—a(t)e dt and h(w) := /}R+ h(t)e™“*dt.

The proof can be found in Podlubny (1999). Thanks to these preliminary results about fractional calculus,
we can extend our PDE’s to the fractional case.

Proposition 0.5. For t > u, the joint conditional PDF p, of (Xs,,\s,) satisfies the following fractional
partial differential equation (FPDE)

0.2

0
(t7$1»$2|371/17y27117u) =—\u—- _‘TQ]E[ef_l] Pa(ta5517332|3,y1a92a7}»u)
3171

2
+ T1,T2|S v, U K ‘9 X T1,T2|S8 v, U
2 %pa y L1, X2, Y1,Y2,7, 2 2pa y L1, X218, Y1,Y2, U,

[e%

0“pa
ote

+ Kpa(t,.’l/'17.'132|8, Y1,Y2,v, U) - 77]EH§|pa(t7$1 - ga T2 — n|§”8’ylay2avau)]
+ ]E[pa(t?xl - £7x2 - 77|£‘|S,y1,y2,’l),u) —pa(t,xl,x2|8,y1,y27v,u)]7

with initial condition pa(s,T1,22]8,Y1,Y2,V,U) = gz, —y, zo—ys}-

Proof. Recall that for s < t, p(t,z1,z2|s,y1,y2) denotes the PDF of (X, A\¢) given that (X, As) = (y1,y2)
evaluated at (x1,22) € R%. The identity

o, _
/+ T (e™“'p(s +t, 21, 228, y1,y2)) dt = —p(s, z1, 2|5, Y1, y2)
R

follows from the fundamental theorem of calculus while an explicit computation of the integral gives

0 _u
/]R+a (e “'p(s +t,z1, 2|8, y1,92)) dt

_ .. 0
:—wp(w,xl,x2|s,y1,y2)+/ e map(sﬂLt,$1,$2|8,y1,y2)dt
R+

with p(w, z1, 22|s,y1,¥2) = [pr € p(s + t, 21, 22]s,y1,y2)dt. As a consequence, we have

Wﬁ(W7I17I2|S,y1,y2) 7p(571'1,$2|5,y17y2) = / eiwtap(s + t,l’l,fE2|S,y1,y2)dt. (33)
R+
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From the PDE of p (see Proposition 0.3), the right-hand side of Equation (33) becomes

_ o2 0
- / e ! (M 5 zoE[et — 1]) 8713(3 +t, 21, w25, Y1, y2)dt
R+ Z1

2

o ., 02 . 0
+*/ e wt*gp(s+ta$1,$2|5,y1,y2)dt_"5(9—902)/ e ——p(s+t,x1, 2|8, Y1, y2)dt
2 R+ 61‘1 R+ 6.132

+K‘/ eiwtp(s+ta$17$2|5791ay2)dt_77E |:§|/ eiwtp(3+t7x1 _EaxQ _77|§||3ay17312)dt}
R+ R+

+E |:/ e—UJt[p(s + t,iL']_ - faxQ - 77|§||87y1ay2) —p(S + t7x17332|37y17y2)]dt}
R+

o? 0 o? o2
= - (/’[’ - 5 .I?QE[@E - 1]) aixlﬁ(waxlaxﬂ‘%ylay?) + ?@ﬁ(u}axlax2|svylay2)
1

0 -
- K/(G - x?)ip(uhxl?l?lsa y17y2) + Kp(wa $1a$2|57yla y2)

3$2
- UE[|£|]5(W7331 - 5,!@2 - 77‘5”&?/1&2)] + E[ﬁ(o‘}7$1 - 57',172 - 77|€||3>y1a92) _ﬁ(w>331»$2|371/1>y2)]

Since this is valid for any w, we can replace w by w®. After multiplying both sides by w®~!, it gives

wa(wa_lﬁ(wavxlax2|87 ylva)) - wa_lp(svxhx?"gvyl?y?)
2 2

=— —0—2—:6 E[e® — 1] i(cua*h(wo‘ X1, x2S ))—i—a—a—(wo‘*“(wa Z1, x2S )
= = 2 o7, plw™, T1, 2[5, Y1, Y2 2 92 plw™, Z1, T2[S, Y1, Y2

—1~

0 1.
— k(0 — 22) — (W P(w®, T1, 225, Y1, Y2)) + KW H(W, 21, 22|S, Y1, Y2))

8$2
= nE[J€](w (0, 21 — & x2 — nl€][s, Y1, 2))]

a—1~

+ E[(wa_lﬁ(o‘}a7 Tyl — é-) T2 — 77‘5”& Y1, y2)) - (UJ p(wa7 T, l‘2|8a Yi, y2))]
Using Lemma 0.6 and the fact that p(s, 1, 22(s,y1,%2) = pa (U, 21, T2|5,y1,Y2,V,U) = 04z, —y, z0—ys}» WE geb

a—1

Wa(ﬁa(w7aj1,]}2|87 Y1,Y2,7, u)) —w p(S, xlax2|8’y15 y2)

9°pa
= ote (w7x1>x2|s7y17y231}au)
2 2 2
o 0 o 0%
= - :U’_i_xQ]E[eg_l] pa(w,xl,x2|8,y1,y271},u)+f Qpa(waxlax2|svy1ay27vvu)
2 0x1 2 Ox
1

a . -
- H(G - x2)67mpa(waxlax2|s7ylay23 v, u) + npa(wa $1,$2|8,y1, yQ,U,U)

- 77EH§|13<1(W7551 - §7x2 - n‘€||83 y17y2avau)]
+E[ﬁo&(w7xl - 5,3?2 - n|§|‘8aylay27vau) _ﬁa(wa$17$2|37y1ay2,71,u)]7

and the result follows. O

From the definition of conditional PDF, we have
Pa(t, zo, 21, T2[8, Y1, Y2, v,u) = g(t, 20 — v[s, v, u)p(x0, 21, T2|V, Y1, Y2).
The Laplace transform of p,, therefore satisfies

~ e —wt
pa(w7$0,1‘1,$2|5791aZJ27U7U) _/ € pa(u—|—t,mo,ml,x2|s,y1,y2,v,u)dt
R+

efwt

p($075€17$2|8,y17y2,%u)/ g(u+t,z0 — v[s,v,u)dt (34)

R+

= p(l‘o,.’l}1,l’2|3, Y1,Y2,7, U)g(w, o — ’U|S,’U7U)

a—1 —(zg—v)w™
w* ™ p(xo, 21, 2|, Y1, Yo )e 0TI,
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where the last equality follows from Equation (31). For zp, 22 € R and z; € C, define the transform ¢, as
C,Oa(t, 205 21, 22|S, Y1,Y2,v, u) = E[eizo‘StJerXstJriQ)\St |XSS = Y1, )\Ss = Y2, Ss = v, USS = u]v
with ¢t > u. Then the function ¢, satisfies a fractional PDE.

Proposition 0.6. The following FPDE holds

0%p
ataa (t’ 205 %15 Z2|S>y1’yz,v,u)

: 0
= (lzlE[eE - 1] — Kz + i—E |:6Z1£+1Z2n|£|j|) 6§00¢ (t7 20, %15 22|87 Y1,Y2,7, u)
22

o2 0z1)% .
+ ((,U,— 2) z1 + ( 21) +1K’022 - ZO> Sﬁa(tZOazl722|87y15y27vvu)

with boundary conditions

(Poz(ta 207070‘87y17y27’07u) = Ea(_ZO(t - u)a)

SOOt(U7 205 %1, Z2|57 Y1,Y2,0, U) = 6—20U+21y1+122y2
and

QDa(t,0,0, 0|s,y1,y2,v,u) =1

Proof. Note that the time-Laplace transform of ¢ , satisfies

. L —wit
@?{,A(w7ZOaZ1722|87y15y27v7u) _/ € “ @a(u‘|'t720,21,2’2|87yla9271)7u)dt

R+
_ —wt—zozo+2z121+i
_/ / // e~WiTROTOTAITITIZ2T2 (4 4+, o, X1, T2|S, Y1, Y2, U, u)drodrydredt
R+ Jr+ JR JR+
+oo
_ —z0mo+z1@y +i ~
*/ // e ForormmTIRT2p (W, o, T1, T2|S, Y1, Y2, v, u)drodrdas
R+ JR Jov
+o00 )
— W lgvw / // e—xo[zo+w ]+le1+lz2x2p(x0,x17.’L‘2|’U,yl,yz)dl‘odl’ldl?
R+ JR Jo

a—1_vw®

“+oo
_ o
- ¢ / € rolrote }90(170’21722|Uay17y2)dx0a
v

(35)

where the penultimate equality comes as a consequence of Equation (34). Next, an integration by parts
yields

s«
SDX,)\(U‘)720721722|S7y17y2707u)
-1 vw®
—w* e o
—lzotw"™ |z
T a @(m0721322|vvy13y2)6 (=0 Jzo
20 +w

400
_ a 2
— [ el X (g 21 2alv,y1, y2)dao
(9$0
To=v
wa—le—zov
20 + W @(U721a32|vaylay2)
0

a—1_vw® +o0
LT e
Zo +w® J,

(36)

ot (ta 21, Z2|Uv Y1, y2)dt
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From Proposition 0.4, we know that
o [T ay, 0
woc—levw / e—[ZU-i-w ]taigto(tazla'zZlvayhyQ)dt
v

v 822
(u — %2) 21 + % +ikb20 + E [(1 — n¢])exsHi=20E] —1
+

wlfozefvwo‘

N Foo ar, O
a—lovw (izllE[e5 — 1] — K29) / e F T I T (1 2 zolv, yr, g )dE
v

+oo o
/ e~ [zo+w ]t(p(t7Z1,22|'U>y1a92)dt
v
. 13 0 e
= (iz1E[e* — 1] — K22) T@@X,A(W,20721’22|S’y1’y2’v’u)

o’ (021)2 : z1€+i22€| ~o
+((n=TF) s+ T ikt + B (1= nle)e €] — 1) &% (@, 20,21, 2205,51,92,v,0)

where the second equality is a consequence of Equation (35). Equation (36) is then rewritten as
a—1_—zpv

(ZO +wa)§5?(,k(wa'207Z1722|Say17y2avau) —w € W(U72’1,2’2|U7y1ay2)

. 0 .
= (iz1E[e* — 1] — k22) 5 Pxa (@ 20,21, 228,91, 4, 0, )
2

o’ (021)2 : z1€+iz2 €| ~a
+ b= zl—i—T—i—szQ—i—E[(l—mf\)e 18Tz ] — 1) % AW, 20, 21, 22(8, Y1, Y2, v, u).

By noting that g (u, 20, 21, 22|8, Y1, Y2, v, u) = e~ 20vTavtiz2ve — e=20V5(y 2 2o|v,y1,y2), it follows that
the last equation becomes

Wa@?(,x(wv 205 21, 22|57y15 y?vvvu) - wailcpoé(ua 205 %1, 22|Sa y17y2avau)

- . [
- —ZOQD%A(W; 205 %1, Zgls, Y1,Y2,0, ’LL) + (IZIIE[eg - 1] - Hz?) 87Z2¢%(,A(w7 20y %1, Z2|S7 Y1,Y2,0, U)

o’ (021)2 : z1€+i22]€| S«
+ n—= 7 21 + 9 +1/€922+E|:(1—7’]|f|>6 ! 2 :| -1 @X,A(‘*%20721722‘S7y17y27v7u)°

Since Lemma 0.7 implies that
&Pa _ asa a—1 0
(w7ZOaZ1722|S7y13y27U7u)_w @X,)\(waZO7Z1aZ2|S7y17y25U7u)_w @a( 720a21722|57y1vy27v7u)a

ot

the conclusion follows. O

As in the non-fractional case, we derive an equation for the variant cp&o) of p® where the initial values of the
processes are substracted. More precisely, if

@((10) (t7 204 %1, Z2|8a Y1,Y2,0, u) = ]E[e_ZOSt—"_Zl(XSt _yl)—HZZ()\St_yQ) |XSS =Y, )‘Ss = Y2, Ss =, USs = U],
then cp,(lo) satisfies a FPDE.
Corollary 0.3. The function ga&o) satisfies the FPDE

aawgto) aw((lo)
ot (t7 21, 22|Sa Y1,Y2, 0, U) :F)/(Zla 22)8722(75’ 205 %1, 2’2\5’91792707“)

+ 6(207 21, Z?)QD(()?)(tv 20y %1, Z2|57y1a y27’U7’u’)

where _
Y(21, 22) := i1 E[e® — 1] — k2o +i— iE [6215“22’”5‘}
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and

o2 (021)? . ¢ 21 &+izan|]
ﬁ(Z()7 21, Zg) =\ r— 7 21+ 2 + 15(9 - yQ)ZQ - ZlyQE[e - 1] — Y2+ y2E |:€ :| - %o0-

Moreover the boundary conditions

<po¢(t»20707 0|S, y17y27vau) = Ea(—ZO(t - u)a)’

—Z0vU
9%(11720,21,Z2|57y1ay2vvvu) =e

and
<Pa(t, 07070|3vy15 y27vvu) =1

hold.

The proof uses Corollary 0.2 and is essentially the same as Proposition 0.6. It is therefore omitted.

0.4 Changes of measure

In this section, we extend the results of the changes of measure section of Moraux and Hainaut (2018) to
the subdiffusive model. To this end, we use a result of J. Jacod (1979) that states that under a condition
called adaptation to a time change, sometimes also referred to as synchronization with a time-change, a time-
changed local-martingale remains a local-martingale. We begin this section by stating this result precisely.
Then, we show that it applies to our setting and thereby obtain risk neutral measures for the time-changed
model.

For a probability measure Q and a filtration F = (F;)¢>0 on (2, F), we define M(Q,F) and Mjo.(Q, F) to be
respectively the set of all (Q,F)-martingales and the set of all (Q, F)-local martingales. Of course, it holds
that M(Q,F) C Mjoc(Q,F). A subscript 0 is added to these notations when the collection is restricted to
the (local-) martingales (M;);>o that starts at 0, i.e. My = 0 Q-a.s.. A superscript ¢ is added when the
collection is restricted to the (local-) martingales that has continuous paths Q-a.s.. For example, the set
ME(Q,F) (resp. Mo 10c(Q,F)) thus contains the continuous martingales which start at 0 (resp. the local-
martingales which start at 0 but are not necessarily continous). We give the definition of two orthogonal
local-martingales.

Definition 0.1. Let (M;);>0 and (Hy)¢>0 be two processes in M,.(Q,F). We say that the local-martingales
(Mi)i>0 and (Hi)i>o are orthogonal if the process (MyH;)i>o belongs to Mg ioc(Q,F). This is written as
(My)es0 L (He)eo.

This definition can be found in e.g. J. Jacod (1979) (Definition 2.10). It allows us to further define the
collection

Mioe(Q,F) := {(Mp)i20 € Mioc(Q,F) : (My)iz0 L (Hy)izo for all (Hy)izo € MG 10.(Q, F)}.

For convenience, we will write FV, F4 and FA°S instead of (F)i>0, (Fi')iz0 and (FA°%);>0, see the
beginning of Section 0.3 for the definitions of these filtrations. In particular, the collection M{ (Q,F) is
known to contain the compensated jump processes, as shown in the next proposition.

Proposition 0.7. Let E be the random measure associated with the jump process (Ji)i>o0 and g : R — R be
a function that satisfies [, |g(z)|v(dz) < +o0o. Recall that (Ny)i>o is the process that counts the number of
jumps of (Jy)i>0, i.e. Ny is the number of jumps of (Jy)i>o0 in the interval [0,t]. Then the compensated jump

process (J{ )i>o0 defined as

J? ::/0 /Rg(z) (E(dz)dNg — As—v(dz)ds)

is in ML _(P,F4).

26



Proof. The compensated jump process can also be expressed as
Ny
TP =" 9(&) —Elg(&)]A,,
k=1

where &;1,&s, ... are the iid. jump sizes of (J;);>o distributed according to v and A, = fg As—ds. Let
(Ht)iz0 € MG 100 (P, F4). We have to show that (J7H,);>0 belongs to Mg joc(P, F4). From the definition of
quadratic covariation,

t t
Jth:/ Hs_djg+/ J9_dH, + [J9, H];.
0 0

Since the compensated process (jf)t>0 and (Hy)s>0 are in Mo (P, F4), it is enough to show that ([jg7 H)i>o0
is indistinguishable from the null process. Since (ZkN;l 9(&k))e>0 is quadratic pure jump,

[J9,Hly = > g(AJ)AH, —E[g(&)][A, Hl
0<s<t

but the continuity of (Hi):>o implies that > ., 9(AJs)AHs = 0. Moreover, if we denote by (E:)i>o
the time process (t);>0, then it is a continuous quadratic pure jump semimartingale?. As a consequence
([E, H]t)t>0 is indistinguishable from the null process. Then, Theorem 29 in Protter (2005) (Chapter 2)
yields

t
A H) = \BH) = [ Ad(BH). =0
0
where ((A- E);)¢>0 denotes the stochastic integral (fot As—dEs) = (Ag)i>o0. O

The second important notion is the one of adaptation to a time-change.

Definition 0.2. An F-time-change (S¢):>0 is a nondecreasing process such that for any ¢ > 0, S; is an
F-stopping-time. Moreover, a stochastic process (X;);>o is adapted to the time-change (Si)i>0 if (Xy)i>0 is
constant on any interval [S;_, S| for all ¢ > 0, Q-a.s..

It is clear that if (S;);>0 is as described in the previous sections, it is an (FU V F4)-time-change. Moreover,
its continuity entails that any process is adapted to it, as S;_ = S; for all . Adaptation to time-changes
is discussed in details in the Chapter 10 of J. Jacod (1979). It is also referred to as synchronization with a
time-change, as e.g. in Kobayashi (2011).

Recall that a random set is a subset of  x RT. A particular case of random set is given by random intervals.
Given two random variables S, T : Q — R U{+4o0}, the random interval [S,T] is the random set defined as

[S,T] := {(w,t) € A x RT : S(w) <t < T(w)}.
To an F-time-change (S;);>0, we can associate the random set Jg as
Js = {(w,t) € A xR : §;_(w) < +o0}.
Let P be a class of stochastic processes and define
Pls = {(Xt)t=0 : (Xiar)t>0 € P for any F-stopping-time T that satisfies [0, 7] C Js}.

With all these notations introduced, we can state the result that is of interest to us, namely that under
some conditions, a time-changed local-martingale remains a local-martingale. This result is contained® in
Theorem 10.16 in J. Jacod (1979).

4Because it is cadlag and has finite variation on compacts, see Theorem 26 in the chapter 2 of Protter (2005).
5This theorem also contains the same result for other class of processes such as semimartingales for example, as noted at
the beginning of Section 0.3, but we are only interested with local-martingales here.

27



Lemma 0.8. Let (M;);>0 be a process that belongs to MS, .(Q,F) (resp. a process that belongs to M _(Q,F))

and that is adapted to an F-time-change (Si)i>0. Then the time-changed process (Ms,)i>0 belongs to
¢ (Q,G)’s (resp. belongs to M{ _(Q,G)”s ), where G denotes the time-changed filtration (Fs,)i>o-

loc
If the time-change (S¢)¢>0 is the inverse of an a-stable subordinator, Proposition 0.1 implies that P({S; <
+oo for all ¢ > 0}) = 1 so that by ignoring a null set, we can assume that {S; < +oo for all ¢t > 0} = Q.
It follows that the associated random set Jg is simply € x R*, and thus that [0,+oc] = Q x Rt C Js.
As a consequence, the inclusions (Mg, )i>0 € ML (Q,G)”s (resp. (Msg,)i>0 € ML _(Q,G)”s) in particular
means that (Mg, )i>0 € M (Q,G) (resp. (Msg,)i>0 € ML _(Q,G)). Finally, note that since the inverse

of an a-stable process has continuous paths a.s., we can drop the assumption of a process adapted to the
time-change in Lemma 0.8. This is summarized in the next corollary.

Corollary 0.4. Let (M;)i>0 be a process that belongs to Mf,.(Q,F) (resp. a process that belongs to
M (Q,F)) and an F-time-change (S;)i>o that is the inverse of an a-stable subordinator Then the time-

loc

changed process (Mg, )10 belongs to ME (Q,G) (resp. belongs to M (Q,G)), where G denotes the time-
changed filtration (Fs,)i>0-

We will also use use a change of variable formula for time-changed stochastic integral. This formula is stated
at Proposition 10.21 of J. Jacod (1979). Let (Z:)i>0 and (Hy)i>0 be two a semimartingales, with (Z;)i>0

in synchronization with a time-change (S;):>0 and (H;)¢>o predictable. If the stochastic integral f(f H,dZ,

exists, then the integral fOSt H,dZ, also exists and satisfies the change of variable formula

St t
H,dZ, = / Hg dZs,. (37)
0 0

This formula can also be found in Kobayashi (2011) (Lemma 2.3). Again, since the inverse of an a-stable
subordinator is continuous, we can drop the assumption of synchronization with the time-change.

In the following, we focus on a family of changes of measure induced by exponential martingales (M;(x, ¢)):>0
that satisfy

M;(z,¢) = exp {bl(x))\t +axLg, + ba(z)S; — %/ C2ds — / CSdWS} , (38)
0 0

where (¢;);>0 is an adapted process of the form ¢; = (o + (1A, and (o, 1 and z are constants. The functions
b1, by correspond to the price of jump risk. The next proposition gives sufficient conditions under which
(MSt (Ia C))t>0 is in Mloc(Pa IFA’U)'

Proposition 0.8. If the relations
rbi(z) — (¥(0,mbi(z) +2) —1) =0

and
ba(z) + Kkbb1(z) =0

hold, then the process (My(z,¢))i=0 s in Mioc(P,FAY).

Proof. Proposition 4.1 in Moraux and Hainaut (2018) states that the two conditions of the statement are
sufficient for (M (x,¢))¢>0 to be in Mo (P, F4). It remains to be shown that it is also in M,.(P,F4Y). By
definition of local-martingale, there exists a sequence (T},),en of FA-stopping-times that satisfies T}, 1 +o0
P-a.s. and such that the stopped process (Miat, (z,¢))i>0 is a (P, F4)-martingale for any n € N. Recall that
the filtrations F4 and FU are independent. We will use the following property: for an integrable random
variable X and two c-algebras H and G, if H is independent of ¢(X) V G, then

E[X|G V H] = E[X]|F]
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P-a.s.. This is property (k) in the chapter 9.7 of Williams (1991). As a consequence, we find for ¢ > s,
E[Mint, (, Q)| FAY] = E[Miar, (2, Q)| F2] = Mo, (2, ).
It follows that (M (x,())i>0 € Miee (P, FAY). 0

We can use the local-martingales M;(z, () as densities to define equivalent measures Q%< as

z,¢ AUN _ M;(z, () AU

The next proposition shows that such measures preserves the structure of the model we specified.
Proposition 0.9. Under the measure Q%¢, the intensity (\s,)i>o0 satisfies the SDE

dXs, = k(67 — Xg,)dS; + 0™ dLs,
where

6=¢  p=e
g = = VO hi(@) + )

The distribution of the a-stable subordinator remains unchanged under Q%<. The jumps of the processes
(Dy)e>0, (Ji)i=0 and (L¢)i>o defined at Equation (4) have intensity (\¢)i=0 under Q<. Moreover, the jump

sizes €1,&a, ... remain double exponential under this measure and their distribution is given by
p™e(B) = p" / pyle s+ (1 - p™) / prlem Pz,
BNR+ BNR—

with

P = pi — (nba () + ),

p"C = p_ 4 (nbi(z) + )
and

z,¢
0 _ Pp+p—

Proof. Propositions 4.2 and 4.3 in Moraux and Hainaut (2018) establish that under Q%:¢,
At = Ao + /t k(0% — Xy )ds +n=C L.
0
Thanks to the change of variable formula (37), it follows that
As, = Ao + /t k(6% — X, )dSs + 1™ Lsg,.
0

The fact that the law of (U;)y>; remains unchanged follows from the independence of F4 and FY. The
remainder of the statement corresponds to Propositions 4.2 and 4.3 in Moraux and Hainaut (2018). O

Proposition 0.10. If the process ({)i>0 satisfy

o = 1F A[1(0, 7Dy () + 2) (™4 (1,0) — 1) — (¥(1,0) = )] — 7

g

and if the relations of Proposition 0.8 are satisfied, then the equivalent measure Q™¢ of Equation (39) is a
risk-neutral measure. Under this measure, the asset price (As,)i>0 satisfies the SDE

dAg, = 1As,dS; + 0As,dWs, + Ag, (dDs, — Ege.c[et — 1]As,dS;)

whereas its logarithm (Xg,)i>0 = (In Ag, )i>0 satisfies

2
dXSt = (r — % - E@z,c[eg — 1])\5t) ds; + UdWSt + dJSt.

29



Proof. Tt is proved in Moraux and Hainaut (2018) (Proposition 4.4) that under Q*¢,

t t t
A = r/ Ags_ds + O’/ As_dW, —|—/ A, (dDS — EQz,c[ef — 1])\8ds) (40)
0 0 0
and

t 2
X, = / (r - % — Egeclef — mS) ds + oW, + J;.
0

The dynamics of (Ag,)i>0 and (Xg,)i>0 then follow from the change of variable formula (37). Moreover,
note that by Equation (40) and Ito’s lemma applied on the process (A;)i>0 = (67 "*At)i=0, we have

t t
Aj=o / A, dW, + / Ay (dDg — Ege.c[ef — 1]Agds)
0 0

or using the random measure =,

t t
A =0 / Audw, + / A, / (% — 1)(2(d2)dN, — As_v(d=)ds)
0 0 R

under Q®¢. Again, from the change of variable formula (37),

t t
Ag, =0 / Ag, dWs, + / Ag,_ / (e* —1)(E(dz)dNs, — As_v(dz)dS,). (41)
0 0 R

Since the brownian motion (W;);>0 belongs to MS, _(Q*¢,F4), Corollary 0.4 implies that the time-changed
brownian motion (W, )¢>o belongs to M, _(Q*¢, F4°%). Moreover, Proposition 0.7 states that

( /0 t /R (% — 1) (2(d2)dN, — /\Su(dz)ds))t>0

is in M _(Q%¢,F4). Therefore, Corollary 0.4 and the change of variable formula (37) entails that the
time-changed compensated jump process

(/Ot /R (e* —1) (E(dz)stS — )‘SS_V(dZ)dSS)>

>0

is in MIdOC(Q””’C,IFAOS ). Since stochastic integrals with respect to local-martingales are local-martingales,

Equation (41) implies that (Ag,)i>0 is in Mjee(Q%¢, FA°5), which ends the proof. O

0.5 Pricing of call options

In this section, we show how to price call and put options in our framework. We proceed by numerically
inverting the Fourier transform of the option prices.

0.5.1 Numerical computation of the Fourier transform

This subsection is devoted to a numerical method that allows to solve the FPDE of Corollary 0.3. We work
with a grid on [0, 7] X [—Zmax, Zmax] Where T, zpax > 0 are fixed constants. The discretization step sizes are
A;:=T/ng and A, := zmax/n. with ng, n, € N. The grid is defined as {to, ..., tn, } X{2—n_, Z—n. 415+ 2n. }
where t, := xA; and z, := yA,. This grid contains (n; + 1) x (2n. + 1) points. We set 0, := 1 — §. Note
that for any o € (0,1), we have o, € (3,1), so that the inequalities ¢; < t; + $A; < tj40, < tj41 always
hold.
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We use @&O) to denote the approximated values of the function (‘0&0) from Corollary 0.3. That is, for fixed

$,Y1,Y2,v,u and w € C, we write
6827((10) (t7 Z) ~ ﬂ(w Z)‘P&O) (ta r,w, Z|S, Y1,Y2,0, ’LL)
to express the fact that Bga(o)(t z) is the quantity that aims to approximate

Blw, 2)e (¢, 7, w, 2], y1, 92,0, 0).

Similarly, we also write

Aa@&?) 9% (0)
N (t,2) =~ 5o (t,r,w, 2|8, Y1, Y2, v, u)
and
Apl) &pg))

(t,Z) Q—j*‘y(r,w’z) ) (tarvwaz|saylay231}au)'
z
The FPDE of Corollary 0.3 translates into

Acpy) . ApY
“Are (Gitoa, i) = B (tjous2i) + YV A, (Gitoa Zi): (42)

We will now give the formulas for our approximations and study their rates of convergence.

The approximation used for the Caputo fractional derivative is the one introduced in Alikhanov (2015). The
Caputo derivative approximation for a function f is

daf Aaf « j) f 8+1 f(tS)
S s by )= Dst1) = Jits) 43
S o)~ 5L (00) liag L (13)
where c((J 0 =0l * and
al™ + bﬁ”‘) if s=0,
el = Fal” $ 0l -0 if1<s <o, (44)
aga) — b;a) if s =7,
when j € {1,...,n;}. The constants a'® and b{") are defined as
al® = (54 0,)' 7 — (s — 14 04)' 7 (45)

and 1
bga) ::27 [(S 4 O.Q)Z*Oé _ (S — 1+ O_oé)Qfoé:I
o (46)

5l 0w 4 (s = 1 00) ]

The approximation formula of Equations (43)-(46) is based on a quadratic interpolation of f on the grid
{0 =tg,t1,...,tn, = T} and is derived in Alikhanov (2015). This approximation has the benefit of a high
order error, that is O(A¥™%), as stated in the next proposition.

Proposition 0.11. For any o € (0,1) and f € C3[0,t;41],

def A f o
@(fﬂoa) - Aita(tjwa) =O0(A™?).

Proof. See Lemma 2 in Alikhanov (2015). O
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The fractional derivative of Corollary 0.3 is thus approximated by

A e A5 g @) — o, 20)
N = A

. (47)

We move to the approximation Bnﬁ((lo) (t,z). The next proposition introduces the formula we use.

Proposition 0.12. Let f € C2[0,T]. Then,
f(thrO'a) = (1 - Uoc)f(tj) + Uaf(thrl) + O(Af)
Proof. The proof is based on Taylor’s theorem. This theorem implies that

s 2
ad(ty21) = 30 (Ftr10.) + 1 = 00 ) .., ) 4 00 )

—Oa t 2 "ey
(o) )

(18)
o, (f(tjm) (1= o)A () +

and

(1=0a)f(t;)

= (1= 0) (£520) + (& =ty ) (1100 + 252250 1) ) (49)

Tul\;)? -
=(1-0a) <f(tj+aa) — 0aef (tjro,) + (Qt)f”(tj))
for some t;41 € (tj40,,tj+1) and &; € (tj,tj4,,). Summing Equations (48) and (49) yields the announced

result. O
The term B@Exo)(t, z) is therefore computed as

BED (s 00s 20) = B(r,w,20) [7a@ O (1, 2) + (1 = 00)0 (1, 20)] (50)

5(0)
foralli € {—n,,...,n,}. The approximation 'yAK: (t,z) is more tricky. This happens for two reasons. The

first is that we have to control the rates of convergence with respect to both A; and A,. The second is
that we have to rely on 3 different approximations in order not to fall outside of the grid {z_,_,...,2n,}
when approximating the partial derivative with respect to z. The falling outside of the grid problem will
be explained more precisely and addressed later on, in the case ¢ € {—n,,n,}. For now, we assume that
1€{-n,+1,...,n, — 1}. The approximation is in this case based on the following proposition.

Proposition 0.13. Let f,k € C3[—2max, Zmax)- Then,

k 2yl Zi41 —Azk/ Zg Zi —kzF; Zi—1
F() f(2) = (254 1) (zi41) ;A)Zf( ) = k(zi- 1) f( )+0(A§).

Proof. By Taylor’s theorem,

Keiy) = bz) + 52K () + 5 (%)2 B0 + 5 (A;)g K" (ipy) (51)

for some Z; 1 € (2i,%;,1) and

ey = ke~ oG+ (52) W (52) ey (52
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for some Z;_1 € (2;_1,%;). Similarly,

2 3

A A
f(ziv1) = f(2) + AL f' () + 72]"”(2’,') + ff’"(éwl) (53)

for some Z; 11 € (2, 2i+1) and

3

ﬁfﬁl(zi—l) (54)

A2
f(zic1) = f(zi) — AL f'(zi) + ff”(zi) ~ %

for some Z;,_1 € (2;-1, z;). Multiplying Equation (51) by Equation (53) and Equation (52) by Equation (54)
leads to

k(zip 1) f (zigr) = k(2o 1) fzim1) = 28 K(20) f(20) + ALK (2:) f(2:) + O(AD).
A division by A, then implies that

k(zip 1) f (@ig1) — Ak (2:) f () — k(2 1) f (2i-1)

27 = k(z) ' (z:) + O(A2),

as announced. O

Let k be a function that belongs to C3[—Zmax; Zmax] and g : [0,T] X [~Zmax, Zmax] — R @ (t,2) = g(t, 2)
be a function that is twice continuously differentiable with respect to its first argument and three times
continuously differentiable with respect to its second argument. Proposition 0.12 implies that

0 0 0
k(zi)é(tj+aavzi) = Uak(zi>£(tj+lv zi) + (1 - er)k(zi)%(tjv zi) + O(A]). (55)

Moreover, Proposition 0.13 applied on each term at the right-hand side of Equation (55) provides us with

0
k(z) 5 (t4o,: ) = O(AZ + AD)
Y k(2 1)g(tje1s i) — K (23)9(t41, 21) — k(22 1)9(tj41, 2i-1) (56)
“ 2A,
. . J— / . . . — . .
+a _o_a)k(zi+%)g(tj5zl+1) K'(2i)g(tj, 2i) k(zi,%)g(tj,zl_l)
2A,
5(0)
The approximation VAK;() (t, z) then follows from Equation (56), that is
AL
VALZ(tHawZi)
@,z )R (G, zie) = A S (@, 20) @8 (t41, 20) — (@, 7, 3 )P (41, 2im1) (57)
= e 2A.
L Tz O (b ) — A B (w2087 (b, 20) — (g )RR (b 200)
+(1—0a) A, .

Unfortunately, Approximation (57) cannot be used when i € {—n,,n.}. The reason is what we previously
referred to as the falling outside of the grid problem. As a matter of fact, the z; 11 (resp. z;—1) that appears
in Equation (57) prevents us from using this formula for i = n, (resp. i = —n,) without falling outside of
the grid {z_n._,..., zn. }. The next proposition introduces the approximations we use when ¢ € {—n_,n}.

Proposition 0.14. Let f € C3[—2zmax, Zmax]- Then we have

(#)
P ) = —f(—2max +24;) + 4f§;zmax +A2) = 3/ (=Zmax) 0(A?)
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(i1)
3f(zmax) - 4f(zmax - Az) + f(zrnax - 2Az)
2/,

f/(zmaX) =

Proof. By Taylor’s theorem,

f(_zmax + Az) - f(_zmax)
A

= f/(_zmax) + %f”(_zmax) + O(Az)

and

f”(_zmax) = f//(_zmax + Az) + O(Az)

_ f(_zmax + 2Az) — 2f(;22max + Az) + f(_zmaX) + O(Az)

Substituting Equation (59) into Equation (58) gives

f(_Zmax + Az) - f(_zmax)
A

f(_zmax + ZAz) - 2f(_zmax + Az) + f(_zmax)
2A,

= f/(_zmax) +
Result (i) is obtained by isolating f’(—zmax). The proof of (i7) is similar and therefore omitted.

Proposition 0.14 motivates the approximations

ApY
VTZ(throa ) Zi)

~(0 ~(0 ~(0
o (1, i) + 400 (11, 1) — 308 (841, 1)

= UQ’Y(W7 zz)

2A,
PN PN P
+(1_0,a),y(w’zi) Pa (t]vzl+2)+ Pa (tJ7ZZ+1) 39004 (t]azl)
2A,
when ¢ = —n, and
vAng&O) (o 2) = Tay(w ZA)3¢&O)(tj+1’Zi) — 498 (tj41, 2im1) + @8 (41, 2im2)
Az JH+oar <) - « y <4 2Az
»(0) 4 (0) A(0)
Ot 2) — 4O (4, 2 Otz
+(1_0a)7(w,zz)3gp (t] 21) ¥ (t_] 24 1)+90 (t] Zi 2)

2A,

+0(A?).

(60)

(61)

when i = n,. From Equation (42), we replace the approximations by their formulas of Equations (47), (50),
(57), (60) and (61), and we express the values of time ¢;; in function of the values up to time ¢;. This leads

to
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0 (i1, 2it1) A,

0 Ay (w, zHé)]

(e,5) Al as (w 2 )
¢ —a t O‘Bz T

+ <p(0)( tj+1,2i) ll“(fa) — A} oafB(r,w, i) + T
U‘)‘Atl_a’y(wvzi,l)

+ 30510> (tj+17 zi,l) A 3

~(0) 11—« Céa’j> (62)
= @t 2) | (1= )AL B(rw, ) +
1
(a J) (0) +(0) .
) Z: i—s (soa (tst1,2i) — Pa (ts,zl))
1—0a)Al7™ . P
+ (2% |:’Y(w7 Zi+%)§0§x0)(tj» Ziy1) — Ay 63 (w, zl)cpflo) (tj,2i)

(w2 mﬁaﬁmlﬁ

in the case i € {—n, +1,...,n, — 1}. Otherwise, it gives

oo Ay (w, % . —2A 0y (w, )
G (tj4, Ziva) [BAZ()} + @O (41, Zi41) [ ! A (
( 7.7) 11—«

: c . Ta AL (w, 2)

+ @O (t 41, 2i-1) ll“(lo—a) — AT %00 B(r,w, z) + 3(H2Azz]
0 - (()au)
= ¢P(ts,2:) |(1 = 00) A" B(r,w, 2:) + T(1-a) (63)
1
B I(l—a) ZC(W) (90510)( s+1s2i) — 95510) (tsvzi)>
s=0
1—00)A " %y(w, 2 . .
( )QtA , z) { GO (t;, ziy2) + 400 (5, 2i41) — 390&0)(15;',21')}
when ¢ = —n, and
(a7j) e’
SO oy | Al ) _ g%l "YW, zi)
P (t_]"rla Z’L) [F(l — a) n Uaﬁ('f",w, Zl) 3 QAZ

R 2AI %0y (w, 2
+90£¥0)(tj+1,2i71) [ t A’Y( )}

R —0a AT (w, 2
+ gog))(tjﬂ,zi_z) [ tQA’Y( )}

. X o) (64)

= @t(x )(tjv ZZ) (1 - Ua)Atiaﬁ(’rvwa Zz) + m

170[ Zc(a’j ( «(10) s+1,Zi)—@&0)(ts,zi))
s=0

(1-— aa)Atl
24,

W, 2; R N
e, z) {390510) (tj,zi) — 490(a )(t Zi—1) + SO(O (tj, zi—2)

when ¢ = n,. Equations (62)-(64) actually describe a linear system of equations. Namely, if we define the
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matrix y € RE=+1x@n=+41) 59

3'Ynz _4’Ynz Yn 0 s 0 0 0 0
V141 —A20Vn, -1 “Vno-1-1 0 0 0 0 0
0 Vo241 —A,0Vn, -2 “Vn,—2-3 0 0 0 0
0 0 0 0 cee 'y_nz+2+% —0YV—n,+2 77—%4—2—% 0

0 0 0 0 s 0 ,Y*’nz+1+% _Aza'Y—nz+l _’anz+17%

0 0 0 0 e 0 —V—n. 4’}/*”2 _377712

where v; and 9v; are respectively used as shorthands for «(w,z;) and %(w,zi), and the matrix B €
R(2nz+1)x(2n:+1) ¢ )

IB = dla’g (5(7’,&],an)7ﬂ(’f',w,2nz_1), s ,5(T,W72—nz>) ’

then we can rewrite Equations (62)-(64) in the matrix form

) ~ c(()a,j)
AV I 2 (t;
Oaly <ﬂ+2AZ)+ Tl —a) @ (tj+1)

(CH)) )
N o R aﬂ P (1) + ey 24 (@7 ) — 7(02)

where I € R(Z7=+1)x(2n=+1) j5 an identity matrix and
@ () = (@t 20 ), Bt Zna—1)s -+ @ (8, 22,)) T € REMHDXL

From the initial condition ¢, (o) = 1, it is thus possible to compute recursively all the ¢, (¢;)’s by using

@ (tj+1)

1— 2 gx,j) B 1— 24 (()%j)
—0a\; <ﬁ+2Az>+IF(1—a) (1 —0a)A\; <ﬁ+2Az>+IF(1—a) @™ (t;)

-1

(ev,5) i1
1 _ 11— Y Co (e,4) / A et
+ T'l—a) Tl (:B + A z) + If(l —a) ;:0: ;s (@7 (tsg1) — @7(2s)) -

0.5.2 Inversion of the Fourier transform via FFT

Now that we are armed to compute the values of the transform ¢,,, this subsection describes in details how
to obtain the call prices from this transform by inverting it. As in Carr and Madan (1999), this inversion
is performed numerically with the help of a Fast Fourier Transform algorithm. For a fixed maturity 7' > 0,
and an evaluation time ¢ € [0,T), we wish to compute the call price

Egle™ "7 (%57 —e*), 1G4,

where (X})¢>0 is the logarithm of the stock price and k = In K is the log-strike. By the Markov property,
this call price can be considered as the function

C(T, k|ta Y1,Y2,7, 'LL) = EQ[eirAgT (eXST - ek)+|(ASt P >‘St 5 Sta USt) = (ylv Y2, 7, 'LL)]

Since this function is not square integrable (with respect to the log-strike k), Fourier theory does not apply.
However, if we fix € > 1, then the function

C(Ta k|t7 Y1,Y2,7, U) = eskEQ[eirST (eXST - 6k)+|(ASt B >\St 5 Sta USt) - (Z/h Y2, 0, U)]
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is square integrable and its Fourier transform exists. Denote by ¢ the Fourier transform with respect to the
log-strike k,

é(T7w|tay17y27U7u) ::/ ok (T k|t Y1, Y2, v, u)dk
R

This Fourier transform can be expressed in terms of the Fourier-Laplace transform of the couple (S, Xs,)
through the following computations

é(T,w|t,y1,y2,v,u):/Re(i“"*'g)kC(T,k|t,y1,y2,v,u)dk;

+oo
= / 6(1w+6)k/ / e "o (€$1 - 6k) pa(T7 xo,x1|t,y1,y2,v,u)dx1dxodk
R Rt

z1
z/ /e Do (T, xo,x1|t,y1,y2,v,u)/ 1@tk qkdz,dag
R+

— 00

1
/ 6*7‘930/pa(T7x07x1|t,y1’y27v7u)/ e(lw+€+1)kdkdxld$0
R+ R

— 00

>/ / *T"I/’O*(W““)wl o(Ty o, z1[t, 41, Y2, v, u)dz1dzg
R+

<1w+5 1w+6+1

= T,r,i 1,0]¢ .
(1w+€) (iw—i—a)(pa( Ty e+ 1,0t 1, 42,0, 0)

Then we can invert the Fourier transform to obtain the call price

C(Ta k|tay1,y2vvvu) =

e—ck / efiwk (pa(T, riw+e+1, 0|t, Y1,Y2,0, U) dw. (65)
R+

T (iw+e)?+ (lw+e)
We will approximate this integral with the help of Riemann sums and perform the computations with the

help of a fast Fourier transform algorithm. Following Carr and Madan (1999), the approximation for the
integral of Equation (65) is of the form

(T k |t Y1,Y2,0, u

iwjkn QDOA T T7iwj+5+1a0|t7y17y27v7u) 3+(_1)3_Cj—1 A
(iw; +€)2 + (iw; +¢) 3 ©
for the range of log-strikes k,, = —kmax + Ag(n — 1), kmax >0, n=1,..., N € N and Ay = 2kpax/N. The
discretization of the variable w is of the form w; = A, (j — 1) for some A, > 0 and (1 =01if j =1 and
(j—1 =0 when j # 1. Imposing AyA,, = 27/N and performing some computations yields
C(T7 kn|t,y17y2,’l],u)

6—Ekn

~
~

N
Zex {_2irr(j71)(n71)} pa(T,riw; +¢+1,0[t,y1,y2, v, u)( 1)i-1
P N (iwj +€)2 + (iw; +¢)

34 (-1 —<j_1} AL
3
j=1

which can be computed with a fast Fourier transform algorithm.

0.6 Hedging of a call option

In this section, we discuss the hedging strategy for contingent claims, and in particular call options. A first
strategy could be to “Delta” hedge the call option, that is buying a quantity dC/0Ag, of the underlying
asset (Ag,)t>o0 to mimic the first order behavior of the call option price with respect to the asset. However,
such an approach fails to properly take into account the jumps that occurs in the price. To better take
into account the occurrences of jumps, we propose a hedging strategy that is determined through a variance
minimization problem, as pioneered in Follmer and Sondermann (1985). This approach is also referred to as
quadratic hedging and is used in numerous studies. We can cite for example Follmer and Schweizer (1991),
Pham (2000) and Moraux and Hainaut (2018).
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The variance minimization of the hedging error will be performed under a fixed risk neutral measure Q, as
described in Section 0.4. The choice of such a measure is questionable. As a matter of fact, this approach
suffers from two drawbacks. The first is that the chosen risk neutral measure Q becomes an input of the
optimization procedure that leads to the hedging strategy. Consequently, the hedging strategy provides
neither a risk neutral measure nor a price for the contingent claim. The second drawback is that the profits
and losses that will occur in practice are ruled by the real-world probability measure. From this point of
view, the optimization should be performed under the real probability measure and not under a risk neutral
one. However, hedging under a risk neutral measure has some benefits. On the one hand, quadratic hedging
with discontinuous processes under probability measures that are not risk neutral does not admit a solution
in general. On the other hand, the non-uniqueness of a risk neutral measure allows to adjust the parameters
that appear in the optimization problem. In particular, the parameters could then be adjusted to reflect
the uncertainty over the evolution of prices and the risk aversion of traders. As noted in L. P. Hansen and
Sargent (1995) and Lars Peter Hansen and Sargent (2001), the risk neutral measure can be chosen so that
the obtained hedging strategy is more conservative than any other strategy built under P.

The quadratic hedging approach relies on predictable representation theorems for martingales. Such theorems
allow to write contingent claims as stochastic integrals of predictable processes with respect to the risk factors
that drive the underlying asset price. The first representation theorem is often called the Kunita-Watanabe
decomposition theorem and was introduced in Kunita and Watanabe (1967). Similar results can be found
in Kunita (2004) and in Chapter 3 of Jean Jacod and Shiryaev (2003). We start with the general case
of the hedging of a square integrable contingent claims Y. More precisely, we establish the existence and
uniqueness the quadratic hedging strategy under each fixed risk neutral measure Q. Afterwards, we determine
the particular hedging strategy when the contingent claim Y is the payoff of a call option.

In order to rely on the Kunita-Watanabe decomposition theorem for square integrable martingales, we work
with the discounted asset prices. Recall that in the subdiffusive case, the discounted asset price is (Ast)@m
where A, = e " A,,t > 0. Fix a risk neutral measure Q as in Section 0.4. Note that when talking about
square integrable martingales, we refer to the terminology of Protter (2005) (P.180), i.e. an (F3);>o-adapted
stochastic process (M;);>o that satisfies E[M?] < +oo and E[M;|F,] = M, for all t > s > 0. In particular,
we do not necessarily mean that supt>OIE[Mt2] < +00 (the processes that satisfy this additional condition
are referred to as L? martingales in Protter (2005) and are of course square integrable martingales).

Let 7' > 0 be a deterministic maturity and Y be an F;°*-measurable positive and square integrable random
variable that represents the payoff of a contingent claim to be paid at time 7. We aim at finding a portfolio

(or strategy) in order to hedge the contingent claim Y. A portfolio consists of a vector valued predictable

stochastic process (Wt(o)7 7rt(1), . 77T£d))t€[07T] where d is the number of risky assets in the market and ﬂ,gi) is

the quantity of assets i to be hold at time t. Asset ¢ = 0 is the risk-free asset. In our case, d = 1 and the

0) (1)
t

present value (V;(m)).epo,) of the portfolio 7 = (7, , ;™" )sejo,1) is given by

Vi(m) = 77,50) + Wt(l)fis (66)

t
at time ¢. On top of being (.7:{405 )te[O’T]—predictable, we require the portfolio 7w to be self-financing. This

concept refers to the fact that the instantaneous changes in the value (V;(7)):eo, 1) are due to changes in the

prices of the assets, and not to instantaneous rebalancing of the asset quantities (ﬂt(o)

Mathematically, this condition is expressed as

,ﬂgl))te[oﬂ we hold.

t
Vi(m) = Vo(m) + / r(Mdds, .
0

For more material about self-financing portfolios, we refer to the chapter 2 of Jeanblanc, Yor, and Chesney
(2009). The goal is thus to find

*x : _ —TST 2
7" = arg min Eq [(Vr(w) —e Y)?] (67)

where IT is the set of all self-financing portfolios. The next result requires the notion of orthogonal martin-
gales. This notion was given at Definition 0.1. Let us state the Kunita-Watanabe decomposition theorem.
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Lemma 0.9. Let (By)i>0, (My)i>0 be two square integrable (Q, G)-martingales, where G = (Gy),
tion that satisfies the usual conditions. There exists a unique choice of square integrable (Q,G)
(M{)i=0 and (M]")i>0 such that

>0 @5 a filtra-
-martingales

(i) (M})i>0 € ®(B), where
¢
®(B) := {(/ </)udBu) : (Pu)uz0 is a G-predictable process} ,
0 t>0

(i) (M} )¢>o0 is orthogonal to any process that belongs to ®(B),
(iii) (My)i=o0 and (M] + M{")i>0 are indistinguishable.

The statement and the proof can be found at Proposition 4.1 in Kunita and Watanabe (1967). In order to
apply Lemma 0.9, we need the filtration (G;)i>0 to satisfy what are called the usual conditions. The first
usual condition is that Gy must contain all the null sets of the probability space, which is here the case by
assumption. The second is that the o-algebras Gy 1= c>0 Yt+e and G; should coincide for any ¢ > 0. This
property is called the right-continuity of the filtration. The two next lemmas show that the filtration FA°S
that we have chosen for the discounted asset price (Ast)t>0 is right-continuous.

Lemma 0.10. Let (H;)i>0 and (Fi)iso be two right-continuous filtrations on the same probability space

(Q, F,P). Then the filtration (HiV Fi)i>o is right-continous.

Proof. Fix t > 0. We begin by showing the inclusion

ﬂ (Ht+g U ft+5) C Hi U Fy. (68)
e>0

Note that this inclusion is trivial in the case H; U F; = F, so that we assume H; U F; # F, that is HeUFy s
strictly included in F. In this proof, set complements are taken with respect to F, i.e. for A C F, A = F\ A.
Let B € H; UF;. By the right-continuity of the filtrations and two applications of De Morgan’s laws, we

s o)
-(0e) o (07)
-(ym=)o (y==)

so that there are 7/, 7 > O such that B € H; ., NFiye,. Setting e = ey Acr, we have that B € Hy cNF e,
which implies

B € [)(Hire UFise)
e>0

and thereby proves the inclusion at Equation (68). As a consequence,
g (m(Ht+€ U.Ft+5)> C Ht \/.Ft.
e>0

It remains to show that

n (Ht+5 V ]:t+€) =0 (ﬂ (HtJrs @] ]:t+5)> .

e>0 e>0
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To this end, note that

B € Neso(Hite V Fiye)

< For any € > 0, B € S whenever S is a o-algebra that satisfies S D Hq1c U Frye

< For any € > 0, B € § whenever S is a o-algebra that satisfies S D H;qc V Frie

& Forany e >0, Be Hyye V Fige

& B € Neso(Hite V Frie),

concluding the proof. O

Lemma 0.11. The filtration FA°S is right-continuous.

Proof. Recall that F/A°S = fé’U, where ff’U =FAVFI=FVVvF/ vFY.
First we show that F4U is right-continuous. According to Lemma 0.10, it is enough to show that F"W,
F/ and FY are right-continuous. The right-continuity of both FY and FW is guaranteed by Theorem 31
in the chapter 1 of Protter (2005), which states that the natural filtrations of Lévy processes completed
with the null sets are right-continuous. The proof of the right-continuity of natural filtrations of counting
processes (Theorem 25 in the same chapter) is also valid for the right-continuity of F/. It follows that F4:U
is right-continuous. It remains to show that this conclusion extends to the time-changed filtration F4°5.
Fix t > 0 and assume that A € [,y ]-"t‘ff. Then for each n € Nand all s >0, AN{S,,1 <s} € FAU. It
implies that for any k& € N, !
1 AU
N Uan{sis<s+operiy (69)

m>=k neN

and thus the right-continuity of F4V entails that the set of Equation (69) is in F4U. Finally, since the
paths of (S;);>0 are nondecreasing and right-continuous, the set of Equation (69) equals AN {S; < s}. This
proves that A € fé’U = F{oS. O

We can now state the existence and uniqueness of the quadratic hedging strategy.

Proposition 0.15. Let Y be a ]-":,‘éos— measurable square integrable random variable. Then there exists a
unique choice of a FA°S-predictable process (yi)i>0 and a martingale (My);>o such that

T
e TITY = / ysdAs. + Mrp (70)
0

with (My)i>o0 being orthogonal to any process in @(A 0 5). Moreover, there exists a unique solution to the
quadratic hedging problem (67) given by

= (]EQ[(TSTY] - yOASgayt)tE[O,T}~
Proof. Define the process (Y;)i>0 as Y := Egle ™TY|FAS]. Tt is then clear that (V;);>0 is a square

integrable (Q,F4°¥)-martingale. Lemma 0.9 entails the existence of a unique choice of a FA°-predictable
process (y)i>0 and a square integrable (Q, FA°S)-martingale (My)¢>0 such that

t
Y;t = / ysdAASS + Mt~
0

Moreover, the stochastic integral ( fot ysdAs,)i>o is a square integrable (Q, F4°%)-martingale. Equation (70)
follows. The orthogonality of (M;):>o to any process in lI>(/~1 0 5) corresponds to the second statement of
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Lemma 0.9. Then, for any self-financing portfolio 7 = (77,50), ﬂ'gl)), we can write

T 3 2
EQ[(VT(TF) — e_TSTY)Q] = EQ (Vo(ﬂ') +/O (771(‘1) - yu)dASu — MT>
T 2
— Eq | (Vo(m) - Mr)*| +Eg </0 (mi) — yu)dflsu> (71)

T
— Z]EQ MT/ (7T7(Ll) *yu)dASu
0

Note that (fg (m(}) - yu)dflsu) o € ®(A0S) and thus this martingale is orthogonal to (M;);>o. It implies
20

that

=0.

T
Eq MT/ (r) — y,)dAs,
0

Therefore, with some more straightforward computations, Equation (71) becomes

T 2
Eq[(Vr(m) — e "57Y)?] = (Vo(m) — Mo)? + Eq[(Mr — Mo)’] + Eq (/0 (ml) — yu)dflsu>

To this point, it is already clear that the optimal initial value for the hedging strategy is Vo(w) = My =
Egle™"7Y]. Tt is also clear that the optimal (wﬁl))go is determined through the minimization of

T 2
Eq (/O (W&l)yu)dAsu>

Moreover,

2
Eg </OT(7T1(}) - yu)d/ISu> =Eg H(w(l) —y)- (Ao 8), (M —y)- (Ao S)] T} .

T
=Eq / (Wt(l)—yt)Qd[AOS,AOS]t
0

where (7)) — y) - (A 0 S)); denotes the stochastic integral fg(m(}) — yu)dAg,. The first and second
equalities in Equation (72) respectively follow from Corollary 3 and Theorem 29 in Protter (2005), since

( fot (77751) — yu)djlsu) N is a martingale. Quadratic variations being increasing processes, the quantity at
>0

Equation (72) is minimized when 71'751) =y, for all ¢ > 0. The result follows by combining our findings with

Equation (66). O

Unfortunately, Proposition 0.15 does not give an explicit way to compute the optimal strategy 7w*. The reason
is that the Kunita-Watanabe decomposition theorem does not give an explicit formula for the predictable
process (y;):>0 but only asserts its existence ans uniqueness. However, for any square-integrable contingent
claim whose payoff depend only on the terminal value AST of the stock, one can use Ito’s lemma to compute
explicitly the solution of the quadratic hedging problem. The remainder of this section is thus dedicated the
explicit quadratic hedging portfolio when ¥ = f(Ag,). By the Markov property, there exists a function g
such that the (F/°%);>o-martingale (Y;)i>0 = (Egle ™57 f(As, )| F{1°%])i>0 satisfies

EQ[67TSTf(AST)|‘FtAOS] = g(t, ASH)\SHSt’ USt)7 (73)
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or
9(t7y17 2U27U7U) = E[e_rSTf(AST)KASu)‘S“ St7 USt) = (ylayQaUau)]' (74)

We now show that the argument ¢ is actually irrelevant in the function g. The intuition behind this result
is that in the time-changed setting, the relevant time is given by the last observed value of (Usg, )0, ruling
out the original time scale (t);>¢. To prove this, we rely on two intermediary results.

Lemma 0.12. For allt > 0, it holds that Sy, =t a.s.. Moreover S oU = idr+ a.s., that is the processes
((SoU))iso and (t)1>0 are indistinguishable.

Proof. The first part of the statement follows readily from
Sv,(wy(w) = inf{r > 0:U; > Us(w)}

and the fact that the paths of (U)o are strictly increasing a.s.. The second part of the statement is a
consequence of the cadlag paths of ((S o U);)i>0, combined with the first statement. O

Lemma 0.13. For each u > s > 0, we have
{Ss =v}N{Us, =u} ={S, =v}nN{Us, =u}. (75)
As a consequence,

{Ss =v}N{Us, =u} ={S, =v}nN{Us, =u}N{Us, = u}. (76)

Proof. Let w be a member of the set at the left-hand side of Equation (75). Since U,(w) = w, it is clear that
Sy(w) :=1inf{r > 0: U, (w) > u} < v.

Assume by contradiction that inf{7 > 0 : U,(w) > u} < v. Then there exists an £ > 0 such that U,_.(w) > u.
Hence, as u > s, this leads to v — e > Ss(w) = v, which is a contradiction. We conclude that S, (w) = v.

Conversely, let w be a member of the set at the right-hand side of Equation (75). The equality Ug, (.)(w) = u
implies that
Su(w) =(SoUoS8)s(w) =w.

Moreover, Lemma 0.12 says that (S oU o S)s(w) = Ss(w) a.s., which proves that Ss(w) = v.

That the set at the left-hand side of Equation (76) contains the set at the right-hand side is an obvious

consequence of Equation (75) that we have just established. Let w € {Ss = v} N {Us, = u}. By Equation

(75), Ss(w) = Su(w) = v, so that Ug, () (w) = Uy(w) = u. O

We are now able to prove the irrelevancy of the ¢ argument in the function g of Equation (74).

Proposition 0.16. Let g be the function of Equation (74). Then for any t € [0,T], u >t, v > 0, we have
g(t7y17y27vvu) = g(U/\Tvylquvvvu)

so that g does not depend on t.

Proof. By Lemma 0.13,

g(t7 Y1,Y2,v, ’LL) = ]EQ[eirsqﬂf(AST)‘(ASt’ )‘St’ St? Ust) = (yla Y2, 7, u)}
= EQ [e_TSTf(AST)KASu y )\Sua Sua US'57 USu) = (ylv Y2,0,u, 'LL)] .
If u < T, the Markov property of (St, Ug, )i>0 implies that
EQ [eirsrrf(AST)KASua )\S“ ) S?M USS7 USU) = (yla Y2, 0, U, ’LL)]

=Eq [e7"" f(Asy)|(As,, As,, Su, Us,) = (y1, Y2, v, u)]
:g(u,yl,yQ,U,u)
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whereas if u > T, one has

EQ [ _TSTf(AST)KASua )\SuaSu, USS7 USu) = (y17 Y2,0,U, u)]
=e "7 f(Asy)
= 9(T,y1,y2,v,u).

o

Indeed, in that case, since Ug, = Ug, = uw and s <T < u, we have v = 5, < Sp < 5, = v. O

The previous result motivates that in the following, the function g will be defined as

g(y17y2uvau) = EQ[e_TSTf(AST)|(ASu>>\Su7 Su7 USu) = (y17y27U7u)]'

Assuming that ¢ is sufficiently regular, we apply Ito’s lemma for semimartingales on the process
(9(As,, As,, St, Us,))e=0- To do so, note that all the processes that are involved are indeed semimartingales.
As a matter of fact, since (A;);>0 and (\t)¢>0 are semimartingales, Theorem 10.16 in J. Jacod (1979)
implies that their time-changed counterparts are also semimartingales. Moreover, since (S;);>0 and (Us, )i>o0
have finite variation (because they are nondecreasing) and are cadlag, Theorem 26 in the second chapter
of Protter (2005) entails that they are quadratic pure jump semimartingales. In order to use Ito’s lemma,
we need to determine the quadratic (co)variations of (or between) the processes that are involved in the
function g. We begin with the proof that the quadratic covariation between (U;)i>0 and (A¢)i=0 or (Ar)i>o
is zero. The proof consists in showing that these processes never jump together.

Proposition 0.17. The quadratic covariation processes ([A,Uli)iso0 and ([A\, U)o are indistinguishable
from the null process.

Proof. We give the proof for ([A, U]:)i>0 only, as the case of ([A, U];)i>0 is essentially the same.

The proof rely on the assumption regarding the structure of the probability space (2, F,P) explained in the
introduction of the model. Since (U;);>¢ is a quadratic pure jump semimartingaleS, it holds that

[A U], = > AAAU..

0<s<t

Let us define J;*(w) = {s € (0,1] : AUs(w) > n~'} and Jy(w) = U,51 Ji* (W) = {s € (0,] : AUs(w) > 0}.
Since (Up)i>0 is almost surely strictly increasing and Uy (w) < +oo for almost all w, the set J;*(w) is almost
surely finite for all n > 0 and ¢ > 0 (which also implies that the set of jumps J;(w) is countable, as
it is a countable union of finite sets). Similarly, we define J/*(w) = {s € (0,1] : AU (w2) > n~1} and
Ti(ws) = Uns1 J(ws2). Note that for all n, 7" (ws) = J* (w1, ws). From the monotone convergence theorem

6 Again, this process is cadlag and since it is strictly increasing, it has finite variation. Theorem 26 in the second chapter of
Protter (2005) therefore implies that it is a quadratic pure jump semimartingale.
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and Tonelli’s theorem, it follows that

E[[A, UL <E | Y |AAJAU,

0<s<t

— [ IAAIAU@P@)
s (w)

:ngrfw/g > AA(w)| AU (w)P(dw)

s€JM (W)

= lim // Z |AA, (w1, wa)| AU (w1, wo )P (dwy )PP (duws)
Q; Jo,

n—-+oo
sET (w1,w2)

—dm Y A ) AU (@)Y (o P ()
Qs J O

n—-+oo -
s€T (w2)

im0 AU ( / | |AA§1><w1>|P<”(dw1>> PO (dwy)

n—-+oo Qs

s€T] (w2)
—dm [ Y AUP (1,0 - UEA, JEAN P (ds)
n—+oo Qs sej"(wz)
:07

where the last equality is a consequence of ANg; = 0 P-a.s., for all s > 0. We conclude that for all ¢ > 0,
[A,U]; = 0 a.s., that is ([A,U];)i>0 and the null process are modifications. The conclusion then follows
from the fact that ([4,U];)i>0 is a cadlag process (which is a consequence of Theorem 22 in Protter (2005),
combined with the polarization identity for quadratic variations). O

Corollary 0.5. The quadratic covariation process ([Ao S,U o S]i)i>0 and ([Ao S,U o S]i)i>0 are indistin-
guishable from the null process.

Corollary 0.6. The processes (|JA(AoS) AU o8)|)i>0 and (JA(NoS)A(UoS)|)izo0 are indistinguishable
from the null process.

Proof. This follows from the proof of Proposition 0.17. It is shown that the process (ZO<S@ |[AAs|AUS) >0
is indistinguishable from the zero process. The result then follows from the inequalities

0<[A(A0S) AU S)|< Y |AAAU,
0<s<St

and
0< AN S AU S) < Y |AN|AUL.
0<s<St
O

Proposition 0.18. For any semimartingale (Xy)i>0, the quadratic covariation process ([ X, S]¢)i>o0 is indis-
tinguishable from the null process.

Proof. The quadratic covariation processes being cadlag, it is enough to show that they are modifications
of the null process. As observed above, the process (S;);>0 is a quadratic pure jump semimartingale. As a
consequence, Theorem 28 of Protter (2005) (Chapter 2) yields

(X, 8], = X0So + Z AX,AS;,

0<s<t

which is 0 a.s., since (S;)¢>0 is continuous and Sy = 0. O
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Proposition 0.19. Assume that the function g of Equation (73) is sufficiently reqular. Then, we have that

T
. ~ - 0
g(ASTa )‘ST7 ST7 UST) = g(AOa )‘Ou 070) + U/ Ast aidWSt
dg dg dg 0%g
60— A -1 A
b [ 3 n0- A0 P~ sl - s 22+ g 58

T
+ / /(g(@ZASt7 ) ASt— + 7I|Z|a St7 USt) - g(ASt7 ’ )\Stf ) St7 Ust))E(dz)dNSt

dS;

+ Y (9(As,, As,, 81, Us,) — 9(As,, As,, i, Us, ),
0<t<T
where = is the random measure associated with the jump process (Ji)i>o-
Proof. An application of Ito’s lemma for semimartingales yields

g(t ASHASHSta USg) - Q(Asoa AS(),SOa USO)

:/ 885 (As, s, +Ss—,Us, )As,_ [0dWs, + Ag,E[e® — 1]dS,]
0 1

89 (AS )\557 5 SS,, USF)KJ(H — )\Ss)dSs

+
5‘y2
d 77
+/ 89(,45 s, Se_,Us._ )dS, (77)
0
t92g _
W I(As.  As. ,Ss_, Us, )A%,_dS,
+ Z g SsaASSNSSaUSS) _g(Asskassfyss—vUS,)} .

0<s<t
The jump part can be decomposed as follows

Z [Q(ASSaASS7SSaUSS) _g(ASa.,vASs,aSs—7USS,):|
0<s<t
=Y [g(/ls )\sS,Ss,UsS)—Egg(ﬁsuﬂsuﬁuﬂsu)] L A(U08).=0}n{A(A0S), >0}

0<s<t
+ > {9( As., As.,Ss, Us,) —EQQ(ASM)\stu,Usu)] LiAWos).>0}n{A(4o5). =0}

0<s<t
+ Z {9(;1 5, Us,) — Egg(ﬁsua)\suvsuﬂsu)] LA (os). >0)n{A(A0S). >0}

0<s<t
and Corollary 0.6 implies that the last term is indistinguishable from the zero process. The continuity of g
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is then used to obtain

Z [g("zlss ) >\Ss ) Ss» USS) - Q(ASS_ 3 )‘SS_ 3 sza USS_ )]

0<s<t
= > [Q(ASSJSS»SsaUSS) —lggg(z‘isw)\su,su,(fsu)} Liawes).=0}n{a(does), >0}
0<s<t
+ Z |:g(1215'5 ’ )‘5'57 Ssv USS) - h?sl g(jlsu ’ /\Sua Su’ USu ):| 1{A(UoS)S>O}ﬂ{A(AoS)S:O}
0<s<t v
=y [Q(ASS;)\557587USS) —g(gg(Asua)\SuvsuaUSu))] LA (wos).=0}n{A(Aos), >0}
0<s<t
+ > [Q(ASS,ASS,SMUSS) —Q(EQ(ASH,)\SH,SMUSH))] L A(Wos).>0}n{A(4o5). =0}
0<s<t
= Z [9<ASS s As,5 Ss, USS) - g(Asz s AS,_ 5 S, USS)] 1{A(UoS)S:0}ﬂ{A(AoS)S>O}
0<s<t
+ Z [9(As., As., 55, Us,) — 9(As,; As,: S5, Us, )] L{awoes). >0}n{A(A0s), =0}
0<s<t

The result is finally obtained by rearranging the terms in Equation (77) and rewriting the first jumps term
with the help of the random measure =, which gives

Z [Q(ASS s As,, Ss, USS) - g(Asz s As, 5 S5, USS)} 1{A(UOS)S:O}H{A(AOS)S>O}

0<s<t
T ~ ~
= [ [t As rs +al21,50Us) —g(As. s, 5, Us))2(d=)aNs,
o Jr
and concludes the proof. O

Using Proposition 0.19, we can derive the optimal hedging strategy w* of Equation (67) when Y7 = f(Ag,.).
This strategy is given in the next proposition.

Proposition 0.20. Assume the the function g of Equation (73) is sufficiently smooth. Then if Y = f(As,)

is square integrable, the hedging problem (67) admits the solution w* = (ﬂ't(o*), 77,51*))7520, where

771(}*) —

02A~Su_ % + )\Su_ fR(g(QZASu_ ) )‘Su,_ + 77|Z|7 Su, USU) - g(ASu_ )
As, (02 + Xs,_ Ja(e* —1)%v(d2)]

As,_ s Su,Us, )(e* — 1)v(dz)

u—

and }
70 = Egle 57 f(As,)] — m™) As,.

Proof. Recall that the function g and the FA°S-martingale (V;)i>0 = (Eg[e ™97 f(As, )| FA%%])i=0 satisfy

EQ[€7TSTJC(AST)‘F;‘OS] = Q(Astv /\Sw St, USn)' (78)

For any self-financing portfolio = = (7rt(0), wﬁl))te[o,T], we have the following decomposition of the quadratic
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hedging error
T 2 2
Eg (YT — Vo(m) — / ﬂt(l)d]lst> =Eg (YT — Yo + (Yo — Vo(m)) — / (1)dAst>
0 0
2 T
=Eg | (Yo — Vo(m))2 + (YT ~ Yy — / (l)dASt> +2(Yy — Vi()) <YT Yy — / ﬁ”dﬁst)
0 0

2
T
= (Yo — Vo(m))? + Eq (YT ~ Yy — / ﬁ”dASt) ,
0

where the last equality comes from
Eo[Yr — Yo=Y —-Y, =0

T ~
/ rMdAg,
0

as (Y)i>0 and (Ag, )i>o are -martingales. It is then clear that the optimal initial amount is Vp(7*) =
Yy = Egle ™57 f(Ag,)]. Next, Proposition 0.19 implies that

T T
. T
Yr — Yo —/ rMddg, = o/ Asg, (9 - 7#)) dWs,
0 0 oy

T Tog dg 99 () 0%+, 0%
+/0 |:av + /4:(9 Ast)ayg AStEQ[ — 1})\& <8y1 — Ty > + 7‘45& 8y%] ds;

and

EQ =

)

FAOS

T
[ [ (oA ds el S Us) = ol As. S Us) = (e = DAs,_7{”) Zde)ans,

+ Z AS“)\S“StaUS,) (ASﬂ)‘SmStaUst,f))
0<tLT

In order to shorten the notations, we define

~ 0 -
Ht(l) = UASt (39 (Ast,)\st,st,USt) — 7Tt(1)> s
n
@ 99, % dg
H” = —(As., A 0—M\g, ) =—
t av( St SHStVUSt)—’_K( St)6y2

— Ag,Eqle® —1]As, (aag

(AS“ )\Sta St7 USt)

289

2
~ g
(Ast’)‘SwStvUSt) - ﬂ—t(l)> + 2 ASta Z(ASH)‘SmStvUSt)

//< (e*As, s, +nl2|,8,Us,) — g(As, ,As, ,Su,Us,)

— (" — 1)A5un§1>> 2(dz)dNg,

and
XY= > (9(As,, As,, SusUs,) — g(As,, As,, Su, Us, )
o<u<t
Moreover we denote . .
xW = / HVawg, x® .= / H?4s,
0 0
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and (Hy)iejo,r) == (Y2 — Yo — f(; m(})dfisu)go, which is a martingale. Using the notations we introduced, we
find

Hy =Yy — Yy — / rMdAg,

/ HYawg, + / H2as, + x¥ + x (79)

= ZX;’“.

k=1

Since (Hy)¢ejo,] is a martingale, we have

2
T
Eq (YT — Yy — / wt(l)dAst) = Eq[H3?] = Eq[[H, H]7],
0

where the second equality follows from Corollary 3 in Protter (2005) (Chapter 2). Combining Equation (79)
and the bilinearity of quadratic covariations, it follows that

24: i X (k) X(J)

k=1j=1

Note that the process (Xt(k))te[O,T] is continuous when k € {1,2} and quadratic pure jump when k # 1.
Indeed, Theorem 29 in Protter (2005) (Chapter 2) implies that

t 2
[X(2)’X(2)]t:/ (Hﬁ)) d[S, S].
0

which is indistinguishable from the null process, as implied by Proposition 0.18. It follows that if £ # 1 and
j€{1,2,3,4} then
[X(k)7X(j)]t — [X(j),X(k)]t — Z AX’L(I,IC)AX’I(Lj)'

O<u<st

Since (Xt(k))te[O,T] is continuous for k € {1,2}, we infer that ([X*), XU],),c(0.7) is indistinguishable from
the null process whenever k € {1,2} and j # 1. In addition, Theorem 29 in the second chapter of Protter
(2005) also entails that

t 2 t 2
[X(l),X(l)]t:/ (Hffj) d[WoS,WoS]u:/ (H,gl_)) dS,.
0 0

Next we have
t
X, X ), = / / <g<eZAsﬂ,_,Asu_+nz|,su,Usu)g(As,‘,_,Asu_,su,Us,J
o Jr
} 2
—(e” — 1)A5u7r751)> x(dz,dS,),

(XW, XD, = " (9(As,, As,, Su,Us,) — 9(As,, As,, Su, Us,_))?

o<u<gt

and
[X(S),X(4)]t - [X(4),X(3)]t =0,

which follows from Corollary 0.6. As a consequence,
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t 2 _
e = [ (12) a8, + 3 (s As.sSuUs,) - g(ds, As, 50, Us, )
0

O<u<t

t
+/ / <g(€ZASu_7>\SU_ +nlz|,S84,Us,) — 9(As,_ s As,_Su,Us,)
0 R

2
—(e* — 1)A5u7r,<}>> x(dz,dS,,).

and thus the strategy (ﬂ't(l))te[QT] will be chosen so as to minimize the quantity

T 2
Eq[H?] = Eq / <UASu_ (ag(/isuu)\su_asu—stu_)¢u>) dSu]
0 oy
T ~ ~
+ Eo / /<Q(BZAS1”)\S“+77|Z|,5u’USu)—g(Asu,)\su,Su,Usu)
0 R
2
(e - 1)AS 7T' 1) (dZ)/\S dS]
+Eq | Y (9(As,, s, Su.Us,) — 9(4s,, As,, Su, Us,))?

0<u<gT

Since the third term does not depend on 7’ and (St)t>0 is nondecreasing (thus dS, > 0), the problem
amounts to finding

2
ﬂ_q(}*) = argmin{ <0/~15u (;g (AS JAS,_ySu—yUs, ) — ¢u>)
Y
+/ (Q(GZASH_MSH_ +nlzl, Su, Us,) — 9(As,_, As,_+ Su,Us,)
R
) 2
—(ef — 1)A5uﬂ'£1)> v(dz)As, }

It is then easy to check the first and second derivatives with respect to 7 to conclude that

7_[_5[41*) _
o?As, 8y1 + As, fR e*Ag, _ 4 nlz|,84,Us,) — g(As,_,As,_,Su,Us,)(e* — 1)v(dz)
Asu, [02 + s, [y (e7 —1)2v(dz)] ’
as announced. 0

The optimal quadratic hedging strategy for a call option comes as a corollary.

Corollary 0.7. The call price process (Yi)iejo,1) = (C(t, As,, As,, St Us,))tejo,1) s a martingale that satis-
fies the following SDE

T -
é(AST,AST,ST,UST)ZCN'(Am)\o,O,O)—‘rJ/ AstgidWSt

0

o2 A 92C

o N
aC aoC oC
+/ |: +/{(9 _ Ast)i — AS1EQ[6 — 1})\5’18 + S a2 8 2 dSt
0

ov 0ya
T ~ ~ ~ ~
+ / / (Ce*As, s, +nlzl S0, Us,) — C(As, . As, »SiUs,))=(dz)dNs,

Z ASt7)\St7St’USt) C(ASU)‘SNSUUSt—))'
o<tLT
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Moreover, in the case of a call option, the hedging problem (67) admits the solution 7* = (ﬂt(o*),ﬂ,gl*))

where

7T7(Jl*) _

As,_»Su,Us, )(e* —1)r(dz)

u—"

u— [02 + s, f]R dz)]

JzASu 8y1 +)‘Su_ f]R 6 Asu_,)\su_ +’I7|Z| Su,Us )—CN'(/IS
Ag

and

_ (1
") = Eole " (As, — K)4] —my " As,.
We close this section with a theoretical results about stopping-times.
Lemma 0.14. For any a.s. finite (F§,)-stopping-time 7, the random variables Ug, and Us, _ are (Fg )i>o-

stopping times.

Proof. To prove that Ug._ is a (Fg )¢>o-stopping time, we need to show that for any ¢ > 0, {Us, <t} € FY.
We have that
{Us, <t} = ({Us, <ty {7 <t} U ({Us, <t} N {r >t}) (80)

=0

where the emptiness of the second set follows from the inequality Us, > 7. The right-continuous paths of
(Us, )it>0 imply that it is a progressively measurable process, from what it follows that Ug_ is F. SUT -measurable.
Note that the two assertions of the previous sentence are respectively Propositions 4.8 and 4.9 in the chapter
1 of Revuz and Yor (2004). The F§ -measurability of Ug, precisely means that {Us, € B} N {r <t} € F§
for all t > 0 and any Borel set B € Bg. It is then obvious that Equation (80) implies that {Us, <t} € ]-'S
We conclude that Ug. is a (fst)tZO stopping time.

Let us prove now that Us__ is a (fgt)go—stopping time. One has

{Us,_ <t} = ({Us,_ <t}n{r=0}) U ({Us,_ <t}n{r>0})
={r=0U{Us,_ <t}n{r>0}).

As {T =0} is in F§ for any t > 0, it remains to show that it is also the case for {Us,_ <t} N {r > 0}. To
this end, we will establish that for any k € N,

{Us. _ t}m{7>0}—ﬂ U {q<¢<q+;}m{Usq<t}. (81)

"EN q€QN(0,t]

Let w be a member of the set at the left-hand side of Equation (81) and fix n € N. Let ¢ € ([t(w) — 5] V
0,7(w)) NQ. Then w € {¢ <7 < g+ L}. Moreover, ¢ < 7(w) implies that Usg, (w) < Us, (w) < ¢ and thus
w € {Us, < t}. Finally, note that Us,(w) > ¢ entails the inequality ¢ < ¢. This proves the w is also a

member of the second set.

Let w be a member of the set at the right-hand side of Equation (81). Then for each n > k, we have a
€ (0,t] N Q that satisfies ¢, < 7(w) < ¢ + % and Us, (w) < t. Up to a subsequence, we obtain that
gn T 7(w). Therefore,
lim Us, (w)=Us, (w) <t

n—-+oo

The second inclusion follows.
It remains to observe that Equation (81) establishes that {Us. <t} N{r >0} € ]-'g+ ,for any k € N. The
tt

F§ -measurability of this set is then a consequence of the right-continuity of (F§ );>o (see Lemma 0.11). [
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Table 1: Parameters used for the computations.

0 P+ p— P n K o Ao r So
6.44 3047 -33.9 0.37 337.08 14.71 0.12 5.62 0.01 100

0.7 Numerical results

This section presents the results of our numerical experiments. These results consist of call prices and
associated implied volatilities computed with the help of the method described in Section 0.5. The values of
the parameters are from Moraux and Hainaut (2018) and are reported in Table 1.

Figure 2 displays the prices of call option for various strikes, fractional orders « and maturities from one
to six months. Note that the case o = 1 corresponds to the non-fractional case. All the call prices used in
this section are reported in Tables 2 and 3. We observe that a lower fractional order leads to higher call
prices for the considered maturities. This observation is reflected on Figure 3, which presents the implied
volatilities computed on with those call prices. As a matter of fact, the implied volatilities are always higher
for smaller fractional orders. Figure 4 presents the corresponding implied volatility surfaces. From these last
two figures, we notice that the fractional model allows to introduce a special feature: the implied volatilities
are especially high for the lowest maturities. This seems to indicate that such models correspond to a
situation in which most of the movements of the price of the stock occur very shortly. A fractional model
thus seems appropriate for use in a period of turbulent financial markets.

3
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90 95 100 105 11090 95 100 105 11090 95 100 105 110
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Figure 2: Comparison of the call option prices for various fractional orders a and for the non-fractional case
(a =1). M corresponds to the maturity expressed in months.



Implied volatility
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Figure 3: Comparison of the implied volatility smiles for various fractional orders o and for the non-fractional

case (« = 1). M corresponds to the maturity expressed in months.

Table 2: Call prices for strikes from 90 to 110.

a=0."7 a=0.8

M = M=2 M=3 M=4 M=5 M=6 M= M = M=3 M=4 M=5 M=6
90 10.65 11.25 11.76 12.22 12.63 13.00 10.42 10.92 11.42 11.88 12.31 12.71
91 9.75 10.40 10.95 11.43 11.86 12.25 9.49 10.05 10.58 11.07 11.53 11.95
92 8.86 9.57 10.15 10.66 11.11 11.51 8.57 9.20 9.77 10.29 10.77 11.21
93 8.00 8.76 9.38 9.91 10.38 10.80 7.67 8.37 8.99 9.54 10.04 10.50
94 7.16 7.98 8.64 9.19 9.68 10.12 6.80 7.57 8.23 8.81 9.33 9.81
95 6.35 7.23 7.92 8.50 9.00 9.45 5.97 6.80 7.50 8.11 8.65 9.15
96 5.58 6.52 7.24 7.84 8.36 8.82 5.17 6.07 6.80 7.44 8.00 8.51
97 4.86 5.84 6.59 7.21 7.74 8.21 4.42 5.38 6.15 6.80 7.38 7.90
98 4.19 5.22 5.98 6.61 7.16 7.64 3.73 4.74 5.53 6.21 6.80 7.33
99 3.58 4.64 5.42 6.06 6.61 7.10 3.11 4.15 4.96 5.65 6.25 6.79
100 3.04 4.11 4.90 5.55 6.10 6.59 2.56 3.62 4.44 5.13 5.74 6.28
101 2.58 3.64 4.43 5.07 5.63 6.12 2.10 3.15 3.97 4.66 5.27 5.81
102 2.18 3.22 4.00 4.64 5.20 5.69 1.72 2.74 3.55 4.23 4.83 5.37
103 1.85 2.86 3.62 4.25 4.80 5.28 1.40 2.38 3.17 3.84 4.43 4.97
104 1.57 2.53 3.28 3.90 4.43 4.91 1.14 2.07 2.83 3.48 4.07 4.59
105 1.33 2.25 2.97 3.57 4.10 4.57 0.94 1.80 2.53 3.16 3.73 4.25
106 1.14 2.00 2.69 3.28 3.79 4.25 0.77 1.57 2.26 2.87 3.43 3.93
107 0.97 1.78 2.44 3.01 3.51 3.96 0.64 1.36 2.02 2.61 3.14 3.64
108 0.83 1.59 2.22 2.76 3.25 3.69 0.53 1.19 1.81 2.37 2.89 3.37
109 0.72 1.42 2.02 2.54 3.01 3.44 0.44 1.04 1.62 2.16 2.65 3.12
110 0.62 1.27 1.83 2.34 2.79 3.21 0.37 0.91 1.45 1.96 2.44 2.89
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Figure 4: Comparison of the implied volatilities surfaces for various fractional orders « and for the non-
fractional case. The M axis corresponds to the maturity expressed in months and the K axis corresponds
to the strikes.
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Table 3: Call prices for strikes from 90 to 110.

a=09 a=1
M=1 M=2 M=3 M=4 M=5 M=6 M=1 M=2 M=3 M=4 M=5 M=6

90 10.26 10.66 11.11 11.56 11.99 12.41 10.16 10.45 10.83 11.25 11.69 12.12

91 9.30 9.76 10.25 10.74 11.21 11.65 9.19 9.53 9.96 10.42 10.89 11.35
92 8.36 8.89 9.43 9.95 10.44 10.91 8.22 8.63 9.11 9.62 10.11 10.60
93 7.44 8.03 8.62 9.18 9.70 10.19 7.28 7.75 8.29 8.84 9.37 9.88
94 6.54 7.21 7.85 8.44 8.99 9.50 6.35 6.91 7.50 8.09 8.65 9.19
95 5.67 6.42 7.11 7.73 8.31 8.84 5.44 6.10 6.75 7.37 7.97 8.52
96 4.84 5.67 6.41 7.06 7.66 8.20 4.58 5.33 6.04 6.70 7.31 7.89
97 4.06 4.97 5.74 6.42 7.04 7.60 3.78 4.61 5.37 6.06 6.69 7.29
98 3.35 4.32 5.12 5.82 6.45 7.02 3.05 3.95 4.74 5.46 6.11 6.72
99 2.72 3.73 4.55 5.26 5.90 6.48 2.40 3.36 4.17 4.90 5.56 6.18
100 2.17 3.20 4.03 4.75 5.39 5.97 1.84 2.82 3.64 4.38 5.05 5.67
101 1.71 2.73 3.55 4.27 4.92 5.50 1.39 2.35 3.17 3.90 4.57 5.19

102 1.34 2.32 3.13 3.84 4.48 5.06 1.03 1.94 2.74 3.47 4.13 4.75
103 1.04 1.96 2.75 3.45 4.08 4.65 0.75 1.60 2.37 3.07 3.73 4.34
104 0.81 1.66 2.42 3.09 3.71 4.28 0.55 1.31 2.04 2.72 3.36 3.96

105 0.63 1.41 2.12 2.77 3.37 3.93 0.40 1.07 1.75 2.40 3.02 3.60
106 0.50 1.19 1.86 2.49 3.07 3.61 0.30 0.87 1.50 2.11 2.71 3.28
107 0.39 1.01 1.63 2.23 2.79 3.31 0.23 0.71 1.28 1.86 2.43 2.98
108 0.31 0.86 1.44 2.00 2.53 3.04 0.18 0.59 1.10 1.64 2.18 2.71
109 0.25 0.73 1.26 1.79 2.30 2.79 0.14 0.49 0.94 1.44 1.95 2.46

110 0.21 0.63 1.11 1.61 2.09 2.56 0.11 0.40 0.81 1.27 1.75 2.23

Conclusions

In this article, we proposed a model for small capitalization stocks that are characterized by illiquidity periods.

The motionless periods in their prices were modeled through the inverse of an a-stable subordinator. The

occurrence of clustered sudden moves in the prices were captured by the use of self-exciting Hawkes processes.

In a first section, we have showed that if we add some information about the path of the a-subordinator, its

inverse satisfy the Markov property. In the next sections, we have presented a class of risk neutral measures

for our model and described a numerical method to compute call option prices. Afterwards, we derived
quadratic hedging strategy for contingent claims, and in particular for call options. We concluded this paper
by giving the numerical results we obtained when computing call option prices with the method we proposed.
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