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Abstract

Online monitoring of the multivariate coefficient of variation (MCV) can be of

interest in many real situations in which the dispersion of a multivariate process

is meant to remain constant with regards to its position. To this aim, several

control charts have been recently proposed in the literature. In this paper, new

one-sided adaptive charts to monitor the MCV is proposed. The chart applies a

variable sampling interval (VSI) strategy on an exponentially weighted moving

average (EWMA) scheme, aiming at benefiting from the known advantages of

both approaches. Formulas to optimally determine the parameters of the chart

are derived and presented. The proposed chart is shown to outperform compet-

ing charts under most circumstances. The presence of the measurement errors

is considered to understand their effects on the charts. An illustrative example

is also included.

Keywords: Multivariate Coefficient of Variation; EWMA; Variable sampling

interval; Average time to signal (ATS); Measurement Errors.

1. Introduction

Statistical tools for quality control and improvement are a key element for

companies and industry. Statistical process monitoring (SPM) provides practi-
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tioners with concrete instruments to ensure stability in production processes.

Quality has been sometimes defined as inversely proportional to variabil-

ity [1]. From this point of view, it makes perfect sense the existence of control

charts aimed at monitoring different variability measures of a process such as

the range, the standard deviation or the coefficient of variation (CV). The (uni-

variate) CV is defined as the quotient between the standard deviation and the

mean. Because of this, it can be regarded as a relative measure of the disper-

sion of the quality characteristic of interest. In social sciences, the CV is also

considered an inequality or diversity measure (see [2], for instance).

Because of its definition, monitoring the CV is useful in situations in which

the dispersion of a process is meant to be kept constant with regards to its

mean [3]. This is the case of different applications in engineering and in health,

biological and social sciences, as reported by Teoh et al. [4] and Haq and Khoo

[5], among others. A considerable number of control charts for monitoring the

CV have been developed, starting with the Shewhart-like one by Kang et al.

[6], which has been later improved by other authors by adding different features

such as adaptive and memory schemes [7, 8, 9, 10, 4, 11, 12]. See the recent

work by Haq et al. [12] for a more complete review on this topic.

The CV-based approach has been also extended to a multivariate setting

in the last years. The first (Shewhart-like) control chart for the multivariate

CV (MCV) is due to Yeong et al. [13]. Lim et al. [14] managed to improve

the sensitivity of this first proposal by using a run-sum approach. Khatun et al.

[15] adapted the Shewhart-like approach to short run processes, and Abbasi and

Adegoke [16] investigated the phase I. Khaw et al. [17] presented three adaptive

charts for the MCV, while Khaw et al. [18] presented a synthetic chart. Haq

and Khoo [5] and Giner-Bosch et al. [3] respectively developed an adaptive

and a non-adaptive exponentially weighted moving average (EWMA) chart for

the MCV. The synthetic approach was also investigated by Nguyen et al. [19].

Chew et al. [20] presented a new adaptive chart. Ng et al. [21] addressed the

optimal design of control charts for the MCV from an economical perspective.

Chew et al. [22] were the first in investigating run-rules charts for the MCV. Yet

another adaptive chart for the MCV was presented by Nguyen et al. [23]. Chew

et al. [24] investigated the run-rules scheme in short-run processes. Recently,

2



Chew et al. [25] also researched into run rules for the MCV. Chew and Khaw

[26] developed a new adaptive chart. Finally, Ayyoub et al. [27] studied the

impact of measurement errors in the performance of Shewhart-like charts for

the MCV. Since most of these papers were published within a short period of

time, many of them do not refer to or include comparisons with each other.

Suárez-Cabello [28] used design of experiments (DOE) in order to examine the

performance of the charts for the MCV presented in nine of the aforementioned

papers [13, 14, 17, 18, 5, 3, 19, 20, 23]. It was found that the EWMA chart by

Giner-Bosch et al. [3] showed the best performance among the non-adaptive (i.e.,

fixed-parameter) charts being compared. Predictably, this chart was found to

be outperformed by the adaptive charts under consideration, with the exception

of the variable-sampling-interval Shewhart-like chart by Nguyen et al. [23]. The

variable-parameter chart by Chew et al. [20] was found to be the adaptive chart

with the best performance. See [29] for further information on the use of DOE

to calibrate or compare methods.

As already mentioned, adaptive charts usually result in better performance

than non-adaptive ones, since the former offer more degrees of freedom and,

thus, allow for better customisation than the latter. A control chart can be said

to be adaptive if any of the parameters involved in its design is allowed to vary

over time according to the current situation of the process [1, 30]. One of the

possibilities is setting the time between consecutive samples free, which results

in a so-called variable-sampling-interval (VSI) chart: basically, the sampling

interval will be reduced if the process is more likely to be out of control, and

will be increased when is more likely considered to be stable [30]. This idea was

introduced for the first time in SPM by Reynolds Jr. et al. [31]. Interesting the-

oretical results regarding VSI charts have been developed by Reynolds Jr. et al.

[31], Runger and Pignatiello [32], and Runger and Montgomery [33], among

others. Cui and Reynolds Jr. [34] developed a VSI chart with run rules for the

process mean. The first VSI cumulative sum (CUSUM) chart for the process

mean was devised by Reynolds Jr. et al. [35]. The first VSI EWMA chart for

the process mean is due to Saccucci et al. [36], who proved that their chart

outperforms the non-adaptive EWMA and the VSI Shewhart-like charts, and

outperforms the VSI CUSUM chart for small shifts. Yeong et al. [11] presented a
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VSI EWMA chart for the (univariate) CV, showing that it significantly outper-

forms other competing charts for the CV. A VSI EWMA distribution-free chart

developed in [37] has been shown to be more efficient than the basic Arcsine

EWMA Sign control chart.

The well-known EWMA scheme [38] manages to improve the sensitivity of

Shewhart-like charts to detect process shifts —particularly, small ones— [1]

by integrating information of past observations Y0, Y1,...,Yt−1 into each new

observed value Yt. It does so by computing and monitoring a weighted average

Zt of all present and past observations, recursively expressed as Zt = λYt+(1−

λ)Zt−1.

In this paper, two one-sided VSI EWMA charts for the MCV are developed.

This is expected to combine the advantages of the VSI and the EWMA ap-

proaches. Why did we choose the EWMA scheme to be the base of the VSI

strategy? Because, as said before, it has been proven to be the most promising

scheme for monitoring the MCV among the non-adaptive ones. Besides, despite

some other adaptive strategies have been already proposed, a VSI EWMA can

be regarded as a good compromise between simplicity and power. Moreover, the

effect of the measurement error is also analysed for this VSI EWMA scheme.

To the best of our knowledge, this adaptive scheme has not been previously ad-

dressed for the MCV including an evaluation of the effect of measurement error,

and this is the reason why we are studying this impact in the present paper.

Note that we will be using the same approach for modelling measurement error

as other papers such as the one by Ayyoub et al. [45] (see section 6), but this is

the first time that this model is studied on a VSI EWMA chart for the MCV,

as far as we are aware of. It is also important to note that in the study on VSI

EWMA for MCV, Ayyoub et al. [39] studied only the upward case due to the

asymmetry of the distribution of the sample MCV.

The structure of the paper is organised as follows: a brief review of the

distribution of the sample multivariate coefficient of variation squared is given

in Section 2. The implementation of the VSI EWMA control charts for the

multivariate CV squared is described in Section 3. The design of the optimal

one-sided VSI EWMA control charts for the MCV is presented in Section 4.

Section 5 discusses the performance of the proposed control charts without the
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measurement errors. Section 6 is devoted to describe the linear covariate error

model for the MCV. The effect of the measurement errors is discussed in Sec-

tion 7. An illustrative example is presented in Section 8, and some concluding

remarks are given in Section 9.

2. The distribution of the sample multivariate coefficient of variation

squared

We present, in this Section, a overview of the distribution of the sample

multivariate coefficient of variation. Let us consider a random sample of size n,

that is, X1,X2, . . . ,Xn from a p-variate normal distribution with mean vector

µ and positive definite covariance matrix Σ, i.e., Xi = (xi,1, xi,2, . . . , xi,p) ∼

N(µ,Σ), i = 1, . . . , n. According to [40], the multivariate CV is defined as

γ = (µTΣ−1µ)−
1
2 . (1)

This definition is also used in [13] and [14]. Let X and S be the sample mean

and the sample covariance matrix of X1,X2, . . . ,Xn, i.e.,

X =
1

n

n∑
i=1

Xi,

and

S =
1

n− 1

n∑
i=1

(Xi −X)(Xi −X)T .

Then, the sample multivariate coefficient of variation γ̂ is defined as

γ̂ = (X
T
S−1X)−

1
2 . (2)

In a recent study, Giner-Bosch et al. [3] derived the cdf (cumulative distribution

function) of γ̂2 based on Yeong et al. [13] as

Fγ̂2(x | n, p, γ) = 1− FF
(
n(n− p)
(n− 1)px

| p, n− p, n
γ2

)
, (3)

where FF (. | p, n − p, n/γ2) is the non-central F distribution with p and n − p

degrees of freedom and non-centrality parameter n/γ2.

3. Implementation of VSI EWMA-γ2 control charts

In [23, 3], both VSI and EWMA schemes were developed to monitor the

MCV. Our study investigates a scheme combining both EWMA and VSI schemes
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to improve the performance in monitoring the MCV. Two separated one-sided

charts are proposed due to the skewness of the distribution of γ̂2, as specified

in [19, 13]. We firstly recall the fixed-sample-interval (FSI) EWMA scheme for

monitoring the MCV-squared as follow, for i ≥ 1,

• To detect the increase in the MCV-squared, an upward EWMA control

chart that monitors the following statistic is proposed:

Z+
i = max(µ0(γ̂2), (1− λ+)Z+

i−1 + λ+γ̂2i )

with the initial value Z+
0 = µ0(γ̂2), the corresponding lower control limit

is LCL+ = µ0(γ̂2), and the upper control limit UCL+ is defined as:

UCL+ = µ0(γ̂2) +KU

√
λ

2− λ
σ0(γ2). (4)

• To detect the decrease in the MCV-squared, a downward EWMA control

chart that monitors the following statistic is proposed:

Z−
i = min(µ0(γ̂2), (1− λ−)Z−

i−1 + λ−γ̂2i )

with the initial value Z−
0 = µ0(γ̂2), the corresponding upper control limit

is UCL− = µ0(γ̂2), and the lower control limit LCL− is defined as:

LCL− = µ0(γ̂2)−KD

√
λ

2− λ
σ0(γ̂2) (5)

The value of the computed MCV-squared in sample i, γ̂2i , is calculated as in

(2). In this definition, λ+ ∈ (0, 1] and KU > 1, λ− ∈ (0, 1] and KD > 1, are the

smoothing and chart parameters of the upward, downward, chart, respectively.

The process is initialised to the expected value of γ̂2, µ0(γ̂2), when it is in control

or on target, i.e., when the parameter γ is constant and equals an assumed value

γ0, µ0(γ̂2) = E(γ̂2|n, p, γ = γ0). And σ0(γ̂2) is the standard deviation of γ̂2

when the process is in control or on target, σ0(γ̂2) =
√
V ar(γ̂2|n, p, γ = γ0).

Analytical expressions to calculate both µ0(γ̂2) and σ0(γ̂2) are provided by

Giner-Bosch et al. [3].

It is proven that the EWMA chart is sensitive to small and moderate shifts

[1]. In comparison with others, however, it is less sensitive toward large shifts.

The incorporation of the VSI feature into EWMA chart is then expected to
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improve this insensitivity toward large shifts and increase the performance of

the charts in general. In the VSI EWMA-γ2 control charts, the control limits

UCL+ and LCL− are hold the same as those in original FSI charts. The

difference is that the sampling interval, i.e., the time between two successive

samples γ̂2i and γ̂2i+1, is allowed to change based on the current value of Y +
i or

Y −
i . For the upward (downward) control chart, a longer sampling interval, hL,

is used when the control statistic falls within central the region [µ0(γ̂2), UWL+]

([LWL−, µ0(γ̂2)]), in which

UWL+ = µ0(γ̂2) +WU

√
λ

2− λ
σ0(γ̂2),

LWL− = µ0(γ̂2)−WD

√
λ

2− λ
σ0(γ̂2),

with UWL+ is the upper warning limit of the upward chart, and LWL− is

the lower warning limit of the downward chart. The short sampling inter-

val, hS , is applied when the monitored statistic falls within the warning region

[UWL+, UCL+] in upward case, or [LCL−, LWL−] in downward case. An

out-of-control signal is given at time i if Z+
i > UCL+ for the upward chart,

or Z−
i < LCL− for the downward chart. Thus, in VSI EWMA scheme, the

control interval is separated into three regions: the central region, the warn-

ing region, and the out-of-control region. A graphical view of the operation of

an upward VSI EWMA-γ2 control chart is illustrated in Figure 1. The warn-

ing limit UWL+ for upward chart and LWL− for downward chart are defined

through the new parameters called the warning limit coefficients, 0 < WU < KU

and 0 < WD < KD. They represent the relation between the warning region

and the safe region in the sense that when the value of WU or WD is smaller,

the central region is narrower compared with the warning region.

4. Design of optimal VSI EWMA-γ2 control charts

We first present a method to compute the average time to signal (ATS)

for the two one-sided VSI EWMA-γ2 control charts. The ATS measures the

expected time before the control chart signals an ‘out-of-control alarm’ after the

occurrence of an assignable cause or the issue of a false alarm. When a process

is in-control (i.e., when γ = γ0), the average time for the chart to signal a false
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µ0(γ̂
2)

UWL+

UCL+

Out-of-control region

Central region

Time to next sampling: hL

Warning region
Time to next sampling: hS

Figure 1: Illustration of three regions of the upward VSI EWMA-γ2 control charts.

alarm is denoted by ATS0; otherwise, when there is a real shift in the process

(i.e., when γ = γ1 6= γ0), the average time for the chart to rise an alarm is

denoted by ATS1. The size of the shift is usually denoted by

τ =
γ1
γ0

. (6)

By its meaning, it is desirable to design a chart with smaller ATS1 while the

ATS0 is still the same in comparison with others. For a FSI model, the ATS is

a multiple of the ARL and the fixed sampling interval hF , namely,

ATSFSI = hF ×ARLFSI. (7)

For a VSI model, the ATS is computed as:

ATSVSI = E(h)×ARLVSI, (8)

where E(h) is the average of sampling interval time.

The ATS measure is approximated using the discrete Markov chain approach

proposed by Brook and Evans [41]. In this method, we partition the control

interval into a set of s subintervals corresponding to s+ 2 states of the Markov

chain. The more number of subintervals s is, the better the approximation to

the original continuous setting is. The width of each subinterval is 2δ where

δ = UCL+−µ0(γ̂
2)

2s for the upward chart, δ = µ0(γ̂
2)−LCL−

2s for the downward

chart. The value of s is chosen so that each midpoint Hj , j = 1, . . . , s can be
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H1

H0 = µ0(γ̂2)

Hj−1

...

Hj 2δ

Hj+1

...

Hs

UCL+

Figure 2: Subdivision of the in-control range into s equally spaced subintervals of width 2δ.

considered as the representative of the sub-interval (Hj − δ,Hj + δ]. Figure 2

illustrates the subdivision of the in-control range for an upward chart.

Among the s+ 2 states of the Markov chain, the state 0 corresponds to the

line H0, the in-control transient state j corresponds to the jth sub-intervals,

j = 1, .., s, while the state s + 2 presents out-of-control or absorbing state. If

the statistic Z+
i or Z−

i fall into a sub-interval j, the Markov chain is in the

transient state j for sample ith; if not, the process reaches absorbing state. The

transition probability matrix P of this discrete Markov chain is

P =

 Q r

0T 1

 =



Q0,0 Q0,,1 . . . Q0,s r0

Q
1,0

Q1,1 · · · Q1,s r1
...

...
...

Qs,0 Qs,1 . . . Qs,s rs

0 0 · · · 0 1


.

In this formula, Q is the (s + 1, s + 1) matrix of transient probabilities, 0 =

(0, 0, . . . , 0)T and the (s + 1) vector r satisfies r = (1 −Q1) (row probabilities

must sum to 1) with 1 = (1, 1, . . . , 1)T . Denote q the (s+ 1, 1) vector of initial

probabilities associated with the p+1 transient states, i.e., q = (q0, q1, . . . , qs)
T .

The transient probability Qi,j , i = 0, 1, . . . , s, of the matrix Q is defined by
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• if j = 0,

for the upward chart : Qi,0 = Fγ̂2
i

(
µ0(γ̂

2)−(1−λ+)Hi

λ+

∣∣∣ p, n− p, γ),
for the downward chart : Qi,0 = 1− Fγ̂2

i

(
µ0(γ̂

2)−(1−λ−)Hi

λ−

∣∣∣ p, n− p, γ);

• if j = 1, 2, . . . , p, for both upward and downward charts,

Qi,j = Fγ̂2
i

(
Hj + δ − (1− λ)Hi

λ

∣∣∣∣ p, n− p, γ)
− Fγ̂2

i

(
Hj − δ − (1− λ)Hi

λ

∣∣∣∣ p, n− p, γ) ,
where Fγ̂2

i
(.) is the cdf of γ̂2i as defined in (3) while λ is either λ+ or λ−,

corresponding to upward or downward case. The vector q of initial probabilities,

concerning the zero-state condition, equal q = (1, 0, . . . , 0). As introduced by

Brook and Evans [41], and reproduced by Lucas and Saccucci [42], the ATS is

calculated as follows:

ATS = qT (I−Q)−1g (9)

where I is the s× s identity matrix, g is the vector of sampling intervals corre-

sponding to the states of the Markov chain. The element gj of the vector g is

the sampling interval when the control statistic is in the state j,

gj =

hS if Hj ∈ [UWL+, UCL+] or Hj ∈ [LCL−, LWL−]

hL if Hj ∈ [µ0(γ̂2), UWL+] or Hj ∈ [LWL−, µ0(γ̂2)].

(10)

From (8) and (9), the expected sampling interval E(h) can be deduced as:

E(h) =
qT (I−Q)−1g

qT (I−Q)−11
, (11)

the denominator in (11) is the formula for ARL as in [41].

Without loss of generality, in this paper, it is assumed that the constant

sampling interval in FSI control charts is supposed to be time unit, i.e. hF = 1,

which leads to ATSFSI0 = ARL0 by plugging hF into (7). For the sake of

comparison between the two types of control charts (FSI and VSI), when the

process is in-control, the constraints are made the same for both average time

to signal ATS0 and average sampling interval E0(h). Lucas and Saccucci [42]

10



suggested that it is optimal to use two sampling intervals for detecting a specified

shift of the process target value. As proposed in [11, 43], A fixed couple (hS , hL)

is typically chosen for a VSI scheme. Since hS represents the shortest feasible

time interval between subgroups from the process, it is reasonable to fix the value

of hS according to the manufacturing conditions. However, it is more practical

if the value of hL is considered by the scheme. Once the control statistic is

in central region, the process is still in the safe state and the next sampling

interval can be chosen freely as long as it does not affect the performance of the

chart. Therefore, we propose to have the warning limit coefficientWU (WD) fixed

instead of the value of hL. The optimal parameters to estimate now are (λ+,

KU , hL) for upward chart, and (λ−, KD, hL) for downward chart, using fixed

values of hS . For a given shift size τ , we estimate the combination (λ+∗,K∗
U , h

∗
L)

or (λ−∗,K∗
D, h

∗
L) such that

• for upward chart,

(λ+∗,K∗
U , h

∗
L) = arg min

(λ+,KU ,hL)

ATS(n, λ+,KU ,WU , γ0, p, τ, hL, hS) (12)

subject to the constraintATS(n, λ+∗,K∗
U ,WU , γ0, p, τ = 1, h∗L, hS) = ATS0

E0(h) = 1;

• for downward chart,

(λ−∗,K∗
D, h

∗
L) = arg min

(λ−,KD,hL)

ATS(n, λ−,KD,WD, γ0, p, τ, hL, hS) (13)

subject to the constraintATS(n, λ−∗,K∗
D,WD, γ0, p, τ = 1, h∗L, hS) = ATS0

E0(h) = 1.

5. Numerical performance one-sided VSI EWMA MCV control charts

without the presence of measurement errors

In this Section, we present the numerical results to evaluate the performance

of both upward and downward VSI EWMA-γ2 control charts. The problems
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(12), (13) are solved to find the optimal parameters that minimise ATS subject-

ing to the corresponding constraints. For the sake of comparison, the ATS0 is

set to 370.4 and E0(h) = 1. The optimisation solving is implemented with Mat-

lab using Levenberg–Marquardt algorithm [44] based on a number of following

scenarios of parameters:

• γ0 ∈ {0.1, 0.2, 0.3, 0.4, 0.5};

• p ∈ {2, 3, 4};

• n ∈ {5, 15};

• τ ∈ {0.5, 0.75, 0.9, 1.1, 1.25, 1.5};

• WU ,WD ∈ {0.1, 0.3, 0.6, 0.9};

• hS ∈ {0.1, 0.5}.

These parameters are chosen to cover a large scale of possible scenarios. The

shifts τ < 1 present the downward cases and the upwards cases presented by

τ > 1. With n = 5 and n = 15, it is enough to demonstrate the performance

of the charts with respect to small sample size and large sample size. As well

the values of WU (WD), we analyse the variation of the performance from the

large warning region to the small warning region. In the Tables 1-6, we present

the optimal values of (λ+∗,K∗
U , h

∗
L) for the upward chart, (λ−∗,K∗

D, h
∗
L) for the

downward chart, and the values of ATS1 for each scenario. Moreover, in each

table, the second column is devoted to indicate the values of the charts without

using variable sampling interval, which was proposed by Giner-Bosch et al. [3],

for the sake of comparison.

As observed in these tables, using variable sampling interval technique im-

proves the performance of the control charts in all cases, the values of ATS1

are smaller notably than the EWMA charts. For example, in the set-up γ0 =

0.5, τ = 1.1, n = 5, p = 2, the ATS1 of EWMA chart is 74.71, the ATS1 is

improved to 44.77 when VSI is integrated with hS = 0.1 and W = 0.1. The

implementation of VSI is simple and does not complicate the calculation sig-

nificantly. With respect to the change of W in these examples, the increase

of W is equivalent to the smaller hL, which shrinks the warning region. As a
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result, the performance is better when W is small. For instance, in the set-up

γ0 = 0.1, hS = 0.1, τ = 0.75, n = 5, p = 2, the values of ATS1 with W = 0.3 and

W = 0.9 are 7.65 and 9.48, respectively. Similar to the other control charts using

VSI technique, smaller values of hS , hS = 0.1, the better results are obtained,

compared to hS = 0.5.

It is noted that the higher γ0 increases the average number of samples needed

to detect a process shift, especially when with the small shifts. However, when

the sample size is increased, the performance of the control charts are greatly

improved. The increase of sample size is also important when there are more

variables monitored. For example, in the case of p = 4 (Tables 5, 6), with the

shift size τ = 0.9, γ0 = 0.5, the other parameters are hS = 0.1,W = 0.1, the

average time to signal ATS1 is 78.51 with sample size n = 5, and 15.83 with

the sample size n = 15. Therefore, a large sample size is highly recommended

when the practitioner require to monitor many variables simultaneously.

PLEASE INSERT TABLES 1-6 HERE

Finally, the comparisons with the other former methods such as Synthetic

MCV [19], Adaptive MCV [17], and Run Sum MCV [14] are executed. Table 7

presents the comparison of VSI EWMA MCV control chart with the adaptive

MCV and synthetic MCV control charts. Only the upward control charts are in-

vestigated and the parameters used in [17] are γ0 = {0.1, 0.3, 0.5}, p = {2, 3}, τ =

{1.25, 1.5} and n = 5. We can see that the VSI EWMA outperforms both VSSI

and synthetic designs in most cases. Only one case with p = 2, γ0 = 0.1 with

large shift τ = 1.5, the VSSI method obtains a slightly better result than VSI

EWMA, i.e. ATS1 = 4.19 compared to ATS1 = 4.33. In Table , we show the

comparison with the Run Sum MCV, and our proposed design, VSI EWMA,

outperform the Run Sum method in every scenario.

PLEASE INSERT TABLES 7-8 HERE

6. Linear covariate error model for the multivariate coefficient of vari-

ation

We briefly present, in this section, the linear covariate error model for the

sample MCV, which has been considered in [45, 46]. Considering a set of in-
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dependent samples {Xi1,Xi2, . . . ,Xin} selected at time i−th, i = 1, 2, . . ., and

Xij , j = 1, 2, . . . , n, is a p−variate random vector following a multivariate nor-

mal distribution with the mean vector µ and the covariance matrix Σ, where

both are known. Due to the measurement error, the true value of Xij cannot

be observed directly. Instead, we can only assess this value via m observations

{X∗
ij1,X

∗
ij2, . . . ,X

∗
ijm},m ≥ 1. The relationship between the true value and

measured value is suggested by the following linear covariate error model:

X∗
ijk = A + BXij + εijk, k = 1, 2, . . . ,m, (14)

where A a p−variate constant vector, B is a p×p diagonal constant matrix, and

εijk is a random vector of errors following a multivariate normal distribution

with the null mean vector and the covariance matrix Σε, εijk is independent of

Xij . As described in [45], from (14), the following relation is derived

Z∗
ijk = B−1(X∗

ijk −A) = Xij + B−1εijk. (15)

Then, Z∗
ijk follows a multivariate normal distribution with the mean vector µ

and the covariance matrix Σ + (B−1)TΣεB
−1. Consequently, the sample mean

vector Z
∗
ij follows a multivariate normal distribution with the mean vector µ

and the covariance matrix Σ+ 1
m (B−1)TΣεB

−1, the detail can be found in [45].

The population MCV with measurement error (γ∗) based on the quantity Z
∗
ij

is then given by

γ∗ =

(
µTΣ−1

(
I +

1

m
(B−1)TΣεB

−1

)−1

µ

)− 1
2

. (16)

Ayyoub et al. [45] also showed that the population MCV with measurement

error can be written as:

γ∗ = γ

(
mB2

mB2 + θ2

)− 1
2

, (17)

where θ2 is the measurement error ratio, B is the diagonal element in matrix

B, and γ is defined as (1).

Let Z
∗
i and S∗

i be the sample mean and the sample covariance matrix of

Z
∗
i1,Z

∗
i2, . . . ,Z

∗
in, i.e.,

Z
∗
i =

1

n

n∑
j=1

Z
∗
ij ,

14



and

S∗
i =

1

n− 1

n∑
j=1

(Z
∗
ij − Z

∗
i )(Z

∗
ij − Z

∗
i )
T .

Then, the sample multivariate coefficient of variation γ̂∗i is defined as

γ̂∗i =

(
Z

∗
i

T

S∗
i
−1Z

∗
i

)− 1
2

. (18)

By replacing γ with γ∗ in (3), the cdf of γ̂∗2 is obtained as follows

Fγ̂∗2(x | n, p, γ∗) = 1− FF
(
n(n− p)
(n− 1)px

| p, n− p, n

γ∗2

)
, (19)

where FF (. | p, n− p, n/γ∗2) is the non-central F distribution with p and n− p

degrees of freedom and non-centrality parameter n/γ∗2.

7. Effect of the measurement error on one-sided VSI EWMA MCV

control charts

We investigate, in this Section, the statistical performance of the one-sided

VSI EWMA-γ2 control charts in the present of the measurement errors. Us-

ing the linear covariate error model, we can calculate the ATS1 values with

the specific values of n, p,B,m, γ0, and θ2 for the downward and upward VSI

EWMA-γ2 control charts. For the EWMA model, we assume the value λ = 0.2,

which is a good compromise solution for the EWMA chart to detect effectively

small process shifts [47].

Figures 4, 5, 6, 7, 8, and 9 illustrate the effect of the measurement error

on the performance of both downward and downward VSI EWMA-γ2 charts

under a single measurement per sample, i.e., m = 1. In particular, we plot the

ATS1 curves with respect to the shift size, τ ∈ [0.75, 0.95] for downward cases,

τ ∈ [1.05, 1.25] for upward cases, with p = 2, n = 5 and various values of mea-

surement error. The VSI parameters in these illustrations are hS ∈ {0.1, 0.5}

and W ∈ {0.3, 0.9}. Specifically, we plot in Figures 4, 5, and 6 the ATS1 curves

for a fixed B = 1 and some measurement error ratio θ2 ∈ {0, 0.3, 0.5, 1}; Figures

7, 8, and 9 display the ATS1 curves for a fixed θ2 = 0.3 and several values of

the linearity error B ∈ {1, 5}. There are few noteworthy observations obtained

from these results:

15



- As observed in Figures 4, 5, 6, the ATS curves corresponding to larger

values of θ2 are above the ones corresponding to the smaller values of θ2.

That is to say the ATS will get larger when we have more measurement

error ratio θ2. Moreover, the gap becomes larger when the shift size τ gets

smaller.

- On the effect of the linearity error B, from the Figures 7, 8, and 9, the

ATS curves corresponding to smaller B are above the ones corresponding

to the larger B. And the gap is also larger with the smaller shift size τ .

- From these Figures, we observe that the effect of the measurement error

on the ATS is more significant on the upward charts than the downward

charts. In addition, the gaps between the ATS curves are larger and clearer

with the bigger values of γ0.

PLEASE INSERT FIGURES 4-9 HERE

8. Illustrative example

In this Section, an illustrative example is presented, in order to help prac-

titioners to apply the upward VSI EWMA chart for the MCV. The data are

taken from Giner-Bosch et al. [3]. In this example, the rate of return of some

investments in p = 3 different industrial sectors and in n = 5 geographical re-

gions is considered. The MCV of the rate of return is regarded as a measure of

the relative volatility or risk of the investment, and this is why it makes sense

to monitor it over time.

Let us consider the following input information, which should be obtained

from previous knowledge of the process:

• p = 3, the number of quality characteristics composing the process.

• n = 5, the sample size.

• γ0 = 0.0404684, the target value of the MCV (or an estimation of it).

• hS = 0.5 hours, the shortest possible time between two consecutive sam-

pling operations.

• τ = 2, the (undesirable) shift to detect in the MCV, defined as in (6).

16



• WU = 0.9, the warning limit coefficient (see Sections 3 and 4 for more

details).

• ATS0 = 370.4 hours.

From this input information, the following can be computed [3]:

• µ0(γ̂2) = 0.000819114, the expected value of the sample MCV squared

when the process is in control or on target.

• σ0(γ̂2) = 0.000820298, the standard deviation of the sample MCV squared

when the process is in control or on target. The in-control value of ATS

is set to include ATS0 = 370.4.

Using this information, we can calculate the optimal values for the parame-

ters of our VSI EWMA chart for the MCV, according to the procedure described

in Section 4, the result being:

• λ+∗ = 0.2886.

• K∗
U = 4.0808.

• h∗L = 1.1352.

From these values for the chart parameters, the limits for the control chart

(see Section 3) are easily computable:

• UCL = 0.002193755, according to (4).

• UWL = 0.001122284, according to (6).

Besides, the average time to detect the undesired shift of τ = 2 in the MCV

of this process happens to be ATS1 = 2.135 hours. The illustration of the

upward chart for monitoring γ̂2 is shown in Figure 3.

9. Concluding remarks

In this paper, two new one-sided control charts for the MCV (aimed at de-

tecting increase and decrease in dispersion, respectively) have been proposed,

basing on applying a VSI scheme on an EWMA strategy. Formulas to determine

the optimal values of the parameters governing the performance of the charts
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Figure 3: The upward control chart with hS = 0.5.

were derived by using Markov chains. The performance of the chart was com-

pared against several competing charts. The proposed VSI EWMA chart was

found to outperform the run-sum chart by Lim et al. [14], the variable sample

size and sampling interval (VSSI) chart by Khaw et al. [17] and the synthetic

chart by Nguyen et al. [19] in most cases. Consequently, the method can be

regarded as an advisable way to monitor the MCV of a normally distributed

multivariate process. Furthermore, the evaluation of the effect of measurement

errors in the performance of the chart, in the line of Ayyoub et al. [27], has

been conducted in this study. From this study, the measurement error was

found to have a significant effect on the performance of the charts when the

shift size is small and/or the value of γ0 is large. When γ0 is small, the role of

the measurement error is negligible, especially in the downward charts.

Acknowledgements

VGB’s research work was supported by the Ministerio de Ciencia e Inno-

vación of Spain under grant no. PID2019-110442GB-I00.

18



References

[1] Montgomery DC: Introduction to Statistical Quality Control, John Wiley

& Sons, Hoboken, NJ, 7th edn., 2012.

[2] Allison PD: Measures of Inequality. American Sociological Review , 1978;

43(6):865–880.

[3] Giner-Bosch V, Tran KP, Castagliola P, Khoo MBC: An EWMA control

chart for the multivariate coefficient of variation. Quality and Reliability

Engineering International , 2019; 35(6):1515–1541.

[4] Teoh WL, Khoo MBC, Castagliola P, Yeong WC, Teh SY: Run-sum con-

trol charts for monitoring the coefficient of variation. European Journal of

Operational Research , 2017; 257(1):144–158.

[5] Haq A, Khoo MB: New adaptive EWMA control charts for monitoring uni-

variate and multivariate coefficient of variation. Computers and Industrial

Engineering , 2019; 131:28–40.

[6] Kang C, Lee M, Seon Y, Hawkins DM: A control chart for the coefficient

of variation. Journal of Quality Technology , 2007; 39(2):151–158.

[7] Castagliola P, Celano G, Psarakis S: Monitoring the Coefficient of Variation

Using EWMA Charts. Journal of Quality Technology , 2011; 43(3):249–

265.

[8] Calzada ME, Scariano SM: A synthetic control chart for the coefficient

of variation. Journal of Statistical Computation and Simulation , 2013;

83(5):853–867.

[9] Castagliola P, Achouri A, Taleb H, Celano G, Psarakis S: Monitoring the

coefficient of variation using a variable sample size control chart. Inter-

national Journal of Advanced Manufacturing Technology , 2015; 81(9-

12):1561–1576.

[10] Tran PH, Tran KP: The efficiency of CUSUM schemes for monitoring the

coefficient of variation. Applied Stochastic Models in Business and Industry

, 2016; 32(6):870–881.

19



[11] Yeong W, Khoo MB, Tham L, Teoh W, Rahim M: Monitoring the coeffi-

cient of variation using a variable sampling interval ewma chart. Journal

of Quality Technology , 2017; 49(4):380–401.

[12] Haq A, Bibi N, Chong Khoo MB: Enhanced EWMA charts for monitor-

ing the process coefficient of variation. Quality and Reliability Engineering

International , 2020; n/a(Early view).

[13] Yeong WC, Khoo MBC, Teoh WL, Castagliola P: A Control Chart for the

Multivariate Coefficient of Variation. Quality and Reliability Engineering

International , 2016; 32(3):1213–1225.

[14] Lim AJX, Khoo MBC, Teoh WL, Haq A: Run sum chart for monitoring

multivariate coefficient of variation. Computers and Industrial Engineering

, 2017; 109:84–95.

[15] Khatun M, Khoo MB, Lee MH, Castagliola P: One-sided control charts

for monitoring the multivariate coefficient of variation in short production

runs. Transactions of the Institute of Measurement and Control , 2019;

41(6):1712–1728.

[16] Abbasi SA, Adegoke NA: Multivariate coefficient of variation control charts

in phase I of SPC. The International Journal of Advanced Manufacturing

Technology , 2018; 99(5-8):1903–1916.

[17] Khaw KW, Khoo MB, Castagliola P, Rahim M: New adaptive control

charts for monitoring the multivariate coefficient of variation. Computers

and Industrial Engineering , 2018; 126:595–610.

[18] Khaw KW, Chew X, Yeong WC, Lim SL: Optimal design of the syn-

thetic control chart for monitoring the multivariate coefficient of variation.

Chemometrics and Intelligent Laboratory Systems , 2019; 186:33–40.

[19] Nguyen QT, Tran KP, Castagliola P, Celano G, Lardjane S: One-sided syn-

thetic control charts for monitoring the multivariate coefficient of variation.

Journal of Statistical Computation and Simulation , 2019; 89(10):1841–

1862.

20



[20] Chew X, Khoo MBC, Khaw KW, Yeong WC, Chong ZL: A proposed

variable parameter control chart for monitoring the multivariate coeffi-

cient of variation. Quality and Reliability Engineering International , 2019;

35(7):2442–2461.

[21] Ng WC, Khoo MBC, Chong ZL, Lee MH: Economic and Economic-

Statistical Designs of Multivariate Coefficient of Variation Chart. REV-

STAT - Statistical Journal , 2019; (Forthcoming papers).

[22] Chew X, Khaw KW, Yeong WC: The efficiency of run rules schemes for

the multivariate coefficient of variation: a Markov chain approach. Journal

of Applied Statistics , 2020; 47(3):460–480.

[23] Nguyen QT, Tran KP, Heuchenne HL, Nguyen TH, Nguyen HD: Variable

sampling interval Shewhart control charts for monitoring the multivariate

coefficient of variation. Applied Stochastic Models in Business and Industry

, 2019; 35(5):1253–1268.

[24] Chew X, Khaw KW, Lee MH: The efficiency of run rules schemes for the

multivariate coefficient of variation in short runs process. Communications

in Statistics-Simulation and Computation , 2020; :1–21.

[25] Chew X, Khaw KW, Yeong WC: The efficiency of run rules schemes for

the multivariate coefficient of variation: a markov chain approach. Journal

of Applied Statistics , 2020; 47(3):460–480.

[26] Chew X, Khaw KW: One-sided Downward Control Chart for Monitoring

the Multivariate Coefficient of Variation with VSSI Strategy. Journal of

Mathematical and Fundamental Sciences , 2020; 52(1):112–130.

[27] Ayyoub HN, Khoo MB, Saha S, Castagliola P: Multivariate coefficient of

variation charts with measurement errors. Computers and Industrial Engi-

neering , 2020; 147:Article 106633.
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p τ Syn MCV VSSI MCV VSI EWMA

γ0 = 0.1

2 1.25 27.08 16.99 10.04

1.50 9.19 4.19 4.33

3 1.25 34.92 26.37 13.54

1.50 12.40 6.28 5.71

γ0 = 0.3

2 1.25 30.18 20.88 10.99

1.50 10.53 4.94 4.75

3 1.25 38.67 31.93 14.84

1.50 14.20 7.55 6.32

γ0 = 0.5

2 1.25 37.77 30.62 13.47

1.50 13.93 6.79 5.83

3 1.25 47.97 45.14 18.16

1.50 18.92 10.81 7.89

Table 7: Comparison with the VSSI MCV control charts [17] and synthetic MCV [19], for

different values of n = 5, p = {2, 3}, γ0 = {0.1, 0.2, 0.3}, ARL0 = 370.4 and upper shifts

τ = {1.25, 1.50}.

p τ VSI EWMA RS MCV VSI EWMA RS MCV VSI EWMA RS MCV

γ0 = 0.1 γ0 = 0.3 γ0 = 0.5

2 0.50 3.2 6.4 3.3 6.7 3.62 7.2

0.75 7.9 28.9 8.4 30.7 9.51 34.7

0.90 31.7 122.1 33.8 127.2 38.94 137.3

1.10 34.5 88.3 37.2 94.4 44.87 108.2

1.25 10.0 23.8 11.0 26.6 13.47 33.5

1.50 4.3 7.8 4.8 8.9 5.82 11.9

3 0.50 3.9 9.6 4.1 10.0 4.4 10.7

0.75 10.5 43.7 11.2 46.4 12.6 52.1

0.90 42.1 153.8 44.7 159.3 50.8 169.7

1.10 45.2 107.1 48.7 113.3 57.5 127.7

1.25 13.5 32.3 14.8 35.9 18.2 44.9

1.50 5.7 10.8 6.3 12.5 7.9 17.0

Table 8: Comparison with the run sum control charts, for different values of n = 5, p = {2, 3},

γ0 = {0.1, 0.2, 0.3}, τ = {0.5, 0.75, 0.9, 1.10, 1.25, 1.50} and ARL0 = 370.
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Figure 4: ATS curves of the downward (left) and upward (right) VSI EWMA MCV charts for

p = 2, γ0 = 0.1, n = 5 with measurement parameters B = 1,m = 1, and θ2 ∈ {0, 0.3, 0.5, 1}.31
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Figure 5: ATS curves of the downward (left) and upward (right) VSI EWMA MCV charts for

p = 2, γ0 = 0.2, n = 5 with measurement parameters B = 1,m = 1, and θ2 ∈ {0, 0.3, 0.5, 1}.32
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Figure 6: ATS curves of the downward (left) and upward (right) VSI EWMA MCV charts for

p = 2, γ0 = 0.3, n = 5 with measurement parameters B = 1,m = 1, and θ2 ∈ {0, 0.3, 0.5, 1}.33
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Figure 7: ATS curves of the downward (left) and upward (right) VSI EWMA MCV charts for

p = 2, γ0 = 0.1, n = 5 with measurement parameters θ2 = 0.3,m = 1, and B ∈ {1, 5}.34
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Figure 8: ATS curves of the downward (left) and upward (right) VSI EWMA MCV charts for

p = 2, γ0 = 0.2, n = 5 with measurement parameters θ2 = 0.3,m = 1, and B ∈ {1, 5}.35
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Figure 9: ATS curves of the downward (left) and upward (right) VSI EWMA MCV charts for

p = 2, γ0 = 0.3, n = 5 with measurement parameters θ2 = 0.3,m = 1, and B ∈ {1, 5}.36
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