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1. ADDITIONAL ANALYSIS OF MISSPECIFIED TRUNCATION DISTRIBUTIONS

In this subsection, we analyze cases where a wrong well-known family of parametric dis-
tributions is chosen to fit the truncation distribution. In Table 1, the truncation distribution
is either a log-normal one or a gamma one but it is supposed to be a Weibull one where
its parameters are unknown and estimated with the two proposed methods. The gamma den-
sity is f(t) = (A\*/T())t*  exp(—(At)) and the log-normal one is f(t) = exp(—(In(z) —
w)/(20%))/(wov/2m).

In Table 1, we observe results similar to Section 4. Once again, the full likelihood estimator
FT7§ gets also worse more than FT,@ but leads to better results for F(). In the proposed sim-
ulations, the impact of choosing the wrong truncation distribution seems very weak (see also
Section 5 where these distributions are chosen); most of the time, the semiparametric estimators
of Fy, outperform the product limit estimators.

2. ADDITIONAL ANALYSIS OF CONFIDENCE INTERVALS

In Table 2, basic and percentile bootstrap methods have been tested for (symmetric) two-sided
confidence intervals with confidence level of 95%.

In Fig. 1 below, quantile-quantile plots are constructed to better assess the bootstrap approx-
imation for the proposed confidence intervals for 6. The x-axis corresponds to the quantiles of
the empirical distribution constructed with the estimations (minus the true value of the con-
sidered parameter) obtained from the R = 1000 samples while the y-axis corresponds to these
quantiles but where the empirical distribution is obtained from the estimations in the bootstrap
samples taken from one particular sample (minus the estimated parameter in this sample). For
the percentile bootstrap case, the opposite of these quantiles are taken due to the symmetry as-
sumption of this method. The graphs hereunder show that both distributions are close to each
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Table 1. Misspecification with a fitted Weibull truncation distribution
v Cens.% IMSE(Fyg) IMSE(F;)  IMSE(Fy)  IMSE(F;) IMSE(F)

RIMSE,; 5 RIMSE, ;. RIMSE,;
n = 100 - T' ~Log-normal(0.50; 0.43) - Trunc. %= 71.35
1 26.67 14.4 15.2 11.3 10.2 10.6
0.95 1.07 0.96
3 49.50 15.7 19.6 12.1 9.9 11.1
0.80 1.09 0.89
5 61.03 16.1 21.6 12.6 10.2 11.9
0.75 1.06 0.86
7 68.17 18.2 25.9 13.6 10.4 12.1
0.70 1.12 0.86
9 73.07 19.6 314 14.5 10.6 12.4
0.62 1.17 0.85
n =100 - T ~Gamma(6.47; 2.34) - Trunc. %= 71.85
1 25.62 29.7 29.4 15.8 15.2 15.7
1.01 1.01 0.97
3 48.05 35.0 38.5 16.2 15.5 16.2
0.91 1.00 0.96
5 59.58 39.4 46.8 17.8 16.2 17.4
0.84 1.02 0.93
7 66.81 42.2 53.7 17.6 16.5 17.9
0.79 0.99 0.92
9 71.80 45.4 60.5 18.9 17.3 18.7
0.75 1.01 0.92
n = 100 - T' ~Log-normal(0.09; 0.43) - Trunc. %= 54.96
1 27.60 6.8 6.8 5.5 5.1 6.6
0.99 0.83 0.78
3 50.75 7.0 7.9 6.6 5.3 7.1
0.88 0.94 0.74
5 62.16 7.1 8.7 7.6 5.5 7.1
0.82 1.08 0.77
7 69.17 7.9 9.4 8.2 5.7 7.3
0.84 1.12 0.79
9 73.91 8.4 11.6 9.8 6.2 7.9
0.73 1.24 0.79
n = 100 - T ~Gamma(6.47; 5.55) - Trunc. %= 54.45
1 27.56 4.4 4.5 5.6 4.9 6.8
0.97 0.83 0.73
3 50.64 4.5 4.9 5.2 4.8 7.3
0.92 0.71 0.65
5 62.07 4.6 5.6 7.1 5.5 7.5
0.82 0.96 0.74
7 69.06 5.0 6.0 7.8 6.0 7.8
0.83 1.01 0.78
9 73.79 5.3 6.9 8.1 6.3 8.0
0.77 1.02 0.79

Distributions, Y ~Weibull(0.75;1.25) and C' — T ~ 5xBeta(0.75;); Trunc. % and Cens.
%, the truncation and censoring percentages; IMSE, the estimated integrated mean squared er-
ror (x 1072 for Fp 5 and Fy 5, and x 1072 for Fy, F; and F,); Fy, 5 and Fy, 5, the truncation
distributions based on the conditional and full maximum likelihood estimators; ﬁé and ﬁé, the
misspecified semiparametric estimators of F’' based on the conditional and full maximum like-
lihood estimators; F7,, the product-limit estimator of F'; RIMSE . 4 5, the ratio of the estimated
integrated mean squared errors of F. ; and Fij 5 RIMSEY,/G\,n (feépectively RIMSEy 5 ,,) the

ratio of the estimated integrated mean squared errors of ﬁé (respectively F};) and F),. The
standard errors for the integrated squared errors are bounded by 1.8 x 10~ for the truncation
distributions and 8.0 x 102 for the estimators of F.
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Table 2. Confidence intervals for the truncation parameters

n ¥ Boot. Av. Av. Cov.  Cov. Av. Av. Cov.  Cov.
Method Length Length Length  Length
AT AT AT AT aT aT (0% 4 aT

Cond. Full Cond. Full Cond. Full Cond. Full

50 3 Basic 0.35 0.34 0.96 0.96 2.07 1.86 094 0.95
Perc. 0.35 0.34 0.99 0.98 2.07 1.86 097 0.97

5 Basic 0.32 0.31 0.92 0.92 2.12 1.87 090 0.93

Perc. 0.32 0.31 0.98  0.96 2.12 1.87 097 0.95

7 Basic 0.41 0.41 0.90 0.91 2.28 1.97 0.87  0.90

Perc. 0.41 0.41 0.99 0.97 2.28 1.97 097 0.95

9 Basic 0.41 0.40 0.88  0.89 2.35 1.99 0.84 0.90

Perc. 0.41 0.40 1.00 0.96 2.35 1.99 096 0.95

100 3 Basic 0.25 0.23 0.95 0.96 1.43 1.30 098 0.97
Perc. 0.25 0.23 0.99 0.99 1.43 1.29 097 0.98

5 Basic 0.25 0.23 0.94 0.93 1.51 1.32 098 0.97

Perc. 0.25 0.23 0.98 0.97 1.51 1.32 098 0.97

7 Basic 0.28 0.25 0.92 0.94 1.62 1.40 097 0.97

Perc. 0.28 0.25 0.99 097 1.62 1.40 099 0.97

9 Basic 0.30 0.26 0.91 0.94 1.73 1.46 0.95 0.95

Perc. 0.30 0.26 1.00 0.95 1.73 1.46 097 0.96

200 3 Basic 0.11 0.11 094 0.93 0.88 0.83 099 0.97
Perc. 0.11 0.11 0.99 0.99 0.88 0.83 0.98 0.98

5 Basic 0.18 0.16 0.94 0.90 1.04 0.92 0.99 0.98

Perc. 0.18 0.16 1.00 0.98 1.04 0.92 0.98 0.98

7 Basic 0.23 0.20 0.94 0.90 1.15 0.98 0.98 0.99

Perc. 0.23 0.20 0.99 0.99 1.15 0.98 0.99 0.98

9 Basic 0.26 0.22 0.93 0.90 1.24 1.03 097 0.97

Perc. 0.26 0.22 1.00 0.98 1.24 1.03 0.98 0.97

Distributions, Y ~Weibull(0.75; 1.25), T ~Weibull(0.5; 3) and C — T' ~ 5xBeta(0.75; v); Boot.
Method, the bootstrap method; Av. Length, the average length of the 1000 obtained confidence inter-
vals; Cov., the percentage of confidence intervals covering the true values of the parameters (cover-
age); \r (respectively ar), columns related to confidence intervals for A (respectively ar); Cond.
(respectively Full), columns related to confidence intervals constructed with the conditional (respec-
tively full) maximum likelihood method; Basic, the basic bootstrap method; Perc., the percentile
bootstrap method. The standard error is bounded by 1.2 x 10~2 for the coverages and 6 x 1073
(respectively 1.1 x 1072) for the average lengths of the confidence intervals for Az (respectively
aT).

other suggesting that both bootstrap procedures perform reasonably well. In addition, we also
counted how many times the true value of the parameters was observed above the upper bound
of the confidence interval and under its lower bound. If for numerous simulations, we observed
approximately equal percentages on both sides, it is not always the case: percentages may be
unbalanced according to the parameter, the basic or percentile bootstrap or the likelihood tech-
nique.

3. PROOFS

To develop the proofs of the results displayed or mentioned in Section 3, we need to introduce
some notations. We use capital letters to denote cumulative distribution functions and lower
case letters to denote probability density functions. For Frpg(-) = pry(T" < -) a family of dis-
tributions indexed by 6 € ©, a compact subset of R%, d > 1, including 6 (Fr(v) = Fro, ().
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Fig. 1. Quantile-quantile plot for the bootstrap distribution
of A\r — Ap (the 4 upper graphs) and & — a (the 4 lower
graphs); Y ~Weibull(0.75;1.25), T ~Weibull(0.5; 3),
C — T ~ 5xBeta(0.75;v); x-axis, distribution based on
the simulated samples; y-axis, bootstrap distribution for
one particular sample; left column, basic bootstrap; right
column, percentile bootstrap; first and third rows, condi-
tional likelihood; second and fourth rows, full likelihood
method.
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0o and by ,, we write fr,o(t) = O fr.o(t)/00, f1,9(t) = Ofrp(t)/0t and similarly for higher
order derivatives. For the Hessian matrix of any function m (6, x) depending on 6 and other
variables assumed to be two times differentiable with respect to the components of 8, we write s
0’>m(0,x)/00700 = 1n(0, z) and 172(fy, ) denotes its value at the point § = 6. In addition,

+o0 -1
o0 = ([ wpb@an @) eyl

fo weg x)dH' (z)
RURE >d%1<x>>2€2’9(y’2’5’+°°)’

fro(T)  freo(T
_<1_A><OW ralX 04500
t)

XAT (X

O fro(T)  fre(T) 11,
10 ) fr. weg(X)  weg(X) wyg(X)

SO (ﬂ?e,g(X)  wpg(X) weT,g(X)>
)

(T Frex —t>d9<t>) (ST fa(x = 049 (1))
(57 frotx - g (1))’

To avoid too long expressions, we also denote the vector of first (respectively second) derivatives
of wy, g( ) by w, g( ) (respectively i, é()) We then finally define 55

DL(T)

 fre(T) f;TG(T)f%O(T)
"~ fre(T)  fro(T) fre(T)

I {FT,Q Yy (1) + Fro(tyig ' () + iy 5 (6) EF(t) + w(;;(t)FT,g(t)} dHL(t)
15" Fro(tywy 6 (t)dH! (¢)
fooo {FT@ weg )+ Fro(t )w(;é(t)}

(Je= Pty snanim)’

| X>T

and
wg’g(X) w@,g (X) wg:g (X)
29 =—E A {DL @)= we,g(X) ’ we,g(X) wo,g X)}
¥ 1 5 (H)dH (¢)
+(1-AI(X <T) {DM(T) - ;"w;,at)dw(t)

R g (VAR (1) [ gl (AR (1)
2
(fX wpb(dH (1))
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LEMMA 1. Under assumption 1 — 4 , for a given function h(X) such that E[h3(X) | X >

T] < 400,
/0 h(2) (twa0.6(2) — oy 6, (2))dHA (2)

= i; /Ot h(z) /OZ E(Xi — Ty, Ay (2 — 8) AT)dPrg, (s)dH (2) + r1.n(t),

J2.6,(T)
7.4, @)

where supy |1 (t)| = op(n1/2). If E [ ] < +o0,

t
/0 h(z) (tgy 6 (=) — g 6, () dHA (=)

- 1 ;/0 h(z) /OZ (X =T, Ay (z—s) A T)fTﬂO(S)deHl(Z) +ron(t),

n-

where supy |ra.n(t)| = op(n=1/?).
Proof. Define
IT<Y)g(Y -T)f(T),

where f(-) and g(-) : Rt — [0, 1] are respectively a known and a monotone function. By The-
orem 2.7.5 in van der Vaart and Wellner (1996), the bracketing number of the class 7, of g(+)
functions is m? = Ny(e, Tn, Le(Hy 1)) = exp(Ke1), for some constant K > 0.

Now define the class

+o0
W = {r — / I(0 <7 —38)g(r — s)f(s)dFrg,(s),r € R",t — g(t) : RT = [0,1]isa
0
monotone function and s — f(s) is a known function with E[f*(T)] < +oo} (1)

and for i =1,...,m’

1,...,m’, define

, [9¢, g%, the m” brackets for the class J,,. Next, for each i, i =

Y
W (Y) = /0 max(g! (Y — 1) f(£), g2(Y — 1) f(£))dFrg0 (t)

and similarly for w!(Y") with a minimum instead of a maximum. Each function of W for which
G(Y —T)<g(Y —T) < gi(Y —T) is included in [w!(Y),w?(Y)]. Moreover, it is easily
checked that [ (w!(z) — wf(2))®dHy (z) = O(%) such that m’ = Nyj(e, W, L¢(Hy)) brack-
ets suffice to cover W (where Hy (z) = pr(Y <z | X > T)).

Next, for a given function h(X) with E[h3(X) | X > T] < +oc, we prove that

/0 h(z) (way g (=) — w6, () dHL (2)

- /O h(2) (tn0.6(2) — Wy 6, (2))dH (2) + 1(0), @)
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where sup; |1, (t)| = op(n~'/2). First, we decompose the integral on the left hand side of the
above expression into

/O h(2)I(h(2) < n°)(wgy g(2) — whyg, (2))dHy (2)

+ / W) (h(z2) > 1) (g, 6(2) — wgy g, ())dHL(2),
0

for a small § > 0. The second term is simply treated by the Markov inequality to show that it
is op(n~'/2). Note that this step involves pr(h(X) > n’ | X > T, that is also treated with the
Markov inequality. Next, with f(s) = 1, wg, g, (X) is a sequence of random functions that take
their values in the class WV defined in (1). Since I(X < t) is a monotone function and h(X) is
purely random with E[h?(X) | X > T|] < +oo, Lemma 19.36 of van der Vaart (1998) can be
used. Indeed, the class of functions defined by © — I(x < t)h(z)w(zx) is Donsker. We use this
lemma with a restricted class of this type of functions where w(X) = Op(n~/?(loglogn)'/?)
and h(X) < n°. We therefore obtain

/0 B(2)T(h(z) < 1) (g 6(2) — wgy g, (2))dHL(2)

- /0 B(2)I(h(2) < n®)(wgy 6(2) — Wy g, (2))AH(2) + Fa(2),

where sup, |7,(t)| = op(n~1/?) and the above result (2) follows. Finally, the asymptotic repre-
sentation of the Kaplan—Meier estimator given by Lo and Singh (1986) provides the first result
in the statement of the lemma.

Now, in the same way,

/0 h(2) (thp0.6(2) — i 6, (2))AHA(2) = /0 h(2) (ty 0 (=) — g g, (2))dH (=) + 73,

where sup; |7, (t)| = o p(n~1/?), is obtained following the lines of the above results with f(s) =
f1.6,(8)/ fr,6,(s). The asymptotic representation in the second statement of the above lemma is
then deduced and this finishes the proof. O

LEMMA 2. Under assumptions 1 — 5,
sup |Fy, (t) — Fy, (t)] = O(n~"/?(loglogn)*/?) a.s.
t
Proof. This result immediately follows from the uniform consistency properties of the

Kaplan—-Meier estimator and the empirical distribution function (see for example Cai (1998),
Theorem 1, Lemma 2 and the expression below (15) in this paper). O

LEMMA 3. Under assumptions 1 — 5, Fy, (t) — Fy,(t) = I 1 &300( X, Xi — T, A 1) +
r3.n(t), where supy |r3 n(t)| = 0p(n_1/2) a.s.

Proof. First, rewrite the numerator of ﬁgo (t) — Fp,(t) as

t

/0 (wilg, (%) — wyls () dHL (z) + /O wilg(2)d(HL () — HY(x)
= Elm(t) + E27n(t).
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Using Lemma 1 with h(X) =1/ wgo’g(X ), the term Ey ,,(¢) can be rewritten
/t way,g () — wey g, (x)
0 wgo,g(x)
1 "Lty 6K — Ty, Ay (= 8) AT)dFr g, (s)
-2 z_; /0

wzo,g(x)

d?—[}b(x) + Op(n_l/Q)

dH'(z) +op(n~'?), (3
where the last terms (on both sides of the above expression) are uniform in ¢. Next, using standard
arguments about the uniform consistency of Kaplan—Meier estimators and empirical processes,

R FEy n(t) + Ey n(t)
Fy, (t) = Foy () = 55 7
b0 (t) — Foo (t) o % wyt g (@) dH (x)

C fywag(@)dH (@)
( 0+°° we_ofg(x)d’r'-ll(:r))

where the last term is uniform in ¢. Applying the development (3) to E; ,,(400) finishes the
proof. O

5 (B1p(+00) + Ba (+00)) + op(n~1/?),

LEMMA 4. Assume that assumptions 1 — 5 and 6(ii),(iii) are met, and E[|X| | X > T] <
~+o00. Under assumptions 6(i), 8(i) and 10,

sup |Lc1(6,Gn) — E[L:1(0,G)]| = 0as.,
0cO

which induces 0 — 0o,c = op(1), and under assumption 8(ii) and supy , |0Fr¢(t) /00| < 400
(k=1,...,d),

sup | L, (0, Fp, Gn M) — E [Lp(0, Fp, G, HY)] | = O as.,
fce

which induces 6 — 0y, = op(1).

Proof. To prove this lemma, we will use Theorem 5.7 in van der Vaart (1998, p. 45). First,
using assumptions 4, 5, 6(i),(ii) and 10

1 n XiNT
- Z <log Jro(T;) — Ajlogwyg, (Xi) — (1 = Ay) 10g/0 Jre(Xi— t)dgn(t)>
i1

1 n XiNT
= Z <log fro(Ti) — Ajlogwe g(Xi) — (1 — Ay) 108;/0 Jro(Xi — t)dg(t)>
i—1

+o(1) ass., “4)

where the last term is uniform in 6. Next, under assumption 6(iii) and since in addition
supg ¢ [0fT,0(t)/00k| < oo for all k (k=1,...,d), E[|X|| X > T] < +oo and the above
function between brackets is parametric, the bracketing number of the class F; of these func-
tions indexed by € © C R% s

N[](E,fl,Ll(P)) = O(ﬁid),

where P stands here for the distribution of X, T, A given X > T. As a consequence, the class
F1 is Glivenko—Cantelli, which ensures the uniform consistency in 6.
We first consider L. 1(0;G).
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Jr,0, )1 (t<y) d fr,0,(t)1(t<y)
woy,6(Y) Woy,6(Y)
are equal on all nonzero measure sets. Since frg(¢) is an identifiable probability den-

sity function, continuous with respect to t, there are at least two small intervals de-

noted 5t1 9, , and 5391 ,» of nonzero measure with upper bound smaller than 75,y and for

which [5  (fr.o,(t) = Jre,(1))dt > 0 and [2  (f76,() = fr.0,(t))dt < 0. Taking y*, a
1 1

point larger than the upper bounds of both 5t1 o1 and (5t 9, ,» and smaller than 7p,(), we

have f5;012 fro,(t)dt [, 70 we1 () dy = f(;z fT92 dtf ;T w6,2 g(y)dy,i=1,2. This

leads to a ratio fy* ) w92 cW)dy/ [, o Wy, g( )dy equal to two different constants (one
smaller and one larger than one), Wthh is 1mp0s51ble

By assumption 8(i) and Theorem 5.7 in van der Vaart (1998, p. 45), 0 — 6o, = op(1).
The log-likelihood of the second proposed procedure is

For 0, # 6» and § = 1, we assume nonidentifiability, i.e.,

Ep(ev F\g, gm quz)

1 — +oo
= > oA {108; Jro(Ti) — 108;/ Fro(t)dFp(t) + log
i=1 0

+oo
LG < T)(1 - A {1og o) —1os [ Fraft)dn(t) +log(1 - FM))H
+o(1) ass., )

weg(X)
fw t)dH(t)

where T < Tp(.y and the last term is uniform in 0. Indeed, by assumptions 4, 5, 6(ii), E[|X]| |
X >T] < +ocoand supy; [0 fre(t)/00k| < +oo, for all k,

sup | Fy(t) — Fy(t)| = 0, a.s. (6)

)

This is obtained by the uniform consistency of the Kaplan—Meier estimator combined with the
fact that the class

Fo={(6,2) = 6I(x < y)w, ' ();0 € ©,y € R}

is Glivenko—Cantelli. Next, using similar arguments and supy ; |0Fr,¢(t) /00| < +oo, for all k,
enables to obtain the second and fifth terms on the right hand side of (5) while the sixth term is
treated by (6) since it is easily checked that supy F9(7~’) < 1. Finally, the full sum in (5) is treated
similarly to the sum on the right hand side of (4) such that the uniform consistency in ¢ to

wag(X) }

b fw t)dH(t)

+oo
A {log fro(T) — log/ Fro(t)dFy(t) + log
0

—+00

+100 < 7)1 - 8) og fra(r) —tog [ Fro(asa(o) +1og(1 — Fo(x)) } 1 X 7]

0

is obtained. By assumption 8(ii) and Theorem 5.7 in van der Vaart (1998, p. 45), 6 — Oop =
op(1) and this finishes the proof. O

To simpify notations, assume in the sequel 8y . = 6p , = 6p.
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Proof of Theorem 1.a. Straightforward calculations using a first order Taylor expansion
around 6y of the derivative of L.1(6,G,) at § = 6 and treating double sums as in Lemma 3
lead to

XiNT
0 (X — t)dGn(t
1— Ai 0 ,00 1/2
( )IOXZ/\TfT,OO(Xz _ t)dgn(t } + OP( )
B 11 n o n
=(£ea(07.62)) 52D
i=1 j=1
A w@g, f() X] _1}7AJ7(X1 - S) /\T)fTﬁo(S)ds
% 2
woo,g(Xi)
_fOXi §(X; = Tj, Aj, (Xi — 8) AT) fro,(s)ds
w90,g(Xi)

I for00(Xi — 1)dE(X — Ty, A, )
1-A;
. ){ JoGNT fr,(Xs — 1)dG ()

I Fron(Xi = 0)dG () Jo T frian(Xi — H)AE(X; = Ty, A1)

(foXZAT fr.o,(Xi — t)dg(t)> ’
~(Earer.0) "Ly {fET>_Aw<X>
i=1

T;) “wey,g(Xi)

X/\’T
_(1— Ao Fr.00(Xi _t)dg(t)}+0p(n_1/2),

ST g0 (Xi — 1)dG(E)

where each element 9;‘]- of 0* is between 6y; and §j (0o; and 9/; denote the jth element of 6y and

w6 respectively; 4,7 = 1,...,d). Weak consistency of —Ec,l(e*, Gn) as an estimator of 5 g, is
obtained using uniform consistency of the Kaplan—-Meier estimator, Lemma (4), assumption 6

(iv), (vi), (vii), assumption 7 and inf,; | <z<rp fx/\T fro,(x —t)dG(t) >
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Defining for i # j, Vi = (X;, As), W; = (X;,Tj, 4A5),

Woo,0(X:) i €(X; — Ty, A, (X — 8) AT) frg,(s)ds
wgoyg (Xz)

_ Jor E(X; = Ty, Ay, (X — 8) AT) fro, (s)ds }

B(Vij)—Az‘{

w90,g(Xi)
ST frgo (X — 8)dE(X; — Ty, Ay, 1)
ST fr.0,(Xi — )dG (1)
in/\T ;

+(1— Ai){

S Frae(Xi = )G () JoN Fra,(Xi — 0dE(X; = Ty, Ay, 1)

0

11

(25T gy (X — 1dG(1))
and B*(Vi, W) = B(Vi, W;) — E(B(Vi, W) | W;), we have
E(B*(Vi,Wj)) = E(B*(Vi, W) | Vi) = E(B*(Vi, W) | Wj) = 0
and

> B (Vi W) > O (/2
i

EQ(Ei;ﬁj B*(Vi, WJ))
= (C2n~(1+20))n2(n — 1)2

1
pr(n(n —1)

— O(n—1+25)
for any given C' > 0 and 0 < ¢ < 1/2. This latter expression ensures that

e S BV W) = or(n )
i#£]

and finally, using assumption 9(i), 6 — 6y = Q) 1 S ey (Th, Xiy Ad) 4+ op(n=1/2).

1,00 n
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Proof of Theorem 1.b. In the same way as in Theorem 1.a.,

~ . ~ = B 3 ‘ E
b0y — — (,cp(e*,Fg*,gn,%é)) 1 % > [Ai {ZZOE ;
i=1 0 Z

o (fmo Feo<>+fTeo<t>Feo<>)t
(t)dFy,

* Fr,,(t)dFy, (t)
gy g (X fweo,g (£)dH (t) + way 6, (X:) [ g, g, (¢ )dH%(t)}
we, .G, (X fw (t)dHL(t)
N PN Qmoﬁ% +h%mm@0w
+(1-A)I(X; <T) { Fro (n ) = Fpoe (B ()
 Fa(Xy) }]
(1 — Fp,(Xy))

A fTﬂo(Ti) _ weo,g(Xi)

N\ froo(T)  we,6(X)

+(1— ANT(X; <7')<
+/<ﬁ EXi = T0, A, (2 = 5) A T) frigy (5)ds

w907g( z)
tinog(2) Jy €~ T A (2 =) T)fT,eo<s>ds) ()
wy, (%)
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B 72 53,90(XiaXi —E,Ai,Z) F@o(z)g&eo(XiaXi —E,Ai,Z) 0
| ( =) (1= Fo ()7 )

+ <pr(A =1)+ /TdHO(z)>
0
+

> f1.00(2)E3.00 (X, Xi — Ty, D, 2)dz — £§§;f° (Xi, Xi — T3, A, +00)
* Frg,(2)dFp, ()

Gy (X0 X = T A o0) [ (Fran (2)Fn(2) + o (2) iy (2)) dz

(5™ Fran()dEn, ()

52 Qo(Xi,X' ﬂaAiaoo)
—pr(A=1 .
( )< 0+ we g( )dHl( )

Iy ()M 2 N
_( O 90’ (Z)dq_ll(z))2£2,90(Xz,Xl T“Az,-f—oo))
oo [ ; 0 (2) Fa, o (2 Fo ) ds ~
(fTef( ) ;T(e)+i;z EZ; 0o )) iZ(A O ANI(X, <))
0 o . 2

+0 4 0

fwem ZZA}

fweo, (2)
+OP(n 1/2)7

where each element 5;-} of 6* is between 6oj and 9~j (Bo; and 0~j denote the jth element of 6y and 7]
respectively; 4,5 = 1,...,d; u')e_olgn (2) = —g,.G, (z)/wgo g, (#) and similarly for G instead of
Gn). Weak consistency of —92L, (6, F\é* ,Gn, H1L)/007 00 as an estimator of Qg g, is obtained
using uniform consistency of the Kaplan—Meier estimator, Lemma 4, assumption 6 (iv), (v), (vi)

and assumption 7. Since supy , \f T0(t)] < 400, assumption 7 together with Lemma 1 enable to
adapt Lemma 3 to obtain

ﬁQo( ) F90 26390 XUX E7Al7t) +OP( 1/2)7
=1

while the asymptotic representation
+o0 N
/ f(t)d(Feo( ) FG() Zgg 0o XlaX TZaAl7+OO) +0P(n_1/2)
0

(also obtained in a similar way as Lemma 3) is applied to f(t) = Frg,(t) and f(t) = EFrg,(t)
(since sup, | Fir g, (t)| < +00). Alternatively, under the same assumptions, we can also obtain the
asymptotic representation for § — 6, defined by (22 o, n_l > i1 M2,00,, (Tiy Xi, A;), where the

remainder term is of order op(n~1/2) (or we can derlve 1t from the above calculations using basic
arguments). O
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14 J. DE UNA-ALVAREZ, C. HEUCHENNE AND G. LAURENT
Proof of Theorem 2. Since sup; 4 |0 fr,0(t)/00;] < +oo, sup, g |0 fre(t)/00;00;] < +oo
(t,7=1,...,d)and E[|X| | X > T] < +o0,
Fp, (£) = Fpy () = Fp, (t) = Fpy (£) + Fp, (t) — Fy, (¢)

NG (0n — o) + % > &00(Xi, Xi = Th, Ait) + op(n™'/?).
i=1

00T

We treat &3 9,(X, X — T, A, t) using Theorem 2.5.6 in van der Vaart and Wellner (1996), i.e.,
we show that

400 1/2
/ (IOgNH(E,J.", LQ(P)) de < 400, @)
0
where NN is the bracketing number, P the probability measure corresponding to the joint distri-
bution of (X, X — T, A), given X > T, Lo(P) is the Lo— norm, and
F={&0,(X, X —T,At),—0c0 <t < +00}.
The function &3 9, (X, X — T, A, t) can be decomposed into

+o0 -1
E300(X, X — T, A1) = (/0 wy () dH (2 )> €200 (X, X — T, A1)

B fo weo gz H'(z)
(Jo ™ wg gl )d’Hl( )
= B1 % &,0,(X, X —T,A,t) + Ba(t) x &2, (X, X — T, A, +00),
where By < 400, Bs(t) is a uniformly bounded function of ¢ and &; g, (X, X — T, A, 400)
is a uniformly bounded purely random function. To establish weak convergence of
the process /n(Fy, (t) — Fp,(t)), we only need to study &24,(X, X —T,A,t). Indeed,
(OF,(t)/007) (6, — o) is also a product of a vector of uniformly bounded functions (only

depending on t) times a purely random vector for which each component has a bounded second
moment. Let then rewrite

52,90 (Xa X - T, Aa t)

252,90 (X7 X - T7 A7 +OO)

_/t/x Sl X =T, (z—s)NT)+ (X -T < (I_S)/\T)flb(X_T’A)dFT(S)d'Hl(l')
wgog@”)
[(X <t 5w_1 /0 wgog (x)7

where &14(z,u) = —(1 = G(u)) [7""(1 = H(s)) 2dH (s), &1p(2,0) = (= < T,6=0)/(1 —

H(z)). Since z — &14(2,u) is a decreasing function for all u, the class of bounded func-
tions z — fo Iy €ra(z, (@ — s) A ’T)/weo,g( x)dFr(s)dH! () is also decreasing in z. Therefore,
its bracketing number is m = O(exp(Ke~!)) by Theorem 2.7.5 in van der Vaart and Well-
ner (1996). The same theorem is apphed to the class of bounded functions z — fo Jo Iz <
(x—s) A 7')/w(,0 g(x)dPr(s)dH! (x), whereas £1,(X — T, A) is a purely random bounded
factor. Finally, the two last terms of & g,(X, X — T, A, t) are treated similarly (a decreasing
function times a bounded purely random factor and a bounded function only depending on t).
This finishes the proof since each term (except a purely random one) is bounded. That means
that the domain of integration of (7) can be restricted to a finite upper bound. O
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