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ABSTRACT. In this Ph.D. thesis we lay down the foundations of a
higher covering theory of racks and quandles. This project is rooted
in M. Eisermann’s work on quandle coverings, and the categorical
perspective brought to the subject by V. Even, who characterizes
quandle coverings as those surjections which are central, relatively
to trivial quandles. We revisit and extend this work by applying
the techniques from higher categorical Galois theory, in the sense
of G. Janelidze. In particular we extend the study of quandle cov-
erings to the more general context of racks, we consolidate the un-
derstanding of their relationship with central extensions of groups
on the one hand and topological coverings on the other. We further
identify and study a meaningful two-dimensional centrality condi-
tion defining our double coverings of racks and quandles. We also
introduce the definition of a suitable commutator which describes
the zero, one and two-dimensional concepts of centralization in this
context.
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Introduction

ABSTRACT. In this Ph.D. thesis we lay down the foundations of a
higher covering theory of racks and quandles. This project is rooted
in M. Eisermann’s work on quandle coverings, and the categorical
perspective brought to the subject by V. Even, who characterizes
quandle coverings as those surjections which are central, relatively
to trivial quandles. We revisit and extend this work by applying
the techniques from higher categorical Galois theory, in the sense
of G. Janelidze. In particular we extend the study of quandle cov-
erings to the more general context of racks, we consolidate the un-
derstanding of their relationship with central extensions of groups
on the one hand and topological coverings on the other. We further
identify and study a meaningful two-dimensional centrality condi-
tion defining our double coverings of racks and quandles. We also
introduce the definition of a suitable commutator which describes
the zero, one and two-dimensional concepts of centralization in this
context.

0.1. Context. We like to describe racks as sets equipped with a
self-distributive system of symmetries, each attached to a given point
(element). More precisely, a rack is a set A equipped with a binary
operation <: A x A — A such that for each a € A, the function — <
a: A — A (which is called the symmetry at a) admits an inverse (denoted
—<1a: A— A which is the other symmetry at a) and it is compatible
with the operation < (self-distributivity), i.e. for all , a and b in A:

(R1) (z<a)<ta=z=(zr<la)<a;
(R2) (x<a)<ab=(x<b)<(axb).

A morphism of racks is a function between (the underlying sets of two)
racks that preserves the operation < (see Section for more details).
The term wrack was introduced by J.C. Conway and G.C. Wraith, in an
unpublished correspondence of 1959. Their curiosity was driven towards
the algebraic structure obtained from a group, when only the operations
defined by conjugation are kept, and one forgets about the multiplication
of elements. Sending a group G to its so defined “wreckage” (the rack with

1:L'a),

underlying set G' and operation defined by conjugation z <a := a~
defines the conjugation functor Conj: Grp — Rck, from the category of
groups Grp to the category of racks Rck. We use the more common
spelling rack (instead of wrack) as in [55] and [I00]. Other names in the

literature are automorphic sets by E. Brieskorn [15], crossed G-sets by
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P.J. Freyd and D.N. Yetter [58], and crystals by L.H. Kauffman in [84].
The former is (as far as we know) the first detailed published study of
these structures.

The image of the conjugation functor Conj: Grp — Rck actually lands
in the category Qnd, which is the full subcategory of Rck whose objects
are racks () such that for each a € @,

(Ql) a<a=a,

i.e. the symmetries (— <a) of @ are required to fix the point (a) which
they are attached to. Such algebraic structures were introduced and ex-
tensively studied by D.E. Joyce in his Ph.D. thesis [82], under the name
of quandles. Around the same time (1980’s), S. Matveev was studying
the same structures independently (with comparable results), under the
name of distributive groupoids [91]. D.E. Joyce describes the theory of
quandles as the “algebraic theory of group conjugation” since the freely
generated quandle on a set of generators X is a subquandle of the image
by Conj of the freely generated group on that set X.

ai
as ay a2
[¢5
2 1 1 1
a1—» az—» a3—y
a2 as a
as az <ay; = ag a1 <ag = as az <asz = ay

Figure 1. Oriented trefoil knot
Crossings “define” a <-operation on the set of arcs

Most importantly for the development of this subject, which is largely
due to its applications in knot theory, D.E. Joyce describes how to asso-
ciate to each oriented knot diagram its knot quandle |[83]; a construction
which provides a complete knot invariant for oriented knots. The knot
quandle resembles the earlier concept of knot group [94] (see Remark
, but the knot quandle distinguishes itself as a complete invariant.
In particular, computing whether two oriented knot diagrams represent
the same oriented knot (up to isotopy) amounts (exactly) to computing
whether their associated knot quandles coincide (up to isomorphism). As
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it has been done for the knot group, given an oriented knot diagram, a
presentation of the associated knot quandle, in terms of generators and
relations, is easily obtained using the arcs of the diagram as generators
and using the crossings to describe relations on these generators. This
construction exhibits an obvious parallel between the three axioms defin-
ing the theory of quandles ((R1), (R2) and (Q1)) and the Reidemeister
moves [93), 1] from knot theory (these characterize the possible ways to
modify a knot diagram without changing the knot it represents).

Given an oriented knot diagram K, such as in Figure [I} consider its set
of arcs A = {a1, a2, ..., an}, and identify that each crossing in K is
either as on the left or as on the right of Figure[2] Each of these crossings
thus gives rise to a corresponding identity as depicted in Figure [2 The

X z
y—>|— Ty =z y—)+— xd’ly:z
z xr

Figure 2. “Acting on z, with (the symmetry at) y, gives 2”

knot quandle Q(K) of the oriented knot diagram K is then obtained as
the freely generated quandle on this set of arcs “modulo these identities”
(a detailed construction for the free quandle on a set is given in Section
2.5.12)). Using this translation from knot diagram crossings to algebraic
identities, each Reidemeister move corresponds to an axiom from the
algebraic theory of quandles as in Figure[3] Note that in order to obtain
the proof that the knot quandle is an oriented knot invariant, one needs
to study a few more possible choices of orientations for the strands in
the Reidemeister moves of Figure Each such choice of orientation
similarly corresponds to an identity which is deducible from the axioms
in the theory of quandles — see [82] Section 4.7] and Section

Over the last decades, racks and quandles have been applied to knot
theory and subsequently to physics in various works — see for instance
[83, 15, 55, 32], 56, 29| 28|, 84, B38| and references there. More his-
torical remarks are made in [55], including references to applications in
computer science. In geometry, the earlier notion of symmetric space, as
studied by O. Loos in [86], gives yet another context for applications —
see [5], 63] for up-to-date introductions to the field. This line of work goes
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a /:E a T x\ a T a

(R1) C = l l and ) = l l
S ¢

a (z<a)<la a =z (z<la)<a a r a

(r<aa)<b a<bd b (xab)<(a<dd) a

S}
S|

ada a

Figure 3. Reidemeister moves and axioms

back to 1943 with M. Takasaki’s abstraction of a Riemannian symmetric
space: a kei [103], which would now be called an involutive quandle. As
a basic example consider the real plane R?, where each point (a,b) can
act on any other point (z,y) using the central symmetry of R? at (a, b).

(z,y) \Ea’ b)

e () < (ah)

~
~

More recently (2007) M. Eisermann worked on a covering theory for
quandles (published in [38]). He defines quandle coverings as those sur-
jective morphisms of quandles ¢: A — B such that for each x, a and
a € A, if ¢(a) = c¢(d’) then x<a = x<d/, i.e. those elements a and o’ that
are identified by c act in the same way on any other element of A. M. Eis-
ermann studies these coverings of quandles in analogy with topological
coverings. Recall that a topological covering c: X — Y is a surjective
and continuous function such that there exists an open cover {U; }ier of
Y such that for each index i € I, the preimage ¢~1(U;) of U; is a disjoint
union of opens of X, each of which is mapped homeomorphically onto
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Ui by ¢ (see for instance [62], Section 1.3] for an easy introduction to
the subject). In particular, M. Eisermann derives several classification
results for coverings of quandles, in the form of Galois correspondences
as in topology (or Galois theory of field extensions). In order to do so,
he works with some suitable constructions such as a (weakly) universal
covering or a fundamental group(oid) of a quandle. Even though the
link with quandle coverings is unclear a priori, these constructions use
the left adjoint of the conjugation functor, which is justified a posteriori
by the fact that the theory produces the aforementioned classification
results.

Note that in topology, it is convenient to view the category of sets (Set)
as the category of discrete topological spaces. The functor sending a
topological space to its set of connected components is then obtained
as the left adjoint to the inclusion of Set in the category of topological

spaces.
™0

—_—
Top 1 Set
W

I

As it is explained by F. Borceux and G. Janelidze in [9] Section 6.3], the
covering theory of locally connected topological spaces arises from the
study of this connected component adjunction using categorical Galois
theory (in the sense of G. Janelidze [65], see Section [I)). In particu-
lar, the concepts of covering and fundamental group(oid) of a space can
be defined abstractly from the data of this adjunction. Moreover, the
aforementioned classification theorem for topological coverings can be de-
rived from the fundamental theorem of categorical Galois theory which
describes, in this context, an equivalence between the category of cov-
erings above a pointed space, and the internal pre-sheaves (think group
actions) above the fundamental group of that space (see Subsectionm
below).

Now the category Set is also isomorphic to the category of trivial quandles
where a trivial quandle @ is a quandle such that its binary operations
simply return the first term (first product projection): z<y = z<~ly = =
for all z and y € Q. The inclusion of Set in Qnd has a left adjoint
mo: Qnd — Set which is thus also a connected component functor (in
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this sense).

Qnd {\i/ Set (1)

I
The resulting notion of connectedness was first introduced by D.E. Joyce.
Two elements x and y of a quandle A are said to be connected if there
exists a primitive path from x to y, i.e. a sequence of elements, aq, ...,
an in A, and a choice of exponents §; € {—1, 1} such that
y=(-(xa)--) <" ay.

In his Ph.D. thesis [40], V. Even applies categorical Galois theory (in the
sense of G. Janelidze, see for instance [7I] or Section [1]), to the context
of quandles. By doing so, he establishes that M. Eisermann’s coverings
arise from the admissible adjunction between trivial quandles (i.e. sets)
and quandles, in the same way that topological coverings arise from the
admissible adjunction between discrete topological spaces (i.e. sets) and
locally connected topological spaces (see Section 6.3 in [9] and Section
below). He also derives that M. Eisermann’s notion of fundamental
group of a connected, pointed quandle coincides with the corresponding
notion from categorical Galois theory. This, in turn, makes the bridge
with the fundamental group of a pointed, connected topological space.
Thus, V. Even clarifies the analogy with topology, even though his results
still rely on some constructions such as M. Fisermann’s weakly universal
covers.

Note that racks and quandles have recently received a lot of attention
from experts in categorical algebra, not only in relation to quandle cover-
ings [39), 41}, [42], 43| but also for the development of the notion ¥-local
properties [11), 14} 12].

In this thesis, we further develop the covering theory of quandles (and
racks) from the perspective of (higher) categorical Galois theory. Our
main objective is to develop the theory in higher dimensions in order
to access more sophisticated information. In order to do so, we need to
show that higher categorical Galois theory applies in this context. The
development of the higher-dimensional theory also requires to further
clarify the foundations of the covering theory in dimension zero and one.

In order to understand and motivate these developments, it is useful to
make the analogy with yet another important application of categorical
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Galois theory, which is the theory of central extensions of groups.

ab

—
Grp 1 Ab (2)
K_/
I

In the category of groups Grp, the adjunction of interest is ab - I, the
abelianization adjunction (Diagram ), where ab: Grp — Ab is the left
adjoint of the inclusion functor to groups I: Ab — Grp, and sends a
group B to the abelian group B/[B, Blgrp, constructed by quotienting
out the commutator subgroup [B, Blgrp of B. Recall that for any normal
subgroups X and Y of B, the normal subgroup [X, Y]g, = (zyz~ly~! |
re X, yeY)<XnNY < B denotes the classical commutator from
group theory. Note that from the point of view of homological algebra the
abelianization of B is the first homology group with integer coefficients

Hy(B,Z).

In this context, the Galois-theoretic concept of covering coincides with
the concept of a central extension from group theory. Recall that an
extension in Grp is merely a surjective group homomorphism, and a
central extension c: A — B is an extension such that the kernel Ker(c)
of ¢ is in the center Z(A) of the group A, i.e. the elements g € A
that are sent to the neutral element ¢(g) = e € B commute with any
other element in A. In other words, ¢ is a central extension if and
only if [Ker(c), Alep = {e} is the trivial subgroup in A. Moreover,
given any extension of groups f: A — B, it can universally be made
central by taking the quotient of A by the so-called centralizing subgroup

[Ker(f), A]Grp~

Whereas in the topological context categorical Galois theory relates to
homotopy theory, its applications in group theory led to strong results in
homological algebra. As we will not recall the necessary material for dis-
cussing homological algebra, we merely illustrate the arguments behind
certain of these results on the simple example of a perfect group B. Re-
call that a perfect group is a group whose abelianization (first homology
group) is trivial, i.e. Hi(B,Z) := B/[B, Blgp = {e}. A perfect group
B admits a universal central extension e: E — B, for which there is a
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unique factorization through any other central extension ¢: A — B.

E 3' factorization
g
. A
/
B

The fundamental Galois groupoid of B is then equivalent to the abelian
group given by the kernel of e, which also describes the second homology
group with integer coefficients Ho(B,Z). The fundamental theorem of
categorical Galois theory then gives an equivalence between the central
extensions above B and the slice category whose objects are the mor-
phisms with codomain Hy(B,Z) in the category of abelian groups Ab.
In other words, the second integral homology group of B can be presented
as a “Galois group” (see [65 Remark 5.4], [9, Section 5.2.(10-17)] and
[69]). For a general group B, and a projective presentation p: F — B of
B with kernel Ker(p) (see Paragraph [1.0.11]), the classical Hopf formula
(Equation ) and its independence from the choice of presentation p
can be obtained by similar arguments.

Ker(p) N [F7 F]Grp

Ho(B,7) = [Ker(p), Flerp

(3)

Now observe that the denominator of the Hopf formula is obtained as
the aforementioned centralizing subgroup of the presentation p of B. Ex-
panding on the fact that extensions of groups can be centralized, the
inclusion of the category of central extensions of groups CExtGrp in the
category of extensions of groups ExtGrp admits a left adjoint called the
centralization functor. This functor ab': ExtGrp — CExtGrp sends a
surjective group homomorphism f: A — B to the central extension of
groups
ab'(f): A/[Ker f, Algp, — B
obtained from the quotient A/[Ker f, A]grp of the domain A of f.

ab!
—
ExtGrp 1 CExtGrp (4)
D —
I

The key observation is that the resulting adjunction satisfies the con-
ditions under which categorical Galois theory can be applied. This led
G. Janelidze to the concept of double central extension [67], which is the
induced notion of covering in this two-dimensional context. The Hopf
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formula for the third homology group of a group B and for a presentation

of B

F— 1 F/K,

1 1 ®)

F/K, —— B
(where F', F//K; and F'/ K are free groups and B is isomorphic to F'/(K;-
K5)) can then be obtained via categorical Galois theory as in [69].
KlﬁKgﬂ[F,F]Grp (6)

[Kh KQ]GI’p : [Kl N K27 F]Gl’p

Note that the denominator in Equation @ then describes the centraliz-
ing subgroup for a double extension of the form of Diagram (see also
Paragraph , leading to the same developments in dimension three.
By iterating this procedure, and abstracting away from the category of
groups, powerful generalizations of the higher-dimensional Hopf formulae
of R. Brown and G. Ellis [18] were found, leading to a whole new ap-

H3(B7Z) =

proach to homological algebra developed by M. Duckerts, A. Duvieusart,
T. Everaert, M. Gran, G. Janelidze, J. Goedecke, D. Rodelo, C. Simeu,
T. Van der Linden, and others [68], 50, 61, 45, 48, (49, (99, 35| 37, 101].

As it is the case for central extensions of groups, the category of quandle
coverings CExtQnd is reflective in the category of extensions of quandles
ExtQnd which was shown by M. Duckerts, V. Even and A. Montoli in
[36].

F1

ExeQnd 1 CBxQnd (7)

I
This is the first requirement for obtaining the analogous higher- dimen-
sional theory which we just decribed in the group-theoretic case. Note
that higher categorical Galois theory has also been applied in topology
where higher homotopical information of spaces can be studied via the
Galois-theoretic higher fundamental groupoids. A detailed survey about
the study of higher-dimensional homotopy group(oid)s can be found in
[16], see also [19]. Some insights are given in [2I] where higher Galois
theory is used to build a homotopy double groupoid for maps of spaces
(see also [20]).

The covering theory of racks and quandles is a particularly interesting
instance of categorical Galois theory since it combines intuitive, “geomet-
rical” interpretations, inspired by the topological example with strong
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connections to the group theoretic case. The study of the covering the-
ory of racks and quandles and the development of its higher-dimensional
aspects will thus be an opportunity to derive both homotopical and ho-
mological results in this context.

0.2. Content. In analogy with the aforementioned developments
in Grp, we show in this thesis (Section [1)) that categorical Galois theory
applies to the adjunction between the category of central extensions and
the category of extensions of racks and quandles (Diagram ) Note
that, as it is the case in Grp, most instantiations of higher categorical
Galois theory in the literature are such that the base category, and sub-
sequently the higher-dimensional categories of extensions, are Mal’tsev
categories (see |26} 27, 25] and Subsection [1.0.10). The categories of
racks and quandles are not Mal’tsev categories. An important contribu-
tion of this thesis thus consists in the refinement and generalization of
the techniques for the application of higher categorical Galois theory in
new contexts. Note that the (lower- and higher-dimensional) covering
theory of racks and quandles is an enlightening instantiation of Galois
theory which exhibits some of its more geometric/topological aspects in
an algebraic context. We are interested in studying the covering theory
of racks and quandles by using categorical Galois theory, but we are also
interested in what this instance of Galois theory teaches us about the
general theory.

The main results of the thesis (Section |3) consist in the characteriza-
tion of the induced Galois-theoretic concept of covering in this two-
dimensional context, via the definition and study of double coverings,
also called algebraically central double extensions of racks and quandles
(Section. Moreover, we define a suitable and well behaved commutator
which captures the zero, one and two-dimensional concepts of central-
ization in the category of quandles (Subsection . We keep track of
the links with the corresponding concepts in the category of groups and
hint at possible developments inspired by this analogy (see for instance
Section . Note that we recall all the necessary concepts of categorical
Galois theory in the first section of the thesis (Section .

In order to achieve these objectives, a lot of work has been put to-
wards re-working the material about one-dimensional coverings (see for
instance [38),39), 40, [42], [36]). The generalization of the covering theory
to higher dimensions is far from trivial and the existing literature on the
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lower-dimensional theory was not aimed at facilitating such a develop-
ment. In the first part of this thesis (which is based on [95]), and after
introducing the categorical Galois-theoretic prerequisites, we provide a
detailed introduction to racks and quandles which is inspired by the per-
spective of the covering theories of interest. We then develop our refined
understanding of these covering theories, and provide interesting new
results, definitions and proofs in the lower-dimensional theory (leading
to the higher-dimensional outcomes).

As a first step, the generalization of the covering theory of quandles to a
covering theory of racks, and the study of the free/forgetful adjunction
Fq 7 I between racks and quandles participates in clarifying the key
ingredients of both covering theories. In particular, we derive the desired
results comparing the covering theories in racks and quandles from the
study of the commutative diagram of admissible adjunctions below (see
Section . As we will show in Section categorical Galois theory
also applies to the free/forgetful adjunction ,Fq 1.

rFq

Rck 1 Qnd

\vf

Set.

As we mentioned before, M. Eisermann makes use of the left adjoint of
the conjugation functor Conj: Grp — Rck between groups and racks (or
quandles) in order to produce weakly universal coverings and a notion
of fundamental group(oid) which are crucial to his theory and the subse-
quent contributions of V. Even. We identify a meaningful construction
of this left adjoint, based on the axioms of racks and study its crucial
role for the covering theories of interest (in Section and beyond). We
rename it as the paths functor Pth and explain in which sense it sends
a rack A to its group of homotopy classes of paths Pth(A).

Pth

—
Rck il Grp (8)
_

Conj

Recall the definition of a primitive path of a rack A, i.e. a signed sequence
of elements aq, ..., a, in A, which is used to link elements x and y that
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are connected in A:

We may easily find a different primitive path with by, ..., b,, in A and
v; € {—1, 1} such that

y:(...(xq'yl bl)...)<]7mbm_

As in topology, this other path linking x and y may or may not provide
interesting extra information about how to reach y from x. A study of
the axioms of racks provides a notion of equivalence between primitive
paths in a given rack A. Intuitively speaking, this equivalence identifies
those ways to go from one point to another in A which “provide the
same information” about the rack A. The resulting equivalence classes
of primitive paths organize themselves into a group. The group of paths
Pth(A) is then seen to be a group of representatives of these equivalence
classes of primitive paths. Similarly the study of the idempotency axiom
(Q1) exhibits a construction of a group of representatives of homotopy
classes of primitive paths for an object of Qnd.

Based on this refined understanding of the algebraic ingredients at play,
we provide new characterizations for coverings, relative centrality, and
the centralization of an extension using Pth (see Section . Using our
study of what the elements in the group of paths represent, we develop
a more visual “geometrical” understanding of the whole theory, which
is particularly helpful in expressing its higher-dimensional equivalents.
Note that such visual representations also permitted the characteriza-
tion (in full generality) of the fundamental groupoid of a rack (or quan-
dle) and subsequently the application of the fundamental theorem of
categorical Galois theory in this context (Sections and . Most
importantly, for the second part of the thesis, we were able to produce
new, alternative, generalizable and visual proofs for the characteriza-
tion of the Galois-theoretic coverings (or central extensions) of racks and
quandles, which do not require the construction of a weakly universal

covering (Section .

In short, given a surjective morphism of racks (or quandles) f: A — B,
the idea is to look at primitive paths as (a;, §;)1<i<n and (b;, 0;)1<i<n, that
are identified by f, i.e. such that f(a;) = f(b;) for each i € {1, ..., n}.
Think of it as a sort of (f-induced) surface linking the two given paths.
We then have that f is a covering if and only if such “surfaces” (called
membranes) actually “retract” as on the picture below. In dimension two,
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these membranes are organised into four-faced cones and the conditions
of centrality expressed in terms of such cones.
xr

x
a1 by aq by a1 €T
as —f— ho Ny 1 o —
as X R ol Y o
a:
— az <——f——=", . 3
M =

¢
bs
z - (102 a3) - (b1 2 b3) o dM = aM

b

bo

b3
M

< [F

As we develop this refined understanding of the subject in Part I, we
lay down the ideas and results that lead to our main objective: the
higher-dimensional theory developed in Part II (see also [96], [98]). The
forthcoming generalization to arbitrary dimensions is not included in this
thesis, and it will be developed in [97].






Part I

1. The point of view of categorical Galois theory

In this first Section we recall and motivate what we need to know about
categorical Galois theory in order to study the covering theory of racks
and quandles.

Categorical Galois theory (in the sense of [65], see also [T1]) is a very
general theory with rich and various interpretations depending on the nu-
merous contexts of application. On a theoretical level, Galois theory ex-
hibits strong links with, for example, factorization systems, commutator
theory, homology and homotopy theory (see for instance [73), 24, [70]).
Looking at applications, it unifies, in particular, the theory of field exten-
sions from classical Galois theory (as well as both of its generalizations
by A. Grothendieck and A. R. Magid), the theory of coverings of lo-
cally connected topological spaces, and the theory of central extensions
of groups. The covering theory of racks and quandles [38] is yet another
example [39], which combines intuitive interpretations inspired by the
topological example with features of the group-theoretic case. A detailed
historical account of the developments of Galois theory is given in [9] and
[70] gives an overview of the developments of categorical Galois theory
(from the perspective of universal algebra).

We consider a convenient particular instance of the general theory which
was developed in [65]. The axiomatic framework in which categorical
Galois theory takes place is that of a Galois structure (see [66]). For
our purposes, a Galois structure, say I', mainly consists in the data of
a category C (for instance the category of locally connected topological
spaces Top), a full subcategory X in C (for instance the category of dis-
crete topological spaces Set), together with a reflection of C on X, i.e. a
left adjoint F': C — X to the inclusion I: X — C (e.g. m: Top — Set;
note that we often omit the inclusion functor I from our notation in

15
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what follows). The “bigger” context C is understood to be more “so-
phisticated”, more difficult to study, whereas the “smaller” context X is
supposedly more “primitive”’, or merely better understood. In order to
obtain a Galois structure from such a reflection, we also need to specify
a class of morphisms in C, whose “elements” will be called extensions.
We define Galois structures more precisely in Convention [I.0.1] For the
connected component adjunction in topology, an example of a suitable
Galois structure (which we denote I'7) is described more precisely in [9]
Section 6.3|. The class of extensions in I'p is given by the class of surjec-
twe €tale maps. Another example of Galois structure, say I'g, is given
by the connected component adjunction between Qnd and Set, for which
the class of extensions is given by the class of surjective morphisms of

Qnd.

Given a Galois structure I', the purpose of categorical Galois theory is to
study special classes of extensions in C which are naturally associated to
those extensions which lie in the subcategory X'. In this work, we call an
extension which is a morphisms in X a primitive extension. Note that
both in the example from topology, and in the example in Qnd, a prim-
itive extension is just a surjective function in Set. These special classes
of extensions in C which are associated to primitive extensions measure
a “sphere of influence” of X’ in C (with respect to the chosen concept of
extension). In particular, the most important special class of extensions
is the class of coverings (sometimes called central extensions) defined be-
low. Since we will be discussing different notions of coverings arising from
different Galois structures, we sometimes use the terminology I'-covering
in order to avoid any confusion between the different contexts I'. For the
aforementioned Galois structure 'y, the induced concept of I'p-covering
coincides with the classical concept of covering defined in topology. As
we mentioned before, V. Even showed in [40] that in the Galois structure
I'g, the induced Galois-theoretic concept of I'g-covering coincides, with
the coverings defined by M. Eisermann in [38]. In the category of groups
Grp, the abelianization adjunction adjunction ab 4 I gives rise to a Ga-
lois structure, say I'¢. Recall that the left adjoint ab: Grp — Ab sends a
group G to the abelian group G/[G, G|grp, constructed by quotienting out
the commutator subgroup |G, GG, of G. For any subgroups X and Y of
G, the subgroup [X,Y]gp = (zyz~ly |z e X, yeY)<XNY <G
defines the classical commutator from group theory. In this context, the
extensions are chosen to be the regular epimorphisms, which are merely
the surjective group homomorphisms. Given this Galois structure I'g,
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the concept of a I'g-covering coincides with the concept of a central ez-
tension from group theory.

In general, given a suitable Galois structure I' one defines three different
special classes of extensions, the simplest of which is the class of trivial
coverings (or more explicitly trivial T'-coverings). A trivial covering is
defined as an extension ¢ which is the pullback of a primitive extension
p in X, along the unit morphism 7 (see Figure . In a suitable Galois
structure, the category of trivial coverings above an object E € C is
equivalent to the category of primitive extensions above F(E) in X. In
topology, this Galois-theoretic definition of trivial ['p-covering coincides
with the classical definition of trivial covering.

Figure 4. A kid’s drawing of categorical Galois theory

The class of coverings (or more explicitely I'-coverings) is then defined
as the class of those extensions ¢: A — B in C, for which there exists
another extension e: E — B, which is said to split ¢, i.e. such that the
pullback t of ¢ along e is a trivial covering. In certain contexts, such
as in [71]], coverings describe a relative notion of centrality |59, 88|,
hence the alternative terminology of central extension, borrowed from the
aforementioned group-theoretic example. The remaining special class of
extensions is the class of normal coverings (or more explicitly normal I'-
coverings), which are those extensions which are split by themselves. We
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will come back to these for the statement of the fundamental theorem of
categorical Galois theory (see Paragraph |1.0.8]).

CONVENTION 1.0.1. For our purposes, a Galois structure (see [66])
= (CaX7F71777a675)7

is the data of an inclusion 1, of a full (replete) subcategory X in a
category C, with left adjoint F': C — X, unit n, counit € and a chosen
class of extensions & within the morphisms of C. The class £ is subject
to the following conditions:

(1) & contains all isomorphisms, and £ is closed under composition;

(2) the image of an extension by the reflection F yields an exten-
ston;

(3) pullbacks along extensions exist, and the pullback of an extension
18 an extension.

For our purposes, £ will always be a class of regular epimorphisms.
Moreover, we require the components of the unit n to be extensions,
i.e. for each object X in C, nx: X — 1FX is an extension. Such a
category X is said to be E-reflective in C. Finally, taking pullbacks along
extensions should be a “well behaved algebraic” operation i.e. we require
our extensions to be of effective E-descent in C (see [T9, [T8] and Section

below).

As mentioned before, we call primitive extensions, those extensions p
which lie in X. A trivial covering (sometimes called trivial extension),
is an extension t: T — E which is the pullback of a primitive extension
p: X — F(E) in X, along the unit morphism ng: E — F(E) (see
Pamgmphfor more details).

X4 T y A
r| e L 9)

F(E)+~—F — B
ne €

A covering (sometimes called central extension), is an extension c: A —
B such that there is another extension e: E — B such that the pullback
t of ¢ along e is a trivial covering. A normal covering (sometimes called
normal extension), n, is such that the projections of its kernel pair are
trivial coverings, i.e. n is split by itself.

REMARK 1.0.2. Given such a Galois structure I', observe that 1 creates
finite limits which exist in C. The subcategory X is thus closed under
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finite limits in C. Moreover since n is an extension, and thus in particular
a reqular-epimorphism, any subobject i: A — X in C of an object X in
X factors as i = fna for some f in C, by the universal property of the
unit. But then na is monic and thus it is an tsomorphism. Since X is
replete in C, one concludes that X is then also closed under subobjects.

These observations can be found in [71] where an important class of
examples is studied in depth (see also Section . In particular
G. Janelidze and M. Kelly observe that if C is a wvariety of algebras,
and X is a subvariety of C in the sense of universal algebra [6], 23], the
inclusion I: X — C always admits a left adjoint F': C — X, such that
if we define £ to be the class of regular epimorphisms in C, then this
data satisfies the conditions of Convention [LO.Jl The Galois structure
for groups I' and the Galois structure for quandles Iy are examples of
such Galois structures of varieties of algebras. In Part I, we prefer to use
the terminology trivial extension (for trivial covering), normal extension
(for normal covering) and central extension (for covering), as it is the
case in [T1], since the Galois structures we study are examples of the
Galois structures considered in [71].

Note that not all examples of a subvariety of algebras in a variety of
algebras give rise to a meaningful covering theory, or to a relative notion
of central extension using categorical Galois theory. For the definitions
provided in Convention to be meaningful, the Galois structure T’
must satisfy the additional admissibility condition described below — see
for instance [71]. Admissibility (in the sense of G. Janelidze) describes
the fact that pullbacks of unit morphisms along extensions are unit mor-
phisms. It can be understood as an exactness condition on the left
adjoint F' which implies in particular that trivial, central and normal
extensions are pullback stable. Most importantly, this condition implies
that T'-coverings (central extensions) above a given object can be classi-
fied using data which is internal to X — in a form which is often called a
Galois correspondence, as in the theory of coverings in topology. In short,
admissibility is the condition on a Galois structure (or an adjunction) for
Galois theory to be applicable and its fundamental theorem classifying
coverings (or central extensions) to hold. We give more details about
this fundamental theorem after the definition of admissibility.

1.0.3. Admissibility. With the definition of trivial covering in mind,
let us observe that a Galois structure I' induces an adjunction between
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the slice categories of extensions above an object in C, which consists
in taking quotients (left-adjoint) and pullbacks (right-adjoint) along the
unit morphisms of the reflection F' 4 I. Given an object F in C, the slice
category Ext(E) is the category whose objects are extensions e: T'— E
with codomain £. A morphism with domain e and codomain h: C — E
in Ext(F) is given by a morphism f: 7T — C in C such that e = hf.
Similarly define PExt(X) as the slice category of primitive extensions
with codomain X, object of X.

Given a Galois structure I' = (C, X, F, 1, n, €, ), it induces an adjunction
FE 41F for each object F in C,

R
Ext(E) L PExt(F(E))

IE

where the left adjoint F¥: Ext(E) — PExt(F(E)) is defined by tak-
ing the image of objects and morphisms by F' — for instance an ob-
ject e: T'— E is sent to F(e): F(T) — F(F); and the right adjoint
I¥: PExt(F(E)) — Ext(E) is defined on p: X — F(E) by pulling back
p along the unit ng: £ — F(E) in C (see Diagram below).

We are interested in the components n” and 65 of the unit and counit
of the adjunction F¥ 4 IF for each extension e: T'— F and each primi-
tive extension p: X — F(FE). Define the reflection square at a morphism
e: T — E in C (with respect to I') to be the outer commutative (nat-
urality) square of morphisms F¥(e)nr = nge on the left-hand side of
Diagram (10). The map (e, n7) induced by the universal property of the
pullback P := E xpg) F(T) of F(e) and ng is called the comparison
map of this reflection square at e (see Paragraph . This comparison
map is also the unit nZ of the adjunction F'¥ - I¥ which measures how
far e is from being a trivial covering. Recall that we omit the inclusion
I: X — C from our notation.

TX

nr /

T - + F(T) P 2 X

0l ={enr) np!

"JP/M J . ‘ \’LF(P’) g

o P FE(e)  1P(p)i=rp P (10)

1% FE(e):=m J’ .

FET5(p))

E s » FI(E) E e y FI(E)
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The counit ef of the adjunction ¥ 4 IF at a given primitive extension
p: X — F(F) is obtained by the universal property of nps as in the right-
hand side of Diagram . It essentially measures how far the pullback
P =F Xpp)y X of p and ng is from being the reflection square at
1% (p). If ef is an isomorphism, then the outer square on the right-hand
side of Diagram is isomorphic to the reflection square at I (p), and
this reflection square is then a pullback. A trivial covering is defined in
most references to be an extension t: T — FE such that the reflection
square at t is a pullback. An admissible Galois structure is a Galois
structure such that the pullback of a primitive extension in X along a
unit morphism (see trivial covering in Convention always gives a
trivial covering in the usual sense (such as in [71]). Admissibility thus
describes a form of compatibility of the reflection F' 41 with pullbacks
along primitive extensions — “the pullback of a unit morphism, along a
primitive extension, is still a unit morphism”.

DEFINITION 1.0.4. A Galois structure ' := (C, X, F,1,n,¢,&) as in Con-
vention [1.0.1] is said to be admissible if for each E, object of C, the
induced right adjoint ¥ : PExt(F(F)) — Ext(E) is fully faithful i.e. for
each primitive extension p: X — F(FE), the component 65 of the couinit
of FE 41F is an isomorphism.

If we define TExt(E) to be the full subcategory of Ext(E) whose ob-
jects are trivial coverings, we may restrict the adjunction F¥ - I to
trivial coverings, which gives an equivalence of categories TExt(E) ~
PExt(F(F)). Paraphrasing from [71] we conclude that in an admissible
Galois structure I'; “trivial extensions are nothing more than primitive
extensions (but over an object in C !) and one moves back and forth be-
tween the two concepts via (pullbacks and respectively quotients along)
the reflection of C on X”. Note that the image of the monad I¥ FF¥ is
exactly TExt(E), and the restriction Trv” := I FF: Ext(E) — TExt(E)
provides a left adjoint to the inclusion of TExt(F) in Ext(E).

As it is said in [71], “Admissibility may be seen as a kind of exactness
condition on F' — the preservation by F' of some pullbacks (but not of
all, which would make X a localization of C)”. Observe that in Diagram
65 is an isomorphism if and only if the commutative triangle pef =
idpg) F E1E(p) is a pullback square in C (the pullback of p and id F(E))-
Now this triangle is the image by F' of the outer square prx = ng I¥ (p)
(on the right-hand side of Diagram ) which is the pullback of p and
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ng. Hence admissibility is characterized by the preservation of such
pullback squares. It is then convenient to extend this characterization
to the preservation by F' of pullbacks of primitive extensions along any
morphism.

PROPOSITION 1.0.5. Given T := (C, X, F,1,n,¢,&), a Galois structure as
in Convention the following conditions are equivalent:

(1) T is admissible in the sense of Definition [1.0.4;

(2) the reflection F' preserves pullbacks of primitive extensions along
the unit morphisms;

(3) the reflection F preserves pullbacks of primitive extensions along
any morphism.

PROOF. See [71]; the second condition implies the third one because
any pullback of z in X and f in C can be decomposed as the composite
of two pullbacks which are both preserved by F' (using the fact that X
is closed under pullbacks in C — Remark :

pJTrX X PJ—) XJ—) X
P i i
factors into O
E—Y E - F(E)=Y.
f 2 f

Using this characterization, another easy consequence of admissibility is
the pullback stability of trivial coverings. Given a morphism f: E' — E,
the pullback functor f*: Ext(FE) — Ext(E’) is defined on an object
e: T — E by f*(e) =ng: E' xgT — E' where g is the pullback of
e along f. The definition of f* on morphisms follows by the universal
property of these pullbacks along f.

PROPOSITION 1.0.6. Given a morphism f: E' — E, we have a pullback
functor f*: TExt(E) — TExt(E') sending trivial coverings to trivial cov-
erings.

PROOF. See [T1]; use the naturality of n and the fact that F' pre-
serves pullbacks of primitive extensions. ]

The pullback stability of normal coverings and coverings then follows
easily. Write CExt(B) for the full subcategory of Ext(B) whose objects
are coverings (sometimes called central extensions).
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COROLLARY 1.0.7. Given a morphism g: B' — B, we have a pullback
functor g*: CExt(B) — CExt(B') sending coverings above B to coverings
above B'. Similarly for normal coverings.

PROOF. See [71]; use the pullback stability of extensions and trivial
coverings. O

As we will discuss below, we are not only interested in admissible Ga-
lois structures, but in towers of admissible Galois structures of arbitrary
dimension. We thus actually work with another property of Galois struc-
tures which is stronger than admissibility — see Section

1.0.8. The fundamental theorem of categorical Galois theory. In or-
der to state the classification theorem for coverings, we recall the concept
of internal groupoid. In the category Set, an (internal) groupoid is the
data of a small category such that all its morphisms are isomorphisms.
More generally in any category C (with enough pullbacks), an internal
groupoid G in C is given by:

p1 )L ) c N

GQ T >G1< 0 Go
\
[4

\
>

p2 d

an object of objects Gy in C;
an object of morphisms G1 in C;
a domain morphism and a codomain morphism ¢,d: G = Gy;

an identity morphism ¢: Gg — Gp which is the splitting of ¢

and d (i.e. such that di = ¢i = idg,), making the preceding

data into a reflexive graph in C;

e an object of composable morphisms Ga = G1 Xg, G1 which is
the pullback of ¢ and d with projections 7y, m: Go = G such
that in particular cm; = dmo;

e an inverse morphism (—1): G; — G; such that ¢(—1) = d, and
d(-1) =g

e and finally a composition morphism m: Go — G1, such that

the following diagrams commute in C:
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— associativity of composition:

idg; xXgom
Gl X Go Gl X Go Gl —_— G2 Gl X Go Gl

mX Gy idgl l lm

Gy =G X Go G1 pon y (G
— domain and codomain of the composite of two morphisms:
Go 5 Gy G, B¢y
ml id m‘L \Lc
Gl ? GO G1 j Go

— unit laws for composition (where Gy X, G1 is the pullback
of idg, and d; and G X g, Gy is the pullback of ¢ and idg,):

ZXGOIdGI lch1 XGOi

Go Xa, G1 G1 Xa, Go

\/

— (—1) produces the inverse of a morphism;

(( ) 1dG1> <1dG17( )>

Gl EE— G2 Gl E— GZ
| Im 4] |m
Go f) G Gy ﬁ G

where the morphisms ((—1),idg,) and (idg,, (—1)) are the
morphisms induced by (—1) and idg, from G to the pull-
back G5 of ¢ and d.

Recall moreover that the kernel pair pi,p2: Eq(f) = A of a morphism
f: A — B inC determines an internal groupoid G(f) in C (with the same
underlying reflexive graph) such that A is its objects of objects, Eq(f)
is its object of morphisms, the multiplication of internal morphisms is
obtained by transitivity of Eq(f) and the inverse of an internal morphism
(x,y) € Eq(f) is obtained by symmetry (y,z) € Eq(f).

Given an admissible Galois structure I', a normal I'-covering n: A — B
(see Conventions |1 is such that the image G of the internal groupoid
G(n) (in C) by the reﬂector F: C — X is an internal groupoid in X'. This
groupoid G is called the Galois groupoid of n. When n is not a normal
extension, but merely an extension, the image G of the internal groupoid
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G(n) (in C) by the reflector F': C — X is an internal pregroupoid (see for
instance [71]).

The fundamental theorem of categorical Galois theory then says that
internal presheaves over that (pre)groupoid G (think “groupoid actions
in A7) yield a category which is equivalent to the category of those
extensions above B which are split by n. Internal groupoids and in-
ternal actions are well explained in [81], a standard reference for the
use of groupoids is [I7]. In certain contexts, the category of internal
presheaves over G is easy to describe, keeping in mind that the category
X is well understood. This theorem can then be used to easily classify
those extensions which are split by n.

In order to classify all I'-coverings above an object B, it is convenient to
work with extensions n: A — B that split any covering above B. When
projective presentations exist, such an extension n can be easily obtained
as a projective presentations of B as in Section [I.0.11] These projective
presentations are not normal coverings in general (and thus require the
concept of a Galois pregroupoid as we mentioned earlier). In varieties
of algebras, one can centralize a projective presentation of an object B
in order to obtain a weakly universal covering of B as we describe in
Paragraph In general, and in order to obtain a normal covering
which splits any covering of its codomain B, it is convenient to work with
objects B above which there exists a weakly universal covering, i.e. a
covering e: £ — B which factors through any other covering c: A — B

above B (see Diagram and Section |1.0.11]).

E 3 factorization
ey
e 4 (11)
A
B

In certain contexts, such a weakly universal covering e: E — B splits
any other covering above B. It is the case in I'r [9, Section 6.6-7|, '
[9, Proposition 5.2.9], when coverings and normal coverings coincide [71]
Section 4.3, but also more generally as we will see in Proposition m
In these contexts, a weakly universal cover is split by itself, and thus
it is actually a normal covering. Its Galois groupoid G is then called
the fundamental groupoid of B. Since two weakly universal covers above
an object B factor through each other, they induce an equivalence be-
tween the corresponding fundamental groupoids of B. The concept of
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fundamental groupoid is thus independent (up to equivalence) from the
aforementioned choice of weakly universal cover. Note that the condi-
tions — connectedness, local path-connectedness and semi-local simply-
connectedness — on the space X, in the classical Galois correspondence
for topological coverings [62, Theorem 1.38], are there to guarantee the
existence of a weakly universal covering above X [9], Section 6.6-8|.

In the context of I'¢ for instance, any weakly universal covering of an
object B splits any other covering above B. The reader can check this
by using the fact that central extensions and normal extensions coin-
cide in this context. As we did in the introduction, let us consider the
easier case when B is a perfect group. Recall that a perfect group is a
group whose abelianization B/[B, Blgr, (which from the point of view of
homological algebra is the first homology group with integer coefficients
H,(B,Z)) is trivial, i.e. H{(B, Z) == B/[B, Blgrp = {e}. A perfect group
B admits a universal central extension e: E — B, for which there is a
unique factorization through any other central extension ¢: A — B as in
Diagram . The fundamental Galois groupoid of B is then equivalent
to the abelian group given by the kernel of e, which also describes the
second homology group with integer coefficients Hy(B,Z). The funda-
mental theorem of categorical Galois theory then gives an equivalence
between the central extensions above B and the slice category whose
objects are the morphisms with codomain Hs(B,Z) in the category of
abelian groups Ab. In other words, the second integral homology group
of B can be presented as a “Galois group” (see [65, Remark 5.4, [9]
Section 5.2| and [69]).

This example hints at how the fundamental theorem of categorical Ga-
lois theory can be used to better understand the classical cohomology
theories for central extensions of groups and the other classical contexts
described in [71], Section 1.5]. A variety of homological and cohomo-
logical results in new contexts relies on this perspective brought by a
general notion of central extension and pure Galois theory in categories
[65,, 67, (71, 68, 50, 45, 48, 35, 49, 09} 37, 101]. Most of these gen-
eralizations rely on higher-dimensional categorical Galois theory which
we introduce in Paragraph [I.0.9) The main objective of this thesis is
to apply this higher-dimensional perspective in the context of racks and
quandles, with potential applications to cohomology and homology (and
also homotopy) theories in this context (|56, 28], see also [38, Section 9]).
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1.0.9. Higher-dimensional applications. From the example in the cat-
egory of groups, and the aforementioned observation about links with ho-
mology, the development of Galois theory led for instance to a generalisa-
tion [50] of the Hopf formulae for the (integral) homology of groups [18]
to other non-abelian settings, leading to a whole new approach to non-
abelian homology, by the means of higher central extensions [67), 50}, [45].
This approach is compatible with settings such as the cotriple homol-
ogy of Barr and Beck [3] 51], including, for instance, group homology
with coefficients in the cyclic groups Z,. In order to access the rele-
vant higher-dimensional information, as in [50], one actually “iterates”
categorical Galois theory. The increase in dimension consists in shifting
from the context of C to the category of extensions of C: ExtC defined
as the full subcategory of the arrow category ArrC with objects being
extensions. A morphism «: f4 — fp in such a category of morphisms
is given by a pair of morphisms in C, which we denote o = (-, v, ) (the
top and bottom components of a), such that these form an (oriented)
commutative square (on the left).

Qo

A B, A
fAJ, (=) lfB fa e Jif
A —— B K

toal + ALQ—>BL

We call the comparison map of such a morphism (or commutative square)
the unique map p: A — P induced by the universal property of P :=
A, xp, B-, the pullback of o, and fp. Now from the study of the ad-
missible adjunction F' <1 (within the Galois structure I'), Galois theory
produces the concept of a I'-covering (central extension), and thus we
may look at the full subcategory CExtC of ExtC whose objects are I'-
coverings. The category of I'-coverings CExtC is not reflective, even less
so admissible, in the category of extensions ExtC in general (see [72]).
In groups, extensions can be universally centralized, along a quotient of
their domain, and the category of central extensions of groups CExtGrp
is actually a full replete (regular epi)-reflective subcategory of ExtGrp.
The centralization functor ab': ExtGrp — CExtGrp sends a surjective
group homomorphism f: G — H to the central extension of groups
ab(f): G/[Ker f, G]gp — H obtained from the quotient of the domain
A of f: G/[Ker f,Glcrp where Ker f is the kernel of f.
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When such a reflection exists, one may further wonder whether there is
a Galois structure behind it, and whether it is admissible. What is the
“sphere of influence” of central extensions in extensions, and with respect
to which class of extensions of extensions, i.e. can we re-instantiate Galois
theory in this induced (two-dimensional) context?

An appropriate class of morphisms to work with, in order to obtain
an admissible Galois structure in such a two-dimensional setting, is the
class of double extensions (see for instance [67, 60, 52, [45]). A double
extension is a morphism « = (a-, ) in ExtC such that both «; and «,
are extensions and the comparison map of « is also an extension. Note
that double extensions are indeed a subclass of regular epimorphisms in
ExtC, provided C is a regular category (see [4]). Double central extensions
of groups were described in [67], and higher-dimensional Galois theory
developed further [68), 50, [45], leading to the aforementioned results in
homology and cohomology.

Similarly in topology, higher homotopical information of spaces can be
studied via the higher fundamental groupoids in the higher-dimensional
Galois theory of locally connected topological spaces. A detailed sur-
vey about the study of higher-dimensional homotopy group(oid)s can be
found in [16], see also [19]. Some insights are given in [21] where higher
Galois theory is used to build a homotopy double groupoid for maps of
spaces (see also [20]).

In Part I we consolidate the understanding of the 1-dimensional covering
theory of racks and quandles, and introduce all the necessary ideas to
start a higher-dimensional Galois theory in this context. In Part II we
obtain an admissible Galois structure I'! for the inclusion of the category
of rack and quandle coverings in the category of extensions; we define
and study double coverings of racks and quandles, which are shown to
describe the T''-coverings or say double central extensions of racks and
quandles as in [67]. In Part IIT (which is not included in this thesis) we
generalize to arbitrary dimensions.

1.0.10. Admissibility via the strong Birkhoff condition, in two steps.
Note that in the literature, most instantiations of higher categorical Ga-
lois theory are such that the “base” category C is a Mal’tsev category
(with the exception of [20}, [21]), and such that moreover all the induced
higher-dimensional categories of extensions (ExtC, ExtExtC, and so on)
are also Mal'tsev categories (see |26}, 27, 25]). Admissibility conditions
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as well as computations with higher extensions are easier to handle in
such a context. The categories we are interested in are not Mal’tsev cat-
egories. Showing how higher categorical Galois theory can apply in this
more general setting thus requires some refinements on the arguments
which are used in the existing examples — see for instance [40] for the
most general example of a tower of admissible adjunctions known to the
author.

The difficulty is in the induction for higher dimensions: the study of a
given Galois structure is one thing, the study of which properties of a Ga-
lois structure induce good properties of the subsequent Galois structures
in higher dimensions, is another. In this thesis, we present the (< 2)-
dimensional covering theory of racks and quandles in such a way that can
be generalized to arbitrary dimensions. This generalization to arbitrary
dimensions will be detailed in a separate article [97] (in preparation and
not included in this thesis), which is the continuation of [95], [96]. Let
us sketch here, without technical details, what are these key ingredients
in lower dimensions that are generalized to higher dimensions.

In Part I, our context is that of [T1] which we refer to for more details.
We look at the inclusion I: X — C of X, a full, (reqular epi)-reflective
subcategory of a finitely cocomplete Barr-exact category C, such that X
is closed under isomorphisms and quotients. In short Barr exactness
means that C has finite limits; every morphism factors uniquely, up to
isomorphism, into a regular epimorphism, followed by a monomorphism,
and these factorizations are stable under pullbacks; and, moreover, every
equivalence relation is the kernel pair of its coequalizer [2]. Here (regular
epi)-reflectiveness refers to the fact that the unit n of the adjunction
F 41 (with left adjoint F': C — X) is a regular epimorphism (surjection),
as in Convention As we mentioned in remark X is thus also
closed under subobjects and finite limits in C.

The fact that & is closed under quotients is then the remaining condition
for X to be called a Birkhoff subcategory of C |23, [T1]. Given a more
general Galois structure I' = (C, X, F,1,n,¢,&) as in Convention m,
we say that I' is Birkhoff if X is closed in C under quotients along
extensions. In the Galois structures of interest (see for instance [71]),
this condition is shown to be equivalent to the fact that the reflection
squares of extensions are pushouts. Given f: A — B in C, the reflection
square at f (with respect to I') is the morphism (74, np) with domain f
and codomain I F'(f) in Arr(C). Finally, X is said to be strongly Birkhoff
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in C if moreover these reflection squares of extensions are themselves
double extensions.

A—"0 L IF(A)
|
(

N p /71'22{
f‘ ol IF(f) (12)
V. 1
B — IF(B)

Proposition 2.6 in [50] implies that if T" is strongly Birkhoff, then it is in

particular admissible.

Now observe that in the Barr-exact context from above, Proposition 5.4
in [25] implies that if T' is Birkhoff, it is strongly Birkhoff if and only if,
for any object A in C, the kernel pair of n4 commutes (in the sense of
the composition of relations) with any other equivalence relation on A
(see |90} 25]). For instance, in the category of groups, any two equiva-
lence relations commute with each other (see Mal’tsev categories |25]).
Hence since Ab is a Birkhoff subcategory of Grp, it is actually strongly
Birkhoff in Grp, which implies the admissibility of ab 41 (see [71], The-
orem 3.4]). However, working in a Mal’tsev category is not necessary,
as it was already known (see for instance [71]), and observed again by
V. Even in [39] and [40|, where he uses the permutability property of
the kernel pairs of unit morphisms to conclude the admissibility of his
Galois structure. In Part I, we briefly re-discuss these results and illus-
trate the argument on a new adjunction. In higher dimensions, we shall
also aim to obtain strongly Birkhoff Galois structures by splitting the
work in two steps: (1) closure by quotients along higher extensions and
(2) the permutability condition on the kernel pairs of (the non-trivial
component of) the unit morphisms.

1.0.11. Splitting along projective presentations and weakly universal
covers. Remember that in any category, an object E' is projective — with
respect to a given class of morphisms, which we always take to be our
extensions — if for any extension f: A — B and any morphism p: £ — B,
there exists a factorization of p through fi.e. g: E — A such that fog =
p. A projective presentation of an object B is then given by an extension
p: E — B such that FE is projective (with respect to extensions). For
instance, in varieties of algebras (in the sense of universal algebra [23]),
there are enough projectives, in particular each object has a canonical
projective presentation given by the counit of the “free-forgetful” monadic
adjunction with sets [89]. Given a group B in Grp for instance, the
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counit morphism €%: Fg(B) — B with domain the free group Fg(B) on
the underlying set of B, is the canonical projective presentation of B. It
sends an element g € Fq(B), represented by the formal word bibs - - - by,
(for some elements by, bo, ..., b, € B), to the corresponding product in
B. The free object Fy(B) is a projective object in Grp as one can easily
deduce from the universal property of ng: B — Fg(B) in Set and the
fact that (by the axiom of choice) any surjective morphism of groups
f: A — B admits a splitting s: B — A in the category of sets.

In the Galois structures I' we assume that the base category C has enough
projectives. Then any I'-covering (central extension) f is in particular
split by any projective presentation p of its codomain. We have the
following diagram

EXBAﬁA
pEJV t TXBA Jf (13)
B

E = ‘
-

~

where p’ is induced by E being projective, t is induced by the universal
property of T xp A and pp is a trivial covering by assumption. Then
with no assumptions on C, the left hand face is a pullback since the back
face and the right hand face are. Assuming that the Galois structure I'
is admissible, trivial coverings, normal coverings and coverings are pull-
back stable (see Paragraph, and thus pg is a trivial covering, since
it is the pullback of a trivial covering. Hence if C has enough projectives,
then for any object B in C the category of coverings (central extensions)
CExt(B) above B is the same as the category of those extensions which
are split by one given morphism such as the foregoing projective presen-
tation p of B. Such a projective presentation p: E — B is not a normal
covering in general, however, the classification of I'-coverings above B
can still be obtained using its (fundamental) Galois pregroupoid instead
of its Galois groupoid (see Paragraph .

In the contexts of interest, the category of coverings (central extensions)
is reflective in the category of extensions, and thus a weakly universal
covering of an object B can always be obtained from the centraliza-
tion of a projective presentation of B. One can for example recover
this idea from [92]. Consider a group B in Grp, and its canonical pro-
jective presentation €}: Fy(B) — B described above. The image of
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€%, by the centralization functor ab': ExtGrp — CExtGrp is the cen-
tral extension of groups ab'(e%): Fg(B)/[Kereh, Fu(B)lgp — B ob-
tained from the quotient Fg(B)/[Ker e, Fg(B)]crp of the domain of €.
Note that (as before) the kernel of this map can be computed to be
Ker €%, N [Fg(B),Fg(B)]arp/ [Ker €5, Fg(B)]arp which is the second inte-
gral homology group of B (see [69]).

In our “general” Galois structure I' such that CExtC is reflective in ExtC,
consider an extension f: A — B, and the centralization (i.e. the reflec-
tion in CExtC) of a projective presentation of B.

centralization un)it/ f N
N

!
b Y

B
We get a since E is projective and b by the universal property of p’. We

A

will see that in the contexts of interest, a covering (central extension)
is necessarily split by each weakly universal covering of its codomain
(Proposition . Such weakly universal covers above an object B are
then split by themselves which makes them normal coverings. The reflec-
tion of the kernel pair of such is then the fundamental Galois groupoid
of B, which classifies all coverings (central extensions) above B.

1.0.12. General strategy for characterizing central extensions. Finally
we describe our general strategy, suggested by G. Janelidze, when it
comes to identifying a property which characterizes the I'-coverings (cen-
tral extensions), given an admissible Galois structure I' (as in Convention
such that C has enough projectives. Observe that if a covering f
is split by a split epimorphism p, then it is a trivial covering.

y—
& =
fJ ExpAP Jf
7
B

b=

E

Indeed, if the pullback f of f along p is a trivial covering by assump-
tion, then the pullback of f along the splitting s of p is again a trivial
covering and isomorphic to f. As a consequence, split epimorphic nor-
mal coverings are trivial coverings. Also, those coverings that have a



33 PARrT 1

projective codomain are trivial coverings. Now suppose one has identi-
fied a special class of extensions, called candidate-coverings, such that
candidate-coverings are preserved and reflected by pullbacks along ex-
tensions. Provided primitive extensions are candidate-coverings, then
all trivial coverings are candidate-coverings and also I'-coverings are.
Moreover, given a candidate-covering f: A — B, pulling back f along a
projective presentation p of B yields a candidate-covering with projec-
tive codomain. Since f is a covering if and only if it is split by such a p,
we see that candidate-coverings are coverings (central extensions) if and
only if all candidate-coverings with projective codomains are actually
trivial coverings, which is usually easier to check.

2. An introduction to racks and quandles

We introduce all the ingredients of the theory of racks and quandles
needed for this work, which we describe and develop from the perspective
inspired by the covering theory of interest.

2.1. Axioms and basic concepts.

2.1.1. Racks and quandles as a system of symmetries. Symmetry is
classically modeled or studied using groups. Informally speaking: given
a space X, one studies the group of automorphisms Aut(X) of X. In
his PhD thesis [82], D.E. Joyce describes quandles as another algebraic
approach to symmetry such that, locally, each point = in a space X
would be equipped with a global symmetry S, of the space X. Groups
themselves always come with such a system of symmetries given by con-
jugation and the definition of inner automorphisms. Quandles, and more
primitively racks, can be seen as an algebraic generalisation of such.

2.1.2. Describing the algebraic axioms. Consider a set X that comes
equipped with two functions
S«
X X7,
S—l
which assign functions S, and S;! in XX (the set of functions from X
to X) to each element x in X. Each element = then acts on any other
y in X via those functions S, and S;!. By convention we shall always
write actions on the right:

Y-Sy = Sz(y) ysa_:l = SEI(Q)



2. AN INTRODUCTION TO RACKS AND QUANDLES 34

The functions S, and S;! at a given point z € X are required to be
inverses of one another, in particular for all y in X we have

-1 -1
(y-Sz)-Se=y=(y-Sz)-S; -
Note that, under this assumption, S™! and S determine each other. Now
we want to call such bijections S, symmetries (or inner automorphisms)
of X. But observe that the set X is now equipped with two binary
operations
<
e
XxX X,

<]71
defined by z <y == x-Sy and r<aly =2z S;l for each z and ¥y in
X. Read “y acts on = (positively or negatively)”. Automorphisms of X
should then preserve these operations. In particular we thus require that
for each x, y and z in X:

(x<y)<dz=(z<y)-S;=(x-S,)<(y-S;) = (x<z)<(y<z).

2.1.3. Defining a rack. Any set X equipped with such structure,
i.e. two binary operations < and <~ on X such that for all z, y and
z in X:

(R1) (zay)<ty=z= (< y)ay;
(R2) (zqy)<z=(z<2)<d(y<z);

is called a rack (as we already mentioned in the introduction). We write
Rck for the category of racks with rack homomorphisms defined as usual
(functions preserving the operations).

We refer to the axiom (R2) as self-distributivity. For each x in X, the pos-
itive (resp. negative) symmetry at x is the automorphism S, (resp. S;1)
defined before. A symmetry, also called right-translation, of X is S, or
S, ! for some z in X. The symmetries of X refers to the set of those.

2.1.4. Racks from group conjugation. One crucial class of examples
is given by group conjugation. D.E. Joyce describes quandles as “the
algebraic theory of conjugation” [82]. We have the functor:

Cont
Grpﬂ Rck ,

which sends a group G to the rack Conj(G) with same underlying set,
and whose rack operations are defined by conjugation:

r<da:=a ‘zaand z< ! a:=aza?,
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for @ and x in G. Group homomorphisms are sent to rack homomor-
phisms by just keeping the same underlying function. The forgetful
functor U: Grp — Set thus factors through U: Rck — Set via Conj. How-
ever the functor Conj is not full, since given groups G and H, there are
more rack homomorphisms between Conj(G) and Conj(H) than there
are group homomorphisms between G and H.

This peculiar “inclusion” functor consists in “forgetting an operation”
in comparison with subvarieties which are about “adding an equation”.
When forgetting an operation, an obvious question is to ask: what equa-
tions should the remaining operations satisfy? Racks form one candidate
theory. We will see that quandles (Subsection give another op-
tion. In which sense is one different/better than the other? Can we
characterize (as a subcategory) those racks which arise from groups? An
important ingredient for answering those questions and understanding
the relationship between groups, racks and quandles is the left adjoint
of Conj (Subsection . The thorough study and understanding of this
left adjoint (first defined by D.E. Joyce who denoted it Adconj, referred
to as Adj in [38]) is central to this piece of work, also with respect to its
crucial role in the covering theory of racks and quandles.

In what follows, we often consider groups as racks without necessarily
mentioning the functor Conj.

2.1.5. Other identities. Note that for the symmetries S, to define
automorphisms of racks, one needs distributivity of < on <!, distribu-
tivity of <=1 on <, and self-distributivity of <~!. All these identities are
induced by the chosen axioms. Besides, it suffices for a function f to
preserve one of the operations in order for it to preserve the other. We
do not give a detailed survey of rack identities here. Bear in mind that in
the theory of racks, the roles of < and <~! are interchangeable. Swapping
them in a given equation, gives again a valid equation. Finally we focus

on an important characterization of (R2) using (R1):
2.1.6. Self-distributivity.

LEMMA 2.1.7. Under the aziom (R1), the aziom (R2) is equivalent to

(R2") z<a(y<z)=((z<at2)ay)<z.
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PRrROOF. Given (R1), we formally show that
(R2) = (R2): z<(y<z)=((x<'2)<2)a(y<z) (by (R1))
= ((z <" 2)ay)az (by (R2))

(R2)) = (R2): (z<z2)a(y<z)=(((x<z)<t2)ay)<z (by (R2))
=(zqy)<z (by (R1))0
Similarly (R2) is also equivalent to (R2”): z<(y<~1z) = ((z<2)dy)< !z
From the preceding discussion we also have

-1 1

zat(yatz) = ((zaz)<aty)atz,

and finally

rat(y<az)=((zaz)ay)a !z
Considering these as identities between formal terms in the language of
racks (see for instance Chapter II, Section 10 in [23]), we say that the
term on the right-hand side is unfolded, whereas the term on the left

hand side isn’t.

2.1.8. Composing symmetries — inner automorphisms. By construc-
tion (see Paragraph , given a rack X, the images of S and S~!
(defined as above) are in the group of automorphisms of X. Define the
group of inner automorphisms as the subgroup Inn(X) of Aut(X) gen-
erated by the image of S. For each rack X, we then restrict S to the
morphism

X —5 Inn(X).

An inner automorphism is thus a composite of symmetries. Remember
that we write our actions on the right, and thus we use the notation
2-(Sg 08y) = Sy(Sz(2)) for z, y, and z in X, such that “o” means “before”
rather than “after”. We use the same notation S for different racks X
and Y. Note that the construction of the group of inner automorphisms
Inn does not define a functor from Rck to Grp. It does so when restricted
to surjective morphisms (see for instance [22]).

Observe that if z = z<y in X, then S, = S;l 0 Sz oSy by self-distributivity
(R2’). The function S is actually a rack homomorphism from X to
Conj(Inn(X)). Again this describes a natural transformation in the re-
stricted context of surjective morphisms.
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Of course inner automorphisms of a group coincide with the inner au-
tomorphisms of the associated conjugation rack. However, observe that
for a group G, a composite of symmetries is always a symmetry, whereas
in a general rack, the composite of a sequence of symmetries does not
always reduce to a one-step symmetry. Indeed, given a and b in a group
G, then for all z € G:

(r<a)<b=0b"ta"lzab=x < (ab) and, moreover, z<a la=2z<a'.
So, given a group G, the morphism G 5, Conj(Inn(G)) = Inn(G) is
surjective.

2.1.9. Acting with inner automorphisms — representing sequences of
symmetries. Given a rack X, we have of course an action of Inn(X) on
X given by evaluation. Elements of the group of inner automorphisms
Inn(X) allow for a “representation” of successive applications of symme-
tries, seen as a composite of the automorphisms S, .

More explicitly, any g € Inn(X) decomposes as a product g = Si’ll 0---0
Sg}n for some elements z1, ..., x, in X and exponents d1, ..., d, in
{=1, 1}. Such a decomposition is not necessarily unique, but for any =
in X the action of g on z is well defined by

z-g::x-(Sg’{o---oS%):x<151;v1<162:n2---<15”xn,

where we omit parentheses using the convention that one should always
compute the left-most operation first.

2.1.9.1. As we shall see, we need these successive applications of
symmetries in order to study connectedness in racks. For our purposes,
using the group of inner automorphisms for their study is not satisfac-
tory. Note that given x # y in a rack X, two symmetries S, and S, are
identified in Inn(X) if they define the same automorphism. Motivated by
the covering theories of interest, we study different ways to organize the
set of symmetries {Sz, S;l}xex into a group acting on X. Note that,
for those who know the definition of augmented quandles or augmented
racks (in the sense of [82], see also Paragraph , we may under-
stand these as a tool to abstract away from “representing” sequences of
symmetries via composites of such (in the sense of the group of inner
automorphisms).

2.1.10. Quandles, the idempotency axiom. As explained in [82] by
D.E. Joyce, it is reasonable (in reference to applications) to require that
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a symmetry at a given point fixes that point. If for each x in a rack X
we have moreover that

(Ql) x<zx =ux;

then X is called a quandle. We have the category of quandles Qnd defined
as before. Again, (Q1) is equivalent to (Q1’): z <!
axiom (R1).

r = x, under the

For the purpose of Part I, we shall mainly be working in the more gen-
eral context of racks since these exhibit all the necessary features for
the covering theory of interest. Actually all concepts of centrality and
coverings remain the same whether one works with the category of racks
or of quandles. Directions for a systematic conceptual understanding of
these facts will be provided. The addition of the idempotency axiom
still has certain consequences on ingredients of the theory such as the
fundamental groupoid or the homotopy classes of paths. We shall always
make explicit these differences and similarities, also using the enlighten-
ing study of the “free-forgetful” adjunction between racks and quandles.

2.1.11. Idempotency in racks. An essential observation to make is
that, even though (Q1) does not hold in each rack, a weaker version of
the idempotency axiom still holds in all racks as a consequence of self-
distributivity. Indeed, racks and quandles are very close — which we shall
illustrate throughout Part I. The axiom (Q1) requires the < operations to
be idempotent: x <z = x. Now observe that in a rack X, such identities
can be deduced by self-distributivity in “the tail of a term”: given any y
and x € X, we have

ra(yay)=z<a lyayay =z ay.

The symmetries S, and S at y and y <y are always identified in

<)
Inn(X), even when y # (yyqygi) in X. Similarly, for z and y in X any
chain y<* y (for k € Z, the action of y on y, repeated |k| times — use <~
when k < 0) is such that < (y <" y) = 2 <y. For more details, the left
adjoint Fq: Rck — Qnd to the inclusion I: Qnd — Rck will be described
in Section [2.5.1] In what follows, the present comment translates in

several different ways, such as in Example [3.1.6] for instance.

2.2. From axioms to geometrical features.
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We informally highlight two additional elementary features of the
axioms which play an important role in what follows. We then illustrate
them in the characterization of the free rack on a set A.

2.2.1. Heads and tails — detachable tails. Observe that on either side
of the identities defining racks, the head x of each term is the same and
does not play any role in the described identifications.

(Rl) zay<aly=z=z<tyay (R2) r<a(y<z)=zatzayaz

Now consider any formal term in the language of racks (built inductively
from atomic variables and the rack operations — see Chapter II Section
10 in [23]), such as for instance

(zay)a (- ((aab)<te)ad)---az. (14)

Remember that roughly speaking, the elements of the free rack on a
set A can be constructed as equivalence classes of such formal terms,
built inductively from the atomic variables in A, where two terms are
identified if one can be obtained from the other by replacing subterms
according to the axioms, or according to any provable equations derived
from the axioms.

Given any term such as above, we shall distinguish the head x of the term
from the rest of it which is called the tail of the term. The informal idea
is that the “behaviour” of the tail is independent from the head it is
attached to. It thus makes sense to consider the tails (or equivalence
classes of such) separately from the heads these tails might act upon.

Observe that the idempotency axiom plays a slightly different role in that
respect since, although the heads of terms are left unchanged under the
use of (Q1), the identifications in the tails of terms might depend on the
heads these are attached to. We shall however see that the discussion
about racks still lays a clear foundation for understanding the case of
quandles which we discuss in Section 2.5

2.2.2. Tuails as sequences of symmetries. By Paragraph acting
with a symmetry of the form S, translates into successive applications
of S;l, Sz, Sy from left to right.

St
o+ o
Sz<1y+ +Sa:
oo
Sy
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Now consider any formal term such as in Equation for instance.
Using (R2’) repeatedly, we may unfold the tail of a term into a string of
successive actions of the form

1

1 1

ray<atede<xtbatagabatcacad - az.

We can then interpret the tail as a path of successive actions of the
symmetries which are applied to the head x. Using (R1) repeatedly
again, we may also discard all possible occurrences of the successive
application of a symmetry and its inverse

1

zay<atbatagbad <z

It is then possible to show that such unfolded and reduced terms provide
normal forms (unique representatives) for elements in the free rack. The
elements of a free rack on a set A are thus described with this architec-
tural feature of having a head in A and an independent tail, such that the
tail is a sequence of “representatives” of the symmetries which organize
themselves as the elements of the free group on A.

2.2.3. The free rack. The following construction can be found in [55].
It was also studied in [85].

Given a set A, the free rack on A is given by
Fu(A) = A% Fy(A) = {(a,9) | g € Fy(A); a € A},
where Fg(A) is the free group on A and the operations on F.(A) are
defined for (a, g) and (b, h) in A x Fg(A) by
(a,9) < (b,h) == (a,gh™bh) and (a,g)<"!(b,h) = (a,gh~ b th).
In order to distinguish elements x in A from their images under the
injection n%: A — F4(A), we shall use the convention to write

a = n%(a).

Looking for the unit of the adjunction, we then have the injective function
sending an element in A to the trivial path starting at that element,
ie. n: A—=F,(A): a — (a,e), where e is the empty word (neutral
element) in Fg(A).

Note that since any element g € Fy(A) decomposes as a product g =
919+ 9,9 € Fg(A) for some g; € A and exponents §; = 1 or —1, with

1 <i <mn, we have, for any (a, g) € F;(A), a decomposition as

(a,g) = (avﬂél a '@(Sn) = (a,e) S (g1,€) Sk (92,€) - <n (gn, €).
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As we discussed before, if we have moreover that g; = ¢;+1 and §; =
—0;41 for some 1 <4 < n, then

(aa 6) 461 (gla 6) T 461.71 (gi—lv 6) <]6i (giv 6)

L (g1, €) 2 (giga,€) < (gn,€) =
= (a"ﬂ(sl .. .!//.715171y7i5¢’(/]_+l5i+1gl_+25i+2 .. .@571)

6 05— 05 On
:(a").(/ill'..,(]lt 1 1(11\2 +2...-(/i )

= (a,e) <" (g1,€) -+ 1 (gi1,€) L2 (giga,€) -+ (g e)

which expresses the first axiom of racks, using group cancellation.

From there we derive the universal property of the unit of the adjunction:
given a function f: A — X for some rack X, we show that f factors
uniquely through 7. Given an element (a, g) € F;(A), we have that for
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any decomposition g = ¢,% --- ¢,° as above, we must have

fla,g) = fla, g™ 9.
= f((a,e) < (g1,€) -~ <" (gn, )
= fla) < flg1)--- <" f(gn)
which uniquely defines the extension of f along 7’y to a rack homomor-

phism f: F.(A) — X. This extension is well defined since two equivalent
decompositions in F,(A) are equivalent after f by the first axiom of racks.

The left adjoint F;: Set — Rck of the forgetful functor U: Rck — Set
with unit 1" is then defined on functions f: A — B by

Fo(f) = f x Fg(f): AxFy(A) — B x Fy(B).

This is easily seen to define a rack homomorphism. Functoriality of F,
and naturality of " are immediate.

2.2.3.1. Terminology and visual representation. In order to empha-
size its visual representation, we call an element (a,g) € F(A) a trail.
We call g the path (or tail) component and a the head component of
the trail (a,g). It is understood that the path g formally acts on a to
produce an endpoint of the trail (see Paragraph . Formally (a,g)
stands for both the trail and its endpoint:

g
a—— (a,g).

The action of a trail (b, h) on another trail (a, g) consists in adding, at
the end of the path g, the contribution of the symmetry associated to the
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endpoint of (b, h) (see Subsection and further). We say that a trail
acts on another by endpoint, as in the diagram below, where composition
of arrows is computed by multiplication in the path component:

a b a
19
9 a h = (a,9) (15)

+h*1 bh

(a,9)  (b,h)  (a,gh~'bh)

2.2.4. Canonical projective presentations. Since Rck is a variety of
algebras, any object X can be canonically presented as the quotient

—_— X
F.F, X +—F:nk F. X y X
—>

-
Fr X

where we have omitted the forgetful functor U: Rck — Set (understand
X alternatively as a rack or a set), and €% is the counit of the “free-
forgetful” adjunction F, 4 U. This counit €y is the coequalizer of the
reflexive graph on the left. This canonical presentation of racks allows
us to capture a sense in which the geometrical features of free objects
are carried through to any general rack. We shall illustrate this on the
important functorial constructions of the Galois theory of interest. Let
us make explicit these objects and morphisms to exhibit some of the
mechanics at play. Think of what this right-exact fork represents for
groups, where the operation is associative.

First of all we may exhibit heads and tails and rewrite this right-ezact
fork as

€% xFgle’y] e
(X 0 Fg(X)) 0 Fg(X X Fo(X)) —Frnix—X xF, X ———— X

T
Fr X

Then it is immediate from Paragraph that the counit €y should
send a pair (z,9) = (z,0:% -+ ,%") for g; € X to the element in the
rack X given by:

x(z,9) =z-g:=z< gi-- <" gp.

Hence the canonical projective presentation €'y of a rack X covers each
element x € X by all possible formal decompositions (zg, g) of that ele-
ment x, such that x is the endpoint of the trail (xo,g), i.e. the result of
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the action of a path on a head: © = xg-g. Now this head zg and each “rep-
resentative of a symmetry” ¢,% in the path component g = ¢,% --- g, %"
may itself be expressed as the endpoint of some trail (i.e. :1707: xooi-h,
and g; = y; - k; for h and k; in Fg X). This is what is captured by the
object F. F(X) on the left of the fork.

Then from the definition of the counit, we may derive the two projections.
These may be understood as expressing two things:

First observe that an element t = [(a, g); €] in F; F;(X) (i.e. an element
which has a trivial path component, but an interesting head) is sent to
((a-g),e) by the first projection and to (a,g) by the second projection.
The two projections thus allow us to move part of the tail of a trail
towards the head of that trail and part of the head towards the tail.

Then an element [(a, e); (b. /)] —i.e. an element with a trivial head com-

ponent and a non trivial (but simple) tail — is sent by the first projection
to (a, (b- 1)), and by the second projection to (a, h~1bh). Coequalizing
these two projections expresses self-distributivity (see Paragraphs
and . In other words it illustrates how to compute the represen-
tative of the symmetry associated to the endpoint of a trail. This is

already part of the definition of the rack operation in the free rack. We
have the rack homomorphism on the left

9

. . _
X % Fg(X) — Fy(X) X —— 4 Conj(Fg(X))
2
(¢,9) g 'zg Y Ro)

which sends a path to the symmetry associated to its endpoint. It is
actually induced by the universal property of free racks as displayed in
the diagram on the right.

2.3. The connected component adjunction.

2.3.1. Trivial racks and trivializing congruence. Another important
theoretical example of racks is given by the so-called trivial racks (or
trivial quandles) for which each symmetry at a given point is chosen to
be the identity. Each point acts trivially on the rest of the rack. This
may be expressed as an additional axiom:

(Triv) x <y = x.
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Since each set comes with a unique structure of trivial rack and each func-
tion between trivial racks is a homomorphism, we get an isomorphism
between the category of sets (Set) and the category of trivial racks. The
category of sets is thus a subvariety of algebras within racks.

The inclusion functor I: Set — Rck sends a set to the trivial rack on that
set. Now this inclusion functor should have a left adjoint which sends
a rack to the freely trivialized rack. Since trivial racks are those which
satisfy (Triv), a good candidate for the trivialization of a rack X is thus
by quotienting out the congruence Cy X generated by the pairs

(z,z<qy).

Using the comments of Section [2.2] it is not too hard to show that
it actually suffices to consider the transitive closure of the set of pairs
{(z,2),(x,x<9y),(x,x <1 y) | x,y € X} which gives the congruence
Co X when endowed with the rack structure of the cartesian product.
Symmetry and compatibility with rack operations are obtained for free.
This further yields the concepts of connectedness and primitive path of

Paragraph [2.3.3

CONVENTION 2.3.2. For the purpose of this work, understand sets, or
trivial racks, to be the zero-dimensional coverings of the covering the-
ory of racks (and quandles), in the same way that abelian groups and
central extensions of groups are respectively the zero-dimensional cover-
ings and one-dimensional coverings in groups. Similarly Cy is the cen-
tralizing relation in dimension 0. In Section [] we study the subsequent
one-dimensional covering theory of racks and quandles.

2.3.3. Connectedness and primitive paths. Two elements x and y in

a rack A are said to be connected ([x] = [y]) if there exists n € N and
elements a1, as, ..., a, in A such that
01 02 On

y=x< ar<“az:--<" an,
for some coefficients 6; € {—1, 1} for 1 <i <n.
Such a sequence of elements together with the choice of coefficients is
viewed as a formal sequence of symmetries (see Paragraph|2.1.9.1)). Bear-
ing in mind Paragraphs and 2:2.2] we call such a formal sequence of

symmetries (a;, §;)1<i<n & primitive path of the rack A. In particular this
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specific primitive path connects x to y but may be applied to different el-
ements in the rack. We call the data of such a pair T' = (z, (a;, 6;)1<i<n)
a primitive trail in X, where x is the head of T" and y the endpoint of T'.

We have that (z,y) is in Cg A if and only if there exists a primitive path
which connects x to y. For the sake of precision, and following the point
of view of [82], let us take this as definition for Cy A.

2.3.4. Left adjoint my. Then any rack homomorphism f: A — X for

some trivial rack X is such that Cg A < Eq(f) since given y = z <>

on g, in A we must have in X:

fly) = f@) <™ far)--- < flan) = f(2).
Hence we define the functor 7g: Rck — Set such that
mo(A) == A/(Co A)

is the set of connected components of A (i.e. the set of Cy A -equivalence
classes) and mp 4 1 with unit

a1<]

A2 10(A),

sending an element a € A to its connected component 14 (a) (also de-
noted [a]) in mo(A). For any f: A — X as before, there is a unique
function f’: mp(A) — X defined on a connected component by the im-
age under f of any of its representatives.

2.3.5. From free objects to all — definition as a colimit. Observe that

the composite

Set ! s Rek U s Set

gives the identity functor. As a consequence, the composite of left ad-

joints m F; also gives the identity functor. More precisely we may de-
duce from the composite of adjunctions that, given a set X, the unit
Nr(x): X X Fg(X) — X is “projection on X7, i.e. the connected compo-
nent of a trail (z,g) € F,(X) is given by projection on its head x.

Since g is a left adjoint, it preserves colimits, hence mo(X) should be
the coequalizer, in Set, of the pair:

mo (e xFgle])

To((X x Fg(X)) x Fg(X x Fg(X))) ﬁ (X x Fg X),
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which indeed reduces to being the coequalizer of

p1
XxFg(X) — 'X

_—
p2

where
P, 1% g0 =g < g

See also adjoint triangle theorems in [33).

2.3.6. Equivalence classes of primitive paths. The term primitive path
is used to express the idea that it is the most unrefined way we shall use
to acknowledge that two elements are connected. Literally it is just a
formal sequence of symmetries.

As explained in Paragraph inner automorphisms also “represent”
sequences of symmetries. Again, each primitive path naturally reduces
to an inner automorphism simply by composing all the symmetries in
the sequence. We also have that (z,y) is in Cp A if and only if there
exists g € Inn(A) such that z-g = y. In other words, Cy A is the congru-
ence generated by the action of Inn(A). We call it the orbit congruence
of Inn(A) (see Paragraph [2.3.9). In what follows, we like to view inner
automorphisms as equivalence classes of primitive paths. As mentioned
earlier we shall consider other such equivalence classes of primitive paths
which lie in between formal sequences of symmetries and composites of
such. Each of these represent different witnesses of how to connect ele-

ments in a rack A. All of these generate the same trivializing congruence
Co A.

2.3.7. Conjugacy classes. Observe that for a group G, the set of con-
nected components of Conj(G) is given by the set of conjugacy classes
in G. In this case the congruence Cy(Conj(G)) is characterised as fol-
lows: (a,b) € Co(Conj(G)) if and only if there exists ¢ € G such that
b = ¢ tac. Again, any primitive path, or sequence of symmetries, can
be described via a single symmetry obtained as the symmetry of the
product of the elements in the sequence.

Note that if H is an abelian group, then Conj(H) is the trivial rack
on the underlying set of H. More precisely the restriction to Ab of the
functor Conj yields the forgetful functor to Set:

Conj restricts to U

Ab s Set.
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2.3.8. Racks and quandles have the same connected components. The
functor my may be restricted to the domain Qnd and is then left adjoint
to the inclusion functor I: Set — Qnd by the same arguments as above.
More precisely we have for any rack X that 7y Fq(X) = mo(X), where
+Fq(X) is the free quandle on the rack X.

2.3.9. Orbit congruences permute. In order to obtain the admissi-
bility of Set in Qnd, V. Even shows that certain classes of congruences
commute with all congruences. As for quandles, we define orbit congru-
ences [22] as the congruences induced by the action of a normal subgroup
of the group of inner automorphisms. More precisely, if X is a rack, and
N a normal subgroup of Inn(X) we shall write ~x for the N-orbit con-
gruence defined for elements x and y in X by: x ~y y if and only if
there exists g € N such that - g = y. As it is explained in [40] (see
Proposition 2.3.9), this is well defined and yields a congruence (also in
Rck).

We then have the following — see [41] and [40, Lemma 3.1.2| for the
proof, which also holds in Rck.

LEMMA 2.3.10. Let X be a rack, R a reflexive (internal) relation on
X and N a normal subgroup of Inn(X), then the relations ~n and R
permute:

~n oR = Ro ~y .

2.3.11. Admissibility for Galois theory. Of course the kernel pair of
the unit nx: X — mp(X) is an orbit congruence, since by Paragraph
two elements are in the same connected component if and only if
they are in the same orbit under the action of Inn(X).

As it was recalled in Section [1.0.10| (see also [71]]), this yields Theorem
1 of [39]:

PROPOSITION 2.3.12. The subvariety Set is strongly Birkhoff and thus
admissible in Rck. Similarly for Set in Qnd.

The Galois structure I' := (Rck, Set, mo,1,7,¢,E) (respectively T'? :=
(Qnd, Set, 7, I,1,€,E)) (see [T1]) where £ is the class of surjective mor-
phisms of racks (respectively quandles), is thus admissible, i.e. the study
of Galois theory is relevant in this context and gives rise, in principle, to
a meaningful notion of relative centrality.
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2.3.13. Connected components are not connected. Given an element
a in a rack A, we may consider its connected component C,, i.e. the
elements of A which are connected to a. The set C, is actually a subrack
of A as it is closed under the operations in A. We may construct the
rack C, as a pullback in Rck:

Cyp —1
il

[ I (16)

A (A),

where 1 = {x} is the one element set, which is the terminal object in
Rck and also the free quandle on the one element set. Note that if A is
connected, then by definition my(A) = {*} and thus C, = A. However
if C, C A, then C, might have more than one connected component
itself (i.e. mo(C,) has cardinality |mo(C,)| > 1), since the existence of a
primitive path between some ¢ and b in C,, might depend on elements
which are not connected to a. The same comments apply in the context

of Qnd.

ExXaMPLE 2.3.14. A rack A is called involutive if the two operations <
and <! coincide. The subvariety of involutive racks is thus obtained by

adding the axiom
(Inv) zay<y = x.

We define the involutive quandle Qqpy with three elements a, b and * such
that the operation < is defined by the following table (see Q21 from [38,
Example 1.3]).

The connected component of a is the trivial rack C, = {a, b} which has
itself two connected components {a} and {b}.

We like to say that, for racks (and quandles) the notion of connectedness
is not local. In categorical terms, we may say that the functor g is not
semi-left-exact |30, 24]. This property is indeed characterised, in this
context, by the preservation of pullbacks such as in Equation above,
i.e. mp is semi-left-exact if and only if any such connected component (C,)
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is connected (mp(C,) = {x}) (see for instance [9] and [104] Theorem
2.1]). This is an important difference with the case of topological spaces
for instance, where the connected components are connected and thus
the corresponding m functor is semi-left-exact. See also [41] for further
insights on connectedness.

Finally, with [31], Corollary 2.5] in mind, we compute the set of connected
components 7y(F;(1) x F;(1)) = Z and thus we have that my: Rck — Set
does not preserve finite products; wheareas my: Qnd — Set does, as was
shown in [39 Lemma 3.6.5].

2.3.15. Towards covering theory. Knowing that I' is admissible, we
may now wonder what is the “sphere of influence” of Set in Rck, with re-
spect to surjective maps, and start to develop the covering theory. Since
Set is strongly Birkhoff in Rck, trivial extensions (first step influence) are
easy to characterize as those surjections which are “injective on connected
components”:

PROPOSITION 2.3.16. (See also [39, 40]) Given a surjective morphism
of racks t: X — 'Y, the following conditions are equivalent:

(i) t is a trivial extension;
(ZZ) Eq(t) N C()X = Ax;
(ii) if a and b in X are connected, then t(a) = t(b) implies a = b.

Recall that the construction of inner automorphisms (Inn) induces a
functor on surjective morphisms: given a surjective morphismi¢: X — Y,
we write £ or Inn(t): Inn(X) — Inn(Y) for the induced homomorphism
between the inner automorphism groups (see first two sections of [22]).

We may then also describe a trivial extension as an extension which
reflects loops: trivial extensions are those extensions such that for any a
in A, if g in Inn(A) is such that ¢(a) - £(g) = t(a), then a - g = a.

™ A
(aia-g) — t(a) =t(a-g) = a=a-yg

In what follows, we shall use such geometrical interpretations to make
sense of the algebraic conditions of interest for the covering theory. How-
ever, the non-functoriality of Inn on general morphisms appears as a se-

rious weakness (see for instance the need for Remark in the proof
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of Proposition . It will become clear from what follows that a more
suitable way to represent sequences of symmetries is needed. This is
achieved by the group of paths which we motivate and describe in the
next section. It is not a new concept, but our name for the left ad-
joint of the conjugation functor, which was described by D.E. Joyce and
then used by M. Eisermann to construct weakly universal covers and a
fundamental groupoid for quandles. However, we provide a hopefully
enlightening description of the construction and the role of this functor,
which naturally arises from the geometrical features described in Section
2.2

2.4. The group of paths.

2.4.1. Definition. Consider a rack X and two elements x and y in X
- Si’;:

..,Sg’;) =z xy--- L, =y

which are connected by a primitive path %

1) *
av'(S‘s1

1 "
Because of (R1), we discussed that it makes sense to identify such formal
sequences so as to obtain elements of the free group on X. Now in the
same way that we used Paragraph to unfold formal terms, we still
have that whenever x; = b<c for 1 <i < n and b, ¢ in X, acting with
Sz, amounts to successively acting with S:1, S, and S.. From a rack X
we may thus build the quotient:

Fo(X) &5 Pth(X) = Fo(X)/(c 'a " 20| a,2,c € X and ¢ = z<a)

which is understood as a group of equivalence classes of primitive paths.
Two primitive paths are identified in the group of paths if and only if
one can be formally obtained from the other, using the identities induced
by the graph of the rack operations (such as ¢ = x < a), as well as the
axioms of racks (or more precisely the axiom-induced identities between
tails of formal terms).

2.4.2. Unit and universal property. The composition of the function
n9: X — Fg(X) with this quotient gx: Fg(X) — Pth(X) yields a rack
homomorphism

pthyx .
X — Conj(Pth(X))

which sends each element x of X to pthy(z) in Pth(X), such that
pthy(x) “represents” the positive symmetry at x in the same way S,
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does in Inn(X) (see Paragraph [2.4.5)). As for the inclusion in the free
group, we shall use the convention

© = pthy(z).

Now given a rack homomorphism f: X — Conj(G) for some group G,
there is a unique group homomorphism f’ induced by the universal prop-
erty of the free group, which, moreover, factors uniquely through the
quotient

gx: Fg(X) = Fo(X)/{(zaa) o™ wa | g,z € X),
since for any a and x in X, f(x<a) = f(a)"'f(z)f(a) in G:

Fy(X) —— Pth(X)

e
VH! r o

o~
Hence, the construction Pth uniquely defines a functor which is the
left adjoint of Conj with unit pth: 1gcx — ConjPth. As usual, given
f: X =Y in Rck, there is a unique morphism Pth(f), such that the

square

h
X " Conj(Pth(X))
fl . 3! Conj(Pth(f))
) H
Y 2 Conj(Pth(Y)),

commutes and this defines the functor Pth on morphisms.

NOTATION 2.4.3. In what follows, we write f for the image Pth(f) of a
morphism f from Rck.

2.4.4. From free objects to all — construction as a colimit. Again, ob-
serve that the composite Pth F, is left adjoint to the forgetful functor
U: Grp — Set, i.e. Pth(F,(X)) = Fz(X). More precisely, we may inter-
pret pth as the extension to all objects of the functorial construction on
free objects

ix: X xFg(X) = Fe(X) : (z,9)—~ g ug
which sends a trail to the “representative of the symmetry” associated

to its endpoint (Subsection [2.2.4). Indeed, by the composition of ad-
junctions, as before, this 7 is easily seen to define the restriction to free
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objects of the unit pth of the Pth 4 Conj adjunction:

X \ » Conj(Fg (X))
r iX:ptth(X) I
T R(X) ' 31 Conj(f"") (17)
R
Conj(G)

where ix(z,e) = ixn’(z) = n%(z) = .
Then since Pth is a left adjoint, ¢x: Fg(X) — Pth(X) should be the
coequalizer of the pair
Pth(e% xFgle%])
Pth((X % Fg(X)) X Fg(X x Fg(X))) Pth(X x Fg X)

Pth(e};r Ux)

which, using ¢ above, we compute to be

ESE Y ——

where p; and ps are defined by
pi(z,9) =ix(z-g.e)=n%(z-g)=2 g

and
1

pa(z,9) = ix(z,9) =g 29
The universal property of the unit and definition on morphisms then
follows easily as before. See also adjoint triangle theorems in [33].

We insist on the tight relationship between the left adjoint Pth of the
conjugation functor Conj, and the geometrical features of the free racks
as described in Subsection We also use this detailed construction of
Pth as a colimit, in the proof of Proposition [2.4.16)

Finally, note that this pair py, ps is reflexive and thus from the coequalizer
gx we also get the pushout ¢x, ¢x: Fg(X) = Pth(X) of p; and po. Even
though the original fork in Rck is not necessarily a double extension,
the resulting fork in Grp is a double extension (because Grp is an exact
Mal’tsev category [25]) i.e. the comparison map

p: Fg(X x Fg(X)) — Eq(gx)

to the kernel pair of the coequalizer ¢x, is a surjection.
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2.4.5. Action by inner automorphisms. It is already clear from the
construction of Pth that the group of paths Pth(X) acts on the rack X
“via representatives of the symmetries”. For any  and y in X we have

r-(y) =2z<y,

which uniquely defines the action of any element in Pth(X).

Compare this action with the action by inner automorphisms: for each
rack X, the universal property of pthy on S: X — Inn(X) (defined in

Subsection [2.1.8)) gives

x 2 pen(x)
L (18)

Inn(X),
where we have omitted Conj, and s is the group homomorphism which
relates the representatives of symmetries in Pth(X) to those in Inn(X).
Then the action of g € Pth(X) on X is also uniquely described by the
action of the inner automorphism s(g). If preferred, the reader may use
this as the definition of action by the group of paths. The morphism s
is called the excess of X in [55]. It is shown to be a central extension
of groups in [38], Proposition 2.26]. Note that if N <Pth(X) is a normal
subgroup of Pth(X), then s(NN) is a normal subgroup of Inn(X). Hence
the congruence ~p induced by the action of N on X always defines an

orbit congruence (~N = ~g)) in the sense of Paragraph

We extend the concept of a trail from Paragraph [2.2.3.1

DEFINITION 2.4.6. Given a rack X, a trail (in X ) is the data of a pair
(z,g) given by a head x € X and a path g € Pth(X). The endpoint of
such a trail is then the element obtained by the action x - g, of g on x.

In some sense, Pth(X) is the initial such group containing representatives
of the symmetries of X and acting via those symmetries on X — whereas
Inn(X) is the terminal such. This can be described via the notion of an
augmented rack (see for instance [83) [55]). Those are given by a group
G and a rack homomorphism ¢: X — G together with a right action of
G on X such that for g, hin G and z, y in X,

(1) if e is the neutral element in G, then z - e = x;
(2) - (gh) = (x-g) - I;
(3) (xay)-g=(x-9)2(y-9);
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(4) v(x-g) =g "i(x)g.

Looking at augmented racks on a fixed rack X, a morphism between
augmented racks t: X — G and //: X — G’ is given by a group homo-
morphism f: G — G’ such that fu =:/. An example of such is given by
s: Pth(X) — Inn(X) from Diagram (18). It is then easy to derive that
pthy: X — Pth(X) is initial amongst augmented racks (on X) whereas
S: X — Inn(X) is terminal. This describes why Inn can be used as the
reference to define such actions by representatives of the symmetries, de-
scribed as actions by inner automorphisms. On the other hand, it also
exhibits Pth(A) as the freest way to produce an augmented rack.

REMARK 2.4.7. As mentioned before, Pth has the crucial advantage of
functoriality, i.e. for any morphism of racks f: X =Y (including non-
surjective ones), and for anyx € Y, g = ,(17151 - -@5” € Pth(X), we have
that

— —

- (flg) =z (f(0® - 0.%) =2 (flg) flg.)°)
=z f(g1) - <" fgn)-

In the next paragraph, we observe that in the case of free objects F,(X),
these two constructions coincide (Pth(F.(X)) = Inn(F.(X)) is Fg(X))
and, most importantly for what follows, they act freely on F,(X) (also
see [55], [85], where these results were first discussed). Our hope is that,
in view of the preceding discussion, these results do not take the reader
by surprise any more.

2.4.8. Free actions on free objects. By Paragraph and for any
set X, the group of paths Pth(F,(X)) = Fg(X) is freely generated by
the elements

pthy, x)[nx (2)] = pthy, (x)[(@,€)] = (2. ¢)
for z € X. Using the identification (z,¢) <> x, for any element (zx, g)
of F1(X) and any word h = /%t -+ ,% in Pth(F,(X)) = Fg(X), with
hi € X and 0; € {—1, 1} for each 1 < i < n, we have that

(2,9) b= (2,9) - (1" -+ 1,") = (2, 9) * (b, €) -+ < (B, )

= (z, gh).
PROPOSITION 2.4.9. The action of Fg(X) = Pth(F.(X)) on F.(X) =
X % Fg(X) corresponds to the usual Fg(X) right action in Set

(X x Fg(X)) x Fg(X) = X x Fg(X): ((a,9), h) = (a,9) - h = (a, gh),
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giwen by multiplication in Fg(X). Such an action is free, since if (a, hg) =
(a,g), then hg = g and thus h = e.

Observe that Inn(F, (X)) is generated as a group by the elements in the
image of S7' . Indeed for each

(a,9) = (a, 9" -+~ g0) = (a,€) < (g1,€) -+ <" (gn,€) = (a,e) - g,
in F(A), as before, we have

— _6n _6 6 5n .
S(a’g) - S(gn,e) T S(gll,e) S(a,e) S(:}l,e) e S(gn,e)’

see identity (4) from page S(a,e)-g = g ! S(a,e) 9-
We conclude that Inn(F(X)) is actually freely generated. Indeed, the
group homomorphism
s: Pth(F (X)) = Fg(X) — Inn(F,(X))
defined in Subsection is such that:

e it is surjective, since the generating set s(X) = {Sq,¢) | = €
X} C Inn(Fy(X)) is the image of X C Fg(X) by s;

e it is injective, since (/1% ---1,%) = e for some h; € X and
0; € {—1, 1} for 1 <i < n, if and only if

(2,9) = (2,9) - (S(h, oy Sth o)) = (@9) - (117 -+ 11, %),

for all (x,g) € Fy(X), which implies that /1%t -+ /,,% = e since
the action of Fyg(X) is free.

PROPOSITION 2.4.10. We may always identify Inn(F. (X)), Pth(F.(X))
and Fg(X) as well as their action on F.(X), which is free. We refer to
them as the group of paths of F,(X).

2.4.11. The kernels of induced morphisms f In this section we in-
troduce the results which we use to describe the relationship between
the group of paths Pth, and the central extensions (coverings) and cen-
tralizing relations of racks and quandles.

Our Lemma [2.4.13]is only a slight generalization of a lemma in [7]. We
further generalize to higher dimensions in Part II.

DEFINITION 2.4.12. Given a group homomorphism f: G — H, and a
chosen subset A C G, we define (implicitly with respect to A)
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(i) two elements g, and gy in G are f-symmetric (to each other) if
there exists n € N and a sequence of pairs (a1,b1), ..., (an,bp)
in (A x A), such that

flai) = f(b), ga=al ---aS", and gy =0>"-- -,

n

for some 6; € {—1, 1}, where 1 <1i < n. Alternatively say that
ga and g, are an f-symmetric pair.

(ii) Ky is the set of f-symmetric paths defined as the elements g €
G such that g = gagl:1 for some g, and g, € G which are f-
symmetric to each other.

Observe that the elements of Ky are in the kernel of f. The idea is to
understand when Ky actually describes all the elements in the kernel of
f. For instance if the chosen subset A is the whole group, or if it contains
Ker(f) (the kernel of f), then we easily derive that Ky = Ker(f). For
a general f: G — H as in Definition the condition K; = Ker(f)
expresses the fact that the kernel of f in Grp is entirely described by the
restriction f: A — f(A) of the underlying function f in the category
Set. This is for instance the case when f: G — H = Fy(h): Fg(A) —
Fg(B) is the group homomorphism induced by a function h: A — B
in Set (where the chosen subset of G = Fy(A) is A — see Proposition
2.4.15). Even though in the examples of interest, the chosen subset A
is a generating set of G (i.e. such that the subgroup (a | a € A)g of G
generated by the elements of A is equal to G), it is neither sufficient, nor
necessary, for A to be such a generating set of G in general. For instance,
consider the quotient map f: Fq({a}) = {e, a} where f(a™) =€ if n is
even and f(a") = a if n is odd. The element a? is in Ker(f). However,
if {a} is our chosen set (of generators) of Fg({a}), the element a? is not
an f-symmetric path. Conversely, Definition and the condition
Ky = Ker(f) still make sense when A is merely a subset of G’ which is
not generating. For instance, consider the product Fg(h) xidg/: Fg(A) x
G' — Fg(B) x G’ of Fg(h): Fg(A) — Fg(B) with the identity function
on some other group G’. Then Ker(Fg(h) x idgr) = Ker(Fg(h)) x {e} =
Kr, (h)xide With chosen subset A x {e}. However, we need A to be a
generating set of G for our proof of the following lemma.

LEMMA 2.4.13. Given the hypotheses of Definition[2.4.19 and assuming
that A is a generating set of G, the set of f-symmetric paths Ky C G
defines a normal subgroup in G. More precisely it is the normal subgroup
generated by the elements of the form ab~! such that a, b € A, and
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Ky =Gy=((ab™ | (a,0) € Ax A, f(a) = f(b))c-

PROOF. First we show that K; is a normal subgroup of G. Let g,
and g, be f-symmetric (to each other). Observe that ggl and g, ! are
also f-symmetric, and thus Ky is closed under inverses. Moreover, if A,
and hy are f-symmetric, and g = gagb_l, h = hahb_l, then gh = k:akb_l,
with k, = hoh;'gs and ky = hyh, gy which are f-symmetric. Finally
since A generates G by assumption, for any k € G, kg, and kg, are
f-symmetric to each other, and thus kgk™! € Ky is an f-symmetric
path.

Since the generators of Gy are in the normal subgroup Ky, it suffices to
show that Ky < Gy. Given an f-symmetric pair g, and g;, we show that
9= 9a9, leq 7 by induction, on the minimum length n4 of the sequences
(@i, bi)1<i<n in the set (A x A) N Eq(f) such that g, = af151 ---al and
ap = b‘;l b for some §; € {—1,1}. If ng = 1, then g is a generator
of Gy. Suppose that g = gag, le@ ¢ for all such f-symmetric pair with
ng < n for some fixed n € N. Then given a pair g, = a(ls1 ---ad and
gy = b3 - - bdr for some (a1, b1), ..., (an,by) in the set (A x A) NEq(f),
and 6; € {—1, 1}, we have that h, := al_‘slga and hp = bl_dlgb are such
that h = hohy ' € Gy by assumption. Moreover, g = a‘il hal_‘sla‘flbl_‘s1
which is a product of elements in G¥. g

OBSERVATION 2.4.14. Consider a function f: A — B, and a word v =
a‘fl coeadn with a; € A and §; € {=1,1}, for 1 < i < n. This word

n
represents an element g in the free group Fy(A). As usual, a reduction
8; 0i
Py
that 0; = —0j+1 and a; = a; 1. Every element g € Fg(A) represented by
a word v admits a unique normal form i.e. a word v/ obtained from v

of v consists in eliminating, in the word v, an adjacent pair a;’a such

after a sequence of reductions, such that there is no reduction possible in
V', but V' still represents the same element g in Fg(A).

Suppose that v represents an element g which is in the kernel Ker(Fq(f)).
The normal form of the word f[v] == f(ay)® --- f(an)® (which repre-
sents Fg(f)(9) = e € Fg(B)) ts the empty word 0, and thus there is a
sequence of reductions of f[v] such that the end result is 0. From this
sequence of reductions, we may deduce that n = 2m for some m € N

and the letters in the word (or sequence) v organize themselves in m
& 9j
a

pairs (a;’, ; ) (the pre-images of those pairs that are reduced at some



2. AN INTRODUCTION TO RACKS AND QUANDLES 58

point in the aforementioned sequence of reductions) such that i < j,
f(ai) = f(aj), 6; = =0, each letter of the word v appears in only one
such pair and finally given any two such pairs (afi,aj-j) and (a?l,af;ﬁ),
then 1 < i (respectively I > i) if and only m > j (respectively m < j),
i.e. drawing lines which link those letters of the word v that are identified

by the pairing, none of these lines can cross.

A A AN

0 d2 03 04 05 06 o7 s d9 d10 d11 012 013 014
ay ay az’ a4y asg  ag a7 4g g A1y Gy Gy Gq3 Gy
Given such a pairing of the letters of v, for each k € {1, ..., n} we write

d; 0; . . . . .

(ai;’“,aji’“) for the unique pair such that either i, = k or j, = k. Note

that, conversely, any element g in Fg(A) which is represented by a word
v which admits such a pairing of its letters, is necessarily in Ker(Fq(f)).

Using this observation, we characterize the kernels of maps between free
groups.

PROPOSITION 2.4.15. Given a function f: A — B, the kernel Ker(Fg(f))
of the induced group homomorphism

Fo(f): Fg(A) = Fg(B)

is given by the normal subgroup K,y of Fo(f)-symmetric paths (as in
Definition : Ker(Fg(f)) = Kg,(p)-

PROOF. The inclusion Ker(Fg(f)) 2 Kg,(y) is obvious. Consider
a reduced word v = a¢151 ---ad of length n € N which represents an
element g in Fg(A) with §; € {—1,1}, for 1 < ¢ < n and suppose
that g € Ker(Fg(f)). Then the letters ai’“ of the sequence (or word)
i aaj’“) as in Observation
ik 0 Tk
2.4.14] Define the word v/ = b‘il . bfl” such that for each 1 < k < n,
bi, = a;,. Then by construction v/ represents an element h which reduces

to the empty word in Fg(A), so that g = gh~!. Moreover, g and h form

vi= (aik)lgkgn organize themselves in pairs (a

an f-symmetric pair, which shows that g € Kg, (). O

Finally the same characterization holds for kernels of maps
Pth(f) = f: Pth(X) — Pth(Y)

induced by a surjective morphism of racks f: X — Y.



59 PARrT 1

PROPOSITION 2.4.16. Given f: X — Y, a surjective morphism of racks,
the kernel Ker(f) of the group homomorphism

f: Pth(X) — Pth(Y)
1s given by the normal subgroup Kf of f—symmetric paths (as in Defini-
tion :
Ker(f) = Kp= ((ab™" | (a,b) € Eq(f)))pen(x)-

PROOF. From Subsection we reconstruct the image f as in the
following diagram, where we also draw the kernels of Fy(f) and f:

Fy(X x Fy(X)) TN b v s By(v))

ker(Fg (f) l l Fg(f) Fi l

Ker(Fq(f))» by
kli qf (*Z qI
2 ker(Fg(f) ~ f ~
Ker(f): y Pth(X) - - - — = — — - + Pth(Y).

Since ¢x and gy are the coequalizers of the pairs above (see Subsection
for more details), and the map Fy(f x Fg(f)) is surjective, by
Lemma 1.2 in [10], the square () is a double extension (regular pushout),
and thus the comparison map k; is surjective. Then Ker( f) coincides
with the image ker Fy(f) along of ¢x, by uniqueness of (regular epi)-
mono factorizations in Grp. We may compute this image to be K -

Indeed, in elementary terms, any g € Pth(X) such that f (g9) = e can be
“covered” by an element h € F,(X) such that ¢gx(h) = gand Fg(f)[h] =€
as well. Then by Lemma , we have that h = hahb_1 for some h,
and hy, in Fg(X) which are Fg(f)-symmetric to each other. The images
ax (ha) and qx (hy) are then f-symmetric to each other by commutativity
of (x), hence the quotient g = qx(h) = qx(ha)gx(hy)~! € K is an -
symmetric path. O

NOTATION 2.4.17. For a morphism of racks f, we often write f-symmetric
(pair or path) instead of f-symmetric (pair or path). An f-symmetric
trail (z,g) is a trail with an f-symmetric path g.

2.4.18. The left adjoint Pth is not faithful. Observe that given a set
A, the morphism
iAZPthFY(A)

Fr(d) ————— Fg(4) ,
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is not injective. Indeed the elements (a, ag) and (a, g) have the same im-
age. We shall see that the kernel pair of i 4 yields the quotient producing
the free quandle from the free rack. Then the free quandle Fy(A) on the
set A embeds in the group Conj(Fg(A)), which is why D.E. Joyce calls
quandles the algebraic theory of conjugation. Observe, though, that not
all quandles embed in a group.

ExamMprLE 2.4.19. In the involutive quandle Qupy defined in Ezample
the elements a and b are identified in Pth(Qup.). Indeed, a and b
act trivially on Qup«, hence they are in the center of the group Pth(Qaps)-
Moreover, a and b are in the same connected component, and thus they
are also sent to conjugates in Pth(Qup«), which yields « = b. Note that
from there we have Pth(Qupe) = Fe({a, *})/({a™t x~1 ax))F,({a, %)) =
Fan({a, x}) =Z x Z, where F,y, is the free abelian group functor, and in
Z x Z, we have a = b = (1,0) and » = (0,1) (also see |38, Proposition
2.27]).

In particular, the unit of the adjuntion Pth 4 Conj is not injective
and Pth is not faithful (note that the right adjoint Conj is faithful,
but not full). As a consequence Qupi s not a subquandle of a quan-
dle in Conj(Grp) since this would imply that pthy, , —is injective. We
may also observe that a subquandle of a conjugation quandle is such that

(r<qy=2)< (y<x =1y).

2.4.20. Racks and quandles have the same group of paths. Observe
that we may restrict Pth to the domain Qnd. By the same argument
PthI: Qnd — Grp (which we denote Pth) is then left adjoint to the
functor Conj: Grp — Qnd. We may conclude by uniqueness of left ad-
joints that if .F is the left adjoint to the inclusion I: Qnd — Rck, then
Pth Fq = Pth: Rck — Grp. The adjunction between racks and groups
factorizes into

Rck 1 Qnd

. . (19)
Pth 4 Conj Pth - Conj

Grp

in which all possible triangles of functors commute. Considering the
comment of Paragraph [2.1.11] about the idempotency axiom, we may
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want to rephrase this as follows: for each rack X, the quotient defining
Pth(X) always identifies generators that would be identified in the free
quandle on X.

More informally, considering the way Pth, the left adjoint of Conj, is
constructed from equivalence classes of tails in the theory of racks, we
may wonder in which sense racks could be a better context to study group
conjugation. From the perspective of their respective covering theories,
we further describe the relationship between groups, racks and quandles
in what follows (see for instance Section .

2.5. Working with quandles. We introduce the necessary mate-
rial to make the transition from the context of racks to the context of
quandles. See also the associated quandle in [55].

2.5.1. The free quandle on a rack. Remember from Paragraph 2.1.11]
that the idempotency axiom is a consequence of the axioms of racks “for
elements in the tail of a term”. In order to turn a rack into a quandle
the identifications that matter are thus of the form

R G P al---<16"an::C<151a1---<15"an,

where a use of the idempotency axiom cannot be avoided. Now by self-
distributivity of the operations, we may write y = (z <! ay - -- <’ ay),
and then rewrite these identities as

ydryds ey Ly =y

DEFINITION 2.5.2. Given a rack X, define Qx as the relation (in Set)
defined for (z,y) € X x X by (z,y) € Qx if and only if x = y<Fy for
some integer k (see Paragraph|2.1.11]), where y <y == y.

LEMMA 2.5.3. Given a rack X, the relation Qx defines a congruence on
X.

PROOF. (1) The relation Qx is reflexive by definition.

(2) As aforementioned, for z and a in some rack, any chain a <* a
for some k € 7Z is such that z < (a <* a) = x <a. Hence Qx is
symmetric since b = a <* a implies that ba*b=b<aFa = a.

(3) Now Qx is transitive by self-distributivity.

(4) And finally it is internal since if a = b<* b and ¢ = d < d then
adc=(b<"b)a(d<d) = (b<"b)ad = (bad)< (bad). O
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LEMMA 2.5.4. Given a rack X, then a pair of elements (x,y) € X x X is
in the kernel pair Eq("n%) of "n% : X = Fq(X) if and only if y = z<"x
for some integer n, i.e. Qx = Eq("n%).

PROOF. Since Rck is a Barr-exact category [2], it suffices to show
that the quotient of X by the equivalence relation Qx (on the left) is
the same as the quotient of X by Eq("n%) (on the right):

q "%
X%X/QX X*}rFq(X)'
For this we show that X/Qx is a quandle and that ¢ has the same
universal property as "n%. Indeed we have that g(a) <g(a) = g(a<a) =
q(a) since (a,a<a) € Qx for each a. Finally observe that if f: X — @ is
a rack homomorphism such that @) is a quandle, then we necessarily have
that f coequalizes the projections w1, mo: Q@x = X of the congruence
Qx. We then conclude by the universal property of the coequalizer. [

2.5.5. Galois theory of quandles in racks. We study the Galois struc-
ture ,I'y :==(Rck, Qnd, ;Fq, "%, "e?, £) where £ is the class of surjective
morphisms (see Section [1| and [71]).

Since Qnd is a Birkhoff subcategory of Rck, for ,I'; to be admissible, it
suffices to show that for each rack X the kernel pair Eq("n%) of the unit
permutes with other congruences on X (see Section . Observe
that this is not a consequence of Lemma [2.3.10]

LEMMA 2.5.6. Given a rack X, then the congruence Qx = Eq("n%)
commutes with any other internal relation R on X.

PROOF. We prove that a pair (a,b) € X x X is in Eq("n%) R if and
only if it is in R Eq("n%). As in Lemma we show that if there
is ¢ € X such that (a,c) is in one of these relations (say for instance
Eq("n%)) and (¢, b) in the other one (R), then there is a ¢ € X such
that (a, ) is in the latter (R) and (¢, b) in the former (Eq("n%)). Now
observe that if (z,y) € R, then (z,y) < (z,y) = (x <" 2,y <F y) is in
R for any integer k. The result then follows from reading the following
diagram for any k € Z, where horizontal arrows represent membership
in Eq("n%) and vertical arrows represent membership in R. Indeed from
the top right corner below we construct the bottom left corner and the
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other way around:

Sk
a
01:a<—>clza<1ka
\ S \
\ Sk \
—k 2 k
b« b:CQ%b:CQQ C2
s, "

Cc1 ak

where we use the fact that if = y <* y then S, = Sy. Algebraically we
read (a,c1) € Qx implies ¢; 9<% ¢; = a for some k € Z and (c1,b) € R
implies (c; <% ¢1,b<a7*b) € R, thus choosing cy = b<~* b yields one of
the implications. The other direction translates similarly. O

REMARK 2.5.7. Given a rack X, the congruence Qx 1is not an orbit
congruence in general. For instance, observe that Qg ({ap}y) contains
the pairs (a,a < a) and (b,b<b). Suppose by contradiction that there is
a normal subgroup N < Inn(F,({a,b})) = Fg({a,b}) for which ~n=
Qr,({ap))- Then since Fg({a,b}) acts freely on F(X), both inner au-
tomorphisms S, and Sy need to be in N. This leads to a contradiction
since a ~n (a<4b) but (a,a<b) & Qp, ({ap})- By contrast Qp,((+}) is of
course an orbit congruence.

COROLLARY 2.5.8. Quandles form a strongly Birkhoff (and thus admis-
sible) subcategory of Rek.

PRrOOF. By Proposition 5.4 in [25], the reflection squares of surjec-
tive morphisms are double extensions (see Section . This implies
the admissibility of the Galois structure ,.I'y, for instance by [50, Propo-
sition 2.6]. O

Note that the left adjoint .Fq is actually semi-left-exact as we may de-
duce from the fact that “connected components are connected” (see Para-

graph 2.3.13)).

PROPOSITION 2.5.9. Any pullback of the form

Co 2 1
il
pll l[a]
X — = Fa(X),
r,r]X

in Rek, is preserved by the reflector \Fq, i.e. ;Fq(Cq) = 1; and thus by
[104], Theorem 2.1|, we conclude that ,F is semi-left-exact in the sense
of [30, 24].
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PROOF. Observe that X x 1 =2 X and thus elements of the pullback
C, are merely elements x € X such that that "n%(z) = [a] € Fq(X)
i.e. all elements x and y in C, are such that there is k € Z such that
z = y<*y. Hence by Lemma the image of this pullback by Fgq
gives indeed 1, which concludes the proof. ]

As a consequence we could use absolute Galois theory in this context [65].
We stick to the relative approach (see Section [1)) since we are interested
in the composite of adjunctions as in Diagram where the other two
adjunctions (of the form Pth — Conj) are not semi-left exact.

Observe that there is a limit to the exactness properties satisfied by
Fq: we already saw in Paragraph that .Fy cannot preserve finite
products, since mp: Qnd — Set does but my Fq: Rck — Set does not.
Moreover, since Qnd is an idempotent subvariety of Rck, Proposition 2.6
of |[31] induces that ,F, does not have stable units (in the sense of [30]).

To conclude, we show that, besides semi-left-exactness, the Fq-covering
theory is “trivial” in the sense that all surjections are ,Fg-central (Propo-
sition . We use the general strategy which was stated in Section
Since the Galois structure is strongly Birkhoff, the “first step

influence” is as usual:

LEMMA 2.5.10. A surjective morphism f: X — Y, in the category of
racks, is Fq-trivial if and only if Qx NEq(f) = Ax.

PROOF. The morphism f is trivial if and only if the reflection square
at f is a pullback (see Section [1.0.10] Diagram (31))). Since this reflection
square is a double extension, it suffices for the comparison map to be
injective. Since the square is a pushout, the kernel pair of the comparison
map is given by the intersection Qx N Eq(f) of the kernel pairs of gx
and f respectively. O

PRrROPOSITION 2.5.11. All surjections f: X — Y in the category of racks
are Fy-central.

PROOF. In order to show this, consider the canonical projective pre-
sentation €} : F(UY) — Y, and take the pullback of f along ey.. This
yields a morphism

f: X xy F.(UY) = F(UY).
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Now any morphism g: X — F,(Y) with free codomain is F-trivial since
if z = x<*x in X for some integer k and if, moreover, f(z) = f(x)<* f(x)
in F.(Y), then f(x)* = e by the free action of Pth(F.(Y)) on F.(Y).
However this can only be if & = 0, which implies that Qx N Eq(f) =
Ax. O

2.5.12. Towards the free quandle. Given a set A, in order to develop
a good candidate description for the free quandle on A (see also [82]),
we may now consider Fq(A) as the free quandle on the rack F,(A). As
aforementioned and roughly speaking, the following identifications be-
tween terms:

<0 g g g

define the relation Q, (4) such that Fq(A) = F(A)/QF,(a)-

ay--- <% ap =z < ap - <O ay, (20)

We want to select one representative (a,g) € A x Fy(A) for each equiv-
alence class determined by these identifications. Thinking in terms of
trails, we observe that if (a,g) and (b, h) are identified, then they must
have the same head a = b. We thus focus on the paths and use a clever
semi-direct product decomposition of Fg(A).

2.5.12.1. Characteristic of a path. We have the following commuta-
tive diagram in Set,

X:=Fg(Cst)

A
o
1

where Z is the underlying set of the additive group of integers, and the

g
n—A>Fg(A)
— Z= Fg(1)7
ny

composite nf Cst is the constant function with image 1 € Z. Given an
element g € Fy(A), there exists a decomposition g = g‘lSl - g% for some
gi € A and exponents §; = {—1, 1}, with 1 < i < n. The characteristic
function sums up the exponents x(g) = >, d; (of course the result
does not depend on the chosen decomposition of g). We may then clas-
sify paths in Fg(A) in terms of their characteristic (i.e. their image by
X). Looking at Equation , two terms with same head, and same
characteristic, that are moreover identified by Q, (4), must actually be
equal. In other words, given a fixed head a each equivalence class [(a, g)]
in Fq(A) has only one representative (a, ¢') such that the path ¢’ is of a
given characteristic.
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2.5.12.2. Characteristic zero and semi-direct product decomposition.
The kernel of x defines a normal subgroup Fg(A) < Fg(A) which is
characterized (see [82] and Proposition [2.4.15)) by

Fo(A) = (ab™" | a,b € A)p, (4.

Then for each a € A, we may identify Z with the subgroup (a" | n €
Z) < Fg(A) which may be seen as the subgroup of Fg(A) which fixes
[(a,e)] € Fq(A) := F(A)/QF,(a). This then gives a splitting for x, on
the left, yielding the split short exact sequence on the right:

o v X
tat Z— Fg(A) : krva®  F(A)r—3 Fy(A) jz

la

2.5.12.3. Characteristic zero representatives. Then given an element
a € A, any g € Fg(A) decomposes uniquely as X9 gy, where gy =
aX9 g, This defines a function sending equivalence classes [(a,g)] €
Fq(A), to their representatives of characteristic zero (a, go). Note that,
for two different ¢ and b in A, the construction of gy will vary, how-
ever elements of F,(A) with different heads are always sent to different
equivalence classes in Fq(A).

2.5.12.4. Transporting structure. This function is indeed bijective,
and thus we may transport the quandle structure from the quotient
F:(A)/Qr,(a) to the set of representatives A x Fg(A). More explicitly
we compute for (b, h) and (a, g) in F;(A) that

(a,90) < (b, ho) = (a, gohg "bho),

where w := gohy Y)ho is not of characteristic zero. We then want to take
woy = Q_lgohalﬁho and define in Fg(A):

(a’v 90) 4 (b7 hO) = (CL, wO)'

2.5.13. The free quandle. After this analysis, we may confidently
build the free quandle (first described in [82]) as follows.

Given a set A the free quandle on A is given by
Fo(A) = AxFg(A):={(a,9) | g € F3(A); a € A},

where the operations on Fq(A) are defined for (a,g) and (b, h) in A x
Fg(A) by

(a,g) <(b,h) == (%Q—lgh_léh) and (a, g) <t (b, h) = (aaﬂgh_lb_lh)'
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As before, ¢ is the path component and a is the head component of the
so-called trail (a,g) € Fq(A) and we say that an element (b, h) acts on
an element (a,g) by endpoint. These operations indeed define a quandle
structure.

From there, we translate all main results from the construction of free
racks. Looking for the unit of the adjunction, we have the injective
function n%: A — Fq(A) : a > (a,e).

Moreover, since any element g € Fg(A) decomposes as a product g =
1%+ 9,9 € Fy(A) for some g; € A and exponents §; € {—1, 1}, with
1 <i<mn,and ) ,d; =0, we have, for any (a,hg) € Fq(A) with g and
h € F3(A), a decomposition as

(a) hg) = (CL h(]l(Sl Tt (]”571)

= (a, (1 ’h(llél"'(]ié")

= (a,a7 % --q 51]1(]161”'@5")

= (a,h) <" (g1,€) - <" (g, ).
Observing that if g; —0 = g, %+ for some

((J‘?g) = (aaﬂél o '@571) S Fq(A)

as above, then

(a,€)< (g1, ) - - <¥1 (gi_1,€) P+2 (gira, ) - <" (gn,€) =
= (aa.’ﬂél c i 6“1(/;‘761'+2 o '.’146")

= (a, 01 g 10 % g g 0 g, O

= (CL, 6) o (gla 6) coe (gm 6)’
which expresses the first axiom of racks, using group cancellation, as
before.

From there we derive the universal property of the unit: given a function

f: A — Q for some quandle @, we show that f factors uniquely through

n%. Given an element (a, g) € Fq(A), we have that for any decomposition
— .01

g = l(/il ..

fla,9) = fla, 0% 0.°") = f((a,e) <" (g1,€) -+ <" (gn,€))
= fla)<" f(g1) -+ <" f(gn)

- 9,% as above, we must have
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which uniquely defines the extension of f along 1% to a quandle homo-
morphism f: Fq(A) — Q. This extension is well defined since equal such
decompositions in Fq(A) are equal after f by the first axiom of racks.

Finally the left adjoint Fy: Set — Qnd of the forgetful functor U: Qnd —
Set with unit n? is then defined on functions f: A — B by

Fo(f) = f xFg(f): AxFg(A) — B x Fg(B),

where Fg(f) is the restriction of Fg(f) to the normal subgroup Fg(4) <
Fg(A), whose image is in Fg(B). This defines quandle homomorphisms.
Also functoriality of Fy and naturality of n? are immediate.

2.5.13.1. Free action of Fg(A). Now remember the action by inner
automorphisms of Fg(A) = Pth(Fy(A)) defined by the commutative di-

agram in Set:
mh
A y Fo(A)

T

AT R (4) P

~-

® Tun(Fq(4)),
where s is the group homomorphism induced by the universal property
of 0y or equivalently that of pthy,_4).

This action is not in general given by left multiplication in Fg(A), since
in particular an h in Fg(A) is of course not always of characteristic zero.
However, from Paragraph we deduce that whenever h € F3(A),
the action of h on an element (a, g) € Fq(A) gives (a, gh) as before.

COROLLARY 2.5.14. The action of Fg(A) on Fq(A) given via the restric-
tion
F2(A) —— Inn°(Fq(A)),
of s thus corresponds to the usual left-action of Fg(A) in Set:
(A x Fg(A)) x Fg(A)) = A x Fg(A),
given by multiplication in Fg(A). Such an action is free since if (a, gh) =
(a,g), then gh = g and thus h = e.

2.5.15. The group of paths of a quandle. Observe that the construc-
tion of x for the free group Fg(A) = Pth(F.(A)) generalizes to any rack
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X. The function Cst: X — 1 is actually a rack homomorphism to the
trivial rack 1. It thus induces a group homomorphism x = Pth(Cst):

th
X —2X 5 Ph(X)

Cstl x=Pth(Cst)
1 4 Z=Pt(1).
pthy

As in the case of the free rack, we have the short exact sequence of
groups:
Pth®(X)— Pth(X) —— Z = Pth(1),

where vx: Pth°(X) — Pth(X) is the kernel of x. This construction
defines a functor Pth®: Rck — Grp. Most importantly it defines a functor
Pth®: Qnd — Grp which can be interpreted as sending a quandle to its
group of equivalence classes of primitive paths, such that two primitive
paths are identified if one can be obtained from the other with respect
to the axioms defining quandles. In the same way that Pth describes
homotopy classes of paths in racks, Pth® describes homotopy classes
of paths in quandles, as it was already explained in [38] and we shall
rediscover in the covering theory described below.

2.5.15.1. The transvection group. As in the case of free groups, given
a rack X, Proposition [2.4.16| implies that the kernel Pth®(X) of x is
characterized as the subgroup:

Pth°(X) = (ab™" | a, b € X)pim(x): (21)
which is the definition that was used by D.E. Joyce in [82]. Then the
restriction of the quotient s: Pth(X) — Inn(X) (defined in Subsection
2.1.9)) yields the normal subgroup

IHDO(X) = <QQ—1 | a, be X)Inn(X)a
which was called the transvection group of X by D.E. Joyce.

This transvection group plays an important role in the literature. In
the context of this work, we understand that the construction Pth® has
better properties such as functoriality, and is of more significance to the
theory of coverings than its image Inn® within inner automorphisms.

2.5.15.2. The case of free quandles. Observe that for a set X (for
instance by Equation (21)), Pth°(Fq(X)) = Fg(X). As in the case of
free racks we get that:
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PROPOSITION 2.5.16. Given a set A, we may identify Inn°(Fq(A)) =
Pth®(Fq(A)) = Fg(A), and their actions on Fq(A). We refer to them
as the group of paths of Fy(A). This group acts freely on Fq(A) by

Corollary|2.5.14

PROOF. Given a set A, the morphism s°: Fg(A) — Inn°(Fy(A)) is a
group isomorphism:

e it is surjective, since Inn°(F(A)) is generated by the set
s(A)s(A) 7 = {S(0,e)(S(be)) ™! | a,b € A} C Inn®(Fy(A))

which is the image of AA™! C F2(A) by s;
e it is injective, as before because of the free action of Fg(A) via
s°. O

2.5.16.1. Inner automorphism groups. In the case of quandles, the
group of inner automorphisms Inn(Fq(A)) is not isomorphic to Fg(A) in
general. However, the only counter-example is actually the case A = {1}:
Fq({1}) = {1} is the trivial quandle on one element and Inn({1}) =
{e} is the trivial group, whereas Fy({1}) is Z. Of course we do have
Fg({1}) = {e}. Now in all the other cases Inn(Fq(A)) = Fg(A). The
case A = () is trivial. Then whenever

6x 19 595 51

F R R VR BRI R Rl R a1~--<1‘5’“ak:3:<151a1---<15’“ak,

it suffices to pick y # x € A and then

0. 0. 01

yLe g Lo gl g dap-Fay £y<Par - < ay,

showing that in Inn(Fq(A)):
VI=6I'1'51 “en "]'61(1161 . ﬂék # (]7161 .o (]7/‘619

e s s )

just as in Inn(F,(A)).
3. Covering theory of racks and quandles

In this section we study the relative notion of centrality induced by the
sphere of influence of Set in Rck, with respect to extensions (surjec-
tive homomorphisms). Remember that pullbacks of primitive extensions
(surjections in Set) along the unit 7 induce the concept of trivial exten-
sions, which we saw are those extensions which reflect loops. Central
extensions in Rck are those from which a trivial extension can be re-
constructed by pullback along another extension. Equivalently, central
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extensions are those extensions whose pullback, along a projective pre-
sentation of their codomain, is trivial. In Section [3.1]| we thus look for a
condition (C) such that, if a surjective rack homomorphism f: A — B
satisfies (C), then the pullback ¢ of f along €} : F,.(B) — B reflects loops
(see Section [1] and references there).

3.1. One-dimensional coverings. Quandle coverings were defined
in [38], and shown to characterize I'j-central extensions of quandles in
[39]. We give the same definition for rack coverings (already suggested
in M. Eisermann’s work), which we then characterize in several ways. In
Section [3.2] we further show that these are exactly the central extensions
of racks.

Remember that in dimension zero, a rack A is actually a set, if zero-
dimensional data, i.e. an element a € A, acts trivially on any element
xr € A: x<a = x. We saw that this may be expressed by the fact
that Pth(A) acts trivially on A or alternatively by the fact that any two
elements which are connected by a primitive path are actually equal.

Now in dimension one, an extension f: A — B is a covering if one-
dimensional data, i.e. a pair (a,b) in the kernel pair of f, acts trivially
on any element in A:

DEFINITION 3.1.1. A morphism of racks f: A — B is said to be a cov-
ering if it is surjective and for each pair (a,b) € Eq(f), and any x € A
we have

raa< b=z

Of course a trivial example is given by surjective functions between sets
(the primitive extensions). The following implies that central extensions
are coverings:

LEMMA 3.1.2. Coverings are preserved and reflected by pullbacks along
surjections in Rck.

PROOF. Same proof as in [40] see also [39]. O

3.1.3. Coverings and the group of paths. Observe that given data
f, x, a and b, such as in Definition [3.1.1, we have in particular that
r a1 1
f is a covering if and only if for all such z, a and b as before

a=x<lada<xb=x<1b Infact we can easily deduce that

r<a tadab=z.
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This is to say that f is a covering if and only if any path of the form a h=!

or a~'h € Pth(A), for a and b in A, such that f(a) = f(b), acts trivially
on elements in A. But then f is a covering if and only if the subgroup
of Pth(A) generated by those elements acts trivially on elements of A.
Now, given g € Pth(A), if z-¢g = z for all z in A, then also z-a~ ! -
g-a=(x<ta)-g-a=(w<'la) a=zforalac A Hence
we conclude that f is a covering if and only if the normal subgroup
((ab™" | (a,b) € Eq(f)))pwm(a) acts trivially on elements of A. Finally
by Proposition we get the following result which illustrates the
importance of Pth in the covering theory of racks and quandles.

THEOREM 3.1.4. Given a surjective morphism f: A — B in Rck (or in
Qnd), the following conditions are equivalent:

(1) f is a covering;

(2) the group of f—symmetm’c paths Kf acts trivially on A (as a
subgroup of Pth(A)) —i.e. any f-symmetric trail loops in A;

(3) Ker(f) acts trivially on A (as a subgroup of Pth(A));

(4) Ker(f) is a subobject of the kernel Ker(s), where

s: Pth(A) — Inn(A)
is the canonical quotient described in Paragraph[2.4.5

PRrROOF. The statements (1), (2) and (3) are equivalent by the previ-
ous paragraph (and thus by Proposition [2.4.16)). Statement (4) is merely
a way to rephrase (3) using the fact that elements of the inner automor-
phism groups are defined by their action. U

As it was observed by M. Eisermann in Qnd, we have:

COROLLARY 3.1.5. A rack covering f: A — B induces a surjective mor-
phism f: Pth(B) — Inn(A) such that ff = s and thus induces an action
of Pth(B) on A given for gg € Pth(B) and x € A by x - gp := - ga,
where ga is any element in the pre-image ftl(gb).

Observe that an easy way to obtain a rack covering is by constructing a
quotient f: A — B such that f is an isomorphism.

EXAMPLE 3.1.6. The components of the unit "n? of the Fq adjunc-
tion are rack coverings. Indeed, we discussed in Paragraph [2.4.20 that
Pth Fq = Pth, also see Paragraph|2.1.11. In particular, we look at the
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one element set 1 and consider the map f = Tn%r(l): F.(1) = Fq(1) = 1.

We then compute that f = Pth(’”ngr(l)) and Inn(f) = Inn(’”ngr(l)) are
respectively the morphisms

Pth(F,(1)) = Z —4 Pth(Fy(1)) = Z

and
Inn(F.(1)) = Zz —— Inn(Fq(1)) = {e} ,

where Z is the infinite cyclic group, Zs = Z/3Z is the cyclic group with
3 elements and {e} the trivial group. In this case f is an isomorphism,
but Inn(f) is not.

REMARK 3.1.7. In the article |22], Theorem 4.2 says that quandle cover-
ings (such as in (3) of Proposition[3.1.4] above) should coincide with rigid
quotients of quandles, i.e. surjective morphisms f: A — B which induce
an isomorphism Inn(f): Inn(A) — Inn(B). Looking at the proof on page
1150, the authors assume “by construction” that the map n (between the
excess of @ and R [55]) is surjective, which is equivalent to asking for
the bottom right-hand square cr Adconj(h) = Inn(h) cq to be a pushout.
This does not seem to hold in the generality asked for in [22]. Note that
these results are presented in such a way that they should also hold in
Rck, since the idempotency axiom is never used. Then the example above
provides a counter-ezample to [22], Theorem 4.2] in Rck. We further give
a counter-example in Qnd, which shows that |22, Theorem 4.2] must be
wncorrect.

EXAMPLE 3.1.8. Consider the quandle Qupy from Ezample[2.3.1]], which
by Example is such that Pth(Qupx) = ZXZ with o = b = (1,0) and
*=(0,1). Moreover, observe that the trivial quandle with two elements
70(Qaps) 18 also such that Pth(mo(Qapx)) = Fab({[a], [¥]}) = Z X Z where
lal = (1,0) and [+x] = (0,1). Hence the morphism of quandles f :=

NQups : Qabx — T0(Qabx) is such that f: idgzxz. In particular Ker(f) =
{e} is the trivial group, but Inn(f): Z/2Z — {e} is not an isomorphism.

Other such examples can be built using morphisms between quandles from
Example 1.3, as well as Proposition 2.27 and Remark 2.28 in [38].

3.1.9. Visualizing coverings. Coverings are characterized by the triv-
ial action of f-symmetric paths, which are the elements g = g.g, le
Pth(A) such that g, and g, are f-symmetric to each other. Notice
that an f-symmetric pair g,, gp is obtained from the projections of a
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primitive path in Eq(f). We emphasize the geometrical aspect of these
2-dimensional primitive paths by defining membranes and horns. An
f-symmetric trail is a compact 1-dimensional concept which remains so
when generalized to higher dimensions. The concept of f-horn allows for
a more visual, geometrical and elementary description of these ingredi-
ents as well as their higher-dimensional generalizations.

DEFINITION 3.1.10. Given a morphism f: A — B in Rck (or Qnd), we
define an f-membrane M = ((ao,bo), ((ai,b:),0i)1<i<n) to be the data
of a primitive trail in Eq(f) (see Paragraph . We call such an
f-membrane M an f-horn if ap = by = x which we denote M =
(x, (aj, bi, 6;)1<i<n). The associated f-symmetric pair of the membrane
or horn M is given by the paths gM = ﬂ51 X '(IJ(S" andgé\/[ = /)7151 . -@5”
in Pth(A). The top trail is t, = (ag,gM) and the bottom trail is
ty = (bo,gé\/[). The endpoints of the membrane or horn are given by
aM:ao-gg/I andbM:bo-géw.

Given an f-symmetric trail (z,g) for g = gagl;1 € Ker(f) as before,
there is an f-horn such that its associated f-symmetric pair is given by
ga and gp (in particular the associated f-symmetric trail is then (z, g)).
Given a horn M = (x, (a;, b;, 6;)1<i<n), We represent it (with n = 3 and
0; =1 for 1 < i < 3) as in the left-hand diagram below.

DEFINITION 3.1.11. A horn M = (z,(ai,bi, 0i)1<i<n) is said to close
(into a disk) if its endpoints are equal a™ = z - g = x - g = M.
The horn M is said to retract if for each 1 < k <n, the truncated horn

Mcy, = (x, (ai, bi, 0;)1<i<k) closes.

xT

T
al /'7\ aq by
as —f— o - f- u
as N —f— @y 2
— a s bs

¢
b
z - (102 a3) @ - (b1 b2 bs) aM=pM a

g |

sle e
[ —
IS8 1<

< w N
<

COROLLARY 3.1.12. A surjective morphism f: A — B in Rck (or Qnd)
is a covering if and only if every f-horn retracts (or equivalently, if every
f-horn closes into a disk).

3.1.13. Visualizing normal extensions. The normal extensions of quan-
dles are described by V. Even in [39]. The same description works in
racks. We reinterpret it using our own terminology.
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DEFINITION 3.1.14. Given a surjective morphism f: A — B in Rck, to-
gether with an f-membrane M = (a;, b;, 6;)o<i<n, we say that the mem-
brane M forms a cylinder if both the top and the bottom trails of M are
loops.

PROPOSITION 3.1.15. A surjective morphism f: A — B in Rck (or Qnd)
is a normal extension if and only if f-membranes are rigid, i.e. if and
only if given any f-membrane M = (a;, b;, 6;)o<i<n, M forms a cylinder
as soon as either the top or the bottom trail of M is a loop.

PROOF. The surjection f is normal if and only if the projections
71,2 Eq(f) = A of the kernel pair of f are trivial. Such projections are
trivial if and only if they reflect loops. The 7 (resp. m2) projection of a
trail t = ((ao, bo), h) in Eq(f) loops if and only if there is an f-membrane
M = (((lo,bo),((ai,bi),(si)lgign) such that ﬁl(h) = géw, ﬁg(h) = gé\/‘[
and the top (resp. bottom) trail of M loops (see also [39, Proposition
3.2.3)). O

3.2. Characterizing central extensions. V. Even’s strategy to
prove the characterization is to split coverings along the weakly univer-
sal covers constructed by M. Eisermann. These weakly universal covers
can be understood as the centralization of the canonical projective pre-
sentations (using free objects — see Section . Their structure and
properties used to show V. Even’s result derive from the structure and
properties of the free objects we described before. Thus even though
V. Even’s proof can be translated to the context of racks, we prefer to
work directly with free objects in the alternative proof below. This ap-
proach then easily generalizes to higher dimensions without us having to
build the weakly universal higher-dimensional coverings from scratch.

PROPOSITION 3.2.1. Any rack-covering f: A — F.(B) with free codomain
s a trivial extension.

PROOF. In order to test whether f is a trivial extension, consider
z€Aand g = ;% 0,9 in Pth(A) for n € N, ay, ..., a, in A and

01y ..., 0p in {—1,1}. Assume that f sends the trail (x,g) to the loop

—

(f(z), f(g)):
Fl@)- (fa)® - fla,)’) = f(z) <™ fla1) -~ <" f(an)

= fle < ar--- <™ an) = f(2),
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where we write /(a;) = pthg, p)(f(a;)) (which does not mean that f(a;)
is in B). We have to show that (x, g) was a loop in the first place:

x-g:xdélal---d‘snan:x.

(*) Since F;(B) is projective (with respect to surjective morphisms) and
f is surjective, there is a morphism of racks

s: Fy(B)— A
such that fs = 1p, (). Then s induces a group homomorphism
§: Pth(F(B)) — Pth(A)
such that for each 1 <17 < n,

1/ ()] = pthy(sf(ai) = sf(a)

(see Paragraph , and thus
e =3[ ()] -8/ (a,)] = sf(a)™ s f(a,).

Hence in particular we have

< sfar)-- < sflan) =z (sf(a)? - 5f(a,)°) = z-e=uzx.

Finally since for each 1 < i < n we have f(sf(a;)) = f(ai), M =
(x, (aj, sf(ai), di)1<i<n) is an f-horn, which has to retract since f is a
covering:

.'IZ'<]61 al...qan Qnp, :ajﬂ(;l sf(al)--‘dén Sf(an) =X. |:|

In this one-dimensional context, the characterization of coverings from
Proposition [3.1.4] allows for a shorter version of this proof. Since a direct
generalization of Proposition in higher dimensions is not yet clear
to us, we prefer to keep the previous, more visual version of the proof as
our main reference. However, you may want to replace what follows (%)
in the previous proof by:

PROOF. [...] (%) Now since the action of Pth(F,(B)) on F,(B) is free,
any loop in Pth(F,;(B)) must be trivial, and in particular

fla)® -+ f(ay)’ =e.

Hence g € Ker(f), and thus by Proposition r-g = x, which
concludes the proof. O
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Note finally that the exact same proofs work for quandle coverings, using
the fact that if A is a quandle, we may then always choose a;’s and 9;’s
such that >, 6; = 0. Then f(a;)% --- f(a,)% is in Pth°(Fq(B)) which
acts freely on Fq(B). The rest of both proofs remain identical.

PROPOSITION 3.2.2. If a quandle-covering f: A — Fq(B) has a free
codomain, then it is a trivial extension.

By Lemma [3.1.2] and the previous propositions, the strategy of Section
1.0.12| yields Theorem 2 from [39], as well as:

THEOREM 3.2.3. Rack coverings are the same as central extensions of
racks.

3.3. Comparing admissible adjunctions by factorization. The
notions of trivial object and connectedness, or trivialising relation Cp,
coincide in racks and quandles. These are understood as the zero-
dimensional central extensions and centralizing relations. In dimension
1, the notions of central extensions in racks and quandles also coincide.
Further we also have coincidence of the centralizing relations and the
corresponding notions in dimension 2. Before we move on, we show how
these results are no coincidence and can be studied systematically as a
consequence of the tight relationship between the mp-admissible adjunc-
tions of interest.

Expanding on Paragraph [2.3.8 we get a factorization as in [2.4.20, where
all triangles commute and all the adjunctions are admissible:

Set.

Since we are dealing here with several different Galois structures: I" from
Reck to Set, ,I'; from Rck to Qnd and say I'y := (Qnd, Set, 7, I, 7, €,
€); we specify the Galois structure with respect to which the concepts
of interest are discussed.
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LEMMA 3.3.1. If f: A — B is a I'-trivial extension, then f is also ,I'y-
trivial, and the image Fq(f) of f is a T'y-trivial extension in Qnd.

PROOF. The I'-canonical square of f in Rck is given on the left, and
factorizes into the composite of double extensions on the right:

nA TU% :Fq(A)
A——— m(A) A—— Fq(A4) mo(A) = mo(+Fq(A4))
7| o) fl Fa(f) | o)
B T) WO(B), B 4{]) rFq(B) ﬁ) 7T0(B) = ’/T()(rFq(B))
TnB rFq(B)

Hence if f is a trivial extension, then this composite is a pullback square.
The composite of two double extensions is a pullback if and only if both
double extensions are pullbacks themselves (see for instance Part II,

Lemma |1.1.4)). O

LEMMA 3.3.2. An extension f: A — B in Qnd is

(1) T'y-trivial in Qnd if and only if I(f) is I'-trivial in Rck;
(11) T'g-central in Qnd if and only if I(f) is T'-central in Rck.

PROOF. The first point (7) is immediate by the previous lemma, and
the fact that the mp-canonical squares of I(f) in Rck is the same as the
image by I of the I';-canonical square of f in Qnd. Note also that I
preserves and reflects pullbacks.

For the second statement (i7), if f is I'j-central, then there is an extension
p: E — B such that the pullback of f along p is I'j-trivial. We may
conclude by taking the image by I of this pullback square. Now if I(f) is
I'-central in Rck, there exists p: E — B in Rck such that the pullback ¢
of I(f) along p is T-trivial in Rck. Taking the quotient along "n? of this
pullback square (1) yields a factorization of (1):

7,4
ExpA—2y F(ExpA) — A

tl rFq(t)l lf
E——F—— Fq(F) ——— B.
ng +Fq(p)
Again, since the left hand square is a double extension, and the composite
is a pullback, both squares are actually pullbacks and thus f is I'y-
central. O
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Now since the mp-adjunction is strongly Birkhoff (both in Rck and Qnd),

central extensions are closed by quotients along double extensions in
ExtRck (or ExtQnd — see also Proposition [3.4.7)).

COROLLARY 3.3.3. The image by .Fq of a I'-central extension f: A — B
in Reck is a I'g-central extension in Qnd.

ProOOF. The image Fq(f) is I';-central extension if and only if
I(:Fq(f)) is I'-central. Since Set is strongly Birkhoff in Rck, I(Fq(f))
is the quotient of a I'-central extension in Rck along a double extension
and thus is still I'-central in Rck. il

PROPOSITION 3.3.4. If the image by Fq of an .I'y-trivial extension
f: A— B in Rck is a I'y-central extension in Qnd, then f is I'-central
in Rck.

ProoF. Consider the following commutative cube in Rck where we
omit the inclusion I: Qnd — Rck. The back face is a pullback by con-
struction. The right hand face is a pullback by assumption, and the left

hand face is a pullback by Proposition [2.5.11] We deduce that the front
face is a pullback as well.

‘.
€B

+Fa(t) F.(B)
T4 /
nFr(B) 7,9

Fq(B)ﬁ) Fq(B)

TFQ B
Since Fq(f) is T'y-central by assumption, and since
Fo(ep): Fo(B) = 1Fq(Fr(B)) = +Fo(B)
factorizes as

Fq("n%) Fo(elpy(m))

Fo(B) ———— Fq(:Fg(B)) ——— +Fq(B),

both ,Fq(t) and ¢ are I'-trivial as the pullback of a trivial extension. [J
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ExXaMPLE 3.3.5. Some extensions of racks which are not central, still
have central images under Fq. Define the involutive rack with under-
lying set {a,a®,b,b%, 1,2}, and an operation < such that a, a®, b and b?
have the same action and, moreover,

‘ a a> b b 1
a> a bV b 1
b v a a® 1
B b a® a 1

N = QA
NN NN

We may check by hand that the axioms (R1) and (R2) are satisfied. Then
define the morphism of racks f, with codomain the trivial rack {x,1}
and which sends letters to x and numbers to x. We have that a <1 =
b # b2 =a<2, and thus f is not central. However we compute the
morphism Fq(f): Qabexr — {x, %}, where Qupux is as in Eﬂcample
but with two distinct x’s which act in the same way. This morphism
merely identifies the letters and the stars and thus it is central.

Of course some rack homomorphisms which are not ,I'y-trivial are still
[-central: we already mentioned the important example of "n% for any

rack A.

Before even studying the next steps of the covering theory, we can predict
that what happens in Qnd directly follows from what happens in Rck.

COROLLARY 3.3.6. If the full subcategory CExtRck of central extensions
of racks is reflective within the category of extensions ExtRck (see Theo-

rem for details), then also CExtQnd is reflective in ExtQnd and the
reflection is computed as in ExtRck, via the inclusion I: Qnd — Rck.

PROOF. Since Qnd is closed under quotients in Rck, the centraliza-
tion of an extension in Qnd C Rck yields an extension in Qnd which is
moreover central by Lemma [3.3.2] The universality in CExtQnd directly
derives from the universality in CExtRck by the same arguments. O

3.4. Centralizing extensions. We adapt the result from [36], show-
ing the reflectivity of quandle coverings in the category of extensions, to
the context of racks. We put the emphasis on our new characteriza-
tions of the centralizing relation which works the same for racks and
for quandles. We also prepare the ingredients to show the admissibility
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of coverings within extensions, and the forthcoming covering theory in
dimension 2.

Let us define £ to be the class of double extensions in ExtRck.

THEOREM 3.4.1. The category CExtRck is an (&1 )-reflective subcategory
of the category ExtRck with left adjoint Fi and unit n' defined for an
object f: A — B in ExtRck by njlc = (n,idp), where n}: A — A/ C1(f)
is the quotient of A by the centralizing congruence Cy(f), which can be
defined in the following equivalent ways:

(i) C1(f) is the equivalence relation on A generated by the pairs
(r<aa<tb,x) forz, a, and b in A such that f(a) = f(b),

(ii) a pair (a,b) of elements from A is in the equivalence relation
C1(f) if and only if a and b are the endpoints of a horn, i.e. there
exists a horn M = (x, (a;,b;,8;)1<i<n) such that x-gM = a and
x- gé‘/f =,

(i4) C1(f) is the orbit relation ~
by the action of the kernel off (i.e. the group of f-symmetric
paths).

5 (or equivalently ~K ) induced

Observing that C1(f) < Eq(f), the image of f by Fy is defined as the
unique factorization of f through this quotient:

A ! . B

Uy Fi(f)

A/
The definition of F1 on morphisms o = (ar, ) fa — fp decomposes
into the top component F{(a): A;/Ci1(fa) = B/ Ci(fB) defined by the
universal property of the quotients 771147 for fa: A. — A, ; and the bottom
component F1'(a) = «a, which simply returns the bottom component of
Q.

PROOF. Using definition (i) for the centralizing relation, the proof
of Theorem 5.5 in [36] easily translates to the context of racks. Then
given an extension f: A — B, the unit njlc = (77114, idp) is indeed a double
extension since its bottom component is an isomorphism. It remains
to show that the definitions (i) and (i) are equivalent, since (iii) is
equivalent to (i7) by Proposition
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First we show by induction on n € N that Ci(f), defined as in (i),
contains all pairs that are endpoints of a horn. Then we show that the
collection of such pairs defines a congruence containing the generators of
Ci(f). This then concludes the proof.

Step 0 is satisfied by reflexivity of Ci(f). Now assume that if (a,b)
is a pair of elements in A, which are the endpoints of a given horn
M = (z, (ai, bi, 0i)1<i<n) of length n < k, for some fixed natural number
k, then (a,b) € C1(f). We show that the endpoints a = x - g} and
b:=x-gM of any given horn M = (z, (a;,bi, 6;)1<i<k+1) of length k + 1
are in relation by Cy(f). Indeed, define o’ = a <~%+1 a1 and b =
b < %+1 by 1. Then we have that (a/,0') € Ci(f) by assumption and,
moreover,

(a=a @ apyr) Colf) (Va0 apin) Culp) (<P bryy =)

by compatibility of Ci(f) with the rack operation, together with re-
flexivity, and further by definition (i) of Ci(f). We may conclude by
transitivity of Cq(f).

Now define the symmetric set relation S as the subset of A x A, given
by pairs of endpoints of f-horns. Looking at horns of length 0 and 1, S
defines a reflexive relation containing the generators of Cy(f). It is also
easy to observe that it is compatible with the rack operation. Thus it
remains to show transitivity. In order to do so, for k and n in N, consider
a horn M = (z, (ai, b;, §;)1<i<k), and its endpoints a and b as before, as
well as a horn N = (z, (¢, di, Vi)1<i<n) With endpoints ¢ = z - g and
d=z-g)¥. If b= c then also (a,d) is in S since:

a=z<a; - <k apa ey Mo <My - Cns

d=x < by <Pk ba My Moy <Mdy - <™ dy. O

By Corollary[3:3:6], what we deduced about the functor F; restricts to the
domain CExtQnd, and so also describes the left adjoint to the inclusion
in ExtQnd from Theorem 5.5. in [36]. In addition to Corollary we
further describe how centralization behaves with respect to .Fy.

3.4.2. Navigating between racks and quandles. Observe that the ad-
junction
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induces (in the obvious way) an adjunction
Fo'
ExtRek 1. ExtQnd
&I/
with unit given by {n? = ("n9, "n?). Then by Corollary this ad-

junction restricts to the full subcategories of central extensions:
rFql
—
CExtRck 1L CExtQnd
D

I

PROPOSITION 3.4.3. We have the following square of adjunctions, in
which all possible squares of functors commute (up to isomorphism):

I

K\
ExtRck T ExtQnd
S —

Fi| 4 |1 Fi| 4|1
I
k—\
CExtRck T CExtQnd.
1
YFq

PrOOF. Corollary [3:4.4] gives commutativity of the square F;1 =
IF; from the top right to the bottom left. In the opposite direction,
I rFq1 = ,F qu by Corollary [3.3.3| again. Finally bottom-right to top-
left IT = I'T commutes trivially, from which we can deduce, by uniqueness
of left adjoints, that 1rFql Fi=F 1rFql. O

In particular we have:

COROLLARY 3.4.4. If f: A — B is a morphism of racks, then the cen-
tralization

F1(:Fq(f)): :Fq(A)/ Ci(:Fq(f)) — Fo(B)
of +Fq(f) is equal (up to isomorphism) to the reflection

Fa(F1(f): «Fq(A/ Ci(f)) = +Fq(B)
of the centralization F1(f) of f.
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3.4.5. Towards admissibility in dimension 2. A reflector such as Fq,
of a subcategory of morphisms containing the identities into a larger class
of morphisms can always be chosen such that the bottom component of
the unit of the adjunction is the identity [64, Corollary 5.2]. This is
important in order to obtain higher order reflections and admissibility, for
we relate certain problems back to the first level context (which has the
advantage of being complete, cocomplete and Barr-exact). For dimension
2, we need this reflection to be strongly Birkhoff. Below we have the
results we need for the permutability condition on the kernel pair of the
unit (“strongly”) and for the closure by quotients of central extensions

(“Birkhoff”).

PROPOSITION 3.4.6. Given a rack extension f: A — B (or in particular
an extension in Qnd) as before, the kernel pair C1(f) of the domain-
component 77114 of the unit 77} = (17114, idg), commutes with all congruences
on A, in Rck (and so also in particular in Qnd).

ProOOF. By Theorem the centralizing relation C;(f) is an orbit
congruence which thus commutes with any other congruence on A. [

As we shall see in Part 1T (Remark [1.3.3]), the following property is a
consequence of the fact that the Galois structure I', in dimension 0, is
strongly Birkhoff. For now we show by hand:

PROPOSITION 3.4.7. If a = (a+, ) fa — fB is a double extension of
racks (or in particular quandles)

T

AT \p$ /7_‘_2/‘% BT
AL XB, B
fa - s
1
v
A, y B,

L

then the morphism a: C1(fa) — C1(fB) induced between the centralizing
relations C1(fa) and Ci(fp) is a regular epimorphism. Moreover, if fa
s a central extension then fp is a central extension.

PRrROOF. Certainly if we show that & is a regular epimorphism, then
assuming that f4 is central, then its centralizing relation is trivial, hence
the centralizing relation of fp is trivial, showing that fp is central (note
that in this context, it is enough to have preservation of centrality by
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quotients along double extensions in order to have surjectivity of &, see
Part I and III).

We pick a pair (z <y, x < z) amongst the generators of C1(fp) (i.e. with
fB(y) = fB(2)). Since «a, is surjective we get a € A, such that «, (a) =
fB(y). Now both pairs (a,y) and (a,z) are in the pullback A, xp B-:
hence there exist t and s in A, such that o (t) = y, a-(s) = z and
fa(t) = fa(s) = a, by surjectivity of p. Now there is also u € A, such
that ¢(u) = x and the pair (u<t,u<s) is a generator of Ci(fa) by
definition. It is also sent to (z<y,x<z) € Ci(fp) by @ by construction.
All generators of C;(fp) are thus in the image of &, and this concludes
the proof. O

COROLLARY 3.4.8. Given a morphism o = (a,,): fa — fp in ExtRck
such that oy and o, are surjections, then the square below (where P :=
(A:/ Ci(fa)) X(B,/Ci(ts)) Br) is a double extension of racks. Similarly
in ExtQnd.

T

4 — B

\p\ P /7T2
. / k.

1

v

(A;/Ci(fa)) T (B:/C1(fB))

PrROOF. By Lemma 1.2 in [10], this square is a pushout as a con-
sequence of Proposition . Then by Proposition 5.4 in [25], p is a
surjection as well, making « into a double extension. ([l

In Part IT we complete the proof that
'y = (ExtRck, CExtRck, Fq, 1,7t €', EY)

forms an admissible Galois structure such that morphisms in £! are of
effective E1-descent [T9, [78].

3.5. Weakly universal covers & fundamental groupoid. We
insist on the importance of the new results of this section and the fol-
lowing, in achieving a precise theoretical understanding and expansion
of M. Eisermann’s covering theory of quandles (as a continuation of
V. Even’s contributions).
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3.5.1. Centralizing the canonical presentations. Weakly universal cov-
ers (w.u.c.) for quandles were described by M. Eisermann. He also in-
dicated how to adapt his theory to the case of racks. In this section, we
recover his constructions from the centralization of the canonical pro-
jective presentations as explained in the introduction. Note that the
difference between the w.u.c. in racks and in quandles is then due to the
difference between the canonical projective presentations rather than the
centralizations which are the same.

Given €'y : F(X) — X, the canonical projective presentation of a rack,
we saw in Paragraph that the induced morphism €y is actually the
quotient map €y = gx: Fg(X) — Pth(X) from Subsection Hence
the kernel of €5 is given by

Ker(éy) = ((c"'a v a | a,z,c € X and ¢ = T4a))F,(x)-
Since the action of Pth(F;(X)) = Fg(X) is by right multiplication, two
elements (a,g) and (b, h) in F(X) are identified by the centralizing re-
lation Ci(€y) if and only if @ = b and there is k € Ker(€y) such that

g = hk. In other words, the domain component n%r (X) of the centraliza-
tion unit is given by the product

idx xgx

X % Fy(X) X % Pth(X),

where the operation in X = X x Pth(X) is defined as in Paragraph
2.2.3.1, Equation .

DEFINITION 3.5.2. Given a rack X, we define the associated weakly uni-
versal cover of X to be the centralised map wx = F1(€'y)

X = X x Pth(X) —5 X,

where wx sends a trail (a,g) € X to its endpoint a - g, and trails in X
“act by endpoint” as in Fy(X). Note that this construction is functorial
in X, yielding a functor —: Rck — Rck which sends a morphism of
racks f: A — B to the morphism f = f X f: A — B; and a natural
transformation w: — — idrek, whose component at X is wx.

Then the action of Pth(X) induced by the covering wx on X = X x
Pth(X) is by right multiplication, and is thus free. Given any other
covering f: B — X, together with a splitting function s: X — B in Set
such that fs = idx, a factorization wy: X — B of wy through f is given
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by wy(a,e) == s(a) and compatibility with the action of Pth(X) on X
and B (see Corollary [3.1.5)).

Starting with the canonical projective presentation of a quandle
el X x Pth°(X) — X,
the same reasoning yields a w.u.c. with the same properties

q
X° = X x Pth®(X) —% X,

such that the quandle structure on X x Pth°(X) is as for Fy(X) (Para-
graph . As in the case of racks, this describes a functor as well
as a natural transformation whose component at any quandle A is w?.
Observe that Corollary implies that X° := X x Pth°(X) is actu-
ally the free quandle on the rack X := X x Pth(X) and thus if X is a
quandle, then w is merely the image of wx by Fq.

As it was proved by V. Even [40], every covering of X is split by w% in
Qnd and a similar argument shows that every covering of X is split by
wx in Rck. This derives more generally from Corollary

PROPOSITION 3.5.3. If the extension ¢c: A — B is split by an extension
e: B — B, then it is also split by the centralization of this extension e,
namely F1(e): E— B. As a consequence, ¢ must be split by any weakly
universal cover above B.

ProoF. Consider the reflection by F; of the pullback P of e and
c as on the right-hand side of Diagram . Since the composite of
two double extensions is a pullback if and only if both double exten-
sions are pullbacks themselves, Corollary implies that the commu-
tative squares t'np = nht and cF1(f) = Fi(e)t’ are pullback squares,
where t' := F][(¢,c)]. Hence, since ng = n(E/Cl(e))n]l;, and similarly
np = np/ Cl(f))n}g, the F-reflection square ngt = mo(t)np at t (which
is a pullback by assumption) factors through the F-reflection square
Tt )P/ Cy() = ME/ Cr(ent’ at ¢ via the pullback square t'np = nit.
Since the square mo(t')n(p) ¢, (f)) = N(E/ C1(e))t i a double extension, it
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is actually a pullback, which shows that ¢’ is a trivial extension.

7o (P)——2 /P > d A
/ Sk
mo(t) \{
mo(P) (P/cu{?) Ci(f) F1(f) 0 ‘
% c (22)
o(8) =m0 (') o (E)+—2 /E ¢ yB
/ /WIE
(Ey——F/C B
(O ZASIC) F1(e)

We conclude by observing that a weakly universal cover above B factors
through Fi(e) and trivial extensions are stable by pullbacks (see also

Diagram . ([l

Given any X in Rck (respectively Qnd), the covering wx (respectively
w ) is split by itself and thus it is a normal covering. Hence its kernel pair
is sent to a groupoid by the reflection 7y (see [9, Lemma 5.1.22]) and
thus we can construct the fundamental groupoid (see Section [If in the
introduction) yielding functors 7} : Rck — Grpd and 7{: Qnd — Grpd,
with codomain the category of ordinary groupoids Grpd (i.e. the category
of internal groupoids in Set).

DEFINITION 3.5.4. The functor w1 : Rck — Grpd is defined on objects by
sending a rack X to 7] (X), the image by my of the groupoid induced by
taking the kernel pair of wx. Functoriality is induced by functoriality of
w.

Similarly the functor 77 : Qnd — Grpd is defined by sending a quandle X
to 71(X), the image by m of the groupoid induced by taking the kernel
pair of w .

From there, the Galois theorem yields an equivalence of categories be-
tween the category of coverings of X and the category of internal co-
variant presheaves over 71 (X) (and similarly for Qnd, see Section 1| and
references).
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3.5.5. The fundamental groupoid. We show that the fundamental
groupoid m(X) (respectively 77(X)) for an object X in the category
Rck (respectively Qnd) is indeed the groupoid induced by the action of
Pth(X) (respectively Pth®(X)) on X, as suggested in M. Eisermann’s
work (see [38, Section 8]). As was mentioned in the introduction, these
results, and categorical Galois theory, give a positive answer to M. Eis-
ermann’s questions about the relevance of his analogies with topology.
Results about the fundamental group of a connected pointed quandle
were given by V. Even in [39]. We generalize these results to the non-
connected, non-pointed context in both categories Rck and Qnd. Ex-
ploiting the analogy with the covering theory of locally connected topo-
logical spaces, this result confirms the intuition that the elements of the
group Pth(X) (respectively Pth®(X)) are representatives of the classes
of homotopically equivalent paths which connect elements in the rack
(respectively quandle) X.

DEFINITION 3.5.6. Given a set X and a group G together with an action
of G on X, we build the ordinary groupoid (of elements) G x ) (in Set)

P1 >L ) c N
X m by X1 4 G X
> >
P2 d

where Xo == X, X1 := X X G and for a € Xy, (a,9) € X1,

d(a,g) = a; c(a,g) = a-g; i(a) = (a,e); (a,9)"" = (a-g,97");
p1,p2: Xo = X1 form the pullback of ¢ and d; and m is the composition
function defined for ((a,g), (b,h)) in Xy by

m<(a>g)7 (b7 h)> = (a7g) ) (bv h) = (avgh)'

Note that this construction actually defines a functor from the category
of group actions to the category of ordinary groupoids.

THEOREM 3.5.7. Given an object X in Rck (respectively Qnd), the fun-
damental groupoid w1 (X) (resp. ©i(X)) is given by the set groupoid
G (x,Pth(X)) (resp. Q(X’ptho(x))). Moreover, the groupoid morphisms in-
duced by f: X =Y wvia Pth (resp. Pth®) and G correspond to mi(f)
(resp. 3(f)).

PROOF. Given the kernel pair dy,ds: X{ = X’ of the weakly uni-

versal cover wy: X — X (resp. w¥ : X° X), we define the groupoid
G as in Diagram , where X/ is the pullback of dy and dj, and
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m’ is the composition function defined by the unique factorization of
dy o ph,dy o py: X5 = X’ through da,d;: X = X',

/ -1
GUNEN L,
Xé m’ t X{ £ U . XI (23)
4 4
P di

Remember that a trail (a,g) € X' is represented as an arrow
g: a—+—a-g

and the action of a trail on another is as in Paragraph [2.2.3.1] Equa-
tion , where the composition of arrows is understood by multiplica-
tion in Pth(X) (resp. Pth°(X)).

By definition, the elements in X| are then pairs of trails with same
endpoint (diagram on the left), and the rack (resp. quandle) operation
is defined component-wise such that we have the equality on the right:

a-n=Uv-4 a-(hk)=10-(gk)

a-g=b-h 1% v g k+
o N a’/a/.h:b-\g\b’ - a-h=b-g (24)
a b h g h 4
a // \\b a // \\b
where k = (h/)"1d'h’ (vesp. k == (a-h)~Y(W)~1d’H). Finally observe
that X is composed of pairs of elements in X| with one matching leg

(such as represented on the left), which images by m’ are given as in the
right-hand diagram:

a-g=b-h=d ¢ o a-g=da-g
g ht g’ — g g
a// b \(\a/ a/ \’\a/

Again the operation in X} is defined component-wise and behaves as in
X

We compute the image my(G) which is m(X) (resp. 7{(X)) by defi-
nition. Working on each object separately, first observe that as for
F (X) (resp. Fq(X)), the unit nx: X' — mp(X’) = X sends a trail
(a,g) € X x Pth(X) (resp. in X x Pth°(X)) to its head a € X, i.e. nx
is given by the product projection on X. Now for each pair of trails
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a={(a,g),(b,h)) in X{, we define the trail u(a) = (a,gh™!) in X"
a-g=b-h =b- h
o= g h — =: p(a).

Observe that this trail p(«) is invariant under the action on «, of other
pairs 8 = ((d/,¢'), (V/,h')) in X7, since
plaaB) = (a,hkk™g™") = p(a),

where k = (h/)"1d'h’ (resp. k = (a - h)~1 (k')~ta’K) is the common part
of both left and right legs as in Equation . Conversely suppose that «,
o/ in X] have the same image by u, we show that o and o/ are connected
in X{. Indeed, o and o must then be of the form a = ((a,g), (b, h))
and o = ((a,g'), (b, ")), such that moreover gh~! = ¢’h/~1. Then the
path [ = h=1h' = g 1¢ 6 Pth(X) (resp. in Pth°(X)) decomposes as
a product [ = Q50 ez, O such that all the pairs ((z;,e), (x;,¢€)) are
in X| (and we have moreover ;" ;d; = 0 in the context of Qnd). By
acting with these pairs “— <% ((z;, e), (i, €))” on a, we may obtain o as
in the diagram on the right:

a-g=b-h
_ag// \’\hb
and

a-(gl)=a- (W)
a-g=b-n o}

= 9// \\h = a-g=b-h
a b 9 h
) / \ b
Hence we have the unit morphism 7y, = u: X — mo(X7) where m(X7)
is mo(Eq(wx)) = X x Pth(X) (resp. mo(Eq(w%)) = X x Pth°(X)). We

may then compute my(d2) = ¢, mo(d1) = d, mp(i) = v and 7p(—1) = —1,
as displayed in the commutative diagram of plain arrows,

[aary

, —
4 d
! )L ) 2 N wx (resp. w¥)
/ / /
X2 m/ t Xl < U N X ? X
7 4
Nx! =KX Py nx" =H h nxr=d
2 < p1 . 1 c X
7 4
X m % Xy ¢ G X X
p2 T ) d !

|
J
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where the bottom groupoid is the inclusion in Rck (resp. Qnd) of the
groupoid G(x pe(x)) (resp. G(x pthe(x))) from Set. Hence X; = X x
Pth(X) (resp. X1 = X x Pth°(X)) has the same underlying set as X',
and the underlying functions of nx/ and d are both given by “projection
on X"

Then since wx (resp. wg() is a normal covering, di; and ds are trivial
extensions, so that the commutative squares dd; = du and dds = cu are
actually pullback squares. Hence the pullback
p1,Ph Xy = X3

of do and dy and the pullback p1,p2: Xo = X; of ¢ and d, induce a mor-
phism f: X} — X5 which is thus the pullback of nx; = p and computed
component-wise as f = p X pu. By admissibility of the Galois structure
I' (see Paragraph and [71]), this morphism is also the unit com-
ponent f = nxy- Finally the commutativity of the square um’ = mn X}
is given by construction (and easy to check by hand), which concludes
the proof that 71 (X) = m0(G) = G(x,pen(x)) (resp. 71(X) = G(x pene(x))
in Qnd). O

3.5.7.1. Remarks. Remember from Paragraph that the notion
of connectedness is not local. Now relate this fact to the regularity of
the fundamental groupoid of a rack, whose domain map is the projection
map of a cartesian product: given a rack A, the set of homotopy classes
of paths of a given domain a € A is always Pth(A) and thus independent
of the domain a. Since every path is invertible, the same is true for the
homotopy classes of paths of a given endpoint.

One of D.E. Joyce’s main results is to show that the knot quandle [83] is a
complete invariant for oriented knots. Now the knot group of an oriented
knot, which is the fundamental group of the ambient space of the knot
[94], is also computed as the group of paths of the knot quandle. In other
words, the knot group is the fundamental group of the knot quandle, in
the sense of the covering theory of racks (not in the sense of the covering
theory of quandles).

Finally observe that m1(X) (resp. 7{(X)) can be equipped with a non-
trivial ad hoc structure of rack (resp. quandle) making it into an in-
ternal groupoid in Rck (resp. Qnd) with internal object of objects the
rack (resp. quandle) X. Given two trails (a,g) and (b, h) in X1, define
(a,g) < (b,h) == (a<ab,b=tgh='bh) (note that if g, h € Pth°(X), then
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b~1gh~'bh € Pth®(X)). Unlike in X (resp. X°), trails act on each other
with both their heads and end-points, which means that both projec-
tions to X are morphisms in Rck (resp. Qnd). The rest of the structure
is easy to derive.

3.5.7.2. Working with skeletons. As we shall see in the next section,
we are interested in the fundamental groupoid, up to equivalence. Given
a rack A, we thus also describe a skeleton S of m1(A) (in the sense of
[89] Section IV.4]). The resulting groupoid S is not regular like m1(A),
it is totally disconnected and its vertices are the connected components
of A. With the objective of interpreting the fundamental theorem of
Galois theory, the homotopical information contained in m(A) can be
made more explicit using its skeleton.

DEFINITION 3.5.8. Given an object A in Rck (respectively in Qnd), we
call a pointing of A any choice of representatives I = {ai}i@ro(A) CA
such that na(a;) = [a;] = i for each equivalence class i € mo(A). Then
for any element a € A, define Loop, as the group of loops | € Pth(A)
(resp. | € Pth®(A)) such that a-1 = a. Observe that if [a] = [b], for some
a and b in A, then there is g € Pth(A) (resp. g € Pth°(A)) such that
a = b-g and thus the subgroups Loop, and Loopy are isomorphic, via
the automorphism of Pth(A) (resp. Pth°®) given by conjugation with g.

Let us fix a pointing I = {ai}icryay S A of A, then we define the
groupoid w1 (A, I) (resp. ©i(A,I)) as

D1 }( N c X
A2 M % A1 < @ X TFQ(A),
Do 4 4 4

where Ay = Hz'em(A) Loop,, is defined as the disjoint union, of the
underlying sets of Loop,, s indexed by i € mo(A). The domain and
codomain maps send a loop | € Loop,, to the indexi € mo(A). The set Ag
is then the disjoint union of products Az := ][;c . (a)(Loop,, x Loop,,)
and m is defined by multiplication in Loop,, < Pth(A) (resp. Loop,, <
Pth°(A)).

From the description of the skeleton of a groupoid obtained as in Defi-
nition [3.5.6] we deduce:

LEMMA 3.5.9. For each I pointing of A object of Rck (respectively of
Qnd), m1(A,I) (respectively w{(A, 1)) is a skeleton of the fundamental
groupoid m (A) (respectively wi(A)).
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3.6. The fundamental theorem of categorical Galois theory.
In sections 5, 6 and 7 of [38], M. Eisermann studies in detail different
classification results for quandle coverings. We will not go into so much
depth ourselves, however we show how to recover and extend the main
theorems from these sections using categorical Galois theory.

Given an object A in Rck (respectively Qnd), the category of internal
covariant presheaves over m = m(A) (resp. m := 7} (A)) are externally
described as the category of functors from m to Set and thus as the
category of m-groupoid actions on sets Set™. Given a pointing I of A,
define (1) := w1 (A, I) (vesp. m(I) := 7{(A, I) and deduce from 7 () = 7
that Set™ = Set™ ). Now 7(I) is totally disconnected, thus the category
of m(I)-actions is equivalent to the category [[;cq,(a Set™*°Pa; whose
objects are sequences of Loop, -group actions (see Definition , in-
dexed by i € my(A), and morphisms between these are mp-indexed sums
of group-action morphisms. From the fundamental theorem of categori-
cal Galois theory (see for instance |71, Theorem 6.2]), classifying central
extensions above an object we deduce in particular:

THEOREM 3.6.1. Given an object A in Rck and given a pointing I =
{a,-}ieﬂo(A) C A of A, there is a natural equivalence of categories be-
tween the category CExt(A) of central extensions above A and the category
Set™ (A The latter category is then also equivalent (but not naturally)
to Set™ (A1) =~ Hiewo(A) Set™°Pa; . The same theorem holds in Qnd, us-
ing the appropriate definition of Loop,, and using n{(A) and 7{(A,I)
instead of m1(A) and w1 (A, I).

COROLLARY 3.6.2. The category of central extensions above a connected
rack A is equivalent to the category of Loop,-actions (from Definition
, for any given element a € A. The same is true in Qnd.

EXAMPLE 3.6.3. We illustrate this result on a trivial ezample, to show the
difference between the context of Rck and that of Qnd. Consider the one
element set 1. The coverings above 1 in Qnd should all be surjective maps
to 1 in Set, whereas the coverings above 1 in Rck include for instance the
unit morphism Tnl?‘r(l) =1, Fr(1) = Fq(1) = 1, whose domain is not
a set. Then observe that Pth(1) = Z and thus Pth°(1) = {e} and since
there is only one element x € 1, Loop, is the former in Rck and the
latter in Qnd. Hence the category of coverings above 1 in Qnd is Setle}
which is indeed equivalent to Set. The category of coverings above 1 in
Rek is given by Set”, the category of Z-actions on sets, where 7 is the
additive group of integers.
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3.7. Relationship to groups and abelianization. The following
relationship between mp I in Rck (or Qnd) and the abelianization in
groups has played an important role in the study of the present paper,
and in the identification of the relevant centrality conditions in higher
dimensions described in Part II and III.

Let us comment first of all that the subvariety of sets is absolutely not
a Mal’tsev category, and the adjunction mg < I does not arise from
an abelianization adjunction like, for instance, in the case of abelian
sym quandles studied in [43] (a quandle is sym if < is commutative).
For instance, the distinction with the study in [43] is clear since the
only connected sym quandle is {*}, also the only group whose conju-
gation is sym is the trivial group {e}. The relation between central-
ity in racks/quandles and the classical notions of centrality induced by
Mal’tsev or partial Mal’tsev contexts, appears to us as more subtle than:
one being merely an example of the other.

The following comments also apply to the context of Qnd, however we
like to work in the more “primitive” context of Rck considering the role
of Pth in the comparison with groups, and its tight relationship with the
axioms of racks.

We study which squares of functors commute in the following square of
adjunctions.

I

Rck KT\ Set
-_

™0
Pth| 4 |Conj Fap| 4 |U (25)
I
—
Grp T Ab
—_
ab

Starting with an abelian group G, conjugation in G is trivial hence
Conj(I(G)) is the trivial quandle on the underlying set of G. Since also
both composites send a morphism to the underlying function we have
ConjI =1U and thus the restriction of Conj to abelian groups gives the
forgetful functor to Set. By uniqueness of left adjoints we must also have
F.pbm9 = abPth. A direct proof easily follows from the corresponding
group presentations.
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Now starting with a set X in Set we may consider it as a trivial quandle
by application of I. Then we compute

Pth(I(X)) = Fg(X)/{(z <a) ta 'zala,z € X)
=Fy(X)/(z  \a  wala, x € X),

which shows that for each set X we have Pth(I(X)) = IF,,(X), which
then easily gives Pthl = I F,y, i.e. the restriction of Pth to trivial racks
gives the free abelian group functor.

Observe that we cannot use uniqueness of adjoints to derive that mg Conj
is the same as U ab. Indeed we compute that (7, Conj, U, ab) is the only
square of functors that does not commute. Given a group G, the image
mo(Conj(G)) is given by the set of conjugacy classes. The corresponding
congruence in Qnd is given by

a~be (3ceG)(ctac=0). (26)

Then the abelianization ab(G) is the quotient of G by the congruence
generated in Grp by the identities {c 'ac = a | a,c € G}. We may
show that in general the equivalence relation defined in does not
define a group congruence. A counter-example is given by the group
of permutations S3. It has three conjugacy classes given by cycles, two
permutations and the unit. The derived subgroup is the alternating
group Az which is of order 2. This shows that there are less elements in
the abelianization of S3 than there are conjugacy classes in S3.

Understand that an “image” of the covering theory in Rck, arising from
the adjunction mg 41 can be studied in groups through the functor Pth
and its restriction to sets F,p. Note that Pth is neither full, or faithful,
nor essentially surjective. The functor F,y, is full and faithful. We will
not study what information to extract from this image. Yet, again, we
have been using ingredients of this image to describe centrality in Rck
such as in Theorem Observe moreover that any covering in racks
induces a central extension between the groups of paths [38, Proposi-
tion 2.39]. However, certain morphisms, such as f: Qupx — {*}, which
are not central in Rck (or Qnd) are sent by Pth to central extensions of
groups, e.g.

f o Pth(Qape) =Z X Z — Z = Pth({x}) : (k1) — k+1.

In the other direction an “image” of the theory of central extensions of
groups can be studied in Rck via the “inclusion” Conj and its restriction
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U on abelian groups. Both Conj and U are not full but faithful, U
is moreover surjective. Again we shall not develop the full potential
of this study. Observe nonetheless that, similarly to the fact that a
group is abelian if and only if its conjugation operation is trivial, a
morphism of groups is central if and only if it gives a covering in racks
[38 Example 2.34|, see also [38, Example 1.2] and comments below.






Part I1

In this second part of the thesis, and based on the firm theoretical
groundings of categorical Galois theory, we identify the second order cov-
erings of racks and quandles, and the relative concept of centralization,
together with the definition of a suitable commutator in this context.

0.1. Towards higher dimensions. Recall that in order to extend
the covering theory of racks and quandles to higher dimensions, we first
look at the arrow category ExtRck (or ExtQnd). Given any category
C with a chosen class of extensions & (Convention [1.0.1)), ExtC refers
to the full subcategory of extensions within the category of morphisms
(arrow category) ArrC. A morphism «: f4 — fp in such a category
of morphisms is given by a pair of morphisms in C, which we denote
a = (a-,a,) (the top and bottom components of ) as in the commutative

Diagram .

T

Ar Py ot B
AL XB, B
fA ﬂ—l/ fB (27)
v
A, y B,

If all morphisms in this commutative diagram are in &, including a’s
so-called comparison map p, then « is said to be a double extension [67].
For our purposes, the class of double extensions £! is the appropriate
induced class of (two-dimensional) extensions in ExtC.

The inclusion I: CExtRck — ExtRck (and similarly for the inclusion
I: CExtQnd — ExtQnd), of the full subcategory of coverings in the
category of extensions, admits a left adjoint F;: ExtRck — CExtRck.
The functor F; universally makes an extension into a covering (or cen-
tral extension). It is said to uwniversally centralize an extension (one-
dimensional centralization) in the same way that 7y universally trivializes
objects (zero-dimensional centralization). The unit n' of the adjunction

99
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F; 41 is defined for an extension f: A — B by 77} = (n},idp), where
the kernel pair Eq(n};) of the quotient 7 is denoted C; f. As mentioned
before, it is generated by the pairs (z <a <! b,z) for x, a, and b in
A such that f(a) = f(b). Then 17} € &' is a double extension making
CExtRck into an &!-reflective subcategory of ExtRck (Convention .
This data then fits into the square of adjunctions

1

b
ExtRck T CExtRck
\F_/}
1

Pth! | - | Conjt Pth! | - | Conj! (28)
I

—
ExtGrp T CExtGrp
—_

ab!
where the functors Pth! and Conj' are the appropriate restrictions of
the adjoint pairs induced by Pth 4 Conj between the categories of mor-
phisms above Rck and Grp. The functor ab! is the centralization functor
in Grp sending a surjective group homomorphism f: G — H to the cen-
tral extension of groups ab'(f): G/[Ker f, Glerp — H obtained from the
quotient of the domain of f: G/[Ker f, G]gp. Here Ker f is the kernel
of f and for any normal subgroups X and Y < G, the normal subgroup
(X, Yerp = (zyz~ly |z € X, yeY) < XNY <G denotes the clas-
sical commutator from group theory. As before, all squares of functors
in Diagram commute, but for the square (F;, Conj', ab!, Conj')
which does not (see Example [2.2.1)).

0.2. Content. In Section [I] we first show that categorical Galois
theory applies to the adjunction Fy 41 on the top line of Diagram ,
which we fit into a strongly Birkhoff Galois structure T'! (Section .
Alongside the results of Part I, this mainly consists in the recollection
of classical properties of double extensions, including a bit of descent
theory (see |79, [78] and references therein). The rest of Part II is then
aimed at the characterization and “visualization” of the induced notion of
' -covering, or double central extension of racks and quandles, as it was
previously done for groups [67], leading to the developments of [50} [45].
Note that the study of the more technical categorical aspects of Section
[ is not necessary for the readers’ understanding of what follows. Sec-
tion [1.4] provides a useful transition to the rest of Part II, as we recall
our general method for the characterization of coverings, and produce a
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first visual representation of trivial I''-coverings. We define and study
the concept of double covering, also called algebraically central double
extension of racks and quandles in Section 2] We provide examples, and
the definition of a meaningful and well-behaved notion of commutator,
which captures (in the usual sense) the centralization congruence for ob-
jects, extensions and double extensions in the category of quandles. We
illustrate our methods and definitions via the characterization of normal
I''-coverings, which leads to a better understanding of two-dimensional
centrality. The concept of double covering (or algebraically central dou-
ble extension of racks and quandles) and the concept of I''-covering (or
double central extension of racks and quandles) are then shown to coin-
cide in Section Bl Section [3.3]is dedicated to the centralization of double
extensions (i.e. the reflection of the category of double extensions on the
category of double coverings) leading to the next step of the covering the-
ory. Finally, in Section [4] we hint at further research and we adapt the
concept of Galois structure with (abstract) commutators in such a way
that fits to our context and remains compatible with the developments
in [69].

1. An admissible Galois structure in dimension 2

In order to apply categorical Galois theory (see Part I, Section (1| and
references there) to the inclusion I: CExtC — ExtC (where C stands for
Rck or Qnd) of the category of coverings of racks (or quandles) in the
category of extensions, we first fit the reflection F; - I into a Galois
structure I'! := (ExtC, CExtC, F1,1,nt, e!, £1) satisfying the conditions of
Convention In order to do so, we need an appropriate class of
extensions in dimension 2. In dimension 1, the base category C = Rck
or C = Qnd is finitely cocomplete and Barr-ezact [2], like any variety
of algebras. In short this means that C has finite limits and colimits,
it is regular (i.e. every morphism factors uniquely, up to isomorphism,
into a regular epimorphism, followed by a monomorphism, and these
factorizations are stable under pullbacks) and, moreover, every equiva-
lence relation is the kernel pair of its coequalizer. In such a context, a
fruitful class of extensions is given by the class of reqular epimorphisms.
However, for a general Barr-exact C, the category ExtC is not necessarily
Barr-exact (see comment preceding Definition 3.4 in [50]); ExtRck and
ExtQnd even fail to be regular categories (see below). The class of regu-
lar epimorphisms is then not appropriate for applying Galois theory. As
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mentioned before, the appropriate class of extensions (in the category of
extensions) is given by the class of double extensions (E1).

Given C and & as above, let us briefly recall some well-known basic prop-
erties of the category ExtC, full subcategory of extensions within ArrC.
Limits in ArrC are computed component-wise. Given a diagram D in
ArrC, compute the limits L, and L, in C of the diagrams obtained as the
top component of D and the bottom component of D respectively. The
limit I: L. — L, of D in ArrC is given by the induced comparison map
between L. and L,. Using the regularity of C, limits can be computed
in ExtC as the regular epic part e of the regular epi-mono factorization
I = me of the limit in ArrC (precompose the legs of the limit L, with the
mono part m to obtain the bottom legs of the limit e in ExtC). Pushouts
in ExtC are computed component-wise in C. The initial object is the
identity on the initial object of C. The coequalizer of a parallel pair of
morphisms in ExtC is computed component-wise in C, and the resulting
commutative square is a pushout square of regular epimorphisms. Given
a morphism « in ExtC which is a pushout-square of regular epimorphisms
in C, it is the coequalizer of its kernel pair computed in ExtC. Regular
epimorphisms in ExtC are thus the same as (oriented) pushout squares
of regular epimorphisms in C. Monomorphisms are morphisms for which
the top component is a monomorphism in C. Regular epi-mono factoriza-
tions exist, and are unique in ExtC, however these might not be pullback
stable in general.

REMARK 1.0.1. When C is Rck or Qnd, reqularity of ExtC would imply
that the category of surjective functions ExtSet is regular (since ExtSet
is closed under reqular quotients and finite limits in ExtC). We recall
that not all regular epimorphisms in ExtSet are pullback stable (see also
[77, Remark 3.1| and Remark[1.2.]). Since Set is Barr-ezact, ExtSet is
equivalent to the category ERSet of (internal) equivalence relations over
Set. Using the arguments from [T6, Section 2|, a regular epimorphism
in ERSet is given by a morphism &: Eq(fa) — Eq(fB) and a surjective
morphism o, : A, — B. that commute with the projections of the equiv-
alence relations Eq(fa) = A, and Eq(fg) = B- (as in the top-right
corner of the commutative Diagram ([44)) and such that (b,t') € Eq(f5)
if and only if there exists a finite sequence (a1,d}), ..., (an,al) € Eq(fa)
with b = o (a1), a:(a;) = ar(aiq1) fori € {1,...,n—1} and o (al,) =V
[76, Proposition 2.2|. Such a morphism is a pullback stable regular epi-
morphism if and only if it is a reqular epimorphism such that (b,b') €



103 PARrt 11

Eq(fB) if and only if there exists (a,a’) € Eq(fa) with b = a(a1) and
a-(a’) = b [76l, Proposition 2.3(b)|. We adapt |87, Example 2.4] to this
context: define A, = {(0,a),(0,b),(1,a),(1,b)}, B; = {0,1,2} and a-
such that a.(0,a) = 0, a:(1,b) = 2 and a,(0,b) = a,(l,a) =1 € B;.
IfEq(fa) is the equivalence relation generated by the pairs ((0,a), (1, a))
and ((0,b), (1,b)); and Eq(fp) is B: x B, then the pair (&, ;) defines
a regular epimorphism in ERSet, but it is not pullback stable. Indeed, its
pullback along the inclusion of {0,2} x {0,2} = {0,2} in B, x B, = B,
s not a regular epimorphism.

It is convenient to bring back a problem or computation in ExtC to a
couple of problems and computations in C, using the projections on the
top and bottom components (this component-wise decrease in dimension
is essential for the inductive approach to higher covering theory [45]).
“From an engineering perspective”, our interest in the concept of a dou-
ble extension lies in the fact that pullbacks of such, and subsequently
many other constructions involving double extensions, can be computed
component-wise in C.

1.1. Basic properties of double extensions. In short, we hope
for the class of double extensions to have as many good properties in
ExtC as the class of regular epimorphisms has in the Barr-exact category
C. Note that since double extensions are regular epimorphisms in ExtC,
a double extension which is a monomorphism in ExtC is an isomorphism.
Note that Proposition 3.5 and Lemma 3.8 from [50] easily generalize to
our context as it was observed in [48] (Example 1.11, Proposition 1.6
and Remark 1.7). For any regular [2] category C:

LEMMA 1.1.1. (1) If a morphism a = (o, ;) in ExtC is such that
a; is an extension and o, an isomorphism, then o is a double
extension.

(2) Double extensions are closed under composition.

(8) Pullbacks along double extensions (exist in ExtC and) are com-
puted component-wise. Moreover the pullback of a double ex-
tension is a double extension.

Given a = (ar,a.): fa — fp and v = (v+,7.): fc — fB, a pair of mor-
phisms in ExtC, their component-wise pullback is given by the following
commutative diagram in C where the front and back faces are pullbacks



1. AN ADMISSIBLE GALOIS STRUCTURE IN DIMENSION 2 104

— i.e. it is the pullback of « and ~ in the arrow category ArrC:

TA;
fCT xp A,—A,

/
TC, /A
C. xp A 44 o
1 B, LJV 1
a,
Yr
el C; — B,
VNS
I
L74>BL

Provided that « is a double extension, Lemma [I.I.I] above says that
f is an extension and the pullback of o and 8 in ExtC is given by f
together with the projections (74,74, ) and (7w¢,, 7c, ), where the latter
is actually a double extension. In particular, the kernel pair of a double
extension o = (-, ;) exists in ExtC and is given by the kernel pairs
of a; and «, in each component (together with the induced morphism
between those — see Notation . Moreover, the legs of such kernel
pairs are themselves double extensions (see Lemma .

Lemma is important for what follows, if only because pullbacks
along extensions appear everywhere in categorical Galois theory. As we
mentioned earlier, if neither « or S is known to be a double extension,
their pullback in ExtC still exists, but it is not necessarily computed
component-wise and thus it is badly behaved. As we move to higher
dimensions, these general pullbacks are no longer convenient for our pur-
poses.

Note that in the context of Barr-exact Mal’tsev categories [26], double
extensions are the same as pushout squares of extensions, and, as a rule,
higher extensions are easier to identify — primarily using split epimor-
phisms. Note that the lack of such arguments is a challenge in our more
general context where categories are not Mal'tsev categories.

As we may conclude from [48] Proposition 3.3] and the fact that our
categories are not Mal’tsev, the axiom (E4) of “right cancellation” con-
sidered there (see also [50, Lemma 3.8]) cannot hold in our context. We
have the following weaker version:

LEMMA 1.1.2. If the composite Ba is a double extension in ExtC, and «
s a commutative square of extensions in C, then B is a double extension.
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PRrROOF. Since B-a- and B, «, are regular epimorphisms, 3 is a square
of extensions in C. Consider the following commutative diagram

[eZ% /BT

Ay \1 772/% By \d:z pz/\ Cy
Py ¢/3 ‘ P
Ny q2
fa / P /fB / (2 fc (29)
™1 b1
/QI/
Ag o By 5 s Co

where Pj is the pullback of o, and fg, P5 is the pullback of 3, and fo and
P is the pullback of a, and the projection p;. Note that since Pj is also
the pullback of 8, «, and f¢, the comparison map of the composite square
is ¢3¢1, which is an extension. As a consequence ¢3 is an extension and
so is the composite fpps = pami. We conclude that the comparison map
@9 of B is also an extension. O

In particular we deduce that pullbacks along double extensions reflect
double extensions.

COROLLARY 1.1.3. Given a morphism a = (., ,) in ExtC, if its pull-
back along a double extension ~v yields a double extension, then « is itself
a double extension.

Finally we observe the following.

LEMMA 1.1.4. If a composite of two double extensions Ba is a pullback
square, then both o and B are pullback squares.

Proor. Using Diagram , we may assume that ¢s¢; is an iso-
morphism. As a consequence, both ¢; and ¢3 are isomorphisms. Ob-
serve that the square gagps = @372 is also a pullback square of regular
epimorphisms. We conclude that ¢9 is also an isomorphism because iso-
morphisms are reflected by pullbacks along regular epimorphisms in a

regular category C — see Lemma below. ]

The following lemma can be seen as a consequence of [13], Theorem 2.17].
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LEMMA 1.1.5. Given the following pullback square of regular epimor-
phisms in a regular category C, if py is an isomorphism, then g is also
an isomorphism.

PLA

s

BTMJ

PROOF. Take the kernel pairs of ps and g and build the commutative

d P2
Eq p::g PJ4> A
PR

):;B%C

where both commutative squares on the left are pullback squares (which

diagram

can be proved in any category by looking at the underlying commutative
cube). The induced morphism f: Eq(p2) — Eq(g) is a regular epimor-
phism since it is the pullback of the regular epimorphism p; in the regular
category C. Since ps is an isomorphism, the projections d, c: Eq(ps) = P
are isomorphisms, and thus the projections d’',: Eq(g) = C coincide,
using the fact that f is a regular epimorphism. This implies that g is a
monomorphism and thus it is also an isomorphism (since it is a regular
epimorphism). O

1.2. Beyond Barr exactness, effective descent along dou-
ble extensions. Given a Galois structure I' as in Convention
I’-coverings, which are the key concept of study, are defined as those
extensions c: A — B for which there is another extension e: £ — B
such that the pullback ¢ of ¢ along e is a trivial I'-covering. In most
references [9}, (60}, 69], e is further required to be of effective descent or
effective E-descent (see [T9, [78] and references therein). Such extensions
are sometimes also called monadic extensions [66, [47]. In the contexts
of interest for this work, we shall always have that all our extensions are
of effective £-descent, which is why we use this simplified definition of
covering. The idea is to ask that “pulling back along e is an algebraic
operation”, which is necessary for the “information about coverings to
be tractable in X” in the sense of the fundamental theorem of categori-
cal Galois theory (see for instance [66, Corollary 5.4]). We didn’t insist
on this requirement for Part I (see also [T1]) since the class of effective
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descent morphisms in a Barr-exact C is well known to be the class of
regular epimorphisms [79].

Given an extension e: £ — B in C, if we write Arr(Y") for the category
of morphisms with codomain Y, then there is an induced pair of adjoint
functors: e, : Arr(E) — Arr(B), left adjoint of the functor e*: Arr(B) —
Arr(E), where fi(k: X — A) := fk, and f*(h: Y — B) is given by the
pullback of h along f. This adjunction also restricts to the categories
of extensions above E and B: e,|: Ext(E) — Ext(B), left adjoint of
e*|: Ext(B) — Ext(E) (defined similarly). We say that e is of effective
(global) descent if e* is monadic, and e is of effective E-descent if e*| is
monadic (see [80]). Let us add for the interested reader that, in order to
prove the fundamental theorem of categorical Galois theory, G. Janelidze
showed that (in an admissible Galois structure) if e*| is monadic and
we write T' for the monad induced by e,| - e*| [89], then the category
of those extensions which are split by e is equivalent to the category
of those Eilenberg-Moore T-algebras [89] (f: X — A,u: Tf — f) such
that f: X — Ais a trivial covering (see for instance [66, Proposition 4.2,
Theorem 5.3]).

In this section we show that double extensions of racks and quandles are
of effective global and £'-descent in the category of extensions. From
Lemma 3.2 in [48] and the above, we have what can be understood as
local £'-Barr exactness:

LEMMA 1.2.1. Assuming that C is Barr-exact, and given a commutative
square of extensions together with the horizontal kernel pairs and the
factorization f between them;

Lw [ I (30)

then, the right hand square is a double extension if and only if any of the
two left hand (commutative) squares is a double extension.

If so, then o = (0+,0,) is the coequalizer in ExtC of the parallel pair (x)
on the left, which is in turn the kernel pair of o. Such an equivalence
relation f = Eq(o) in ExtC is stably effective in the sense that it is the
kernel pair of its coequalizer, and any pullback of its coequalizer is still a
reqular epimorphism (see for instance |78, Section 2.B|). In particular,
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double extensions are the coequalizers of their kernel pairs (computed
component-wise in C).

PROOF. The first part is a direct consequence of Lemma 3.2 [48].
Since the component-wise coequalizer o of (%) is a pushout square, it
coincides with the coequalizer in ExtC. Then (x) is the kernel pair of o
since pullbacks along double extensions are computed component-wise.
It is stably effective because everything is computed component-wise,
and C is Barr-exact. O

Note that we also have the classical result, see for instance [2], Example
6.10], which is called the Barr-Kock Theorem in [13| Theorem 2.17|.
From there we easily obtain (as in Remark 4.7 [50], or Lemma 3.2 (2)
[60]):

LEMMA 1.2.2. Double extensions are of effective (global) descent in ExtC.

PRrROOF. Let o: fgp — fp be a double extension. The monadicity of
o* in each component ¢ and o¥ (see [79]) easily yields the monadicity
of o* itself. For instance, we use the characterization in terms of discrete
fibrations [78], Theorem 3.7].

Consider a discrete fibration of equivalence relations fr: R, — R, above
the kernel pair Eq(o0): Eq(o,) — Eq(o,) of 0 = (0, 0,) as in the commu-
tative diagram of plain arrows below. Then observe that fgr is computed
component-wise and consists in a comparison map between a pair of
discrete fibrations of equivalence relations R, and R,, above the pair of
kernel pairs Eq(o-) and Eq(o,) with comparison map Eq(o): Eq(o,) —
Eq(c,). The projections of the equivalence relation fr are also double
extensions as the pullback of the projections of Eq(c) which are them-
selves double extensions by Lemma [I.2.1] We build the square (*) on
the right, first by taking the coequalizer v = (~:,7,) of fr, which is
computed component-wise (see again). The factorization (., 3.)
is then obtained by the universal property of ~.

'YT 7’YL

ij:k fo---
sl (B.5.)

Q(U) :;JCE*U> fB

By Lemma fr is the kernel pair of v which is a double extension.
Also (*) is a pullback square as it is component-wise by [13, Theorem
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2.17]. Finally v is pullback stable as a coequalizer, since everything is
computed component-wise (see Lemma [1.2.1)). O

What is exactly needed in our context is not effective global descent but
effective £!-descent. This derives from Lemma because of Corollary
as it is explained in [79] Section 2.7].

COROLLARY 1.2.3. Double extensions are of effective £'-descent in ExtC.

REMARK 1.2.4. It was shown in |[46] that given a regular category C,
ExtC is regular if and only if its effective global descent morphisms are the
reqular epimorphisms (i.e. the pushout squares of reqular epimorphisms).
As far as we know, in the categories of racks and quandles, the classes
of effective global and E'-descent morphisms contain the class of double
extensions and are strictly contained in the class of reqular epimorphisms.
We do not need to characterize these more precisely for what follows.

1.3. Strongly Birkhoff Galois structure. In order for categori-
cal Galois theory (and in particular its fundamental theorem) to hold in
the context of a Galois structure such as I' from Convention I is
further required to be admissible, in the sense of [71], [9], which implies
for instance that pullbacks of unit morphisms along primitive extensions
are unit morphisms, or subsequently that coverings, normal coverings
and trivial coverings are preserved by pullbacks along extensions. We
actually work with a stronger property for our Galois structures, which
we require to be strongly Birkhoff in the sense of |50l Proposition 2.6],
where this condition is shown to imply the admissibility condition. The
Galois structure I is said to be strongly Birkhoff if reflection squares at
extensions are double extensions. Given f: A — B in C, the reflection
square at f (with respect to I') is the morphism (n4,n5) with domain f
and codomain I F'(f) in Arr(C).

nNA

— S LF(4)
B><IF JTF(A) IF\f -
l
B — 1 F(B)

Our Galois structure I'! is strongly Birkhoff if the reflection squares at
double extensions (as defined in C, for C = Rck or C = Qnd) are double
extensions in ExtC, which defines the concept of 3-fold extension (see
150, 45)).
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DEFINITION 1.3.1. Given any regular category C, define the category
Ext?C whose objects are double extensions (as in Diagram 7)) and
whose morphisms (o,8): v — a between two double extensions vy and
a are given by the data of the (oriented) commutative diagram in ExtC
(on the left) or equivalently in C (on the right):

ag

o=(or,0.) CT—>AT
== Ja T
\ | .
fP CL >AL Qr
y=(yr72) a=(a-,a,) l , o, (32)
l l Ve D.—|—B.
fy /
. . ;
fD ‘6:(‘8”6*) ’ fB DL/—}—>BL7 "

where fp is the pullback of o and 3. A 3-fold extension (o, ) in C is
given by such a morphism in Ext’C such that o, B and the comparison
map 7 are also double extensions i.e. a 3-fold extension in C is the same
thing as a double extension in ExtC. Note that most results from Sec-
tions and [1.3 generalize to 3-fold extensions and higher extensions
in our context (see Part III).

Now since all but the “very top” component of the centralization units
in higher dimension (such as n' above) are identities (see Corollary 5.2
[64]), we can break down the strong Birkhoff condition in two steps:
first the closure by quotients of (1-fold) coverings along double exten-
sions, or equivalently, the fact that reflection squares at double exten-
sions are pushout squares in ExtC (Birkhoff condition); and secondly, a
permutability condition, in the base category C, on the kernel pair of the
non-trivial component of the centralization unit n'. From Section m
in Part I, we get:

THEOREM 1.3.2. The Galois structure
I'! = (ExtC, CExtC,Fy,n', e, L),

where C is either Rck or Qnd, is strongly £'-Birkhoff, i.e. given a double
extension of racks or quandles « = (ar,,): fa — fB (as in Diagram
), the reflection square at o (with respect to the reflection F1 41y ) is
a 3-fold extension, i.e. the reflection square’s comparison map is a double
extension, and it defines a cube of double extensions in ExtC.
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PROOF. Since the bottom component of n' is an isomorphism, it
suffices to show that the top component is a double extension for the
whole cube to be a 3-fold extension. This was shown in Corollary [3.4.§]
of Part I. O

In particular this justifies the study of I''-coverings and the relative sec-
ond order centrality in the categories of racks and quandles.

REMARK 1.3.3. A consequence of the strong Birkhoff condition is that if
v is a morphism of ExtC, and ~y factorizes as v = a3, where o and 3 are
double extensions, then if v is a trivial I''-covering, by Lemma both
B and a are trivial TV -coverings. Hence if v is a T''-covering (see Con-
vention or Section below), then both o and B are I't-coverings.
From there, and by the fact that T''-covering are reflected by pullbacks
along double extensions (see Convention m), it is easy to conclude
that T-coverings are closed under quotients along 3-fold extensions in
Ext?C.

1.4. Towards higher covering theory. The main aim of this the-
sis is to describe what are the double central extensions of racks and
quandles as in the case of groups [67]. Following the more general ter-
minology for coverings, this consists in characterizing the I''-coverings of
racks and quandles. These are defined abstractly in ExtRck (or ExtQnd)
as the double extensions a: fa — fp for which there exists a double ex-
tension o: fg — fp, such that o splits «, i.e. the pullback of a along o
yields a trivial I''-covering (see Convention .

1.4.1. Projective presentations in dimension 2. In Part I (see Sec-
tion we recalled that a double extension a: f4 — fp is split by
some double extension o: fp — fp if and only if a can be split by a
projective presentation of its codomain fp — provided such a projective
presentation exists. Hence we want to recall that given any Barr-exact
category C, if we choose extensions to be the regular epimorphisms in
C, extensions in C with projective domain and projective codomain are
projective objects in ExtC (with respect to double extensions — see for
instance [45, Section 5|). Note that when C is a variety of algebras, and
F: Set — C is the left adjoint (with counit €) of the forgetful functor
U: C — Set, the canonical projective presentation of an object B in C is
given by the counit morphism ep: F(B) — B (where we omit U). Given
an extension fp: B; — B, in such a C, we define the canonical projec-
tiwe presentation of fp to be the double extension ps,: pp — fp, below,
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where P := F(B,) xp, B:, is the pullback of fp and ep, .

pr

F(P) B,

P
l hﬁ; (33)
T
Ve e i=e€R,
B

g

\'“U

Py
L) B—> BL

1.4.2. Trivial T -coverings. Now we want to be able to identify when
the pullback of a double extension « is a trivial I''-covering in ExtC
(where C stands for Rck or Qnd). As usual, because the Galois struc-
ture I'! is strongly Birkhoff, trivial I''-coverings are easy to characterize.
Remember that trivial I''-coverings are those double extensions in ExtC
which “behave exactly like” the primitive double extensions, i.e. those
double extensions in CExtC — see for instance [T1] Section 1.3] and Ex-

ample [[-4.5] below.

From Part I we know that trivial (1-fold) coverings of racks (or quandles)
are characterized as those extensions that reflect loops, which are trails
(x, g) whose endpoint y = z-g coincides with the head z. Further remem-
ber from Paragraph of Part I, that given a morphism of racks (or
quandles) f: A — B, an f-membrane M = ((ao, bo), ((ai, b;), 6i)1<i<n)
is the data of a primitive trail in Eq(f), whose length is the natural
number n, whose length is the natural number n, and whose endpoint is
denoted (aps, bar). We say that aps and by are the endpoints of M in A
(obtained via the projections of Eq(f)). An f-horn is an f-membrane
M = ((ao,bo), ((aiabi),5i)l§i§n) such that x := ag = bg. It is said to
close (into a disk) if moreover the endpoints coincide ap; = bps. It
is said to retract if for each 1 < k < n, the truncated horn M<;, =
(x, (aj, b, 6;)1<i<k) closes. Finally, the associated f-symmetric pair of

01 0.

the membrane or horn M is given by the paths g} = a; ---a,°" and

g = hél . -bi‘S" in Pth(A); in general, an f-symmetric path is a path
g € Pth°(A), such that g = g} (g})~! for some membrane M as above.
These definitions were used in Part I to characterize a general element
in the aforementioned centralization congruence C; A of some extension
f:+ A — B. We showed that (z,y) € C; A if and only if - g = y for some
f-symmetric path g. We repeat this approach for the two-dimensional

context in Section Pl For now we observe that:

LEMMA 1.4.3. If a: fa — fp is a double extension in Rck (or in Qnd),
then the following conditions are equivalent:
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(1) « is a trivial T -covering;
(2) any fa-horn which is sent by o to an fp-disk in B, actually
closes into a disk in AT;

~fa- fAi
fA* = a:(ga) 7}?: +(gb) fA—

(8) o reflects fa-symmetric loops, in the sense that if the image
by o, of an fa-symmetric trail (x, g) loops in B-, then the trail

was already a loop in A.: x-g = x.

In what follows, we prefer to call a double extension o which satisfies
these conditions a trivial double covering. This terminology will be justi-
fied by Theorem where we characterize ' -coverings to be the double
coverings from Definition below.

PROOF. Using the material from Section [I.3] we observe that our
definition of trivial I'-covering from Convention [1.0.1] coincides, for an
admissible or strongly Birkhoff Galois structure I', with the more com-
mon definition: the extension ¢ is a trivial I'-covering if and only if the
reflection square at ¢ is a pullback. Hence « is a trivial I'!-covering (or
trivial double covering) if and only if the reflection square at « is a pull-
back. Since pullbacks along double extensions are computed component-
wise, and the bottom component is trivial, it suffices to check that the
diagram below, where P = (A;/C1(fa)) X(B,/c1(f5)) Brs

Qo

A, —— B,

S
P 2
1 \ P - 1
Na, . 1/ B,

e

(A;/Ci(fa)) T (B:/C1(fB))

is a pullback square, i.e. the comparison map p should be an isomorphism.
Since (a-,F{(a)) is already a double extension by Corollary of
Part I, it suffices to check that Eq(a;) N Ci(fa) = A4, (the diagonal
relation on A;). Now any element (a,b) € Cy(fa) is either such that
a and b are the endpoints of an fa-horn, or equivalently, a and b are
respectively the head and endpoint of an f4-symmetric trail (i.e. a trail
whose path component is f4-symmetric). O
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EXAMPLE 1.4.4. As a consequence of the fact that Fo 41 is & -reflective
(using Lemma (or simply by Lemma|1.4.5 above): if the compari-
son map p of a double extension ac: fa — fp is an isomorphism (i.e. if
is a pullback square), then both o and (fa, fB) are trivial double coverings
(i.e. trivial T'-coverings).

EXAMPLE 1.4.5. Since any primitive double extension (i.e. a double ex-
tension whose domain and codomain are (1-fold) coverings) is a trivial
double covering and coverings are closed under quotients along double ez-
tensions [95], if a: fa — fB is a double extension and fa is a covering,
then a: fa — fg is a trivial double covering (i.e. a trivial I'*-covering).

Note that the concept of trivial double covering is not symmetric in the
role of (v, ;) and (fa, fp). It is not true that in general (o, ) is a
trivial double covering if and only if the double extension (f4, fB) is one.

EXAMPLE 1.4.6. Consider the sets Q2 = {o, x}, Q3 = {®, *1, %0} and

Q1 = {*1, *0, ®1, e} as well as the morphisms t,: Q3 — Q2 and
t: Q4 — Q2, which identify the bullets with e and the stars with x. We
write Qg = {*11, *10, *01, *00, ®1, ®0} for the pullback of t, and t

such that the first projection 71 : Qg — Q4 identifies 11 with x19 and *g1
with xgp, and symmetrically for the second projection, which moreover
identifies o1 with e.

)
QGJ = *11 —T1— %10 o
Wll Jt* ‘ T2 2 T2
~ ~ *01 —1= *00 *0
Qs — Q2
Define the involutive (<! = <) quandle

@ = {*11, *10, *01, *00, ®1,%], ®0}

such that @1 <11 = @1 Ikg = o), @ Ax1] = | Axg; = e and r <y ==z
for any other choice of x and y in Q. The function p: Q — Qg which
identifies ) with ey is a surjective morphism of quandles. Then note
that the double extension (m1p, ty) is a trivial double covering since mop
is a covering. However, the double extension (map, t) is not a double
trivial covering since 1 <x11 7 o1 <x1g even though their images by mwop
cotncide.

Finally, we give an example of trivial double covering which does not

arise as an instance of Examples and
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EXAMPLE 1.4.7. As it is explained in |38, Example 1.14|, forn > 2, a
dihedral quandle D, is the involutive quandle obtained from the (addi-
tive) cyclic group Zy, == Z/nZ = {0, ..., n—1} by x<y := 2z —vy, forzx
and y in D,,. We define D1 and Dy to be the trivial quandles (i.e. sets)
with one and two elements respectively. For n > 2, D, is the subquan-
dle Z, x {1} of the conjugation quandle Z, X Za, corresponding to the
n reflections of the regular n-gon. In general it injects into the circular
quandle S; defined on the unit circle in Ro by the “central symmetries
along $17: x <y = 2(x,y)y — x, for each x and y in Sy, such that — <y
defines the unique involution which fixes y and sends x to —x whenever
x and y are orthogonal (see [38], Section 3.6]).

Now given two natural numbers n and m we have that Dy, is the product
(in Qnd) of D,, and D,,. We consider the following double extension of
dihedral quandles in Qnd where for j € N, 0: D; — D, is the terminal
map to D, and fori # 0 in N, the morphism i: D;; — D; sends x € Dy;
tox mod ¢ in D;:

D2nm % Dm
_m

n%‘ Dnm
"h s {0 (34)
/n

D, - + {0},

Note that this double extension is symmetric in the roles of m and n. By
Lemma below, both (7i,0) and (m,0) are trivial double coverings
whenever 2, m and n are coprime. If m = 2 and n are coprime, then
(n,0) is a trivial double covering but (m,0) is not (indeed 0 <10 = 0 #
2n =04n). See also Example below.

LEMMA 1.4.8. Using the notation from Example[I.].7, the double exten-
sion (7, 0) is a trivial double covering if and only if n is odd and coprime
with m.

PRrROOF. Consider an m-horn M of length ¢ > 0 € N which is sent to
a loop by . Such a horn M is given by & € Doy, together with natural
numbers y; < m, a; < n and b; < n for each 0 < j < ¢ such that

r+ Z (=1)7y; +2m Z (—1)a; =

0<j<i 0<j<i

=+ Z (=1)7y; + 2m Z (—=1)7b; mod n;

0<j<i 0<j<i

(35)
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and thus also 2m(20§j§i(—1)j(aj —b;)) =0 mod n. Now if the sum
Zogjgi(_l)j (aj—b;) =0 mod n, then Equation also holds modulo
2nm, and the horn M closes in Day,,,. Conversely if Equation holds
modulo 2nm, we deduce that Zogjgi(_l)j(aj —bj) =0 mod n. O

2. Double coverings

The concepts of covering and the relative concepts of centrality induced
by the Galois theory of racks and quandles are characterized, in each
dimension, via a condition involving the trivial action of certain data.
In dimension zero, a rack A, is actually a set if any element a € A, acts
trivially on A,. In dimension 1, an extension f4: A, — A, is a covering
if given elements a and b € A,, such that (a,b) € Eq(fa) (i-e. fa(a) =
fa(b)), the action of a b~ is trivial: z<a< b =2 forallz € A,. In
dimension 2, we work with double extensions o = (o, ,): fa — fB.
The data we are interested in is then given by those 2 x 2 matrices with
entries in A,, whose rows are elements in Eq(f4) and whose columns are
elements in Eq(a;).
a-fa- b
0-dimensional: - a 1-dimensional: a -fa-b 2-dimensional: ar  a
d-fa-c

Such 2 x 2 matrices characterize the elements of Eq(f4)dEq(c), namely
the largest double equivalence relation above Eq(fa) and Eq(a.) [27
102, [8, [75], also called double parallelistic relation in [10, Definition 2.1,
Proposition 2.1|. We sometimes write these elements as quadruples
(a,b,c,d) € Eq(fa)dEq(a;) which encode the entries of the correspond-
ing 2 x 2 matrix as above. Their “trivial action on the elements of A.” is
the condition we are interested in. We define double coverings of racks
and quandles and later show that these coincide with the I''-coverings.

DEFINITION 2.0.1. A double extension of racks (or quandles) a: fa — fB
(as in Diagram ) is said to be a double covering or an algebraically
central double extension if any of the equivalent conditions (i) - (iv)
below are satisfied:

(i) z<a<tbacald=uz,

(i) z<la<xd<lcab=uz,

1

z<atadabalead =z,

rda<tdaca b=z,
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a-fa-b
forall x€ A and o o, € Eq(fa)OEq(ay).
d-fa-c

Note that, by the symmetries of quadruples (a,b,c,d) in the double
equivalence relation Eq(fa)OEq(a;), one could equivalently use any
cyclic permutation of the letters a, b, ¢, and d in the equalities (i) —
(1v). The equivalence between each of these (i) — (iv), is shown in Sec-

tion 211

REMARK 2.0.2. In Definition [2.0.1], the roles of fa and o are symmet-
ric. Hence (o, ) is a double covering (or algebraically central) if and
only if (fa, fB) is a double covering, which can be viewed as a property
of the underlying commutative square in Rck (or Qnd). Unlike trivial
' -coverings (also called trivial double coverings), the I''-coverings are
indeed expected to be symmetric in the same sense (see [45] Section 3|).

ExaMpPLE 2.0.3. It is easy to show that given «: fa — fp, a double
extension, if either o or (fa, fB) is a trivial double covering, then « is
a double covering. Note for instance that given a quadruple (a,b,c,d) €
Eq(fa)dEq(ay), the a-horn M, displayed below, is sent to a disk by

fa.
/‘” y=a-(ab"tcd )

From E:mmple when m = 2 and n are coprime, we have that (m, 0)
s not a trivial double covering. However, it still satisfies the conditions
of a double covering, which can be deduced from the fact that (7i,0) is a

trivial double covering.

EXAMPLE 2.0.4. Not all double coverings arise from double trivial cov-
erings. Consider the function t: Q4 — Q2 from Ezample [1.7.6 and its
kernel pair w1, mo: Qg = Q2 where the elements of

Qs = {*11, *10, *01, *00, ®11, ®10, ®01, ®00}
organise as in the Diagram[36] below. We define the involutive quandle Q
with underlying set Qg U {84y} such that, for i € {0, 1}, egp <*i; = @,
o) I *ii = egg and x Ay = x for any other choice of x and y in Q.
The function p: Q@ — Qs defined by f(e(,) = eoo and f(x) = = for all
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x € Qg C Q, is a morphism of quandles such that the double extension
below is a double covering.

™
Q———3Qu ) o
Py Q T2 *11 —T1— *10 11 1 10
W;| 8 ht m ﬂg h m (36)

/
71 %01 —T1— %00 ®)1 —— &0

Q4 —t>Q27

In anticipation of the results of Section observe that neither (m},t)
nor (mh,t) are normal I'l-coverings since ego<%go 7 ®00<%o1 even though
o) <Ix1] = @19 <*1g; and also egy<dxgy 7 egy <Ix1g even though eg; Ix11 =
001 < k(1.

OBSERVATION 2.0.5. Finally we relate our condition (algebraic centrality
of double extensions) with the existing concept of abelian quandle (or
rack) defined in |82]. If a: fa — fp is a double covering of racks (or
quandles), then we have that

(a<d)<(b<c)=a<a<c=(a<gb)<(d<c), (37)
—b

for each square q - in Eq(fa)OEq(a;) or Eq(a;)OEq(fa), and
d—c

symmetrically in “each corner” of this square (i.e. replace the quadruple
(a,b,c,d) in by any cyclic permutation of the itself). The converse
s not true in general.

2.1. Thinking about a commutator. Let A be a rack (or quan-
dle) and ER(A) be the lattice of (internal) equivalence relations (also
called congruences — see for instance [102]), over A. We define the fol-
lowing binary operation on ER(A).

DEFINITION 2.1.1. Given a rack A and a pair of congruences R and S in
ER(A), we define [R, S|, element of ER(A), as the congruence generated
by the set of pairs of elements of A:
a-R-b
{(x<a<atbacatd,2) | reA and $ 5 € ROSY.
d-R-c

Note that [R, S] is in particular included in the intersection RNS. Work-
ing towards the Corollaries and we have that:
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LEMMA 2.1.2. Given a rack A and a pair of congruences R and S in
ER(A), then [R,S] is generated by the set of pairs (see also Defini-
tion|2.0.1) (i1)):
a-R-b
{(zata<datcab,x) | x€A and § s € ROSY.
d-R-c

PROOF. By definition, [R, S] includes the pairs (z < ' a<a <! b<
c<atd,xz<ta) for all z, a, b, c and d as in the statement. Then by
compatibility with the rack operations and reflexivity, [R, S| also includes
the pairs

Yaad<atcab),

(r,x <
for all such z, a, b, ¢ and d. By symmetry this then induces that [R, 5]
includes the congruence relation generated by the set of pairs from the
statement. Now a similar argument shows that such a congruence in-

cludes the set of pairs defining [R, S] as in Definition 2.1.1] O

COROLLARY 2.1.3. Given a rack A and a pair of congruences R and S
in ER(A), the congruence [S, R| is generated by the set of pairs
a-R-b
Lead, z) \ x€A and $ s € ROSY.
d-R-c

{(x<ta<aba

COROLLARY 2.1.4. Given a rack A then for any congruences R and S in
ER(A), the congruence [R,S] = [S, R] is equivalently generated by any
of the following sets of pairs:

(i) (r<a<tbacald,z),

(ii) (x<ta<gd<alecab,n), a—b
forallz € A and . € ROIS.

(iii) (zr<la<b<lcad, ), d— ¢

)
(iv) (r<a<td<c<a b z),

PROOF. It suffices to show that [R, S| contains the pairs (z < !a<
b<lcad, x) for any x € A and (a,b, c,d) € ROS. Given such data, we
compute that
b—a b—25> bab—a<b
a L = : ‘

‘ ‘ € ROS.
c—d c—¢c¢ cdc—d<ece
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Then by definition [R, S] contains the pair (z < (b<b) <! (a<b)<(d<
c)<a~ ! (c<e), ), which reduces to (z<b<a~lba~laab< cadaca e, z).
This concludes the proof. O

COROLLARY 2.1.5. The conditions (i)-(iv) from Definition are in-
deed all equivalent. Moreover, a double extension a: fa — fp of racks
(or quandles) is a double covering (an algebraically central double exten-
sion), if and only if [Eq(fa), Eq(a:)] = A4, (the diagonal relation on
A;).

Based on this result, and in anticipation of Theorems and we
call [Eq(fa),Eq(a;)] the centralization congruence of the double exten-
sion a: fa — fp. Now observe the following:

LEMMA 2.1.6. Given a rack A and a congruence R on A, the congruence
[R, A x A] is the congruence generated by the set of pairs {(z < a <1
b,z) | x € A and (a,b) € R}.

PRrROOF. Write S for the congruence generated by the set of pairs
from the statement. Observe that given z, a and b such that (a,b) € R
we have the square

a—R—1b
AxA  AxA € RO(Ax A).
a —R— a.

By definition we then have S < [R, A x A]. Now observe that for any
(a,b) € R and (c,d) € R:

(r<ga<lb) —s— 2 —s— (zad<lc)

are in relation by S, and thus S also contains the generators of the
congruence [R, A x A]. O

COROLLARY 2.1.7. Given a morphism f: A — B in Rck (or Qnd), the

congruence Cy(f) can be computed as [Eq(f), A x A], and in particular
f is a covering (in the sense of [38]) if and only if [Eq(f), Ax A] = Aa.

Recall that in the category of groups, we have the classical commutator
[—, —lcrp, such that a group G is abelian if and only if its commuta-
tor subgroup is trivial [G, Glerp, = {e} and a surjective homomorphism
f: G — H is a central extension if and only if [Ker(f),Glep = {e}.
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Moreover, a double extension of groups v: fg¢ — fg is a double cen-
tral extension of groups [67] if and only if [Ker(fq), Ker(+,)] = {e} and
[Ker(fa) NKer(y,), G| = {e} are both trivial.

For the zero-dimensional case in our context, the corresponding descrip-
tion of centrality in terms of the operation [—, —] only works for quandles.
Indeed, if z and a are in the quandle A, then z <a = x <! 2 <a, which
means that (z<a,z) € [A x A, A x A]. If A is a rack though, this trick
does not work. In particular we compute that [F; 1 x F, 1,F, 1 x F, 1] =

Ag#F 1 xFpl=Co(F;1).

COROLLARY 2.1.8. Given a quandle A, the congruence Co(A) can be

computed as [A x A, A x A], in particular A is a trivial quandle if and
only if [Ax A, A x Al = Ay,

Note that in the category of groups, two-dimensional centrality is ex-
pressed using two requirements. In our context, one of the corresponding
requirements entails the other (Corollary . First observe that our
commutator is monotone.

LEMMA 2.1.9. Given a rack A, as well as congruences R, S and T in
ER(A) such that S < T, we have [R,S] < [R,T].

PRroor. This is a direct consequence of the fact that RIS < ROT.
d

COROLLARY 2.1.10. If R and S are congruences on A such that R < S
then [R,S] = [R, A x A].

PROOF. It suffices to show that [R, S] contains T == ((z< ! a,z <!
b)|laRb). As before, observe that for any aRb, we have the quadruple
(a,b,a,a) € ROS. O

COROLLARY 2.1.11. If R and S are congruences on A then [RN S, A X
Al =[RNS,S] <[R,S]. In particular, the comparison map p of a double
covering a: fa — fB is a covering.

Note that the converse of Corollary is not true in general. For
instance, observe that the double extension from Diagram ([34)) of Exam-
ple is such that the comparison map mn: Doy — Dy is always
a quandle covering. However when m = 3 and n = 6, Diagram is
not a double covering since 0<0<4"1 0104716 =12 # 0.
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In Section [2:2] where we further investigate the relationship with groups,
we shall see that the converse of Corollary holds for “double cov-
erings of conjugation quandles”. More comments and results about our
commutator can be found in Section [l

2.2. The case of conjugation quandles. Recall that a conjuga-
tion quandle is any quandle which is obtained as the image of a group
by the functor Conj: Grp — Rck. As we recalled in the Introduction, we
use the functors Conj and its left adjoint Pth to compare the covering
theory of racks and quandles with the theory of central extensions of
groups (see [T1l, [67), [69]). For instance, we mentioned that a surjective
group homomorphism is central if and only if its image is a covering in
Rck (or Qnd — [38], Examples 2.34;1.2|). However, as the following exam-
ple shows, the centralization (in the sense of F1) of a morphism between
conjugation quandles does not coincide with the (image by Conj of the)
centralization (in the sense of abl) of a group homomorphism in Grp.

EXAMPLE 2.2.1. Indeed, consider the quotient map q: S3 — S3/As =
{=1,1} in Grp, sending the group of permutations of the set of 3 ele-
ments to the (multiplicative) group {—1,1} by quotienting S3 by As =
{(), (123),(321)}, the alternating subgroup of Ss. The morphism q sends
2-cycles to —1. Observe moreover that the (classical group) commutator
[S3, Aslarp = As. Hence the centralization of q in Grp is the identity
morphism on {—1,1}. Now observe that x <x <!y = z for any 2-cycles
x £y # z. Hence 2-cycles are also identified by the centralization of
q in Qnd. However, the action of a 2-cycle on a 3-cycle always gives
the other 3-cycle. Hence the successive action of a pair of 2-cycles on
a 3-cycle does nothing. Similarly since both 3-cycles are inverse of each
other, 3-cycles act trivially on each other. One easily deduces that if
Qabs 18 the involutive quandle with 3 elements whose operation is defined
in the table below, then the centralization of the morphism of quandles
q 1s obtained via the quotient 7753: S3 — (S3/C1q) = Qapx, sSuch that
n}gg(123) =a, n§3(321) = b and all other elements of Ss are sent to *.
Finally we obtain F1(q): Qapx — S3/As = {—1, 1} which takes the values
Fi(q)[a] = 1 = Fi (q)[t] and Fi (g)[+] = —1.
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S3/[S3, As]
T
53 q >53/A3:{—1,1}
1
S3/(C1a) = Qupe 7

In this section we further study how our concept of double covering be-
haves when applied to the image of Conj: Grp — Rck. First recall that
given a group G, and given a path g = ,(/7151 . -gia” € Pth(Conj(G)),
there is always another path “of length one” ¢, where gg = g‘fl o €
G, such that - g = x - go for all x € ConﬁG). A primitive path in
Conj(G) always “reduces”i(as an inner automorphism, not as a homo-
topy class — see Paragraph of Part I) to a one-step primitive path.
As a consequence, our notion of double covering simplifies significantly
when the quandle operations of interest are derived from the conjugation
operation in groups. Note that connectedness in symmetric spaces also
reduces to strong connectedness (i.e. connectedness in “one step”) — see

[38] Section 3.7] and references therein.

ExXAMPLE 2.2.2. Consider a group G and a pair of surjective group
homomorphisms f and h with domain G in Grp. Let us write R =
Conj(Eq(f)) and S := Conj(Eq(h)) (note that Conj preserves limits).
In Qnd one derives easily that [R,S] = [RNS,G x G| since given a
square (a,b, c,d) € ROS, we have (d, (ab~'c)) € (RNS) such that more-
over v<(ab~le)<atd=2<a<xtbacatd.

Now observe that the functor Pth: Rck — Grp preserves pushouts, and
thus the image by Pth of a double extension « of racks (or quandles),
yields a pushout square of extensions in Grp. Since Grp is a Mal’tsev cat-
egory, Pth(a) is a double extension as well (see [25] and Proposition 5.4
therein). Note however that the comparison map of Pth(«) in Grp is not
the image of the comparison map of « in Rck or Qnd.

In the other direction, the conjugation functor Conj: Grp — Rck pre-
serves pullbacks. Hence it sends a double extension of groups v: fg — fu
to a double extension of quandles Conj(7), and it sends the comparison
map p of v to the comparison map Conj(p) of Conj(vy). For a general
double extension of racks and quandles «, the comparison map of « being
a covering is necessary but not sufficient for « to be a double covering.
However, by the example above and the preceding discussion we have:
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PropoSITION 2.2.3. Given v: fg — fu, a double extension of groups,
its image by Conj is a double covering of quandles if and only if its
comparison map Conj(p) is a covering in Qnd or equivalently if and only
if the comparison map p of v is a central extension of groups.

In particular, the image by Conj of a double central extension of groups
yields a double covering in Qnd. However, one cannot deduce that « is a
double central extension of groups from the fact that Conj(+y) is a double
covering. Finally we show that the image by Pth of a double covering of
quandles is not necessarily a double central extension of groups.

ExamprLE 2.2.4. Consider ~v: fo — fu, a double extension of groups
such that kiky ' # ky 'k1 for some ky € Ker(fg) and ko € Ker(7y,), but
ka = ak for all k € Ker(fg) NKer(y;) and a € G-.

For instance, define ~v,: G, — H, as the surjective group homomor-
phism Fg({a,c}) = Fg({c}) such that v.(c) = ¢ and v,(a) = e. Simi-
larly define fy: H, — H, as Fg({b,c}) = Fg({c}) such that fru(c) =c
and fr(b) = e. Write P :== G, xg, H. = Fy({a,b,c}) for their pull-
back, with projections my: P — G, and wo: P — H,, and take the
canonical projective presentation €%: Fg(P) — P, obtained from the
counit €9 of free-forgetful adjunction Fg 4 U. Compute its centralization
ab!(€}): Fy(P)/[Ker(eh), Fg(P)larp — P, and define fg = w1 ab'(e}).
Stmilarly define v, = mo abl(e%). The resulting double extension of
groups is as required.

By Proposition the double extension of quandles Conj(7) is a dou-
ble covering. However we show that the double extension Pth(Conj(7))
cannot be a double central extension of groups. First observe that the
unit
Ptheonja,y: Conj(Gr) — Conj(Pth(Conj(G+)))

is a monomorphism, since the identity morphism on Conj(G-) factors
through it. Now, if e, is the neutral element in G-, then ke ! €
Ker(fg) and e kol € Ker(42). Suppose by contradiction that

kreterky Tt =ecky T ke

We have that
Mk =k e byt
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and by the compatibility of pthegyq,) with <, we have, moreover:

ko k= (ka<e) ki <e,
=(kzae) M (kige)=e ke e ke
= ek ke
Hence we must also have that /;1/172_1 = /Lg_l k1 and thus /\iq_lﬁ = ki,
which implies ky <~ ko = k1. Since Ptheonja.) s injective, we must have

/6‘2]{?1]{32_1 = k1 <! ky = k1 € Conj(G,,) which is in contradiction with the
hypothesis k1k2_1 =+ k;lkl. Hence it must also be that ke ~te o™l £
e ko1 ]j‘;_l and Pth(y) cannot be a double central extension of groups.

REMARK 2.2.5. By anticipation of Theorems|3.2.4 and|5.5.1], we cannot
hope for a direct three-dimensional version of the Diagrams and
i which the bottom adjunction’s left adjoint would be the centralization

of double extensions of groups.

Now in order to further study double coverings (algebraically central
double extensions) for general racks and quandles, and their relation to
I''-coverings, we need a characterization for a general element in the cen-
tralization congruence [Eq(fa),Eq(a;)] of a double extension a: fq —
fB. Think about the transitive closure of the set of pairs from Defini-
tion 2.1.1] In order to identify these general pairs, we make a detour
via the generalized notion of primitive trail and the characterization of
normal I''-coverings.

2.3. A concept of primitive trail in each dimension: from
membranes to volumes. Similarly to what was studied in dimensions
zero and one, we shall further be interested in the “action of sequences
of two-dimensional data”. Given a rack A in dimension zero, we have
the fundamental concept of a primitive path, which is merely a sequence
of elements in A x {—1, 1}, viewed as a formal sequence of symmetries
(Part I, Paragraph . Given a rack A, its centralization (or set
of connected components) is obtained by identifying elements which are
“connected by the action of a primitive path in A”. In dimension one, the
centralization of an extension f: A — B is in some sense obtained by the
study of elements which are “linked by the action on A of a primitive path
from Eq(f)”, leading to the concept of a membrane (see Paragraph
or Part I). Now given a double extension of racks «, we shall be interested
in the action on A- of primitive paths from Eq(f4)0Eq(a;). We exhibit
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the 2-dimensional generalizations of the lower-dimensional concepts of
primitive trail, membrane, and horn.

DEFINITION 2.3.1. Given a pair of morphisms f: A — B and h: A — C
in Rck (or Qnd), we define an (f, h)-volume as the data

V = ((ao, bo, co, do), ((ai, b, i, di), 8i)1<i<n)

of a primitive trail in Eq(f)OEq(h). The first quadruple (ag, by, co, do)
is the head of V. We call such an (f,h)-volume V an (f,h)-horn if
the head reduces to a point: ag = by = ¢g = dy = x which we specify
as V. = (x,((ai, bi, ci,di), 0i)1<i<n). Let us define a = (a;)1<i<n and
similarly define b, ¢ and d. The associated (f,h)-symmetric quadruple
of the volume or horn'V is given by the paths g\ = a0 a0, g;/ =

[)7161...;)4571, gy = (.7161...(.,4% and gy = ([7161...(]4% in Pth(A).
The endpoints of the volume or horn are given by ay = ag - gy, by =
bo-gy , cv =co-gY anddy = dy-gy . Finally we call (a,b)-membrane the
f-membrane defined by M(Z,b) = ((ao, bo), ((ai, b;),0i)1<i<n). The other
f-membrane, labelled (c,d), and the two h-membranes, labelled by (a,d)
and (b, c), are defined similarly.

LU N VNNV
dy =~ v T dy
NANANANENE S RN S

Note that because double parallelistic relations are symmetric, both in
the “vertical” and in the “horizontal” direction, Definition [2.3.1] is “sym-
metric” in the role of opposite membranes.

REMARK 2.3.2. A morphism of racks f: A — B sends a primitive trail
(z, (@i, 6;)1<i<n) in A to the primitive trail (f(x),(f(ai),di)1<i<n) in B.
Similarly, a morphism a: fa — fp in ExtRck sends an fa-membrane to
an fg-membrane, and a morphism of Ext’C, such as (0,8): v = « in

Definition sends an (fc,7-)-volume to an (fa, - )-volume (via the
induced morphism O, gy such as in Lemma .

NOTATION 2.3.3. Given «: fa — fp, a double extension of racks (or
quandles), we can build its kernel pair in ExtRck component-wise, which
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we denote:

v A
/B
ALQ—>BL
REMARK 2.3.4. Using Notation [2.5.3, the (fa, a,)-volumes V (see Def-
inition correspond bijectively to the f-membranes M in Eq(a,),

since such an M is defined as the data

(((a0, do), (bo, c0)), (((as, di), (b, ci)), 0i)1<i<n)

for a certain sequence of elements (a;, b, ¢i, d;) in Eq(fa)OEq(a;), where
0 < i < n. Under the appropriate bijective correspondence, the (a,b)-
membrane (and (c,d)-membrane) of an (fa, a)-volume are obtained from
the corresponding f-membrane via the projections m and m respec-
tively. A f-horn then corresponds to an {fa,c.)-volume whose head
(ao, bo, co, do) is such that ay = by and cy = dp.

Similarly, the (fa, a.)-volumes correspond bijectively to a-membranes in
Eq(fa), where & is the kernel pair of (fa, fB) in ExtRck. A a-horn then
corresponds bijectively to an (fa, o )-volume whose head (ag, by, co, do) is
such that ag = dy and by = cg.

2.4. Normal I''-coverings and rigid horns. We illustrate these
definitions in the characterization of normal I''-coverings, which we sub-
sequently refer to as normal double coverings.

PROPOSITION 2.4.1. Given a double extension of racks (or quandles)
a: fa — fg, it is a normal Tt -covering if and only if, given an (fa,a;)-
volume (as in Definition

V' = ((ao, bo, co, do), ((ai, b, ci, di), 6;)1<i<n),

if its fa-membranes are horns (i.e. ag = by and co = dy) then the a--
membranes of V' are rigid in the sense that its (d,c)-horn closes if and
only if its (a,b)-horn closes. We call a double extension satisfying this
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condition a normal double covering.

9y

ag\bo”l\- \ \ \ o \ \ \ (l\. av\b ay = by
dg 7 : : : v - : : 1}
D N T

gy

Observe that by the “symmetries” of (f4, o )-volumes (in the role of f4-
membranes), it suffices to show that in any such volume V', a closing
(a,b)-horn implies a closing (c¢,d)-horn in order to deduce that in any
such volume V', a closing (c,d)-horn implies a closing (a, b)-horn (and
conversely the latter implies the former). We relate this to the fact that
(m1,p1) (from Notation is a trivial double covering if and only if

(g, p2) is one.

PROOF OF PROPOSITION 241l By definition, « is a normal I''-
covering if and only if, in Notation the left face (71, p1) (or equiv-
alently the top face (mg,p2)) is a trivial double covering. Then by
Lemma , the double extension (71,p;1) is a trivial double cover-
ing if and only if given any f-horn M, such that my (M) closes in A,
then M closes in Eq(a), i.e. mo(M) also has to close. By Remark
the preceding translates into the statement: (71,p1) is a trivial double
covering if and only if given any (f4,a;)-volume V such that ag = by
and ¢y = dp, if the (a,b)-horn of V' closes then the (¢, d)-horn of V' has
to close. Similarly (72, p2) is a trivial double covering if and only if given
any volume V' such that ag = by and ¢y = dy, a closing (¢, d)-horn implies
a closing (a, b)-horn. O

Of course trivial I''-coverings (i.e. trivial double coverings) are examples
of normal I''-coverings (i.e. normal double coverings). However, these
two concepts do not coincide.

EXAMPLE 2.4.2. Consider the set {x, o}, seen as a trivial quandle, as
well as two copies f: Q° — {*, o} and f: Qs — {*, o} of the same mor-
phism where Q° = {x°, %, o1 &'} and Q, = {x,x,, ®1,80} are such
that x, (respectively x°) acts on o1 and eq (respectively o' and ¢°) by
interchanging 1 and 0, and all the other actions are trivial (see also Ex-
ample in Part I). We then denote the kernel pair of f by Q% with
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underlying set {x°, %, *3, %o, o1, of, oV )} such that the element x°

acts on bullets by interchanging the exponents 1 and 0 and similarly with
%o for the indices. Then % interchanges both indices and exponents of
the bullets, whereas x <y = x for any other choice of x and y in Q3.

o o
Qﬂ > QO .% —ro— .[1) *g —o— *<>
nOJ Jfo | To To T To (38)
& o) Qe e

f<>
The projection m tdentifies all the elements that have the same indices
(including blanks), and similarly w° identifies elements with the same
exponents.

Observe that none of the morphisms above are quandle coverings. More-
over, both double extensions (7o, f°) and (7°, fo) are such that the condi-
tions of Lemmal[I.4.3 are not satisfied. However, the conditions of Propo-
sition are easily seen to be satisfied by both (me, f¢) and (7°, fo).
In order to check this, observe that the only “non-trivial” element in
Eq(me) O Eq(7®) is the square on the right of (or any symmetric
equivalent) and for any g, h € Pth(Q2) and for any i, j, k, | € {0, 1},
we have thatoé-g:oé-h if and only if oF - g = eF - h.

Even if is symmetric in the sense that both (7, f¢) and (7°, f,)
are double normal coverings, Proposition does not seem to be
symmetric in the role of (o, ,) and (fa, fB). Observe that in Ex-
ample the double extension (mp,t4) is a trivial double covering
and thus also a normal double covering. However, the double extension
(map, t) is neither a trivial double covering nor a normal double covering
since 1 < %11 7 @1 < %19 even though ey < xg; = ey < xqp.

Recall that any normal I''-covering (normal double covering) « is in
particular a I''-covering, since « is split by «. Now unlike trivial double
coverings and normal double coverings, I''-coverings are expected to be
symmetric in the same way that double coverings are (see Remark.
If we were to weaken the condition characterizing normal I''-coverings
to obtain a candidate condition for the characterization of I''-coverings,
we would look for a way to make it symmetric in the roles of f4 and a-.

Now observe that an obvious asymmetrical feature of the characterization
in Proposition is the fact that we look at properties of f-horns in
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Eq(a+), some of which cannot be expressed as a-horns in Eq(fa). In
the spirit of the discussions on pages and we are looking at the
“successive action” of “two-dimensional data” on some “one-dimensional
data” (in a fixed privileged direction). What we are aiming for is the
“successive action” of “two-dimensional data” on some ‘“zero-dimensional
data’”.

We get rid of the asymmetry in Proposition by collapsing the one-
dimensional head of the volumes we study. Looking at (fa, a;)-horns in
A, these can be described both as f-horns in Eq(a,) and as @-horns
in Eq(fa). From Proposition we produce the concept of a double
extension with rigid horns.

DEFINITION 2.4.3. A double extension of racks (or quandles) a is said
to have rigid horns if any (fa, o )-horn V in A. has rigid o--membranes
in the sense of Proposition[2.7.1}: if

V' = ((ao, bo, co, do), ((ai, bi, i, di), 6:)1<i<n),
as in Definition [2.3.1], its (d,c)-horn closes if and only if its (a,b)-horn

closes.

Even though Definition [2:4.3]still seems asymmetric at first, it is actually
not so anymore. Indeed we use the terminology rigid horns because we
may show that given a double extension a: f4 — fp, any (fa, a;)-horn
V in A, has rigid a;-membranes if and only if any (f4,a;)-horn V in
A, has rigid fa-membranes (its (a, d)-horn closes if and only if its (b, ¢)-
horn closes). Observe that by Definition , the double extension
(fa, fB) has rigid horns if and only if any (fa,a;)-horn has rigid fa-
membranes. Again we may show that (o, «,) has rigid horns (in the
sense of Definition if and only if the double extension (f4, fg) has
rigid horns, as it is the case for double coverings. We skip this (rather
elementary) step as it can be deduced from the fact that the concepts of
double covering and double extension with rigid horns coincide.

PROPOSITION 2.4.4. A double extension of racks a: fao — fp is a double
covering if and only if a has rigid horns (Definition .

PROOF. Suppose that a: f4 — fp has rigid horns in the sense of
Definition [2.4.3] Then given an element (a,b,c,d) € Eq(fa)OEq(a;)
and an element x € X we build an (f4, a;)-horn V' described by super-
position of the two f4-membranes M; and My below (the so-obtained
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“left-hand side” a,-membrane of V' is as in Example [2.0.3]). Since the
a--membranes of V' are rigid and My closes into a disk, we conclude that
y==x-(ab! gd‘l) is equal to x.

(i T C
(':1 *fA* N 1
- c —fa= X ¢
fAi (/:1 —fﬁ— S 1 (39)
N fa B
X

Conversely suppose that « is a double covering and consider an (f4, a-)-
horn V' given by V = (x, ((a;, b;, ¢i,d;), d;)1<i<n) as in Definition m
Suppose that the (¢, d)-membrane of V closes into a disk (i.e. cy = dy),
we have to show that the (a, b)-membrane closes into a disk (the converse

is then given by symmetry of V' in the role of the f4-membrane).

More generally, and without assumption on the double extension «, we
show that the endpoints ay and by of such a horn V' are in relation by
[Eq(fa), Eq(a;)], which we temporarily denote by ~. Observe that for
all 2 € A. we have that z< 9 d,, <% a,, ~ z< % ¢, <" b, (replace =~ by =
when « is a double covering). By taking z = dy := zdy <P d, (and
by reflexivity of ~, its compatibility with the operation <, and using the
fact that ¢y = dy) we derive

6n—1

z<dy <Pt d,  <Lra, < e Cn1 <" by,. (40)

Then consider the square
a1 <" a, —— d,,—1 <" a
‘ € Eq(fa)OEq(ay),

b1 < by, Cp_1 <" by,

and derive that for each z € A.:
24701 (dpy_q <O a) <O (@ <7 ay)
~ oz Ot (cn—1 n bn) on1 (bpn—1 n bn);

z<1_5"an<l »=1d, 1<1” L 145 an,

~ oz On b, <~ On—1 Cp—1 < On—1 bn—1 On by,
Applying this to Equation we obtain
x<dy P2 d, o<1, 1 <O a,

~ < SREE o fn2 Cn—9 gon1 bn_1 On by,
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We repeat the argument with the quadruple

0. 0.

Ay <On=1 q,_1 <, —— dy_g <1 a,_1 <O a,

bn,Q <16"_1 bn,1 <16" bn Cn—2 <15“_1 bn,1 <16" bn

from Eq(f4)dEq(a-) and we conclude by induction that also

x < al--'dénan%:cd‘sl bl---qé"bn.

g

Given a double extension «: fq4 — fp, the rigid horns condition from
Definition [2.4.3] or more precisely Definition below, make sense of
what it means for two elements of A, to be “linked under the action of a
primitive path from Eq(f4)0Eq(a.)” (see page [125).

DEFINITION 2.4.5. Given a double extension a: fo — fp, we define the
set Xo to be the set of those pairs (x,y) in A. x A, such that there
exists an (fa,a.)-horn V as in Definition such that x and y are
the endpoints of one of the membranes MY of V', such that moreover the
membrane Mg/, which is opposite to Mlv, closes into a disk.

These pairs in X, are the pairs of elements which would be identified
if a had rigid horns. We just saw that X, contains the generators of
[Eq(fa),Eq(a;)] and moreover X, C [Eq(fa), Eq(a;)]. Hence if we can
show that X, defines a congruence on A-, we can deduce that X is the
centralizing congruence [Eq(fa), Eq(a-)] (see Corollary below).

Now recall from Part I that coverings are equivalently described via
membranes or via symmetric paths. Proposition [2.4.4] corresponds to
the description via membranes. In the following section, we adapt the
idea of a symmetric path to the two-dimensional context. Equipped with
this concept and that of a rigid horn, we provide a full description of a
general element in [Eq(f4), Eq(as)].

2.5. Symmetric paths for double extensions. We describe sym-
metric paths in a slightly more general context than expected, because

of Proposition below.

DEFINITION 2.5.1. Given f: G— H and h: G — K, a pair of mor-
phisms in Grp, and given a generating set A C G (i.e. such that G =
(a | a € A)g), we define (implicitly with respect to A)
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(i) four elements ga, gy, gc and gq in G are (f, h)-symmetric (to
each other) if there exists n € N and a sequence of quadru-
ples (a1,b1,c1,d1), ..., (an,bn,cn,dy) in the intersection A*N
(Eq(f)OEq(h)), i.e. such that for each index i, f(a;) = f(b;),
f(di) = f(ci), h(as) = h(d;), and h(b;) = h(c;):

a; —f=b;
h h
d; —f- ¢

and such that, moreover, for each 1 < i < n, there is §; €
{—1, 1} such that:

ga:a(lsl"'agnv gb:bilbina
65 b (41)
gc:C11"'Cnn7 gd:d11"'dnn-

We often call such gq, g, gc and gq an {f, h)-symmetric quadru-
ple.

(ii) Kspy is the set of (f,h)-symmetric paths, i.e. the elements
g € G such that g = gagb_lgcgd_l for some (f, h)-symmetric
quadruple gq, gy, ge and gq € G.

LEMMA 2.5.2. Given the hypotheses of Definition the set of (f, h)-
symmetric paths Ky defines a normal subgroup of G.

PROOF. Let g4, g», gc and gq be (f, h)-symmetric (to each other).
Observe that g4, gc, g» and g, are also (f, h)-symmetric, and thus Kt
is closed under inverses. Moreover, if hg, hy, he and hg are (f,h)-
symmetric, and g = gagglgcggl, h= hahglhchgl, then

gh = kak, “kek
with ko = hohy 'hohy ' ga, kb = hahy 'hohy gy, ke = hah; hyhy'ge and
kg = hqh;'hyh; 'gq which are (f, h)-symmetric. Finally since A gener-
ates G, for any k € G, the elements kg,, kgp, kg. and kgq are (f,h)-
symmetric to each other, and thus

kgk™" = kgagy 'k kgegy kT € Ky py
is an (f, h)-symmetric path. O
NOTATION 2.5.3. Ifa: fa — fB is a double extension of racks (or quan-

dles), we often write (fa,a;)-symmetric (quadruple or path) instead of
(f,a’)-symmetric (quadruple or path — see for instance Definition .
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An (fa,a;)-symmetric trail (z, g) in A is a trail where g is an (fa, . )-
symmetric path.

LEMMA 2.5.4. Given «: fa — fB, a double extension in Rck (or Qnd),
the set X, (Defintion m is the underlying set of the congruence
~K(f o) induced by the action of (fa,a:)-symmetric paths on A-.

PrOOF. Given x and y € A, such that x Ko U i.e. such that
y=1x- (gagglgcggl) for some (f4,a-)-symmetric quadruple as in Def-
inition 2.5.1] The pair (z,y) is in X, as one can deduce from the con-
struction of V' as in Equation from the proof of Proposition m,
where one replaces every occurrence of a by a; 0 ...4,% and also for b

-c,% and d by A%,

by 5)7151 . ‘bi‘sn, and similarly ¢ by (fl x

Conversely, and without loss of generality, consider an (f4, a-)-horn V
given by the data V' = (z, ((a;, bi, ¢i, d;), di)1<i<n) as in Definition m
such that moreover the endpoints ¢y and dy are equal. Observe that the
endpoint by = av - ((¢¥) gy (¢¥)~'g) is obtained from the endpoint
ay by the action of an (f4, o, )-symmetric path. O

As a conclusion to the discussion below Definition [2:4.5] we give a char-
acterization of a general element in [Eq(fa), Eq(a-)] which we show to
be an orbit congruence (see Part I and reference therein).

COROLLARY 2.5.5. If a: fa — fp is a double extension of racks (or
quandles), then the centralization congruence [Eq(fa), Eq(as)] coincides
with the congruence K (s ) generated by the action of {fa, a-)-symmetric
paths, also described by the set of pairs in X, (Deﬁnitionm i.e. those
pairs of elements of A, which would be identified if o had rigid horns).

2.5.6. Describing symmetric paths differently? Given a morphism f
in Rek (or Qnd), f-symmetric paths are described as the elements in the
kernel Ker(f) of f (which is our notation for Pth(f)). It is unclear to us
whether this result generalizes in higher dimensions. Our understanding
is that the question should be: given a double extension «, do the normal
subgroups Ker(f4)NKer(cZ,) and Kifaa
is negative or positive, this would help to specify more precisely how to

) coincide ? Whether the answer

understand these (fa, a;)-symmetric paths algebraically. Following the
strategy from Section [2.4.17] of Part I, we were able to show that:

PROPOSITION 2.5.7. [98] Given f: A— B and h: A — C, two surjec-
tie functions such that Eq(f) o Eq(h) = Eq(h) o Eq(f), the intersection
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Ker(Fy(f)) NKer(Fg(h)) of the kernels of the induced group homomor-
phisms

Fo(f): Fg(A) = Fg(B) and Fg(h): Fg(A) = Fo(C)
is given by Kp, (1), F,(n)) (with respect to A) as in Definition .

PRrROOF. Given an element g € Ker(Fq(f)) N Ker(Fg(h)) C Fg(A),
and following the proof of Proposition[2.4.15based on Observation[2.4.14]
we may identify an Fg( f)-symmetric pair g, = a‘il ceadn gy = b(il co hon
in Fg(A), such that g = gagljl. Moreover, since g € Ker(Fq(h)), by
Observation the elements in the sequence (or word)

i 0 on =0 -0
($iz)1§i§2n = all, B bn T b1 1

organize themselves in n pairs (z)", x}j ) such that ¢ < j, (z;,z;) € Eq(h),
vi = —;, each element of the sequence (xzi)lgiggn appears in only one
such pair, and given any two such pairs (a:;“,x;“) and (z]',at), 1 < i
(respectively [ > i) if and only if m > j (respectively m < j). Let us fix
such a choice of pairs. For each k € {1, ..., 2n}, we write (z,"*, z ")

i 0k
for the unique pair such that either i = k or ji = k.

For what follows, consider the “paired index” operation p defined by
p(ix) == jr and p(ji) = ig for any k € {1, ..., 2n} — of course p(p(k)) =
k for all such k. Define the operation “opposite index” o(i) = 2n+ 1 — 1
for 1 <4 < 2n.

We give an example of such a word representing g € Fg(A) below, where
n = 7, the lower lines link elements which are sent to opposites by f,
and the upper lines link the elements which are paired — and thus sent
to opposites by h.

A A A

Y1 Y2 V3 Y4 75 Y6 V7 8 79 Y10 Y11 Y12 Y13 Y14
Ty Xy Xy Iy Xy Tg Ly Xy ) Tio  T11 T2 Tz Ty

61 6 83 84 65 b6 O 1—07 -0 1-05 1-04 1-03 1—02 1—01
a' ay’ ag’ oaf ag a’ ay by bg bs by bs by by

S
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ins Vig . Tie Y6 (Vi T i
We have for instance (z; ,xJG )= (2", 2{°) = (z;/*,z;") and similarly

11 71
(a;jf,a:;;?) = (x]",2]}") = (x 2124’ Zﬁ‘*), moreover o(n) = 8, p(n) = 14

and p(o(n)) =9, o(p(n)) = 1.

We may rewrite the word representing ¢ as the word

01 On1.—0n —01, 01 On —0n —01
al -..anbn -..bl y2n¢~-yn+1yn --.yl s

where the y, are systematically chosen to be x;, as in the pair (z A/k‘“ , l‘j,i ).
If we define o, := —6; for 1 < k < m and o} = dopy1- for n +1 <
k < 2n, then y,q) = yx and o,py = —oy for all k € {1, ..., 2n}, and
the sequence (or word) (y, “*)i<k<2n reduces to the empty word, i.e. it

represents the neutral element e in Fg(A). In our example

TR S

g1 a2 a3 g4 a5 J6 a7 g8 a9 J10 J11 J12 J13 014
Y1 Ya Y3 Yy Ys®  Ys Y7 Ys Yo Yo Y1 Yi2© Y13w Y

1l 1} 1} 1} 1} 1} 1l 1} 1} 1} 1l 1} 1} 1}
(52 (52 54 54 (51 757 (57 7(57 5r 54 *54 *55' 57
N A bs? byt bt by an

a; Gy a4y agt ay

Observe moreover that for all7 € {1, ..., 2n}, (x;,y;) € Eq(h), vi = —0;
and 0; = —02p41—4. In order for g to be in Ko(Fg(f),Fg(h)), it then
suffices to check that (yi, yon+1-i) € Eq(f) for each i € {1, ..., n}.

Since this is not the case in general, we describe how to “algorithmically”
replace the value of each y; (y; — d; for 1 < i < n and y; — copti1—i
for n +1 < i < 2n) in such a way that for each index 1 < i < 2n, it is
still the case that y,;) = yi, moreover, the previous and new value of y;
are identified by h and finally (cg,d) € Eq(f) for each k € {1, ..., n}.
The resulting word below still represents g which thus satisfies all the
conditions for being an element of Ko (Fy(f),Fg(h)).

Let us illustrate this rewriting method on our example. The general
method is then described below in Algorithm We start by looking
at the pair (y7,ys) = (a7, b7) and we observe that it is in Eq(f). Hence



137 PArT 11

we do not change the values of y7 and yg, i.e. define d7 := a7 and c¢7 := by
respectively. Now once we have set the values of d7 and ¢y, we do not
want to modify these anymore. But remember that y,r) = y14 has to
be equal to y7 = d7 and similarly y,,(7)) = Yp(s) = Yo has to be equal to
ys = c7. We thus fix yg = ¢ := ¢y = by and y14 = ¢1 := d7 = a7. We then
proceed by looking at the pair (Yu(o(7))s Yo(p(o(7)))) = (Y9, Y6) = (b, a1)
which is not known to be in Eq(f). We are then going to modify the
value of yg accordingly, since the value of yg is set. Observe that since

h h

Yo =c6 =br x9=0bs x6=u0as Ys=ai,
N ; 4
there is z € A such that
/NN
Yoz X6 Ye, (42)
\/

where we link two elements with a line labelled by A if these are identified
by h; similarly for f.

We then let dg := z be the new value of ys. Then y,4 = y1 has to
be set to di := dg. We should then look at the pair (y1,y14), but both
values d; and c; have been defined already. This is not a problem since
(y1,914) € Eq(f) by construction (f(y1) = f(ds) = f(ce) = f(cr) =
fler) = f(y1a))-

We have just completed an Imner loop in our method. We may then
start over by choosing any of the remaining indices 7, such that the value
of y; has not been set yet. Take for instance i = 2, we look at the pair
(y2,y13) = (a2, bs) which is not known to be in Eq(f). We thus modify
the value of y;3 accordingly: since

h h

Yo =az z2=az w3=>by yi3=bs,
N 5 9l
there is 2’ € A such that
h h
NN

z 13 Y13,

2
\/

we choose 13 = ¢ := 2’ and keep ys = do := as. As a consequence we

Y

define y,(2) = y3 = d3 := ag and yp(13) = Y10 = ¢5 = c2. We must then
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look at (y10,¥5) = (c2,a4) which is not known to be in Eq(f). Then

since Y "
/7N /7N
yio=c2 T =0bs; x5=as yYs=ay,

N
there is 2” € A such that

VA VAN

Yio = Ts  Ys,
\/

we define y5 = ds = 2 and thus y,;y = ya = dy = ds. Similarly, we
define y11 = ¢4 such that (y4,911) € Eq(f) and let y19 = ¢3 := ¢4. Now
observe that y3 = d3 = ay was defined in such a way that (yi12,y3) €
Eq(f). This ends a second Inner loop in the method. The values of
all the y; have been set in the appropriate way, which ends the Outer
loop of our method. In general this method can be implemented as in

Algorithm below.

ALGORITHM 2.5.8. Declare two variables m and I, which range over the
indices {1, ..., 2n}, and which we use to run the two embedded loops of
the algorithm. Define the variable I which is the set of “indices not yet
visited”. We use the symbol := to change the value of these variables.

Start by setting m :=n and I := {1, ..., 2n}.

Outer loop. Define I := I\ {n, o(m)} and start by running the
method TestPair(m) defined below. Then:

(1) If p(m) # o(m), replace the values of Y,(m)y and Yp(o(m)) by those
of Ym and Yo(m) respectively. Define | := p(o(m)) and proceed
to the Inner loop.

(2) Otherwise (if p(m) = o(m)), proceed to Switch.

Inner loop. Define I := I\ {l, o(l)} and then:

(1) If o(l) # p(m), then the value of Y,y has not been modified yet.
Run TestPair(l), and replace the value of y,,1y) by that of Y-
Observe that Yy(m) = Ym, Yo(m) = Yp(o(m)): Yl Yo(l) = Yp(o(l)) 7€
all identified by f by construction. Finally, redefine | :== p(o(l))
and proceed to the Inner loop.

(2) Otherwise (o(l) = p(m)), proceed to Switch.
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Switch.

(1) If I is not empty, choose any i € I and define m := i. Proceed
to the Outer loop.
(2) Otherwise stop the algorithm.

TestPair. Given an index j € {1, ..., 2n}, define the method de-
noted by TestPair(j) as follows.

(1) If (yj, Yo(j)) € Ea(f), keep these as they are;
(2) otherwise, since

h
/NN
Yi Ti To)  Yo(h)
\/
there exists z € A such that
h h
/NN
Yj /Z To(j)  Yo(j)-
\s
Then replace the value of yo(j) by z.

Note that | and m keep visiting new indices, which have not yet been
visited by [, o(l), m or o(m). Since there is a finite amount of such
indices and o(p(m)) is one of those, the Inner loop always reaches an end:
o(l) = p(m). When this happens, by construction y; and ypm) = Yo()
are in relation by Eq(f). We can thus proceed to the Outer loop after
redefining m to be any of the remaining indices in I. No value of any
y; is changed twice, but all values are visited once so that the resulting
sequence is as required. ([l

REMARK 2.5.9. Note that the existence of a z as in Equation does
not mean that there is a workable algorithm to find this z. However, as-
suming that such a procedure exists, one can implement the whole method
on a computer.

Now given a double extension of racks (or quandles) «, it is easy to
obtain Kz, o) < Ker(fa) NKer(a’) as the image of

K(Fy (1) Fe(an) = Ker(Fg(fa)) NKer(Fg(a-))

by qa : Fg(U(A;)) — Pth(A;) (defined as in Section [2.4] above). Hence
Ker(f4) N Ker(d,) = Kipa if and only if the induced morphism
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7: Ker(Fy(fa)) NKer(Fg(a,)) — Ker(fa) N Ker(d,) is a surjection. We
were unfortunately not able to identify a reason why this should be true
in general (see Observation [2.5.10| for alternative descriptions).

Besides, we note that even if the two groups do not coincide, it might still
be that the action of K¢, oy on A; and the action of Ker(f4) NKer(c?,)
on A, define the same congruence in Rck (or Qnd). Finally, we ask the
“even weaker” question: is Ker(f4) N Ker(c) in the center of Pth(A.)?
This would imply that the image by Conj Pth of a double covering is still
a double covering (see Section .

OBSERVATION 2.5.10. More precisely, observe that a double extension of
racks or quandles « is sent to a double extension o/ = Pth(«) in groups
since Pth preserves pushouts of surjections and Grp is a Mal’tsev cate-
gory. Call ¢: Pth(A;) — P’ the surjective comparison map of o/. The
double extension « is also sent to a double extension in Set by the forgetful
functor, as pullbacks and surjections are preserved. This double extension
in Set is then sent by Fg to a double extension o in Grp, since pushouts
of surjections are preserved by left-adjoints. Write ¢”: Fg(A;) — P for
the comparison map of . Finally o is sent by Conj to a double exten-
sion in Rck again, which is sent to a double extension o'” by Pth. Write
" Fg(Ar x Fg(A;)) — P for the comparison map of o"". We have
thus three layers o/, o and o of double extensions in Grp fitting into a
fork o/ = " — o of 3-dimensional arrows, such that each arrow is a
square of double extensions, and the top pair is a reflexive graph whose
legs are 3-fold extensions.

By the universal property of the pullbacks P", P" and P’, there is an in-
duced reflexive graph p1,p2: P = P”, as well as a surjection q: P" — P’
which coequalizes p1 and ps, such that the whole fork fits into the com-
mutative diagrams of Figure [}l By Lemma 1.2 in [10], (x) is a double
extension if and only if q is the coequalizer of p1 and ps, which is also
equivalent to the fork being a double extension. These three equivalent
conditions are satisfied if and only if the aforementioned morphism

q: Ker(Fg(fa)) NKer(Fg(a,)) — Ker(fa) N Ker(a,)

1S a surjection.
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0 : T
‘ ‘ ti|t
! ! .

Nk /Fg(AT) STAREL +Fg(A))
| Fg(aT) qA+ | /
R \

Fo(B.) (B

J, = 9B,
a5, Pth(4,)— Pth(A.)
o l
Pth(B:) +Pth(B,)

|

A , <
Pth(4,) - - £ - P/
Figure 5. The fork o’/ = o” — o’ and its comparison map

3. The I''-coverings (or double central extensions of racks and
quandles)

In this section, we show that the concept of double covering of racks
and quandles (or algebraically central double extension) and the con-
cept of T''-covering (or double central extension of racks and quandles)
coincide. In order to do so, we first show that double coverings are re-
flected and preserved by pullbacks along double extensions. Since trivial
I''-coverings are double coverings, this implies that I''-coverings are also
double coverings.

3.1. Double coverings are reflected and preserved by pull-
backs. We first show a general result about morphisms induced by 3-fold
extensions (see Definition . Observe that given the hypothesis of
Lemma [1.2.1] we deduce from [10, Lemma 2.1] that if the right hand
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square of Diagram (30| is a double extension, then f is an extension
even if C is merely regular (and not Barr-exact).

LEMMA 3.1.1. Consider a 3-fold extension (o,8): v — « in a reqular
category C. The morphism

Ow.): Ba(fo)OEq(y:) = Eq(f4)OEq(a;)

induced by (o, B) between the parallelistic double equivalence relations is
a reqular epimorphism.

PRroOOF. First we recall how to build the double parallelistic rela-
tions of interest. By taking kernel pairs horizontally and then verti-
cally, we build the Diagrams and , where the induced pairs
(p1,p2): Ea(fy) = Edq(fc) and (71, m2): Eq(fo) = Eq(fa) on the top
rows, are the kernel pairs of 4 and & by a local version of the denormal-
ized 3 x 3 Lemma (see [10] and Lemma below). As a consequence,
all the rows and columns of Diagrams and are exact forks.

Ea(f,) ==+ Ea(fc) —— Ba(f)

i i Il

Q(’YT) : CT L} DT (43)

] | 7e |40

Eq(y,) —/——=C, — D,

=

Eq(fa) = Ea(f4) —— Ea(fz)

i i

Eq(a) =——= 4, — B, (44)

fa| |74 | 12

Eq(Oél) :;Al T) BL

Then by Proposition 2.1 from [10], the objects Eq(f,) = Eq(fc)D Eq(y+)
and Eq(fa) = Eq(fa)OEq(a-) yield the double parallelistic relations of
interest.
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Now the 3-fold extension (o, ) induces morphisms between the Diagrams
and , such that on the top row we have

Eq(fc)0 Ea(y.) == Ba(fe) —— Ea(/p)

Q)| e |5

Eq(f4)0Ed(a.) == Eq(fa) —— Ea(fn).

Hence, by [10, Lemma 2.1], it suffices to prove that the right hand com-
mutative square (7, 3) is a double extension. This can be deduced from
the fact that (o, ) is a 3-fold extension. When C is Barr-exact category,
we may use [48] Lemma 3.2]. However, for a general regular category C,
we consider the “fork of comparison maps”:

Eq(fo) o — 17 Lo

r| i l (45)

Eq(fA) XEq(fB) Eq(fD) — Ar X B, D- T) A, XB, D..

where the bottom row is exact by Lemma (as for the top rows
in Diagrams and above). Moreover, the right hand square
(fc, fp) is a double extension since (o, 3) is a 3-fold extension, and thus
the morphism p is a regular epimorphism. Since p is also the comparison
map of (7, 3), this concludes the proof. O

Using the study of the denormalized 3 x 3 Lemma from [10], we obtain
the following result, where, as usual, we locally use double extensions
instead of working globally in a Mal’tsev category.

LEMMA 3.1.2. Given a regular category C as well as a 3 X 3 diagram such
as any of the two Diagrams (43) and , where all columns are exact,
the middle row and the bottom row are exact, and the bottom right-hand
square is a double extension, then the top row is also exact.

PROOF. The top row is left-exact by [10, Theorem 2.2|. Then the
top right morphism is a regular epimorphism by [10, Lemma 2.1]. We
conclude by the fact that in any category with pullbacks, regular epi-
morphisms are the coequalizers of their kernel pairs. O

Working in the categories Rck and Qnd again we obtain the following.
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COROLLARY 3.1.3. Double coverings are stable by pullbacks along dou-
ble extensions and reflected along 3-fold extensions. In particular, T'1-
coverings are double coverings.

PRrROOF. Consider a 3-fold extension (o, ): v — « in Rck (or Qnd)
such as in Definition [L311

Assume that v is a double covering. Given =z € A, and (a,b,c,d) in
Eq(fa)OEq(a;), the surjectivity of o and U, ) (from Lemma
yields 2’ € C; and (o/,V/,,d') € Eq(fc)OEq(y,) such that o, (2') = z,
o.(a)=a,o. () =b,0.(c)=c,and o.(d') = d. Since 2’<a’< 1b'ac’<1
d' = 2’ in C,, the image of this equation by o, yields z<a<~'baca™ld = x
in A,. Hence « is a double covering.

Conversely assume that « is a double covering and suppose that (o, 3)
describes the pullback of a and S, i.e. suppose that the comparison map
7 of (0,) is an isomorphism (see Definition [I.3.1). Then we consider
x € C; and (a,b,c,d) € Eq(fc)OEq(y,), and we have to show that
y=x<da< ' baca ! dis equal to . It suffices to check the equality in
both components of the pullback C-, via the projections 7, and o.. We
have indeed ~;(y) = 7+ (z) and since « is a double covering, we have also
o+(y) = o-(x). Hence 7 is a double covering. O

3.2. Double coverings are I''-coverings. As described in Section
given a double covering a: f4 — fp, we build the canonical double
projective presentation of its codomain fp:

Pss = Py, Py,): PB — fB (see Diagram (33)).
We then consider the pullback of our double covering « along our pro-
jective presentation pg, (see Diagram in ExtRck or ExtQnd). This

yields a double covering v: fo — pp which has a projective codomain
pp: Fr(P) = Fi(B,) (or pp: Fq(P) = Fy(B,) if we work in Qnd).
foJ—> fa
(’YT,%)J( l(oﬂ%) (46)
pp———— IB
(PrpPip)

We show that such double coverings are always trivial double coverings,
which implies that the double covering « is a I''-covering.
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PROPOSITION 3.2.1. If a double covering of racks v = (v+,7.) has a
projective codomain of the form p: Fr.(P) — Fy(B,) for some sets P and
B.:

fe

C. y C
/WQ/\?
<'YvaC> Q
YT / Ve
i
F.(P) - y Fro(B)),

where Q = Fy(P) xp,(p,) C., then v is a trivial double covering. The
result holds similarly in Qnd, for a double covering ~v with codomain of
the form p: Fq(P) — Fq(B,).

ProOF. Consider an fo-horn M = (z, (ai, bi, 0i)1<i<n) in C; such
that the image of M by 7, closes into a disk in F,(P), i.e. v (z) -
(’)7;(”7161 .. .([Jénbif(sn .. .[)71*61)) — 7T($)~

‘L(Sl T b1%1 R M) 'yl(a;) -

. i (g2 7 (g8h)
—fo- B —fo——
a J/fc\\])”én — —fo——
M M fe M M fe
at = (gg) b= (g,") . (a™M)

Let us write y; :== v, (a;) and z; := ~,(b;) for each 1 < i <mn. Then

- 0 Ony, —On 01\ _ ,, 0 On . —0n . =0

in Pth(F,(C;)) yields the neutral element e since the action of the group
Pth(F,(C;)) on F,(C,) is free — note that in the context of Qnd, this
path h is in the group Pth®(F4(C-)) which acts freely on Fqy(C:).

Since p is projective (with respect to double extensions), there is a split-
ting s = (s;,s,) of v such that vs = (1, (p), lp,(p.)) is the identity
morphism. If we define d; := s.(v:(a;)) and ¢; = s;(7:(b;)) for each
1 <7 < n, then we have that
o c0t.c,0n, ... ;7% = g1(h71) = e € Pth(C,) is trivial;
e moreover 7, (d;) = v-(a;) and 7;(¢;) = v (b;) for each 1 < i < n;
e and thus the product g (gM)~1 in Pth(C.) defines an (fc,v-)-
symmetric path in Pth(C.) since we have that the product
gM (g}t = gM(gM)~1s: (A1) which is equal to

Llél"'”46%4_6""'ﬁ_élﬂ(sl"“'45"(]4_6"“'(]4_61-
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Since 7 is a double covering, we conclude that
z=a- (9 (")) = a (@0 2b, 700 T,
which shows that v is a trivial double covering. U

THEOREM 3.2.2. A double extension of racks (or quandles) is a T''-
covering (also called double central extension of racks and quandles), if
and only if it is a double covering (also called algebraically central double
extension of racks and quandles). The category of double coverings and
the category of T''-coverings above an extension of racks (or quandles)
are isomorphic.

3.3. Centralizing double extensions. Consider a double exten-
sion of racks (or quandles) a: f4 — fp. We may universally centralize
it (i.e. make it into a double covering) by a quotient of its initial object
A.. We studied the reflection of CExtRck in ExtRck. Now in Ext?Rck
(from Definition , we may identify the full subcategory CExt?Rck
whose objects are the double coverings (or equivalently the I''-coverings,
also called double central extensions). The following result is the 2-
dimensional equivalent of Theorem from Part I. We define & as
the class of 3-fold extensions from Definition [1.3.1

THEOREM 3.3.1. The category CExt>Rck is a (E;)-reflective subcategory
of the category Ext®Rck with left adjoint Fy and unit n? defined for an
object a: fa — [ in Ext?Rck by

773[ = (7737)7731) = (("7124771(1‘4)7 (idBT7idBL)): o — F2(a)7

where 7712%: A, — A/ Cy(a) is defined as the quotient of A, by the cen-
tralizing relation Ca(«) := [Eq(fa), Eq(ay)], and its equivalent descrip-
tions from Corollary [2.5.5 Observing that Co(a) < Eq(fa) N Eq(a),
the image Fa(a) == (Fy(ay),a.): F5(fa) = fB is defined via the unique
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factorization of the comparison map p: A, — A, xp, B through the quo-
tient 771247 :

2
A A Cola)
OC‘T F (f‘A)::ﬂé)/

o
DAY
A, ? v A, xp B, AL—‘—A

" AL Co(a) P

where my and my are the projections of A, X B-, as in Equation [27,

The image by Fo of a morphism (o, B): v — « is then given by the iden-
tity in all but the initial component:
F2(U’ B) = ((&Tv Ol)7 (BT’ BL))?

where 6+ is defined by the unique factorization of 7’]124TJT through na, as
displayed below, where P = (C;/ Ca(7)) X(4,/Co(a)) A+

O+

C, LA,
\p\} P o
n?;“ e ‘W%T (47)
v
C:/Co(y) - ——— - +(A;/ Ca(a))

PROOF. First observe that the double extension Fa(a) is indeed
a double covering by construction. As was already mentioned in the
proof of Theorem n? is easily seen to be a 3-fold extension since
its bottom component is an isomorphism. Hence given a quadruple
(a,b,c,d) € Eq(F5(fa))OEq(F5(a)), it is the quotient of some quadru-
ple (a/,V',c,d") € Eq(fa)OEq(a;) by Lemma and thus for any
z € (A./ Cy(«)), the elements x and x-(a b~ ¢ d~1) have n} -pre-images
2’ and 2’ - (a/ (1))~ ¢/ (d')~1) which are in relation by Ca(c).

Then we show that 12 has the right universal property. We first show
the universality of 12 in the subcategory Ext?(fg) of double extensions
over fp. Consider a double covering v: fo — fp and a morphism 6 €
Ext?(fg) between o and =, yielding the following commutative diagram
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of plain arrows in ExtRck, whose top and bottom components in C are
given below.

Fs(fa)
ngéTT FQ(OZ)
19::(19{,0 ) fA % fB

JGfL/

A
| X
(e
0. A, B,
eLl
~r Yo
C.

Given any pair (z - g,z) € Ca(), where g is some (f4, a;)-symmetric

—

path, 6(g) is an (fc,-:)-symmetric path and thus we have that 6. (x) =
0.(z) - 6. (g) since 7 is a double covering. As a consequence, Ca(a) <
Eq(#;) and thus there exists a unique factorization ¥, of 6, through
7]3“ . Since fcﬁmi =0, FQ(fA)U,%x,a and 77124, is an epimorphism, we may
define the morphism ¥ := (9,,60,): F5(fa) — fc, which is moreover a
double extension by Lemma This shows the existence of a factor-
ization of 6 through niT. The uniqueness of ¥ is easily deduced from the

uniqueness in each component.

Now working in the category Ext?Rck, we consider a double covering
v: fo — fp and a morphism (7,.): a — v in Ext?Rck. We compute
the pullback p of ~ along ¢ and the induced comparison map 7 of the
underlying square of (7,¢) in ExtRck:

Since p is a double covering (by pullback-preservation), we obtain

0: Fs(fa) = fo xpp [
by the preceding discussion. Then the morphism (o9, ¢) is a factorization
of (7,¢) through n?(a) which is easily shown to be unique. O
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Note that, as usual, the monadicity of I implies that CExt?C, is closed
under finite limits computed in Ext?C. Also since n? has regular epimor-
phic components, double coverings are closed under subobjects in Ext?C
(see for instance [71], Section 3.1|; note that the same comments hold for
the adjunction F; - 1). Closure by quotients along 3-fold extensions was
discussed in Remark [I.3.3] We conclude the proof that Fo 41 fits into a
strongly Birkhoff Galois structure I'? in the forthcoming article, Part II1T
[97], where we study higher coverings of arbitrary dimensions.

4. Further developments

Besides the following theoretical developments, more explicit examples
of double coverings should be studied, for instance in the known contexts
of application cited in Part I. Now from the perspective of categorical
Galois theory, future developments should also include the description of
a weakly universal double covering above an extension, and subsequently
the characterization of the fundamental double groupoid of an extension
(see for instance [21]). From there, the fundamental theorem of cate-
gorical Galois theory should be applied in order to “classify” the double
coverings above an extension.

Another obvious line of work concerns the commutator defined in Sec-
tion A review of the links between commutators and Galois theory
can be found in [70]. For instance, it should be checked whether or not
our commutator coincides with (or compares to) what was defined for
general varieties in terms of internal pregroupoids [75], or other theo-
ries such as the classical approach of [57] which was already applied in
this context [7]. In the last paragraphs below, we suggest to apply the
developments of [69] to our context, with the objective to investigate
the links between categorical Galois theory and homology |56, 28|, [34]
within racks and quandles (see also [38], Section 9]).

4.1. Galois structure with abstract commutator. As it was
suggested in Part I, one of the important outcomes for the application of
higher categorical Galois theory in groups was the elegant generalization
of the higher Hopf formulae from [18| to semi-abelian categories |74,
50, (45, 34]. In [69], G. Janelidze shares his perspective on how to
understand the mechanics behind the Hopf formulae from the viewpoint
of categorical Galois theory, and in particular via the description and
understanding of what an abstract Galois group is. He introduces the
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definition of a Galois structure with (abstract) commutators, which is
suggested as another starting point (more general than that from [50])
for applying the methodology that he illustrates in the context of groups.
In this section, we adapt this definition in order to include the covering
theory of quandles as an example, in a way which is compatible with the
aims and developments from [69]. Further details about the application
of the ideas from [69] to the covering theory of quandles is left for future
work.

Our definition of Galois structure with (abstract) commutators is not
aimed at being the most general possible. Our main point is the use of
higher extensions to clarify the conditions which are displayed in [69].

DEFINITION 4.1.1. A Galois structure with commutators is a system of
the form T = (C, X, F,1I,n,¢,E,[—,—]), in which:

(1) T = (C,X,F,I,n,¢,E) is an admissible Galois structure (see
Convention and Subsection ,'

(2) if f =pq inC and f and q are in &, then p is in E;

(3) [—,—] is a family of binary operations

ERg(A) X ERg(A) — ERg(A)

defined for each A in C and all written as (S,T) — [S,T]; here
ERg(A) denotes the class of E-congruences on C, i.e. the class
of subobjects of A x A that are kernel pairs of morphisms from
E;

(4) for S and T in ERg(A), we always have [S,T] < SNT;

(5) if (0,8): v — « is a morphism between the double extensions -y
and B, then (o, ) induces a morphism

[0:]: [Ea(fe), Ea(v:)] — [Ea(fa), Eq(a:)};

(6) if (0,8): v — a above is a 3-fold extension, then the morphism
o]+ [Ea(fe), Eq(y:)] = [Ea(fa), Ea(a,)] is in &;

(7) for each A inC, F(A) = AJ/[Ax A, Ax A] and ny is the canon-
ical morphism A — AJ[A x A, A x A];

(8) for a morphism p: E — B from &, p is a I'-covering if and
only if [E x E,Eq(p)] = Ag, i.e. [E x E,Eq(p)] is the smallest
congruence on E.

Observe that conditions (5) and (6) differ from G. Janelidze’s presenta-
tion (see 4.4(7) and (j) in [69]). We explain how to translate from his
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context to ours. In order to avoid confusion, let us point out a small typo
in [69]: the conclusions of Condition (g) in Definitions 4.1 and Condi-
tion (f) in Definition 4.4 should be that p is in F' (rather than in C' — see
Condition below). Also in Condition (i) of Definition 4.4 we should
read [E x E,Eq(p)] instead of [E x E,Ker(p)].

Now if we translate the notation in [69] to ours, G. Janelidze considers
the data of o-: C; — A., S = Eq(fc), T := Eq(v-), S" := Eq(fa) and
T" := Eq(a,) as well as induced morphisms s: S — S  and t: T — T".
From this data, we easily build the entire morphism (o, #) with no further
assumptions. The only difference is then the assumption that o and -~y
are not merely pushout squares of extensions, but also double extensions.
Whenever C is a Mal’tsev category, which is the case in the examples
considered by G. Janelidze and others [44], 50| 53|, 54}, [46], « and ~
are automatically double extensions. In our context, this is the “natural”
extra requirement to work with. We work locally with congruences which
commute since in our context, pairs of congruences above a given object
do not commute in general. Now when s and t are further required to
be extensions (such as in 4.4(j)), by the same reasoning, the natural
generalization from Mal’tsev categories consists in requesting (o, 3) to
be a square of double extensions. Finally observe that 4.4(j) was already
challenged in Remark 4.6 of [69]. Observe that under the restrictions
suggested by T. Everaert or G. Janelidze (in this same remark), our
square of double extensions (o, ) becomes a 3-fold extension. Hence
our choice of presentation is arguably an adequate and elegant variation
from [69], which is coherent with the example we are interested in, as
well as the examples considered in [69] and related works.

EXAMPLE 4.1.2. From the results of Section 2.1, and Lemma[3.1.1], we
deduce that the Galois structure from Theorem together with the
operation [—, —| from Definition satisfies the conditions of Defini-

tion[{-1-1)

Since compatibility with unions is understood to be an important prop-
erty for commutators, we show the following result which may be used
to study Example from the perspective of [69]. Note that our hy-
potheses might not be optimal; we deduce the modular law locally from
the less general permutability conditions on our congruences. These
are arguably more suitable for this context in which (repeatedly) we
have been using, locally, some properties which are globally satisfied in
Mal’tsev categories.
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PROPOSITION 4.1.3. Let A be a quandle, R, S and T congruences on A
such that S < R. If R, S and T commute pairwise, and moreover RNT

commutes with S (for instance when S commutes with all congruences),
then [R, SUT| = [R, SJU[R,T| = [S, Ax AJU[R, T (see Corollary[2.1.10).

PROOF. First observe that [R,S]U[R,T] < [R,S UT] is an easy
consequence of Lemma Then consider a generator
(x<a<atbacatdz) € [R,SUT)]

for some x € A and

a-R-b

sur sior € ROSUT).

d-R-c
Since S and T commute, there is by € A such that (b,by) € S and
(bo,c) € T. Moreover since R commutes with S and T, there are ag
and respectively do such that (a,ap) € S, (ap,bp) € R, (d,dy) € T
and (do,bp) € R. Hence (ag,dp) € RN (SUT). Using the modular law
(ap,dp) € SU(RNT) and thus there is a; € A such that (ag,a1) € S and
(a1,dp) € (RNT). From there observe that (ai,bp) € R and (a1,d) € T
such that we obtain:

a S ag S+ ai ~T- d

L

bSboSbQTC

Considering each of these three squares separately, by definition of [R, 5]
and [R,T] we derive that z is in relation by [R,S] U [R,T] with the
element

raa<tbaby< ag<ag <t hgabyp<aag<day <P hgae<atd,

which reduces to z<a< 1 baca1d. O
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