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for Censored Data s

Axel Bicher, Anouar El Ghouch, and Ingrid Van Keilegom

Abstract When the dimension of the covariate space is high, semiparametric
regression models become indispensable to gain flexibility while avoiding the curse
of dimensionality. These considerations become even more important for incom-
plete data. In thiswork, we consider the estimation of a semiparametric single-index
model for conditional quantiles with right-censored data. Iteratively applying the
local-linear smoothing approach, we simultaneously estimate the linear coefficients
and the link function. We show that our estimating procedure is consistent and we
study its asymptotic distribution. Numerical results are used to show the validity
of our procedure and to illustrate the finite-sample performance of the proposed
estimators.

1 Introduction

Quantile regression is a very attractive alternative to the classical mean-regression
model based on the quadratic loss. While the latter provides only information about
the central behavior of the data, by varying the quantile level, the former provides
a more complete picture, both in the center and in the tails. At the same time, one
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does not need to impose restrictive assumptions about the unknown data generating
process. There are many cases where studying the conditional mean is uninformative
compared to the conditional upper or lower quantiles representing more extreme
situations. A niceillustration can be found in Elsner et a. (2008), where the interest
lies in the lifetime-maximum wind speeds of tropical cyclones. The authors found
that trends are near zero for the mean and lower quantiles (median and below), but
are upward for higher quantiles.

With the objective of providing arobust yet easily computable aternative to lin-
ear mean models, Koenker and Bassett (1978) propose a method to estimate alinear
guantile model using the so-called check loss function. This seminal work inspired
many researchers from different fields and the method has been generalized and
adapted to a wide range of statistical applications including fully nonparametric
methods like local-polynomial or spline smoothing; see, e.g., Yu and Jones (1998)
and Koenker et a. (1994). Although a completely nonparametric approach is flexi-
ble, its application requires alarge amount of datain order to overcome the curse of
dimensionality. While retaining much flexibility, semiparametric models avoid the
curseof dimensionality by imposing some structure on themodel . One such structure
isthe single-index model in which one assumes that the objective function depends
linearly on the covariatesthrough an unknown link function. Many widely used para-
metric models can be seen as particular cases of the single-index model. Examples
are the linear regression model and the generalized linear model. In a single-index
model, no matter the number of covariates, the curse of dimensionality is avoided
because the nonparametric part (link function) is of dimension one. This model was
investigated and successfully applied to many objective functions, including the con-
ditional mean and conditional quantiles. For some related papers, see, for example,
Ichimura (1993), Klein and Spady (1993), Hardle et a. (1993), Carroll et a. (1997),
Delecroix et a. (2003), Wu et a. (2010), and Kong and Xia (2012) to cite just some
of the relevant papers.

The magjority of the available literature is devoted to the case where the variable
of interest, say Y, is completely observed. This is not the case in many interesting
applications including survival analysis where censoring prevents the direct appli-
cation of “classical” semiparametric methods because instead of observing Y, one
only observes the minimum of Y and a censoring variable. For genera results on
(linear) quantile regression within such a setting, see, e.g., Portnoy (2003), Wang
and Wang (2009), and references therein. Compared to the uncensored case, the lit-
erature on single-index models dealing with censoring is very sparse. To the best of
our knowledge, the only paper so far isthe one of Christou and Akritas (2019) who
studied a non-iterative approach based on a combination of four local smoothing
estimators:. the local Kaplan—Meier estimator for estimating the conditional distri-
bution function of the censoring variable, the nonparametric estimator of Kong et al.
(2013), a Nadaraya—\Watson-type estimator for estimating the link function, and a
local-linear estimator for estimating the desired conditional quantile. For the case of
the conditional mean, we refer to Lopez et al. (2013) and the references therein.

In this paper, we study the single-index model for the conditional quantile func-
tion when the data are right-censored. We estimate the parameters of interest by
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constructing aweighted check function in away similar to the method of El Ghouch
and Van Keilegom (2009). The main difficulties here are the non-differentiability of
the check lossfunction and thefact that the weight function depends on the censoring
distribution, which is unknown and needs to be estimated and then plugged-inin the
estimating equation. Our proposed local-linear estimation method isbased on aniter-
ative procedure involving a ,/n-consistent estimator of the single-index parameters.
In every iteration, we need to maximize alarge number of local equations. We derive
the asymptotic properties of the resulting quantile regression function under some
suitable sufficient conditions. The practical performance of the proposed method is
examined viaMonte Carlo experiments. The estimator is shown to perform very well
for data of moderate size, even when the percentage of censoring is relatively high.

Theremainder of the paper isorganized asfollows. Section 2 describesthe estima-
tion procedure. The asymptotic properties such asthe consistency and the asymptotic
normality of our semiparametric estimator are obtained in Sect. 3. The problem of
selecting the bandwidth parameter is tackled in Sect. 4. Simulation studies are pre-
sented in Sects. 5, and 6 highlightsabrief applicationtoreal data. Proofsand technical
lemmas are deferred to an online supplement.

2 Mode and Estimation

Suppose that Y is a non-negative response depending on ad-dimensional covariate
X. The object of interest in this paper is the rth conditional quantile of Y given
X =X, t € (0, 1), which we denote by Q. (x). We impose a single-index structure
on Q., i.e., we suppose that

Q. (x) = M (X" Bo.r), ()

wherem; : R — R isan unknown smooth link function and where 8y ; is avector
of unknown coefficientsin the unit sphere S*-1 = {8 e RY : || 8] = 1}, where || - ||
denotes the Euclidean norm on RY. For identifiability reasons, we suppose that the
first coordinate of Bo . is positive. Aslong as it will not cause any ambiguity, we
suppress theindex t and writem = m, and 8o = Bo .- In model (1), estimating Q.
boils down to estimating m and fo.

For u € R, let p,(u) = u{r — 1(u < 0)} denote the check function. Then, it is
well known that B is given by

Bo = argming _gsE[p-{Y — m(XT B)}]
= argming o E [E[o {Y — m(XT $)}1 X7 B1]. )

The expressions E[p. {Y — m(XT 8)}] and E[p.{Y — m(XT 8)}|XT 8] can be inter-
preted as the expected and the conditional expected loss, respectively.

For the moment, let us suppose that there is no censoring and that we observe
ani.i.d. sample (Xi, Yi)_, from (X, Y). Thefollowing procedure for estimating So
and m(v), where v € R is arbitrary, stems from Wu et a. (2010). The main ideais
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to define an empirical analog of the expected loss in (2), which can be minimized
subsequently. Let 8 € S~ be given. Then, assuming that m is sufficiently smooth
and that X" 8 iscloseto v, a Taylor expansion yields

m(XB) ~ m(v) +m @)X —v) = a+b(X| B — v),

wherea = m(v) and b = m'(v). Thus,
Y e {Yi —a—bXTg - v)} K{(XTB —v)/h} €)
i=1

with some kernel function K and a bandwidth h represents an empirical analog of
the conditional expected lossin (2). Notethat, for given 8 = By, minimizing (3) with
respect to a and b yields oracle estimators for m(v) and m'(v), respectively. To get
an empirical analog of E[p.{Y — m(XT 8)}], we need to average (3) over v. Hence,
setting v = vj = X| B, weobtain

DO e {Yi —ay — bi(X{ B} wij(B), 4

j=1i=1

where Xi; = X; — X; and where

[ () ()

By minimizing the expression in (4) with respect to (a;j, bj)j_; and g, we obtain
estimatorsof (m(v;), m'(vj ))’j‘:1 and Bo. To simplify thisminimization problem, Wu
et al. (2010) proposed an iterative procedure based on successive estimation of Sy
and (m(v), m'(v)), for any givenv € R. Inthe present paper, we adapt their approach
to the case where the observations of the response variable may be censored.

In the presence of censoring, we do not fully observe the response variables ;.
Instead, we observe a sequence of i.i.d. triplets (X, Z;i, A, from (X, Z, A),
where Z = min(Y, C), A = 1(Y < C), and C > 0 denotes a censoring variable.

Assume for the moment that C is independent of Y given X7 8 and let Fc x4
(zIx"B) = Pr(C < z|X" B = x" ) denote the conditional distribution of C given
XT B = xT B. Then, some simple cal culations based on the tower property of condi-
tional expectations show that, for any measurable function h : R? — R,

®)

)
E[h(Y, XTB) | XTB] = E[ hz. X' pa XTﬂ} .

1— Feixp(Z — |XTB)

Therefore, we canwrite E [ o, {Y —a — b(XTB —v)} | XTB] as
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E[Q(B)pe(Z = a=b(XT —v)} | XT§]
—E [Y - Z|xT,3] +E [{z —a-bXTB—w)[r
~QUALZ <a+bX"p—w}]|XT8],

where Q(B) = A /{1 — Fcx75(Z — |XT B)}. This suggests to replace (3) by either

no XTg
> QImnlz —a-boqT s - vk (ZH=1 ) ©
i=1

or

n . XTg—
> Zi—a=bO 8- ) [t = QGiALZi <a+bXT - )] K ( e ”) ,
i=1
™

with Qi (8) = Ai /{1 — Feixt4(Zi — |XT B)}, where Fe 7 is a stitable estimator
of Fc xt 4. For instance, one may use the local Kaplan-Meier estimator given by

1-a
A Bi (8, %)

Bt T8)y=1— l-——=705 ’
cixTp(ZIX" B) zl:[z< 222 B (ﬂ,X))

with < (ﬂTXi—ﬂTx)
an

n BTX—BTx\’
Eia K ()

and where a, is a bandwidth sequence converging to zero as n tends to infinity.
When B, =n~for al i, IquTﬁ reduces to the classical (unconditional) Kaplan—
Meier estimator, subsequently simply denoted by Fc. Note that, for any given g,
both (6) and (7) are convex functions. Although the numerical minimization of (6)
may be easier than that of (7), in this work we opt for the latter because, as is
well known, the Kaplan-Meier estimator is very unstable at the right tail and this
problem can be adequately and automatically dealt with through (7). In fact, in (6),
the Kaplan—Meier estimator needs to be calculated for every Z; whereas in (7),
using the fact that Qi (8)1{Zi <a+b(X[B —v)} =0if Z; > a+b(X[ 8 —v),
the observations beyond m(x" 8) would have no or avery small impact (depending
on the bandwidth) on the resulting estimator. A very similar approach was used in
El Ghouch and Van Keilegom (2009) for the case of one covariate. An approach
based on minimizing aquantity closely related to (7) can befound in Heet al. (2013)
for analyzing high-dimensional survival data.

Bi (B, x) =
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For simplicity, and to avoid some technical difficulties, in the present paper, we
assume that

(C1) Cisindependent of Y given X and C are independent of X

(a different assumption, also used for instance by Bouaziz and Lopez (2010)
recently, under which the asymptotic results in this paper remain valid is given
in Remark 1 below). In such a case, Y and C are independent given X' g, and
Feixtp(zIXT B) = Pr(C < z) = Fc(2) so that the unconditional Kaplan—-Meier esti-
mator can be used. To sum up, we estimate m(v) and m’(v) by (v, 8) = a(v, 8)
and Y (v, B) = b(v, B), respectively, where

@@, B), b(v. B)) = argmin, .z ¥ {Zi —a—b(X{ g —v)}[r

i=1

Tp _
~Oi1{z < a+b(XiTﬂ—v)}] K (W) (®)

andwhere Qi = A /{1 — Fc(Z;i—)} withtheunconditional Kaplan-Meier estimator
Fc. Still, it remains to construct an estimator for By. To do so, we proceed asin the
uncensored case and define the following empirical analog of (4):

DDz —a = b OB [T = QZ < ay + by K] ) | wy (B).

j=1i=1

Thejoint minimization of the resulting expression with respect to (a;, b )'J-‘:l and g is
complicated and likely to lead to unstabl e estimates, hence we propose the following
iterative procedure adapted from Wu et al. (2010).

Step 1. Start with aninitial estimator 3 of Ay and set fiter = B (seebelow for a
suitable example on how to obtain ).
Step2. Forj=1,...,n,let

(&, bj) = argmin, pez Y {Zi —a— b(Xj Birer)}[ —
i=1

Q1{Zi < a+b(XBite)}]wij Biter)-
Step 3. Using the estimates (4, b))"_, , set
B = agming g » Y (Zi — & — bj(XB)}[r —
=1i=1
Q{Z <& + Bj(XiTjﬂ)}]wij(ﬂiter)

and update Birer by setting iter = SON(BY)B*/118* |-
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Step 4. Repeat Steps2and 3until thedifferencebetween two consecutiveestimations
of g issmaller thanagiventhreshold and definethefinal estimate 8 by setting
,3 = ,Biter-

Step 5. For any desiredjndexAvaAlue v € R, estimate m(v) and m'(v) by v, B) =
a(p) and ' (v, B) = b(p), thelatter estimators being defined in (8). For any
desired index value x € RY, estimate Q. (x) by m(x" B, B).

Step 1 requires an initia estimator for 8. We propose to use an estimator adapted
from the OPG (outer product of gradients) method in the mean-regression context in
Xiaet al. (2002). The method requiresthat X hasadensity, and the underlying ideais
asfollows: Forany x € RY, wehavedm(x™ By)/9x = m'(x" Bo) Bo. Hence, thepartial
derivativesof m(x" Bo) with respecttox areparallel to Bo. For j = 1, ..., n, let b; =
m’(XjTﬁo) Bo. One can easily see that the (standardized) eigenvector corresponding
to the largest eigenvalue of Vi, =n~* Y"1, b;b] is given by fo, which suggests
to estimate Bo by replacing b; in the definition of V, by suitable estimators Bj,
that is, we define By as the (standardized) eigenvector corresponding to the largest
eigenvalue of V, = =t Y°7_, b;bT". For the estimation of b;, we propose to use the
local-polynomial estimators

n
(&;. b)) = argming pr)cga:s Y {Zi —a—b' Xij}
i=1

[r ~G1{Z < a+bTxi;>}] K (Xij/h),

where K denotes ad-dimensional kernel.

3 Asymptotic Results

Inthissection, we present asymptotic resultsfor thefinal estimator mh = m(B) arising
from Step 5 of the procedure described in the preceding section. In particular, we
show that the estimator for m does not depend on the specific form (or asymptotic
distribution) of the parametric estimator 3, aslong asit is J/n-consistent for By . In
anon-censored case, the latter assumption has for instance been shown for asimilar
recursively defined estimator in Kong and Xia(2012). Inacensored case, it issatisfied
for the maximum likelihood estimator proposed by Strzalkowska-Kominiak and Cao
(2013) and for the regression-like semiparametric estimator of Bouaziz and Lopez
(2010).

We begin by describing technical conditions. For fixed v € R, suppose that there
exist neighborhoods Ug,, Up), and U, of o, m(v) and v, respectively, such that:
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(A1) Thekernel K isadensity function on R which is symmetric around O, has a
compact support denoted by supp(K), and is differentiable with a bounded

derivative.

(A2) The function m is twice continuously differentiable on U, with bounded
derivatives.

(A3) (i) The support of X, denoted by supp(X), is contained in a compact subset
Dx of Rd.

(i) For any B € Ug,, therandom variable X' 8 hasadensity fxr 4. The func-
tionUg, x U, = R, (B, u) = fxr4(u) isbounded and Lipschitz-continuous
at (Bo, v). Inaddition, fxr g (v) > 0.
(A4) (i) The conditional distribution Fy x of Y given X has a conditional density
fy)x (:]-) that is bounded on Uy, x supp(X).
(i) Forany B € Ug,, the conditional distribution of Y given XT 8 hasacondi-
tional density fy xrg(-|-). ThefunctionUg, x Umwy x U, — R, (B, Yy, U) —
fy|x7s (¥ | u) isbounded and Lipschitz-continuous at (8o, M(v), v). In addi-
tion, fyxtg,(M(v) | v) > 0.
(iii) Ug, x Umy x Uy = R, (B, Yy, U) = fyxrp(ylu) is partially differen-
tiablewith respect to y and the derivative, denoted by f(ﬂ xrp(YIW), isbounded.
(A5) Thepoint v € R satisfies Fz{m(v)} < 1, where F denotesthe c.d.f. of Z.

Before we formulate the main results, let us introduce some additional nota-
tions. For 8 € R andu € R, let X (8, u) = (L, (X7 8 —uy/h)", Z(B,u) = Z —
m(u) — m'(U) (X g — u), and K (B, u) = K{(XT B — u)/h}. Moreover, set Kj =
Jg U K (u) du and K]f = [pu/ K% dufor j €{0,1,2 3} andlet

> (Ko Ky > [ K§ Ky
K_<K1K2>’ K_<K1Ké '
For some constant M > 0, let Uy, denote the closed d-dimensional ball of radius

M with center 0, i.e, Uy = {y € RY: ||| < M}. Finaly, for 8 e RY and u € R
(usually considered to be close to By and v), let

_ (U, B) — m(v) _h_2—_1<Kz> , }
M”(“’ﬂ)‘m{(h{m/(u,m—m/(w}) 2 k)M

with m(u, B) and ' (u, B) asdefined in (8).

Theorem 1 Supposethat (C1)ismetandthath = h(n) — Osatisfieslim,_ ., nh® =
oo and nh® = O(1) asn — oo. Then, for any v € R that satisfies conditions (A1)—
(A5) and for any M > 0,

n
sup M, (v, BY) — V1
(y,k)eUy x[—M,M]

[« -

i=1

x X (Bo, v)Ki (Bo, v)

3~
>

Q1{Z <m(X By} = op(1),

| I
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where vy = v +«//Nand i = o+ y/+/N, where Qi = A; /{1 — Fc(Zi—)} and
where V = [ fy x4, {M(v) | v} fxr5,(0)]K.

Note that the sum between the norm signs in Theorem1 consists of centered
summands as a consequence of (5). The uniformity in y and « in Theorem1 is
essential for the next corollary which can be regarded as the main result of this
paper: it statesthat thefinal estimator for Q. (x) in Step 5isasymptotically normally
distributed.

Corollary 1 Let B, € S~ be an estimator for 8o such that 7, = «/N(Bn — Bo) =
Op(1). Supposethat (C1) and the conditions on the bandwidth of Theorem1 are met.
Then, for any v € R that satisfies conditions (A1)—(A5) and for any x € RY such that
v = X' By satisfies conditions (A1)—(A5),

M (v, Bn) ~ N2(0, o2(v)K "TK’K 1), and

Min(X" Bn, Bn) ~» N2(0, 02(XT Bo) K TK'K ™),

where, for any v € R,

2(v) — g (M) | v} — 72
£31x7 g, (M) [0} Fxr g, (0)

and where, for any u, v € R,

1(Y < u)

om0 == | e

XTﬂo = v] .

Remark 1 The results of Theorem1 and Corollary 1 remain valid provided we
replace Condition (C1) by the following Condition (C2) originating from Stute
(1993). Note that it is also imposed in Bouaziz and Lopez (2010).

(C2) A isindependent of X givenY and C areindependent of Y.

We also refer to Lopez et al. (2013), where assumption (C1) is replaced by aweaker
assumption involving independence between C and Y conditional on g(X) for some
function g. For the sake of brevity, we omit further details.

4 Bandwidth Selection

The practical performance of any nonparametric regression technique depends cru-
cially on the choice of smoothing parameters. A (theoretical) local optimal band-
width can be derived from the result in Corollary 1 by minimizing the asymptotic

N

mean squared error of M(v, B) with respect to h, yielding
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hoPt = hoP (v) = {L)KO_ }1/5 n~Ys,
{m"(v)}2K3

Unfortunately, this expression is not directly applicable in practice, since it depends
on several unknown quantities. Even in the simpler non-censored case, the deriva-
tion of reliable estimators for the respective quantities is delicate. For that reason,
alternative procedures for the bandwidth selection have been proposed, see, e.g.,
Yu and Jones (1998) or Kong and Xia (2012) for procedures relying on the mean-
regression case. However, these proceduresare not directly applicablein the presence
of censoring. For that reason, we propose to use the following leave-one out cross-
validation (CV) procedure (see al'so Zheng and Yang 1998; Leung 2005; El Ghouch
and Van Keilegom 2009):

(CV1) For agivenh, estimate 8 = A(h) asin Steps14.
(CV2) Forany j =1,...,n,seti_; n(X] B) = & ;(X] B, B), where, forany v €
Rand g € %1,

(& (v, B), b_j (v, B)) = argmin, px Z {Zi —a—Db(X|B —v)}

i=1..,

T —
X Qi,_j [t —1{zZ < a+b(X'p —v}]K (Xi ﬂh v)

denotes the estimator based on all observations except the jth.

(CV3) For j € {1,....n}suchthat Aj = 1, set Cv_jn = |h_j n(X] B) — Zj|. Let
CV (h) denote either the median or the mean or the m%-trimmed mean of
that sample (referred to as MAE, M SE, or trimmed M SE in the following).

(CV4) Repeat the first three steps for several bandwidths and set h$Y = argmin;,
CV(h).

We consider 10%-trimmed M SE, which, together with the M SE and the MAE, yields
three different criteria

5 Numerical Results

In this section, we assess the finite-sample performance of the 5-step estimator for
m(v). For reasons of numerical stability, we constrain al minimizationsto acompact
st [—M, M]P, with M = 10. Additionally, we stop the algorithm in Step 4 after
atmost 25 iterations, if convergence has not occurred until then. We perform 500
repetitions for two different models, two sample sizes (n = 200, 400), two levels
of censoring (on average 25% and 50%), three values of t € {0.3, 0.5, 0.7}, two
dimensionsd € {3, 6} and 61 valuesfor v € {0.05, 0.075,0.1, ..., 1.525, 1.55}. We
consider 15 different bandwidths h € {0.1, 0.15, ..., 0.75, 0.8}. Additionally, we
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Model 1 Model 1
~ f_’ N
non-censored observations 25% censoring on average
censored observations —— 50% censoring on average
©

4 5
P(Y>C|Xbeta=v)

0.2

T T T

T
0.2 0.4 0.6 0.8 1.0 1.2 1.4 0.2 0.4 0.6 0.8 1.0 1.2 1.4
X’beta X'beta

Fig. 1 Left: True quantile curvesfor r = 0.1, 0.3, 0.5, 0.7, 0.9 (black curves, in increasing order)
and asimulated sample of sizen = 400 (for d = 3, with 25% censoring on average). Right: Proba-
bility of censoring v — Pr(Y > C| XT Bp = v) for Model 1. The average probability of censoring
Pr(Y > C) is 25% for the black curve and 50% for the gray curve

investigate the performance of the cross-validation method described in Sect. 4. The
considered models are as follows.

Model 1 (location-scale model, censoring independent of the covariate)
Fori =1,...,n,weconsider

Y, =3+ exp(X{ o) + {1+ 3sin@r X Bo)}ei,  Xi = (Xig, ..., Xiq),

where X; j isi.i.d. uniformon (0, 1) fori =1,...,nand j =1,...,d, and where
gi isi.i.d. norma with mean O and variance 0.25. During the simulation study,
we consider the vector 8o = [(d,d —1,..., D[, x (d,d —1,..., 1). Note that
the support of XT B is the interval [0, ||Boll1], With ||Boll2 = 1.60 for d = 3 and
| Bolls = 2.20for d = 6. The tth conditional quantile of Y; given X; = x isgiven by

Q:(X) = g (5 exp(x” Bo), {1+ 2sin(27x" Bo)}), )

where g, (i1, o) denotes the rth-quantile of the normal distribution with mean u
and standard deviation o. The curves are depicted in the left panel of Fig.1, for
7 € {0.1,0.3,0.5,0.7, 0.9}.

The censoring variables are i.i.d. normal with mean uc and variance oé =1,
independent of X; and ¢;. We consider two choices for the mean uc, which result
in either a proportion of censoring of about 50% or of about 25% (for instance, for
d = 3 the choices are uc = 4.2 to obtain a proportion of censoring of about 50%,
and uc = 5 for proportion of censoring of about 25%). A sample of size n = 400
with d = 3 and 25% censoring is depicted in the left panel of Fig. 1.

Note that the probability of censoring given X = x is given by
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Model 2 Model 2
~ f_’ N
non-censored observations 25% censoring on average
censored observations —— 50% censoring on average
© ©
@
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0 1 1
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Fig. 2 Left: True quantile curvesfor r = 0.1, 0.3, 0.5, 0.7, 0.9 (black curves, in increasing order)
and asimulated sample of sizen = 400 (for d = 3, with 25% censoring on average). Right: Proba-
bility of censoring v — Pr(Y > C| XT Bp = v) for Model 2. The average probability of censoring
Pr(Y > C) is 25% for the black curve and 50% for the gray curve

3+ zexp(X" Bo) — e )

Pr(Y>C|X=x)=d><
\/1 + 11+ 2sin@2rxT fo))?

where @ isthe standard normal cumulative distribution function. The corresponding
curvesv — Pr(Y > C| X 8y = v) aredepicted intheright panel of Fig. 1for juc €
{4.2, 5} (which, for d = 3, yields a proportion of censoring of about 50% and 25%,
respectively). From these graphs, we expect the estimator (v, ) to have worse
performance for large values of v.

Model 2 (location-scale model, censoring depending on the covariate)

We consider the same data generating mechanismfor Y; asfor Model 1. In particular,
the conditional quantile curves are given by (9).

The censoring variables arei.i.d. normal with mean uc + % exp(XT Bo) and vari-
ance ocz =1, independent of &;. We consider two choices for the mean wc, which
result in either aproportion of censoring of about 50% or of about 25% (for instance,
for d = 3thechoicesare uc = 3 to abtain a proportion of censoring of about 50%,
and uc = 3.8 for proportion of censoring of about 25%). A sample of sizen = 400
with d = 3 and 25% censoring is depicted in the left panel of Fig. 2.

The probability of censoring given X = x isgiven by

Pr(Y>C|X=x)=<D< 8- ne )
J1+ 21+ 3sin@nxT o))
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Thecorresponding curvesv — Pr(Y > C | X" 8y = v) aredepictedintheright panel
of Fig.2for uc € {3, 3.8} (which, ford = 3, yieldsaproportion of censoring of about
50% and 25%, respectively). The curves are much flatter than in Model 1, whence
we may expect the estimator to perform similarly throughout the support of XT .

The results of our simulation study for the fixed bandwidth case are reported in
Tablel and Figs.3 and 4. The results in Table1 concern both the performance of
the estimator of B8 and the estimator of m(v) for various values of v. We state the
minimal MSE (for A: the minimal summed MSE over the coordinates of ), over all
15 bandwidth choices h € {0.1, 0.15, .. ., 0.8}, alongside with the value realizing
that minimum. Theresultsin Figs. 3 and 4 illustrate the performance of the estimator
rM(v) in dependence of the bandwidth parameter h, for a fixed value of v = 0.85.
The reported boxplots concern the empirical squared estimation error over N = 500
simulation runs, and are only reported for d = 3 (the results for d = 6 look very
similar and are not presented here for the sake of brevity).

Overall, the results are as to be expected: for both models, they (greatly) improve
with larger sample sizes and a smaller proportion of censoring. Concerning the
guantile level, the results are in most cases best for T = 0.5, closely followed by
7 = 0.3and then = 0.7. Despite the fact that the estimator for Model 2 (lower half
of Tablel and Fig.4) is more complicated (being based on the local Kaplan—Meier
estimator for the censoring distribution), the performance of the estimator is often
better than for the Model 1, in particular for the parametric estimator .

Finally, Table2 shows simulation results on the cross-validation method based on
the 10%-trimmed M SE for choosing the optimal bandwidth as described in Sect. 4.
For the sake of brevity, weonly consider Model 1 withd = 6. Wemeasurethe quality
of the cross-validation method in terms of the relative efficiency:

£ |.opt
RE — M SE(t, h9'-op )’
M SE(f, h¢V)
where h9 %' = minyco.1. 08 {MSE(B, h) + MSE((0.7), h) + MSE(h(1), h)
+ MSE(1(1.3), h)} and wheref € {8, M(0.7), (1), M(1.3)}.

Theresultsin Table2 show that, overal, the cross-validation method works rea-
sonably well but we also noticed that in some cases, the method may lead to unsat-
isfactory results. Therefore more work is needed to devel op a better solution for this
challenging problem of bandwidth selection.

6 Case Study

In this section, we fit the single-index quantile regression model to a subset of the
data from the University of Massachusetts AIDS Research Unit IMPACT Study
(called Ul S-dataset), available online at the John Wiley & Sons website, ftp://ftp.
wiley.com/public/sci_tech med/survival. This dataset has been extensively studied
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Table 1 Minima summed MSE of 8 and minima MSE of rh for four vaues of v in
Model 1 (upper half) and Model 2 (lower half), multiplied by 103, over al bandwidths h €
{0.1,0.15, ..., 0.75, 0.8}, aongside with the bandwidth realizing that minimum. The first and
third quarter are for d = 3, while the the second and fourth quarter are for dimensiond = 6

n Cens. |t B hopt | M(0.4)| hopt | M(O0.7) | hopt | M(D) | hopt | M(L.3)| hopt
200 025 |03 20.3 |0.50 244 |0.45 30 |025 85 |0.50 345 | 0.80
200 050 |03 38.1 |0.55 32.7 |0.55 54 |035 |123 |0.70 60.4 | 0.80
200 025 |05 17.3 | 0.75 10.0 | 0.80 25 |0.55 6.2 |0.80 39.2 | 0.80
200 050 |05 375 |0.75 16.0 | 0.80 43 |0.70 95 |0.80 77.8 | 0.80
200 025 |07 233 |055 | 229 |050 | 72 |030 [121 |080 | 753 |0.75

200 050 |[0.7 68.0 | 0.55 363 |060 |200 045 |249 |080 |149.1 |0.80

400 025 |03 8.3 | 045 13.0 | 045 1.8 |0.30 36 |045 15.7 |1 0.80
400 050 |03 13.0 | 0.50 17.8 | 0.50 21 |0.30 51 |045 285 |0.80
400 025 |05 7.8 |0.75 55 |0.80 09 |0.50 27 10.80 21.3 | 0.80
400 050 |05 139 |0.75 8.8 | 0.80 16 |050 47 |0.80 44.1 | 0.80
400 025 |07 9.6 | 0.55 14.0 | 045 25 |0.20 6.0 |0.55 35.2 |0.70

400 050 |[0.7 236 |0.55 233 |0.50 71 |030 |129 |0.75 83.5 | 0.80
200 025 |03 1096 |0.80 |137.1 |0.50 59 |055 |262 |030 |126.0 0.80
200 050 |03 1895 (080 |1743 |0.80 |11.4 |0.70 |59.1 |0.80 |170.9 |0.10
200 025 |05 60.8 | 0.80 18.7 | 0.80 79 1080 |221 |0.75 40.4 | 0.80
200 050 |05 132.4 | 0.80 300 {080 |21.7 |080 |51.7 |080 |1084 |0.80
200 025 |07 67.4 | 0.80 731|055 |212 (030 |279 |0.80 33.0 |0.80
200 050 |[0.7 1635 | 0.75 66.2 {055 |630 (040 |87.2 |0.80 98.3 | 0.45
400 025 |03 454 |0.30 75.6 | 0.50 3.0 |0.60 47 |0.25 47.4 | 0.25
400 050 |03 943 080 |111.7 |0.45 39 |060 |170 |040 |106.0 |0.80
400 025 |05 28.2 | 0.80 11.6 |0.80 37 |0.70 9.0 |045 18.3 | 0.80
400 050 |05 61.4 | 0.80 144 |0.80 70 |080 (187 |0.35 39.1 | 0.80
400 025 |07 32.0 |0.80 47.2 | 0.45 77 020 |10.7 |0.80 16.8 | 0.80
400 050 |[0.7 82.9 | 0.80 489 (050 |187 |025 |31.0 |0.55 41.8 | 0.80
200 025 |03 17.1 | 0.45 20.9 | 0.50 30 |0.30 76 |045 28.6 |0.80
200 050 |03 26.2 | 0.50 26.7 | 0.60 40 |035 |105 |0.50 43.9 | 0.80
200 025 |05 13.7 | 0.80 124 |0.80 21 |0.60 56 |0.80 249 |0.80
200 050 |05 237 |0.75 21.0 |0.80 35 |0.65 84 |0.80 46.4 | 0.80
200 025 |07 16.1 | 0.55 32.1 | 045 57 |0.30 82 |0.80 425 |0.80
200 050 |[0.7 32.2 | 0.60 57.0 |050 |102 (045 |147 |0.75 87.1 | 0.80

400 025 |03 7.4 |0.40 11.2 | 0.50 15 |0.20 31 |040 11.6 | 0.80
400 050 |03 11.0 | 0.40 15.1 | 0.55 23 |025 41 |0.40 17.3 | 0.80
400 025 |05 59 |0.80 8.0 |0.70 0.7 |0.60 23 |0.80 135 | 0.80
400 050 |05 10.0 | 0.70 144 |0.80 13 |055 38 |0.80 21.1 |0.80
400 025 |0.7 6.7 | 0.55 16.8 | 0.40 20 |0.20 42 |0.65 22.3 |0.70

400 050 |07 12.8 | 0.55 36.6 |0.40 37 |025 77 |0.70 495 | 0.75
200 025 |03 745 030 |118.8 |0.55 48 |060 |115 |0.30 90.3 | 0.30
200 050 |03 109.0 | 040 |157.9 |0.80 71 |045 |193 |040 |141.8 |0.30
200 025 |05 48.4 |0.80 20.6 |0.80 52 |065 |115 |0.40 275 | 0.80
(continued)
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Tablel1 (continued)

n Cens. |t B hopt | M©0.4)| hopt | M(O0.7) | hopt | M) |hopt | M(L3)| hopt
200 |050 |05 (813 080 | 316 (080 |100 |070 |214 |055 |445 |0.80
200 |025 |07 |476 |080 [1035 [055 119 |025 |135 |0.80 |220 |0.80
200 |050 |07 [89.0 |0.80 [1205 [065 |263 |0.80 [289 |080 |41.7 |0.80
400 |025 |03 |275 |025 | 617 |050 | 29 (055 | 29 (030 |266 |0.20
400 |050 |03 |398 (030 | 8.3 |050 | 33 (060 | 43 (035 |372 |025
400 |025 |05 |230 (080 | 138 |080 | 29 (070 | 53 |035 |128 |045
400 050 |05 383 |0.80 17.5 | 0.80 42 |0.70 71 |040 |186 |0.50
400 |025 |07 |234 |080 | 684 |050 | 45 (020 | 61 (080 |136 |0.35
400 |050 |07 |419 |080 | 910 |055 [100 |0.80 |113 (080 |253 |0.35

Table 2 Relative Efficiency of 8 and of rhin Model 1 (d = 6) based on the 10% trimmed MSE
cross-validation criterion

n Cens. T B M(0.7) (1) M(1.3)
200 0.25 0.3 0.88 0.91 0.88 0.65
200 0.50 0.3 0.61 0.45 0.55 0.63
200 0.25 0.7 0.79 0.98 0.72 0.61
200 0.50 0.7 0.72 0.83 0.88 0.64
400 0.25 0.3 0.91 1.04 0.46 0.78
400 0.50 0.3 0.82 0.79 0.99 0.72
400 0.25 0.7 0.81 0.99 0.90 0.76
400 0.50 0.7 0.74 0.87 0.76 0.68

in the textbook Hosmer et al. (2008), seein particular Section 1.3 and the references
therein.

The censored, dependent variable of interest Y isthe number of daysfrom admis-
sion of adrug abusing patient until his/her self-reported return to drug use. Whilethe
entire Ul S-dataset from the above website consists of (incomplete) data on 628 sub-
jects, we only consider asubsample of sizen = 202, consisting of patientsreceiving
one particular treatment (long term) and stemming from one particular treatment
site(site A). The proportion of censoring, i.e., the proportion of patientsthat did not
return to drug use, is about 21%. We are interested in the effects of 4 (approximately
continuous) covariates on the dependent variable: length of treatment in days (X1),
age at enrollment (X;), Beck Depression Score at admission (X3), and humber of
prior drug treatments (Xg).

To preprocess the data, we take logarithms of the number of daysto return to drug
use. The four covariates are standardized to have mean 0 and variance 1. Denote the
estimated values of the single-index parameter by () = (B1(7), ..., Ba(r)) € S,
wheret € {0.1, 0.3, 0.5, 0.7}. Note that due to the proportion of censoring of about
21%, higher quantiles cannot be expected to give any insight into the relationship
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Fig. 3 Squared estimation error of M(v) for v = 0.85 against the bandwidth h in Model 1 for
d = 3. Upper six pictures: n = 200, lower six pictures: n = 400. Note the different scalein thelast
column (corresponding to T = 0.7)

between the dependent variable and the covariates (see aso the plot of the observa-
tions in Fig.5). The bandwidth parameters are chosen based on the 10%-trimmed
M SE-criterion.
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Fig. 4 Squared estimation error of rh(v) for v = 0.85 against the bandwidth h in Model 2 for
d = 3. Upper six pictures: n = 200, lower six pictures: n = 400. Note the different scalein thelast
column (corresponding to T = 0.7)

The estimated link functions, based on the 10%-trimmed-mean criterion, are
shown in Fig. 5, whereas the estimated single-index parameters are given in Table3.
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Fig. 5 Estimated link function x™ 8 — r(xT B), for r e {0.1, 0.3, 0.5, 0.7} (from upper Ieft to
lower right)

Table 3 Estimated single-index parameter for the Ul S-dataset

T Pr(t) Ba(t) Ba(t) Ba(t)

0.1 0.999 0.005 —0.040 —0.001
0.3 0.999 0.007 —0.041 0.004
0.5 0.996 0.045 —0.034 —-0.073
0.7 0.994 —0.052 —0.095 0.021

The triangles and circles in Fig.5 are the censored and uncensored observations,
respectively.

The results reveal some interesting features about the effects of the covariates on
the response. First of all, we observe that for al quantile levels under consideration,
the covariate “length of treatment in days’ seems to have a more important impact
than thethree other covariates, since the coefficients of the standardized variablesare
very different in size, as can be seen from Table3. Asageneral conclusion, alonger
treatment period results in alonger time until drug abusers return to drug use. The



Single-Index Quantile Regression Models for Censored Data 195

estimated link functionisstrictly increasing for all quantilelevelsand non-linear and
strictly concave for T € {0.1, 0.3, 0.5}. Furthermore, it isinteresting to note that the
strength of concavity increases with decreasing quantile. Hence, the marginal utility
of anincrease of X; initsleft tail islargest for those patientswhich generally tend to
return to drug abuse rather quickly (i.e., small quantiles of the response—these may
be considered as the most interesting group of patients).
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