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Abstract

We study Fredholm determinants of a class of integral operators, whose kernels can be expressed as
double contour integrals of a special type. Such Fredholm determinants appear in various random matrix
and statistical physics models. We show that the logarithmic derivatives of the Fredholm determinants are
directly related to solutions of the Painlevé Il hierarchy. This confirms and generalizes a recent conjecture
by Le Doussal, Majumdar, and Schehr [20]. In addition, we obtain asymptotics at +oo for the Painlevé
transcendents and large gap asymptotics for the corresponding point processes.

1 Introduction

We consider a family of integral kernels K (z,y), defined for z,y € R, of the form

K(Jj,y) =

1 (=D (P2nt1 (1) —p2nt1 (X)) —zptyX
/ du dA , (1.1)
TR L

(2mi)? A—p
where n € N, and vy, and g are curves in the left and right half of the complex plane without self-intersections
which are asymptotic to straight lines with arguments 5 %= at infinity, as illustrated in Figure 1. The
function po, 1 can be any odd polynomial of the form

n—1
x2n+1

— Ty 2j+1 1.2
p27l+1('r) m+1 + ot 2] ¥+ 117 ’ ( . )
with 7,...,7,—1 € R. Determinantal point processes with kernels of this form appear in various random

matrix and statistical physics models. The most prominent example is the Airy kernel, which corresponds to
n =1 and p3(\) = A\3/3. A generalized Airy point process characterized by the kernel (1.1) with monomial
Pan+1 appeared recently in [20], as a model for the momenta of a large number of fermions trapped in a non—
harmonic potential. Point processes with kernels of the general form (1.1), but with ps, 1 not necessarily
polynomial, also appear, for instance, in [29]. In [2], a connection was established between the kernels (1.1),



the theory of Gelfand—Dickey equations and some specific solutions which are related to topological minimal
models of type A,, (see [19] for an excellent introduction to this subject). The monomial case for n = 2 is
also related to spin chains in a magnetic field [36].

Our objective is to derive properties of the Fredholm determinants

F(S; Q) = det(I - Q’C‘[S,Jroc)) YL TR

for s € R and 0 < ¢ < 1, where IC|[S7+OO) is the integral operator with
kernel K acting on L?(s,+00). Throughout the paper, in order to distin- 9=
guish integral kernel operators from their kernels, we will denote integral
kernel operators by calligraphic letters (K in the above equation) and the
associated kernels by the corresponding uppercase letter (K in the above
equation).
Given a determinantal point process on the real line characterized by a cor-
relation kernel K, the Fredholm determinant F'(s; 1) is the probability dis-
tribution of the largest particle (max (which exists almost surely if the Fred-
holm determinant is well-defined) in the process, F(s;1) = P((max < $),
see e.g. [29, 35]. For p € (0,1], F(s;0) = P(Cr(fgx < ) is the probability
distribution of the largest particle g&é’gx in the associated thinned process,
which is obtained from the original process by removing each of the par-
ticles independently with probability 1 — g, see e.g. [8, 10, 11, 12]. In Ap- Figure 1: The contours vz and
pendix A, we confirm using standard methods that the kernels (1.1) indeed  7L-
define a point process for any choice of n,7y,...,7,_1, and this implies,
in particular, that F'(s; ) is a distribution function for any 0 < ¢ < 1.

As our first result, we will prove that F(s; p) can be expressed explicitly in terms of solutions to the Painlevé
Il hierarchy.

n
i1t

The Painlevé Il hierarchy is a sequence of ordinary differential equations obtained from the equations of
the mKdV hierarchy via self-similar reduction [23]. Using the same normalization as in [15], the n-th member
of the Painlevé Il hierarchy is an equation for ¢ = ¢(s) defined as follows:

d
<d +2q> +Zn< +2q>£e[qs—q2]—sq—a, n>1, (1.4)

where «,71,...,7,_1 are real parameters, and where the operators {£,, n > 0} are the Lenard operators
defined recursively by

a3 d 1
7£J+1f < + 4f + Qfs) ‘ija ‘cOf = 57 £’]1 = Oa .] > 1. (15)



The first members of the hierarchy are!

q" —2¢° = sq—a,
q"" —10q(¢")? — 10¢*q" +6¢° + 11(¢" — 2¢*) = sq — a,
¢"" = 14¢%¢"" = 56q¢'q" — T0(¢')*q" — 424(¢")* + T0q"q" + 140¢°(¢')* — 204"
+712(¢"" —10q(¢")? — 10¢%¢" + 6¢°) + 11(¢" — 2¢°) = sq — a, (1.6)

where ’ stands for —. Generally speaking, even if there exist families of rational and special function solutions

to Painlevé equatiorfs and hierarchies, one can say that typical solutions are transcendental functions which
have no simple closed expression. We construct a family of solutions to the Painlevé Il hierarchy in terms of
the Fredholm determinants (1.3). This is also of interest from a numerical point of view: whereas it is in
general a challenge to accurately evaluate Painlevé transcendents numerically, there are efficient algorithms to
compute Fredholm determinants [9].

We will be interested in the homogeneous version of the Painlevé Il hierarchy, which corresponds to a = 0.
The family of solutions that we will construct, contains natural generalizations of the Hastings-McLeod solution
[26] and the Ablowitz-Segur solutions [34] to the (second order) Painlevé Il equation. These solutions behave
like a multiple of the Airy function as s — +oo. More precisely, for every n, we construct solutions ¢(s; ) of
the n-th member of the hierarchy in terms of F(s;0), in such a way that ¢((—1)""'s; o) decays rapidly at
400, and behaves like a root function at —oco if o = 1.

Theorem 1.1. Lletn € N, 0 < 9 < 1 7,...,7h—1 € R, and let F(s;0) = F(s;0;71,...,Tn—1) be the
Fredholm determinant defined in (1.3) with K given by (1.1)-(1.2). There is a real solution q(s;p) =
q(s;0;71,...,Tn_1) to the equation of order 2n in the Painlevé Il hierarchy (1.4) which has no poles for real
s, which satisfies

2
qz((fl)"ﬂs; g) =32 log F'(s; 0), (1.7)
and which has the asymptotic behavior
g((=1)"s0) =0 (e_cs an ) , as s — 400, (1.8)
for some C > 0. Moreover, if p =1,
n n!? 7
o0 s~ (Gls) s (19)

For any 0 < o < 1, we also have the identity

F(s;0) = exp {— /:Oo(x —5)¢* (=) s 0) dx} : (1.10)

for F' in terms of q.

1The function g corresponds to the function g in [20] if we set the parameters 7; to zero.



In [21], the authors studied F(s;1) for the case of monomial po,1. Generalizing the approach used by
Tracy and Widom in [37], they proved that F(s;1) has an explicit expression in terms of a particular solution
of the quite simple Hamiltonian system of dimension 2n :

/o

Gy = Qp+1 — QOUp, U, = —qoGp, 0<p<2n—1. (1.11)
Namely, % log F(s;1) = —g2(s). Then, they conjectured that this Hamiltonian system implies that gq solves
the equation of order 2n of the Painlevé Il hierarchy, where all the parameters 7,...,7,_1 are set to 0. The
conjecture had been verified by the authors up to large n, by explicit computations. Theorem 1.1 proves an
extended version of this conjecture connecting directly the gap probability of these processes with the Painlevé
Il hierarchy, without using the Hamiltonian system. It would still be interesting, as suggested by the authors
of [21], to find another proof of their conjecture comparing directly (1.11) with the well known Hamiltonian
system classically associated to the Painlevé Il hierarchy, see [32].

We also observe that, in the physics literature, formulae similar to (1.7) relate the free energy of circular
unitary ensembles, in some critical limits, with the Painlevé Il hierarchy, see e.g. [33] and references therein.

Remark 1.2. More detailed asymptotics for q((—1)""1s; o) as s — +oo can in fact be predicted with the
following heuristic arguments. If q(( —1)ntlg; Q) decays rapidly as s — 400, it can be expected that the term

(;is%q at the left and the term sq at the right are dominant in the equation (1.4) for large s. The equation

then reduces formally to the generalized Airy equation
d2n
ds2n

f(s) =sf(s),

and it can therefore be expected that q((—l)”“s) behaves for large s like a real decaying solution of this
equation. The function f(s) = /0 Aign41((—1)"'s) with

d\ n A2n+1
Algpi1(s) := (—1)%1/ g el (1.12)
v 2T
is such a solution for any o, see e.g. [20].
When all the parameters 71, ...,7,_1 are set to 0, we confirm the above heuristics by proving that, with
q as in Theorem 1.1,
q((—l)"HS; 0) ~ /0 Aiz41(s), ass— oo (1.13)
(see equation (3.9) below). As explained in Remark 3.1, proving this rigorously for general 71, ..., 7,—1 would

require a rather technical saddle point analysis, and we therefore do not pursue this.

Remark 1.3. Forn =1, (1.10) is the well-known Tracy-Widom distribution [37], which is among others, for
o = 1, the limit distribution for extreme eigenvalues in many random matrix ensembles. For general n and
0 =1, (1.10) has the same structure as generalizations of the Tracy-Widom distributions obtained in [15],
see also [3], which describe the limit distribution for the extreme eigenvalues in unitary random matrix models
with critical edge points. However, we emphasize that the relevant solutions in [15] are different from the ones
present here, since they correspond to o = 1/2 and have different asymptotics. Therefore, the distribution
functions appearing in [15] are different from F'(s;1).

One cannot evaluate the Fredholm determinants F(s; o) explicitly for a given value of s, and therefore it is
natural to try to approximate them for large values of s. In general, the s — 400 asymptotics can be deduced



directly from the asymptotics of the kernel K(x,y) as z,y — +00, but the s — —oo are more delicate, and
are commonly referred to as large gap asymptotics [25, 30]. In our final result, we obtain s — —oo asymptotics
for F(s;1) up to the value of a multiplicative constant. For the sake of clarity, let us first state the result in

the simpler case where the parameters 7y,...,7,_1 are set to 0.
Theorem 1.4. Letn € N and let F'(s;1) be the Fredholm determinant defined in (1.3) with K given by (1.1)
and monomial pap41(x) == % As s — —oo, there exists a constant C > 0, possibly depending on n,

such that we have the asymptotics

1
2w s

"’2
F(s;1) = O|s|¢e” mrnemm () (14 0(1), (1.14)
with c = —% ifn =1 and ¢ = —5 otherwise. Moreover, the asymptotics (1.9) can be improved to
12 & 2n)! &
g((~1)"Hs 1) = ( (;Ln)!|s|> +§<(n’!’2 ) s 0 (1s727F), ass o oo, (L15)
2 1
Remark 1.5. The leading order term of log F(s;1) as s — —oo, namely _W&w@?) "s2T, was

already predicted in [20], but without any information about the subleading terms. QOur approach to prove
Theorem 1.4 consists of first deriving asymptotics for the logarithmic derivative % log F'(s;1), which we then
integrate in s. A consequence is that the multiplicative constant C' in (1.14) arises as a constant of integration,
which we are not able to evaluate. Explicitly evaluating such multiplicative constants in large gap asymptotics
of Fredholm determinants is in general a difficult task, see [30]. In the Airy case n = 1 with o = 1, it
was proved in [18, 4] that C' = e210821¢'(=1) where (' is the derivative of the Riemann ( function, by
approximating the Fredholm determinant by a Toeplitz or Hankel determinant for which the corresponding
constant can be obtained via the evaluation of a Selberg integral. It seems unlikely that a similar approach
could lead to the evaluation of C forn > 1.

In the more general case where the parameters 71,...,7,_1 are different from zero, the asymptotics of
F(s;1) = F(s;1;71,...,Th—1) change in a rather subtle way; we refer to Section 4 for further details. Let
- 2k . - 2k
Az) = (=) * < L )mz?k, Az) = (=1)m* < L >W’v,
k=1 k=1
and define 64, ...,65, and 9%2], .. .,9%271 as follows:
o0\ "2
< n) for i =0,
91;(T1,...,Tn)59i = 71 (116)
- res )\%(z), fori>1,
21 — 1 z=c0

where the residue at infinity is minus the coefficient of z~! in the large z expansion of the branch of )\%(z)
which is positive for large z > 0, and similarly

02, i=0,
Tn—1 .

91{2](715 cee aTn) = 01[2] =9NY4n -2’ i=1 (1'17)
AT ), iz



We will explain in Section 4 that these numbers are related to topological minimal models of type A,, and, more

specifically, to flat coordinates for the corresponding Frobenius manifolds. One can also compute {05»2], j >0}
as follows:

J
A =5"0,0,-. (1.18)
=0

We can now state our result on large gap asymptotics in full generality.

Theorem 1.6. Let n € N, 7y,...,7,—1 € R, and let F(s;1) = F(s;1;71,...,7n—1) be the Fredholm
determinant defined in (1.3) with K given by (1.1)-(1.2). As s — —oo, there exists a constant C' > 0,

possibly depending on n and the parameters 11, ..., T,_1, such that we have the asymptotics
n n2 [2] 2n— J+1
log F'(s;1) = — - 0; + clog |s| + log C' 4 o(1), 1.19
DR Wl s e i glsl +logC +o(1),  (119)
Jj#n+1
with ¢ = f% ifn=1andc= f% otherwise. Moreover, the asymptotics (1.9) can be improved to
a((—1)"*s Ze| |25 o+ ZO\SW—% +o(\s\—2—%), as s — —oo. (1.20)

For n = 1, there are no parameters of deformation 7;, so that Theorem 1.6 gives the well known large gap
asymptotics for the Tracy-Widom distribution [4, 18, 37]

[s]°

1
logF(s;l)——E—flog| sl +logC +o0(1) ass— —oo.

In the first non-trivial case n = 2, we obtain

2 \/6 2‘ ‘3/2 \[ 4‘ ‘1/2

w7 1357 10g|s|—|—10gC—|—0(1) as s — —oo.

2 1
log F(s;1) = —E\/é|s|5/2 — Eﬁ|s|

In the case n = 3, we have two deformation parameters 71, 72, and the large gap asymptotics read

9 2, .7/3 1 2 3\/ 9 5/3 4/3
log F(s;1) = — —203 _ = 107 903 (57 —
og F(s;1) 560 |s| 207'2|5| + 000 (1071 — 373) || + 5000 72 (511 —73) 3]
V20 205
~ o002 (507 — 2573 m + 373) [s[*/° + o5 oS (10007 — 1800737 + 63075y — 6375) |s|'/°

1
— §log |s| +1log C' + 0(1) ass— —oo.
When n increases, formulas get longer and longer, but they remain always completely explicit.

Let us end this introduction with an outline for the rest of this paper. In Section 2, we will show that the
Fredholm determinants F'(s; o) are equal to Fredholm determinants of a simpler integral operator, obtained
through Fourier conjugation. This crucial observation will allow us to show that F'(s; ) can be written as
the Fredholm determinant of an operator which is of integrable type. We then use the formalism developed



by Its, Izergin, Korepin, and Slavnov [28] to express the logarithmic derivative of F in terms of a Riemann—
Hilbert (RH) problem. We show that this RH problem is equivalent to a special case of the RH problem
associated to the Painlevé Il hierarchy. This enables us to prove formula (1.10). In Section 3, we will apply the
Deift—Zhou steepest descent method to obtain s — +o0o asymptotics for the Painlevé Il RH problem and to
prove the asymptotics (1.8) for the Painlevé transcendent q((fl)"“s; g). In Section 4, we perform a similar
but somewhat more complicated asymptotic analysis as s — —oo, which will lead to the proof of (1.9), and
to the proof of the large gap asymptotics stated in Theorems 1.4 and 1.6. An important ingredient in this
analysis is the construction of a suitable g-function, for which we need to exploit results related to the theory
of topological minimal models of type A,,. The general strategy to prove Theorem 1.4 and Theorem 1.6 shows
similarities with the one from [13], where large gap asymptotics were obtained for Fredholm determinants
arising from product of random matrices. Finally, in Appendix A, we prove that the kernels (1.1) define point
processes.

2 Painlevé expression for the Fredholm determinant

This section is devoted to the proof of (1.7) and (1.10). In the following we denote with xr the indicator
function of the contour g, and analogously for .. Let K be a kernel of the form (1.1). We will start by
showing that the Fredholm determinant det(I — o K|, . ) is equal to the Fredholm determinant of another
integral operator £, with kernel L which is of integrable type, according to the terminology of Its, Izergin,
Korepin, and Slavnov [28]. This means that Lg(\, ) has the form

Ls()‘uu) = M (21)

for some column vectors f, g which are such that f*(\)g()\) = 0.

Proposition 2.1. Let Ly be the kernel of the form (2.1) with

(=pntt —H"

1 e 3 p2n+1()‘)XR()\> e( 2) P2n+1(/¢)XL(H)
) = o 9(w) = ;o (22)

T omi oy R~
e( 5 Pzn+1(>\)+5)\XL()\) e%pan(H)*S#XR(M)

and L the associated operator acting on L?(y;, U~g). Then we have

det(I — o L) = det (I — Q]C|[S,+OO)) . (2.3)
Proof. Using the fact that L?(y, U~gr) = L%(vz) @ L?(yr), one can write the operator I — o L, in block
form as ‘
I | —oF )
I-0Ls= 2.4
o= (ot 24
where F : L?(y1) — L%(vgr) and G : L?(yg) — L?(7yL) are respectively given by the kernels
Pl e(fl);H (P2n+1 () —P2nt1(N)) o 1 e(i‘l,)n (P2n+1(&)—p2an+1(n))+sE—sp "5
(1, )—% 7 ) (f,ﬂ)—% €1 (2.5)



This implies that the operators 7 and G (and hence L) are Hilbert-Schmidt, since

P18 = ey [ [ S (26)
w ], N, AP

and analogously for G. We need a bit more and prove that actually F and G are also trace class, such that
the Fredholm determinant of I — o L, is well defined. To see this, introduce a third contour vy := iR + ¢
which does not intersect with v, and vg. We start with G and we introduce two operators

CW L (yr) — L*(0); € L*(70) — L (1) (27)
with kernels .
=17 1P2n+1(#)*8# e(fi)np2n+1(5)+85
CO(¢, p) = ¢ - N L (e e — 2.8
(¢ 1) i =) (&¢) i =) (2.8)

With the same computation as in (2.6), we prove that both C) and C®) are Hilbert-Schimdt operators.

Moreover, a residue argument shows that
G=C9o C(l),

hence G is a trace-class operator. For the operator F, the same reasoning applies if we define the operators

P L*(yz) — L*(0); D@ . L*(v0) — L*(7r) (2.9)
with kernels o
S pani1 (V) e%p2n+l(ﬂ)
DD N = ¢ 2 T D@ e 2.10

Hence we can use the following chain of equalities

det(I—oL,) = det(ég_\/léf>:det[<l _\/Ef><(1)\/§f>]

= det(I—pGoF) (2.11)

where G o F : L?(yr) — L?(vz) has kernel

—1)" M pony1 () —sp)

1 e(_l)nP277/+1(§)‘;P2n+1(>‘)+s&./ due( (2.12)

(2mi)? vr (E—=mw)(p—2N)

It is now important to observe that the above arguments are valid also if we replace the contour v by iR.
It is indeed easy to see that if we replace v, by iR in (2.6), the operators G and F are still Hilbert-Schmidt,
therefore G o F is still trace class. Moreover, replacing v by iR does not modify the Fredholm determinant
det(I— oG oF), because in the series definition of the Fredholm determinant the contour -y, can be deformed
to iR, by analyticity of the kernel.

The last step of the proof consists in performing a conjugation of G o F by the Fourier-type transform

T:L?(iR) — L*R)

1) — &/Rf<£>e<—1>““*””3““—f“"df (2.13)




with inverse

T LAR) — L*(iR)
e(fl)n p2n42-1(£>

h(z) — ———— | h(z)e*da. (2.14)
271 R
The resulting operator T o G o F o T~ has the following kernel, with z,y € R,

1 d (=)™ (pant1 (1) —P2n+1(X)—sp
72/ —f_eg(s’””)/ du/ d)\e e
(2mi)? Jiw 2mi e JiR (€= mn=2)

1 (=" (P2nt1 (1) =p2nt1 (X)) —zptyX
7(2 e / du/ dA \ if z>s
[ TR YL M=

0 if z<s

where we passed from the first to the second line by deforming the outer integration contour iR to the
right/left depending on the sign of (x — s), and by computing the residue in £&. Combining the equations
(2.11) and the one above we obtain

det(T—0L,) =det(I—9pGoF)=det(I-pToGoFoT ') =det (I— QIC|[S,+OO))

proving (2.3). O
Now, following [28], we associate to the integrable kernel Ls(A, 1) a RH problem with jumps

J(¢) =1 —2mio f({)g" (¢)

on the contour v, Uvyg and regular asymptotics at infinity. It was proved in [7, Appendix A] that the logarithmic
derivative of F'(s;p), if it exists, can be expressed in terms of the solution I" of a RH problem. Note that for
0 € (0,1], we have that F(s; o) is smooth and positive, such that < log F'(s; o) exists for all s € R. Then,
we have the identity?

ac

P2 OTLO@NOT Q) |5 (215)

ilogF(s; 0) = / Tr

ds YrRUYL

where I is the derivative of " with respect to ¢, I'_ is the right boundary value of T", as explained below, and
T is the unique solution to the RH problem below.

RH problem for T’
(a) T: C\ (v Uvgr) — C?*2 is analytic,

2In the more general identity stated in [7, Appendix A], an additional (explicit) term H(J) is present, but this term vanishes
in our situation.



(b) T has continuous boundary values T'y. as ¢ € 1, U~yg is approached from the left (+) or right (=) side,
and they are related by

1 0
F+(C) =1 (C) <_\/§e_(_1)n+1P2n+1(C)+sC 1> ’ for C €L, (216)
_ (=)™ pany1(¢)—s¢
I (Q)=T-(0) (é vee 1 : ) for ¢ € g, (2.17)

(c) there exists a matrix I'; independent of ¢ (but depending on n, o, 7; and s) such that I" satisfies
L(¢)=I+T1 (T +0((™?), ¢ — oo (2.18)
The identity (2.15) yields the following result.

Proposition 2.2. The Fredholm determinant F'(s; o) satisfies the differential identity

d
&bgF(s; 0) =T111, (2.19)
where T'y is defined by (2.18).

Proof. Starting from formula (2.15), we compute the integral on the right hand side using residues, as done
in [6]. We briefly repeat the procedure (which simplifies in our case) here. We start by noting that the jump

matrix can be factorized as
—1)nt! 1
<(;p2n+1(0 - 25C> 03,

where Jy is a (piecewise) constant matrix on the contours vr,vr. Here we are using the Pauli notations
(0 1 (0 = (1 0
g1 i — 1 0 , 02 1= i 0 , 03 1= 0 _1/:

€« _

211

J(O) = eTs(C)Joe*Ts(C)’ T, (C) :

Hence, we obtain

/ Tr
YRUYL

2mi

r-l<<>r’_<<><asJ><<>J—1<c>] I Tr[r*(c)r'_(c)(@T(O—J(Q@T(C)J—l<<>)] &
4

PR
2mi

:/ ’ ’I‘r[Fl(C)F'(C)(asT)(C)

~ Ty [F+1(C)F/+(C)(33T)(C>

where, in the last line, we used the cyclic property of the trace and the form of J. Now, we observe that
the integral contributions of the minus sides of v and v sum up to zero, and that the plus sides can be
deformed to a large counterclockwise circle Cr of radius R, leading to

d 1 d¢ 1

< log F(s;0) = i T (DO (0)= —:fT[I‘ -7 }:r . 2.2

1s og F(s; 0) Rj}:@ . r{ (©) (C)2CU3] oxi g r|lin 1,22 1,11 (2.20)
In the last equality we used the fact that I'; has zero trace, since I' has determinant equal to 1. |

The relation with the second Painlevé hierarchy is established by transforming the RH problem for T to
one with constant jumps. Namely, define

W(C) 1= 03T(2i¢)oge’ (2, (2.21)
Then it is straightforward to verify that ¥ solves the following RH problem:

10



RH problem for ¥
(a) ¥:C\ (yuv Uyp) — C**? is analytic, with v, yp as in Figure 2,

(b) the boundary values of ¥ on 4y U~p are related by the conditions

1 0
0 =10 (5 7). for ¢ € 0. (2.22)
1 —
w0 =v-©(, V7). for ¢ € 1, (223)
(c) ¥ has the following behavior at infinity:
v o
\IJ(C) _ |:I+ ?1 + O(<—2):| e—z@((,s,n,...,‘rnfl)o?,’ as ( — o0, (224)
where .
\111 = —%O’grla'g (225)
and )
1 — (=)t :
; ey Tae1) = 2¢)* I (g¢)¥t! . 2.2
OG5,y T) = 72— (20) +; oo 207 s (2.26)
Note that we have now chosen to orient both jump contours from left to right, so that yp = —ivyg, but
with reverse orientation, and vy = —i7yr. Note also that the RH solution ¥ depends on the choice of jump

contours Yy, yp, but that the solution corresponding to a different choice of jump contours can be obtained
by analytic continuation. The matrix ¥y is independent of the choice of jump contours.

The above RH problem is equivalent to the one in [15, Section 4.2], in the case where & = 0 and where
the Stokes multipliers are given by

51 = —S2n+1 = /0, Sg=...= 82, =0.

YU

—_— |
e

D

Figure 2: The contours vy and vp.
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Proposition 2.3. Let n € N and let ¥ be the solution to the above RH problem. Then, the function

2Z.\I/1712(8) = 722‘\1/1’21(8), forn Odd,
q(s; 0) = (2.27)
2i\111712(—8) = —2@'\111}21(—5), forn even,

is real for s € R, 0 < p < 1, and it solves the Painlevé Il hierarchy equation (1.4).

Proof. We start by showing that W(() satisfies two symmetry relations, provided that we choose vy and yp
in such a way that® vy =75, = —yp . First, we verify that o1V (—()o; satisfies the RH problem for U. But
since the RH solution W is unique (this follows from standard arguments using Liouville's theorem), we obtain
the identity

o1¥(—C)or = ¥(().
Similarly we obtain, for real values of s, the relation

a1¥(C)ar = ¥(().
These identities imply in particular that
—\Ill = 0'1\1110'1 = El.

It follows that the two expressions at the right hand side of (2.27) are indeed equal, and moreover that ¢ is
real-valued.

The remaining part of the proof consists of identifying ¥ with solutions to the Lax pair associated with
the Painlevé Il hierarchy (cf. [16, 23, 31, 32]). Here we use the same approach and normalization as in [15,
Section 4.1]. Namely, if we define

U(—i(;s), forn odd,
Z(G5) =

U(—i¢;—s), forn even,

then one verifies using the RH conditions that Z satisfies the differential equation

9 ...« [ —i¢ q(s;0) .
352<<,s>—(q(s;g) Z.C )z«:s) (2.28)

with ¢ as in (2.27). In addition, we have a second differential equation of the form

0

e 2(Gs) = M(G;5)2(Gs), (2.29)
with M as in [15, Equations (4.1)—(4.3)]. The compatibility between the Lax equations (2.28) and (2.29) now
implies, in the same way as in [15], that ¢ = ¢(s; ¢) solves the Painlevé Il hierarchy equation (1.4). |

Remark 2.4. In particular, the solution q(s; ¢) is uniquely determined by the Stokes parameters described in
the Riemann—Hilbert for W.

3To be more precise, v = 7 as oriented contours, while 4y = —yp as sets, but they have opposite orientation.
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We are now ready to prove (1.7).
Proposition 2.5. Let F' be defined by (1.3), and q by (2.27). Then, we have the differential identity
d2 2 n+1
Tz g Flsi0) = =¢*((=1)""s50). (2.30)

Proof. It follows from (2.28) that (9,%) ¥~! is a polynomial in (. Hence, the term in (! in the large ¢
expansion of (9;¥) W1 vanishes, and this yields

—i[‘l’2703] + 7;[\1/1,0'3]\1’1 + 0s¥1 =0, (231)

where W and U, are defined by the expansion

v, v 1 .
()= |I+—+ % +0 (Sﬂ e 0975 35 ¢ — 0.
¢ ¢ ¢
In particular, the (1, 1)-entry of (2.31) gives
d . 2
£W1,11 = —2i (V1 12)". (2.32)
Using (2.32) together with Proposition 2.2 and the relation Wy 17 = —£T'1 11 (see (2.25)), we obtain the
result. |

Since ¢ is real-valued, the above proposition implies that log F'(s; g) is concave as a function of s. We also
know that F'is a distribution function for 0 < p < 1, so we can conclude that

lim log F'(s;0) =0, m_(log F')'(s; 0) = 0.

li
s—+o00 s—+o00

Hence, integrating (2.30), we obtain

+oo
SloePlio = [ (s o (23

and after another integration by parts we obtain (1.10).

3 Asymptotics for the Painlevé function ¢ ((—1)”“3; Q) as s — 400
We start from the RH problem for ¥, see (2.22)—(2.24), and we rescale it in the following way. Let

— L 9 sﬁ $8,T1y.esTn—1 )03

=(0) = w (s3¢) Ol )2, (3.1)

then Z satisfies the following RH problem.

13



RH problem for =

(a) Eis analytic in C\ (Ju U4p), where 3 = s~ 214y and 4p = s~ 2 yp are the transformed contours
under the scaling ¢ — sz ¢,

(b) = satisfies the jump relations

1 0
E+ () =E-(¢) <\/§ezie<szﬂg;s,ﬁw,7—nl) 1) ) for ¢ € v, (3.2)
E+(<) _= (C) <(1) _\/56—22'@(521"C?S,Tl,...,TW,—1)> ’ for C c ’S/D, (33)

(c) as ¢ — oo, we have

where

2= s 0. (3.4)

We now note that, by (2.26),

— |: (24-)2n+1

@<sﬁﬁ;s,7’1,...,7n_1) =g = 12 +C] +0<5%C2n71> (3-5)

as s — +oo, uniformly for ¢ € 4y U#Ap and for 7q,...,7,_1 in any compact set. For this reason we want to
choose the contours 4y and p in such a way that

(2¢)2n+1
Im |:4n_*_2 + C:| > O, C € ’7U, (36)
2 2n+1 _
Even in the case where the parameters 7,...,7,_1 are not all equal to zero, the behavior of the phase © is

2t

still asymptotically dominated by the leading terms 24n+2 + (¢ as s — +oo. It is straightforward to check
that we can always choose 4y and 4p such that the inequalities above are satisfied. This is also illustrated in
Figure 3.

With such a choice of 4y and Ap, the jump relation for = reads as s — +o0,

=.(0) = E-(0) (I Lo o >) ,

for a suitable constant C' > 0, uniformly in { € 4y U4y. By small norm theory for RH problems (see e.g.
[17, 27]), we can infer that there exists a constant C' > 0 such that

2n+41

=) =I1+0 (C‘le_csm> as s — 400, (3.8)
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2 4

N

Figure 3: The plot of the imaginary part of the quantity (22?;1 + ( in the case n = 5. The white areas are

the zones where Im {(23::;1 + C] > 0 while the grey areas are the zones where Im {(222:;1 + C} < 0.

L
N

uniformly in ¢ € C\ (y U4p). This implies in particular, by (2.27) and (3.4), that

- —cs5t
:1)12(8) = O € 5

S

q((—=1)"'s; 0) = 200y 12(s) = 2is

as § — 400, which proves (1.8).
If we want more precise asymptotics, we need to use the integral equation

QiG(Sﬁw;s,n,...,Tn,l) —2i®(siuz;s,Tl,...,Tn,,l)
e dw e dw
2 =1 = —o0_ — = —oy,
(© +ve S (w) w—( omi ' \/5/;@ (w) w—( omi t
S - - . . 0 1 0 0
which is satisfied by = as a consequence of the RH conditions, with o, = 0 0 and o_ = 1 0) To

see this, one verifies that the right hand side of the above equation satisfies the three RH conditions for ©.
Uniqueness of the RH solution then yields the integral equation (see, for instance, [24]). This integral equation
implies that

1 1
- - 2i0(s2mwis,ry,mn_ ) AW - —2i0(s2nwis,m1,mn_y ) AW
:1(5):—\/5/%:(10)6z (s77 e )27Ti0+\/élm E (w)e (s77 s )%0—4,.
Using also (3.8), we obtain
1
— —2i0( 827 Ww;s,T1,. .y Tn— dw
Zaale) = vE [ o700 )01+ o(1)
YD
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as s — +00. It follows from (2.27) that

1 —21 s%w'S'r T,
q ((‘UnHS; Q) = 2iVy 12(s) = 22'8%51,12(5) = 7( )\/Esﬁ/ e ? @( WIS T "*l)dw
™

YD

as s — t+oo. If ;= ... =7,_1 =0, it follows directly from the substitution u = 2is77w and (1.12) that

¢ (-1 s:0) = VB A (s) (1 +0(1),  ass — Foo, (3.9)
as already announced in the introduction.
Remark 3.1. In order to prove (3.9) for general 11, ...,7,_1, we would need the asymptotics of the integral
/ e72i®(Sﬁw;sm’”"r"’l)dw. These can in principle be obtained using saddle point arguments, but this
7

would require a lot of technical work, especially because the integrand depends on the large parameter s in a
rather complicated manner. We therefore do not aim to prove this.

4 Asymptotics for ¢ ((—1)”“5; 1) as s — —o0

In this section, we restrict to the case where o = 1, and we analyze the RH problem for ¥ in the limit s — —o0,
in order to derive asymptotics for ¢ ((—1)"“3; 1) as s — —oo and large gap asymptotics for F(s;1).

4.1 Construction of the g-function

In the asymptotic analysis as s — +00, we were able to normalize the RH problem for ¥ simply by mul-
2n+1

i9f s
tiplying at the right by the factor e (
set {( : Im@(s@il(;s,n,...,Tn,l) > 0} is different from the one sketched in Figure 3, and forces us

However, for s negative, the topology of the

to normalize the RH problem for W in a different way, namely by means of the construction of a suitable
g-function.
We define a function g of the form

n

9(0) =D e (2 =) (4.1)

Jj=1

with (¢2 — ¢2)®2 analytic in C\ [=Co, (o] and such that it behaves like (%1 as ¢ — oo.
We fix the constants ¢; and the branch point {; > 0 by the requirement that there exists a value g;(s)
such that

2n+41 1 gi1(s —
1590 =070 + 2 Lo, as ¢ (+2)
It was shown in [15, Section 4.6.2] that this yields the following asymptotic formulas as s — —oo,
22n
= 43
o1 (43)
I(n+ 1) o2t
Crm = (nt3) 2m 4 O(|s|7 ™), m=1,....,n—1, (4.4)

F'(n—m+ %) m!
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and

2 n'ﬁ _ 1 n!2 _ 1
"=—F——— 40 n) = + 0 n). 4.5
0 22n1‘*(n %) (‘8 ) ] (|8| ) ( )

The aim of the rest of this subsection is to give more explicit asymptotics for (5 and g;, which will be
needed later on.

Lemma 4.1. Suppose that |s| is sufficiently large, set 7, = 1, and let {, = (o(s) be the unique positive

solution to the equation
Z” (—1yn* 2k
k
k=1

m
Crem :Z(_l)m—k22(n—m+k) 1Tn m+k| |_
k=0

form =0,...,n —1, then g defined by (4.1) has the asymptotics (4.2).

k—n
2k =1, (4.6)

If we define
MF( m+k+%)

BT (n—m+ 3)

5", (4.7)

Proof. If we expand g(¢) defined by (4.1) and ©(|s|z() defined by (2.26) as ¢ — oo, we obtain in a

straightforward manner that (4.2) implies

|2"+1 zn: zJ: 1 . 3) C2j+1—2k zn: 71+_7 2% TJ C2j+1‘ ‘23'“
2n C; = S| 2n
j=1 ’ =M +2) ’ = 2j+1

2n+1

— s ¢+ 0(),

as ( — oo. Equating the coefficients of (%t1 j = 1,...,n, of the left and right hand side, we obtain the
system of equations

= TH+e+3) , g 2975 1 ,
Z_ CJ” z'F (G+3) 0 =D g1l = (48)
§ j —J) 2 =1, (4.9)

(2)

The n equations in (4.8) form a linear system with unknowns ¢i,...,¢, and (y as a parameter in triangular
form, whose solution is given by (4.7). Substituting this into (4.9), we obtain

~1= nf i(ﬂ)m,k 2Oy omr (k4 5)  (FD' sk
212 5 —mt k) + 1 Kl (n—m)T (3)°
n—1 m 1 n—m
B 3
2|2 > 1+ T = — i (3)
ne1 . n—1
‘ 2209 T(n 7‘7 + (=n—m 2(n—j
=S ()i s ( Z : O( ) (4.10)

2n—j)+1 I ( (m— )l (n —m)!

.
Il
=)

m:]
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Moreover,

22n=) T (” —J+ %) _ 22(n—j)r (” —J+ %) _ 92(n—j) 2n—j)—-DI  (2(n—j))!

2ln—j)+1 T (3) r(1) on—j (=)

and
n—1-—j —i—k 1

2. wn—g— DI

by the binomial formula. Substituting the latter two identities into (4.10), we obtain (4.6). For sufficiently
large |s|, we observe easily that (4.6) has a unique positive solution, since it reduces to

2n\ .
’I’L:l
()4

in the large |s| limit. [
For g1, as a first step, we need the following identity.
Lemma 4.2. Set 7,, = 1. The constant g1 = g1(s) defined by (4.2) is given by

n

) =3 0 (e (4.11)

k=1

Proof. The proof is analogous to that of Lemma 4.1. Namely we expand as ( — oo, but now we take into
account one more term:

J+1

VP (54 3
e Zcﬂ ZWCO(S)%CQJ'H—%}
j=1

BT (j—k+32)

- 2%
_ Z(_ n—i—] “ 9 C
27 +1

J=1

) -5 e+ 2 4 o),

as ( — oo, and this leads to

a(s) = Is ‘2’;:{1 Z(_l)jcjmco(s)2j+2'

j=1
Plugging the values (4.7) of ¢, k = 1,...,n into the equation above and performing some straightforward
computations as in (4.10) we finally obtain (4.11). |

We will now derive a large |s| expansion of (y(s). First we need the following lemma:

Lemma 4.3. Let m be a positive integer and «y, ..., ,—1 € R. Define the polynomial p := p(z) as

m—1
— M o
z)=2"+ E a2
i=0
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For large positive u, there is a unique positive solution z of the equation (i(z) = u. It admits a Puiseux series
at i = oo of the form

o0
z(o) =0+ Z oI, o= putm, (4.12)
§=0
with
1 1 Fa .
Yo = ——Qm_1 and pj = = res (,u (z)) , Yi>1,
m ] z=00

where the residue at infinity is equal to minus the term in 1/z of the expansion of o (z) as z — oo, and
where we take the branch of i (z) which is positive for large z > 0.

Proof. It is a standard fact that there is a unique positive solution z(c) to the polynomial equation p(z) = o™
for o > 0 sufficiently large, and that it has an expansion of the form (4.12). All the coefficients {¢;, i > 0}
can be computed recursively by plugging (4.12) in the equation

m—1
2™ (o) + Z ;2 (o) = o™,
j=0

and by solving term by term. In this way, we immediately find the value of yg. For the other terms, it is
convenient to rewrite the residue using o as coordinate. Indeed, since because of (4.12) we have

Lo (1= Yo ),

jz1
then
1 4 1 i . —i—1 .
— res um(z) = = res 0(1—Zj<pjoj ) =, Vi>1,
1 z=o0 1 o=o00 -
jz1
which proves the stated result. u

Remark 4.4. For the interested reader, we mention a connection between the above result and flat coordinates
for a special class of Frobenius manifolds, the ones related to topological minimal models of type A,,.
Consider a polynomial ji(z) as in Lemma 4.3. By shifting the variable z — z + ¢, we can assume without any
loss of generality that o, 1 = 0. Define the complex manifold M

m—2
M := {,u(z) ="+ Z ozjzj, QOy -+ ey Qp—2 € (C}.
j=0
At each point i € M we identify the tangent space T,,M with the algebra

AM = (C[Z}/,u’(z)

Moreover, we equip this algebra with the bilinear pairing (-, -), defined by



The multiplication on T,,M and the bilinear pairing satisfy a certain compatibility condition which, together
with some additional structures that are not important here, turns M into a Frobenius manifold; the one
associated to the singularity of type A,,_1 (see for instance [19, 22] and references therein). The coefficients
©1y-+ s ©m—1 In Lemma 4.3 (up to a rescaling and a permutation necessary to identify the first coordinate
with the unit vector field) are the flat coordinates associated to the given Frobenius structure (see, for instance,
Corollary 4.6 in [22]). With a different approach, flat coordinates of A,,, Frobenius manifolds are also used in
[2], in relation with the same type of generalized Airy kernels.

Proposition 4.5. Let

k=1 k=1
and
2 2n
B e
91‘(7'1,...77'”)597; = n (413)
1 i
2 — 1 e AE(2), izl
Then, the positive solution of (4.6) has the asymptotic expansion
Co(s) ~29i|s|7%, as s — —oo. (4.14)
i=0
Moreover, _
Gs) ~ > 07|77, ass——oco,  with 07 = 0y, (4.15)
i=0 k=0
or equivalently
003 Z == 07
2 2 Tn—1 C_
OZ[](Tl,...,Tn)EQzU: in_ 2 i =1, (4.16)
Z—lzr:eosoj\i;l(z)7 122
In particular,
2
02, =0 Vk>1 (4.17)

Proof. We apply Lemma 4.3 to the polynomial

n . 2]{:
w(z) = Z(—l) k ( i )98k7kz2k = X(6o2)

k=1
which satisfies 1 (90_1|s|ﬁg‘o(s)> = |s| =: 0®". The lemma then implies that

0y toco(s) = o + Z o7
j=0
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as o — 00, or equivalently
Co(s) = 6o + 0o Z pjo L
=0
The result (4.13) now follows by observing that

$2i—-1 = 90_1 res /\212%1(2),

Z=00

and that »
@2 = 0y res A\ (2) =0.

Z=00

This directly implies (4.15). To see (4.16), we apply Lemma 4.3 to the polynomial A. From (4.16) and the
definition of A, we deduce (4.17). [

Given the expansion of (y, we can now also deduce the one for g;(s), as stated in the next proposition.
Proposition 4.6. There exists a constant k such that

~ LR
()~ St i—a

i>0
i#En+1

2nti-2i " /<L|S|7ﬁ a5 § — —oo. (4.18)

Proof. Using (4.11) and the asymptotic expansion of (y(s) for s — —oo, we observe that g;(s) has an
expansion of the form

i 2n+41-2i
g1(s) ~ D g [s] (4.19)

>0
Let us now recall the definition of A as in Proposition 4.5, such that A(z(c)) = 02" with 02" = |s| and

2(0) == a2¢3(s). We also write

Q)= St (2 )

d d ~
L Q(0) = 2(0) S A(x(0),
and this results in
= 2001(5)) = 2 Q=(0)) = #(0) - A(2(0)) = 200" G s).

Combining this identity with (4.19) and (4.15) and integrating in o, we obtain the result, with unknown
integration constant k. |
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4.2 Normalization of the RH problem

We now take the jump contours vy and vp of a special form. It is convenient for us to take them such that
o~ 1 o~ 1 . . . . .

Yu = |s| 2= vy and Ap = |s|” 2= yp coincide with the real line on the interval [—(p, (o], and such that they
are independent of s. Then we define

L o o2n41
S() = W (js] =) el B 00, (4.20)

S now satisfies the following RH problem.

RH problem for S
(a) S is analytic in C\ Xg, with
Y = [0, o] UZ1 UX2 UB3 U By
as in Figure 4.

(b) S has the jump relations

0 -1
S+(<) =5_ (C) (1 e2i5|2g:19+(c)> ) C € (_C07 CO)’ (42]‘)
1 0
S+(<) = S— (C) <6274-S|272l::19(<) 1) ’ C S Z1 U 227 (422)
5:(0) = 5-(0) <(1) —e‘”"slg”“)) , CeTaUL, (4.23)

which follows from the fact that g, (¢) + g—(¢) = 0 for ¢ € (—(o, ¢o)-
(c) S(¢) =T+ 81"t +0O(¢?) as ¢ — oo, with

S, = |S|_i\lf1 +’igl(8)0'3. (4.24)

It is easy to see, by studying the argument of the terms in (4.1), that the g-function satisfies the following
relations:

Im [g(Q)] >0  (€X Uy, (4.25)

Im [g(¢)] <0 Ce€X3 ULy (4.26)
for sufficiently large |s|, if we choose the angles between ¥;,...,%, and the real line sufficiently small.
Furthermore,
Lemma 4.7.

Im [g+(Q)] <0 ¢ € (—Co,C0) (4.27)

for sufficiently large |s|.
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21 22

X3 Xy

Figure 4: The jump contours ¥g for S.

Proof. Following the arguments of [15, Section 4.6], we consider the subinterval [0, (). For ¢ € (—(p,0), the
analysis is similar.
We set

P =¢l=¢2  zeo1). (4.28)

From the asymptotic behavior of the coefficients ¢; and the endpoint (o (see (4.3)—(4.5)), we have that

n

9+(0) = 9-(¢) =294(¢) = inlV/72Go Y |

Jj=1

(_1)jzj+é
L(j+3) (=

I —&-(’)(\8 _%>, § — —00, (4.29)

for z € [0,1) (i.e. ¢ €[0,¢p)). In order to prove that Im [g4+(¢)] < 0 on [0,(p), we need to prove that the
sum appearing in the above expression is negative.
Using Jacobi polynomials Pﬁ,a’ﬁ)(x) and their representation as hypergeometric functions (in particular

formula (22.5.42) from [1]), we have that

=

(i) gy Dld) (5o o
P2} (1-2z2)= - 2 ;F(j+%)(n*j)! (4.30)

On the other hand, using an alternative hypergeometric representation for Jacobi polynomials (formula
(22.5.45) from [1]), we have

3 o1 2 (n+ 3) = Znmmel (1 — )™
P g = 2 >0 431
n-l ( ?) LS mzz:om!(n—m—l)!(n—m—ké)! (431)
for z € [0,1), and this implies the result. O

4.3 Construction of the global parametrix

From (4.25), (4.26), and (4.27), it follows that the jump matrices for S are exponentially close to the identity
matrix as s — —oo, as long as we stay away from the interval [—(o, (o]. For this reason, we can expect that,
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away from =£(p, a first approximation to S will be given by a function which has the same jump on (—(o, (o)
and the same asymptotic behavior as S. This motivates the RH conditions for the global parametrix given
below.
RH problem for P>

(a) P is analytic in C\ [—(p, o],

(b) P°° has the jump relation

00 . 0 -1
PEO=-r=0 (] ). et (432)
(c) P(() =T+ P( 1 +0(¢2%) as ¢ — 0.

If we impose in addition that P=(¢) = O ((¢ F (o) ~'/4) as ¢ — £(o, then it is a well-known fact, see e.g.
[17], that the solution P is given by

Po=3(; 1)om (L 7) v<c>—<§f§§)w, (433

where v(() is analytic on C\ [—(p, (o] and v(¢) — 1 as { — .
Indeed, the jump relation for P°° can be easily verified by noticing that v, ({) = —iv_(¢) for ¢ € (—Co, (o).
The asymptotic behavior at infinity follows by expanding the function : more precisely, we have

P®() =1+ g—z (? _OZ> +0(¢?) as ( — o0. (4.34)

4.4 Construction of local Airy parametrices

As P blows up as ¢ — *+(p, we cannot expect it to be a good approximation to S close to £(y. Let us
therefore take sufficiently small disks Uy around +(y, and construct local parametrices P in these disks, which
have the same jump relations as S on the parts of the jump contour inside UL, and which match with the
global parametrix P> on QU.. To build the parametrices, we use a standard construction using the Airy
function, see e.g. [17, 27] as general reference, and [14] for a construction which is almost identical to the
present one.

Define the functions y; in terms of the Airy function,

yi =y (A) :iji(wj)\), j=0,1,2,

27i

with w = e"3 , and define the functions

G (N\) =2 (—yi(;{) zyy’;) ;
(I)Q()\) =27 (;’yyil ;;/;) 5
s(\) = V2r (;;/; w 6) |



The functions ®1, ®,, ®3 are entire functions, and by the Airy function identity yo +y1 + y2 = 0, they satisfy
the relations

n =m0 (] 7). (4.35)
B =20 () 1), (4.36)
Ba(N) = Bs(N) (é 11). (4.37)

Moreover, if we define sectors Sy := {A: 0 < argA < 7 — 6}, Sy :={A: T +6 <arg\ < 5T — 4}, and
Sz :={A:m+J <arg\ < 27}, then we have

1 e 1 1 (1 6 3] w2ade
(bj()\>_ﬁ)\ 4 (Z 1) |:I+48)\3/2(61 _1>+0()\ ):|€ 3 3 (438)

as A — oo in the sector S;, where we take the plus sign in the lower half plane and the minus sign in the
upper half plane.
Let us now focus on the disk U_. We define a conformal map A(¢) by the equation

3 3mi

M¢Q)E = 3¢ 2 9(0); (4.39)

where the minus sign is taken in the upper half plane and the plus sign in the lower half plane. Then it is
straightforward to verify that A maps U_ to a neighbourhood of A = 0.
We now define the local parametrix as

2n+1

P(Q) = AQ)@; (|5 A(Q)) el 5 061, (4.40)

where we take j as follows: j =1 if ( is in the sector between (—(p,+00) and X1, j = 2 for ¢ in the sector
between X1 and 33, and j = 3 for ¢ in the sector between X5 and (—(p, +00). If A is analytic in U_, then P
satisfies the same jump relations as S inside U_, and we additionally fix the matrix A(¢{) by the requirement
that

POP=(Q) = T+0 (Js|*57) (4.41)

uniformly for ¢ € OU_, as s — —oo. Therefore, we take

A(Q) = Pm(g)% <_12 ‘f) (|s|2’;iu(g))% (4.42)

We can make the matching condition more precise and have, using (4.33) and (4.38),

oo (-1 _ (0 = 5v(Q) 72 Tiv(Q)* + biv(()
POPHO = I+ e <7w<c>2+5m<c>—2 —7v(<>2+5v<<)—2)

+o(|s|* 0 ) (4.43)
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uniformly for ¢ € 9U_, as s — —o0.
The parametrix near +(y can be constructed similarly. Namely, we set P(¢) = o1 P(—()o; for ¢ € Us.
We then have

- 1 5Y(Q)? = Tv(Q) 72 iv(¢)? + 7iv(§)‘2>
POP>() =1 : !
QP 96|s| 5 A (—¢)3/2 (527(02 +Tiv(¢) 72 =59(0)? + Tv(¢)
+O (| ) (4.44)
uniformly for ¢ € OU,, as s — —oo.
4.5 Small norm RH problem
Finally, we define R as
S(O)P=(¢)"Y, ¢eC\(U,UlU_
SOP)™ (€U
where P stands for both local parametrices at the endpoints +(;.
The function R solves the RH problem:
RH problem for R
(a) R is analytic in C\ X g, where ¥ is depicted in Figure 5,
(b) R has the jump relations
Ri(()=R-_(Q)Jr(C),  (€ZXZg, (4.46)
where Jg takes the form
2n+41
I+0 (e—CSIM/(<2+1)), CeXp\ (0UL UOU.)
JR(C) - 2n+1 2n41 6n+43 (447)
I+ TOQIs|= % + JOQIs|= 2 + 0 (-5, ¢e v,
for some C' > 0, uniformly in { as s — —oo, with
1 Q)2 =T~ 5iv(()? + Tiv(¢)
on OU,
) 96 \(—¢)3/2 < 5iv(¢)? + Tiv(¢) 2 —57( 2+ 77( - N
JH(C) = (4.48)
1 7v()? —5v(¢)"%  Tiv(C + 5iy(¢) 2
— on 9U_,
96 A(Q)*/2 \ 7iv(C)* + 5in(¢) 2 —77 2+ 57(¢)7?

by (4.43) and (4.44), and for some matrix J(?) independent of s,
() RQ) =TI+ R +0((?%) as ¢ — oo.
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21 22

X3 Xy

Figure 5: Contours for the remainder RH problem R.

Using the general theory of RH problems normalized at infinity and with jump matrices close to the identity,
see e.g. [17, 27], we can conclude that as s — —oo, R is close to the identity and has asymptotics of the form

2n+1

R(Q) = I+ RV(Q)|s| =5 + RA()]s| =%

+0 (|s| ), (4.49)

for some matrices R (¢) and R(?)(¢) which are independent of s and which can be computed via a recursive
procedure. We explain how this works for the matrix R"). Because of the RH conditions for R, we know that
RMW(¢) — 0 as ¢ — oo, and expanding the jump relation for R in s, we obtain

RY(Q) -RYQ) =TV, (e,
whereas R(1) is analytic everywhere else in the complex plane. This allows us to deduce that R() is given by

D _ JW(E) g
B0 = /8U+U8U §—¢ 2mi’

This can be computed explicitly using residue calculus. As ( — £, there are matrices A1, B independent
of ¢ such that we have

JP(Q) = AL(CF ) 2+ BL(CF G) ™t +0(1).

The entries of Ay and By can be computed explicitly by carefully expanding J) as ¢ — +¢y. We have in
particular that

—00 —% if n>1,

, 1 5 ¢y —L ifn=1
B =14 li —t — =] = 32 ’ B_1,=-B 450
+,11 zs;m (4801C3 + 1 c%) { é 12 +,125 ( )

by (4.7) after a straightforward calculation. It follows that, for ¢ outside Uy,

ROV =A_(C+C) 2+ B_(C+G) T +AL(C—¢) 2+ B+(¢C— )"

Expanding this as { — oo, we get



and this implies finally that

2n+1
n

Ry = (By + B_)|s| "% + M]s|~ +0(|s|—6"2‘13), (4.51)

as s — —o0, where the matrix M can be computed in terms of the jump matrix R(?). The components of
M are however unimportant for our concerns.

4.6 Asymptotics for ¢((—1)"*'s;1) and for Llog F(s;1) as s — —oc.

We are now ready to compute the asymptotics for ¢ ((—1)"*1s;1) as s — —o0, as stated in (1.9) and (1.20).
Using first (2.27) and (4.24), and then the fact that S(¢) = R({)P>°(¢) for large ¢ together with (4.34) and
the large ¢ asymptotics for R, we obtain

g((—=1)"*1s;1) = 200 19(s) = 2i[s]27 Sy 12(s) = Co(s)|s] 27 + 2i[s|z Ry 10 (4.52)
By (4.14), (4.50) and (4.51), we get
2n+1 . ) . .
q((=1)"""s;1) = i|s|2r T + 2i]s|” 12+ B-12) + 2iMya|s|" "2 + 5|75
1)"tls; 1 0 2i|s| ™! (Bya2 + B, 2i M- 2 @ 2
=0
2n
14 . 2L 23
= i non 12 2n+1 .
S 0,s|7 4 (2iMig + 01|52 +O(|s| 3 ) (4.53)
=0

J
as s — —00, where 6 = (**) " ?" and 61,05 ... are as in (4.13). This proves (1.9) and the improved version
(1.20), up to the value of Mjs.

To obtain large gap asymptotics, we follow two different routes, and the compatibility between them will
allow us to evaluate Mjs. First, we use (4.53) to compute

2n-+1 )
qz((—l)n+15; 1) = Z 9;2]|$|T] —+ (4i90M12 + 20002n+1)|3|72 + @) (|S|727%> (454)
7=0

as s — —oo, where _
J
07 =" 00,1, j=0.....n.
k=0

In addition, 951“ = 0 by Lemma 4.5. Substituting this into (1.10) and integrating, we obtain

2n
2 2n—j41

9][-2}|s| n + (4i00 Mo + 20002, 41) log |s| 4+ 1og C' 4 o(1)

n
P =" 2 T 1))
Jj#n+1
(4.55)
as s — —oo, for some constant C' > 0.
Secondly, we start from (2.19), which by (2.25) and (4.24) implies

d
—log F(s;1) = 2i¥q 11 = 2i|s ﬁ51,11 + 2|s|ﬁgl(s).

ds
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By (4.34) and (4.45), we get

21 (B+,11 + B—,ll)
s

d Lo L BN
ElogF(s; 1) = 2i|s|27" Ry 11 + 2|s]|27 g1(s) =

1 _4n+1
+2]5/27 g1 (5) + O (|| 5

as s —» —oo. By (4.18) and (4.50), we obtain after integration that there is a constant C' > 0 such that

2n 2 1 H
1) — n [2]| 2n=it1 g ifn=1,
log F'(s;1) = — E 0 no —1 log C 1).
Og (S’ ) j:() (n+1_])(2n+1—j) J |S| Og|5| X {é |fn> 17 + Og +O( )
j#n+1

This completes the proof of Theorem 1.6 and Theorem 1.4. Comparing this with (4.55), we find

ifn=1,
if n > 1.

4109 Mo + 20002, 41 = {_

N[ 0ol

Substituting this in (4.53), we complete the proof of (1.20).
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A The generalized Airy kernel point processes

The generalized Airy kernel studied in [20] is given by

Ky, (2,y) := /0 N Algy, 1 (2 + u)Alon 1 (y + u) du, (A.1)
where , I R L S wir [ AN pymaznrn
Ko@) = (1 [ She e = et [ S (A2)
is a real solution of the equation .
@) = (1)), (A3)

Proposition A.1. The kernel (A.1) is equal to (1.1) with pa,+1(A) = A2,
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Proof. By (1.12), we have

Kpipoo (z,y) = / Aigp1 (2 + u)Alop41(y + ) du

2n+1_,2n+1

= / du/ du/ d)\e( A prE —zptyAtu(A—p)
2m . .

2n+1_y2n+1
1 A
(1)t e —— —apty A

= [ | S , A4
(27T’L) [YR YL A—p (A4)

since Re A < Rep for € yg and X\ € vy. |

In [20] the authors obtained K4j,,,, as the N — oo scaling limit of the kernels associated to certain point
processes describing the momenta of N non-—interacting fermions trapped in a non—harmonic potential. In
what follows we will prove, without references to any physical model, that indeed, for any K as in (1.1) and
Pon+1 as in (1.2) , the determinants

¢
pe(x1, ..., x0) := det [K(mhmj)Ljil, ¢>1 (A.5)

are the correlation functions associated to a well defined point process. The proof uses Theorem 3 in [35],
stating that a Hermitian locally trace class operator K uniquely defines a determinantal point process if and
only if it is positive definite and bounded from above by the identity operator.

Theorem A.2. For any n > 1, there exists a unique determinantal point process whose correlation functions
are given by (A.5).

Proof. For future use, we start by rewriting the kernel K as

K(z,y) = /OOC o(r +u)p(y + u)du, (A.6)

where

(A.7)

[ \2n+1 ne1 (I o
1 +oo 7I<>\ +Z‘: . J \2i+ +w)\>
o) = — e \ =t dA.

27
From (A.6) we immediately deduce that the integral operator I with kernel K is Hermitian (since ¢ is

real) and locally of trace class (because of continuity). In order to prove total positivity, we use the Andréief
identity

14

¢
1 l
det [/[Om) di(x)Yi(x) dx] = /[0700)@ det [¢i(xj)]i,j=1 det [¢i(xj)]i7j=1 dey - - day (A.8)

i,7=1
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giving, in our case,

y L

det |:K(.’Ei,$j):| T det {/0 o(x; +u)p(r; +u) du]
b= i,j=1

1 . .
- E/ det [+ ug)]; _ det [p(a; + )], dun - dug
*J(0,+00)
1 , 9
= E 0too)t (det [QO(.’EZ + US)] ’i,s:l) duq -+ - dug > 0. (Ag)

Now, in order to prove that K is bounded from above by the identity, we introduce the associated (gener-
alized) Airy transform as
o =F 'MF, (A.10)

where F is the standard Fourier transform such that

@m@%=£#/igﬂki“&

Z,(A2n+1 +Z7'L71 (_1)ft+jrj >\2j+1)
and M is the multiplication operator by the function e \ *"*' =t . This is a straightforward

generalization of what was done in [5] for the Airy case n = 1. Note that, in particular,

@ﬂuaz/m¢u+uywmu

Using the equation above in combination with the definition (A.6) of K we obtain
K=2P9o, (A.11)

where P is the multiplication operator for the characteristic function x|o,oc). We will use the equation above
to prove that K is a projection operator, i.e. X2 = K, which implies that K < 1. Indeed, denote with T the
inversion operator such that

(Zg)(z) = g(—=).

Since
' =1I% =37,

we immediately see that

=F 'MF ' =FIMIF=FM 'F=0""!
from which the reproducing property K2 = K follows immediately. |
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