
The Option of Joint Purchase in Vertically Differentiated Markets
Author(s): Jean J. Gabszewicz and Xavier Y. Wauthy
Source: Economic Theory, Vol. 22, No. 4 (Nov., 2003), pp. 817-829
Published by: Springer
Stable URL: http://www.jstor.org/stable/25055721 .
Accessed: 19/09/2011 11:44

Your use of the JSTOR archive indicates your acceptance of the Terms & Conditions of Use, available at .
http://www.jstor.org/page/info/about/policies/terms.jsp

JSTOR is a not-for-profit service that helps scholars, researchers, and students discover, use, and build upon a wide range of
content in a trusted digital archive. We use information technology and tools to increase productivity and facilitate new forms
of scholarship. For more information about JSTOR, please contact support@jstor.org.

Springer is collaborating with JSTOR to digitize, preserve and extend access to Economic Theory.

http://www.jstor.org

http://www.jstor.org/action/showPublisher?publisherCode=springer
http://www.jstor.org/stable/25055721?origin=JSTOR-pdf
http://www.jstor.org/page/info/about/policies/terms.jsp


Economie Theory 22, 817-829 (2003) ?-; 

Economic 

Theory 
? Springer-Verlag 2003 

The option of joint purchase 
in vertically differentiated markets* 

Jean J. Gabszewicz1 and Xavier Y. Wauthy2 
1 

CORE, Universit? Catholique de Louvain, 34 voie du Roman Pays, 
1348 Louvain-la-Neuve, BELGIUM 

2 
CEREC, Facult?s Universitaires Saint-Louis, 43 boulevard du jardin botanique, 
1000 Bruxelles, BELGIUM (e-mail:xwauthy@fusl.ac.be) 

Received: July 25, 2001; revised version: October 21, 2002 

Summary. Within the framework proposed by Mussa and Rosen (1978) for mod 

elling quality differentiation, consumers are assumed to make mutually exclusive 

purchases. A unique pure strategy equilibrium exists in this case. In this note, we 

allow consumers to buy simultaneously different variants of the differentiated good. 
We call this the "joint purchase option". The paper proposes a detailed analysis of 

price competition when this option is opened: first, we show that either uniqueness, 
or multiplicity, or absence of price equilibrium arise, depending on the utility de 

rived from joint purchase relative to exclusive purchase. Second, we characterize 

these equilibria, whenever they exist. 

Keywords and Phrases: Joint purchase, Price, Vertical differentiation. 

JEL Classification Numbers: LI3. 

1 Introduction 

Two variants of a product are said vertically differentiated when, sold at the same 

price, all consumers buy one of the variants at the exclusion of the other when 

assumed to be making mutually exclusive purchases. Even though this definition 

is generally used to qualify consumption differentiated goods, it may also apply in 

other contexts. Think, for instance, of the relative merits of press medias as adver 

tising supports. When faced with equal advertising fees opposed by two different 

newspapers'editors, advertisers, when forced to advertise in a single newspaper 
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only, will certainly advertise in the one with the broader coverage : the newspa 

pers are vertically differentiated, and the source of differentiation is the size of the 

readership. Now if the exclusive purchase constraint is dropped, advertisers may 
now be interested in advertising in both newspapers : even if the readerships of 

these newspapers overlap, buying a further ad-space should increase the number 

of readers exposed when the overlap is not perfect. Yet the larger the overlap, the 

smaller the gain to be expected from advertising in both newspapers (this example 
is drawn from Gabszewicz et al. (2001) ). 

A second example could be made of operating systems: different OS perform 
the same basic tasks, but may differ by the fact that some applications either are 

running only with specific OS, or are optimized for a particular one. In such a case, 
one could argue that OS are vertically differentiated, their "quality" essentially 

depending on the number of applications they can run. What is the value added 

of buying two different OS? Intuitively, the second purchase enlarges the set of 

applications that a user can run on its desktop, so that the specific value of buying a 

second OS comes from the number of applications which are specific to each OS. 

Notice that in these two examples the motivation of multiple purchases is definitely 
related to the fact that multiple purchases concern different variants of the same 

basic good. Notice also that buying a single unit of one variant only still remains a 

relevant option for the consumer. 

For the goods considered in the two above examples, the markets embody two 

types of agents, some of them buying both variants and others who prefer buying 

only one of them. How should we model price competition in such cases? Does the 

co-existence of the two consumption profiles -single versus joint purchase- affect 

firms' strategic behaviour? 

Standard models of product differentiation are not designed to address these 

questions. They assume indeed that those consumers who decide to buy a product, 

single out a particular variant of it among the various substitutes provided by the 

industry, and buy a single unit of that variant. This way of defining the decision set 

open to consumers reduces the quantity decision of households to a binary choice 

: one or zero unit. There is no question that reality is quite different. The mere 

improvement of living standards through the population allows many households 

to be equipped with several variants of the same indivisible product. It is indeed far 

from seldom to observe households equipped with two or three different cars, or 

several TV-sets or P.C.'s. Similarly, it is not difficult to identify consumers owning 
two or three different houses for their personal use only. Buying two vertically dif 

ferentiated variants of an indivisible good is thus quite common. This note precisely 
addresses the nature of price competition in this case. 

To this end, we consider an industry where two firms sell goods that are vertically 
differentiated. We keep the property that each variant is consumed in indivisible 

units. Still, unlike the traditional assumption, we now suppose that consumers who 

are interested in consuming both variants at the existing price constellation are 

allowed to do so. The extent to which this possibility of joint purchase influences 

price competition between duopolists is the problem considered in this note. Note 

that virtually any paper dealing with address-models of product differentiation 

makes this assumption (see Anderson, De Palma and Thisse, 1992; Tir?le, 1988). 
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A noticeable exception is the recent contribution by Caillaud, Grilo and Thisse 

(2000). Another related paper is De Palma, Leruth and Regibeau ( 1999) who allows 

for joint purchase within a Cournot framework. Their focus however is on product 

complementarity with network effects. Let us mention also that, even though we 

develop a model of vertical differentiation, most of our results carry over to markets 

where products are horizontally differentiated. 

Our results are best summarized in comparison with those obtained in the stan 

dard vertical differentiation model. To ease comparison, it is sufficient to remind 

that not allowing for joint purchase formally amounts to assume that buying two 

units does not add utility compared with buying the high quality product. This is 

the standard case and it is well-known (see Gabszewicz and Thisse, 1979) that in 

such case there always exists a unique price equilibrium in pure strategies. The im 

plication of the joint purchase option on price competition will obviously depend 
on the additional utility gained by a consumer when she buys a second unit. First, 
when buying the two variants does not add much in utility compared with the util 

ity obtained when buying the best variant only, price competition is not influenced 

by opening to consumers the option of buying both variants : equilibrium prices 
are the same as those obtained in the "traditional" model, and no consumer in the 

population takes advantage of the new option available to them (in the following, 
we refer to this equilibrium as the exclusive purchase equilibrium). Second, when 

buying the two variants starts to add a more substantial amount in utility compared 
with the utility of the best variant, multiple price equilibria arise, among which the 

equilibrium of the traditional model is still present. Yet another equilibrium appears 

along at which some consumers buy both variants of the product. At the new price 

equilibrium (referred below as the jointpurchase equilibrium), both prices are lower 

than at the standard one, in which no joint purchase is allowed.This reflects the fact 

that the low-quality seller has to lower his price in order to attract some consumers, 
who already buy the high-quality product, to purchase as well the low-quality one. 

When the utility of joint purchase is still higher, only the joint purchase equilibrium 
exists. Finally, when the utility of buying both variants is close to the sum of the 

utilities corresponding to consuming each variant separately, no price equilibrium 
in pure strategies still exists. However, mixed strategy equilibria exist in this case 

and we exhibit one class of them. 

The note is organised as follows. In the next section, we introduce briefly the 

"pure" model of vertical product differentiation, and set how this model has to be 

adapted in order to take also into account the option of consuming both variants. 

This essentially consists in deriving demand functions In section 3, we examine 

how price competition develops when this new option is opened to consumers. 

Section 4 concludes 

2 The joint purchase option 

Consider a model "? la Mussa-Rosen", with two variants of a product, indexed 

by their quality Ui, i = 1,2 (Mussa and Rosen, 1978). We assume, without loss 

of generality, that u2 > u\. Firms produce at zero cost. They choose prices non 

cooperatively in order to maximise revenue. Consumers' types are indexed by a 
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parameter 0 which expresses the intensity of their preferences for buying a unit of 

the good. Types are uniformly distributed in the [0,1]-interval, with one consumer 

per type. If consumer 0 buys one unit of variant i at price pi, his utility is given by 

Ui0-Pi. (1) 

We denote by 0i, i = 
1,2, the consumer who is indifferent between the option of 

buying one unit of variant i at price pi and the option of not buying. If we assign 
zero utility to the latter option, we obtain 

0i = - 
(2) 

Ui 

Similarly we denote by 0\2 the consumer who is indifferent between buying one 

unit of variant 1 at price p\ and one unit of variant 2 at price p2, i.e. 

912 = *^-. (3) 
u2 

- 
U\ 

The standard model of vertical product differentiation assumes that consumers, 
when they buy, select which variant they wish to buy, at the exclusion of the other. 

Using (2) and (3), demands adressed to the sellers are then easily derived as 

D1(p1,p2) 
= 6>i2 

- 
01 = ?,-r; (4a) 

ui(u2 -ui) 

D2(pup2) 
= 1 - flu = 1 - 

fP2~P\. (46) 
(u2 -Ui) 

The corresponding price game has a unique price equilibrium ( exclusive pur 
chase equilibrium), namely 

? ui(u2 -Ui) 
Pl = 

4u2-Ul 
' (5a) 

= 
2u2(u2-Ul)^ 

Au2 
- 

ui 

in the sequel we simply refer to this equilibrium as p*. 
Now let us assume that, unlike the "traditional" assumption, the quantity deci 

sion set of each household is extended to also include the possibility of buying both 

variants, and denote by ^3 the utility index derived from such a joint consumption. 
In order to preserve the fact that variants 1 and 2 are substitutes of the same product, 

we shall assume that1 

U2 <Us < U\ +u2. 

In the case of joint purchase , the utility of consumer 0 is assumed to be given by 
U30?p\ 

? 
p2. As above, we denote by #?3 the consumer who is indifferent between 

buying one unit of variant i at price pi and one unit of both variants at prices p\ 
and p2, namely 

1 The case us > u\ + u^ is considered in Gabszewicz, Sonnac and Wauthy (2000) 
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Pi 

u3 
- Uo ; 

Figure 1 

Pi 
023--^-. (66) 

^3 
- 

U2 

With these definitions, it is a matter of patience to derive the demand functions of 

the duopolists, which can be best understood using the following diagram providing 
a partition of the domain of (pi,p2)-pnces into four sub-domains P?, i = 1, ...4. 

The frontiers between the different regions are defined hereafter. 

The price -subdomain Pi, which is delimited from below by the line pi = 

U3 
? 

u2, is defined as 

Pi = 
{(PuP2) 'Pi >U3-u2}. 

In this domain, the demand functions Di and D2 are given by (4) : the price p\ 
is so high that even consumer 9 ? 1, who has the highest willingness to pay for 

consuming both variants, is not willing to buy them at that price. Accordingly, in 

the domain Pi, demand functions are as in the "pure" vertical differentiation model 

since nobody in the market is considering to buy both variants. Yet, this changes 
as soon as pi < u% 

? 
u2 : then some consumers - 

those with the highest 0's 
- 

start 

to buy both variants. Consider then the sub-domain P2 defined by 

(Pi,P2) : Pi < u3 
- 

u2;p! > p2 
u2 _ 
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In P2, demands are given by 

Di(pi,p2) 
= 1 - 023 = 1 - -^?; (7a) 

us -u2 

?2(pi,P2) 
= 1-02 = 1-?. (76) 

u2 

In the sub-domain P2, all consumers who buy variant 1 also buy variant 2, so 

that the market of firm 2 extends up to 92. This changes as soon as the inequality 
Pi > P2 ̂  is reversed. Then a new class of consumers appears at prevailing prices : 

those who start to buy only variant 1. Then we enter into the sub-domain P3 defined 

by 

'( \ / ^ Ui U3-U2 
(Pl>P2) : Pi < W3 

- 
U2\px < p2 

? 
;Pl > P2 

U2 U3 
- 

Ui 

In this sub-domain, the demand adressed to firm 2 now coincides with the demand 

adressed to this firm in the "pure" vertical differentiation model.Yet the demand 

adressed to firm 1 is made of those consumers who buy both variants (the interval 

[023,1]), as well as of those who buy variant 1 only (the interval [0i, 9\2}), that is 

Di(pi,P2) = (1- 923) + (012 
- 

0i) = 1 + ?-PiK (8a) 
U2 

- 
U\ 

D2(pi,p2) 
= 1 - 012 = 1 - ^^, (8b) 

u2 
? 

U\ 

with K defined by 

K = {Us 
- 

U2)(u2 
- 

Ui) + Ui(ll3 
- 

Ui) 

ui(u2 -ui)(us-u2) 

Finally, we can define the sub-domain P4, which is the symmetric of P2 where all 

consumers who buy variant 2 also buy variant 1. It is defined as 

P\ = 
\ (Pi,P2) : Pi < u3 

- 
u2\px < p2?- > , 

I us 
- 

ux J 

we get 

?>i(pi,P2) 
= i-0i = 

i-?; (10a) 
U\ 

D2(pup2) 
= 

l-0i3=:l-^? : (106) 
us 

- 
U\ 

now the boundary between markets of firms 1 and 2 corresponds to the consumer 

who is indifferent between the options of buying only variant 1 or buying both 

variants, and no longer to the consumer who is indifferent between buying variant 

1 only and buying variant 2 only, as it was the case in the sub-domains Pi, i = 1,2,3, 
defined above. 

At this point, three remarks are in order. Notice first that, compared with the stan 

dard vertical differentiation model, allowing for joint purchase essentially amounts 

to alter the definition of demands when the price of firm 1 is below the value us~u2. 
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The dividing line between region Pi (where the standard model applies) and re 

gions P2,, P3 and P4 does not depend on p2. When choosing p\ firm 1 "decides" 

whether the demands corresponding to those of the standard analysis apply or not. 

Unilateral deviations of p2 cannot achieve the same result. Second, it should be 

noticed that demand addressed to firm 2 in region P2 (respectively firm 1 in region 
Pa) is the standard monopoly demand, while firm l's in this region is independent 
of p2. This demand can be viewed as a residual demand defined on the "second 

purchase" market, i.e. the set of consumers considering to buy a second unit. By 

fixing one price, say pi and moving from regions P2>? ̂ 3 and P4 by increasing p2 
we may summarizes the nature of price competition. When firm 2 names low prices 
(within P2) it demand is the monopoly one while firm 1 sells only the those who 

buy two units: firms are not truly competing with each other. On the other hand, in 

Region P3, firm 2 and firm 1 are competing for those consumers who buy one unit 

only, even though firm 1 also sells a second unit on the right side of the market. Last, 
in region P4 firm 2 focuses on double purchasers and charges to them a high price. 

Therefore, because of the joint purchae option, a firm faces two different pricing 

strategies: either it charges relatively low prices and fights for market shares or it 

"retreats" with high price on the "rich" side of the market where "joint-purchasers" 
are located. Third, the payoffs in this game, obtained as the revenue functions re 

sulting from the demands addressed to each firm in the various sub-domains of 

prices, are continuous functions throughout the whole space of prices. 

Equipped with the above material, we can now tackle the equilibrium analysis 

assuming that consumers are also allowed to make joint purchases (joint purchase 

price game). This is done in the next section. 

3 Equilibrium analysis 

In the situation in which joint purchase does not add much in utility, compared with 

the utility index corresponding to the top quality variant, a first question which 

seems natural to raise is whether the equilibrium p* of the original price game is 

still an equilibrium in the joint purchase price game. Since the increase in utility 
obtained by consumers from joint purchase is assumed to be small, it may be 

conjectured that firms in the latter may have no interest to set prices at equilibrium 

taking advantage of this new opportunity. Proposition 1 below provides a positive 
answer to this conjecture. 

Proposition 1. There exists an interval [u2, u2 + ?*], with e* > 0, such that, 
whenever U3 G [u2,u2 + e*], the exclusive purchase equilibrium p* is still an 

equilibrium in the joint purchase price game. 

Proof. First, it is clear that, for the standard equilibrium p* 
= 

(p\,p2) to be an 

equilibrium in the joint purchase price game, we must have p\ > u3 
- 

u2 and 

p2u\ > p\u2: the first inequality follows from the fact that, atp*, even consumer 

0 ? 1 should not be willing to buy both variants, while the second inequality 
follows from Di(p\,p2) > 0. The equilibriump* 

? 
(p{,p2) is thus located in the 

(P11P2) 
- 
plane as depicted on figure 1. 
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Notice that no unilateral deviation from the equilibrium p* which would let the 

resulting pair of prices in Pi, can be advantageous to any of the two firms : recall 

that p* is an equilibrium in the original game which is, in particular, defined in 

the sub-domain Pi, so that unilateral deviations leaving the pair of prices in this 

sub-domain cannot be profitable. Since any unilateral deviation of firm 2 from p2 
maintains the pair of prices in the sub-domain Pi, it cannot be advantageous to firm 

2 : in this sub-domain, we know that p2 is a best response against p*. To destroy the 

equilibrium p* as an equilibrium in the joint purchase price game, we can thus rely 

only on unilateral deviations p\ of firm 1 which drive the resulting pair of prices in 

P3 orP4. For deviations in P3, it follows from (8) that the revenue of firm 1 obtains 
as 

Ri(pi,P2)=Pi (1 + 
?-pik) 

, 

which is maximal in P3 for p\ given by 

Pl = 
2(u2-Ul)K- 

(U) 

On the other hand, revenue at the equilibrium p* is given by 

?l(Pi,P2) =Pl ?(-V 
* 

Comparing R\ (p\,p2) and Pi(pl, p2) reveals that the former exceeds the latter as 

long as i?3 < i?2 + ?*, with 

* _ 4l?i?X2(^2 -ui) 

32t?2 
? 

12u\u2 + u\ 

where the last strict inequality follows from the fact that u2 > u\. Consequently, 
when U3 e [u2, u2 + e*], there exists no unilateral advantageous deviation for firm 

1 in P3. Similarly, it can be checked that no unilateral advantageous deviation for 

firm 1 which would bring the pair of prices in P4, exists either. Indeed, in region 
P4, -Di (.) is the monopoly demand so that the best reply candidate is the monopoly 

price, which lies outside this region. Stated otherwise, the best reply candidate for 

firm 1 in region P4 is defined by the strategy lying at the frontier with region P2, 

which, by continuity, is itself dominated by the best reply in the interior of P2. 

Consequently, when u3 G [u2,u2 + ?*}, the pair of prices (p\,p2) remains a 

price equilibrium in the joint purchase price game. Q.E.D. 
The above proposition shows that the equilibrium p* remains robust to the 

introduction of the joint purchase option, at least when u3 is in a sufficiently small 

neighborhood of u2. But this does not preclude the possibility that, for some i?3 

values, another price equilibrium would co-exist with p* when the joint purchase 

option becomes available. That this is indeed the case follows from the following 

Proposition 2. There exists a non-degenerate interval of values for u3 in which 

both the exclusive and the joint purchase equilibria coexist. 
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Proof Consider the pair of prices which are best responses to each other in the 

sub-domain P3, with payoffs (revenues) obtained from the demand functions in P3 

(see 8), namely 

(P2 
1 +-PiK 

u2 -Ui 

u ( \ f-, P2-P1 
#2(Pl,P2j 

= P2 1 
V U2-Ui 

with K as defined by (9). These best responses in P3 are easily identified from the 

first-order conditions, i.e. 

u2-u1-\-p2 
*l(pa) = 

2(u2 
- 

Ul)K 
(12) 

for firm 1, and 
u2-ui+pi ( 

. 

<h\Pi) =-g- ^ ) 

for firm 2. Combining these best responses yields a candidate price equilibrium 

(Pi > P2) which is given by 

3(l?2~ Ml) 
Pi 

p2 
= 

A(u2-Ul)K-V 

(2K(u2-ui)^l)(u2-ul) 

?(u2-Ul)K-l 

Now we study the necessary and sufficient conditions under which this candidate 

is, indeed, a price equilibrium. First, it is easy to check that px < us 
? 

u2, so 

that ?>! G P3 (the candidate equilibrium is indeed defined in Region P3) and, by 
definition, no unilateral deviation can be advantageous if it leaves the pair of prices 
in this sub-domain. Let us then consider deviations that lead us outside region P3. 

To remain robust against unilateral deviations of firm 2 driving the pair of prices 
in P4, it is necessary and sufficient that 

R2(p?i,P?2) 
> #2(Pi\^2(P?i)), 

with ?2(Pij^2(Pi)) denoting the revenue of firm 2 at its best response against 

px in P4. Using (10), a direct comparison between these two numbers reveals that 

the desired inequality holds if, and only if, us 
? 

u2 < 77, with rj > 0.2 Ruling 
out an advantageous deviation for firm 1 driving the pair of prices in P2 follows 

from applying the same method as the one used above for deviations of firm 2 

driving the pair of prices in P4. The resulting comparison reveals the existence of a 

particular value rjf,ri<r]f, such that no deviation for firm 1 in P2 can be profitable 
if, and only if, i?3 

- 
u2 < r)f ? Last, we must check that there exists no profitable 

Computations show that 

u\(ii2? u\) (lltii 
? 

8u2 + v/l7u^?48ttit?2 -f?^^) 
77 = 

2(4u2?ui)2 

2tt1(u2-ui)(2ui+n24-3Wu?-4uiU2-(-9u2) 
Computations show that 77' 

= 
-( ?^ 
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deviation for firm 1 in P4, nor for firm 2 in P2. To show this we may refer to 

the fact that in these regions, respective demands are the monopoly demands (see 

7b, 10a). Accordingly, the corresponding best reply candidates are H*-, which lie 

outside the corresponding regions. The best reply candidate in each such regions is 

thus defined by the strategy lying at the frontier with P3, which is itself dominated 

by <j>i(pj). Thus, whenever i?3 
- 

u2 < Min^r/}, no profitable deviations from 

(Pi >P2) exist towards regions P2 and P4. It then remains to exclude the possibility 
of profitable deviations from p\ for firm 1 which would lead the pair of prices in 

Pi. Such advantageous deviations are excluded if, and only if, the inequality 

Ri(p?nP?2) ̂  Ri(^i(pI),pI) 

holds, with i?i(p2) denoting the best response of firm 1 to p2 in the standard 

model of vertical differentiation (remind that the demand function of firm 1 is 

defined in Pi as in this model). An additional computation shows that the above 

inequality holds if, and only if, t?3 > u2 + 6*, with S* as defined in footnote 5; 

furthermore, it is easily checked that 0 < (5* < e* .4 A direct comparison between 

the numbers S* and 77 = 
rmn{r],7/} shows that S* < 77. Consequently, when the 

difference u3 
? 

u2 starts to be larger than the number 6*, the pair of prices (px, p2 ) 
is indeed a price equilibrium, namely the joint purchase equilibrium, in the interval 

of i?3-values [u2 + 5*, u2 + 77]. This interval includes the non-degenerate interval 

[u2 + ?*,i?2 + ?*] in which the pair of prices (p\,p2) defined by (5) has been 

already shown to be a price equilibrium (see Proposition 1). This completes the 

proof of Proposition 2. Q.E.D 

Proposition 1 indicates that, when joint purchase only adds little utility to the 

utility of the high quality variant, the traditional model and the joint purchase price 

game give the same outcome to price competition. Yet, Proposition 2 shows that 

this is no longer true when the increase in utility corresponding to joint purchase 
becomes more significant. Even if the exclusive purchase equilibrium (p\,p2) still 

belongs to the set of equilibria, another price equilibrium, 
- the joint purchase 

equilibrium (p? ,p2)-, starts to coexist. However, this pair of prices does not remain 
an equilibrium for all values of 7/3 in the admissible range ]u2, u\ + u2 [ : we know 

from the above proof that, when u3 
? 

u2 > rj, firm 2 has an advantageous deviation 

from p2 by letting the pair of prices to enter into P4. Accordingly, for values of i?3 

exceeding u2 + 77, neither (p\->p2), nor (Pi,p2) are still price equilibria. That no 

other price equilibrium exists in that case follows from the following reasoning. 
First, due to the concavity of the revenue functions of both firms when restricted to 

the sub-domains Pi and P3, it is clear that no pair of prices differing from (pi, p\ ) or 

(P\ > P2) could be a price equilibrium in these sub-domains. Furthermore, given the 

definition (10) of demands in the sub-domain P4, any candidate equilibrium in this 

sub-domain is excluded by the fact that the best response ^ of firm 1 lies outside 

4 The explicit value of 5* obtains as 

?2(u\ 
? 

8u1u2 + 7i?ii?2 
- 

SJulu2(9u2 
? 

ui)(u2 
- 

ui)) 

32u% 
? AuiU2 +u\ 
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the projection of the sub-domain P4 on the pi-axis. A similar argument reveals 

that no candidate equilibrium could exist either in P2. Since a direct comparison 
between u2+r] and ui+u2 shows that u2 + rj < ui~\- u2, we obtain the following 

Proposition 3. In the non-degenerate interval }u2 + 77, u\ + u2[ofus~values, there 
exists no price equilibrium in pure strategies. 

It is important to notice that Proposition 3 only precludes the existence of 

pure-strategy price equilibria in the relevant domain, but does not do it for mixed 

strategies. In fact, since the revenue functions of both firms are continuous, we 

know that non-degenerate mixed-strategy price equilibria must exist whenever 

^3 ? ]u2 + 77, u\ + u2[. Furthermore, since these revenue functions are piecewise 
concave, one should expect that equilibrium mixed strategies must have a finite 

support in prices. Exploiting this property, we have been able to identify mixed 

strategy equilibria in the relevant range. Without entering into details,5 let us simply 
notice that these mixed-strategy equilibria consist, for one firm, in playing a pure 

strategy and, for the other, in playing with some probability a "low" price and, 
with the complementary probability, a "high" price. Furthermore, the closer us 

toui + u2, the higher the probability assigned to the "high" price option, and the 

closer this option to the pure monopoly price. This is interesting because, at the only 

price equilibrium corresponding to the limiting case i?3 = i?i 4- 1x2? both firms set 

their monopoly price ^ (for a formal proof, see Gabszewicz, Sonnac and Wauthy, 
2000). In other words, the sequence of mixed-strategy equilibria which we have 

identified, converges to the pair (^, ^ ) of monopoly prices when i?3 -? u\ + u2. 

4 Final remarks 

Considering the above analysis, it seems fair to say that introducing the joint pur 
chase option considerably enriches the nature of price competition between firms, 

compared with the standard model of vertical product differentiation. The joint pur 
chase option alters price competition in two different ways. First, it may induce the 

low quality firm to sell one unit to the "poors" (low 0s) plus one unit to the "richs", 
who then end up buying two units at the market equilibrium. As compared to the 

standard model, this implies lower prices in equilibrium and may lead to multiple 

equilibria. Straightforward computations indicate that the high quality firm's profits 
are lower in the joint purchase equilibrium than in the exclusive purchase one. In 

this sense, the joint purchase option enhances price competition. However, if the 

utility gained when buying a second unit is large enough, joint purchase may be 

viewed as relaxing price competition. Indeed, it introduces a new strategic option 
to the firms: that of focusing on those "rich" consumers who are likely to buy two 

units, instead of fighthing for market shares. When this is the case, direct compe 
tition tends to disappear because one firm focuses on the "first purchase" market 

while the second focuses on the "second purchase" one. This allows firms to sustain 

higher price in equilibrium. 

5 The derivation of such a mixed strategy equilibrium is given in the Appendix. 
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The analysis has been conducted under the assumption that consumers do not 

buy two units of the same good. Our approach can be interpreted as a Lancasterian 

multi-characteristics representation of goods, in which each good is endowed with 
a limited set of characterisitics from the overall characteristics space. The quality of 
a good can then be interpreted in terms of the numbers of different characteristics 

it embodies. Accordingly, buying several goods is valuable only to the extent that 

it enlarges the number of characteristics embodied in the bundle, i.e. to the extent 

that it endows the consumer with more characteristics. Therefore, buying several 

identical goods is not an interesting option because it cannot increase the number 

of different characteristics present in the bundle. A natural extension of the present 
model would thus consist of introducing the quantity of each characteristic, in 

addition to the number of different characteristics as an argument in the utility 
function. It is difficult to speculate about the consequences on the equilibrium 

pattern of introducing this further option for the consumers. Clearly, this would 

make equilibrium analysis much more intricate by multiplying in a combinatorial 

way the number of regions in which different segments of demands have to be 

defined. 

Two additional lines of research deserve to be mentioned as well. First, the 

implications of joint purchase on collusion possibilities should be studied. In the 

present note we have restricted the analysis to purely non-cooperative strategies, 
however the joint purchase option allows firms to implement strategies which are in 

fact based on the joint value of their respective products. There is thus more scope 
for cooperation between them. This is in particular the case in the region where 

mixed strategy equilibria prevail. Accordingly, we may expect that firms will be 

able to sustain more collusive outcomes than under standard collusive outcomes. 

Second, a natural next step to follow would consist in studying the implica 
tions of joint purchase on quality selection by firms. Preliminary work for the case 

of a monopoly (Gabszewicz and Wauthy, 2002) suggests that the implications of 

multiple purchases on quality choices are likely to be non-trivial. 

Appendix: A mixed strategy equilibrium 

In this appendix, we characterize an equilibrium in mixed strategies in which firm 

2 randomizes while firm 1 plays a pure strategy. The alternative equilibrium where 

firm 1 randomizes can be derived using the same methodology. 
Recall first that each firm's payoff is concave, region by region. Therefore, 

against a pure strategy of firm 1, we may identify a unique best reply in each region 
of the price space. Let us then consider firm 2's best reply candidate against a "low" 

Px (i.e. region Pi irrelevant). 
As already argued in Section 3, firm 2's best reply candidate in region P2 is 

defined as the frontier between between region P2 and P3. By continuity of firm 2's 

payoffs, this best reply candidate must be dominated by the best reply candidate in 

region P3, which is given by <f)2 (pi ) as defined by ( 13). Using (10b), it is immediate 

to derive firm's candidate best reply in region P4 as p2 
? uz~Ul, 

In order to identify which of <f)2(.) or u?~Ul is the "true" best reply against pi 
we only need to compare firm 2's payoffs in the two cases and identify the critical 
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level of pi which makes firm 2 indifferent between the two strategies. Solving 

^=02(pi)(i 
- 

^2ip2-~r^fovpu 
we ?btain the criticai vaiue? 

A candidate equilibrium may therefore be identified as follows: firm 2 random 

izes over (?)2(p\) and u$~Ul with probability (p, 1 ? 
p) while firm 1 plays the pure 

strategy p\. In order to prove that this is indeed an equilibrium, we only need to 

show that there exists a p such that pi is a best reply for firm 1 against firm 2's 

mixed strategy (?i, 1 ? 
p). 

The profit function of firm 1 against firm 2's mixed strategy defines as 

7Tx(pi,p2,p) =Pl[p(l--) + (l-//)(l +-Pi ??Ol li 1 u2 
- 

U\ 

In order for p~i to be part of an equilibrium, it must be true that the first order 

condition for the above function is satisfied at (pi, 02 (pi)), i.e. 

7X1 U2 
- 

l?i 

The first term is positive while the second is negative, so that there must exist some 

p* which satisfies the previous equation. Straightforward computations yield 

* _ _ U2-Ui ri._ 

1 + t??i) ?2p\K-(l- ^) 

Additional computations show that p > 0 whenever the pure strategy equi 
librium candidate defined in region P3 ceases to exist whereas it is less than 1 

whenever pi < p . 

References 

Anderson S., De Palma, A., Thisse, J.: Discrete choice theory of product differentiation. Cambridge, 
MA: MIT Press 1992 

Caillaud B., Grilo, I., Thisse, J.: Strat?gies de diff?renciation sur le March? du Positionnement par 

Syst?mes satellitaires. CERAS, mimeo (2000) 
De Palma A., Leruth, L., Regibeau, P.: Partial compatibility with network externalities and double 

purchase. Information Economies and Policy 11, 209-227 (1999) 

Gabszewicz, J., Laussel, D., Sonnac, N.: Press advertising and the ascent of the "Pense Unique". Euro 

pean Economic Review 45, 641-651 (2001) 
Gabszewicz J., Thisse, J.: Price competition, quality and income disparities. Journal of Economic Theory 

20,340-359(1979) 
Gabszewicz J., Wauthy, X.Y.: Quality underprovision by a monopolist when quality is not costly. Eco 

nomics Letters 77, 65-72 (2002) 
Gabszewicz J., Sonnac, N., Wauthy, X.Y.: Price competition with complementary goods. Economics 

Letters 70,431-437 (2000) 
Mussa M., Rosen, S.: Monopoly and product quality. Journal of Economic Theory 18, 301-317 (1978) 

Tir?le, J.: The theory of industrial organisation. Cambridge, MA: MIT Press 1988 


	Article Contents
	p. [817]
	p. 818
	p. 819
	p. 820
	p. 821
	p. 822
	p. 823
	p. 824
	p. 825
	p. 826
	p. 827
	p. 828
	p. 829

	Issue Table of Contents
	Economic Theory, Vol. 22, No. 4 (Nov., 2003), pp. A3-A4, 699-934, I-IV, A5-A10
	Volume Information
	Front Matter
	Core and Walrasian Equilibria When Agents' Characteristics Are Extremely Dispersed [pp. 699-725]
	Existence and Optimality of Oligopoly Equilibria in Linear Exchange Economies [pp. 727-741]
	Existence of a Competitive Equilibrium in a One Sector Growth Model with Heterogeneous Agents and Irreversible Investment [pp. 743-771]
	A Two-Sector Overlapping Generations Model with Heterogeneous Capital [pp. 773-792]
	Financial Intermediation and Entry-Deterrence [pp. 793-815]
	The Option of Joint Purchase in Vertically Differentiated Markets [pp. 817-829]
	Arbitrary Small Indivisibilities [pp. 831-843]
	Partition Function Bargaining with Public Demands [pp. 845-862]
	On the Geography of Conventions [pp. 863-873]
	Purification of Incentive Compatible Allocations [pp. 875-892]
	Exposita Notes
	Theorems on Correspondences and Stability of the Core [pp. 893-902]
	The Equilibrium Set of Two-Player Games with Complementarities Is a Sublattice [pp. 903-905]
	A Simple Axiomatization and Constructive Representation Proof for Choquet Expected Utility [pp. 907-915]
	Optimal Fiscal Policy in the Uzawa-Lucas Model with Externalities [pp. 917-925]
	The Sale of Small Firms: A Multidimensional Analysis [pp. 927-933]

	Back Matter



