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Abstract

We consider the conditional mean risk allocation for an insurance pool, as defined by Denuit
and Dhaene (2012). Precisely, we study the asymptotic behavior of the respective relative
contributions of the participants as the total loss of the pool tends to infinity. The numerical
illustration in Denuit (2019) suggests that the application of the conditional mean risk shar-
ing rule may ultimately produce a linear sharing of independent compound Poisson losses.
This paper studies the validity of this empirical finding in the class of compound Panjer-Katz
sums consisting of compound Binomial, compound Poisson, and compound Negative Bino-
mial sums with either Gamma or Pareto severities. It is demonstrated that such a behavior
does not hold in general since one term may ultimately dominate the other ones.

Keywords: conditional expectation, risk pooling, compound distributions, Panjer formula,
size-biased transform.



1 Introduction

In this paper, we consider the conditional mean risk allocation of independent losses, as de-
fined by Denuit and Dhaene (2012). According to this rule, each participant to an insurance
pool contributes the conditional expectation of the loss brought to the pool, given the total
loss experienced by the entire pool. The properties of the conditional mean risk allocation
have been studied in Denuit (2019) and the present study originates from the empirical
findings in the numerical illustration contained in that paper.

From a theoretical point of view, we investigate the relative behavior of the conditional
expectations of random variables given their sum, when the realization of the sum tends to
infinity. Conditions are given under which one of the following two cases occurs:

Case i) the conditional expectations are asymptotically in fixed, positive proportions to
each other (the “linear” case);

Case ii) one of the random variables dominates, the conditional expectations of the others
being asymptotically vanishingly small with respect to this one.

This research question is investigated for the class of compound Panjer-Katz sums consisting
of compound Binomial, compound Poisson, and compound Negative Binomial sums. This
class of distributions is central to actuarial mathematics so that the results derived in this
paper are of wide applicability in insurance studies. As far as severities are concerned, we
consider the heavy-tailed case with regularly varying tails. In particular, the Pareto law
belongs to this class of distributions. We also discuss a light-tailed case where severities
obey the Gamma distribution. Since the Gamma distribution is the prototype example of
light-tailed distribution, widely used in theory as well as in actuarial applications (also in
compound Poisson sums, giving rise to the Tweedie distribution), this choice appears to be
relevant for our investigation. Independence is assumed in all cases.

Since all standard severity models correspond to absolutely continuous probability dis-
tributions, the present paper naturally concentrates on this situation. We nevertheless also
consider the particular setting of the numerical illustration proposed by Denuit (2019), that
is, compound Poisson sums with integer-valued claim severities. This is because these em-
pirical findings motivated the present study.

The remainder of this paper is organized as follows. Section 2 provides the reader with
economic motivation for the study conducted in the present paper by demonstrating its
relevance for Peer-to-Peer (P2P) insurance. The problem under investigation is also properly
positioned there, relative to the existing literature. In Section 3, we recall the connection
of the conditional mean risk sharing rule with the size-biased transform. Section 4 derives
the size-biased transforms and the conditional mean risk sharing of compound Panjer-Katz
sums. In this paper, we favor direct reasoning specific to compound Panjer-Katz sums
to recover their respective size-biased transforms. These results can be found in Denuit
(2020) where they are derived by means of general results about size-biasing sums and
mixtures. Sections 5-6 study the asymptotic linearity of the conditional mean risk allocation
in the case of severities with regularly varying tails or obeying the Gamma distribution,
respectively. Compared to other papers dealing with tails of sums of independent random
variables, we must deal here first with non-identically distributed random variable and second



with probability density functions and not tail probabilities. Section 7 goes back to the
empirical findings in the numerical illustration proposed by Denuit (2019) that motivated
the present paper. Specifically, we consider independent compound Poisson losses with
integer-valued severities. We establish that the application of the conditional mean risk
sharing principle ultimately produces a linear allocation when claim severities possess the
same, finite upper endpoint to their support. Since a common finite upper endpoint to the
support of claim severities can be obtained with the help of an excess-of-loss protection, this
result appears to be particularly interesting for applications. But it is also shown there that
the conditional mean risk sharing may fail to produce an asymptotically linear allocation.
This is the case when the finite upper endpoints of the respective supports differ. For the
case when the severities are heterogeneous with unbounded support, we provide an example
where severities follow Logarithmic distribution showing that the asymptotic linearity does
not hold in general.

All proofs are gathered in appendix. The following notation is adopted throughout the
text. For two positive functions g; and g, defined in a neighborhood of infinity, we write g; ~
g2 provided lim, ., g1(x)/go(z) = 1 and we write g; = 0(go) provided lim, . g1(z)/g2(x) =
0. We use =4 to denote equality in distribution for two random variables. Independence is
assumed throughout this text, among severities and frequencies involved in the sums, as well
as between sums.

2 Motivation

The paper aims at contributing to the rich literature on risk sharing and risk allocation that
are both core topics in actuarial science. After Karl Borch’s seminal contribution, many
papers have been devoted to risk sharing. We refer the interested reader to the reviews by
Aase (1993, 2002). Within this vast topic, we concentrate on Peer-to-Peer (P2P) insurance
schemes where participants share their respective losses, reviving the ancestral compensation
mechanism consisting in using the contributions of the many to balance the misfortunes of the
few. See, e.g., Abdikerimova and Feng (2019) and the references therein. The conditional
mean risk sharing rule appears to be a very convenient way to distribute retained losses
among participants, as shown by Denuit (2019).

Consider n participants to a P2P insurance pool, numbered i = 1,2, ..., n. Each of them
faces a risk X;. By risk, we mean a non-negative random variable representing a monetary
loss. In the remainder of this paper, we assume that Xi, Xs,..., X, are independent and

we adopt the notation S = """ | X; for the total risk of the pool. In a risk pooling scheme,
each participant contributes ex-post an amount h;(s) where s = " | z; is the sum of the
realizations x1, o, ..., x, of X1, Xy, ..., X,.

In the design of the scheme, it is important that the sharing rule represented by the
functions h; is both intuitively acceptable and transparent. In that respect, the conditional
mean risk sharing (or allocation) h; proposed by Denuit and Dhaene (2012) seems to be
particularly attractive. Recall that this allocation is defined as

hi(S) = E[Xi|S], i=1,2,....n. (2.1)

In words, participant ¢ must contribute the expected value of the risk X; brought to the



pool, given the total loss S. Clearly, the conditional mean risk sharing (2.1) allocates the
full risk S as we obviously have

S hi(S) = Y BIXilS] = S

so that the sum of participants’ contributions covers the entire loss S.

In the expected utility setting, every risk-averse decision-maker prefers hf(S) over the
initial risk X; so that the conditional mean risk sharing rule appears to be beneficial to
all participants (as an application of Jensen’s inequality). Conditions for Pareto-optimality
have been provided by Denuit and Dhaene (2012).

The present paper investigates the question whether the respective relative contributions
of the n participants tend to stabilize when the total loss of the pool increases, or equivalently
if there exist constants §;, ¢ = 1,2,...,n, such that

0; > 0 for all 7 and 251‘:1

=1

and
hi(s) = E[X;|S = s] ~ §;s for i € {1,2,...,n}. (2.2)

When the total loss gets large, it can thus be shared among participants according to the
proportions d§; when (2.2) holds true. This is case i) as referred to in the introductory section
of this paper. As it can be expected, certain symmetry relations must hold between the
random variables under consideration for (2.2) to be valid.

It is worth to mention that Furman et al. (2018) investigated a related problem. Precisely,
these authors studied conditions ensuring that the identity hf(s) = d;s holds true for some
d; depending on the means of the risks under consideration (see Theorem 3.2 in that paper).
Compared to Furman et al. (2018), we only require asymptotic linearity in (2.2).

If one loss, X say, dominates then the conditional expectations of the others may become
asymptotically negligible with respect to this one, that is,

hi(s) ~ s and h}(s) = o(s) for j € {2,...,n} (2.3)

holds true. Formula (2.3) corresponds to case ii) as referred to in the introductory section
of this paper.

Let us now explain why (2.2)-(2.3) are relevant for applications to P2P insurance. Lin-
ear risk sharing rules have often been applied to allocate losses among members of a P2P
community. Such rules are of the form

P(S) = BIXi) + ai (S = EIS)), i=1,2,....n,

where )" | a; = 1. Clearly, a linear risk sharing scheme allocates the full risk S and satisfies
the fairness constraint E[Ri"(S)] = E[X;] for i = 1,...,n. With Al participants agree to
pay the pure premium F[X;] and to divide deviations of S from the total pure premium E/[S]
(positive or negative) in proportion to the coefficients a;.



As an example of linear rule, participants may agree to take a fixed percentage of the total
loss S, in accordance with the expected values of the risks they bring to the pool compared
to the total expected loss, that is,

wov(s) = B + 229 (5 pls)) = ]i;[[)é]]

B[S] S.

This rule, referred to as the proportional risk sharing rule has often been applied in the
context of P2P insurance. However, volatility is not accounted for because participants
iy and i with E[X; ] = E[X,,] contribute equally to the total loss even if the respective
variances V[X;,] and V[Xj,] strongly differ.

With linear sharing rules, the same proportion a; of the total losses S is allocated to
each participant, whatever the realization of S. In the case investigated by Furman et al.
(2018) recalled above, such linear rules are perfectly appropriate. If (2.2) holds true then
linearity remains relevant even for large realizations of S but the coefficients §; may differ
from the assumed a;. On the contrary, under (2.3) linear risk sharing rules depart from the
conditional mean risk allocation. This means that when the pool experiences large losses,
the application of the assumed proportions a; leads to individual contributions that do not
reflect the expected contribution of X; given S. As an extreme situation, for a loss X; at
most equal to b, say, we might end up with Ai®(S) > b when S gets large whereas h}(S)
always stays smaller than b. This questions the relevance of linear risk sharing rules in
adverse scenarios. Of course, the upper layer of S is generally (re-)insured because of the
limited risk-bearing capacity of the P2P community. The results derived in this paper then
suggest that the price of the stop-loss protection for the upper layer should not be distributed
among participants according to the same proportions a; defining hl®.

It is well known that

Xi, Xs, ..., X, independent and identically distributed = h}(s) = Sl
n

(2.4)

Thus, the conditional mean risk sharing is linear and §; = % in this case. The rule h} extends
this uniform allocation to heterogeneous losses. As a particular case of the results derived
in this paper, we will discuss the homogeneous case (2.4) to recover this trivial situation (to
some extent). It is interesting to point out that (2.4) is the key argument to derive Panjer

recursive formula; see for instance the proof of Theorem 3.5.1 in Kaas et al. (2008).

3 Conditional mean risk sharing rule and size-biased
transform

The size-biased transform appears to be useful to study the conditional mean risk sharing
rule, as pointed out in Denuit (2019). Given a non-negative random variable X with dis-
tribution function Fx and strictly positive expected value E[X], define X with distribution
function

PIX <1 = E{Xgé]g tH,




where I[-] denotes the indicator function (equal to 1 if the event appearing within the brackets
is realized, and to 0 otherwise). Then, X is said to be a size-biased version of X , and the
operator mapping the distribution function Fx of X to the distribution function Fg of X
is called the size-biased transform. Henceforth, we assume that X and X are mutually
independent.

The size-biased transform can be traced back to the late 1960s in the statistical literature.
It has proven to be useful in the study of risk measures after the pioneering work by Furman
and Landsman (2005, 2008) and Furman and Zitikis (2008a,b). The size-biased transform is
an example of weighted distribution. Initially developed in order to unify various sampling
distributions when the chance of being recorded by an observer varies, weighted distributions
are closely related to weighted risk measures and weighted capital allocation rules. See
Furman and Zitikis (2009) for an overview. Among these weighted distributions, the size-
biased, or length-biased one corresponds to the identity weight function.

Compound sums with absolutely continuous severities have a probability mass at 0 and
possess a probability density function over (0,00). Such a distribution is said to be zero-
augmented and it appears to be relevant to examine the effect of size-biasing in this case.
Assume that X is a zero-augmented risk, i.e. it is equal to 0 with probability P[X =0] > 0
or strictly positive with probability P[X > 0] and possesses the probability density function
[x|x>0 over (0,00). Then, X isa strictly positive random variable with probability density

function
zf X|X>0 (x)

5 = pxix s o)

See e.g. Property 2.1 in Denuit (2019).

Let us now give the reason why size-biasing appears to be useful in relation with the
conditional mean risk sharing. Consider independent, zero-augmented risks Xy, Xy, ..., X,
with positive expectations. Let X7, X5, ..., X, be their corresponding size-biased versions,
assumed to be independent and independent of Xy, X5, ..., X,,. It is proved in Denuit (2019,
Proposition 2.2 iii)) that, for any s > 0,

(3.1)

_ E[Xi]fS—Xﬁ)@ (s) <
2?11 E[Xj]fS—X]--i-)?j (s)

If the random variables X, X5, ..., X, are identically distributed then the ratio appearing
in (3.2) is equal to 1/n and we recover (2.4).

Considering (3.2), we see that to study the asymptotic behavior of hf(s) as s is large, we
must deal with probability density functions of sums of independent random variables for
large values and not with survival functions. The literature on this topic is however limited
in extreme value theory. The main contributions are found in Tauberian theory.

E[Xi|S = ] (3.2)




4 Size-biased transform and conditional mean risk shar-
ing within the compound Panjer-Katz family

4.1 Compound Binomial sums

Assume that the loss X; brought by participant i to the insurance pool can be represented

as
N;

X; = ZC@’C with N; ~ Binomial(v;,p;), i =1,2,..., (4.1)
k=1
where v; is a positive integer, p; € (0,1), and where the claim severities C; are positive,
absolutely continuous, distributed as Cj, all these random variables being independent.
The next result gives the size-biased transform of compound Binomial distributions; its
proof can be found in Appendix A.

Proposition 4.1. The size-biased version of the compound Binomial random variable X =
Z,ZCV L Cr with N ~Binomial(v,p) and claim severities Cj, that are positive, absolutely con-
tinuous, independent and zdentzcally distributed as C, all these random variables being inde-
pendent, is given by X =, Zk 1 Ck + C where N' ~Binomial(v — 1,p), and where N', Cf,

Cy, ..., C,_1 and C are mutually independent.

Proposition 4.1 allows us to deal with the situation where each participant to the insur-
ance pool brings a loss of the form (4.1). To this end, let I, 1, I;2,..., I;,, be independent

Bernoulli distributed random variables with common mean p; and independent of C; 1, C; o,...,
Cy,- Then,

Xi =4 Z Y%,k where Yz’,k = ]i,kCi,k~
k=1
Proceeding as in the proof of Proposition 4.1 (see Appendix A), we have that

v;—1

where Y; 1, Yo, ..., Y;,,—1 and 17;,, are mutually independent. Using the fact that 17w =4 6'2-,
where C; is assumed to be independent of all Y, we get from (3.2) that
E [Xz} fS_YZ- v +C; (3)

E[X;|S =s] = S E[X]] fs’_;j’uﬁéj )" (4.2)

Now, assume that C7,Cs,...,C, are identically distributed. Then, 51, 5’2, ..., C), are
also identically distributed. Assume also that p; = ... = p,. Then (4.2) allows us to write

E[Xi)|S =3 = Zs (4.3)

Ve
where vy = 14 + ... + 1,,. The representation (4.3) shows that the conditional mean risk
sharing rule is linear in this case with slopes 0; = v;/v,. This result can be related to (2.4)

by considering the independent and identically distributed random variables Y; .
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Remark 4.2. In the limiting case p; = 1, we recover sums with a deterministic numbers of
terms, that is, losses X; of the form X; = >/ | C; . Identity (4.2) then becomes

E[X ] fs_cwﬁ.@ (s)
BlXds =5l = > i1 B [X]] fs-c;.+¢, (S>S. 4

4.2 Compound Poisson sums

Assume that the loss X; brought by participant i to the insurance pool can be represented

as
N;

X; = ZC’M with N; ~ Poisson();), i =1,2,..., (4.5)
k=1
where the claim severities Cj;, are positive, absolutely continuous, distributed as C;, all these
random variables being independent.

Proposition 4.3. The size-biased version of the compound Poisson random variable X =
ZkN 1, Cr with N ~ Poisson (\) and claim severities Cy, that are positive, absolutely continu-
ous, independent and identically distributed as C, all these random variables being indepen-
dent, is given by X =4 X +C where X and C are mutually independent.

The proof of Proposition 4.3 is given in Appendix B. It can be seen there that Panjer
formula can be invoked for compound Poisson sums with absolutely continuous severities,
in order to recover the corresponding size-biased transform derived in Denuit (2020) from
general results about size-biasing compound sums.

For each X; in (4.5), using the fact that X, is distributed as X; + C; where the size-biased

version C; of C; is independent of X;, we get from (3.2) that

E[ ] fs.;.@ (3) s
Z; B j]fSJréj (s)

Assume that C7,C5, ..., C, are identically distributed. Then, 6’1,52, e ,5n are also
identically distributed and (4.6) allows us to write

EXi|S=s] = (4.6)

Ai
where A = A + ...+ A,. The representation (4.7) shows that the conditional mean risk
sharing rule is linear in this case with slopes d; = \;/A.. It is interesting to compare (4.7) to
(2.4) by considering Ay, ..., A, as proper volume measures.

4.3 Compound Negative Binomial sums

Assume that the loss X; brought by participant ¢ to the insurance pool can be represented

as
N;

X; = Z C;r with N; ~ Negative Binomial(§;, 5;), i =1,2,..., (4.8)

k=1



with N; obeying the Negative Binomial(¢;, §;) distribution with positive parameters /3; and
&, le.

B T(&+h)
(1+ Bi)stt kID(&)
and where the claim severities () are positive, absolutely continuous, independent and
distributed as Cj, all these random variables being independent.

PIN; = k] = k=0,1,2,...

Proposition 4.4. The size-biased version of the compound Negative Binomial random vari-
able X = Zszl Cy with N ~Negative Binomial(§, 3) and claim severities Cy that are pos-
itive, absolutely continuous, independent and identically distributed as C, all these random
variables being independent, is given by X =4 X + C + Z where Z is a compound Negative
Binomial sum Zkle C. with M ~Negative Binomial(1, 3) and C,, distributed as Cy, all these
random variables being independent.

The proof of Proposition 4.4 is given in Appendix C. As for the compound Poisson case,
it is based on Panjer recursive formula. B B
For each X; of the form (4.8), using the fact that X; is distributed as X; + C; + Z; where
the size-biased version C; of C; and Z; are independent of X;, we get from (3.2) that
E [XZ] fs+5i+zi (S)

EX;|S =s]= Z?ZI BIX,) fs+5j+zj (S)S (4.9)

Assume that C,Cy,...,C, are identically distributed. Then, 5’1,52, e ,5n are also

identically distributed. If 8; = ... = /3, then (4.9) allows us to write
E[X;|S =s] = ?5 (4.10)

where £, = & + ...+ &,. The representation (4.10) shows that the conditional mean risk
sharing rule is linear in this case with slopes §; = &;/&,. The comparison with (2.4) is again
instructive, by introducing proper volume measures.

5 Severities with regularly varying tails

Let us now refine the results derived in Section 4 by adding some information about claim
severities. In this section, we assume that claim severities have decreasing densities and
regularly varying tails. This corresponds for instance to severities obeying the Pareto distri-
bution. Precisely, we assume in this section that the loss X; brought by participant ¢ to the
insurance pool can be represented as

N;
k=1

where N; is a counting random variable, the claim severities C;; are positive, absolutely
continuous, distributed as C}, all these random variables being independent. Moreover we
assume that the tail functions Fi, defined as Fg, (t) = P[C; > t] satisfy

Fe, (z) ~ 27 L; () (5.2)
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where L;(-) are slowly varying functions and a; > 1 for ¢ = 1,...,n. We refer the reader to
Embrechts et al. (1997) for a description of this class of distributions and further bibliography
on the topic. The following result establishes the ultimate behavior of the conditional mean
risk sharing rule in that case.

Proposition 5.1. Assume that C; have decreasing densities fo, and that N; are random

variables such that there exist ¢; > 0 with E[eaiN"] < oo, it =1,2,....,n. The following
results then hold true:
(i) If oy = ... = a,, =« and L; () ~ ¢;L (x) with ¢; >0 fori=1,...,n, then
E|Ni|c; .
E[X;|S =s] ~ [Nie s forie{1,2,...,n}.

2?21 E[Njle;
(i1) If oy < min{ag,...,a,} then

E[X1|S =s] ~s and E[X;|S =s] =o0(s) forje{2,...,n}.

The proof of Proposition 5.1 is given in Appendix D. Proposition 5.1 applies in particular
when N, is a positive integer, or obeys the Binomial distribution, the Poisson distribution,
or the Negative Binomial distribution. Proposition 5.1 thus covers compound Panjer-Katz
sums when severities have decreasing densities and tails satisfying (5.2), as in the Pareto
case for instance.

In addition to cases (i) and (ii) considered in Proposition 5.1, it is possible to encounter
situations where several «; parameters are equal and equal to the minimum of these param-
eters. For instance, we might have a; = ay < min{ag,...,a,,} and L; (z) ~ ¢ L (x) with
¢; > 0 for ¢« = 1,2. In this case, the respective relative contributions of the n participants
satisfy

%s for i € {1,2},
Zj:l E[Njle;
E[X;|S=s] = o(s) forie{3,...,n}.

E[X,|S = 3]

When claim severities are heavy-tailed, we see from Proposition 5.1 that only severities
matter for (2.2) to hold as long as the number of terms N; have a finite moment generat-
ing function in a neighborhood of the origin. This is generally the case when the tails of
compound sums are studied. See for instance Robert and Segers (2008) and the references
therein.

6 Gamma distributed severities

In Section 5, we have considered heavy-tailed severities. In this section, we consider a light-
tailed case and we assume that C; follows the Gamma(cq;, 7;) distribution, with positive

parameters «; and 7;, ¢ = 1,2,...,n. Precisely, the probability density function of Cj is
given by
(PR
(x) = =—/—x% "exp(—x7;), x>0.



Gamma distributions are prototype examples of light-tailed distributions. They have been
widely applied in practice, because they belong to the exponential dispersion family to which
the GLM machinery applies and also because, together with the Poisson distribution, they are
the building blocks to the Tweedie distribution that is often used in insurance studies. This
explains why results established in that particular setting remains relevant for applications.
The following results cover compound Panjer-Katz sums with severities obeying the
Gamma distribution. Proposition 6.1 considers compound Binomial sums, Proposition 6.2
compound Poisson sums, and Proposition 6.4 compound Negative Binomial sums. Each
time, item (ii) refers to the situation where (2.2) holds true whereas item (i) identifies the
situation where (2.3) applies. Some comments are given to discuss all possible situations.

Proposition 6.1. Assume that the loss X; brought by participant i to the insurance pool is
of the form (4.1) with C; ~Gamma(a;, ;). The following results then hold true:

(1) If m < min{ry,...,7,} then

E[Xi|S=s|~sand E[X;|S=s=o0(s) forje{2,...,n}.

(i) If 4 = ... =7, =T then

1187}

E[X]S = 5] NW
j=1 3%

s forie{1,2,...,n}.

The proof of Proposition 6.1 is given in Appendix E. To get (2.2) in the compound
Binomial case with Gamma-distributed severities, we thus see that all the parameters 7;
must be equal. If one of them differs from the others then we switch to (2.3) and the
conditional expectation of the loss with the smallest 7; dominates the others.

In addition to cases (i) and (ii) considered in Proposition 6.1, it is possible to encounter
situations where several 7; parameters are equal and equal to the minimum of these param-
eters. For instance, we might have 7, = 75 < min{7s,...,7,,}. In this case, the respective
relative contributions of the n participants satisfy

E[X)|S=s ~ —g——sforie{1,2},
> o1 Vi
E[X;|S=s] = o(s) forie{3,...,n}.

Proposition 6.2. Assume that the loss X; brought by participant i to the insurance pool is
of the form (4.5) with C; ~Gamma(a;, ;). The following results then hold true:

(i) Assume that 7y = ... = 7,. If @y > max{ag, ..., } then

E[Xi|S=s]~sand E[X;|S =s]=o0(s) forje{2,...,n}.
(i) Assume that Ty = ... =71, and a1 = ... = a,. Then,
Ai :
EX;|S=s]= I forie{1,2,....,n}.

10



The proof of Proposition 6.2 is given in Appendix F. Compared to the compound Bino-
mial case considered in Proposition 6.1, we see from Proposition 6.2 that we must impose
stronger constraints on the Gamma parameters «; and 7; to get (2.2) in the compound Pois-
son case with Gamma-distributed severities as all the parameters «; must be equal, not only
the parameters 7;. If not then we switch to (2.3) and the conditional expectation of the loss
with the largest «; dominates the others. Clearly, if the parameters 7; are not equal then
(2.2) cannot hold so that all cases are covered.

Remark 6.3. Since C; follows the Gamma(ay, ;) distribution, the random variables X; in
Proposition 6.2 obey the Tweedie distribution. Precisely, the probability density function of
each X;|X; > 0 is given by

=i 1 )
-1 a; i :
EXP(—XT;) T Ty, )\7;71- L) with Ta \T) = E TR .

e

Fxixo () = =,

J=1

Proposition 6.4. Assume that the loss X; brought by participant i to the insurance pool is
of the form (4.8) with C; ~Gamma(a;, ;). The following results then hold true:

(i) Assume that i = ...=7, =7, a1 = ... = a, = @ and B > max{Ss, ..., 5,}. Then,

E[Xi|S=s]~sand E[X;|S =s]=o0(s) forje{2,...,n}.
(ii) Assume that i = ...=7, =7, a1 = ... =, =« and B, = ... = B,. Then,

E[X;|S = s :§sfori€ {1,2,...,n}.

The proof of Proposition 6.4 is given in Appendix G. Compared to the compound
Binomial and compound Poisson cases, the conditions imposed on the parameters are even
stronger in the compound Negative Binomial case. The Gamma parameters «; and 7;, as
well the Negative Binomial parameters ; must be equal for all participants to get (2.2) in
the compound Negative Binomial case with Gamma-distributed severities. If not then we
switch to (2.3) and the conditional expectation of the loss with the largest §; dominates the
others. Clearly, if the parameters «; and 7; are not equal then (2.2) cannot hold so that all
cases are covered.

Compared to the heavy-tailed case considered in Section 5 where only claim severities
mattered for (2.2) to hold, Proposition 6.4 also imposes conditions on the Negative Binomial
parameters to get asymptotic linearity.

7 Discussion for Compound Poisson with discrete sever
ities

In this section, we consider the situation investigated in the numerical illustration proposed
by Denuit (2019) that motivated the present study. The aim is to explain the empirical
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findings in that paper and to provide preliminary results in the discrete case (that appear
to be of independent interest).

In this section, we assume that the loss X; brought by participant ¢ to the insurance pool
is of the form (4.5) where the claim severities C; ;. are valued in {1,2,3,...}. Based on the
classical Panjer recursive formula, Denuit (2019) established that the conditional mean risk
allocation for independent compound Poisson sums X7, ..., X, in (4.5) is given by

EX|s = = _ PIPIS +Ci=d (7.1)
> i1 BEIXGIP[S + C = s]

In the particular case where C, Cs, . .., C, are identically distributed, so that 61, 52, N O
are also identically distributed, (7.1) allows us to see that (4.7) is still valid.

7.1 Heterogeneous claim severities with bounded support

Assume that the claim severities are bounded but not identically distributed among com-
pound Poisson sums. The following result shows that the conditional mean risk sharing is
asymptotically linear in the case where the severities C; have a common finite upper end-
point to their support. The weights §; will be however different than those in the case (4.7)
of homogeneous severities, i.e. A;/A,.

Proposition 7.1. Consider independent compound Poisson losses of the form (4.5) where
the support of C; is {1,2,...,b;} for some b; < oo, so that P[C; = b;] > 0 for all i =
1,2,...,n. The following results then hold true:

(i) Ifby = by = ... =b, =b then

Z?:l )‘jP[Cj = 0]

E[X;|S =s] ~ s forie{1,2,...,n}.

(i) If by > max{by,...,b,} then

E[Xi|S=s|~sand E[X;|S=s=o0(s) forje{2,...,n}.

The proof of Proposition 7.1 is given in Appendix H. We see from (i) that (2.2) holds true
if all severities have the same, finite upper endpoint to their support. If not, (ii) indicates
that (2.2) is no more valid and the share for participant with the largest finite upper endpoint
to the support dominates.

Notice that, when claim severities are identically distributed, b; = b; = b and P[C; = b] =
P[C; = b] for all i and j. The limiting result in Proposition 7.1(i) is in accordance with (4.7).
The proportions A; /A, still apply asymptotically if b; = b; = b and P[C; = b] = P[C; = 1]
for all ¢ and j, as in the numerical example described in Denuit (2019, Section 6.1) where
the claim severities put the same probability mass 0.3 on b = 4. To be precise, there were 4
participants (n = 4) with respective claim severities C7, Cy, C3, and C, such that C; and Cs
are identically distributed, with probability masses 0.1, 0.2, 0.4, and 0.3 on 1, 2, 3, and 4,
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whereas Cy and C} are identically distributed, with probability masses 0.15, 0.25, 0.3, and
0.3 on 1, 2, 3, and 4. Hence, we get from item (i) in Proposition 7.1 that

Ai : o
E[X;|S =s] ~ oS for i € {1,2,3,4} in this example

and the asymptotic behavior thus coincides with (4.7) established for homogeneous severities.
It is worth to stress that the respective shares E[X;|S = s]/s do not converge to E[X;]/E[S]
as erroneously suggested in Denuit (2019) based on the numerical illustration contained in
that paper.

7.2 Heterogeneous claim severities with Logarithmic distribution

It is tempting to deduce from Proposition 7.1(i) that the result remains valid letting b tend
to infinity. The following example of heterogeneous claim severities with unbounded support
shows that it is not necessarily the case. Specifically, assume that C; obeys the Logarithmic
distribution with parameter p;, that is,

-1 pf

PIC,=k]l= —— =1,2,....
[Cl k] ln(l—pl)k’ k ) <y

The corresponding size-biased transform is given by
PlCi=k=0-p)pt", k=12 ..,

that is, @ obeys the Geometric distribution with parameter 1 — p;. The next result shows
that the application of the conditional mean risk sharing rule fails to ultimately deliver a
linear sharing if the severities C; are not identically distributed.

Proposition 7.2. Consider independent compound Poisson losses of the form (4.5) where C;
obeys the Logarithmic distribution with parameter p;, i = 1,2, ... n. If py > max{ps, ..., pn},
then

E[Xi|S=s|~sand E[X;|S=s=o0(s) forje{2,...,n}.

The proof of Proposition 7.2 is given in Appendix I.
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APPENDIX: PROOFS OF THE RESULTS

A Proof of Proposition 4.1

Define Y, = I,C), where I, I, ..., I, are independent Bernoulli distributed random variables
with common mean p, that is, P[I, = 1] =1— P[[; =0] =p for k =1,2,...,v. Clearly,

X =4 Z Y.
k=1

We know (see, e.g., Corollary 3.2 in Denuit (2020)) that the size-biased version of a sum
Z = Y ,_, Dy where v is a positive integer and the random variables Dl, Dsy,.... D, are

non-negative, 1ndependent and all distributed as D, is given by Z =4 Zk 1 D + D where
Dy,Dy,...,D,_; and D are mutually independent. Therefore,

v—1
)’Z —d Z }/}c + YV
k=1

where Y1, Y5, ..., Y,y and Y, are mutually independent. The announced result then follows
since C' =, Y, and Zk 1Ck =4 Y p }Yk

B Proof of Proposition 4.3

The random variable X obeys a mixture of a Dirac distribution at 0 with probability e=*
and a continuous distribution over (0, 00) with probability density function

AP ok (
[xixso (z) = 1_ o Z 5

with probability 1—e=*, where f&F is the probability density function of the sum C;+...+Cj,.
Considering (3.1), the probability density function of the size-biased version X of X is given
by

Fel@) = = fyoalo)

(1) = ——x x).
Define

g(x)=(1—e?) fxixso ().

We know from Panjer (1981) that

0(@0) =3 e @)+ 2 [ ufew)gte =) dy

Therefore

v9(a) =3B (0} e e [ My -y an
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and it follows that
fe@) = e Mela)+ (1= [ oo @ =) dy
= e_kfé(@ + (1 - 6_/\) Fxiéix=0 (x)

= fx+5 ().

This ends the proof.

C Proof of Proposition 4.4

The random variable X obeys a mixture distribution: a Dirac distribution at 0 with prob-
ability P[N = 0] = 85/ (1 + )¢ and a continuous distribution over (0, c0) with probability
density function

Fxixso (z) = ﬁ SOPIN = Kf ()

with probability P[N > 1]. Considering (3.1), the probability density function of the size-

biased version X of X is given by
BPIN > 1]
fe(@) = —F=—

$E[C]

l'fX\X>o(l')-

Define
g(z) = PIN = 1] fxx>0 (7).
We know from Panjer (1981) that

1 B ¢ y
g(x) = 155 (§(1+ﬁ)§f0( )+ /O <1+(§—1)5)fc(y)g(x—y)dy>

which gives

wle) = Bl =0 e i) [ -y
5 | e E-waE -
Then
¢E(C), .\ _ €E[C],
T o) = e PN =0lole 1+5/‘%

1
1 +ﬁ / fC fX {E - )
and it follows that

fsl@) = 5PN =0f(e >+%P > 1) [ fol0) i o~ )y

1+B/f0 fX :L"—)
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This finally shows that

1
Fe@) = s @+ e (@)

Denoting as Lx (t) the Laplace transform of X, we deduce from the previous equation that

3 1

Exl) = Tghae 0+ Tghae ()
_ 1-|B-B£X (t) L5 (1) +
) ) B/(1+B)
= Lx (1) La (1) (1—Lc (@) /(1+0))

= Lx () Lo (t) Lz (1)

1
mﬁi (t) Lo (t)

which ends the proof.

D Proof of Proposition 5.1
We know from Embrechts et al. (1997, Theorem A3.20) that
Fx, (2) ~ E[N] Fe, (1)

Since the density function f¢, is a decreasing function, the density function

Fxixso (@) =) PN = k] f¢f ()

is also a decreasing function. We then deduce from Embrechts et al. (1997, Theorem A3.7)
that

1
X ~—— —F|N;| oy _ai_lLi .
Moreover, from (3.1), we also have
fo1|X1>O(‘T) 1

ax YL (),

Tz (@) = E[Xi|X; > 0] ~ E[C]
and by Karamata’s theorem

— 1 (0%}
Fg (z) ~

—O{Z'—l-l .
: E[C’i]—ai—lx Li(x).

We now consider separately the two cases (i)-(ii) in Proposition 5.1.
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Considering (i), assume that a; = ... = a,, = a and L; (z) = ¢ L (x) with ¢; > 0 for
1 =1,...,n. We have that

— — C; «

stxiJrf(i (I) ~ F)N(i (l’) ~ E [CZ] (Of - 1)

r ML (7).

Since fg_x., %, 1s an ultimately decreasing function, we deduce that

C;

fo_x, 15, (T) ~ E(CH ax” L ()

The announced result then follows from (3.2).
Turning to (ii), assume that a; < min{ag, ..., @, }. Since the random variable X; has a
regularly varying tail with index a; — 1 < a1, we have that

— 1 aq
~ Iy, (@) ~ E[Ch] (ar — 1)

FS—X1+X1 (z) oL (7).

For j € {2,...,n}, we have

O (x7*1Ly (x)) if a; <a;—1

FS*Xj#’)Z’j (‘T) ~ o

W‘r*ai“[ﬁ () fag>a;—1

o(Fs xi1%,)

and we deduce that ) )
FS—XJ'—"-)}J' ('CE) =0 (FS—Xl-i-)A(il (x)) :

Since fg_ X, 4%, j€{1,...,n}, are ultimately decreasing functions, we deduce that

fs_x,+%, (z) =0 (fg_Xl+)}1 (z)) forje{2,...,n}

and the announced result follows.

E Proof of Proposition 6.1

E.1 Sums with deterministic numbers of terms

Before considering compound Binomial sums, we start with the limiting case considered
in Remark 4.2, that is, with sums comprising a deterministic numbers of terms. Losses
X1, Xs,..., X, are thus of the form X; = > ;" C;; for some positive integers v; and
C;r ~Gamma(a;, 7;), all the random variables being independent. We establish the validity
of Proposition 6.1 in this limit case. B

For (i), note that X; ~Gamma(v;«;, 7;) and X; ~Gamma(v;o; + 1, 7;) foralli € {1,...,n}.
Since 7 < min{7y, ..., 7,,}, we deduce from Example 7.32 in Balkema et al. (1999) that

fs_X1+)~(1 (z) ~ f)?l (x) H My, (Tj_l)

7j=2,..,n
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and that, for ¢ > 1,

fS—Xﬁ-)?i (@) ~ fx, (2) MX}- (Tifl) H My, (Tjil) :

j:2,,n,‘]7fl

The announced result follows immediately.
For (ii), since X; ~Gamma(v;a;, 7) and X; ~Gamma(v;a; + 1,7) for all i € {1,...,n}
with 7 =1 = ... = 7,, we have

S —X; —0—)?1- ~ Gamma (Z vio + 1,7') .

Jj=1

The result then follows from (3.2) and by noting that F [X;] = v;a;/7.

E.2 Compound Binomial case

As in Section 4.1, we denote N; ~Binomial(v; — 1,p;) and )Z = Egil Cix + 51 for i =
1,...,n. We define

Aimyoomn, = {N1=mq, .., Ny =m_1, N; = my, Niy1 = miy1, ..., Ny = my ).
For (i), given the event A; . m,, we have
X; ~ Gamma ((m; 4+ 1)a;, 73)
and for j #1¢

X; ~ Gamma (mjoj,7;) if m; > 1,

From the proof of the validity of Proposition 6.1 for sums with deterministic numbers of terms
(see Subsection E.1 above), we deduce that there exist positive constants D;, i = 1,...,n for
which we must have

fS—X1+)?1 (35) ~ Dyx"* exp (—xﬁ)

fS—XH-)Zi (.CE) ~ Dimqu—l exp (—x'rl) for i = 2,...,m,
since
vi—1
fS—XiJFX Z Z Z Aimyemal fs_ Xi+XilAimy ... (37) .
m1=0 my=0

The announced result then follows.
For (ii), given the event A;,,, . m,, we have

S— X, + )N(Z ~ Gamma (ijozj + (ay + 1),7’) .

j=1
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Therefore

fo-xx, (®) ~ P[Ni=vi,.,Nig=vi 1, N/ =vi— 1, Nipy = vigy, o, Ny = 1)

K3
Flj=1vioytl n
X - x2i=1"1% exp (—xT)
I (Zj:l via + 1)
[T, p?  rXicviestl n
= == x2i=1%1% exp (—xT) .

Di I (Z?:l l/jOéj + 1)

The announced result then follows from (3.2).

F Proof of Proposition 6.2

To prove Proposition 6.2, we first discuss the asymptotic behavior of the conditional mean

risk sharing rule for absolutely continuous risks with Gaussian tails.

F.1 Absolutely continuous risks with Gaussian tails

Suppose that the probability density functions of Xy, ..., X,, are positive on an interval I that

is unbounded above. Assume further that these density functions are such that

fx, (@)~ (x) e @ as & — oo fori =1,2,...,n,

where the functions v; and ~; satisfy the following conditions:
(a) the function v; is C? (i.e. twice differentiable);
(b) the function ; is ultimately convex, that is, ¥/ () > 0 for large z;
(¢) the function o; defined as o; (z) = (¢! (z))""/? is self-neglecting, that is,

Treo o; (x)

=1 locally uniformly in ¢;

(d) the function 7, satisfies the condition

N (x + to; (x))

=1 locally uniformly in t.
T—00 v ()

Finally, assume that 7o, = lim, ,o ¢} (x) is independent of i. The risks Xi, Xo, ...

(F.1)

(F.2)

, Xn

are then said to have Gaussian tails after Barndorff-Nielsen and Kliippelberg (1992) and

Balkema et al. (1995).
We then have the following result.
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Proposition F.1. Consider independent risks X, ..., X, with Gaussian tails. Assume that
limg .o 0;(s) /s =0 fori=1,....n. Let the function q; be defined as

. -1
gi (s) = (Z(wp“) ow§> (s).-

j=1
The following results then hold true:

(i) If qi(s) ~ Biq(s) for a positive function q and some positive constants [; for i €

{1,...,n}, then
Bi .
E[X;|S=s]~ =—s forie {1,2,... ,n}.
Zj:l Bj
(11) If qj(s) = o(qi(s)) for j € {2,...,n}, then
EXq|S=s]~sand E[X;|S=s]=o0(s) forje{2,...,n}.

Proof of Proposition F.1 The asymptotic behavior of the probability density function
of the sum S of risks X7, Xs, ..., X,, with Gaussian tails is characterized in the following
theorem, taken from Barndorff-Nielsen and Kliippelberg (1992).

Theorem F.2. (Barndorff-Nielsen and Klippelberg (1992)). The probability density func-
tion of S satisfies

fs(s) ~ s (s)e ¥ as s — o0,
where Y is C%, Y4 (s) > 0 for large s, og(s) = (W4 (s))? is self-neglecting. Eaplicit
formulas for vs and g can be given as follows: define the function q; from V! (q;) = T where
s=s(17)=q+...+q,. Then s is a continuous strictly increasing function of T and s (1) 1 oo

as T T Too. Now one may choose

Ys(s) = Ui(q) + o+ P (qn)
0§ (s) = of(@)+ ..+ oy (qn)
and .
V2mos (s)vs (s) = H (V 2o (i) i (%)) :
i=1
Then og (s) = (V% (s))™? and limy_,o Vs (S) = Too-
The results stated under Proposition F.1 are then established as follows. Fori =1, ..., n,
we have
fr, (@) ~ T (@) e as @ o0,
where 7; () = x7; (z) /E [X;] and satisfies
lim Yi (z +to; (x))
T—00 i (x)
Using Theorem F.2, we deduce that
fS—Xi+)?i (S) ~ ql(s)
fs (s) E1Xi]
The asymptotic behavior stated under (i) and (ii) are then easily deduced from (3.2).

=1 locally uniformly in t.
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F.2 Proof of Proposition 6.2

We are now ready to establish the validity of the results stated in Proposition 6.2. Consid-
ering item (i), it is proved in Withers and Nadarajah (2011) that the function r, appearing
in Remark 6.3 satisfies

1 1/2 oo

o) ~ e (140 60) (ke ) o sE2h
=0

where &, , = (za=)1) and the coefficient e; is given by formula (3.3) in Withers and

Nadarajah (2013). It follows that

e 1 ai/ran | 1/2(04as) —1
e ~ e @ /\i Qi .0 ;) —
Fxixio (@) 1—eM (27T(1+ai)aZ ) Ouri™a™) )

X exp (—:m + (1 + ay) o @/ o) (Aifiaix“i)l/(lmi))

%

and
in\Xi>0 (1]) ~ Y (ZL’) e_wi(z)
with
e 1 14a;/(14a;) 2 1/2(14a5) -1
’ _ I+ai o T ) T o) o —
nl) = T (27?(14—0@)% ) (Airi*ta™) ‘

Yi(r) = o —(1+q) ozi_ai/(l“”) ()\Z.Tiaixai)l/(l'f'ai) '

Note that 1; is C? and ¥/ (x) > 0 for large z. Moreover, the function o; (z) = (¢! (z)) "2
is self-neglecting, that is, (F.1) is valid. Also, the function ~; satisfies condition (F.2).
Furthermore, 7., = lim,_,», ¢ (z) is independent of i if 7 = ... = 7, = To.

Now, we have
x

fz, (@)~ & X

i () e~ i@,

Moreover S — X; + )N(Z is absolutely continuous and

fs-xi+x,(s) = Z PlAij....qi fs—Xi+)~(i\Ai,j1 AAAAA i () (F.3)
P it
with
Aijroe =1X5,>0,.., X, >0, X, =0;1# j1, ..., Jg, 1}
Since

fS—XH')?i (8) ~ P [Xl > 0, -~-7X7L—1 > OyXi—i-l > 0, ,Xn > O] fS—X¢+),Z;|X1>O X1, X100 Xn >0 (S)

..........

= H(l —€ ])fX1|X1>0 kK in—1|Xi—1>0 * f)?z * in+1|Xi+1>O * Lk an\Xn>0 (S>
J#
we can use Proposition F.1 ii) to conclude.

Turning to item (ii), we see that C,CY,,...,C, are identically distributed in this case
and the result is given by (4.7).
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G Proof of Proposition 6.4

(i) Note that Cy, C4,, ..., C,, are identically distributed with distribution Gamma(a, 7). More-

over
1

Me, (t) = Mo () = ——-
0 (0 = Mo () =
Let x; be such that M¢ (k;) = (1 + ;) and define
1 /
vy = ——M( (K1) .

(1+ /)
Since N; ~Negative Binomial(&;, 3;), we deduce that

B8\ |
My, (t) = ((l—et/(l—l—ﬂi))> fort <In(1+35),

_ ( Bi/(1+ ;)
(1—Mc(t)/(1+ 8

Ms(t) = ﬁMXi(t) fort<7((1+ﬁ1)_1/a—1).

)))& fort <7 <(1 + ) = 1) :

Moreover we have
E [Cetc} 1

_ Bi/(1+5i) Nl
My, (t) = ((1—MC(75)/(1+5¢))) fort<7'<(1+ﬁl) 1).
Let
Ui (5) = €% o, 17, (5)
and

U () = t/o e U (s)ds = t/o e o G (8)ds = tMg Ly (K1 — 1)

Note that
ML (kg —t -
MS+6i+Z¢ <l€1 - t) = Mx, (Hl - t) My, (’{1 - t) M (H MXj (’11 — t)) .
=2

If 7 =1 then

&1 n
Mocen =0 5 (M) e (H o) )

and for i € {2,...,n}

&1 ! (K n
Mg, 6,12, (t) £10 (%}I—Bl)) Mz, (k1) % (H Mx; (/11)) :
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It follows that

R S| 1By n
Ul (t) tIE) t—fl (ﬁl/(lyj_ ﬁl)) 7 [BC’] (H MXj (/ﬁ?l))

and for i € {2,...,n}

& ! (K n
U; (t) e ¢~ @y (M) Mz, (k1) ]\45[(0] ) <H My, (M)) :

151

By Theorem 1.7.6 in Bingham et al. (1987), we have
- 1 Bi/(L+ B\ mb [T
~ ~ Sl KLS M~
fS+C’1+Zl (8) s*e F (1 + £1> ( v, E [C] H XJ (7-1)
and for i € {2,...,n}

s L (B4 )\ ® Mo (m1) (T
fS-&-C’H—Zi (S) ~ st le T (61) ( v, > MZi (’{1) EC[C] (]1:[2 MXj (’%1)) :

This ends the proof for (i).
(i) In this case, Cy,C4,,...,C, are identically distributed and 5, = ... = f,. So, the
result is given by (4.10).

H Proof of Proposition 7.1

Let b, = max{by,bs,...,b,}. We know that S obeys the compound Poisson distribution
with Poisson parameter A\, and claim severities distributed as Z, where for k =1, ..., b,

mzzmzﬁi%m@:m. (H.1)

PlS=s=AS “P[Z=kP[S=s—k] (H.2)

Note that P[S = s] > 0 for s > 0 since P[Z = k] > 0 for k = 1,...,b.. Let us define the
sequence (Cs) 5y, by

¢y = P[S = s|es s/t
Note that, for £ =1, ..., b,,

P [S — g — k’] — Cs—ke_(s_k) In(s—k) /b«

and that, for large s,
P[S=s—k]~ Co_pe I8/ bx ok /bx gh/bx
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From (H.2), we have the following recurrence relation
by
Co = )\.Z (k—bx) /b k‘P[Z k] (s—k)In(1— k/s)/b*c -
k=1

and, for large s, we see that

Cs ~ e P|Z = by]cs_y, .

Therefore we define
dy = ¢y (eeby P[Z = b))

and derive the following recurrence relation

)\.ZS «)/bs o= (s—k) In(1—k/s)/b. kP[Z = k] dy_p.
(eAb.PIZ = b))
We note that, for large s,
ds ~ ds_p, .
It follows that
ds ~ dsfla

otherwise there would be a contradiction with the previous asymptotic relation.
We deduce that, for large s,

P[S = s]

o ~ (eAdbu P[Z = b)) s
PE=s—1 ~ (P =bD T

and then
i L=l
s—oo P[S =5 — 1]

For every + = 1,...,n and s > b,, we obviously have

=0.

P[S+Ci=s]=Y PIC [S =s— k]
k=1

The term dominating this sum corresponds to k = b; and we then deduce that
P[S+C;=s]~ P[C;=b]P]S=s—b]fori=1,...,n.
The announced result then follows from (7.1) which gives

E[X;] P[C; = b;]P[S = s — bj] )
Y E[X] PIC) = bj]P[S = s — b)]

and ends the proof.
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I Proof of Proposition 7.2

The probability generating functions of C; and a are respectively given by

Gai(e) = B[ =,
Gg (2) = B[] :—8:2)5

with z > 0. Moreover, with o; = —\;/In (1 — p;), we have

Gx, (2) = Mi(Gai(2)-1) ( 1 —pi > '

1—piz

showing that X; is Negative Binomially distributed.
Define, for 0 < z < 1,

As(2) = Gs (2/p1) = HGxi (2/p1).-

1—p1 o 1
A ~ _ — .
s <1—2) R <p1)

In the same way, we get, as z T 1,

1 —p a1+1
Agia (2) = G (2/p1) ~ < 1— Zl> Gs-x, <_>

We have, as z T 1,

h
L—m 1 .
AS+@ () = Gs+c (2/p1) ~ 1_- GS x| — ng — ), j€{2,...
P
Note that -
S+Cl Z P S + Cl - ]f
k=1
and
Ag.e ( Zas+c ) 2 with ag,a (k) = P[S+ Cy = klpy

By Corollary 1.7.3 in Bingham et al. (1987), we have

1 1
5 (B) ~ (L=p)" M Gsx, | — ) =k

and 1 1
P[S+Ci=k=ag.z (F)pf~(1—p)* " Gy x, [ — ) =—k"1pt.
S+ C4 | =ag,q (k)pi ~(1—p1) Gs-x, (pl) I'(1+a) =
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In the same way, we have for j € {2,...,n}

1 1 1
2 (k) ~ (1=p)™ Gox, [ — ) Ga (= ) =—— k™

and

~'_ — - k _ a1 i — i 1 ar—1_k
PIS +8 = K = ag., 02k ~ (=)™ Goox, () G, (o) sk st

The announced result then follows from identity (7.1).
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