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Abstract Multibody models are often coupled with other domains in order to
enlarge the scope of computer-based analysis. In particular, modelling multibody
systems (MBS) in interaction with granular media is of great interest for industrial
process such as railway track maintenance, handling of aggregates, etc. This paper
presents a strong coupling methodology for unifying a multibody formalism using
relative coordinates and a discrete element method based on non-smooth contact
dynamics (NSCD). Both tree-like and closed-loop MBS are considered. For the
latter, the coordinate partitioning techniques is applied in the NSCD framework.
The proposed approach is applied on the slider-crank mechanism benchmark. Re-
sults are in very good agreement with results obtained with other techniques from
the literature. Finally, a multibody model of a tamping machine is coupled to a
discrete element model of railway ballast in order to analyse efficiency of track
maintenance. This application demonstrates that the dynamics of the machine
must be taken into account so as to estimate the performance of the maintenance
process correctly.
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1 Introduction

Coupling multibody system (MBS) formalisms with other fields of engineering is
still a challenge for enlarging their scope of applications. In particular, numerous
problems involve a dynamic interaction between an articulated system and a gran-
ular material such as the dynamics of a vehicle on a sandy soil or the handling of
agricultural products, aggregates or ores. In railways, such kind of problem arises
when studying the ballast which plays a key role for the stability of the track.
Its dynamic behaviour may interact with the dynamics of the train, which is of-
ten modelled as a multibody systems, but also with maintenance machines, which
constitutes complex articulated systems.

The modelling of the ballast as well as other granular material led to the
development of discrete element methods (DEM) that enable to consider the in-
teractions between each particle of such a media. Two main families can be dis-
tinguished. On the one hand, the “Molecular Dynamics” approaches allow par-
ticle inter-penetration and often rely on the regularisation of contact laws (see
for instance [I]). On the other hand, “Contact Dynamics” methods consider rigid
contact and impose to solve geometric and dynamic contact equations for the
whole media at each time step. In particular, the Non-Smooth Contact Dynamics
(NSCD) method proposed by Moreau and Jean [2H5] enables to deal with systems
containing a large amount of rigid contacts between particles. It relies on a time-
stepping integration scheme based on a #-method that is able to consider several
contacts appearing within the same time step. This approach is used for modelling
many kinds of applications such as the railway ballast [6l [7]. It differs from event-
driven techniques [8], [9] which require to detect impact events and synchronize the
time integrator to make the time step coinciding with each event. This is therefore
not adapted for granular materials due to the large number of contacts occurring
in such media.

The NSCD approach can be applied for a large range of applications in elec-
tronics and mechanics [I0} [IT]. For multibody systems, Flores et al. [I2] dealt with
the case of planar multibody systems without bilateral constraints. Non-linear dy-
namic terms are integrated explicitly while the contact problem is solved using a
LCP solver. Chen et al. [I3] proposed to split the contribution of smooth forces
from contribution of contact and bilateral constraints. The smooth motion is in-
tegrated with a generalized-a time integrator. Bilateral and unilateral constraints
are then solved at the velocity level for each time step. Using a Gear—Gupta—
Leimkuhler (GGL) method enables to satisfy constraints both at velocity and po-
sition levels [I4] [15]. In [I1], Akhadkar et al. compared numerical simulations with
experimental results for the analysis of an electrical circuit breaker and showed the
efficiency of the non-smooth methods. However in the above-mentioned research,
the number of contacts treated in example applications is quite limited. As far as
a granular media is concerned, this may be a limitation.

DEM is particularly suitable for dealing with a very large number of particles
and contacts. In a complementary way, MBS are generally focusing on systems with
a smaller number of bodies but with complex interactions in addition to contact
such as ball joints, universal joints, etc. For coupling those two domains, a first
solution is to resort to co-simulation, which means that the two subsystems are
solved using two separate time integration procedures with some exchange of data
at synchronization points. For instance, Tijskens et al. [16] coupled DEMeter and
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LMS VirtualLLab Motion for studying the interaction between a wheel loader and
a rock pile. Using the same technique, Fleissner et al. [I7] studied the impact of a
fluid cargo on the truck dynamics by resorting to granular methods implemented in
the PASIMODO software coupled to the multibody code SIMPACK. Nevertheless,
guaranteeing the numerical stability of such co-simulation techniques is not easy.
In particular, Kiibler and Schiehlen [I8] highlighted that stabilizing the coupling
by iterating between the two sub-domains inside each time step is necessary when
algebraic loops occur between coupled systems. Granular-multibody couplings via
contact constraints are treated in the monolithic approach of Anitescu and Tasora
[19] and Tasora et al. [20]. In that case, constraints are solved at velocity level
with a stabilizing term at position level to limit drift-off effects. This technique is
implemented in CHRONO software [21], [22] to cover various kinds of applications.

In the present paper, we propose a unified modelling method for coupling multi-
body systems and granular media based on the Non-Smooth Contact Dynamics
approach. A monolithic time-stepping scheme is applied to the strongly coupled
equations of motion of both particles of the granular media and the multibody sys-
tem. In this way, the accuracy and stability properties of the time-stepping scheme
are preserved when applied to the coupled system. In this work, multibody sys-
tems are described using relative coordinates. In case of systems with a tree-like
topology, only unilateral constraints arising from contact law must be considered.
For mechanisms with kinematic-loops, the resulting bilateral constraints are elimi-
nated at the modelling stage by resorting to the coordinate partitioning technique
introduced by Wehage and Haug [23] [9]. Contact constraints between grains and
between grains and the multibody system are expressed at the velocity level and
are solved together using an iterative procedure. The main idea is to ensure that
joint kinematics is accurately modelled and no drift-off effect is observed for the
bilateral constraints during the numerical integration. For the granular media, the
tolerance on the solution of contact equation may be less strict, as far as the col-
lective behaviour of the granular media and its action on the multibody systems
are correctly captured.

In the next section, is is explained how the NSCD method is applied to multi-
body systems. Tree-like structure are first considered before extending the method
to closed-loop articulated systems. The time discretization is detailed in the fol-
lowing section. Sect. @describes the implementation of the method by coupling the
symbolic multibody software ROBOTRAN with LMGC90 which is dedicated to
granular media. In Sect. [f] the slider-crank mechanism with clearance benchmark
is solved using the proposed coupling and results are compared with other mod-
elling techniques. Finally, in Sect. [f] as an illustrative application, the tamping of
railway track is presented.

2 Non-Smooth Contact Dynamics Formalism

Granular media and articulated systems dynamics are governed by the same ba-
sic equations, i.e., Newton-Euler equations. Nevertheless, the different nature of
the system, in particular with respect to the possible interactions between bod-
ies, orientates the modelling to different formalisms. In the present work, relative
coordinates are chosen for describing the kinematics of multibody chains. Bilat-
eral constraints are necessary for dealing with systems presenting kinematic loops.
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This approach leads to a limited number of dynamics equations but which involve
rather non-linear terms due to many trigonometric operations. For the granular
media, the absolute coordinate approach is more natural since grains are indepen-
dent from each other and interact via contact conditions only. The non-smooth
contact dynamics (NSCD) formalism enables to manage efficiently the large num-
ber of interactions that occur between the grains. Since it represents the major
part of the computational effort, the main idea of the proposed MBS-DEM cou-
pling consists in extending the NSCD approach to the equations of the multibody
systems (an attempt was already proposed here [24]). NSCD is explained in de-
tails in [25]. In the present section, NSCD is first summarized by introducing the
way it formulates the dynamics equation, the contact condition and the mapping
between generalized and local coordinates. Then, NSCD is extended to equations
of tree-like MBS, i.e., without bilateral constraints. Finally, it is explained how bi-
lateral constraints present in closed-loop MBS are managed using the coordinate
partitioning technique.

2.1 Non-smooth contact dynamics for granular media

As its name suggests, the NSCD approach considers that the velocity can be
discontinuous. Consequently, the dynamics equation of the granular media is for-
mulated at the velocity level in terms of differential measures:

Mgdvg = fg(qg, vg,t)dt + diy (1)

where  qg is the vector of generalized coordinates describing the absolute

position and the orientation of grains;

vg is the vector of generalized velocities of grains which is composed of
the translation velocities v, and the angular velocities w; of each
grain i;

Mg is the mass matrix;

fg represents the non-linear dynamic terms and the force applied on

the system;

dvg is the differential measure associated with the velocity;

t is the time, dt is the corresponding standard Lebesgue measure;

diy is the impulse measure associated with the contact reactions.

Since the configuration of the granular media is described by absolute coordi-
nates, the mass matrix is constant. In the above equation, dvg encompasses the
continuous variation of the velocity and the velocity jumps while di;; groups the
contribution of regular contact forces and impacts:

dvg

vdt+ 3 (va(ti) = vg (t:)) o, (2)

diy = rdt + ) _ pidy, (3)
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where  r corresponds to the regular contact forces;
vdt is the continuous variation of the velocity;

(Vg(ti) - vg (tl)) is the velocity jump at instant ¢;;
vg (t:) is the velocity just before the jumps;

0¢, the Dirac delta at instant ¢;;
p: the impulse that produces the velocity jump.

Eq. must be completed by the contact conditions detailed in Sect.

2.2 Interaction laws

Interaction laws are expressed in a local frame (7, f1, 2) at the potential contact
point P, which allow to distinguish between the normal direction 7 and the tan-
gential ones t1, f2. In the present paper, penetration free conditions are considered
for the normal direction and dry friction laws for the tangential direction. They
are denoted as the Signorini-Coulomb conditions (Fig. 1)) and define the relation
between the relative velocity V* of the two particles at the contact point and the
impulse measure dIj; associated with the reaction at contact .

For a contact «, the condition along the normal direction at position level is
expressed as follows:

9% 20, dlg, 20, g¢% dlj, =0 (4)

with  dI},, the normal component of dI};
g% the gap between the two particles that may enter in contact.

This equation is completed by the Newton impact law that links the velocities
before and after the shock:

Vi () = —eVE (t) (5)

with V27 (¢;) the velocity just before the impact;
V& the velocity just after;
e € [0, 1] the restitution coefficient.

Following the Moreau-Jean approach (|2H4]), the non-penetration condition
can be formulated at the velocity and impulse level:

if ¢g*<0 then Vg+eVy™ >0, dlIjy, >0, (Vi+eVy™)dlf, =0 (6)

The Coulomb condition for the tangential direction is also formulated at the
velocity and impulse level:

if ¢ <0 then [|dL;|| < pdly, and if Vi # 0 then dI; = —udl, VE /|| V{|
(7)

with  dI}; the component of dIy; in the tangent plane i1, to;
V¢ the component of the relative velocity in the tangent plane t1, to;
1 the friction coefficient.
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Fig. 1: Left: the Signorini condition imposes a complementarity condition between
the normal velocity V3 and the normal reaction dIjy,,. Right: the Coulomb con-
dition defines three zones for the magnitude dI}; of the tangential reaction which
depends on the magnitude V™ of the tangential velocity, the normal reaction and
the friction coefficient u.

2.3 Mapping between coordinate systems

In order to couple the dynamics equation and the contact conditions, the following
mapping is defined to link local variables associated with contact o to generalized
coordinates (Fig. [2):

digy = Hg(qg)dIy
V® =H§(qg) vg

(8)

where  dif; is the contribution of contact « to di;
H* is the transfer operator between the global and the local frames;
H*T is the transpose operator of H®.

The transfer operators of each contact are assembled in a complete transfer oper-
ator Hg(qg) which allow us to write:

diyy = Hg(qg)dIy

9
V = Hg(qg)" vg )

where dIy; groups the differential measures dIj; of all contacts « and V the relative
velocities V. Using this grouped notation, Eq. becomes:

Mgdvg = fg(ag, vg,t)dt + HgdIy (10)
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Global coordinates Local contact coordinates

. = (Vg . Ve s VG 6 _uT
grains @1 T (U6.4,06,5,Ug,6) V = Hlvg
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&

Fig. 2: A global-local mapping enables to formulate the interaction laws in a frame
aligned with the direction normal to contact surfaces.

Global coordinates Local contact coordinates

= Ve s 3 = T
grains w1 = (Vg,4,v6,5,Vg.6) V =H"vg

\\ —

‘ Vi = (Ug,l » UG,2, '09.3)

va = (Vg,7,Vg.8,VG.9)
Wy = (Ug,wa’Ug.uﬂUg,u)

\_/
diy = HdI,

articulated chain

Fig. 3: The global-local mapping adopted for the granular media coordinates is
extended to the multibody coordinates.

2.4 NSCD extension to MBS

In order to model contact interactions between multibody systems and granular
media, the NSCD formalism is extended to the equations of motion of articulated
chains. In the proposed approach, the configuration of the latter is described using
relative coordinates, according to the methodology detailed in [26], 27]. Therefore,
for a tree-like system (i.e., without any kinematic loop), the dynamics equation
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for a smooth motion without contact does not involve constraint equations and
can be formulated as follows:

Ma(arm) v = fa(ane, v, t)
am = VM

(11)

where  qu is the vector of joint position;
v M is the vector of joint velocities;
M, is the mass matrix;
far groups the non-linear dynamic terms, the forces/torques applied on
the system and the joint forces/torques.

Nevertheless, to extend the NSCD formalism to MBS, Eq. (11)) is first formulated
in term of differential measures and the contribution of contacts is added in the
same way as for Eq. (10) using the impulse measure associated with the contact
reactions:

M (qa)dvar = far(ane, v, t)dt + Haq(gg, gar)dIy (12)

with  dvaq the differential measure associated with the multibody joint velocity;
H ¢ the global-local mapping operator that links the multibody generalized
coordinates to the contact coordinates.

It is then coupled to Eq. , resulting in the following system:

1\/59 MM(EC[M):| {c?:it} - {f,:g(((;li’,‘;gﬂi)t)] dt + [}I;I;(((:;gg’,?f;))} dly (13)

This system must be completed by the contact conditions detailed in Sect.
The two subsystems are thus coupled via the contribution of the contact reaction
dI. The transfer operator [H]T = [HE,H%,] is now composed of two subsets
that link local coordinates to the granular coordinates for the first one (Hg) and
to multibody coordinates for the second one (Haq), as illustrated in Fig. |3| For
next sections, the dynamics equations represented by Eq. will be written in
the following compact form:

M(q)dv = f(q, v, t)dt + H(q)dIy (14)

2.5 Extension to systems with bilateral constraints

For systems with kinematic loops, the relative coordinates are not independent
anymore but have to satisfy loop-closure conditions. In that case, Eq. (12)) is
completed by adding the contribution of bilateral constraints:

M (ar)dvm = Ea(am, v, t)dt + Hau(ag, am)dhy + I (a)dls - (15)
hz(gm) =0 (16)
where  hp(qa) denotes the bilateral constraints ;

Js(gm) = Ohg/Oqa is the matrix of bilateral constraint gradient;
dIp is the impulse measure of the the bilateral constraint forces.
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In the present work, the coordinate partitioning technique is used to eliminate
the bilateral constraints and to recover a system with a similar form to . This
technique is detailed in [26] and it is here explained how it is adapted to the
NSCD formulation of the dynamics equation. The generalized coordinates and
the generalized velocities of the multibody system are split between two sets, the
independent ones (qat,u, Va,u) and the dependent ones (Qat,v, Vat,w):

qM,u:|

V./Vl,u:|
qm,v

and V=
|:V./\/l,v

-]

The partitioning is not unique but results from the choice of the model designer.
A LU factorization of the Jacobian matrix Jz can be used to choose a set of
independent variables depending on the configuration of the system (see [26]).
The impact of the coordinate partitioning on the contact resolution is discussed
on the example presented below in Section

Applying the partitioning to the dynamics equation , it comes:

MM,uu M./\/l,uv de,u _ f./\/l,u HM,u J,1617u
{MM,W Mm,vv] [dVM,v] B [fM,v} et [HM,U] et |7, | e 0D

where J g’v is square and nonsingular. The impulse measures of the bilateral con-
straints dIg can be computed from the second line of (|17]):

-1
dls = (J5.)  (MatuudVatu + MatoudVar, = futodt = Hagodly) — (18)

Dependent positions are computed from the independent positions by solving
Eq. (for instance by using an iterative procedure such as the Newton-Raphson
algorithm). Dependent velocities can be expressed as function of independent ve-
locities using the bilateral constraint equation at velocity level:

_ VM| _
JB VM = [JB,u JB,’U} |:V,/\/l,v:| =0 (19)
which gives:
Ve = I IBuV M = BouVage with Byy = —J5 I . (20)

Let us differentiate Eq. (19):
dIgvpm +JIgdvayy =0 . (21)

Then, observing that Js(gqam) only depends on the position g, its expression is
continuous in time and its differential measure is purely diffuse, i.e., dJg = Jpdt.
We obtain

Js v dt+J5 dva =0 (22)
which can be partionned as Eq.

. AV it
Js vardi+ [T Ip.0] [d‘\i/\/: ] —0 (23)
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and finally:

vt = =I5 I5vadt+Boudvar,u = bdt+Byudvag,, with b= —J5  Jsvu.
(24)

Replacing , and in the first line of :

(MM,uu + BZuMM,vu + MM,uvau + BSUMM,quvu) dVM,u -

(Evt + Blufato = (Matuo + BLuMatn) b) di (Hagu + B, Ha, ) dly
(25)

which can be concisely written as:

MM,red(QM,u)dVM,u = fM,red(QM,ua VM, u, t)dt + HM,red(qg7 qM,u)dIU (26)

Eq. presents the same form as Eq. and can be coupled to equations of the
granular media in the same way using the reduced operator Mg red, fa1,req and
H A4 reqa- The bilateral constraints influence the properties of the obtained reduced
mass matrix, which may also affect the contact problem as discussed in [28].
Similarly to the case without bilateral constraints, the contact conditions are
defined using a global-local mapping depending on the reduced operator H g yeq:

V = HTM,'redVM,u (27)
diyy = Ha,readlyy

3 Time discretization

In the proposed approach, the coupled dynamics equation is discretized us-
ing a monolithic and implicit scheme. Nevertheless, the non-linear force vector
f(q,v,t) is integrated explicitly, following the Moreau time-stepping method [2]
25]:

Vptl = Vp + M(Qm)il (hf(CIm,Vn»t) + H(qm)IU,n+1) (28)
Am = dn + (1 = 0)hvy, (29)
qn+1 = Qm + 9hvn+1 (30)

where  h is the time step size;
n indices denote known values at the beginning of the time step;
n + 1 indices denote unknown values at the end of the time step;
hf(Qqm, Vn,t) approximates ftt:'“ f(q,v,t)dt;
It/ n+1 approximates |, tt:“ dIy;
qm corresponds to an intermediate position computed explicitly.

In addition, the unknowns Ijs 1 and v,1 must satisfy the contact conditions
at velocity level at time t,41. Since there are generally more contact unknowns
than particle degrees of freedom, it is more efficient to solve the contact problem in
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the local frame. The global-local mapping operator is computed in the g, config-
uration. Thus, by multiplying by H” (qm), the dynamics equation formulated
in the local frame can be written as:

Vit1 = Viree + Wiy i1 (31)
with:
Viree = HY (dm) (Vo + M(@m) " b (dm, Vo, 1))
W = H" (qm)M ™" (qm)H(qm)
The Signorini-Coulomb condition for a contact « is discretized as follows:
if g% <0 then Vi,i1+eVi, >0, If,401>0, Vilai1 I5,,41=0
T8l < BIR (32)

and if VE, ) #0,17, ) = —pl5 a1 Vi1 /IIVE il

The configuration g, is used for determining whether contact conditions are ac-
tive.

Solving Eqgs. and requires an iterative process due to their implicit
form. It is important to note that the Delassus operator W in Eq. couples the
unknowns V5 q and I} ,, 1 of contact o with the corresponding unknowns V§+1
and IZ,n 41 of other contacts 3. In the proposed approach, an iterative Gauss-Seidel
procedure is used: the unknowns of contact « at iteration k + 1 are determined by
solving Egs. and assuming that other contacts 8 are known. For contacts
B which are already computed, the value at iteration k + 1 is used while the value
at iteration k is used for contacts that are not solved yet. Eq. for iteration
k 4+ 1 and contact « is thus expressed as follows:

Vg+1,k+1 = V?ree + Z Waﬁlg,nJrl,kJrl + Z WQBIZ,nJrl,k + Waall(ff,nﬂ,kﬂ
B<a B>«
(33)
Vg‘+1)k+1 and Il‘f‘,yn+17,€+1 must satisfy Eq. at each iteration.

The Gauss-Seidel procedure may converge slowly with respect to other tech-
niques such as non-smooth Newton algorithms. Nevertheless it is a robust solution
well adapted to problems with a large number of contacts. A detailed description
and comparison of several solvers is given in [29].

4 Implementation by coupling two dedicated programs

The main steps of the algorithm implementing the monolithic integration scheme
of Sect. [3] are described in Algorithm [I] In practice, the algorithm is implemented
via the coupling of two software programs:

— LMGC90 E| which is oriented towards the modelling of granular media and
associated contact problems,
— ROBOTRAN E| which is dedicated to the modelling of multibody systems.

1 https://git-xen.lmgc.univ-montp2.fr/1mgc90/1mgc90_user
2 http://www.robotran.eu
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Algorithm 1 Time integration scheme for the coupled system.

Inputs: initial values qp and vo
for n = 0 to ngna — 1 do
Compute independent positions for contact detection: Qm,u = Qn,u + (1 —
) hvn
for i = 1 to nb_iter _max do {Compute the dependent positions q,,, with a
Newton-Raphson procedure}
Compute hp(qm) and Jg(gm) {MBS symbolic function}
if ||hg(gm)|| < tol then

break
end if
_ —1
qm,v ‘= Am,v — JB’vhB(qm)
end for
Compute By, := —JELJB,u

Evaluate Maq(gat,m) and faq(dat,m, Var,n) {MBS symbolic function}
Compute the reduced mass matrix Mag rea(qm,m) and force vector
fat,red(dM,m, V,n) that contribute to M(q.) and f(qm, va)
Compute the free velocity in global frame:
Vfiree := Vn + hM(qm)_lf(qm; Vn)
Perform the contact detection
for each detected contact do
Compute the global-local mapping matrices H
Compute the free velocity in the local frame: V?‘Tee = H“’vame
Compute the corresponding contribution to the W matrix:
Woe — Hoz,TMlea
wo? = H*»TM~1HA
end for
for k =1 to nb_iter_max_GS do {Solve the contact problem using a Gauss-
Seidel procedure}
if All contact conditions are satisfied then
break
end if
for a = 1 to @ = number of contacts do
Compute the solution of Egs. for contact a assuming the contribu-
tion of other contacts is fixed
Update the contribution of this contact on other contacts
end for
end for
Compute DEM and MBS independent velocities at the end of the time step:
Vn4l = Viree + MilHIL{
Compute DEM and MBS independent positions at the end of the time step:
dn+1 = dm + 0vni1
for i = 1 to nb_iter_max do {Compute the corresponding dependent positions
with a Newton-Raphson procedure}
Compute hg(qn+1) and Jg(gn+1) {MBS symbolic function}
if ||hg(gn+1)|| < tol then
break
end if
An+1,0 ‘= qn+1,0 — Jg,lvh(qn-‘rl)
end for
Compute By, and the dependent velocities: Vy41,0 := BouVniti,u
end for
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Those two programs are well proven solutions for each of those modelling fields.
They are still actively developed using an open architecture which enables many
couplings such as the one presented in this paper. Both are able to deal with re-
search problems as well as industrial applications as shown in next sections. The
main idea is to take advantage of the strengths of the two programs to implement
the strong coupling strategy presented previously. In particular, ROBOTRAN gen-
erates the equation of motion of the MBS in a symbolic form which are easily
accessed from the contact solver of LMGC90. This enables to get a monolithic
resolution of the contact problem even resorting to two different programs. The
Python interfaces available for the two programs allow to set-up and control the
simulation in a simple way.

In practice, on the one hand, LMGC90 computes the dynamics of grains, i.e.,
bodies which are independent from each other and interact via contact constraints
only. On the other hand, ROBOTRAN calculates the kinematics and dynamics
of articulated chains which contains several bodies connected by joints and that
may be in contact with grains also. ROBOTRAN thus deals with the multibody
topology, i.e., degrees of freedom and bilateral constraints between bodies of the
articulated chains. It also defines the dynamic properties of each body of the
chain (mass, inertia matrix, center of mass). All this information is processed by
the symbolic engine of ROBOTRAN which thus provides symbolic functions for
determining the direct dynamics (generalized mass matrix and dynamics force vec-
tor) as well as the mapping from generalized coordinates to positions and velocities
of each body.

Each software manages the generalized coordinates of its own components. On
the contrary, all the information about contact geometries is collected by LMGC90,
both for grains and bodies attached to the multibody chains.

Therefore, for each time step, collision detection is performed by LMGC90,
while ROBOTRAN previously determined the absolute positions of contact ge-
ometries in the global frame. This operation relies on a two-step process. First,
a neighbourhood search is carried out to find potential contacts. Then, the com-
mon plane technique proposed by Cundall [30] is used to check whether contact
exists. The different kinds of contacts can be detected in such a way (vertex-to-
face, edge-to-edge, etc.). This strategy is suitable for the application presented
below which contains convex shapes only. For more complex cases such as non-
convex geometries, other techniques are implemented in LMGC90 such as the ones
presented in [31].

The computation of the Delassus operator W also requires a communication
between the two pieces of software. Indeed, for determining the global-local map-
ping operator H, ROBOTRAN computes the mapping from the generalized rel-
ative coordinates to the absolute position of contact geometries while LMGC90
compute the mapping from this absolute position to the contact frame.

Afterwards, the contact problem is solved by LMGC90 via the Gauss-Seidel
procedure. The local reactions are then transposed to the global frame. Finally,
LMGC90 computes the position and velocities of grains while ROBOTRAN de-
termines the final positions and velocities of multibody joints.

In the presence of kinematic loops in the multibody topology, bilateral con-
straints are solved internally by ROBOTRAN on the basis of the coordinate par-
titioning technique described in Sect.
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w2,0=-75 rad/s

crank slider cylinder

52

y
100
connecting rod /

X

Fig. 4: The slider-crank is composed of four rigid bodies (including the ground,
dimensions in mm).

Table 1: Inertia and mass of bodies of the slider-crank system.

‘ crank connecting rod slider
Mass [kg] 0.038 0.038 0.076
Inertia [kg m?] | 7.5 107° 5910* 2.7107°

5 Academic example: the slider-crank mechanism

In this section the slider-crank mechanism with a translational clearance joint
is modelled using the proposed approach. This benchmark is described in [12]
14] and has been modelled via different approaches. Though it does not involve
any granular media, it implies intermittent contacts between the piston and the
cylinder.

The system is composed of four bodies: the crank, the connecting rod, the slider
(or piston) and the ground (which embed the cylinder). All bodies are considered
perfectly rigid. They are connected by perfect hinge joints. The benchmark pa-
rameters are defined according to [13]. The geometrical parameters are illustrated
in Fig. [l and mass and inertia are given in Table[I] The center of mass are located
at the mid-distances between joints for the crank and the rod and at the center of
the body for the slider.

The simulation of the mechanism starts from the top dead center (all angles
set to 0, slider centered in the cylinder) with the following initial absolute angular
velocities: crank 150 rad/s, connecting rod —75 rad/s, slider 0 rad/s.

Frictionless contact is considered between the slider and the cylinder with a
restitution coefficient e = 0.4. The gravity acceleration is opposite to the y direc-
tion and equal to 10 m/s%. The first multibody model of the mechanism is com-
posed of a single chain with three bodies connected by revolute joints (Fig. )
The system does not present any kinematic loops and it does not involve any bilat-
eral constraints. Slider-cylinder interactions are accounted by imposing the non-
penetration contact conditions between each corner of the slider and the cylinder
walls. For the second multibody model, the position and orientation of the slider
is defined by absolute coordinate. The slider-rod hinge is modelled by a bilateral
constraint which imposes the concordance between positions of the slider center
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C
R, R

R, Ry
| o Tx VTR, o T TR,

Rz : revolute joint along z axis contact condition
Tx : prismatic joint along x axis . .
Ty : prismatic joint along y axis ~— independent joint
—o— ball constraint: pA=pB -« dependent joint

Fig. 5: The slider-crank can be model as a linear multibody chain (a) or with a
constraint (b and c¢).

and the rod end (Fig. [5| b and c). For this model, the coordinate partitioning
technique is used to solve bilateral constraints. Two choices of independent and
dependent coordinates are tested. For the first one, the two translational degrees
of freedom of the slider are taken as dependent. For the second one, the slider y
translation is set independent and the rotation of the crank is dependent instead.

The proposed coupling is compared with two other modelling approaches. The
first is based on the non-smooth generalized—a method proposed by Briils et
al. [15]. It is based on absolute nodal coordinates and enforces the joint and contact
constraints at position and velocity level simultaneously. The second is a pure
LMGC90 implementation of the benchmark. Contact constraints are dealt with
the NSCD formalism explained above. Joint constraints are then not eliminated
by coordinate partitioning but are imposed at velocity level. The resulting drift-off
effect prevents to take time step larger than 2-107% s.

The motion of the mechanism is simulated for two revolutions of the crank. The
slider is first pressed against the upper wall when it leaves the top or the bottom
dead center (Fig. @ Then, due to the gravity, it drops against the bottom wall
when slowing down before reaching the opposite dead center. For a 1-107° s time
step, this behaviour is correctly reproduced by the proposed method and presents
a good match with the two other techniques. The non-penetration condition is well
respected and the rebounds due to the restitution coefficient are well captured. It
thus enables to take a five time larger time step compared to the pure LMGC90
implementation of the benchmark.

Regarding the representation of the multibody system, i.e., using a single multi-
body chain or introducing a constraint between the rod and the slider, a good
match is observed between the different options, provided a small enough time
step is used (Fig. [7| left). Nevertheless, for a larger time step (Fig. [7| right), a
drift off effect appears, meaning that the slider penetrates into the wall. It is
particularly the case when the mechanism is closed to the bottom dead center.
This phenomenon appears for all choices of coordinate partitioning but is partic-
ularly visible for two of those: the single chain and the cut chain with the two
translation joints set as dependent. On the contrary, when the y translation is
set independent, wall penetration is not visible on the graph. In the latter case,
the local-global mapping operator H along the normal direction depends on the
y translation mainly. It is thus almost linear. For the two other cases, it depends
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LMGC90 (h =2 e-6 s)
L] L NSCD + Robotran (h =1 e-5s) 1
————— Non-smooth generalized-a (h = 1 e-5 s)

y position [mm]

-1 5 L L L L L L
150 200 250 300 350 400 450 500

x position [mm]

Fig. 6: Trajectory of the slider center of the slider-crank benchmark for
three modelling approaches: the proposed MBS-DEM coupling, the non-smooth
generalized—a method and a pure LMGC90 implementation of the benchmark.

on the rotations of the crank and the rod. This introduces more non-linearities
due to trigonometric functions. Evaluating the H operator in the intermediate
configuration q,, is thus more penalizing in those cases. This example illustrates
how the choice of the coordinate partitioning may affect the results. In some cases,
introducing more degrees of freedom and bilateral constraints may be beneficial
for the precision of the simulations.

6 Illustrative application: the tamping of railway tracks

The tamping process is a maintenance operation performed on railway infrastruc-
ture for restoring a smooth track geometry. While the rail is lift to the desired
position, the ballast under the sleeper is compacted by one or several pairs of
arms. For each sleeper, the process consists of three main phases: penetration of
arms in the ballast, squeezing of arms and lifting out (Fig. . The global motion
of the tamping tools is combined with a vibration so as to induce a “semi-viscous”
state in the ballast which enhances the process. The impact of the vibration can be
studied by resorting to the discrete element method and imposing the trajectory of
the tamping arms [7]. Nevertheless, considering the motion of the whole machine
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Fig. 7: Trajectory of the slider center for different multibody chains and different
choices of coordinate partitioning.

tamping
arm

rail
sleeper ¢

oy
ballast — s

Fig. 8: The tamping of ballast under each sleeper consists of three main phases:
penetration (or diving), squeezing and lifting.

and the efforts applied in the actuators is of practical interest for constructors
and infrastructure managers. The method presented in previous sections enables
to establish a coupled model of the tamping machine and the ballast.

The tamping unit studied for this illustrative application is inspired by the
machine described in the FR2666357 patent [32]. This design presents a specific
interest for the present benchmark: the vibration is caused by the rotation of an
unbalanced flywheel rather than an eccentric shaft as for other kind of machine.
Thus, the oscillations of the arms results from a purely dynamic effect. Kinematics
and geometric data were deduced from information given in [32]. Dynamic data
was estimated from the main dimensions. Only a single pair of arms is taken into
account. Typical operational frequency range for the vibrations lies between 30
and 45 Hz.
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support

hydraulic actuator

main chassis

unbalanced flywheel

connecting rod

arm-+tool
T, : prismatic joint along x axis — independen_t joint
T, : prismatic joint along z axis -« dependent joint
R, : revolute joint along y axis —9— ball constraint

(a) The multibody model of the tamping unit is made of (b) Snapshot of the coupled

8 rigid bodies and has 6 degrees of freedom model of the ballast tamping
machine (dimensions in me-
ter).

Fig. 9: The system is modelled with a multibody system (using MBS) and a
granular system (using DEM).

From the modelling point of view, a purely planar motion is considered for
the tamping machine, without loss of generality, the proposed methodology being
able to deal with three-dimensional applications. The model is composed of eight
rigid bodies and ten joints (Fig. . The main support is assumed to follow a
vertical motion. It is connected to the chassis via linear springs. Other bodies
are connected together via perfect hinges. The motion of the arms is driven by
an hydraulic actuator modelled as two rigid bodies linked by a prismatic joint.
The motion is constrained by two kinematic loops that imposes four algebraic
constraints, resulting in six degrees of freedom for the whole multibody system.

The ballast grains are modelled by rigid polyhedra with three-dimensional
motions. Several stones were digitalised using photogrammetry. Resulting meshes
were simplified to convex polyhedra with about 25 vertices. A larger number of
grains was generated by scaling the scanned grains so as to respect a realistic bal-
last granulometry. More than 5000 grains are placed in a 1.3m x 0.6m x 0.6m box
bounded by rigid walls (Fig. . A 0.25m x 0.6m x 0.215m rigid parallelepiped
represents the sleeper which is maintained in fixed position. Finally, each tamping
arm geometry is represented by a cluster of two convex polyhedra attached to the
corresponding bodies of the multibody system. The MBS-DEM coupling results
from the contact between these parts and the ballast grains. The restitution coeffi-
cient between stones and between the ballast and the arms is set to 0. Setting this
value is a simple manner to represent the non linear wave effect that traverses the
granular media through the contact network and induces the energy dissipation.
This makes sense for such an application where the energy of an impacting stone
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Table 2: Main parameters of the tamping operation model.

Mass of the main components Control law parameters
Support 50 kg Constant diving force Fs 1 10 kN
Main chassis 20 kg Damping coefficient Cs 1 3kNs/m
Unbalanced flywheel 15 kg Stiffness coefficient K o 1000 kN/m
Tamping arm 15 kg Damping coefficient Cs 2 1kNs/m
Actuator barel 3 kg Stiffness coefficient K, 500 kN/m
Actuator rod 2 kg Damping coefficient C, 10 kNs/m
Connecting rod 3 kg
Eccentricity of c.o.m. of 20 mm Friction coefficient 0.7
unbalanced flywheel between ballast grains '
Support-to-chassis 50 kN Restitution coefficient 0

spring stiffness

is directly dissipated in the ballast with a time scale smaller than the considered
time step size.

Simple control laws are considered in order to simulate the machine operating
the two first steps of a tamping cycle, i.e., the diving followed by the squeez-
ing. Firstly, the diving motion is generated via an external force Fs applied on
the support. In the penetration phase, a constant diving force is applied with an
additional damping term

Fis(t) = Fs,1 — Cs,10s (34)

where v, is the vertical speed of the support, F, 1 the magnitude of the downward
force and Cs,1 is a damping coefficient. During the squeezing phase, the force
applied on the support aims at keeping it at a constant height:

Fy(t) = —Ks2Azs — Cs 205 (35)

where Az, is the difference between the vertical position of the support and a fixed
targeted position, K2 is a stiffness coefficient and Cs 2 a damping coefficient.
Secondly, the squeezing motion of the tamping arms is generated by imposing a
joint force Fy between the two bodies that model the hydraulic actuator:

Fo(t) = —Ka(za — L(t)) — Cava (36)

where z, is the elongation of the actuator, L(t) is the targeted actuator length
given as a function of time, v, is the speed of the actuor rod with respect to the
barel, K, is a stiffness coefficient and C, is a damping coefficient.

The main parameters of the model are given in Table [2| For this application, a
0.5 ms time step size is used. Depending on the configuration, a computing time
between 160 and 220 hours is needed to simulate 2 s of the real process on a
single core El About 95% of the computational time is spent to solve the contact
problem using the Gauss-Seidel procedure. The time to compute the multibody

3 Simulations are performed on a Dual Intel Xeon Processor E5-2637v3 (4C HT, 15MBCache,
3.5GHzTurbo)
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Fig. 10: Diving motion ot the tamping unit is affected by the modelling approach.
The solid lines refer to simulations accounting for the dynamics of the chassis
while, for the dotted line, it is forced to follow a given kinematics.

system dynamics is negligible. The restitution time could be reduced by using
parallel computing techniques implemented in LMGC90.

Various cases are simulated. Firstly, the tamping operation is simulated for
various frequencies: two in the common range (30 Hz and 45 Hz) and one below
(15 Hz). In that case, arm vibrations arise from the dynamics due to rotation
of the unbalanced flywheel. Secondly, the 15 Hz frequency is also simulated by
imposing the vibration of the tamping arms. Here, the main chassis is forced to
follow a sinusoidal motion with respect to the support. The amplitude of the
imposed motion corresponds to the amplitude of the first case before the machine
enters the ballast.

The simulation results highlight the interest of the proposed methodology
which enables to account for the dynamics of the machine. We first analyse the
diving phase of the cycle plotting the vertical position of the main chassis (Fig.
and then we examine the squeezing phase looking at the motion of the hydraulic
actuator (Fig. [T1).

Considering the diving motion (Fig. for the two simulations with a 15 Hz
vibration frequency, the chassis goes down faster and lower when the vibration mo-
tion is imposed (kinematics imposed). The diving depth obtained at 15 Hz with
an imposed vibration is similar to the one at 30 Hz and 45 Hz when computing
dynamically the vibrations. The performance of the machine is thus overestimated
when imposing the kinematics. On the contrary considering the dynamics enables
to account for reduction of the vibrations when the tamping arms come into con-
tact with the ballast. For operational purposes, this overestimation of the diving
efficiency means that a machine numerically designed to work at 15 Hz will either
not penetrate the ballast or require higher pushing load than expected. This will
lead to higher ballast degradation.

In the squeezing phase, the motion of the hydraulic cylinder that moves the
two arms is analyzed (Fig. . The actuator exerts a force (Fig. which
is proportional to the one applied on the ballast. Again it can be seen that the
performances obtained with an imposed vibration motion at 15 Hz are overes-
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(b) Actuator force of the tamping arms.

Fig. 11: Neglecting the dynamics leads to overestimate the squeezing of the tamp-
ing arm, which also depends on the frequency. The solid lines refer to simulations
accounting for the dynamics of the chassis while, for the dotted line, it is forced
to follow a given kinematics.

timated with respect to the dynamic computation of the vibrations at the same
frequency. The ballast is more squeezed (higher elongation of the actuator) with
a lower load. The performance obtained by imposing the vibration motion are in
an intermediate level between the one obtained at 30 and 45 Hz with a dynami-
cal computation of the vibration. This overestimation could lead to two dramatic
consequences if the operational frequency is set to 15 Hz. Firstly the squeezing
of the ballast is insufficient and the track is not correctly restored. Secondly the
higher force applied on the ballast may increase the ballast degradation, leading
to a reduced track lifetime.
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7 Conclusions

This paper proposes a strong coupling strategy for the unified modelling of multi-
body and granular dynamics. The non-smooth contact dynamics approach, ini-
tially developed for discrete element methods, is also applied to the equations of
multibody systems described by relative coordinates. The equation of motion is
formulated in term of differential measures. The coupling between granular and
multibody systems is ensured by the contribution of contact impulses. This strat-
egy is able to deal with both tree-like and closed loop multibody systems. For the
latter, the coordinate partitioning technique extended to the differential measure
formulation enables to eliminate the bilateral constraints due to kinematic loops.

The proposed algorithm is implemented by coupling two research software
packages, i.e., LMGC90 and ROBOTRAN, and applied for two examples.

The method is first compared to other modelling approaches on the academic
example of the slider-crank mechanism with translational clearance joint. A good
agreement with literature results is obtained. Furthermore, the results demon-
strate the ability to solve correctly bilateral constraints, even in the case of high
dynamics. On the contrary, a drift off effect appears at the level of unilateral con-
straints due to the contact conditions. With the proposed approach, this effect can
be controlled by reducing the time step size. It is also impacted by the choice of
dependent and independent coordinates required for the coordinate partitioning.
Investigating schemes in [14] [I5] would provide alternatives in order to reduce the
drift off effect without decreasing too much the step size.

Finally, the interest of the proposed strong coupling methodology is demon-
strated for the modelling of the tamping process of railway tracks. The tamping
machine is modelled using the multibody formalism and the railway ballast us-
ing the discrete element method. This example illustrates the ability to deal with
an industrial application involving a large number of grains without any stability
problem due to the contact resolution. Furthermore, the need to account for the
dynamics of the tamping machine appears clearly. Indeed, imposing its kinemat-
ics leads to an overestimation of the performance of the process. In addition, the
proposed model properly reproduces observed phenomena in practice. In particu-
lar, the simulation of a machine with higher vibration frequencies shows a better
compacting of the ballast and reduced operating forces.

Regarding the perspective of the present work, improvements are possible by
using other integration methods such as the generalized-a scheme. This would
enable to deal with stiffer multibody systems. In terms of practical applications,
the proposed method opens the way towards the understanding and improvement
of many industrial processes. In particular, it would enable railway track specialists
to compare different tamping machines, optimize their working parameters such
as the squeezing force or diving speed, and finally ensure a longer lifecycle of the
railway infrastructure.

Acknowledgements The authors would like to thank Rémy Mozul for his help in the nu-
merical implementation of the coupling method presented in this paper.

This work was supported by the Wallonia and by the Fonds de la Recherche Scientifique-
FNRS of Belgium via a FRIA grant and a postdoctoral research.



Modelling and simulation of coupled MBS and granular media using NSCD 23

References

1.

10.

11.

12.

13.

14.

Cundall, P., Strack, O.: Discrete numerical model for granular assemblies.
Geotechnique 29(1), 47-65 (1979)

Moreau, J.J.: Unilateral contact and dry friction in finite freedom dynamics.
In: J. Moreau, P. P.D. (eds.) Nonsmooth Mechanics and Applications, no. 302
in CISM, Courses and lectures, pp. 1-82. CISM 302, Spinger Verlag, Wien-
New York (1988)

Moreau, J.J.: Some numerical methods in multibody dynamics: Application to
granular materials. European Journal of Mechanics - A/Solids 13(4 - suppl),
93-114 (1994)

. Moreau, J.J.: Numerical aspects of the sweeping process. Computer Methods

in Applied Mechanics and Engineering 7825(177), 329-349 (1999)

Jean, M.: The non-smooth contact dynamics method. Computer Methods
in Applied Mechanics and Engineering 177, 235 — 257 (1999). DOI http:
//dx.doi.org/10.1016 /S0045-7825(98)00383-1

Saussine, G., Cholet, C., Gautier, P.E., Dubois, F., Bohatier, C., Moreau, J.J.:
Modelling ballast behaviour under dynamic loading. part 1: A 2d polygonal
discrete element method approach. Computer Methods in Applied Mechanics
and Engineering 195, 2841 — 2859 (2006). DOI 10.1016/j.cma.2005.07.006
Saussine, G., Azéma, E., Gautier, P., Peyroux, R., Radjai, F.: Numerical mod-
eling of the tamping operation by Discrete Element Approach. In: World
Congress Rail Research, pp. 1-9. South Korea (2008)

Glocker, C., Pfeiffer, F.: Dynamical systems with unilateral contacts. Nonlin-
ear Dynamics 3(4), 245-259 (1992). DOI 10.1007/BF00045484

. Wehage, R.A., Haug, E.J.: Dynamic Analysis of Mechanical Systems With

Intermittent Motion. Journal of Mechanical Design 104(4), 778-784 (1982).
DOI 10.1115/1.3256436

Acary, V., Brogliato, B.: Numerical Methods for Nonsmooth Dynamical Sys-
tems Applications in Mechanics and Electronics, Lecture Notes in Applied and
Computational Mechanics, vol. 35. Springer Berlin Heidelberg, Berlin, Heidel-
berg (2008). DOI 10.1007/978-3-540-75392-6

Akhadkar, N.,; Acary, V., Brogliato, B.: Multibody systems with 3D rev-
olute joints with clearances: an industrial case study with an experimen-
tal validation. Multibody System Dynamics 42(3), 249-282 (2018). DOI

10.1007/s11044-017-9584-5

Flores, P., Leine, R., Glocker, C.: Modeling and analysis of planar rigid multi-
body systems with translational clearance joints based on the non-smooth
dynamics approach. Multibody System Dynamics 23(2), 165-190 (2010). DOI
10.1007/s11044-009-9178-y

Chen, Q.Z., Acary, V., Virlez, G., Briils, O.: A nonsmooth generalized-alpha
scheme for flexible multibody systems with unilateral constraints. Interna-
tional Journal for Numerical Methods in Engineering 96(8), 487-511 (2013).
DOI 10.1002/nme.4563

Acary, V.: Projected event-capturing time-stepping schemes for nonsmooth
mechanical systems with unilateral contact and Coulomb’s friction. Computer
Methods in Applied Mechanics and Engineering 256(0), 224 — 250 (2013).
DOI http://dx.doi.org/10.1016/j.cma.2012.12.012



24

Nicolas Docquier et al.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

Briils, O., Acary, V., Cardona, A.: Simultaneous enforcement of constraints at
position and velocity levels in the nonsmooth generalized- scheme. Computer
Methods in Applied Mechanics and Engineering 281(0), 131 — 161 (2014).
DOI http://dx.doi.org/10.1016/j.cma.2014.07.025

Tijskens, B., Caerts, R., Decuyper, J.: Towards realistic prediction of soil-
machine interaction. cosimulation between lms virtual.lab motion and deme-
ter. In: Proceedings of Multibody Dynamics 2011 conference, Brussels, Bel-
gium. Eccomas Thematic Conference (2011)

Fleissner, F., Lehnart, A., Eberhard, P.: Dynamic simulation of sloshing fluid
and granular cargo in transport vehicles. Vehicle System Dynamics: Inter-
national Journal of Vehicle Mechanics and Mobility 48(1), 3 (2010). DOI

10.1080,/00423110903042717

Kiibler, R., Schiehlen, W.: Modular Simulation in Multibody System Dynam-
ics. Multibody System Dynamics 4(2), 107-127 (2000). DOI 10.1023/A:
1009810318420

Anitescu, M., Tasora, A.: An iterative approach for cone complementarity
problems for nonsmooth dynamics. Computational Optimization and Appli-
cations 47(2), 207-235 (2010). DOI 10.1007/s10589-008-9223-4

Tasora, A., Negrut, D., Anitescu, M.: GPU-Based Parallel Computing for the
Simulation of Complex Multibody Systems with Unilateral and Bilateral Con-
straints: An Overview. In: K. Arczewski, W. Blajer, J. Fraczek, M. Wojtyra
(eds.) Multibody Dynamics: Computational Methods and Applications, pp.
283-307. Springer Netherlands (2011)

Tasora, A., Serban, R., Mazhar, H., Pazouki, A., Melanz, D., Fleischmann, J.,
Taylor, M., Sugiyama, H., Negrut, D.: Chrono: An open source multi-physics
dynamics engine. In: T. Kozubek, R. Blaheta, J. vS istek, M. Rozlovzn “ik,
M. vCermék (eds.) High Performance Computing in Science and Engineering,
pp. 19-49. Springer International Publishing, Cham (2016)

Serban, R., Olsen, N., Negrut, D., Recuero, A., Jayakumar, P.: A co-simulation
framework for high-performance, high-fidelity simulation of ground vehicle-
terrain interaction. International Journal of Vehicle Performance 5 (2018).
DOI 10.1504/1JVP.2019.10021232

Wehage, R.A., Haug, E.: Generalized coordinate partitioning for dimension
reduction in analysis of constrained dynamic systems. Journal of Mechanical
Design 104 (1982). DOI 10.1115/1.3256318

Duriez, C., Dubois, F., Kheddar, A., Andriot, C.: Realistic Haptic Rendering of
Interacting Deformable Objects in Virtual Environments. IEEE Transactions
on Visualization and Computer Graphics 12(1), 36-47 (2006). DOI 10.1109/
TVCG.2006.13

Dubois, F., Acary, V., Jean, M.: The contact dynamics method: A nonsmooth
story. Comptes Rendus Mécanique 346(3), 247 — 262 (2018). DOI https:
//doi.org/10.1016 /j.crme.2017.12.009. The legacy of Jean-Jacques Moreau in
mechanics / L’héritage de Jean-Jacques Moreau en mécanique

Samin, J., Fisette, P.: Symbolic modeling of multibody systems. Springer
(2003)

Docquier, N., Poncelet, A., Fisette, P.: Robotran: a powerful symbolic gen-
erator of multibody models. Mechanical Sciences 4, 199-219 (2013). DOI

10.5194 /ms-4-199-2013



Modelling and simulation of coupled MBS and granular media using NSCD 25

28.

29.

30.

31.

32.

Brogliato, B.: Inertial couplings between unilateral and bilateral holonomic
constraints in frictionless lagrangian systems. Multibody System Dynamics
29(3), 289-325 (2013). DOI 10.1007/s11044-012-9317-8

Acary, V., Brémond, M., Huber, O.: On Solving Contact Problems with
Coulomb Friction: Formulations and Numerical Comparisons, pp. 375—
457.  Springer International Publishing, Cham (2018). DOI 10.1007/
978-3-319-75972-2_10

Cundall, P.: Formulation of a three-dimensional distinct element model -
Part I. A scheme to detect and represent contacts in a system composed
of many polyhedral blocks. International Journal of Rock Mechanics and
Mining Sciences & Geomechanics Abstracts 25(3), 107 — 116 (1988). DOI
https://doi.org/10.1016/0148-9062(88)92293-0

Wriggers, P.: Computational Contact Mechanics. Springer, Berlin, Heidelberg
(2006). DOI 10.1007/978-3-540-32609-0

Dennu, R.: Ballast tamping unit for a railway track, of the type using forced
vibration (1992)



	Introduction
	Non-Smooth Contact Dynamics Formalism
	Time discretization
	Implementation by coupling two dedicated programs
	Academic example: the slider-crank mechanism
	Illustrative application: the tamping of railway tracks
	Conclusions

