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Abstract – A Method of Moments (MoM) based analysis is presented for elliptical aperture
metasurface (MTS) antennas. The MTS is represented as a sheet transition impedance bound-
ary condition incorporated in a transmission line which accounts for the substrate interaction
with the patches layer. The algorithm uses the Fourier-Bessel basis functions (FBBFs) and is
inspired from the circular domain analysis. The computation time is then comparable to that of
an equivalent size circular aperture MTS. Numerical results obtained with the proposed method
are compared with the full wave Contour-FFT (CFFT) based MoM simulation of a MTS imple-
mented with sub-wavelength printed patches.

I. INTRODUCTION

Metasurfaces are thin metamaterials designed to manipulate space or surface waves propagation [1]. These
surfaces are used in many applications, covering the microwave [2], the TeraHertz [3] and the optical bands [4].
The present paper focuses on antenna applications. The flatness of MTS antennas makes them very attractive for
many applications, since they can be easily incorporated on the platform [5]. MTS antennas are typically composed
of dense sub-wavelength scatterers, which are excited by a surface wave launcher placed inside the substrate. The
scatterers implement a designed surface impedance, which represents the ratio between the average electric and
magnetic field in each unit cell of the surface [6]. The average field, stems for the fundamental mode of the local
Floquet decomposition of the fields, with the local periodicity assumption. From a simulation point of view, it
is simpler to analyze the MTS IBC (meaning the homogenized MTS), rather than the physical patches, since the
current on the IBC is smooth and can then be described with much fewer basis functions. MTSs are usually
designed over a circular aperture. This suggests the idea of analyzing the current distribution with entire-domain
basis functions, namely defined on the whole circular domain [7]. Recently the Fourier-Bessel basis functions
(FBBF) have been proposed, owing to their orthogonality on a disk and their non-admissible edge currents [8].
However, when the feed or the MTS illumination is not azimuthaly symmetric, the circular aperture can lead to a
low aperture efficiency. An elliptical aperture may then be in some cases preferable [9]. The present paper extends
the circular domain MTS analysis with Fourier-Bessel basis functions, to the elliptical domain MTSs analysis,
based on the method detailed in [10]. We also provide a comparison based on the Contour-FFT (CFFT) analysis
of an actual structure made of square patches implementing the MTS IBC.

II. MOM

The Fourier-Bessel basis functions (FBBFs) are traditionally defined over a circular domain as follows [8]:
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where ρ′ and φ′ are respectively the radial and azimuthal coordinates, and λmn is the m-th positive zero of the
n-th order Bessel function. The extension, to the elliptical domain of semi-major axis a and semi-minor axis b is
obtained after stretching the FBBFs [10]. This leads to the mapping ρ′ =

√
(x/a)2 + (yp/a)2, tan(φ′) = yp/x,

where p = a/b is the stretching factor, and (x, y) represents the Cartesian coordinates of a given point on the
elliptical domain MTS.

The MTS is modeled as a sheet transition IBC since this formulation has been proven to be the most stable one
[11]. The matrix impedance can be written as: Z = ZG−ZIBC , whereZG is the substrate matrix contribution, and
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is the one obtained in a classical MoM for radiation problems. ZIBC is the sheet transition matrix contribution.
Since the FBBFs present a closed form Fourier transform and a small bandwidth (in practice, lower than 15k0,
where k0 is the free-space wavenumber), it is more convenient to compute the substrate contribution in the spectral
domain. For circular domain analysis, each 2-D integral appearing in ZG can be computed in closed form along
the azimuthal spectral coordinates, which allows a fast computation of the integrals since the obtained matrix is
also very sparse [8]. This is no longer true, after stretching the FBBFs. In this case, each integral involves a
stretched testing function, a stretched basis function, and the spectral relevant Green’s function. To compute these
integrals, it is more convenient to report the stretching operation to the Green’s function, in order to keep a “virtual
no-stretched FBBFs”. Then the integrals can be efficiently evaluated after decomposing the stretched Green’s
function into Fourier harmonics as follows [10]:
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where k
′

x = kx, k
′

y = ky/p and (kx, ky) are the spectral variables in a Cartesian system of coordinates. Each term
of the sum involved in the integration can then be evaluated as in the case of circular domain analysis. It has been
observed that for practical values of p, the sum converges very fast for the non-singular part of the Green’s function
(Q = 5 is sufficient), and requires about 15 harmonics for the singular part of the Green’s function. The matrix is
still sparse, but less sparser than the one obtained in the circular domain analysis. The same procedure can be used
for the sheet transition matrix. In this case, it is more convenient to project the stretched sheet transition IBC into
FBBFs since this projection can be computed very fast and leads to an integration of 3 Bessel functions defined
over a unit disk. The latter can be tabulated, which accelerates the integration process. It is important to note
that the stretched IBC requires in practice, the same number of basis functions projection than the no-stretched
one. This means that the IBC matrix can be computed as fast as the one obtained for a circular domain with an
equivalent radius. This is a great advantage since in an optimization process, the IBC matrix is the only one which
needs to be calculated several times.

III. RESULTS

As an example, we present the analysis of a scalar MTS designed to radiate a broadside circularly polarized
beam. The impressed reactance modulation has been designed as proposed in [5]. The antenna aperture is an
ellipse with 3λ semi-major axis and 2.5λ semi-minor axis. The MTS IBC has been implemented with square
patches and is excited with a centered dipole. The obtained printed structure is analyzed using the MoM iterative
based Contour-FFT (CFFT) method presented in [12], [13] with 128812 RWG basis functions. The CFFT [14] is a
technique that allows the use of the Fast Fourier transform despite the presence of a singular factor, as appears when
convolution between currents and Green’s function is carried out directly in spectral domain. Contour deformation
is reconciled with the use of the FFT through a series development of the real exponential that results from the
contour deformation [14]. The impressed IBC is analyzed with 630 Fourier-Bessel basis functions. Fig. 1 compare
the current distribution and the radiation pattern obtained with FBBF, with that of the CFFT. The CFFT iterative
method takes several hours to complete, while the IBC-FBBF technique needs less than 2 min.

The lower resolution of the current distribution in Fig. 1(b) is due to the current projection on a Cartesian grid
used in the iterative CFFT method [13]. The difference between the two simulated patterns (especially on the side
lobes) may be explained by the IBC implementation process (with square patches) and the edge diffraction effects.

IV. CONCLUSION

Full-domain basis functions are well suited to the analysis and design of metasurfaces. Basis functions initially
devoted to the analysis of circular apertures can be exploited on elliptical apertures, assuming a coordinate trans-
form and an appropriate harmonic development of the Green’s function. This quick analysis tool allows fast design
and, in turn, translation into the actual patches, using a known link between surface impedance and patch shape.
The performance of this final design has been verified through a recently developed iterative technique that makes
use of the Contour-FFT. A good agreement between the radiation patterns has been found.
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(a) FBBFs: Magnitude of the current dis-
tribution (dB).

(b) CFFT: Magnitude of the current distri-
bution (dB).

(c) Right handed Circular polarization (RHCP) and
Left handed Circular polarization (LHCP) radiation
pattern comparison (CFFT vs FBBFs).

Fig. 1: Simulation results: the FBBFs based IBC method is compared with the iterative CFFT method.
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