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A Model of the Optimal Allocation of Government Expenditures
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Abstract

Government expenditures can be used for various socio-economic objectives, including pub-
lic education, consumption of public goods and services, and social protection. This paper
analyzes the optimal allocation of public expenditures among these competing functions. We
establish an overlapping generations model with heterogeneous individuals in which the gov-
ernment optimally chooses income tax, transfer payment, educational spending, and public
consumption. Our model characterizes the transitional dynamics and the steady state of each
function with and without a pay-as-you-go intergenerational contract. We also conduct a simu-
lation illustrating that the presence of an intergenerational contract may raise public consump-

tion and social welfare in the steady state.
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1 Introduction

Large-scale public expenditures are a widespread phenomenon in industrialized economies. In
2016, general government spending amounted to 37.8% of the gross domestic product in the U.S.,
39% in Japan, and about 50% in many European countries (OECD 2018). Government’s massive
involvement in market economies serves redistributive, allocative, and regulatory purposes, which
effectively mitigate income inequality, provide public goods and services, and promote sustainable
development (Musgrave 1959, Barr 1992). For instance, the Nordic model, which features a blend
of socialist values and free market capitalism, is usually perceived to have succeeded in advancing
equity, efficiency, and well-being (Stiglitz 2015, Pestieau and Lefebvre 2018).

Government spending has a variety of socio-economic objectives. Table 1 lists the government
expenditure breakdown by ten functions, and reports their percentage shares of total expenditures
in several European countries between 2012 and 2016. In each country, the largest share is devoted
to social protection, mainly in the form of income-redistribution programs that transfer wealth to
the poor. Schooling is also an important target of public funds: most of these governments appro-
priate around 10% of their expenditures to establish and maintain the state education systems. The
other eight functions, including health care, public services, economic affairs (e.g., infrastructure
construction and supply of water and electricity), environmental protection, etc., fit generally into
the category of consumption of public goods and services. Public consumption accounts for half
of government spending in almost every country.

Based on the classifications used in Table 1, we categorize government expenditures into three
main divisions — public education, social protection, and consumption of public goods and services.
Educational expenditure provides two benefits: first, it facilitates the formation of human capital of
the future generation, allowing altruistic parents to benefit from their children’s improved quality;
second, it promotes social mobility, which helps lower wage inequality of future generations. The
provision of public goods and services directly enhances people’s welfare. As economic progress
improves the living standard, households want more public consumption, which is complementary
to their private consumption (Ganelli and Tervala 2009). Transfers to the poor not only raise social
welfare by the law of diminishing marginal utility (e.g., Boadway and Keen 2000) but also address

the public concern over income inequality and long-term economic development (De la Croix and



Table 1. Government Expenditure by Function (% of Total Expenditure): 2012-2016 Average

Belgium Denmark France Germany Greece Italy Netherlands Spain UK

Social protection 36.3 433 43.0 42.8 37.6 417 36.5 389 379
Education 11.6 12.6 9.6 9.6 8.2 7.9 11.8 9.1 11.6
Health 14.2 15.5 14.2 15.9 9.3 14.1 17.8 13.7 173
General public services 15.4 13.7 11.5 14.1 186 173 10.9 149 114
Economic affairs 12.7 6.4 9.4 7.2 13.7 8.0 8.9 113 72
Public order & safety 33 1.8 2.9 35 3.8 3.8 4.2 4.5 4.6
Defence 1.6 22 3.1 24 4.4 2.4 25 2.1 5.0
Environment protection 1.8 0.8 1.8 1.4 2.7 1.8 33 1.9 1.8
Recreation, culture & religion 2.3 3.2 2.4 2.2 1.3 1.5 3.2 2.6 1.7
Community amenities 0.7 0.5 2.1 0.9 0.5 1.4 0.9 1.1 1.6

Data source: Eurostat (accessed on July 25, 2018). Government expenditures are decomposed into ten broad functions
based on the classification of the functions of government (COFOG) used in the European regime of National Accounts

(ESA 2010). Figures are calculated as a simple average based on the available data for the most recent five years.

Doepke 2003, 2004, Fleurbaey 2008, 2009).

To the extent that various categories compete for resources under the fiscal budget constraint,
an intriguing question arises as to how government spending can be optimally allocated between
them? The analysis of the optimal allocation of government spending has deep roots in economics,
going back at least to Samuelson (1954). Existing literature on public finance concentrates on one
or two categories. For example, Docquier, Paddison, and Pestieau (2007) and Del Rey and Lopez-
Garcia (2013) study the optimal levels of education and pension provided by a welfare-maximizing
government; other studies include Possen and Slutsky (1980), Meltzer and Richard (1981), Glomm
and Ravikumar (1992, 1997), Boadway and Marchand (1995), Kaganovich and Zilcha (1999), Del
Rey and Lopez-Garcia (2016). This paper develops a more comprehensive profile covering social
protection, public education, public consumption, and intergenerational mobility.

We establish an overlapping generations model in which the government chooses income taxes/
transfers and expenditures on education and public consumption. In our model, there are two types
of individuals — the skilled and the unskilled — whose income levels are positively related to their
labor skill. Addressing individual heterogeneity allows us to probe into the redistributive function

of government spending. Moreover, an individual’s skill plays a vital role in shaping her children’s



quality, as a number of empirical studies have demonstrated that parental background is critical to
an individual’s achievement (e.g., Becker 1991, De la Croix and Michel 2002). Therefore, even if
individuals’ net incomes tend to be equalized after taxes/transfers, the effect of skill heterogeneity
on children’s human capital formation persists.

We start our analysis with the case in which each generation care about their own utility and
do not make any wealth transfer to the previous generation. Our analysis shows that in the steady
state educational expenditure increases with the learning efficiency of skilled workers’ children
and the wage differential but decreases with the fertility rate. Also, under some configuration, the
expenditure on public consumption is inversely related to the learning efficiency of skilled workers’
children but positively related to the wage differential and the fertility rate.

We next turn to the case where generations are linked through a social contract in which each
generation contribute a certain fraction of their incomes to public consumption of the previous gen-
eration.! The logic of the intergenerational contract resembles a pay-as-you-go (PAYG) program,
which requires that workers pay social security taxes into the fund and money flows back out to
retirees. We examine the transitional dynamics of different categories of government expenditures,
showing how the introduction of an intergenerational contract changes the results. We also discuss
the intergenerational contract that maximizes social welfare in the steady state.

To compare the two cases, we conduct a numerical simulation illustrating the transitional dy-
namics and the steady states of educational expenditure, public consumption, and social welfare.
We find that the optimal contract allows each generation to consume more public goods and ser-
vices than their parents did till the steady-state level is achieved. In contrast, the absence of as-
cending transfers may result in regressive public consumption over time, largely because of the
crowding-out effect of the expanding educational expenditure. Under certain parameter configura-
tions, the presence of the optimal contract will be welfare-improving.

The remainder of this paper is organized as below. Section 2 lays out our model setup. Section
3 analyzes the optimal allocation of government spending when every generation care about their
own utility. Section 4 considers an intergenerational contract under which the young generation

financially supports public consumption of the parents’ generation. Section 5 performs a quantita-

IThe concept “generational accounting”, which was developed in the 1990s (Auerbach, Gokhale, and Kotlikoff
1994), is considered an important aspect of government expenditures in national income accounting (Mason and
Tapinos 2000, Lee and Mason 2011).



tive analysis comparing the results of sections 3 and 4. Section 6 examines the robustness of the

model. Section 7 concludes. Most mathematical proofs are relegated to the Appendix.

2 The Model Setup

Consider an overlapping generations economy where individuals live for three periods: child-
hood, young adulthood, and old adulthood. In childhood, an individual receives a publicly funded
education but does not make decisions. In young adulthood, each individual earns a wage, chooses
her private consumption and saving levels, and rears 7 children. In old adulthood, all individuals
retire, spend their savings on private consumption without leaving bequests, and consume public
goods provided by the government.?

Individuals who spend the young adulthood in period t are labeled as “Generation £”. A fraction
0; € (0,1) of generation ¢ become skilled workers (s), while the others serve as unskilled workers

(u). Preferences of each i-type member where i € {s, u} are given by

vl = In ciyt +alnc, + g + $pInG;, 2.1)

ut
and old adulthood, qi denotes the quality of her children, G; represents her public consumption in

where ¢!, and cét denote the private consumption of an i-type member of generation ¢ in her young
old adulthood, and «, (3, and ¢ are positive parameters. Note that G; is the same for all members
of generation . In the beginning of period £, a representative member of generation ¢ expects to
obtain v] with a probability 6; and v}’ with a probability 1 — 6;. In line with Harsanyi (1955), the

social welfare is defined as the following weighted sum:
Vt = Qﬂ)i + (1 — Qt)v?. (22)

The quality of an i-type member’s child is measured by the probability that she will grow up to

be a skilled worker, which depends on her family background (indicated by 7) and the government’s

2To highlight the essence of the model, we assume that individuals consume public goods in old adulthood only. In
reality, seniors need more environmental protection and health care because they are more at risk from environmental
threats and are susceptible to age-related chronic diseases and decreased physical strength (Geller and Zenick 2005).
This assumption serves the purpose of algebraic simplification. Our main results continue to hold if we assume that
public goods are consumed throughout the life cycle.



educational expenditure per child, E;:

; In(1+ oE;) if i=u
qt - ’ (2.3)
pIn(1+ oEy) if i=s

where qi € (0,1). The parameter p > 1 measures the degree of elitism of public education (e.g.,
Cremer, De Donder and Pestieau 2010). Holding the educational expenditure constant, a child
whose parent is skilled is more likely to grow up to be skilled (i.e., g° > q”).3 The parameter
o > 0 indicates that the increased educational expenditure improves the quality of any child (i.e.,

qi increases with E). To ensure the probability qi < 1 requires

1
b1
pln(1+0E) <1 = Eﬁ<”0 , 2.4)

where e is Euler’s number. For simplicity, we assume that (2.4) holds throughout this paper.
If N; denotes the population of generation t and n denotes the fertility rate, the population of

generation f 4 1 (i.e., the number of children in period t) amounts to

Niy1 = nNj. (2.5)

Given that there are 6;N; skilled workers and (1 — 6;) N; unskilled workers in generation ¢, they
will bear g3 (n6;N;) and g} [n(1 — 6;) Ny] skilled children, respectively. With the total number of
skilled workers in the next generation being g;n0;N; + q?n( 1 — 6¢) Ny, the proportion of skilled

workers in generation t + 1 can be written as

in0iN; +qin(1 —6;)N,
011 = qin0tINt z\qli 1( £)Ne = [1+ (p—1)6]In(1 + oEy), (2.6)
+

which captures the evolution of 6;.
We examine the production of the economy to determine the wage of workers by using Galor
and Zeira’s (1993) modeling strategy. The economy consists of a skilled labor and an unskilled

labor sector, both producing the unique final good competitively. Production in the unskilled labor

3Different from the existing literature on social mobility (e.g., Cremer, De Donder, and Pestieau 2010), we assume
that children’s education does not depend on parental educational decisions.



sector requires unskilled labor only. Without loss of generality, one unit of unskilled labor can be
converted into one unit of output:

Y" =1% (2.7)

where Y and L" are the output and labor input of the unskilled labor sector, respectively. With
the price of a final good being normalized to unity, unskilled workers obtain an equilibrium wage
of one in a perfectly competitive market. In the skilled labor sector, the output Y* is produced by

capital K and skilled labor L° according to a constant-return-to-scale production function F:
Y® = F(K,L°) = L°f(k),  where k =K/L?, (2.8)

where k denotes the ratio of capital to skilled labor. If both factor markets are competitive, we

derive the interest rate r, and the wage rate of skilled labor w as

r=f(k), w = f(k) — kf' (k). (2.9)

In a small open economy with free capital mobility, the interest rate equals the world’s (exogenous)
interest rate v = 7. Since k remains fixed at f -1 (r), w is constant and governed by r. In line with
empirical findings (e.g., Broecke 2016), we assume that a worker’s (pre-tax) wage rate is positively
related to her skill (w > 1). Note that w also represents the wage differential between skilled and
unskilled workers, i.e., the ratio of a skilled worker’s wage to an unskilled worker’s wage.

The government can identify the sector in which an individual works and impose a lump-sum
income tax from workers.* Denote Tti as the payment of each i-type member of generation ¢ to the
government, which is a tax if positive, and a social transfer if negative. Since T" can be negative,
the government can freely redistribute income from the skilled to the unskilled. Accordingly, the
government obtains a total revenue of N;0; T} + N (1 —6y) T} from generation ¢.

On the expenditure side, the government spends N;1E; on children’s education and defrays
the elderly’s public consumption. We consider two channels of sponsoring public consumption.

Section 3 examines public consumption as pre-funded by generation ¢ themselves. The government

4Brito, Hamilton, Slutsky, and Stiglitz (1991) and Hamilton and Slutsky (2007) posit that government can identify
individuals’ types and assess personalized lump-sum taxes. Our paper makes the same assumption. For the case where
types are not observable, see Cremer, Pestieau, and Rochet (2001).



N; Gy
1+r

appropriates a present value of in period t for public consumption so that each member of
generation { consumes G; in period ¢ + 1 when she ages. Section 4 analyzes an intergenerational
social contract, which requires generation ¢ 4+ 1 to contribute a fixed fraction of their income to

support the public consumption of generation f.

3 No Intergenerational Contract

This section investigates the case in which every generation care about their own utility but not
the previous generation’s utility. Although a parent regards her children’s educational attainments
as a consumption good (equation (2.1)), a child has no incentive to enhance his parent’s welfare.
In other words, altruism is assumed to be descending only.

In period t, the interaction between the government and generation ¢ proceeds in two stages.
The government moves first to maximize the social welfare of generation ¢ by choosing educational
expenditure per child (E;), public consumption per member of generation ¢ in her old adulthood
(Gp), and taxation and/or transfer (T}, T}). After observing government policies, each i-type
member of generation t optimally chooses her private consumption (c;t, cf)t) where i € {s, u}.

By backward induction, we first determine an individual’s decisions given government policies.
In period ¢, the lifetime budget constraints of an i-type worker can be expressed by
i

Cot i
=1, 3.1
1+r G.1)

Cyt +
where IZ is an i-type member’s after-tax income net of child-rearing expenses in period £:

1—T¢ —6n if i=u

—
-
~

(3.2)
w—T; —on ifi=s

where 6 denotes the cost of rearing a child. Each i-type member of generation f chooses her private

consumptions to maximize her utility (2.1) subject to her budget constraint (3.1), which solves

; I - oc(1+r)If.

Cyt — 1 + ‘x, COt — 1 + o (33)

In period t, the government collects taxes (T}, T}") from skilled and unskilled workers, spends



part of the revenue on public education (E;), and saves money for generation ¢’s public consump-
tion in their old adulthood (G;). The government’s budget constraint requires that total spending

not be more than total tax revenues:

Gt
1+7r

CSONT +(1-0)NTY = nEi+ <O+ (1—6)T . (3.4)

Facing this budget constraint, the government aims to maximize the social welfare of generation ¢,

which can be derived by inserting (2.1) and (3.3) into (2.2):

Vi=A+(14+a)fiIn(w—6n—T7) + (1 +a)(1 —6;)In(1 — én —T}")
+B[1+ (p—1)6In(1+ 0E;) + d1In Gy, (3.5)

where A := aln[a(1+7)] — (1 + a) In(1 + «) is a constant.

To solve the constrained maximization problem, we write the Lagrangian as

Li=A+(14+a)0In(w—6n—T;)+ (1+a)(1—6;) In(1—n—T})+ dInG;

G
+B[1+ (p—1)6]In(1 + 0E;) — A {ﬂEt t7 +tr — 6Ty — (1 - Qt)Ttu} , (3.6)

where A; represents the Lagrange multiplier associated with the government revenue constraint.
Taking the first order conditions with respect to E;, G¢, T}, T}, and A; and then rearranging solves

the government’s optimal policies as

po_ B+ (e—D)OI[1+ (w—1)0 —n]/n— (1+a+d)/o 37)

i l+a+B+d+p(p—1)6 ’ '

d(1+7)[1+ (w—1)6; + (1/0 — 8)n]
I+a+B+d+p(p—1)6 '

. (1+a)[1+ (w—1)6; + (1/0 — 8)n]

= T BTt B8 G:9)

1+ a)[1+ (w—1)0;+ (1/0 — é)n]

1+a+B+¢+pB(p—1)6

Gt (3.8)

T = 1-— (3.10)

Based on equations (3.7) and (3.8), we demonstrate the relationship between 8; and (E¢, G;) in

the following proposition:



Proposition 1 In period t, a larger proportion of skilled workers leads to
(a) greater expenditure on public education per child (%—gf > 0);

(b) lower expenditure on public consumption (%—gf" < 0) if and only if

p-1 {1+<l_5> n} S 1tato (3.11)
w—1 o f

Proof. See Appendix. m

Proposition 1(a) suggests that all else being equal, a government tends to spend more on public
education as the proportion of skilled workers (i.e., the rich) in the working-age population in-
creases. This result is consistent with the observation that, in general, developed countries spend a
greater percentage of national income on public education than developing countries (World Bank
2017). Intuitively, when a larger proportion of people become rich, they want to invest more in ed-
ucation to improve the quality of their children, which is a normal good of consumption (equation
(2.1)). This reflects the typical “income effect.” In addition, given that rich children have higher
learning efficiency than poor children, the larger the proportion of rich children, the higher the
return on schooling and the more the educational spending (“family background effect”). From
the perspective of fiscal budgeting, when an increased number of rich people pay more taxes, the
government’s budget increases and the educational spending increases accordingly (“fiscal budget
effect”). Moreover, as we can see from equation (2.6), a larger proportion of skilled workers, cou-
pled with an increase in contemporaneous educational expenditure, expands the future proportion
of skilled workers, which in turn boosts economic development.

Proposition 1(b) shows that G; and 6y have an ambiguous relationship. In particular, public
consumption may decrease with the proportion of skilled workers if and only if condition (3.11) is
satisfied. Although the “income effect” and “fiscal budget effect” remain applicable in Proposition
1(b), the substitution (resources competition) between public education and public consumption
potentially lowers the level of public consumption. This substitution effect become more promi-
nent when people have a weak preference for public goods (small ¢) and the children of skilled
workers have improved learning efficiency (large p). Also, if an improvement in children’s quality
gives rise to significant gains (large [3) but educational investments generate low returns for chil-

dren (small o), then the government needs to increase its expenditure on public education, which



in turn crowds out its expenditure on public consumption.

Since the expenditures on public goods are formulated as a component of the log-linear utility
function, one may expect that it always increases with economic development, as measured by the
proportion of skilled workers. However, Proposition 1(b) shows a somewhat surprising result that
it is not always the case. The intriguing relationship between the expenditures on public goods and
economic development depends critically on condition (3.11).

In Proposition 1, we discuss a trait of (E¢, Gy) in transitional dynamics. Following the earlier
studies (Mookherjee and Napel 2007, Fan and Stark 2008, Cremer, Gahvari, and Pestieau 2011),
we define that labor force composition dynamics reach a steady state when the proportion of skilled

workers remain unchanging over time:

Definition 1 The labor force composition dynamics is in the steady state if the proportion of skilled

workers is constant, i.e., 0; = 0 for all t.
Note that the proportion of skilled workers in the working-age population is an essential indi-
cator of economic development. Based on equation (2.6) and Definition 1, we derive

__6
eT+-10 — 1

0=[14+(p—1)0]In(1+ oE) = E = 5 (3.12)
The next proposition follows directly from (3.7) and (3.12):
Proposition 2 The steady-state proportion of skilled workers, 0, is determined by
0 _1n{/3[1+(p—1)9][1—6U+U/n+(w—1)60/n]} 3.13)
1+ (p—1)6 l+a+p+¢d+p(p—1)0 ' '

The steady state always exists, which is nontrivial and stable.

Proof. See Appendix. m

Proposition 2 characterizes the steady-state proportion of skilled workers in the young popula-
tion. Equation (3.13) implies that 0 is a function of eight parameters, namely, («, 3, ¢, 6, p, o, w, n).
The solution to (3.13), which falls within (0,1), always exists, and it is a stable equilibrium. In the
long run, the proportion of skilled workers remain constant across different generations.

By (3.12) and (3.13), we develop the following proposition:

10



Proposition 3 In the steady state, the proportion of skilled workers and the educational spending
per child

(a) increase with the learning efficiency differential (g—g > 0 and ‘Zi—ﬁ > 0);

(b) decrease with the fertility rate (g—g < 0and Z—ﬁ < 0);

(c) increase with the wage differential (g—g > 0 and 5—5 > 0).

Proof. See Appendix. m

Proposition 3(a) is intuitive: holding other things unchanged, if children of skilled workers have
improved learning efficiency (larger p), then the government tends to spend more on education
(larger E), and all children are less likely to become unskilled workers (larger 0). Proposition 3(b)
demonstrates that all else being equal, as people rear fewer children (smaller 77), each child receives
more educational spending (larger E), which leads to the improved quality of children. This result
is in line with Becker and Lewis’s (1973) theorem that parents face a tradeoff between children’s
quantity and quality if children are treated as pure consumption goods. While Becker and Lewis
(1973) and the subsequent research focus on the individual household’s decision on the number of
children, our analysis differs in two aspects. The quality of children depends on the educational
expenditure chosen by the government, which aims to maximize the utilitarian welfare on behalf
of all parents. Also, we assume that the fertility rate is exogenous for simplicity. In other words,
Proposition 3(b) presents a normative analysis of the optimal choice of the quality of children in
response to different levels of fertility from the perspective of social welfare.

According to Proposition 3(c), educational expenditure increases with skilled workers’ income
holding unskilled workers’ income constant. This result captures the “income effect”: when people
become richer, they spend more in promoting children’s quality, which is a normal good in their
utility function. Moreover, since all children have access to the same educational resources, an in-
crease in skilled workers’ earnings will enhance the educational attainment of all children, despite
that family background continues to play a crucial role in children’s human capital formation.

We establish the following proposition to examine the comparative static of the steady-state

expenditure on public consumption:

Proposition 4 The steady-state expenditure on public consumption per person

(a) decreases with the learning efficiency differential (aa—g < 0) if condition (3.11) holds;

11



(b) increases with the fertility rate (%—S > 0) if condition (3.11) holds and

S0 < 1; (3.14)

(c) increases with the wage differential (g—g > 0) if condition (3.11) is not satisfied.

Proof. See Appendix. m

Proposition 4 reveals that the public consumption level critically depends on condition (3.11),
which concerns the substitution effect between E and G. Proposition 4(a) indicates that the expen-
diture on public consumption may be inversely related to the learning efficiency of skilled workers’
children. Specifically, when public consumption and public education are sufficiently substitutable,
increased educational spending induced by the improved learning efficiency of skilled workers’
children crowds out the expenditure on public consumption. Next, we find a positive effect of fer-
tility rate on public consumption under some configurations. Proposition 4(b) implies that given a
lower population growth rate, people tend to sacrifice their old-age consumption of public goods if
they have a weak preference for public goods (small ¢) and a strong preference for children’s qual-
ity (large [3), but the returns on educational investment are generally low (small o). Proposition
4(c) holds that a higher wage of skilled workers may result in a higher level of public consump-
tion per person. This positive relationship can be explained by “income effect” and “fiscal budget
effect”, and it is more likely to be true when the substitution effect between E and G is dominated.

We next turn to the features of income tax and transfer. The next proposition follows directly

from equations (3.9) and (3.10):
Proposition 5 The net income after taxation and subsidy is equal for skilled and unskilled workers.

Proposition 5 shows that the lifetime net incomes (i.e., incomes after taxation and redistribu-
tion) of skilled and unskilled workers equalize in each period, i.e., w — T®* = 1 — T*. This result
sheds light on the facts shown in Table 1 that social protection accounts for about 40 percent of all
government expenditures in many European countries. Proposition 5 follows from our assumption
that income taxation does not entail administrative cost or have any distortionary effect on labor
supply. Note that despite the same after-tax income, a skilled individual obtains a higher utility
than an unskilled individual in that her children are of higher quality.

The following proposition investigates the effects of p, n, and w on (T®, T"):

12



Proposition 6 In the steady state,

(a) T and T" increase with the learning efficiency differential p if condition (3.11) holds;

(b) T? and T" increase with the fertility rate n if condition (3.11) and (3.14) hold;

(c) T increases with the wage differential w if condition (3.11) holds, and T" decreases with the

wage differential w if condition (3.11) is not satisfied.

Proof. See Appendix. m

Proposition 6(a) suggests that when family background plays a more salient role in children’s
skill development, the government may set a higher income tax (or a lower transfer payment if
any). Intriguingly, we find that the poor may pay more taxes or receive less transfer payments
when rich children become even more efficient in human capital formation. This is because the
improved learning efficiency of rich children leads to a greater proportion of the rich in the steady
state (Proposition 3(a)), which raises the average income level. If people obtain a high utility from
improved quality of children (large [3), the government will collect more taxes so as to allocate
more resources to public education. Although the poor may have a lower net income, their children
become better educated because of the government’s greater effort in education.

According to Proposition 6(b), to the extent that the population grows faster (larger 7), the
working-age population will have to contribute more taxes to finance total educational spending.
This is likely to be true when people gain more from the improvement in their children’s quality
(large 3) and it is not too costly to rear children (small §). Proposition 6(c) posits that the relation-
ship between income tax and wage differential depends on condition (3.11), which is a determinant

of government expenditures.

4 Intergenerational Social Contract

In this section, we consider the case in which young adults support their parents’ public con-
sumption through direct wealth transfers. It is observed worldwide that the working-age population
devote to the retired’s social security in the PAYG program (Cremer, Gahvari, and Pestieau 2017).
In addition, it is common in modern societies for the young to pay the medical care and climate
change mitigation bills for the elderly, who tend to be more vulnerable to diseases and environ-

mental hazards (Phaneuf and Requate 2017, Pestieau and Lefebvre 2018).
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Consider an intergenerational contract, under which young adults devote a fraction T € (0, 1)
of their incomes to provide their parents with public consumption. Such a contract can be ratio-
nalized even when each generation is selfish, ignoring the welfare of other generations (Rangel
2003). If members of one generation do not fulfill their contractual obligation, they will be unable
to enjoy public consumption provided by their children when they become old, thereby suffering
an infinitely negative utility (equation (2.1)). Ehrlich and Lui (1991) hold that an implicit social
contract, in which a parent may invest in her children’s education in exchange for their old-age
support, can be sustained by intergenerational reputation.

In period t, the government and generation ¢ engage in a Stackelberg game similar to that in
Section 3. To maximize generation t’s social welfare, the government moves first to provide public
education and public consumption by collecting (net) taxes. After observing fiscal policies, each
i-type member of generation f, chooses her private consumption during young and old adulthood
(Clyp» Chy) Where i € {s, u}.

Each i-type member of generation { chooses the private consumption levels to maximize her

utility (2.1) subject to her budget constraint, which obtains

e - l=-7tw—-0on-T; - _x(14+7n)[(1—-1)w—én—T;]

y= 1+a GG 1+a ’
l—7—06n—-T¢ a(l+r)(1—1t—6n—T})

= : o= L. 4.1

ot T+a ot 1+a D

The government’s balanced budget requires that the government spending on children’s education

and the elderly’s public consumption are all born by young adults:

Nt+1Et + Nt—th—l = NthTtS + Nt(l — Qt)Ttu + T[thNt + (1 — Qt)Nt], (4.2)

where the intergenerational contract requires that

Nt—th—l = T[ZUQ;}Nt + (1 — Qt)Nt] (43)

>To circumvent technical difficulties, we assume that the intergenerational transfer is earmarked for public con-
sumption of the elderly, which refers to a special PAYG system. With T being a parameter, the economy may not
achieve the social optimum. We discuss the optimal choice of T at the end of this section.
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Combining (4.2) and (4.3) shows that the government collects (T}, T}') from skilled and unskilled

workers to finance the public education of their children, namely,

The government maximizes the social welfare, V;, subject to the budget constraint (4.2). Set

up the Lagrangian as

Li = A+(14+a)6In[(1-1)w—5n—T;|+(1+a)(1—06)In(l—7—6n—T})
+B[1+4 (p—1)0]In(1 4+ 0E;) + ¢pIn {nt[1 + (w —1)0411]}
— Mt [nEt — QtTts — (1 — Qt)T;l}, (45)

with p; being the Lagrangian multiplier. The first order conditions with respect to E;, T}, T}, and

Y obtain the interior solutions as

9L _ poll+(p-10) , oow-Dli+(-10)
OE; 1+ oE; (14 0E)[1 + (w—1)041] !
o 1+ (p—1)6 d(w—1)
= =P .46
M= T roE P T v o+ - m(A+oE)]” *O
aﬁt _ (1+0€)9t . . _ _ S_1+OC
s (1—T)w—Tf—6n+”t9t_0 = (1-1nw-m—-T; = 0 4.7)
0L . (1—|—(X)(1—9t) . u_l—i—(x
e _1—T—Ttu—5n+“f(1_9t)_0 S l-t-em-Ti= S, (4
L4 s "
= = nEt—QtTt—(l—Qt)Tt = 0. (49)
ot

Inserting (4.6) — (4.8) into (4.9) and rearranging characterizes E; in the following function:

(1+a)(1/0+Ey) ¢
—o) [+ (w— - =B+ (p=1)8].  (4.10)
A=+w—Dal 5 f, X In(1 1 oF)

The next proposition, which examines the traits of E;, follows directly from (4.10):

Proposition 7 The optimal educational expenditure per child in period t

(a) increases with the proportion of skilled workers in generation t (3—5: > 0);
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(b) increases with the learning efficiency differential (%—% > 0);
(c) increases with the wage differential (% > 0);

(d) decreases with the fertility rate (% < 0).

Proof. See Appendix. m

Proposition 7 derives some comparative statics that are qualitatively similar to those in Propo-
sitions 1(a) and 3. Put it another way, the introduction of the intergenerational contract has little
impact on our results of educational expenditure. It is noteworthy that in this section children are
treated as not only a consumption good but also an investment good. While the quality of children
is chosen by the government rather than the individual parent, the government does represent the
interest of all parents as a whole. Becker-Lewis theorem continues to hold that an increase in the
number of children lowers the quality of each child.

We proceed to investigate the properties of G; in the proposition as below:

Proposition 8 The optimal expenditure on public consumption per member of generation t
(a) increases with the proportion of skilled workers in generation t (%—g: > 0);
(b) increases with the learning efficiency differential (aa—([;j > 0);
. . . . oG
(c) increases with the wage differential (5* > 0);

(d) increases with the fertility rate (% > 0).

Proof. See Appendix. m

Unlike Proposition 1(b), Proposition 8(a) presents a positive nexus between 6; and G;. Note
that in section 3 one generation financially support their own public consumption, so they face a
tradeoff between public education and public consumption. However, if public goods are supplied
by the next generation — as in this section — such a tradeoff tends to fade. With economic develop-
ment (larger 6;), future generation is expected to consist of a larger proportion of skilled workers
and a smaller proportion of unskilled workers. It is conceivable that as generation ¢ + 1 earn a
higher average income, generation ¢ will receive a larger intergenerational transfer payment from
their children, which they can spend on the consumption of public goods.

Propositions 8(b) and (c) have a straightforward intuition: a larger p or w heightens the income
level of the next generation, thereby increasing the public consumption of the current generation.

Also, the growing income inequality (larger w) increases the need for the government’s social
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security function. Proposition 8(d) shows that public consumption level is positively related to the
fertility rate. This indicates that a high population growth rate can be an important reason for the
introduction of this PAYG intergenerational contract.

We next turn to the steady state, as defined in Definition 1. For any given T, the next proposition

pins down the proportion of skilled workers in the working-age population in the steady state:

Proposition 9 The steady-state proportion of skilled workers is characterized by

0 (1+a)[1+6(w—1)] o[l + (w—1)8)(1—7)

M ET G ele (BT @) 1) 7 Sl

Proof. See Appendix. m

Proposition 9 demonstrates that in the steady state, 8 is a function of nine parameters, namely,
(a, B, ¢,6,p,0,w,n,). Comparing (4.11) with (3.13) suggests that the steady-state proportion
of skilled workers in the working-age population under an intergenerational contract differs from
that without such a contract. According to equation (4.11), the indicator of the intergenerational
contract, T, is a determinant of 6, implying that the value of T tends to affect the long-term eco-
nomic development; however, their relationship remains ambiguous.

An economy may not always treat the fraction of workers’ income being transferred to parents
as exogenous, but it can allow the people to make the optimal decision. We proceed to discuss the
optimal intergenerational social contract, which maximizes the steady-state social welfare. In the

steady state, equation (4.3) can be rewritten as
G=n1[l+ (w—-1)0]. (4.12)
By (3.12), (4.6), and (4.12), we can rewrite V in (2.2) as a function of 7:

V(t) = ocln[oc(1+r)]—(1+cx)1n{%.w B+ d(w—1) ]}

1+0E 1+6(w—1)
+ Bl(p—1)0+1]In(1 + 0E) + ¢In {nt[1 + (w — 1)6]}
= T+ ¢lnt+ B0+ (1 + )6 +(1+a+¢)In[l1+ (w—1)0]

1+ (p—1)6
—(1+a)In[f+(¢p+BO)(w—1)] — (1+a)In[l+ (p—1)6]. (4.13)
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where TT := aln[a(1+7)]+ (1 +a+ ¢)Inn — (1 + «) In o is a constant, while 6 = 6(1)
is solved in Proposition 9. By denoting 7" = arg max{V}, we establish the next proposition to

show the existence of 7*:
Proposition 10 The optimal intergenerational contract T* exists.

Proof. See Appendix. m

The intergenerational social contract essentially reflects a trade between different generations,
which can be sustained by a self-fulfilling equilibrium. If people contribute more to their parents
for their public consumption, they expect to enjoy more public consumption contributed by their
children when they become old; but they also have to cut their private consumption and expenses
on educating children. The optimal intergenerational contract, T*, which falls in the range [O, 1]
and maximizes the ex ante utility of a representative individual in the long run, is characterized by

equations (4.11) and (4.13).

S Simulation: A Comparative Analysis

We have thus far provided a theoretical analysis of the optimal allocation of public expendi-
tures among different functions with and without an intergenerational social contract. A natural
question arises as to which regime leads to a higher social welfare? The answer to this question
rests on the parameter configuration. In this section, we conduct a quantitative exercise to sim-
ulate the changes in educational expenditure and in public consumption over time under the two
regimes, and illustrate the welfare impact of the introduction of the intergenerational contract in
both transitional dynamics and steady state.

To implement the simulation, we assign values to seven of our model’s parameters, namely,
(a, B, ¢, 6,p,0,1), as listed in Table 2. In particular, we set 5 = 1, which means that an unskilled
worker spends 5% of her wage to bear and raise a child. The learning efficiency differential p = 5
indicates that a child with a skilled parent is five times more likely to be skilled in the future
than a child with an unskilled parent. The (intertemporal) interest rate is set to be one, which can
be translated into an annual compound interest rate of 3% over 24 years or an annual compound

interest rate of 2.5% over 28 years. Furthermore, let the economy begin with a relatively small

18



Table 2. Parameter Values in Simulation

Parameter Interpretation Value
lod Preference over private consumption in old adulthood 0.1
B Preference over child quality 100
[0} Preference over public consumption 0.3
) Cost of rearing one child 0.05
P Learning efficiency differential 5
Efficiency of educational expenditure 0.1
r Interest rate 1
6o Proportion of skilled workers in the initial period 0.01

proportion of skilled workers so that we can better observe the economic development. We thus
set the initial value of 0 to be 1 percent (i.e., 6p = 0.01).

There are two additional key parameters: the fertility rate 7 and the wage differential w. In
our numerical exercises, we consider two sets of values: (1) each individual bears 1.4 children on
average, and a skilled worker’s wage is three times as high as an unskilled worker’s wage (n = 1.4,
w = 3), and (2) each individual bears 1.6 children on average, and a skilled worker’s wage is four
times as high as an unskilled worker’s wage (n = 1.6, w = 4). Given the above information, we
compute the optimal intergenerational contract as 7% ~ 0.02.

Figure 1 illustrates the first set of simulation results given a fertility rate of n = 1.4 and a wage
differential of w = 3. The dark bars represent the absence of an intergenerational contract (section
3) and the gray bars represent the presence of such a contract (section 4). There are three plots,
each of which displays the evolution of educational expenditure per child (E;), public consumption
per member of generation t (Gy), and social welfare (V).

Plot (a) charts that both dark and gray bars exhibit an increasing trend in height. As the econ-
omy begins with 1 percent of skilled young workers, the growing educational expenditure raises
the proportion of skilled workers over time (equation (2.6)), giving rise to continuous economic
development. Gray bars are taller than dark bars, signifying that an intergenerational contract stim-

ulates educational spending. In the long run, the height of gray bars remains at E = 0.692, with a
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Figure 1: Dynamics of Public Expenditure and Social Welfare (n = 1.4 and w = 3)
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proportion 8 = 9.14% of the working-age population being skilled workers. In contrast, dark bars
show that the educational spending is kept at E = 0.682 in the steady state, which corresponds to
a proportion 8 = 8.97% of skilled workers.

Although the introduction of a pay-as-you go intergenerational contract facilitates human cap-
ital accumulation, it may undermine the provision of public goods. In Plot (b), dark and gray bars
display different trends. The intergenerational contract allows every generation to consume more
public goods than their parents did until the steady-state level of public consumption G = 0.033
is achieved. In contrast, the absence of intergenerational transfers leads to regressive public con-
sumption, largely due to the crowding-out effect of the expanding educational expenditure. Specif-
ically, public consumption per capita decreases from 0.085 in period 1 to 0.066 in period 23. This
outcome echoes the prediction of Proposition 1(b).

Plot (c) of Figure 1 compares the evolution of social welfare with and without intergenerational
contract. Both dark and gray bars display a rising trend in height, indicating that the future gen-
eration will enjoy a higher social welfare than the current generation. Nevertheless, dark bars are
always taller than gray bars, although their gaps become narrower when the economy approach-
es to the steady state. Interpreted literally, the absence of intergenerational contract tends to be
welfare-improving.

We redo the simulation in another configuration in which the fertility rate and the wage differ-
ential are set to higher values. Figure 2 charts the set of simulation results contrasting E¢, G¢, and
V4 in the two regimes given the fertility rate n = 1.6 and the wage differential w = 4. In plot
(a), the educational expenditure increases over time, which parallels the growth in the proportion
of skilled workers until a steady state is achieved. Plot (b) illustrates that the implementation of
the optimal intergenerational contract results in a lower steady-state level of public consumption.
These two outcomes are almost the same as in Figure 1(a) and 1(b).

In plot (c) of Figure 2, the heights of both dark and gray bars increase over time and approach
to their respective steady-state levels. To be concrete, social welfare increases from 1.73 in period
1 to 4.51 in period 23 without intergenerational transfers, yet it increases from 1.62 in period 1
toward 4.53 otherwise. Dark bars are generally taller than gray bars in the first two periods and fall
shorter from the third period onward. In the long run, social welfare is higher when the optimal

intergenerational contract is implemented. We can see that a relatively high population growth rate
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Figure 2: Dynamics of Public Expenditure and Social Welfare (n = 1.6 and w = 4)
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allows each young individual to bear a smaller share of cost in supporting public consumption of
the old, which may lead to a dynamic Pareto improvement for all generations.

In most literature, 1 + » < n is a simple criterion assessing the welfare-improving effect of a
PAYG program. Our simulation example suggests that even in the case 1 +r > n, an intergen-
erational contract may improve social welfare. This is largely because in our model with a PAYG
program (section 4), children are treated as an investment good: parents financially support public
education for their children, who in turn finance parent’s public consumption in future. Given the
assumption that children provide their parents with public consumption, parents are inclined to

spend more on children’s education, which creates mutual benefits to both generations.

6 Robustness of the Model

In this section, we aim to examine the robustness of our model by relaxing some simplifying
assumptions and discussing potential extensions. Specifically, we explore a more profound rela-
tionship between a parent’s skill and her child’s skill in section 6.1 and allow for a time-varying
relative wage of skilled workers in section 6.2. We then consider the distortionary effect of tax

collection on labor supply in section 6.3 and endogenous fertility in section 6.4.

6.1 Family Background and Children’s Human Capital

We assume the parameter p > 1 as in equation (2.3), meaning that children with skilled parents
have an advantage in accumulating human capital and becoming skilled than those with unskilled
parents. The importance of parental human capital in shaping a child’s human capital has been con-
sistently documented in the literature (See Hanushek (1996) for a survey). In addition to parental
skill and school education, some other elements, such as parents’ time and effort in educating their
children, also matter to children’s human capital. Many empirical studies find a positive influ-
ence of home education on children’s academic achievements (Behrman, Foster, Rosenzweig, and
Vashishtha 1999, Ramey and Ramey 2010). A person’s cognitive skill is largely developed in the
early environment created and maintained by her parents (Heckman, Pinto, and Savelyev 2013, Al-
mond, Currie, and Duque 2018). There is also supportive evidence that home environment affects

children’s learning efficiency at school (Vernon 1979).
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Based on the above analysis, we now relax our assumption by formulating a more generalized

expression of a child’s quality in period t as

gt = q(xi_1, Et, 1), 6.1)

where Xf‘—l is an indicator of parental human capital, h; denotes the time that an i-type member of
generation f spends in educating her child (i.e., home education). Parents’ time in educating their
children entails a cost: an increase in hi decreases an i-type parent’s working time and hence her
earnings.

Equation (6.1) or a similar formulation is often used in earlier theoretical literature (e.g., Ben-
abou 1996, De la Croix and Doepke 2003, 2004). This literature suggests that there are often two
opposite effects shaping the choice of hi. On one hand, a parent with greater human capital is more
efficient in undertaking home education so that she would devote more to educating children. On
the other hand, a parent with greater human capital receives a higher wage, which means that she
faces a larger opportunity cost of educating children. In equilibrium, these two effects often cancel
out each other, leaving all parents spend the same amount of time in educating their children (i.e.,
h; turns out to be constant across population and thus independent of 7).

Equation (2.3) shows that there are two different levels of parental human capital only (i.e., the
skilled and the unskilled), which can be regarded as a reduced form of (6.1). We may simplify
(6.1) as follows:

q; = p(xi_1, hi) In(1 4 oEy). (6.2)

Cremer, De Donder, and Pestieau (2010) develop a two-skill setting where skilled parents are more
likely to have skilled children than unskilled parents in the presence of elitism of public education.
Following their study, we normalize the learning efficiency of children with unskilled parents to
be one and set the learning efficiency of children with skilled parents to be greater than one, i.e.,
p(xi_ hi) =1ifi =wuand p(x}_;, hl) = p > 1ifi = s. From the above reasoning, we can see
that our modeling strategy, which captures the dependence of a child’s quality on parental human

capital, is a reasonable simplified form of a more generalized formulation.
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6.2 Time-Varying Wage Differential

In our simple model, we consider a small open economy where the relative wage of skilled to
unskilled workers is exogenous and constant over time. Yet a more realistic and generalized setting
may be that the relative wage is endogenous and time-dependent. This section studies the case that

the wage differential of one generation is governed by the proportion of skilled workers:

wy = w(6). (6.3)

The sign of w’(6;) may be ambiguous. On one hand, the law of diminishing marginal returns
implies that holding other things fixed, the increased number of skilled workers results in a lower
marginal product of skilled labor and hence a lower wage rate, namely, w’(6;) < 0. When the pro-
portion of skilled workers is high, the welfare-maximizing government tends to curb its adverse
impact on the wage rate of skilled workers by limiting the increase in skilled labor force. Accord-
ingly, the government needs to allocate resources from public education toward other expenditure
categories.

On the other hand, the increased number of skilled workers may create the agglomeration of
human capital, which in turn facilitates their learning from each other and improves labor produc-
tivity. As such, the more the skilled workers, the higher their wage rate, i.e., w’(6¢) > 0. This pos-
itive link 1s not divorced from empirical evidence. For example, Rosenthal and Strange (2008) find
that the human capital concentration benefits wage growth. Karlsson and Grasjo (2014) demon-
strate that such a beneficial effect is prominent in high-tech knowledge-intensive firms. Earlier
theoretical studies have analyzed the importance of human capital externalites in the determination
of wage rate. Lucas (1988) and Becker, Murphy, and Tamura (1990) introduce the average human
capital into the production function showing that labor productivity increases with the average la-
bor skill. Fan and Stark (2008) also specify the positive association between skilled workers’ wage
rate and their share in labor force. Given that positive externalities are sufficiently large, as in a
knowledge-based economy, the government may find it desirable to contribute more resources to

public education even if skilled workers account for a large proportion of labor force.
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6.3 Costs of Taxation and Redistribution

Our simple model abstracts from informational asymmetry and administrative costs of taxation
and government expenditures. Under this assumption, we develop Proposition 5 that all individuals
have the same after-tax income level, namely, w — T° = 1 — T*. However, this result may not
hold if tax collection entails a cost. Specifically, the government’s design of the income tax rate
and/or transfer payment may induce a reduction of labor supply or tax evasion behaviors.

Since the seminal contribution of Mirrlees (1971), there has been vast literature examining how
income taxation affects people’s labor supply and social welfare given asymmetric information.
While a benevolent government has an incentive to mitigate wage inequality by levying an income
tax on high earners, it is also aware that an overly high tax discourages labor supply and dampens
productivity (e.g., Cremer, Pestieau, and Rochet 2001). Therefore, the government needs to strike
a balance between redistributing income from the rich to the poor and reducing the disincentive
effect of taxes on labor supply.

Moreover, there are often substantial administrative costs associated with taxation and redistri-
bution. For example, a high tax rate may trigger strategic tax evasions in an underground economy
(e.g., Allingham and Sandmo 1972, Slemrod 2007). It is often a challenging task facing the gov-
ernment to find the desirable formula to ensure that taxation brings in enough revenues to pay for
a wide range of public services without demoralizing taxpayers.

Considering the potential fall in labor supply and tax evasion, the government tends to lower
income tax.® As such, a skilled worker may get a higher after-tax income than an unskilled worker,
and the income gap is an increasing function of the cost associated with taxation. Because infor-
mational asymmetry and administrative costs tend to decrease with economic development, a more

advanced economy may place a greater emphasis on taxation and redistribution.

6.4 Endogenous Fertility Choices

Our model considers that all parents have the same number of children for simplification. Much

received literature analyzes endogenous fertility. For example, Becker and Lewis (1973) posit that

6 Auerbach and Hines (2002) and Piketty and Saez (2013) provide surveys on the optimal taxation evaluating these
tradeoffs.
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parents, who obtain utility from both quantity and quality of their children, may substitute quality
for quantity under certain conditions. Willis (1973) extends Becker-Lewis model showing that the
time and pecuniary constraints influence parents’ choices of the quantity and quality of their chil-
dren. De la Croix and Doepke (2003, 2004) address the negative link between a person’s income
and fertility, suggesting that this fertility-differential effect accounts for most of the empirical re-
lationship between inequality and development. Other related literature on endogenous fertility
includes Galor and Weil (2000), Fan and Zhang (2013), and Varvarigos and Zakaria (2013).

We proceed to discuss how the negative income-fertility relationship influences the main result
of our model. When the skilled have fewer children than the unskilled, it is welfare-improving
to reallocate educational resources from the rich to the poor by the law of diminishing returns.
Besides, with an increased educational expenditure in the current period, there will be a greater
proportion of skilled workers in the next period, leading to a lower average fertility rate. In that
case, future generations will receive a higher level of educational expenditure per person, which
constitutes a virtuous cycle. Overall, allowing for endogenous and differential fertility may rein-

force the importance of public education and the income redistribution.

7 Conclusion

From the perspective of public finance, tax revenue and government spending are two sides of
the same coin. This paper adds to the literature on the optimal allocation of government spending
by incorporating individual heterogeneity and intergenerational mobility. In our model, a govern-
ment plans its expenditures according to the objectives of social protection, public education, and
consumption of public goods and services, each addressing a different aspect of social welfare. To-
tal public revenues, which come from income taxes, impose a constraint that necessitates trade-offs
between these competing objectives, thereby affecting the composition of government spending.

Our model considers individual heterogeneity in terms of skill in a dynamic setting in which
individuals differ not only in earning capacity but also in the intra-family influence on children’s
learning efficiency. We first analyze the case that each generation maximizes their own expected
utility without making direct wealth transfers to their parents. Our analysis suggests that in the

steady state where the proportion of skilled individuals remains constant, the educational expen-
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diture increases with the learning efficiency of skilled workers’ children and the wage differential
but decreases with the fertility rate. Also, under some configurations, expenditure on public con-
sumption is inversely related to the learning efficiency of skilled workers’s children but positively
related to the wage differential and the fertility rate.

We then investigate the optimal allocation of government expenditures with intergenerational
wealth transfers. If there exists a PAYG program allowing that the young generation devote a
certain proportion of their income to support the public consumption of the old generation, our
model delivers some different implications. By examining the transitional dynamics, we show that
educational expenditure and public consumption tend to increase with economic development. A
higher fertility rate leads to a cut in educational expenditure yet an increase in public consumption.
We also characterize the intergenerational contract that maximizes the steady-state social welfare.
Finally, we conduct a quantitative simulation comparing the welfare consequences of the regime
without an intergenerational contract and that of the regime with the optimal intergenerational con-
tract. Our simulation exercise illustrates that the introduction of optimal intergenerational contract

may improve social welfare.
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Appendix: Mathematical Proofs

Proof of Proposition 1

(a) Differentiating E; in (3.7) with respect to 0 derives

_ Itatg (p=1)(I+a+e)[1+(w=1)8;+(1/0—8)n]
JE; _ (w—1) (1 + /3[1+(P—1)9t]> + ﬁ[1+(p—1)9t}2t <0 (A1)

00; 1+a+¢ 2
n(1+ o)

(b) Differentiating G; in (3.8) with respect to 8; obtains

0G; _ d(1+7r[(w—1)1+a+B+¢)—B(p—1)(1—-6n+n/o)] (A2)
00, [1+a+B+d+B(p—1)02 ’ '

which is negative if and only if (w —1)(1+a+ B3+ ¢) < B(p—1)(1 — én + n/o), namely,
condition (3.11) holds.

Proof of Proposition 2

Combining (3.7) and (3.12) obtains that in the steady state,

e — 1 B+ (p—1)8)[1+ (w—1)0 —sn)/n— (1+a+d)/o

+ 1} , (A3)

o l+a+p+d+pB(p—1)0
N 0 _ln{ﬁ[1+(p—l)@][o/n+0(w—1)9/n—50]—(1—|—cx+d))
1+(p—1)6 I1+a+B+¢+pB(p—1)0
which is equivalent to (3.13). We can infer from (2.6) that
*n6;N.
ForO =1, 6 —1"0NeF0_ e gy, (A.4)
Niyq
0+ g¥nN.
For0; =0, 0= 9" _u s g g, (A.5)
Niiq

The above two equations demonstrate that the proportion of skilled workers decreases over time
if it starts from 100% but increases over time if it starts from zero. Given that ;1 is continuous

in 0 over the closed interval [0, 1], the intermediate value theorem suggests that there exists 6; =
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Figure 3: The Locus of the Proportion of Skilled Workers

Orr1A

1 Or1 = 0;

N\ 457

0;41 = 0 € (0,1), which determines the (nontrival) steady state. Differentiating 6;,1 in equation

(2.6) with respect to 6; and using Proposition 1(a) yields

dO; 1
do;

[1 + (p - 1)9t]O'Et dEt
1+ oE; d6;

= (p—1)In(1+0E) +

> 0. (A.6)

Figure 3 presents a graphic illustration of the locus of 6; in the space (6, 6;11), where points
(64, 0;41) for all t are interconnected by a dark curve. This curve passes through the straight dashed
line 0y,1 = 6; (the 45 degree line) from above. This crossing point corresponds to the steady state

(as represented by S), at which the locus has a slope of

dO; 1

0< 0,

< 1. (A7)

Therefore, the point S is a stable equilibrium, to which the nearby solutions converge asymptoti-

cally. We draw arrows to describe the direction of motion near S.

Proof of Proposition 3

By (3.13), we introduce the following notation:

1-60+0/n+(w—1)0c/n

1+a+¢
L+ a0 19

Z(0;p,w,n) :=[14 (p—1)6] ln{ } —-0=0. (A.8)
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It is straightforward to derive from (A.8) that

0Z 0Z 0Z
S0 Si<0 S0 (A.9)

By inserting (A.8), we rewrite (2.6) to obtain Z(6;) = 0;1 — 6;. Differentiating Z with respect to

0; and then using (A.7) yields
dZ(6:) _ dbrq
do; do;

-1<0. (A.10)

Totally differentiating (A.8) and then using (A.9) and (A.10) obtains

97
0Z 0Z de Er)
Cgo+Zdp—0 = T —_2, (A.11)
00 p dp a_éZ
bY4 37 46 oz
azd azd B o ¥

Differentiating (3.12) with respect to 8 shows that E and 0 are positively related:

JE 1 _e¢ _ 14 (p—-1)0—-06(p—1) 1+0E

— . el+(p71)9 .

W o 1+(—-1602  ol(p—1)0+1]2

> 0. (A.14)

Differentiating E in (3.7) with respect to p and using (3.8) yields

dE. BO(1+a+ @)1+ (w—1)0+ (1/0 —8)n] OE 0
dp nl+oa+pB+¢+p(p—1)607 90 9p
BO(1+a+ ¢)G +a_Ea_9
np(1+r)l+a+p+¢+pB(p—1)0] 0909dp

>0, (A.15)

because the first term is positive in equilibrium, and the second term is positive by equations (A.11)

and (A.14).

Differentiating E in (3.7) with respect to n yields

dE _ p[1+(p—1)6J[1+(w—1)8]  OE 0

dn ~ (LtatBtot o 1ol a0an = (A.16)

because the first term is negative, and the second term is also negative by (A.12) and (A.14).
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Differentiating E in (3.7) with respect to w obtains

dE 0 LOED0
dw T+ate 90 ow
Yo (1 + —mu(pfl)e]) @

0, (A.17)

because the first term is positive, and the second term is positive by equations (A.13) and (A.14).

Proof of Proposition 4

In the steady state, the public consumption per old adult in (3.8) can be written as

(1414 (w—-1)0+ (1/0 — &)n]
¢ = l+a+pB+¢+pB(p—1)0 ' (A.13)

Differentiating G in (A.18) with respect to 0 obtains

G ¢(1+nj(w—1)1+a+p+¢)—pL(p—1)(1—-6n+n/o)]

— = , A.19
20 I+atB+od+plp—1)02 (&.19)
which is nonpositive if and only if condition (3.11) holds.
(a) Differentiating G in (A.18) with respect to p obtains
dG  Bp(1+7)[1+ (w—1)0+ (1/o—5)n)6  9Gao (A20)

dn l+a+B+o+B—102 ' 909p"

where the first term is negative, and the second term is nonpositive by (A.11) and (A.19) if and
only if condition (3.11) holds.

(b) Differentiating G in (A.18) with respect to n obtains

G ¢p(1+1)(1/o—0) 3G 90

dn ~ T+a+B+¢+plp—1)0 20 on’ (A21)

where the first term is positive if 0 < 1, and the second term is positive by (A.12) and (A.19) if
and only if condition (3.11) holds.

(c) Differentiating G in (A.18) with respect to w obtains

G d(1+1)0 L 3G a0
dv 1+a+pB+¢+pB(p—1)0 90 0w’

(A.22)

32



where the first term is always positive, and the second term is positive if and only if condition

(3.11) is not satisfied.

Proof of Proposition 6

Differentiating T° and T" with respect to 8 obtains

oTs  oT" 1+a)[(w—-1)14+a+B+¢)—B(p—1)(1 —dn+n/o)]
2

, (A.23)

0 90 1+a+B+d+pB(p—1)6]

which is positive if and only if (3.11) holds.

(a) Differentiating T° and T" with respect to p obtains

dT* _ dT" _ BO(1+a)[1+ (w—1)0+ (1/0 —8)n]  IT° 30 A2
do  dp 1+ a+ ¢+ B(1+p0—0)]2 99 dp’ '

where the first term is positive, and the second term is positive if and only if condition (3.11) is
satisfied.
(b) Differentiating T° and T" with respect to n yields

iT 4T (1+a)(1/o—0) aT 30
dn — dn  o[l+a+B+¢+pB(p—1)0] 90 on’

(A.25)

where the first term is negative if and only if 06 < 1, and second term is negative by (A.12) and
(A.23) if and only if (3.11) holds.

(c) Differentiating T° with respect to w obtains

dr*  (1+a)(1-0)+B+¢+pB(p—1)6 IT° 00

= —, A.26
dw T+atB+étplp_1)0 30 9w (A.26)
where the first term is positive, and the second term is positive if and only if (3.11) holds.
Differentiating T" with respect to w obtains
ar 1 0 aT" 00
_ (1+a) (A27)

dw ~ 1+a+B+¢d+B(—-1)0 00 ow’

where the first term is negative, and the second term is negative if and only if (3.11) is not satisfied.
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Proof of Proposition 7

(a) Rewrite (4.10) as g(6¢, E¢) = 0. Differentiating ¢ with respect to E; and 6; obtains

Lontie 0l _ 5 |+ (1/0+ E)

n

9% = (14+«a) [

oE; [(1—T)[1+(w—1)9t} s Et]z
+ ¢ HE;E >0, (A.28)
e +In(1 "E*)} t
a_g _ (1+a)(1/0+ Ey) (1—T)(w—1)_ﬁ(p_1)
00; [(1—7)[1Z(w—1)9t] s Et]z n
— Plo—1)(w—1) <0. (A.29)

14 (w—1)[1+ (p—1)6]In(1 + oEy))?

Totally differentiating ¢ with respect to E; and 0; and rearranging yields

g g dEy dg/d06;
89td9t + aEtdEt =0 & o 32/ 9E; > 0. (A.30)
. dy _ dg
(b) Rewrite (4.10) as y(p, Er) = 0, where ==~ = > 0. Moreover, we have
oE;, OE;
Yy 10) 1 —06;
o 1 In(1+ oE Tw-1 i+ (p-Dor P
{<w—1>[1+<p no] +In(l+o f)}
- $(w — 1) 5+ 6 p < 0. (A31)
{1+ (w—-1)[1+ (p—1)6In(1+ 0E;)}

Totally differentiating y with respect to p and E; and rearranging yields

Ay oy B dE; B dy/dp
0 =—dp + aEtdE 0 & dp = ay/aEf > 0. (A.32)
. Jz _ dg
(c) Rewrite (4.10) as z(n, E;) = 0, where — = > (. Moreover, we have
oE; OE;
~1
9z _ (ag) 1+a)/o+ E)A D+ @ -10] _, (A33)
on oE; {1—1)[1+ (w—1)6] — (6 + Ef)n}
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Totally differentiating z with respect to n and E; yields

0z 0z B dE;  dz/on
guintapdb =0 e =g <0

oh 0
(d) Rewrite (4.10) as h(w, E;) = 0, where 3E = % > 0. Moreover, we have
t t

oh _ —(A+a)(1/o+E)(1—-1)0: $[1+ (p—1)6/]

ow o [A=Dt@-18] _ 5 Etr' {14+ (w—1)[14 (p—1)6/]In(1 + 0E)}?

n

Totally differentiating & with respect to w and E; yields

o n dE,  oh/ow
Gl R AR =0 & =g >0,

Proof of Proposition 8

Plugging (2.6) into (4.3) obtains
Gt =nt{l+ (w—1)[1+ (p—1)6]In(1+ gE;)}.

Differentiating it with respect to 6, p, and w obtains

ljl_(;tt = nt(w—1) [(p —1)In(1+0E) + o J1r4(rpa_}3t1)9t] lej v
% = nt(w—1) {Qt In(1+0E:) + -t J1F4(—pcr_15t1)9t] ZZ—H "o

% = 7+ 7(w—-1)[1+ (p—1)6] {ln(l k)t —(:ZEt%] -
% — nt[l+ (p—1)6] [hl(l +oE) + Ul(ﬁ—;E?il_ﬂ -0

Proof of Proposition 9

Rewrite (4.10) by using (2.6) as
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(A.34)

< 0.

(A.35)

(A.36)

(A.37)

(A.38)

(A.39)

(A.40)

(A.41)



(1+a)(1+ oE) o1+ (p—1)6]

+B[1+(p—1)6]

o { (1—7)[1:9(10—1)] 5 E} N ﬁ +0
0
1+ ax)et+le-10 P(w—1
= S — =+ (-0 [p+ 2L
o(1-1)[14+6(w—1)] 41— 06— eTie-10 1+ Q(ZU — 1)
n
0 0
o(l—1) 10 405—1 1+« el+(e-10
= = + . , A42
" T1o(w—1) " 1+(p=1)0 B+BOLP)(w—1) ™+
which implies that condition (4.11) holds.
Proof of Proposition 10
The welfare-maximizing 7 satisfies the following first order condition:
dv(t) ¢ dVdo 0. (A43)

it 7 aedr
V is a continuous function of (8, T) where 8, T € [0, 1] constitute a compact set. Therefore, the

optimal 0 and T must exist.
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