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Lumped port-Hamiltonian burning plasma control model
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Abstract—In this contribution, we apply a spatial structure-
preserving discretization scheme to a 1-D burning plasma
model. The plasma dynamics are defined by a set of cou-
pled conservation laws evolving in different physical domains,
matching the port-Hamiltonian formalism in infinite dimension.
This model describes the time evolution of magnetic, thermic,
and material plasma profiles. A structure—preserving spectral
collocation method is used to discretize the set of Partial
Differential Equations (PDEs) into a finite—~dimensional port—
Hamiltonian system, a set of Ordinary Differential Equations
(ODEs). The discretization scheme relies on the conservation
of energy, based upon the transformation of Stokes-Dirac
structures onto Dirac ones. Transport models and couplings
are chosen to match with the experimental Tokamak ITER.
Among the couplings, we include bootstrap and ohmic currents,
ion—electron collision energy, radiation loses, and the fusion
reaction. The obtained control model is compared with two
steady—state operation points obtained from a physics—oriented
plasma simulator.

I. INTRODUCTION

In this paper, we are interested in the derivation of
a finite—dimensional (lumped) structured port—Hamiltonian
control burning plasma model. A special attention is given
to the considered geometric preserving spatial discretization
scheme. This contribution follows the modelling stage of
control structured burning plasma port—Hamiltonian models
initiated in [11] and [12], where a 3-D port—-Hamiltonian
model was geometrically reduced into a 1-D one. The spatial
reduction relied on the quasi—static plasma equilibrium of
the momentum balance equation and the assumption of
axial symmetry of the plasma [1]. The structure—preserving
method provides us a 1-D burning plasma control model.
Lumped models enable us to validate control models, to
develop, and, to implement control laws [15].

Tokamaks are experimental toroidal shaped devices in which
the fuel reaches high energy levels and takes the form
a plasma [16]. Plasma profile control remains a key step
toward the operation of a future carbon free energy pro-
duction device without nuclear waste. Tokamak plasmas
are modelled by a set of balance equations governing the
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electromagnetic and kinetic physical domains. Indeed, in the
proposed model, Maxwell’s laws are describing the electric
and magnetic fields while mass, momentum, and energy
balance equations are governing the particle density and
temperature profiles. Infinite—dimensional systems described
by balance equations can be represented within the port—
Hamiltonian framework [9]. A proof of concept for mag-
netic plasma profile control within the port—-Hamiltonian
framework was proposed in [15]. We are now extending the
plasma model to burning plasmas by including the fusion
reaction and the species balance equations. The cornerstone
of plasma model resides in the selected closure equations
and couplings equations from which nonlinearities arise.
Transport coefficients depend on the state variables and
the plasma geometry [1]. Distributed sources/sink terms in
the balance equations are modelled by nonlinear relations
expressed mostly by scaling laws. Among the couplings,
we considered bootstrap and ohmic currents, ion—electron
collision energy, radiation losses and the fusion reaction.
With this model, we can address control issues for full power
steady—state operation of the future experimental Tokamak
ITER [4].

The discretization method applied here preserves the spec-
trum properties [14]. The discretization technique is based on
the approximation of effort and flow variables in appropriate
spaces such that the exact derivation is known, and the
product of effort and flow variables (the power) is exactly
computed [6]. The discretization method is applied to all
balance equations defining the plasma dynamics. Numerical
results obtained from the proposed model are compared with
METIS simulation data [5]. The control model is compared
with two ITER steady—state operation points, defined by a
total plasma current of 9 and 15 mega—amperes.

The paper is structured as follows. In section II, the 1-
D burning plasma model is recall. Section III is dedicated
to the presentation of the spatial discretization scheme. In
section IV the lumped burning plasma control model is
derived and compared with two experimental steady-—state
operation scenarios.

II. 1-D STRUCTURED BURNING PLASMA MODEL

Under the quasi-static equilibrium and axial symmetry
assumptions, the plasma is structured as nested magnetic
surfaces [1]. Each surface are indexed by a radial toroidal
flux coordinate p = /®/(nB;), where ® is the toroidal
magnetic flux, By the vacuum magnetic field at the major
radius R,. We assume in the following that ® is given. A
normalized coordinate system z € II = [0, 1] is adopted
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and plasma dynamics are defined by 1-D partial differen-
tial equations for the electro—magnetic, heat, and particle
transport equations. A linear Stokes—Dirac structures can
be identified in these balance equations. We recall here the
model proposed in [12]. The system is composed of five
balances equations: one for the magnetic field, two for the
internal energy (electron and ion temperature profiles are
different), and two for the particles (one for the electrons
and one for the helium, the product of the fusion reaction).

A. Electro-magnetic part

The 1-D reduced Maxwell’s equations govern the electro—
magnetic part of the plasma dynamics and take the following

form:
_ 9
)= 7)) -0 o

where f, = —8,D,, fo = —0,By, e; = E4, ey = Hy,
and f, = J¢. B, D, E, H, and J denote the magnetic flux,
the electric flux, the electric field and the magnetic fields,
and the current density, respectively. Subscripts ¢ and 6
denote the poloidal and toroidal components of a variable.
The balance equation is closed with the Ampere’s law:

Co(t,z)=
e, = 2Ip, @)
Ho
where 11, is the vacuum permeability, and the Ohm’s law:
ey = n(t, 2)Cs(t, Z)johmv 3)

where 7)(t, z) represents the plasma resistivity. The ohmic
current J,, is the difference between the current J, and
the non-inductive one .J,;. The current J; is the reduced 1-
D non—inductive plasma current. The non—inductive current
is the sum of all external currents J,, and the bootstrap
current is denoted Jy, (see section IV-D, or [16]). The total
plasma current J,,, is the sum of the ohmic current .J,,, and
the non—inductive one j¢, that includes couplings and input

source terms. Boundary conditions are as follows:

f2 = ZIZ:O :07

The first condition expresses the symmetry at the plasma
center and the second is the plasma loop voltage, a control
input. Geometric coefficients Cy and C5 are known and
defined in [1].

Remark 1: Under the assumption that ﬁ¢ is at steady—
state (the displacement current is small compared to the
inductive current), model (1) is equivalent to the resistive
diffusion equation [17]:

oy 10 /1 _op\ 1 _

Cy
with %(t,2) the poloidal magnetic flux defined such

61|z:1 = Vioop(t) eR. (4)

that EQ = —% and %—f = E¢. Boundary conditions (4)
are retrieved:
oY oY
- =0, and, - = Voo (£)-  (6)
0z 2=0 ot z=1 b

B. Kinetic part

The plasma kinetic part is described by mass and in-
ternal energy balance equations. The following particles
are present: electrons, deuterium, tritium, helium, impurities
(required for realistic radiation losses). Under the plasma
quasi—neutrality assumption, particle densities are subject to
the following constraints n,(t, 2) Zy(t, 2) = >, Zin,(t, z)
and n(t,z) = Y, Z,n,(t, z), where sums are carried over
all ion species, and, Zeﬁc(t, z) denotes the plasma effective
charge. Furthermore, we assume equipartition of deuterium
and tritium within the plasma. We thus consider two particle
balance equations, one for the electron and one for the
helium.

1) Heat transport equation for electrons and ions: The
internal energy balance equation of a particle a (electron or
ion) is given as an implicit Stokes—Dirac structure of the

form
AY (0 =&\ (e 1
G- F)@)@)r o

where f; = Je,/0t, fy = ¢, €4 = T, e = —0T,/0z,
and f;, =V’ Q,, denote the time derivative of the internal
energy, the heat flux, the temperature profile, the temper-
ature gradient, and the distributed internal energy source/
sink term, respectively. By definition, the internal energy
is e,V'3n,T,. The geometric coefficient V'(t,z) denotes
the spatial derivative with respect to the spatial coordinate of
the plasma volume V' (¢, z). The heat flux g, (¢, z) is assumed
to be driven by the temperature gradient such that

0t:7) = Gimx, ®

where G, (t, z) is a known geometric coefficient, and x, (¢, 2)

represents the heat diffusion flux transport coefficient. The

heat transport equation is subject to the following boundary
conditions
oT,

0z |,_,

=0, and T,t,1)=T,, €R, (9
where the first condition expresses the plasma symmetry and
the second is the plasma edge temperature. The conservation
law associated to (7) is

e —
Yu s D W)+ VR,

Remark 2: Two temperature profiles are considered, one
for ions and one for electrons. An alternative approach would
be to introduce an average temperature as in [17] and [13].
Since both temperature dynamics are governed by conser-
vation laws, the methodology remains the same for both
equations. The ion temperature is the average temperature
of all ions (helium, deuterium and tritium).
The source terms vary with the species a: for ions Q; =
@e,i Jr@fum +@ext7i, respectively, the ion electron collisional
energy transfer, fusion, and, external sources; for electrons
Qe = _Qe,i + Qohm - Qrad + qus,e + Qex[,e’ where con-
tributions results from ion—electron energy transfer, ohmic
source, radiation losses, fusion reaction and external sources,
respectively. More details are provided in [5].

(10)
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2) Particle conservation laws: Reduced 1-D particle bal-
ance equations take the form of parabolic equations:

on g /(. , —
a - F /P
ot 82<V a>+v @

where n,(, z) and P, denote the particle density profile, and
the density distributed source term, respectively, and gather
all external sources of particles. The particle flux is modelled
as a diffusion process:

V/

(1)

on
r,(tz=G,D,—~,

a( Z ) 1+~a o2
where D, denotes the particle diffusion transport coefficient.
Equation (11) is subject to the following boundary conditions

on,
0z

12)

=0, and
z=0

na(t7 1) = Ng1 € R? (13)
where n,, is the particle density at the plasma edge. Particle
diffusion equations (11) are defined by the same implicit
Stokes—Dirac structure as the heat transport equation (7),
where coefficients are: f; = 9(V'n,)/0t, fo =T, e = n,,
ey = —0n,/0z, and f; = V'P,,. Particle source terms result
from the contribution of the fusion reaction, and the external
inputs terms: pellet injections or gas puffing [5].

C. Transport and couplings

Subsystems are coupled through nonlinear distributed
transport coefficients and source terms. A diagonal trans-
port model is privileged [10], and transport coefficients are
defined as follows.

o The plasma resistivity 7(t, z) is modelled according to
neoclassical theory [8]. This parameter is a function of
the plasma toroidal magnetic profile and of the electron
temperature.

e The plasma ion thermal diffusion coefficient is defined
according to the Chang-Hinton formula [16]. This
model is valid for different transport regimes and take
into account impurities. This transport coefficient is a
function of the toroidal magnetic profile and tempera-
ture profiles. The electron thermal diffusivity coefficient
is proportional to the ion one.

Nonlinear sinks/sources coupling terms include the follow-
ings phenomena.

« The bootstrap current density Jy, results from neo-
classical transport of trapped particles and is a non—
inductive current source [8]. This current is nonlinear,
driven by temperature and density gradient profiles, and
is inversely proportional to the poloidal magnetic flux.

o The ohmic heating results from the plasma resistivity
(Joule effect) and is defined as Q ., (¢, 2) = 1S o (J 1o —
jm) where Jy is the total plasma current density.

o The deuterium/tritium fusion reactivity, (ov)p, is
modelled with a scaling law [2]. Particle fusion den-
sity and heat transport fusion source terms are de-
fined as P (t,2) = np(t,2)np(t, 2){ov) pp, and
Qps(t,2) = e E, Py (t,2), respectively. The electron

fus

charge and the fusion energy associated to the Helium
are denoted e~ and E_, respectively.

o The Neutral Beam Injection (NBI) is a distributed
actuator source of current density, heat and momen-
tum. Here, we consider it to be a source of heat and
current approximated by a Gaussian shape deposition
profile [5]. Heat deposition is distributed to ions and
electrons [16, equation 5.4.12].

e The Electron Cyclotron Current Drive and Radio-
frequency Heating (ECCD/ECRH) and Ion Cy-
clotron Current Drive and Radio-frequency Heating
(ICCD/ICRH) provide external source of current and
heating for electrons and ions, respectively. In both
cases, the actuator deposition shape are approximated
by Gaussian curves [5].

o The radiation heating sink terms combine Line and
Bremsstrahlung losses. The model is similar to the one
used in [5].

e The pellet injection is assumed to be defined by a
Gaussian deposition shape profile.

A complete review of current, heating and particle actuators
can be found in the monograph [16].

III. STRUCTURE PRESERVING DISCRETIZATION

The spatial discretization procedure allows to express
the infinite—dimensional system into a finite—dimensional
one [6]. This discretization conserves the model structure.
The idea is to project the effort and flow variables in two
different approximation spaces:

N—-1
flt,2) = (£t)wi(2),
k=1 (14)

(e(t);wi(2),

e(t,z) =

o

Il
—

2

where f(t) € RV~! and e(t) € RV are time-dependent
coefficients. w/ (z) and w®(z) are base functions defined in
spaces £ = span(wg(z)) and F = span(w{(z)), respec-
tively, such that d(£) = F. After the reduction, the original
Stokes—Dirac structure becomes a Dirac structure [6]. The
exact differentiation implies the following condition on the
effort and flow vector time variables f(¢) and e(¢):

f(t) = De(t), (15)
where D € RIV=UXN denotes the differentiation matrix.
Efforts and flows are not of the same dimension (/N and
N — 1), therefore we introduce a projected effort €

é=M'e (16)

such that the power balance is non—degenerate:

G = e 10 =Mt a7 (7)

6871



Replacing all projected efforts and flows in the 1-D Stokes—
Dirac structure, one gets:

(1) =5 ) (@)
fip we(1) 0
(le)q - wo(O) weo(1) (Zi)

p
€oq 0 we(0)

(18)

Injecting the projected efforts (16) in the structure, the
following Dirac structure is identified:

()]G
(e 1)

where the interconnection matrix is defined by

19)

-D MT\
7D MT —1 O )
_we(o) we(l) NXxXN
and satisfies J = —J . The reduced finite—dimensional

version of Stokes—Dirac theorem in the conjugated approx-
imation spaces for the reduced effort and flow variables is
given by:

MD+D'M"—T,+T,=0, (20)
where trace matrices 7, € RV*N [ = {0, 1}, are
(T))ir, = wi(z = K)wi(z = k). 1)

In the case of homogeneous boundary conditions, efforts
at the boundary and, by extension, the trace matrices, are
given by T} = T, = 0. Homogeneous boundary conditions
are integrated within the discretization scheme. Indeed, an
appropriate choice of approximation basis function enables
us to only consider functions satisfying the boundary con-
ditions. For time—varying boundary conditions, they are
directly interconnected to the effort and flow variables in the
approximation bases in the finite—-dimensional state—space
model. Spatial distributed source terms and closure relations
are expressed in the same approximation bases.

IV. LUMPED CONTROL MODEL

The previously presented discretization method is applied
to the 1-D burning plasma model introduced in section II.
Constitutive relations are reduced by projection of efforts
and flows in the approximation basis and integrated over the
spatial domain II = [0, 1].

A. Resistive diffusion equation

Magnetic and electric fields are projected such that

N-1

By =Y (b(t))wi(2),

k=1

(22)

and

N-1

Dy=>_(d(t))wi(2). (23)
k=1

Bold variables b, d, and j € RY~! denote time-varying

coefficients for the electric, magnetic and current variables,

respectively. The reduced port—-Hamiltonian formulation of

equation (1) is given as

d\ [fo J, R_! 0/ G,d o
()= 5 (5 D) (G i) o

where J,,, = —J] € RV~ x RV~ denotes the intercon-
nection matrix, R, > 0 is the dissipative matrix which is
function of the plasma resistivity 7(¢, z), G, = G/ > 0 and
G, = G;g > 0 are the energy storage matrices. Boundary
control variable V] (t) is mapped through the boundary
input vector J, € RV~1, while j,; represents the distributed
non—inductive current source term. The approximate electro-

magnetic energy is given by the quadratic function
1
H(b(1),d(1) = 5 (dT(t)Geldu) +bT<t>Gmgb<t>) L 25)

where the electric storage matrix G, = G, > 0 is defined
as

(26)

<

1
Cu, = [ el hf )iz

and Gmg = Glg > 0, the magnetic storage matrix, is derived
from the Ampere’s law (2) such that:
C.
G . :/ lw{(z)w]f(z)dz
“ n Mo

The resistive element R, = R], > 0 is derived from the
Ohm’s law (3) such that:

n
Ren, = | frul (2l ()az
I -3

ij

27)

(28)

B. Heat diffusion equation

The discretized resistive heat diffusion equation is given
by

éa _ O Jea 0 0 Taea Qn,
O 0w )G 65D @

where e, (t) = V'3n,T,, J., = —J4y € RVL x RV-!
denotes the interconnection matrix, R = R} > 0 is
the thermal dissipative matrix, and G, = Gg > 0 is

the stored energy matrix. Note that the plasma boundary
temperature 7T,; is now included in the state equation (29)
through the vector J,, € R¥~!, Internal energy source/
sink terms are projected in the approximation basis and are
gathered in the term Q,. The internal energy for a species a
is projected such that

N-1
ca= D (e(t)),w](2)- (30)
k=1
Therefore the Hamiltonian function is defined by
1
Hr (eq(t) = 5ea(t) 'Gr,eq(t), (31)

6872



where the storage matrix G, = G,. > 0 is given by:

3 -1
GTa,ij :/ <2naV> wzf(z)wf(z)dz (32)
The resistivity matrix R;, = R > 0 is defined by
Ry = / XanaV' G (2w (2)dz,  (33)
a,ij I

and is derived from the projection of Fourier’s law (8) in the
approximation basis.

C. PFarticle diffusion equation

The lumped formulation of the particle diffusion balance
equation takes the following form:

B ) G o

where n,(t) is the particle density time—varying coefficient
associated to the chosen approximation basis, the plasma
edge density is fixed by variable n,; = 0. The electron
density profile is projected as follows:

MZ

)i (2 (35)

k:l

The Hamiltonian function associated to this sub-model takes
the quadratic form

H, = %na(t)TGnana(t), (36)
where
a,ij -

The dissipative element R,
following integral

R ] = / Delezf(z)
ij o

where we retrieve the particle diffusion flux equation (12).

=R, > 0 is defined by the

wl(2)dz, (38)

D. Coupled control model

The complete model is composed by the electro—magnetic
component (24), the heat diffusion (29), and the particle
diffusion equations (34). It generates a finite—dimensional
port—control Hamiltonian system of the form

OH
Ox

with J = —JT and R = R" > 0. The total Hamilto-
nian function being the sum of all Hamiltonians (25), (31)
and (36). Boundary and distributed inputs are gathered in the
last term in the right hand side of the state equation (39).

&= [J = R 5—(z) + gu, (39)

E. Sources and geometry

The discretized model include boundary coefficients with
the loop voltage, V. the plasma boundary temperature T, ;,
and particle density n,;. Reduced distributed source/sink
terms j.;, Q,, and P, are the projection of the reduced 1-D
non—-inductive current J distributed heat V'O Q.. and particle
sources in the approx1mat10n basis V'P,,, respectively. The
discretization scheme assumes the geometric coefficients Cl,

C5, G4, and V' to be known.

FE. Numerical results

A unique set of approximation functions is used for all
state equations. First-order Bessel functions are defined as
flow approximation bases, as they are eigenfunctions of the
linear and homogeneous resistive diffusion equations (5),
(10), and (11). This provide good eigenvalues approximation,
with a low number of functions [14]. Resistive and conser-
vative matrices derived in the reduced model are dependent
on the appropriate transport coefficients 7, x and geometric
coefficients C,, C5, Gy and V'. With non-homogeneous
distributed parameters, Bessel eigenfunctions are no longer
solution of the resistive diffusion equations. Integral are
computed with the Gauss quadrature formula at Chebyshev
discretization points such that for a given function f(x), one

gets .
JRLEIEED SERTRTEA)
0 k=1

where Chebyshev points are z,, = (1 - cos( (2’“ 11) ))
and the Gauss quadrature weights are given by

(40)

wy(zy,) = 2 - 1_(1_23%) 41)

The discretized model is evaluated for two ITER scenario
at different plasma currents, Ip = 9 MA, and 15 MA.
By definition, the plasma current is proportional to the
plasma current evaluated at its boundary [16]. Equilibria of
the discretized model are compared with METIS simulation
data. METIS is a physics—based oriented Tokamak plasma
code [5]. Geometric coefficients are those provided and
supposed to be constant with respect to time. Distributed
sources, including heat deposition and current density profile,
are provided by METIS. The loop voltage V,,,, is controlled
through a PI controller to fit the total plasma current I,(t).
The number of approximation basis is set to N = 6,
and Gauss—Chebyshev discretization points to m = 200.
Figures 1 and 2 present the steady—state equilibrium profiles
for Ip =9 MA, and 15 M A. The left side of each figure
represents the magnetic profile B, and the safety factor
profile ¢, and the equilibrium obtained by METIS The safety
factor profile is defined as ¢ = —1/(27)22, and is an
important quantity for advanced control problems [15].

The right sides of Figures 1 and 2 show the kinetic equilib-
rium profiles compared to the ones obtained in METIS. Plain
and dotted lines represent our discretized model and METIS
data, respectively. The reduced burning plasma model has
different steady—state profiles even if their shape remains
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Fig. 1. Magnetic and safety factor profiles (left), and kinetic profiles (right)
at steady—state for ITER scenario, 9M A of total plasma current, and average
density @ = 6, 1e'9m—3

of the same order of magnitude. An approximated shape
for the solution is enough as we are developing a control
model. Non—included phenomena in the developed model
justify the errors in the plasma profile equilibrium states. For
example, sawtooth effects that tend to stabilize the plasma
when a critical magnetic shear for ¢ = 1 is achieved. The
two equilibrium points of the discretized model are close
enough to the plasma behaviour to consider as a next step
the control of the total plasma fusion reaction [3].

V. CONCLUSION

In this contribution, we have presented and applied a
structure—preserving discretization method for a burning
plasma model. This model is described by a set of bal-
ance equations, formulated with Stokes—Dirac interconnec-
tion structure. The discretization scheme relies on the preser-
vation of one invariant, the Hamiltonian function. The dis-
cretized model is compared with data—sets generated by
METIS (a physics—oriented Tokamak plasma model) of two
steady—state operational points of ITER plasma. Key design
choice of the discretization method resides on the choice
of basis functions. Here, we have set the effort functions
as the eigenfunctions of the homogeneous resistive diffusion
equation ruling the plasma model. The discretization scheme
is independent of the choice of transport model, as long as the
balance equations structure remains unchanged. The reduced
structured burning plasma model provides good results at
steady—state. The model validity resides in the choice of
appropriate transport coefficients and couplings terms. We
have used here state of the art transport models [5].
Ongoing work concerns the model dynamical validation
around the equilibrium points, the inclusion of kinetic trans-
port coefficients on the material balances equations, and the
control of total fusion power of a burning plasma. Indeed,
the derived model in the present contribution is a strong basis
for future model based control, like IDA-PBC [7].
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