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Abstract

Actuarial risk classification studies are typically confined to univariate, policy-based
analyses: individual claim frequencies are modelled for a single product, without ac-
counting for the interactions between the different coverages bought by members of the
same household. Now that large amounts of data are available and that the customer’s
value is at the heart of insurers’ strategies, it becomes essential to develop multivariate
risk models combining all the products subscribed by members of the household in
order to capture the correlation effects. This paper aims to supplement the standard
actuarial policy-based approach with a household-based approach. This makes the
actuarial model more complex but also increases the volume of available information
which eases and refines forecasting. Possible cross-selling opportunities can also be
identified.

Keywords: Multivariate Poisson mixture model, Poisson-LogNormal, Poisson-Gamma,
Negative Binomial, a posteriori risk revaluation.



1 Introduction and motivation

Actuaries now routinely analyze insurance data with the help of Generalized Linear Models
(GLMs) and Generalized Additive Models (GAMs), including their mixed model extensions
with random effects capturing unexplained heterogeneity: risk selection, a priori classifica-
tion, experience rating, lapse prediction, etc. can be achieved with these tools. See e.g.
Denuit et al. (2007) for a comprehensive account of these regression techniques in nonlife
insurance.

However, actuarial risk classification studies are typically confined to univariate, policy-
based analyses: individual claim frequencies are modelled for a single product, without
accounting for the interactions between the different coverages bought by members of the
same household. We aim here to move from such marginal, policy-based actuarial analyses
to joint, household-based risk assessment. By proper inclusion of mixed effects in Poisson
model for claim frequencies, the unexplained heterogeneity as well as the dynamic nature
of insurance panel data collected for all products issued to members of the household is
accounted for, allowing for periodic revaluations based on previous claim experience.

These latent factors can then be combined using multiline credibility models so that
the correlation existing between the different products owned by the members of the same
household can be exploited for a posteriori corrections. The proposed multivariate credibility
models allow the actuary to gain access to the entire predictive loss distribution. The
conditional distribution of the latent factors, given past claims history of every member
of the household produces risk predictions, so that each member’s predicted claim frequency
depends on the numbers of claims filed by the other members of the household. Of course,
we mean here technical revaluations, not necessarily commercial ones (such mechanisms may
even be prohibited by law in some jurisdictions).

This is not the first proposal for a multivariate credibility model. We refer the reader
to the book by Bithlmann and Gisler (2005) for a comprehensive presentation of this topic
and its development up to the early 2000s. Since then, this topic has been further studied
by several authors, who provided convincing applications of multivariate credibility models.
Englund et al. (2008) included claim history for more than one line of business in insurance
pricing. They successfully applied their approach to data from two lines of business in a
portfolio of a Danish insurance company. See also Englund et al. (2009), Frees et al. (2010)
and Antonio et al. (2011). Thuring et al. (2012) proposed to use a multiline credibility
model to identify prospects for cross selling insurance products. This global approach allows
the insurer to target customers who are expected to report fewer claims with respect to a not
yet owned insurance coverage and cross-sell them that specific coverage. Besides correlated
latent factors in multiline credibility models, there are other approaches to account for the
correlation existing between the different products owned by the household. See for instance
Shi (2014), Shi and Valdez (2014) and Shi et al. (2016) for alternative approaches based on
copula modelling. Let us also mention the similarities with credibility models developed for
fleets of vehicles. See e.g. Fardilha et al. (2016) and the references therein.

So far, the literature about multivariate credibility models has mostly concentrated on
different business lines. In this paper, we consider the same insurance products issued to
several members of a household and we investigate the correlation structure of the respective
numbers of claims. Barseghyan et al. (2016) also considered households, but assessed the



dependence structure between the claim experience in motor and home insurance. In their
study, the numbers of claims in motor insurance were aggregated over households, and paired
with the number of claims in home insurance. Also, Shi et al. (2016) considered the Tweedie
model for the claim costs (to accommodate the massive zeros) related to different coverages
comprised in motor insurance and employed the Gaussian copula to jointly analyze the
semi-continuous claim costs in a multilevel context. In particular, they accounted for the
correlation among claims from multiple vehicles within the same household (all covered by
the same policy in the data studied by these authors).

In the present paper, we restrict our analysis to the compulsory third-party liability motor
insurance and study the dependencies between the numbers of claims filed by each member
of the household, parents and children. The model proposed for the respective numbers of
claims filed by each household member is not new in itself. Following the literature devoted
to multivariate credibility models, we use multivariate Poisson mixtures, with correlated
Gamma or LogNormal random effects (see e.g. Chapter 2 in Denuit et al., 2007). The main
contribution of this paper is more on the application side. The present study is conducted
on the motor insurance portfolio of a major insurance company operating in the EU, with
more than 1 million insured drivers. This extensive data set allows us to accurately analyze
the correlation structure existing between the numbers of claims inside the same household.
Contrary to Shi et al. (2016), let us notice that each policy of the current dataset is linked
to a single car. This means that in case a household owns multiple cars (all insured by the
company under consideration) then the dataset records for this household a separate policy
for each vehicle. The same Gaussian copula is used, but here to jointly model Poisson mixing
(latent) factors whereas Shi et al. (2016) applied it to the observed claim costs.

Our approach can be decomposed as follows. First, we perform a marginal analysis to
account for individual risk profiles. Based on a Poisson GAM regression, we predict the
expected number of claims for each member of the household using information about the
policyholder, his or her vehicle and the characteristics of the contract. In a second stage,
we include information about the number of claims reported by other members of the same
household. To this end, we use a multivariate Poisson mixture model with correlated latent
factors inducing the correlation between individual claim histories. It turns out that the
association of these latent factors is quite strong on the database used to illustrate this
paper. As a consequence, the predictive distributions appear to be sensitive to the claim
histories of the other members of the same household: the knowledge of the claim experience
at the household level thus refines the prediction of future losses for each member.

The remainder of this paper is organized as follows. In Section 2, we introduce the dataset
and define four subpopulations that represent policyholders that are typically encountered
in households: parents and young drivers. In Section 3, we start with a justification for the
multivariate modelling before introducing the bivariate model which allows a joint modelling
of the parents’ number of claims. In Section 4, we generalize the bivariate model to a
multivariate model that can capture the main households effects. In Section 5, the parameters
of the models are estimated and then used in applications such as premium corrections,
detection of cross-selling opportunities and determination of underwriting rules for young
drivers. The final Section 6 briefly concludes the paper. Some technical details are gathered
in appendix.



2 Composition of the households and description of
the dataset

Let us briefly describe the data set that will be used to support our analysis. Data relate
to a European motor third party liability insurance portfolio observed during calendar years
2011 to 2013. For each policyholder, age, gender and place of residence are available. We
also know the power and use of the car (recall that each policy covers a single vehicle and
is associated with a main driver). Finally, we also have at our disposal information about
the contract: whether premium payment has been splitted (premiums paid annually, semi-
annually, quarterly or monthly), and whether material damages are covered in addition to
motor TPL. The database also contains the number of claims observed during the three
different years and a litigation variable, indicating whether the policyholder has had a fail-
ure to pay the premium in due time. Finally, a household code allows us to identify the
policyholders belonging to the same household.

In a first step, we account for this information by running a Poisson GAM regression using
all the available covariates, with the logarithm of the coverage period as offset. The effect of
the continuous covariates age and power, as well as the geographic effect, are captured by
splines (with an interaction between gender and age). For more information about this kind
of modelling approach, we refer the reader e.g. to Denuit and Lang (2004).

Even if we know that several policyholders belong to the same household, we do not know
the relationship between them (except that they live under the same roof). Notice that only
individuals covered by the insurance company are included in the database. No information
is available about individuals in the household who have not subscribed an insurance contract
with this company. Therefore, the number of kids at home and their respective ages are not
necessarily known, nor the presence of a partner, husband or wife. As a consequence, we are
not sure about the actual household composition. The only information available is whether
different policyholders belong to the same household.

Some assumptions were made to establish the position in the household each policyholder
holds. Henceforth, a “kid” is defined as a policyholder aged at most 23 and living with at
least one policyholder who is at least 18 years older. The threshold age 23 has been selected
to ensure that kids have relative risk of at least 120% compared to the reference level 100%
corresponding to age 25, as it can be seen from Figure 2.1. Restricting to young drivers
below age 23 ensures that they report significantly more claims compared to older ages. It
is also in line with market practice considering the first 5 years of the driving history as the
most dangerous period. The cutoff point for ages corresponding to “kids” has thus been
chosen graphically based on Figure 2.1, as from age 24, the claim frequency tends to become
more stable.

A “parent” is defined as a policyholder aged between 40 and 56, referring to the typical
age range with children at home possessing a driving license. As it can be seen on Figure
2.2, the majority of adult policyholders living with a “kid” (as defined previously) are aged
between 40 and 56 years. This explains why we have selected this age range for defining
the parents. Ages between 40 and 56 also typically correspond to contracts comprising an
exclusive driver clause, as it can be seen from Figure 2.3. By virtue of this clause, the only
authorized drivers of the insured vehicle are the policyholder and his or her spouse. This

7



N
S ‘°_°| —
© _] — ]
—
7 3 5
c c -
N 5
A o~
_ = 7
o o
— TR~ - S N RN
T T T T T T R
20 25 30 35 20 25 30 35
age age

Figure 2.1: Relative impact of age on claim frequencies in a Poisson GAM regression includ-
ing all covariates. Vertical line at age 23. Left: Males. Right: Females.

prevents children to drive their parents’ car. Parents selecting this clause are rewarded by a
significant premium discount.

Figure 2.3 shows a marked hump around age 45. We suspect this increase in claim
frequency to be due to young people driving their parents’ car. Integrating the effects of all
covariates except age in the offset, we can estimate the impact of age on the claim frequency
separately for the policyholders with exclusive driver clause, and for those without this
clause. The resulting estimates are shown on Figure 2.3. Note that in order to avoid side
effects at the limiting ages 40 and 56, we included policyholders aged from 38 to 60 in the
analysis. Figure 2.3 shows that inserting the exclusive driver clause in the policy conditions
decreases the claim frequency at ages at which the accident hump was visible.

On Figure 2.3, we also see that female policyholders with an exclusive driver clause aged
between 38 and 60 appear to have lower claim frequencies compared to those without the
clause. This suggests that the increase in estimated claim frequencies when the exclusive
driver clause is absent comes from other drivers that are not the spouse using the policy-
holder’s car, as for instance young drivers who do not own a car yet and borrow their parents’
one.

Since the aim of this paper is to present a household modelling, we define 4 sub-
populations that correspond to the most typical members of households. More specifically,
throughout this paper,

- P1 corresponds to “fathers”, i.e. men aged between 40 and 56 years comprised in the
portfolio;

- P2 corresponds to “mothers”, i.e. women aged between 40 and 56 years in the portfolio;

- P3 corresponds to “sons”, i.e. young male drivers, aged at most 23, living with a
policyholder from P1 and/or P2;



4000~ 3000~

3000~

2000~

2000~

count
count

1000~

1000~

% 4 45 50 55 :‘ge (Malis) o 75 80 8 90 35 r 3 0 55 Ages(‘oFemaleg‘s 70 75 8 85 %0
Figure 2.2: Number of male (left) / female (right) policyholders aged a least 35 years in a
household comprising at least one policyholder (male or female) aged up to 23 years.

- P4 corresponds to “daughters”, i.e. young female drivers, aged at most 23, living with
a policyholder from P1 and/or P2.

3 Joint modelling of parents’ claim frequencies

Let ‘H; (resp. Hz) denote the set of all households comprising a member in P1 (resp. P2),
i.e. with husband/father (resp. mother/wife) insured. Then, Ho = H; N Hy corresponds
to the set of all households with both husband and wife insured. In addition, define the
set Hi\o = Hy \ Ho of all households with husband insured, but not his wife, and the set
Hao1 = Ha \ Hi of all households with wife insured, but not her husband. Notice that we
freely use the terms husband and wife for the ease of exposition, whereas there are now
many other forms of cohabitation in addition to marriage, including registered partnership,
for instance.

For h € H; (resp. h € Hy), let N}t (vesp. N} ?) be the number of claims filed by husband
(resp. wife) during year t. Data are available for years t = 1,2,...,7T, with T = 3 in our
database. For households h € Hia, we observe both N/' and N}? so that we can study
the correlation structure of the spouses’ claim frequencies. This is precisely the aim of this
section.

Before introducing a joint model for the pairs (N5, NE?2), let us first establish the pres-
ence of correlation between these two claim counts. To this end, we work on the basis of
the contingency table displayed in Table 3.1 where we can read the proportions of couples in
H12 in each product of risk classes. These risk classes have been created based on quantiles
1/3 and 2/3 on the a priori claim frequencies. We see that the majority of insured couples
concentrate along the diagonal (more than 70% of the portfolio) whereas the extreme cases
pairing low and high claim frequencies appear to be less common (about 30% of the portfo-
lio). This was expected as the majority of husbands and wives are about the same age and
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Figure 2.3: Top: Impact of age on claim frequency (on the score scale), for exclusive drivers
and for non exclusive drivers (Left: Male, Right: Female), point estimates and 95% confi-
dence intervals (in lighter lines). Bottom: Distribution of the policyholders’ age for exclusive
driver (resp. non exclusive driver) by gender.



share many characteristics included in the insurance price list.
Using a likelihood ratio test of independence, we clearly reject independence (p-value
< 0.001 and G* = 55301.14). Based on a mixed Poisson construction (see below for a formal

)\PZ
Low Medium  High

Low 0.2369 0.0828 0.0171
Medium 0.0834 0.1715 0.0828
High 0.0155 0.0829 0.2271

/\Pl

Table 3.1: Percentage of total portfolio exposure by risk profile of male (rows) and female
(columns) parents. Computed using only households with exactly one male (P1) and one
female (P2), regardless if there are any young drivers.

definition), we can isolate the correlation not produced by similar observable characteristics.
The nonparametric moment estimate for the covariance of the random effects is 0.275956
with confidence interval [0.135659; 0.432074].

Hence, in the following, we use a multivariate Poisson mixture. For more details, we refer
the reader e.g. to Chapters 2 and 6 in Denuit et al. (2007). This model is based on the
following assumptions (where 7" denotes the number of observation periods):

1. For j € {1,2}, given @fj = 0, the random variables Néj N%i e N}ZZ are indepen-

3 T Th2
dent, Poisson distributed with respective means AL76, A, 76, ... A6,

2. Given (OF' ©F?%), the random variables Nji', NOU ... NV and NF2 NE2 ... NP2

are independent.

3. The pairs (0! ©?) are independent and identically distributed, with common joint

probability density function fg, E[@fj] = 1 for j € {1,2} and variance-covariance
matrix
P1)2 P:P
Yo = <<U(12:12 % 2) :
9@ Cry)
P:P
In the remainder of this paper, we also use the correlation coefficient p5% = % in
e e

addition to the covariance &

3.1 Bivariate Poisson-LogNormal model

Let us assume that (log ©F log ©F2) obeys the bivariate Normal distribution with mean

Pjy2
vector p and variance-covariance matrix ¥, @, where p; = — (U‘g ) , J € {1,2}, so that both
©F! and ©72 have unit mean and where

(‘71P19)2 ‘71P:P@
Yioe® = ( e o5 .
o Ohre  (Tlze)’




Let us also introduce the correlation between log ©F! and log ©F2 namely

P:P
PP Ulog@
Plog® = gPl gP2 -
log ® "~ log ©®

This implies the following variance-covariance matrix for the random effects (O, ©72)

S = (exp(of;é@)z —1 eXpUI£02g® 1 )

expojle —1  exp(ojie)’ —1

Also, the correlation between the random effects can be reexpressed as

P:P
pop €XP Olpg@ — 1

Peo = :
V(ep(oll o) — (exp(ofZe)? — 1)

As the model is fully specified, we can rely on the maximum likelihood approach to
estimate both variances and the correlation coefficient which define the variance-covariance
matrix of (log ©F! log ©F?) from which we can thereafter deduce the Variance covariance
matrix of (©F1, ©F2). Henceforth, let us denote as n,? the realization of N, recorded in
the database and fgr; the probability density function of ©; PJ . The likelihood can be written
as

E(E) :,Cl X LQ X £3

where
=[] PV =ny/, t=1,2,....T, je{1,2}]
heH 12
APLO, Y \F2p nb?
H/ / (exp )\ 91)% ( )\ 92)% f®(91,92)d91d92
il Ny ! !
Ly= [] PNy :nﬁg, t=1,2,...,T]
hEHl\Q
AP i
H / Hexp )\ ( ht P11)| f@Pl (61)d91
heHl\Q
I[ PV =nip, t=1.2,....T]
hEHz\l
P20, \ni?
H / HeXp )\ ( ht P22)| f@PQ (02)d92
h€H2\1

Let fipgor (resp. fiog @P2) be the probability density function of the Normal distribution

( P2 P1

with mean —(alog@) /2 (resp Oee)’/2) and variance (ofig)” (resp. (0jae)?). It is



then easy to see that L, Lo, and L3 are proportional to

o0 (o]
7)\P1€M7AP2€U+U,TLP1+UTLP2
Ly x H /Oo/ooe he € " "he he TR fliog ©P1 1og 0P2) (U V) dudu
heHi2 ¥ -
o

7)\P1€u+unP1
Ly x H e he " frogort (u)du
hGHl\g %

o0
\P2.v P2
L3 o< H e Mhe ¢ T fogerz(v)dv
hGHg\l e

T T
where )\fﬁ = Z)\fg and nfﬁ = ang for j € {1,2}.

t=1 t=1

In order to compute the double integrals involved in the log-likelihood, we rely on
the Gauss-Hermite quadrature, using the R package MultiGHQuad contributed by Kroeze
(2016). The Gauss-Hermite quadrature allows to approximate integrals of the form
s e~ f(x)dzx by linear combinations >y wif(z;) computed over a grid of m =k (or ke
when the integration is multiple over a domain of dimension d) nodes. The integral thus
collapses to a weighted average of m terms. The maximum likelihood estimators can then
be found using an optimization algorithm, using as starting values, for instance, the moment
estimators. The number of nodes used to approximate these integrals is discussed in Ap-
pendix A.1. In the application, we have selected m = 25 for H;\, and Ha\; and m = 252 for

Hio.

3.2 Bivariate Poisson-Gamma model

In order to challenge the LogNormal assumption, we also consider a different distribution for
the random effects. Specifically, we assume here that the random effects ©F! and ©1? are
distributed according to the Gamma distributions with unit mean and variances V[©!1] =
a' and V[©F?] = a”?. The dependence between O and ©7? is introduced by means of a
Gaussian bivariate copula cg, with correlation parameter R. See e.g. Denuit et al. (2005)
for more information about copulas, including the Gaussian one, and associated inference
procedures. In case the household consists in only one policyholder, the Poisson-Gamma
reduces to the Negative Binomial distribution.

The 3 variance-covariance parameters are estimated by maximum likelihood. In the
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vier Ve o’

Moment estimates, aggregated data 0.603 0.526 0.490

Moment estimates, yearly data 0.676 0.612 0.370

Bivariate LogNormal Random effect 0.722 0.670 0.411
95% Confidence interval 0.718 [ 0.727 [ 0.645 | 0.695 | 0.392 | 0.430

V(e V[er?] R

Bivariate Gamma Random Effect 0.663 0.588 0.435

95% Confidence interval 0.661 | 0.665 | 0.586 | 0.591 | 0.414 | 0.456

Table 3.2: Summary of the estimates along with 95% confidence intervals

bivariate Poisson-Gamma model with Gaussian copula, the likelihood is proportional to

L(R, at?t, P2)o<

1T / / exp (— AL10, — AD205) 67 he gl cr(Fopi(61), Fora(62)) for (61) fors(62)d61df,
heHi2
T ( 1/af 4 nfl —1 ) ( Aot Pl)”f-l ( 1/ P1>1/a’”
= Nhe L/af* + A, L/aP* + A,
« H ( 1/aP2+nP2_ 1 ) ( AP2 PQ)”ﬁf ( 1/aF? P2)1/a’°2‘
he€Ha Mha 1/aP? + Xy 1/a?? + X

The numerical evaluation of the double integrals in the log-likelihood can be achieved again
by quadrature. However, since the domain of integration is different than in the Poisson-
LogNormal case, we will use this time the Gauss-Legendre quadrature, which allows to
approximate integrals on the unit interval with the help of the R package mvQuad con-
tributed by Weiser (2016). So, in order to use this quadrature, the double integral is cut
into 4 integrals, which can be reparametrized such that the domain of integration of each of
these integrals is [0, 1] x [0,1]. The Gauss-Legendre quadrature is then applied on each of
these four double integrals, with 552 = 3025 nodes.

3.3 Results

The estimations obtained for both models are displayed in Table 3.2. Confidence intervals are
computed by means of the Delta Method. The nonparametric moment estimates (given e.g.
in Denuit et al., 2007, Section 6.2.7) are also given, for the sake of comparison. These esti-
mates have been used as starting values for numerical optimization of the Poisson-LogNormal
and Poisson-Gamma likelihoods. The sensitivity of the maximum likelihood estimates with
respect to the number of nodes per dimension in the numerical integration is discussed in
Appendix A.2.

To choose between the two models, we rely on the Vuong test to assess whether the
Poisson-LogNormal model outperforms the Poisson-Gamma one. See Denuit et al. (2007)
for more details about the Vuong test statistic. The computation of the test statistic yields

11



12.777 leading to a p-value < 0.001. We hereby conclude that the Poisson-LogNormal model
outperforms the Poisson-Gamma model. In the following, we continue our analysis with the
Poisson-LogNormal specification and we include the children in the household.

4 Including children in households

Let my 3 (resp. mp4) be the number of policyholders from P3 (resp. P4) in household h,
i.e. the number of sons (resp. daughters) having their own vehicle insured by the company,
so that they appear in the database. Further, let N,Zgj , j = 1,...,mps (resp. N,§42J ,
j=1,...,mu4), be the number of claims filed by the jth son (resp. daughter) in household
h. Notice that we only have information about individuals who are in the dataset, that is,
about those covered by a policy sold by the insurer having providing us with the database.
If a person in a household has his or her insurance policy at another insurance company
or has no policy, we do not know anything about him or her and hence this person is not
considered in the present analysis.

Let us now supplement the model for the numbers of claims filed by the parents with
additional assumptions to include the claims filed by their children.

1. For k € {3,4} and j € {1,...,mui}, given @?ﬁj = 0, the random variables
N,ﬁk:J,N,f;k:J, o ,N,Zlf 7 are independent, Poisson distributed with respective means
Pk:j Pk:j Pk:j
APRig \PRig | \Pkig,

2. Given @fk:j, ke {3,4} and j € {1,...,mpx}, the sequences (N,ik:j, N,gk:j, . N,?ﬁ:j)
are independent for different values of k£ and j.

3. The random effects Gfk:j are LogNormally distributed with unit mean, and indepen-
dent for different values of h.

4. Given parents’ and children’s random effects, the corresponding sequences of yearly
numbers of claims are independent.

The dimension of the random effects distribution is equal to the size of the household.
More specifically, we denote the variances of the log of the random effects specific to each
sub-population by

V[log 0% = (ofhee)” for k € {1,2}

and
V([log O] = (alog@) for k € {3,4} and j € {1,...,mp 4}

This implies that the variances of the random effects specific to each sub-population are
given by
V[6,"] = exp((0ipg0)?) — 1 := (0g')* for k € {1,2}

and

V[@ikzj] = exp((af;g@)Q) —1:= (05'“)2 for k € {3,4} and j € {1,...,mp}.

12



Moreover, the correlation matrix between the log of the random effects is assumed to be of
the form

P_P P_CH P_CH P—CH
1 plog@ plog@ plog@ plog@
P-P 1 P> PoCH PCH
plo% &) Plog® plo§ ) e plo§ e)
Plog®  Plog® 1 Plog © .. Plog®
R = P PECH | CcH-CH 8 1 Chi—cH
Plog®  Ploge | Ploge Plog®
CH-cH
) .« .. .« .. “ e plOg@
P-CH _P-CH| CH-CH CH-CH 1
Proge  Ploge | Ploge Plog©

where pig’g is the correlation between the log of the two parents’ random effects, pgé{G’CH

is the correlation between the log of the two children’s random effects and pfzg’gH is the
correlation between the log of a child and a parent’s random effects. The size of this matrix
adapts itself to every household, i.e. this matrix will be sized such that each policyholder
has a corresponding row (resp. column).

The estimation will be done on the parameters of the multivariate Normal random vector,
i.e. on the log scale. Then, we will deduce estimators for the random effects’ variance-
covariance matrix. In the results hereafter, we will show the estimators of the variance-
covariance matrix of the random effects themselves.

There are 3 parameters to be estimated for the first parents’ bloc (one variance for each
gender and one correlation), 3 for the children’s bloc (one variance of each gender and one
correlation) and 1 for the parents-children’s bloc (one correlation), which sums up to a total
of 7 parameters.

The log-likelihood is re-parameterized so as to change the domain of each parameter to
R. In that goal, we take the logarithm of the standard deviations and the logit for the
correlations. Then, we proceed along the following three steps:

: « ’ ” P1 P2 P-P.
1. Estimate the “parents’ bloc” parameters 0y, g Tz @ Piog

. R 3 9 P3 P4 CH-CH .
2. Estimate the “children’s bloc” parameters oy, g, Olog@: Plog@

3. Estimate the final parameter pfzg_gH :

The first step has already been treated previously. The second step only involves policyhold-
ers from P3 and P4. Finally, the two previous steps provide initial values for the optimization
problem involving the 7 parameters.

Let us describe the results obtained for steps 2 and 3. In step 2, both variances are
first estimated using moment estimators. These estimates are used as starting values for the
maximum likelihood optimization on the children’s bloc, along with a correlation coefficient
of 0. The optimization is run several times with different correlation coefficients as starting
value. The following results were found regardless of the starting value for the correlation co-
efficient: V(O3] = 0.5173634 with 95% confidence interval [0.4751354, 0.5595914], V[©F1] =

0.1428524 with 95% confidence interval [0.07621682,0.20948802], and Corr[©F? ©F1] =
0.1727096 with 95% confidence interval [—1.0257746,1.3711937]. The latter result shows
that the correlation coefficient between children’s random effects is not significantly different
from 0, so that we set it equal to zero in the following step. Note that the confidence interval
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is larger than the [—1, 1] interval, which comes from the use of the Delta Method to compute
it. In the third step, different starting values were considered for the correlation coefficient
pg_CH , ranging from -0.5 to 0.5. The optimization found that the maximum of the likelihood
was achieved for ﬁfZ;gH = 0.229569.

Finally, the optimization was run again with all 7 parameters, with as initial values
the estimates from steps 1-3. The 7 parameters characterize the variance-covariance ma-
trix of the logarithm of the random effects (i.e. parameterize the underlying multivariate
Normal distribution). Using formulas from Proposition 4.1 given below, we can compute
the variance-covariance matrix of the corresponding multivariate LogNormal distribution.
Since the correlation between two LogNormally-distributed random variables depends on
the variances of the underlying Normally-distributed random variables, we obtain different

correlations for each of the four pair of parent-child.

Proposition 4.1. Let X = (Xi,...,X,) be a random vector obeying the multivariate Nor-
mal distribution with variances V(X;] = o?, correlations Corr|X;, X;] = pi; (with p; = 1)

0'2 . .
and mean vector pu = (—%%, .., —5). DefineY; = expX;. Then'Y obeys the multivariate
LogNormal distribution with mean vector 1,

exp(pijaiaj) —1

VYi] = exp(0?) — 1 and Corr]Y;, Y;] = \/( ) — )enio?) 1).
exp(o}) — 1)(exp(o5) —

The final results are shown in Table 4.1. Let us notice that these results may differ
from the previous ones as all the estimators are computed simultaneously. Considering
the confidence intervals reported in Table 4.1, we see that the variances of the random
effects significantly differ between the four populations P1-P4. Also, the correlation between
husband and wife is significantly larger compared to the correlation between parents and
children. The correlations between each pair parent-child now differ because the correlation
coefficients not only involve the common Normal correlation but also the marginal variances
of the corresponding random effects. They remain nevertheless rather close, in the range
20-22% in al cases. Notice that the correlation between P3 and P4 has been set to zero. The
number of households with at least two young policyholders is too low in our dataset (only
464 households contain multiple young drivers) to be able to estimate the possible existing
correlation. However, because we found a 95% confidence interval covering the whole interval
[—1,1], we could have assigned any other value than zero. Because of this limitation of the
database, we do not consider examples involving multiple children in the same household in
the remainder of this paper.

5 Insurance applications

The multivariate modelling inside a household can be useful for various purposes. As we will
see, we can use all information about the household’s claims to adapt each policyholder’s
(technical) expected claim frequency. This means that any claim in TPL in the household
will change the TPL insurance premium for every member of the household.
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Estimated Variance quant. 2.5% quant. 97.5%

ert 0.720 0.718 0.723
er? 0.611 0.607 0.615
ors 0.516 0.481 0.551
e 0.163 0.111 0.216
Pair Estimated correlation quant. 2.5% quant. 97.5%
(eF1, 67?) 0.430 0.409 0.451
(eF1, 673) 0.209 0.175 0.243
(OF1 0 0.218 0.183 0.254
(eF2 of3) 0.212 0.177 0.246
(eF2 or) 0.222 0.185 0.258
(@PS’ @P4) 0

Table 4.1: Estimated variance-covariance parameters of the random effects in the final model.

Moreover, even in the case where some members of the household do not have an insurance
policy with the company, using the multivariate model may help finding interesting cross-
selling opportunities. Indeed, the model allows the actuary to find candidates that would
appear to be in average less risky than the a priori claim frequency would suggest.

Finally, one can also use the household’s past claims to establish some condition of accep-
tance for young drivers ensuring that in average the new young policyholders are profitable.
This demonstrates the importance of having multiple policyholders from the same household
in the portfolio.

5.1 A posteriori corrections

We aim to show how the multivariate model can be used to adapt each individual expected
claim frequency using all the household’s information. We will start with an example of a
household with only 2 adult policyholders (as in Section 3). The case of a broader household
that includes kids (as in Section 4) is considered in the next sections.

We differentiate between three different risk profiles corresponding to the a priori esti-
mated claim frequency: low, medium and high. For P1 and P2, let us make three classes
of estimated claim frequencies (on a yearly basis, i.e. as if exposure is 1 year) based on the
quantiles 1/3 and 2/3. The claim frequencies labelled as “low”, “medium” and “high” will
correspond to the quantiles 1/6, 1/2, and 5/6, respectively, which are the medians of each of
the three classes. Due to similar characteristics (for example age, ZIP code), the estimated
claim frequencies are related to each other as already noticed in Table 3.1. This confirms
our preliminary analysis conducted on that table.

For the ease of exposition, we assume that this a priori claim frequency is stable for
the next five years for each policyholder. We also suppose the independence between both
random effects, meaning that no correction is applied when the spouse has a claim.

Let us compute the correction to apply to P1, given past claim information of P1 and
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P2. We get
B[00 [Nia' = nhas Nid® = ni|
nb1 nP2
B fooo fooo 9P exp(—AP1P1 — )\fzepz)u?ls;l!) (Afif;!) fo(6PL,0P2)dor dor?

w1 P2
fooo fooo exp(—=AP1OP1 — )\f29p2)(/\£’13;11!) (A£’2:§22!) fo(BPL,0P2)doP1dor?

(5.1)

Again, the integrals appearing in (5.1) can be computed using the Gauss-Hermite quadrature.
Of course, the correction to apply to P2 is computed in a similar way. As we can see on
Figure 5.1, the a posteriori expected claim frequency of P1 decreases faster than under the
independence assumption when both spouses have had no claims. Moreover, in such a case
the decay is even faster when the wife had a higher risk profile. One can also observe that a
claim of the wife has consequences on the correction to apply to the husband, even though
he had no claim. Finally, when only the husband had a claim, the correction is smaller than
under the independence hypothesis, followed by a more rapid decay of this correction in the
years following the claim.

5.2 Finding cross-selling opportunities

Insurance companies can take advantage of multivariate modelling to find interesting cross-
selling opportunities. Since the information about current policyholders inside a household
is connected to potential customers living under that same roof, the company can use that
information to compute a (technical) expected claim frequency that can be used to assess
the profitability of new customers. This premium, or equivalently the expected cost of the
potential future policyholder, may then be used to establish whether this customer would
be profitable. So, the multivariate model would help finding cross-selling opportunities.
Hereafter, we present two different examples.

5.2.1 Cross-Selling in a household with 2 adults

Let us first start with an example with at most 2 adult policyholders (as in Section 3). The
only customer of the household is a 45-year old male who has been in the portfolio for the
past 5 years. In the absence of information about past claims recorded by the wife, we can
use her husband’s past claims to compute her expected claim frequency. Indeed, we can
compute the expected value of her random effect, conditional to the information available
about her husband’s past claims:

0o oo P1gP1ynft
E[OPNE = nl)] = Joo Jo7 072 exp(= A7) Bater = fo (671, 072)do ™ "
h he — '‘he ]| — .

P1gp1yn{t (52)
fooo exp(—/\fl'gm)%]ﬂgl(em)dé’m
Furthermore, let us assume that the husband’s estimated claim frequency corresponds to a
medium risk profile. Table 5.1 displays (5.2) for different values of nl', i.e. the aggregated
number of claims for the husband over the past 5 years. An estimate below 1 indicates that
the wife’s expected claim frequency is, in average, below the one estimated with the a priori

model. Hence, such a potential customer could be targeted by the company.
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Figure 5.1: Correction to apply to the expected claim frequencies of the husband (low risk
profile). Different risk profiles for the wife are assumed (low, medium, high). Four cases are
considered: no claim for both spouses, one claim for the wife, one claim for the husband
himself, and one claim for each spouse. Time is measured in years.
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ntt 0 1 2 3 4
0.9861 1.2578 1.5950 2.0052 2.4911

Table 5.1: Expected value of ©F2 conditional to Nj;! = nl'!, the number of claims of the

husband

In case the company can access the information about the number of claims nt? of the
wife during the last past 772 years, the estimated claim frequency can be computed by using
the a priori model aggregated over the past 772 years. In that situation, the conditional
expectation is computed as in (5.1). For instance, let us assume that the wife has had an
insurance policy during the last 3 years. We assume that similarly to her husband, she has
had a medium risk profile in the a priori classification. In that case, Table 5.2 gives the

expected value of ©F2 for different different values of nl) and n)2. We can see that when

- "he 0 1 2 3 4
0 0.9549 1.5557 2.5045 3.9645 6.1365
1 12079 1.9546 3.1177 4.8768  7.4402
2 15169 2.4334 3.8380 5.9241  8.8972
3 1.8856 2.9937 4.6631 7.0900 10.4750
4 23135 3.6292 55744 8.3449 12.1280

Table 5.2: Expected value of ©F2 conditional to Nj;! = nl'!, the number of claims of the
husband and to N2 = nf’2, the number of claims of the wife

the wife has had no claim in the past 3 years, the estimate of ©F? varies by 25% whether
her husband has had none or one claim over the past 5 years. Also, we notice that the a
posteriori expected claim frequency is, in average, below the one estimated with the a priori
model only in the case where both spouses have had no claim.

5.3 Underwriting rule for young drivers

The multivariate model can also be used for young drivers in a similar way that the one
presented in the cross-selling section. In this section, we assume that a young driver wants to
get an insurance cover from his or her parents’ company. We aim to compare two situations:
one in which we only have information about one parent, and the other situation in which
we have information about both parents.

Similarly to the cross-selling, we can compute the correction to apply to the young driver,
conditional to the claim information of his or her parent(s). We assume that the young
driver is a young male (P3). Computations for a young female (P4) are of course similar.
Furthermore, both parents are assumed to have a medium risk profile.

When both parents are in the portfolio, we use
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P3 P1 _ Pl P2 _ P2
E[@h |Nho _nho7Nho _nho]
P

1 nPl n 2
fooo fooo fooo 0"° exp(_Aflepl - AFQQPQ) Qfl:;l!) : (/\?2:;!) * f@(ePl, 672, 9P3)d9P1d0P2d6P3

- nP1 P2
fooo fooo exp(—AP1ePL — /\fzgpz)(/\?wil) . (A?ii);;) . fo(OP1,0P2)doP1dgP?

nd1

whereas when only the husband (j = 1) or the wife (j = 2) is in the portfolio, we use

S5 Iy 07 exp(—\DI 0P R0 o (973, 079) g3 o

nl7)

E[@fﬂNPo]:nfoj} = P
S exp(~ALIgray Q070 (9P3) dgrs
e !
On Figure 5.2, we can see the conditional expectation of ©3 in both situations for different
past claim scenarios.

As we can see, the decay of the estimate of ©F3 is faster when both parents are in the
portfolio. We also observe (top-left) that getting an estimate below 0.95 takes 5 years with
no claim for both parents while it takes 10 years with no claim when only the husband is
in the portfolio. In addition, we see (top-right and bottom-left) that we need 9 claim-free
years for both parents for coming back to a level of 1 when a claim occurred while we need
more time when only the husband or the wife is in the portfolio (computations show that 20
claim-free years are required).

To sum up, an underwriting rule that would require an a posteriori correction below one
would imply no claim for both parents in the observation period or at most one claim in 10
years for both of them. When only one parent is in the portfolio, this rule would require no
claim for the parent during the observation period or at most one claim in 21 years.

6 Discussion

In this paper, we have presented an approach that allows to take into account the dependence
of the claims’ frequency in Motor Third-Party Liability Insurance of the various policyholders
inside a household. It has been shown that the unexplained residual heterogeneity is not
independent for members of the same household. The multivariate model is flexible in the
sense that it can take into account most households (1 or 2 adult policyholders, with or
without young drivers).

The main discovery of this paper is the strength of the positive dependence between poli-
cyholders from the same household, showing that a claim from any member of the household
will increase in average the estimated a posteriori expected claim frequency for all members
of the household. Conversely, for claim-free households, this implies an even lower estimate
of the a posteriori claim frequency than in a univariate model.

As this was shown in Section 5, the presented model can be used in practice to use the
household’s information so as to find cross-selling opportunities, perform underwriting rules
for young policyholders or even to correct the expected claim frequencies of policyholders.

From a computational point of view, we note that in order to fasten up the maximum
likelihood estimation, one may use a Cholesky decomposition of the multivariate Normal
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Figure 5.2: Expectation of ©F3 conditional to the number of claims of the fa-
ther(top) /mother(bottom) (green circle) and of both parents (orange square) throughout
time (in years).
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random vector to reparametrize the multiple integrals. Indeed, this will mean that although
at each optimization step, the reparametrization is different, the integrand will always include
the same density of a centred and reduce multivariate Normal random vector. In this case, it
is possible to rely on only one grid in the Gauss quadrature for the whole estimation, instead
of computing one grid at each optimization step.

Of course, the results obtained in this paper refer to the particular data set under study.
But as the latter is rather typical for EU markets, we can imagine that similar conclusions
would be drawn for other portfolios.
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Appendix

A.1 Numerical integration

Let us discuss the numerical integration of the bivariate integrals that appear in the likelihood
in the bivariate case (i.e. with only parents considered) considered in Section 3.1. We can
choose the number of nodes to use, by comparing the Gauss-Hermite approximation with the
results obtained with the adaptive multidimensional integration from the R package cubature
contributed by Narasimhan (2016). To compute the integral using cubature, the domain R?
was cut into 9 rectangles, on which the integrand was reparametrized so as to have a definite
integral on each of the 9 subdomains. We then compare the value of the integral to the one
obtained with the Gauss-Hermite quadrature for different number of nodes k per dimension.
The accuracy of the approximation for the different factors entering the likelihood to be
maximized is illustrated on Figure 6.1, as a function of k and typical values for a priori
expected claim frequencies. We can see there that as soon as k reaches 15, the difference
between the Gauss-Hermite approximation and the exact value becomes negligible.

A.2 Impact of the number of nodes

Let us assess the impact of the number of nodes in the LogNormal and Gamma bivariate
cases on the maximum likelihood estimates. To this end, the optimization, in the bivariate
case (i.e. with only parents considered) was computed multiple times using 4 to 30 nodes in
the LogNormal case, and 10 to 90 by steps of 5 nodes in the Gamma case. On Figure 6.2,
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Figure 6.1: Difference between probabilities approximated by Gauss-Hermite quadrature
(denoted as gh) and calculated exactly with adaptive multidimensional integration (denoted
as cublnt). From left to right: Number of claims for male varies from 0 to 2. From top to
bottom: Number of claims for female varies from 0 to 2. Other parameters were fixed as
following: APl = 0.45, \P2 = 0.36, 05! = 0.8, 0§? = 0.7, o5 = 0.45.
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Figure 6.2: Maximum likelihood estimates for the variance of the LogNormal random effects
and their correlation in the bivariate LogNormal case for different number of nodes in the
Gauss-Hermite quadrature.
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Figure 6.3: MLE for the variance of the Gamma random effects and the dependence param-
eter R entering the Gaussian copula Cg in the bivariate Gamma case for different number
of nodes in the Gauss-Legendre quadrature.

the estimations of the 3 parameters are displayed in function of the number of nodes per
dimension used to approximate the integral using the Gauss-Hermite quadrature. It can
be seen that there is a very rapid convergence, with stable estimates starting from only 13
nodes. In the Gamma case, Figure 6 displays the estimations as functions of the number of
nodes per dimension used to approximate the integral using the Gauss-Legendre quadrature.
The graph shows a convergence that appears however to be slower, with stable estimates
starting from 55 nodes.
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