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Abstract. Following Méry’s thrust line approach, this papeggents an alternative method to define the struc-
tural safety of masonry arches, based on admisg#ametrical domains. These are implemented inanpet-

ric model built on the reciprocal diagrams of grigggtatics. The application to a case study — a-s@oular
masonry arch loaded by a central point load — hétps/ing a comparison with the classical geomesaiety
factor as defined by Jacques Heyman. The modddasused to evaluate the impact of geometrical elbag
resistance hypotheses on the structural safety. l&aalyses first confirm that stereotomy only $lily influ-
ences the load bearing capacity of the arch. The&y alidate the common use of an infinite compuess
strength for arches’ constitutive material, sinoasidering a typical value of 10 MPa reduces stmatt{perfor-
mances by less than 2%. Finally, a methodologyguaiimissible geometrical domains is suggested to ge
insights on the robustness of masonry arches.

Keywords: thrust line, admissible geometrical domain, limiéte analysis, masonry arches, graphic statics,
structural robustness.

1 Introduction

The classical approach for evaluating the safetgasonry arches is based on the concept of thnesidefined
as “the locus of points where the resultant forassps through the joints between thassoirs [1]. As this
approach only deals with equilibrium consideratjaig stability of masonry arches is then ensuredhb
existence of at least one thrust line lying enjiiakide the masonry envelope [2]. Méry [3] and kley [4]
were the first to develop a method to constructtkinest line graphically, and to correlate its getmy with
limit states occurring when the thrust line readhesmasonry envelope in an amount of points thata the
creation of a collapse mechanism. Various authaxe lthen further developed this method for desigph a
analysis purpose®’'Dwyer [5] proposed a new technique for the listate analysis of masonry vaults, using
a discrete network of forces in equilibrium lyintside the masonry envelope. Ochsendorf [1, 6] dpes a

general method to assess the stability of masamityesses against overturning or failure, takirtg eccount
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the effects of leaning. Block, Ciblac and Ochsehfijrfurther developed applications for real-titimait anal-
ysis of arches and vaults.

In his Mémoire,Méry [3] assumed three fundamental hypotheses &momry structures: infinite compressive
strength, zero tensile strength, and no failuretduw®ussoirssliding. Assuming the same hypotheses, Milan-
kovitch [8] was the first to determine the corranglytical description of the thrust line for a $@incular arch
made of radialoussoirsMakris and Alexakis [9] have recently discussedavilovitch’s corresponding ratio
(minimum arch thicknessit / average radius R = 0.1075) when consideringoasoussoirgnstead of radial
ones; the value obtained for the same ratio ikigidase slightly conservatives{/R = 0.1095). Although the
difference between these two ratios is very sritahows that geometrical hypotheses have an infle@@n the
construction of the thrust line, and consequemntliyi® geometric assessment of the structural safetyma-
sonry arch. Following these considerations, Hey[thintegrated the thrust line theory within tharhework

of plastic theory, considering that masonries mafdegid blocks connected by soft joints behaveaaghole
like a perfectly plastic material. The lower bouhdorem of plasticity can then be applied to maganches:

a given arch will stand as long as there existsst line — a statically compatible distributidrirdgernal forces

— lying entirely within the masonry envelope ansgpecting yield conditions. As the safety of masamghes

is ensured by the increase of the arch’s thickndegman defined a geometric safety factor interaethe
ratio between the actual thickness of Woeissoirsand the minimum one (i.e. the one for which onig @d-

missible thrust line exists).

2 Assessing geometrically the structural safety

Assessing the structural safety of masonry arche®i straightforward. Heyman’s proposal for a getim
safety factor [10] is interesting, because it dealk the geometrical characteristics of the aather than with
material strength. Assuming for instance a geowetsafety factor of 3 means that it should be ipées$o find
a thrust line contained in the middle third of #reh. This criterion is commonly used to avoid tenforces
when considering linearly distributed stresses dhrerwhole cross section [3]. However, Heyman'sraagh
might be hard to use in practice when it comesrégular geometries that would require to idertify critical
section to which apply the safety factor. Anothigitation of this method is that it cannot easityllmked with
the safety factor formulations commonly used bydtiral engineers, which are expressed in ternratiafs

between characteristic and design stresses.

2.1 Admissible geometrical domains

To overcome these limitations, the authors suggesting with graphic statics’ form and force diagra The
method presents the advantage of being simplegpiaitbwing the visual control of the force equililm [11].
The form diagram represents the path of the reguftirces acting inside the structure, consisting thrust

line in the case of masonry arches (Fig. 1, I8ft)e force diagram then gives the intensities o$¢hiorces



through the lengths of its different bars, eachvsag in this diagram being related to one sole sagparallel

to it in the other diagram (Fig. 1, right).

Admissible geometrical domairistended as the locus of statically admissiblétjwrs for the different points
of the force diagram [12], can be used to get mftion about structural safety and robustness $setion

2.2). In the case of masonry arches, these donsaiow the set of admissible positions for the pafl¢he

funicular polygon in the force diagram. These posg correspond in the form diagram to thrust lithex lie

entirely within the masonry envelope. The corndrthe domain (Fig. 1, right) correspond to the tistates,
as the corresponding thrust line in the form diagraaches the masonry envelope in such an amoyoirds

that it produces a mechanism (Fig. 1, left) [13}cérding to the lower bound theorem of plastici@][ this

means that the arch will only collapse if its adsilife geometrical domain is an empty set of points.
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Figure 1. Graphic statics’ form and force diagrams forw8ssoirsarch under self-weight

In order to apply the aforementioned geometricgragach to the analysis of masonry structures, tileoas
have developed a model under Rhino [14] and itarpatrical algorithm editor Grasshopper [15]. Thamma
advantage of this technique is that it providesesult both visual and interactive. Indeed, theeddht
parameters (arch dimensions and weigbtissoirsgeometry, applied forces, material strength) csily be
modified, the impact of these manipulations beiirgally visible on the size and shape of the adiiss

geometrical domain. These modifications are ilatst in Section 3, through the analysis of a casiys

2.2 Safety requirements

Because of the relatively low stresses acting akidtorical masonry structures [10], collapseeis/wnlikely
to occur because of a lack of resistance. Furthernas it is relatively irrelevant to verify thefdemability of
masonry structures at serviceability limit stagt$fness considerations can be neglected. Theysadeessment
of masonry arches is then essentially a mattequifibrium [2]. Besides stability, another fundartednmequire-
ment of design codes against unexpected circumesascobustness, which means that a structure Hadth-
stand events like fire, explosions, impact or cqueaces of human error, without being damaged txsgmnt
disproportionate to the original cause” [16]. Tlextntwo subsections present a geometric approacte&sure

the response of masonry arches to both theseiariter



221 Stability

Stability assessment implies to compare the adirdgstabilising value of a chosen parameter vhithstabi-
lising one. For masonry arches, the active thinetis defined as the one corresponding to themini value

of the horizontal thrudtimin that has to be mobilized at the arch’s suppor@rder to find a thrust line lying
entirely inside the masonry envelope. The othentgaif the domain then correspond to other stéfiealmis-
sible configurations for the thrust line, showihg treserve structural safetymin can be measured in tfegce
diagram by the distance between the rightmost mditite domain and the external forces (Fig. It)ign the
same wayHmaxis the distance between the leftmost point ofdihimain and the external forces, characterizing
the magnitude of the maximum thrust force the @arhstand without being transformed into a mechars

stability index/ is then defined by:

A — Hmax (1)

Hmin
2.2.2 Robustness

The authors also propose to use the Arefthe admissible geometrical domain as a grapfuicator of struc-
tural robustness [17]. The domain indeed shows asure of the arch’s ability for plastic redistrilouts, cor-
responding to the set of possible thrust linesgynside the masonry envelope. In case of lochlraj a larger
remaining domain are&amagedwill then indicate a larger structural capacity éguilibrating the applied forces
by finding another path for the thrust line. Takingpiration from [18], a robustness ingegan then be given
by:

p= 2)

A- Adamaged

For example, if a movement of the abutments leal ¢dcack — the position of which can be clearly tded —,
a plastic hinge would form in the cross-sectionhaf crack, and the thrust line must consequentg by a
well-defined point at critical stage. The ratioweén domain areas before and after the crack amteould
then define the ability of the arch to survive ttzenage. The same kind of analysis could also Herpeed to
evaluate the robustness of an arch against danikge®ussoirsliding, leaning buttresses or differential set-

tlements.

3 Impact of shape and resistance on safety assessment

The semi-circular planar masonry arch composednef radialvoussoirgdepicted in Fig. 1 is now evaluated in
terms of stability and robustness. The arch hastanmal radius of 2 m, and is 0.5 m thick and ®.%5eep.
Voussoirsare supposed to have an infinite compressivedtnefhe structure is subjected to a load case com-
posed of its self-weight (18 kNAnas well as a vertical point lo&dapplied at the arch crown.

The impact of the magnitude of for€eon the structural safety can be observed by digwie admissible

geometrical domains corresponding to different @alafF (Fig. 2). As a larger value féf leads to domains



moving to the left, the corresponding value$igfx andHmin are both increasing (at different rates), leading
a decreasing stability indéx The domains also have a reducing homothetic slaaquethus a decreasing area
A. The maximum point load that can be applied atattol crown id= = 16.16 kN, leading to an admissible

geometrical domain reduced to one sole point (whielandHmax= Hmin).
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Figure 2. Admissible geometrical domains for an increasingeafF, namely 0, 5, 10 and 16.16[kN] (from right to )Jeft

The arch’s safety is now assessed regarding thietieear of two different parameters: the shape efitbussoirs

(Section 3.1), and the compressive strength ofdmstitutive material (Section 3.2).

3.1 Influence of stereotomy

Two othervoussoirshapes have been taken into account for the asalf/$he archvoussoirswith vertical
joints and constant width, andvoussoirswith vertical joints and constant weight (Fig. &ft). Corresponding
results forHmax Hmin @ndA are given in Fig. 3 (right), showing that the shapthevoussoirshas nothing but a
very small influence on the arch’s safety. Thimasnfirms Makris’ conclusion that the radial pattéor joints
is not conservative nor safe [9], as it leads targer ultimate value for forck (i.e. the one for whichmax =

Hmin andA is reduced to one sole point).
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Figure 3. Other consideredoussoirshapes (left); corresponding valuesHtay, Hmin andA for an increasing applied load (right)

3.2Influence of masonry compressive strength

Another series of analyses has then been carriethking into account a finite compressive strerfgthma-
sonry. Thrust forces have then been modelled wisapntinuous stress fields, a method initiallyeleped for
the structural design and analysis of reinforcattogete [19]. Discontinuous stress fields are gedmetodel-
lings of the load paths inside structures. Considea perfectly plastic material behavior, strutd éies can be
drawn with a thickness proportional to the axiaddhey transfer. It is then possible to take athge of the

lower bound theorem of plasticity for design pugm3Vhen dealing with masonry arches, the afordoresd



method can be applied by giving a finite thicknesshe thrust line. Considering a triangular disition of
stresses in the arch [3], the thicknegd each section of the thrust line can be dedrced:

3-t;-d-o. 2'F;

3-d-o.

F = @ o= (3

with F; the force in the'i section of the thrust lin€,the constant arch’s depth, andhe material compressive
strength assuming a uniform distribution of compres stresses over the cross section.

Assuming no shear failure, the equilibrium conaif®f the structure are that the whole surfacé®fliscon-
tinuous stress field has to stay inside the ardmggry. The corresponding admissible geometricalalocan
then be drawn using the geometrical approach asédadfig. 4 illustrates the variation of the domaiaaA for

a material compressive strength decreasing fraim 10 and 1 MPa [20], for an applied |ldad O kN. Figs. 5
and 6 show the same phenomenon for an appliedofodadind 10 kN respectively. In each of the thrases,
areadA fall with the decrease of material resistancesaaigesponding stress fields tend to grow larget.tBis
diminution is only marginal when material strenddtreases to 10 MPa, leading to domain bounddwd¢site
nearly superimposed. In opposition, the domain eedaction fols. = 1 MPa is clearly observable, cf. domains

depicted in darker grey.
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Figure 4. Admissible geometrical domains fBr= O[kN] andoc: = «, 10 and 1[MPa]
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Figure 5. Admissible geometrical domains fBr= 5[kN] andoc: = «, 10 and 1[MPa]
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Figure 6. Admissible geometrical domains fBr= 10[kN] andoc= o, 10 and 1[MPa]

Fig. 7 (left) gives the complete curves fax Hmin andA as a function of the point lod€ for the considered
material strengths. As shown in Figs. 4 to 6, the first strength values give very close resulterébver, a
larger applied force and/or a smaller material c@sgive strength give smaller admissible geométdoa
mains. The force increment also leads to a lineenrease oHmax andHmin, €ven if at different rates. The gap

between curves depictirnax andHmin is also decreasing with the decrease of matarehgth.



Hmax [kN]

" Hmin [kN]

A [kN]

Figure 7. Values ofHmin, HnaxandA for a decreasing material resistance (left); itghindex A for different material compressive

3.3 Stability assessment

The results translated in terms of stability indefx Section 2.2.1) give the curves foas a function of the
applied loadr (Fig. 7, right).These curves are logically decreasing with thetgdo&d increment and/or the
diminution of material compressive strength. Asummary, Table 1 gives the values fhax Hmin, A andA
when varying the stereotomy, the material compvesstrength and the magnitude of the point IBad\s
shown in Fig.7, both the stability indexand the domain are@ahave values decreasing when increasing the
point load magnitude. Table 1 confirms the sligtituenceof stereotomy ori (less than 5%) anA. It also
validates the common use of an infinite compressikength for masonry, sinédds almost not affected (less
than 2%) when reducing to 10 MPa. On the contrary, a compressive streoigthMPa reduces the structural

response to a larger extent (around 10%), emphagsibe important role played by the joints on tkerall
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stability.
Table 1.Results
F = O[kN] F = 5[kN] F = 10[kN]
Stereotomy Value
Oc = ®© oc=10 oc=1 Gc = ®© oc=10 oc=1 Oc = ®© oc=10 cc=1
Hmax | 8.4178 8.4065 8.1176 10.5252 10.46p1 10.0101 13.5192.4301| 11.7787
Radial Hmin | 4.9876 4.9984 5.1224 7.9504 7.9762 8.1869 11.0274.0695 | 11.4616
2 1.6877 1.6818 1.5847 1.3239 1.3120 1.22p7 1.1353 1229. 1.0277
A 3.3004 3.1820 2.4463 1.7723 1.67Q2 0.84B1 0.5926 5020. 0.0273
Vertical Hmax | 8.3312 8.3312 8.1238 10.50587 10.44p7  9.9510 12.4462.3801| 11.6686
Same Hmin | 4.8394 4.8535 4.9760 7.7954 7.8192 8.02115 10.9878.0344 | 11.4254
width A 1.7215 1.7165 1.6326 1.3477 1.3355 1.24p5 1.1327 1220. 1.0213
A 3.5442 3.4411 2.6770 1.8519 1.7542 0.93P9 0.5331 4540. 0.0161
Vertical Hmax | 8.4155 8.4042 8.1152 10.4923 10.43:49 9.9909 12.471@.4216| 11.7075
same Hmin | 5.0160 5.0333 5.1420 7.9890 8.01715 8.24p1 11.0804..1223 | 11.5306
weight A 1.6777 1.6697 1.5782 1.3133 1.3015 1.2112 1.1255 1168. 1.0153
A 3.2129 3.1074 2.3481] 1.7038 1.6011 0.79B5 0.5%02 453G. 0.0085

F [kN]



4 Conclusion

A fully geometrical methodology has been develowétin the environment of graphic statics’ recipaibdi-
agrams in order to assess stability and robustfasmsonry arches. The method is based on adnesyéd-
metrical domains, depicting the set of positionstfe pole of the funicular polygon that correspomdhrust
lines lying entirely within the masonry envelopéeTanalysis of a case study confirms that stereptamly
has a slight influence on stability and robustniksdso shows that the arch’s performance is almosaffected
when considering a finite compressive strengthOofPa. As it is based on the lower bound theorepladtic
theory, the proposed methodology is safe and therefuited for practical applications. Furthermdsefully
graphical interface may be a substantial advarfargeractitioners when dealing with complex georiastand
unknown material behavior laws. Finally, the visaatl interactive environment in which it is develdmives

an immediate and intuitive insight on the strudtgedety when dealing with historical structures.
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