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Introduction

Phase transitions in physics refer to the appearance of significant macro-
scopic changes of a system, induced by a small variation of a global pa-
rameter such as the temperature or an external magnetic field. Two of
the most common examples consist in the transition between liquid and
gaseous phases of a body, and spontaneous magnetization in ferromag-
nets. The latter in particular was studied in the 1920s by Ising through
a simple model for ferromagnetism on square lattices Z¢ introduced by
Lenz. Although Ising determined the absence of phase transition in
one dimension, it was shown in 1936 by Peierls that the model—now
renowned as the Ising model—undergoes a phase transition in any di-
mension strictly larger than one. In 1941, Kramers and Wannier iden-
tified the temperature T, corresponding to the critical point in d = 2
dimensions, namely the particular value of T' marking the separation
between the ordered and disordered phases. After Onsager computed
in 1944 the free energy of the 2D model (in the absence of an exter-
nal magnetic field), thus giving access to some of its thermodynamical
properties, the two-dimensional Ising model became one of the most
thoroughly investigated statistical models exhibiting an order-disorder
transition.

In particular, it was observed that a number of macroscopic quanti-
ties of the Ising model, such as the specific heat, the magnetization or
the correlation length, are described near the critical temperature by
power laws, whose exponents are called critical exponents. Due to their
power-law behavior, these functions do not possess a characteristic scale,
hence they are said to be scale invaritant. This observation resulted in
the introduction of the renormalization group in the 1960s, which led



2 INTRODUCTION

to a better understanding of the critical regime of various statistical
models—in particular the Ising model—from a physical point of view.
Roughly speaking, the idea of renormalization consists in looking at a
given physical system at a larger scale, at which the microscopic degrees
of freedom have been replaced by fewer effective ones (see for instance
the block-spin technique for the Ising model). Iterating the process
many times leads to the notion of scaling limit, which can alternatively
be viewed as considering the statistical model on a large graph with a
very small mesh size. The loss of information caused by the renormal-
ization procedure suggests that the scaling limit of a model should be
independent of a number of microscopic details, in particular the spe-
cific lattice on which the model is defined. According to this idea, a
large number of models should therefore be described by the same set
of critical exponents, in which case they are said to belong to the same
universality class.

Two key features of phase transitions in statistical models such as the
Ising model are that (i) the system is at equilibrium and (ii) the critical
point corresponds to specific, fine-tuned values of global parameters (the
temperature T and the magnetic field H for the Ising model). Approxi-
mate scale invariance is however observed in many natural phenomenons.
For instance, spatial power-law correlations describe the height profile
of mountain ranges, the shape of coastlines or the catchment area of
river flows; and temporal power-law correlations describe the luminosity
of stars, the frequency of rain of a given intensity or the frequency of
earthquakes. As these systems are out of equilibrium and evolve over
decades, external variables such as the temperature are expected to vary
significantly over time, so their fine-tuning is rather unlikely. To justify
the existence of power laws in the various phenomena listed above, Bak,
Tang and Wiesenfeld proposed in 1987 a generic underlying mechanism
called self-organized criticality (SOC) [6]. Dynamical systems exhibiting
this property are kept out of equilibrium by a slow driving process (e.g.
the accumulation of water in clouds through evaporation), such that
their overall properties are unchanged over the time scale of an obser-
vation (these systems are said to be in a nonequilibrium steady state).
Moreover, they possess a burst-like relaxation procedure that provides
a form of dissipation (e.g. precipitations), whose time scale is much
smaller than that of the driving process. Bak et al. argued that the dy-



namics of such systems then naturally evolve toward their critical state,
without any fine-tuning required. Their paper was followed by a few oth-
ers on models in which SOC is conjectured to occur: earthquakes [121],
pulsars [118], forest fires [44] or fluctuations in economics [5].

To give a concrete illustration of SOC, Bak et al. [6] defined a toy model
on a square grid, in which grains of sand are piled up at the vertices. The
driving process consists in increasing the heights of the sandpiles until
they reach a critical value, causing the piles to collapse and to distribute
grains to their neighbors on the grid, which may in turn topple, thus
yielding an avalanche. The first analytic treatment of this model is due
to Dhar [39], who showed in particular its Abelian property, in the sense
that the order in which simultaneously unstable sandpiles collapse does
not influence the resulting stable state. The model has subsequently
been called the Abelian sandpile model (ASM)—it is also known as the
chip-firing game in the mathematics community, see e.g. [16|—and has
been the subject of numerous papers since then, for three main reasons.
First, as the ASM is one of the simplest, prototypical SOC model, study-
ing it is a way to probe and discover generic aspects of self-organized
criticality. Second, the ASM turns out to be interesting in itself, as it has
been shown to be connected with several well-known statistical models,
namely the uniform spanning tree (UST) [112], dimers [155], the ¢ — 0
Potts model [54,158] and the loop-erased random walk [126, 157] (via
their connection with the UST for the latter three models). Systems
having a similar dynamics, such as the Manna model [114] and Eulerian
walkers [138] (also known as the rotor-router model [67]), also share fea-
tures with the original model of Bak et al. Third, the Abelian property
of the ASM—which is believed to be conformally invariant in the scal-
ing limit—makes it particularly amenable to analytical and numerical
computations, most of which being related to the microscopic degrees of
freedom of the model, namely the height variables.

Among the exact results obtained on square grids are single-site proba-
bilities on the full lattice or half-lattice [81,137], various joint probabili-
ties of heights at isolated sites or between a certain type of clusters [79,
110,111,130,131], the effects of boundary conditions and boundary prob-
abilities [18,73,78,80,128, 141, 142], finite-size corrections [81,112,141]
and the insertion of dissipation [78,80,110,127]. Some attention has been
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paid to other regular lattices, in particular the triangular and hexago-
nal (or honeycomb) ones, for which height probabilities have been esti-
mated using renormalization group transformations and numerical sim-
ulations [70,109,124]. More recently, multisite height-one probabilities
have been evaluated exactly on the hexagonal lattice [4], and the sandpile
density (i.e. the average height per site) has been computed for a variety
of regular lattices [84]. It should be noted that the model has also been
studied away from its critical point (by introducing dissipation at each
site of the lattice). Analytical results include joint probabilities of unit
heights or between a certain type of clusters [110] and joint boundary
probabilities [128].

Other variables have been studied in the ASM, namely those associated
with an avalanche, such as the total number of topplings s, the number
of distinct sites toppled sg, the radius R of the avalanche cluster, the
duration 7', and the number of waves n,,. It is conjectured that all these
variables can be written as powers of one another, and that

P(X > z) x mlfTXf(x/a:C),

where X is any of the random variables s, sq, R, T, n,,, the parameter
z. is a cutoff that scales with the size of the system, and 7x denotes
the critical exponent associated with X. Although the four avalanche
exponents have been determined by scaling arguments and numerical
simulations [41,74,75,94,139] (see also [40] for a review), exact lattice
computations remains to be done. Another mathematical aspect of the
model that has been investigated concerns the operators a; that drop a
grain of sand at site ¢ on the lattice and relax the system through the
toppling of unstable sites. These operators—which depend on the graph
G on which the ASM is defined—map the set of stable configurations
onto itself, and generate a finite Abelian group G(G), called the sandpile
(or critical) group of G. Many papers have been written on this topic,
dealing mostly with the identification of the group structure of G(G) for
generic or specific classes of graphs [15,35,38,42,69,77,156], or with the
description of the identity element of G(G) [24,36,42,106].

In the scaling limit—that is, as the lattice mesh goes to zero—statistical
models are expected to be described by quantum field theories. More
precisely, a specific field is associated with each (local) lattice observable



in such a way that lattice correlators converge to field-theoretical ones.
Due to the power-law behavior observed for many critical models, it
was argued that the corresponding quantum field theories must be scale
invariant, in addition to being translation and rotation invariant. With
a few supplementary assumptions, they were said to exhibit global con-
formal invariance [135]. The existence of a much stronger symmetry for
two-dimensional systems was inferred in 1984 by Belavin, Polyakov and
Zamolodchikov [12], namely local conformal invariance. In two dimen-
sions, local conformal maps are given by holomorphic functions, which
yield an infinite-dimensional Lie algebra symmetry. This assumption of
conformal invariance led to the development of conformal field theories
(CFTs), which are (partially) classified by a real number ¢ called the
central charge. As a consequence of their heavily constrained nature,
the study of CFTs has led to a myriad of explicit results over the years
regarding the classification of 2D critical models and the inventory of
the possible scaling fields in each theory, the finite-size behavior and an-
alytical computation of critical correlators, and the exact determination
of critical exponents (see [72] for a collection of the original papers on
these topics). Outside of statistical physics, CFTs have also found many
applications in condensed matter physics, from the Kondo effect [1], the
Fermi edge singularity [2] or the fractional quantum Hall effect [117]
to entanglement entropy [20] or quantum quenches [21,22]. Conformal
invariance has also been used in string theory [55], in particular via the
AdS/CFT correspondence [113]. Due to its prevalence in modern the-
oretical physics, conformal field theory has therefore been the subject
of many reviews and books, among which are the following well-known
references [26,43,61].

Although early developments of CFTs led to tremendous progress in
the comprehension of many critical systems in two dimensions, it was
noticed in the 1990s that richer and more complicated theories were re-
quired to describe the behavior of certain observables in diverse models,
in particular those exhibiting nonlocal properties. Among the charac-
teristic features of those CFTs are their nonunitarity and the inclusion
of reducible but indecomposable representations [140]. In more physical
terms, the latter property means that the Hamiltonian is nondiagonal-
izable, which leads to the appearance of logarithms in correlation func-
tions (in such a way that conformal invariance is preserved) [63]. Those
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theories have therefore been called logarithmic conformal field theories
(LCFTs). While much progress has been made since then (see the recent
special issue on the subject [59]), LCFTs are still far from being fully
understood—at least, to the extent nonlogarithmic, usual CFTs are un-
derstood today. In this regard, studying lattice realizations of LCFTs
should prove very useful to probe and try to better understand certain
aspects of these theories.

The first objective of this dissertation is therefore to carry out explicit
calculations of correlations in the lattice sandpile model, without refer-
ring to LCFTs. A number of computations have already been done using
standard graph-theoretical methods to write height correlations as frac-
tions of spanning trees with certain nonlocal topological properties (see
for instance [81,130,131,137]). However, in view of their technical com-
plexity and clumsiness, these methods have somehow delivered all what
they could. Recent ideas put forward by Kenyon and Wilson [88,91] to
compute partition functions for spanning forests have much improved
the situation, since they dramatically reduce the complexity of calcula-
tions. These techniques are directly relevant to the evaluation of sandpile
correlations and therefore allow one to obtain new explicit results, which
can in turn be compared to LCFT predictions.

The large success met by the use of conformal field theories to study
critical lattice systems has also inspired significant developments related
to conformal invariance in the mathematics community. In particular,
papers pertaining to crossing probabilities in the percolation model pub-
lished in the early 1990s [28,97] attracted a number of mathematicians
to the domain. The description of random interfaces and paths appear-
ing in critical lattice models was at that time very limited, and the few
important results derived using CFTs had nothing to do with system-
atic techniques. The major breakthrough came in 2000, when Schramm
proposed a natural candidate for families of nonintersecting curves to
describe the continuum limit of the loop-erased random walk (LERW)
and the uniform spanning tree (UST) [144]. He introduced what is now
called the Schramm-Loewner evolution with parameter k > 0 (SLE,),
defined as the random Loewner evolution with driving process /k By,
where (By);>0 is a standard Brownian motion (the value of x depend-
ing on the specific lattice model considered). Its two key properties



are (i) conformal invariance and (ii) a domain Markov property. To-
gether with Lawler and Werner, Schramm proved in 2004 the conver-
gence of the LERW and the UST to SLEy and SLEg, respectively, in
the celebrated paper [105]. Since then, SLEs have been proved to be
the scaling limit of interfaces and paths appearing in a variety of mod-
els: percolation [23,151], the discrete Gaussian free field [146,147] and
the critical Ising and FK-Ising models [29,31]. SLEs have also been
extended in several directions, for instance on multiply connected do-
mains [11,102,160] and for the description of multiple nonintersecting
curves [10,45,76,93,95,101,125,159]. The connection with the CFT
framework has been made in [8,56], and relates the central charge ¢ to
the parameter k as follows:
(6 —kK)(3k —8)

c= ,
2K

which is invariant under x — 16/k and implies that ¢ < 1.

More recently, another approach to conformal invariance of 2D critical
lattice models has come from discrete complex analysis, pioneered by
Smirnov in the late 2000s (see [152] for an overview) based on early
developments appearing in the work of Kenyon [85,87]. Several rigorous
results have been obtained by identifying lattice observables of the Ising
model and the dimer model-—and more generally of O(n) models—that
satisfy discrete Cauchy-Riemann equations and possess a conformally
invariant limit, on a large class of planar graphs [30,31,47,68] (see also
[46] for a summary thereof).

As far as explicit computations are concerned, one of the simplest results
obtained in the SLE framework for a single curve is Schramm’s formula,
which gives the probability that a marked point lies to the left (or right)
of an SLE, curve between fixed boundary points [145]. This formula
has been adapted in several ways, namely to curves in doubly connected
domains for k = 2 [64] and k = 4 [66], and for the left-passage prob-
ability with respect to two marked points 21,22 for k = 8/3 [13, 150].
The generalization to multiple curves passing left or right of one marked
point has also been investigated in [60], in which the passage probabil-
ities were explicitly computed for two curves only, for k = 0,2,4,8/3,8
(with more rigorous proofs given later in [107]). Most of the results
regarding Schramm’s formula, including the original paper [145], have
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been directly obtained in the continuum. A notable exception is [71], in
which an explicit expression for the left-passage probability with respect
to a specific type of marked points is given on the lattice, for the perco-
lation model. The second objective of this dissertation is to derive the
equivalent of Schramm’s formula at the lattice level for a specific model,
namely the loop-erased random walk. Due to the well-known corre-
spondence between the LERW and branches of the UST [126,157], the
probability of interest may be expressed as a ratio of partition functions
for spanning forests with a certain topological property. Techniques re-
cently developed by Kenyon and Wilson [88,91] may be used to obtain
a discrete combinatorial form for Schramm'’s formula. Its explicit eval-
uation on rectangular grids approximating well-known domains such as
the upper half-plane and the cylinder allow for a comparison with SLE
computations in the scaling limit. Moreover, the same formalism allows
one to find a generalization of Schramm’s formula for multiple LERWsS.

The layout of this dissertation is the following. In the first chapter, we
first recall well-known definitions and results in graph theory regard-
ing spanning trees and the combinatorial Laplacian, most notably the
matrix-tree theorem and its generalization for minors of the Laplacian.
We then introduce the concept of a connection on a graph and the line
bundle Laplacian (which specializes to the usual graph Laplacian for a
trivial connection). We present the results of [53,88,91], in particular
the grove theorem, which constitutes the mathematical foundation of
our work. The second and third chapters concern the Abelian sand-
pile model and the loop-erased random walk, respectively (a detailed
description of their contents is included at the beginning of both chap-
ters). For both models, exact lattice results are obtained through the
correspondence with the spanning tree model, using theorems recalled
in the first chapter. Their comparison in the scaling limit to predictions
arising from LCFTs and SLEs is then discussed. Finally, four appendices
collect technical material related to the explicit computations presented
in the second and third chapters of this dissertation.
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Chapter 1

Spanning trees and the line
bundle Laplacian

In this chapter, we recall definitions and classical results in graph the-
ory. We give an overview of some new techniques pertaining to graphs
equipped with a connection, introduced in [53,88,91], which are relevant
for the computations of later chapters. For the most part, we follow the
formalism of [91].

1.1 The matrix-tree theorem

Let G be an unoriented connected graph, with a set of vertices V and
edges £. We assume that there are no self-loops or multiple edges in £.
We shall denote by (u,v) and {u, v} the oriented edge and the unoriented
edge from wu to v, respectively (with {v,u} = {u,v}). Let s be an
additional vertex, called the root, connected to a subset D C V by a set
of edges &, which may contain multiple edges. We denote by G, the
extended graph with vertices V U {s} and edges & U &;.

A spanning tree on G is a connected subgraph without loops that con-
tains all the vertices of V U {s} (see Fig. 1.1). In what follows, we shall
make the distinction between a spanning tree and a rooted spanning tree,

11



12 CHAPTER 1. SPANNING TREES

Figure 1.1: Spanning tree on a rectangular 9 x 6 grid (whose edges are
drawn as dotted lines), extended by a unique root s, represented as the
box surrounding the grid.

in which all edges are oriented toward a single vertex, usually taken to
be the root s.

We define a conductance function ¢ : £ U &y — R, associating a weight
Cup = Cpu With each unoriented edge {u,v} € £. We further choose a
unit conductance for the edges {u, s} in &: ¢, s = ¢s = 1. The weight
of a spanning tree 7 on G is given by

w(T)= [ cur (1.1)

{u}eT

The standard Laplacian of the graph G, is denoted by Ag,, and is defined
for any u,v € VU {s} by

deg,(u) if v =,
(Ag, )y = —Cun if {u,v} € EUE,, (1.2)

0 otherwise,

where deg,(u) is the (weighted) degree of u on the graph Gs, given by
degy(u)= > cuw (1.3)
w{u,w}eEUE

One sees that Ag, is singular since it has a zero eigenvalue, whose cor-
responding eigenspace is generated by (1,1,...,1)" (this Laplacian is
sometimes denoted by Ay, the index referring to its zero eigenvalue).
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Therefore, it is customary to define A(gi ), the Laplacian of G with Dirich-

let boundary conditions at s, as the submatrix of Ag, from which the
row and column indexed by s have been removed. In what follows, we
shall drop the subscript Gs and the superscript (s), and simply refer to
this Dirichlet Laplacian as A. Moreover, we shall call wired the vertices
of D (i.e. those that are connected to the root s by an edge in &), and
free or unwired the vertices in V\D.

In this thesis, we shall consider planar graphs embedded on surfaces
bounded by Jordan curves. We shall call boundary vertices the vertices
in V belonging to these curves, and take D to be a subset thereof. A
graph in which all boundary vertices belong to D (resp. V\D) will be
said to have a wired boundary (resp. free boundary).

A well-known result in graph theory, the matriz-tree theorem—which is
also known as Kirchhoff’s theorem—states that the determinant of the
Dirichlet Laplacian A is equal to the weighted sum of spanning trees on

Gs.

Theorem 1.1 ([92]). Let .7 denote the set of spanning trees on the
graph G, and let A be the Dirichlet Laplacian of Gs. Then

det A=Y w(T), (1.4)
TeT

where the weight of a spanning tree is defined by Eq. (1.1).

More generally, we shall consider spanning forests on G, that is, multiply
connected spanning subgraphs in which each component is a tree. The
natural weight of a spanning forest is given by the product of the weights
of its tree components. The generalization of Kirchhoff’s theorem for
spanning forests, called the all-minors matriz-tree theorem, is as follows.

Theorem 1.2 ([32]). In addition to the root s, let R = {ry,..., 14},
S={s1,...,8k} and T = {t1,...,ts} be three disjoint subsets of V, and

o=ris1|...|reslt1] .. |te]s (1.5)

be a partial pairing of these wvertices (the wvertical bars separating the
pairs and singletons). One denotes by Z[o] the weighted sum of spanning
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forests on G in which each of the k+{+1 trees contains either s, a single
ti, or a single pair {r;,s;}. Then the following sum rule holds:

det Adet GRJr = Y €(p) ZIrisymy| - - - [respltal - - [tels],  (1.6)
PESk

where the sum is over all permutations of the symmetric group on k
objects and €(p) is the signature of p. The notation G%LU%C refers to the
restriction of the Green matrit G = A™! to the rows (resp. columns)
indezed by the vertices of RUT (resp. SUT ), where A is the Laplacian

of Gs with Dirichlet boundary conditions at s.

{5158k U{t1,. te }
{riyeori JU{t1,.. te}

A useful variant of Theo-

SuT

To simplify notations, the matrix G = G will from

; ST S1yeeesSkslyeesle
now on be written as Gy or Gy Ty
rem 1.2 consists in taking the root s in 5, i.e. setting s = s. In such a

case, the all-minors matrix-tree theorem is as follows.

Theorem 1.3 ([32]).

det Adet Gyl = Y €(p) Zlris,m - - Irespaltal - [t (1.7)
PESE

where @uﬂ, = Gyy forv#s and @u,s =1, for any u € V.

Note that the sum on the right-hand side of Theorem 1.3 is over (k+¢)-
component spanning forests, instead of k+¢+1 as in Theorem 1.2.

1.2 The line bundle Laplacian

The Dirichlet graph Laplacian A, acting on complex-valued functions
on the graph, can be generalized in the following way. For a fixed vector
space V, a vector bundle B over the graph G, is the assignment to each
vertex v € VU{s} of a vector space V,, isomorphic to V. A section f € B
is an element of Vg, = @, V,. We focus here on the one-dimensional
case V,,  V = C for each v € VU {s}, which was first envisaged in [53]
(the higher-dimensional analogue has been considered in [88]). Since
dim V' = 1, the vector bundle B is called a line bundle.
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A connection ® is the choice, for each oriented edge (v, w) € EUEs, of an
isomorphism ¢, 4, : Vi, — Vi, called a parallel transport, such that ¢y, , =

v L. For V = C, the parallel transport is just the multiplication by a
nonzero complex number, ¢, ,, € C*. The generalized Laplacian that
includes complex parallel transports, called the line bundle Laplacian
[88], will be written as A (in bold). For Dirichlet boundary conditions
at s, the Laplacian A is restricted to sections that vanish at s. Its action
on such sections f is given for v # s by

Af(W) = cow[fV) = duwuf(w)]
oy (1.8)
= deg,(v) f(v) — Z CowPwp f (W),
where the sum is over the vertices w such that {v,w} € EUE&;. As a
matrix, the line bundle Laplacian yields, for u,v € V,

deg(u) if v =u,
Au,v = —Cy,v ¢v,u if {’U,, U} & g, (19)
0 otherwise.

An example of a line bundle Laplacian on a graph with five vertices is
given in Fig. 1.2. Clearly, the usual Dirichlet Laplacian A is recovered
when ¢, ,, = 1 for each edge (v, w) € &, that is,

A = lim A. (1.10)
I

The analogue of the matrix-tree theorem for graphs with a connec-
tion counts combinatorial objects called oriented cycle-rooted spanning
forests. An OCRSF consists in the union of a single tree containing the
root s and cycle-rooted trees (CRTSs, also known as wunicycles), which
are connected subgraphs containing a single cycle. The tree attached to
the root s—which can possibly be degenerate or spanning—is naturally
oriented toward s. In a cycle-rooted tree, all edges in branches point to-
ward the cycle, which can be oriented in either direction (so that there
is a unique outgoing arrow at each vertex of the CRT). The theorem is
the following.
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¢34
S <
O
5 3 —¢1, —$iy —ii
¢ T‘ 1} T‘¢ A —b1,2 2 — ¢33 0
4 = ? _
b 23 —P13 —P23 3 —¢3,411
—P14 0 — P34 3
1 — 2
®1,2

Figure 1.2: On the left: five-vertex graph equipped with the most general
complex-valued connection with unit conductances (c,, = 1 for any
u,v € V), such that the vertex 4 is connected to the root s. On the
right: the corresponding line bundle Laplacian with Dirichlet boundary
conditions at s.

Theorem 1.4 ([53,88]).

detA= Y w(C), withw(C) = [ cuo [J[] 1-wa),
OCRSFsC {u,v}eC cycles aeC
(1.11)

where wy, is the monodromy of the cycle a = (vg,v1, ..., Uk, Vpgr1=00)
(k > 1), defined as the product of all parallel transports along «:

k
Wo = H ¢vi,vi+1 : (1'12>
=0

As the ¢’s are complex numbers, the starting point of a cycle is arbitrary.
One also notes that cycles of length 2 have vanishing weight, due to the
inverse property of parallel transports, i.e. ¢yy.0, = qﬁ;{vo.

1.3 Cycle-rooted groves

Let us select a subset N' 3 s of distinguished vertices of Gy and call
them nodes, which we number from 1 to n = |[N|. As a convention, we
assume that node n is the root s of the graph. The vertices of V\N
are called interior vertices. A cycle-rooted grove (CRG), in the sense
of [91], is an unoriented subgraph of G5 containing all vertices such that
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each component is either a cycle-rooted tree without any node or a tree
containing at least one node'. The weight of a CRG on a graph is the
same as that of an OCRSF, namely, it is given by the product of the
conductances of its edges, with an extra factor (1 — w,) + (1 —w,!) =
2 — w, — w, * for each unoriented cycle a.

CRGs on a graph can be classified according to the way nodes are dis-
tributed in the trees. A specific way to distribute the nodes will be
called a partition; the nodes belonging to distinct components will be
separated by bars. For instance, if N' = {1,2,3,4,5=s}, 0 = 134/25
specifies CRGs with two tree components, containing respectively nodes
{1,3,4} and {2,5} (see the example in Fig. 1.3). Let us note that,
depending on the positions of the nodes, certain partitions cannot be re-
alized by CRGs, for topological reasons. For a partition o of the nodes,
the partition function Z[o] is defined as the weighted sum over all CRGs
whose nodes are distributed in trees according to o,

Zo] = Z H Cuw H (2 — Wy — w;l) .

0—CRGs  edges {u,v}€CRG cycles a€CRG
(1.13)

In particular, for a trivial connection, Z[12...n] = Z[12...n] is simply
the weighted sum of spanning trees on G (since all cycle contributions
vanish).

1.3.1 Oriented cycle-rooted groves

A particular type of partitions of the nodes consists in partial pairings,
connecting 2k nodes in pairs and leaving ¢ nodes on their own tree,
ie. 0 =ris1|...|rgsklt1]...|te. For such partitions, we define an ori-
ented cycle-rooted grove (OCRG) as a spanning subgraph of G whose
components are either:

e arooted tree containing exactly two nodes r;, s;, in which all edges
point toward node s;;

!Similar geometrical objects, comprising trees and cycle-rooted trees, were con-
sidered in the context of the monomer-dimer model [17,133], where they arose from
the Temperley correspondence, and were called spanning webs. In particular, for the
dimer model on a cylinder, the distribution of the number of loops was obtained by
using a technique closely related to a connection [19].
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4 3

—

Figure 1.3: Cycle-rooted grove of type o = 134|25 on a graph with five
nodes (the fifth one being the root s). The component with no nodes is
a cycle-rooted tree, whose unique cycle is highlighted with a heavy line.

e a rooted tree containing a single node t;, in which all edges points
toward t;;

e a cycle-rooted tree not containing any node, in which all branch
edges point toward the unique cycle, which can be oriented in
either direction.

An illustration of an OCRG on a graph with four nodes is provided in
Fig. 1.4. We shall speak of oriented partial pairings when referring to
OCRGs with a fixed distribution of the nodes in oriented tree compo-
nents, and shall denote them using a vector notation:

G = 5| [t (1.14)

T1

Let then I'z be an OCRG with 2k+-¢ nodes distributed in trees according
to the oriented partition ¢ written above, that is, in which each rooted
tree containing a pair 7, s; is oriented toward s;. The weight of 'z
is given by the same formula as for an OCRSF (1.11), with an extra
factor accounting for (the inverse of) the product of parallel transports
¢r,—s, along the unique path from node 7; to node s; in each rooted tree
(1<i<k):

k
wilz)= J[ o [ Q-ma)x]]onbs- (1.15)
i=1

{u,v}elz cycles a€l'z
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We shall use the notation Z[5] for the partition function for all OCRGs
whose nodes are distributed in rooted trees according to the oriented
pairing 7.

For an oriented partial pairing & of the form (1.14) and its unoriented
version o, the distinction between the corresponding partition functions,
Z[5] and Z[o], lies in the incorporation of the product of (the inverse
of) parallel transports along the paths from 7; to s; in each of the k
trees. Consequently, these two functions coincide in the limit of a trivial
connection,

lim Z[5] = lim Z[o] = Z[o], (1.16)

where Z[o] is the weighted sum of spanning forests of the type o, intro-
duced in Theorem 1.2.

The partition functions Z[5] satisfy the grove theorem, which generalizes
Theorems 1.2 and 1.3.

Theorem 1.5 ([91]). Let N = RU S UT be the set of nodes on a
graph G, split as a disjoint union RU S UT, where R = {r1,...,7%},
S ={s1,...,sc}, T =A{t1,...,ts}. Let A be the line bundle Laplacian
of Gs with Dirichlet boundary conditions at s, and G its inverse, called
the line bundle Green function. Moreover, let Z = det A.

If the root s belongs to T, one may assume that s = t; without loss of
generality. If T is defined as T\{s}, the following sum rule holds,

ZdetGSL =" e(p) B0 |- [0 [ta] - [toa 5] (1.17)
7 PESK

If rather s € RU S, one may assume that s = s (up to relabeling the
nodes and exchanging the roles of R and S). Let A be the line bundle
Laplacian of G5 without Dirichlet boundary conditions, and let A be the
matriz defined by

-~ ~

3u,v = (AO)u,v) Au,s = (AO)ms; 35,1} = Oa As,s = 1) (118)

for u,v €V, and let G = A"l Then det A = det A, éu,v = Gy for
any u,v €V and

~S,T
Zdet Gy = €(p) B0 |- %00 [ty] - [tg]. (1.19)
PESE
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The grove theorem, due to Kenyon and Wilson [91], lies at the core of
this thesis. Indeed, OCRG partition functions Z[5] will be the main
quantities of interest in sandpile computations in Chapter 2. More pre-
cisely, we shall be interested in evaluating the partition functions Z[o],
using the property

Zlo] = lim Z[5). (1.20)

A natural question is the following: Why bother to introduce a connec-
tion on the graph and then take its trivial limit? First, we shall see that
Theorem 1.2 and Theorem 1.3 do not suffice to compute the partition
functions Z[o]. Indeed, the system of linear relations one can obtain for
all possible choices of disjoint subsets R, S, T (such that N'= RUSUT)
is not invertible for generic positions of the nodes.

On certain types of graphs, namely so-called annular-one graphs [91],
using Theorem 1.5 with a nontrivial connection produces an invertible
system of equations. It follows that the partition functions Z[5] can
be written as linear combinations of minors of the modified line bundle
Green function G. Taking the limit ® — I yields formulas for the Z [o]’s,
in which a dependence on the connection remains manifest, as we shall
see below. Introducing a connection ® to compute the Z[o]’s and then
taking its limit ® — I (in an appropriate manner) is therefore not a
trivial operation.

1.4 Annular-one graphs

Let us now consider a planar graph G, embedded on the plane, such that
the root s is connected to a subset D of boundary vertices (i.e. those
located along the outer face of the graph). Let N'= {1,...,n} be a set
of nodes, such that nodes 1 to n—1 lie in counterclockwise order on the
boundary of a single marked face f of the graph, and such that the root
s is the nth node. Such a graph is called an annular-one graph [91].

We equip the graph with a connection ®, chosen to be trivial everywhere
except on the edges crossed by a zipper, i.e. a path on the dual graph
from f to the outer face. On such edges {k, {}—called zipper edges—we
put a parallel transport ¢, = z € C* in the direction of the oriented
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I S 7
........................ -
4 A S
""" 1 D 3
_ b _).‘

Figure 1.4: Oriented cycle-rooted grove on a rectangular grid with wired
boundary, where the root s is drawn as a box surrounding the grid. The
graph contains five nodes paired according to ¢ = é‘g]s The grove
has four connected components: three trees 75, To—1, T3—4 and a cycle-
rooted tree without nodes, whose cycle is highlighted with a heavy line.
All the edges in T3 (resp. T3—4) are oriented toward node 1 (resp.

node 4).

edge (k,¢). The opposite edges, (¢, k), must then have a parallel trans-
port ¢p = ¢,;} = 2~ L. Up to relabeling, we may assume that the zipper
edge belonging to the boundary of f lies between nodes 1 and n—1.

As an example, let us consider an annular-one graph with four nodes,
ie. N =1{1,2,3,4} as in Fig. 1.5, and compute the number of spanning
forests of type 12|34 (that is, forests that contain two trees: one with
nodes 1 and 2, and the other with nodes 3 and 4). With 7' = &, and for
three different choices of subsets R, .S, Theorem 1.5 yields

Zdet GT5 = Z[315) - Z[113)].

112 112
Zdet G5 = Z[715] — Z[113). (1.21)
Zdet Gy = Z[,|3] — Z[3 3]

The path joining a node r1 € {1,2,3} and node 4 in Z[;? ];11] can Ccross
the zipper any number of times in both directions, so ¢4_,,, varies from
grove to grove. We note that these groves do not contain cycle-rooted
trees, since any cycle would have a trivial monodromy. Moreover, the
path between the two remaining nodes 79, so in N'\{r1,4} is such that
Psy—r, 1S constant over all groves in Z[? |T41], because G is planar. For
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4 4
4
d
34| 1 31
™2 VA

Figure 1.5: Finite square grid with four nodes and wired boundary, with
Dirichlet boundary conditions at node 4. On the left: zipper on the dual
graph going from the face adjacent to nodes 1,2, 3 to the outer face. In
the middle: the edges crossed by the zipper are equipped with a parallel
transport z € C* in the direction of the arrows, from left to right (and
z~! from right to left). On the right: schematic representation of the
nodes and the zipper on an annulus.

instance, ¢31 = z in Z[§|§} and ¢1 .3 =2z~ !in Z[§|;‘], S0)
Z[315) = 2 Z53) (1.22)

Likewise, we see that ¢392 = 1 in Z[gm and ¢o,1 = 1 in Z[f!g],

resulting in two further identities:

ZG10 = Z510), Zbls) = Z[715). (1.23)

This reduces the number of independent quantities to 3 and allows one,
for z # +1, to invert the linear system (1.21). One obtains in particular

9,4 2,4 2 1,4 03,4
Z[1|3] _ detGrL3 + 2z det(}&2 +detG271

Z 1— 22
_ Gi12G3a — 2> G21G34 — G13Gay (1.24)
1—22
22 G31Gos+ Go3Gra — G32G14
+ 1_ .2 .

Remember that the hat over the quantities G serves as a reminder that
it is defined with respect to a perturbed line bundle Laplacian A (see
Theorem 1.5). A natural question is the following: Is it possible to write
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a formula for Z[?|§] in terms of the Dirichlet line bundle Laplacian A
instead? Indeed, the latter matrix and its inverse G should be easier
to manipulate in concrete applications, at least in the limit z — 1, in
which they converge respectlvely to the well-known matrices A and G.
By definition, G” = Gy, an = 0 and Gnn =1for1<4,j <n—1,
but what about Gz,n? The answer to that question was provided in [91],
in which the authors proved the following result.

Theorem 1.6 ([91]). Let & be an oriented partial pairing of n nodes
on an annular-one graph Gs, such that node n is the root s. Then the
partition function Z[5] can be written as Z times a polynomial in the
variables éi,j, for 1 <i<n—1and 1 < j <n. Moreover, in the limit
z — 1, Z[F] can be computed in terms of the variables G j, according
to the following substitution rule:

Gin—1 forl<i<n. (1.25)

In the example presented above, Theorem 1.6 yields the following ex-

pression:
hmz[flé]:h G12—Z2G21—G13+22G31+G23—G32
z—1 V4 z—1 1-— 2’2

(1.26)
In that limit, both the numerator and denominator of Eq. (1.26) vanish
since lim, ;1 Gy = Gy = Gy is symmetric in u, v. The ratio however
converges to

Z[12)34] _ . Z[]5]

A z—1
N lm G/172_2Z G271_22 G1271_G£73+22 G3’1+22 Gg71+G’/273_Gé72
o z—1 —2z
1
=G21 — G311 — 5{[ 12— Go] =[G 3 —G34] +[Gy3 — 52]}

=Gr2—Gi13— G+ G 13— Gy3,
(1.27)

where Giw = 0,Gy, and Gﬁw = —Giw = lim, 1 0.G, the latter of
which is called the derivative of the Green function. Since the connection
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(6) (6) (6) (6)

Figure 1.6: Reduction of a generic partition to partial pairings for a

trivial connection on an annular-one graph with six nodes.

depends on a single parameter z (and its inverse z71), it is straightfor-
ward to obtain a formula for G}, ,, in terms of the Green function G' [91]:

Gro= > cuw(GueGro— GupGro), (1.28)
(k,0): g 0=2

where the sum is over all oriented edges equipped with a parallel trans-
port z. To compute Z[12|34], we see that the full dependence of the
Green function G in the variable z is not required, but only its zeroth
and first order in z—1 (this remains true for a generic partition ¢ in
which node n is paired [91]). Technicalities about the way they can
actually be computed are collected in Appendix A.

In sandpile computations in Chapter 2, we shall need to compute parti-
tion functions Z[r] for which 7 is not a partial pairing (i.e. correspond-
ing to spanning forests in which at least one tree contains three or more
nodes). Although the grove theorem is not directly applicable in this
case, it is possible to write Z[7] as a linear combination of Z[o]’s, where
the o’s are partial pairings, assuming node n (the root s) is not in a
singleton. We illustrate the method on the partition 145|236, shown in
Fig. 1.6.

For a trivial connection, Z[145|236] is the number of two-component
spanning forests in which 1,4,5 lie on one tree and 2,3,6 on the other
tree. Let us first observe that in spanning forests of type 14|236, node 5
necessarily belongs to the tree containing the nodes 1 and 4. Therefore,
Z[145]236] = Z[14]236], and node 5 can be considered as an interior
vertex (which may, in principle, belong to any tree in the forest).

Let us consider next the partition 14/26. Node 3 can either lie on a tree
with 2 and 6, or with 1 and 4, so Z[14|26] = Z[134|26] + Z[14|236]. By
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the same argument used above, Z[134|26] = Z[13|26], and we find

Z[145(236] = Z[14|236] = Z[14]26] — Z[134|26]

(1.29)
= Z[14)26] — Z[13]26],

where 14|26 and 13|26 are partial pairings. Their respective partition
functions can therefore be computed via Theorem 1.5.

1.5 Graphs with free boundary conditions

Up to this point, we have considered a graph G with a root s, for which
the Dirichlet Laplacian A is invertible. For such a graph, a subset D
of the vertices V are wired to s, while the vertices of V\D are free. A
particular case occurs when D = &, namely, if all vertices are free. As
the root s is isolated from all the vertices of G, it may be eliminated
altogether. Although this situation may seem the most natural from the
graph-theoretical point of view, the singularity of the standard Laplacian
Ay raises technical difficulties, as we shall see below (the subscript 0
serves as a reminder that A has a zero eigenvalue).

Let us denote by Vo = (|fo)) € V = CV the one-dimensional eigenspace
associated with the eigenvalue A\g = 0, where N = |V| (recall that the
multiplicity of Ag is the number of connected components of G). Let A’
stand for the restriction of Ay to V\Vp, and G stand for the inverse of
A’. We shall call G the regularized Green function of the graph G2. We
further denote by Py = |fo)(fo| the projector onto Vy and by Gg the
matrix defined by

AoGo =1 —"Py = GoAy. (1.30)

In the canonical basis of V', (Py)y, = 1/N for any u,v € V. Explicitly,
if we write V =V @& VOJ-, then Ay and Gg read, in the canonical basis
for the direct sum:

Ag = <8 X,) . Go= (g‘ (A?)_1> . (1.31)

2We use the same symbol, G, to refer to both the Dirichlet Green function on

graphs with a root s and the regularized Green function on graphs without roots. No
confusion should occur, as it is clear from the beginning whether the graph has a root
or not.
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The parameter « is free, since Gy is only defined up to a term propor-
tional to Py. For simplicity, we choose the value o = 0. Using Eq. (1.31),
it is then straightforward to see that the following relations hold:

det(Ag + qPo) = qdet A', (A + q730)_1 =G +q Py, (1.32)

for any nonzero parameter g. In terms of the eigenvalues A and the
orthonormal eigenfunctions |fy) of Ag, the regularized Green function
takes the more explicit and familiar form

G =Y WA (1.3)

A0

We now show how to adapt Theorems 1.2 and 1.5 to graphs with free
boundary conditions, in terms of the regularized Green function G. Note
that for a generic connection ®, the line bundle Laplacian Ag is nonsin-
gular, so its inverse Gg is well defined. It is therefore possible to write
a version of Theorem 1.5 in terms of these two matrices. However, it
may often be difficult to control the singular behavior of Gg in the limit
® — . In such a case, we can consider a small perturbation of the line
bundle Laplacian, Ag+¢Py, and denote by G its inverse. The analogue
of Theorems 1.2 and 1.5 is given by

Proposition 1.7. Let R = {r1,...,rx}, S = {s1,...,sk} and T =
{t1,...,te} be disjoint subsets of vertices of G, with k > 2. We denote
by (Gq)i”:; the submatriz of G4 whose rows and columns are indexed by
RUT and SUT, respectively. Then

. S,T
;%det(Ao +qPo) det (Gg)gp = Z e(p) Z[S/;(ll) e [y - It].

PESK
(1.34)
In the limit ® — 1, the preceding equation reads
1 1 GT1,82_GT1,81 T Grl,te_Gm,Sl
N det A" x det | : : :
1 (;tb52__(;tb51 T (;tzie__(;tu51 (1'35)
=3 e(p) Zlrispmy - - - Irwsoqmltal - - - [te],

PESK

where det A’ /N is equal to the weighted sum of spanning trees on G by
Kirchhoff’s theorem.
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Proof. Using Cramer’s formula for minors, we find that

V\RUT

. ST _ SR+XS
%1_1}(1) det(Ag + qPp) det (GQ)R,T = ;1_13(1)(—1) det(Ag + qPO)V\SuT

VA\RUT
= (=)™ det(Ao)y G-
(1.36)

where ¥R (resp. X%.5) denotes the sum of the indices of the columns
of Ay + ¢Pp indexed by elements of R (resp. S). The latter (signed)
determinant corresponds precisely to the right-hand side of Eq. (1.34)
(see Theorem 4.4 in [91]). In the limit ® — I, the left-hand side of
Eq. (1.34) yields

1. A/ -1 S’T
ql_r)r(l)det x qdet(G + q PO)RTa

which can be evaluated by subtracting the first column of (G +q_1730)fg§
from its other columns to isolate the ¢~' dependence in the first column
only (recall that (Py)y, = 1/N for any u,v € V). O

For concrete applications, we shall use Proposition 1.7 for a connection

® with parallel transports 1, z or 271,

In particular, we shall need to
compute the first-order expansion of the line bundle Green function Gy

around z = 1, which reads

(Gg)yyp = (Guw +a7'NTY)
+(z=1) > xe(GueGro — Guk Geo)
(k,8): b1 0=2
+(z—1)¢ 'N! Z k0 (Gup + Grw — Guge — Gew) + - -

(k,£): b1, 0=2
(1.37)

We write the first-order derivative of G, as follows: 0,Ggl.=1 = G’ +
¢ IN~1G, with
G&,v = Z Ck.t (Gu,ﬁ Gk,v - Gu,k GZ,U)7
(k,0): br0=2

é;,v = Z k0 (Gup + Grw — Gug — Gow).
(k,0): P 0=2

(1.38)






Chapter 2

The Abelian sandpile model

The purpose of this chapter is twofold. First, we show how the ideas and
concepts developed in [88,91] and presented in Chapter 1 may be used
to compute sandpile probabilities, in a much more efficient way than via
earlier routes used in [81,131,137]. In Section 2.1, we recall the defi-
nition of the Abelian sandpile model on a generic graph, together with
the bijection between recurrent sandpile configurations with prescribed
heights (with at most one different from 1) and certain classes of span-
ning trees. We take the opportunity to generalize the bijection when
several prescribed heights are strictly larger than 1, and give an explicit
formula for two-point joint probabilities in terms of fractions of span-
ning trees. In Sections 2.2, 2.3 and 2.4, we rederive known one-site and
two-site results on the square lattice and half-lattice, before computing
new joint probabilities on both graphs. We then apply the techniques
of Chapter 1 to the calculation of height probabilities on triangular and
hexagonal lattices in Sections 2.5 and 2.6.

Second, we compare our new lattice results (in the scaling limit) to CFT
correlators, based on the field identifications of [81,129]. This is done
in Section 2.7, in which we find a full agreement with the correlators
evaluated on the square lattice. Moreover, we show that the computa-
tions on triangular and hexagonal graphs are consistent with the CFT
conjectures established from square lattice results.

29
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2.1 Review of the Abelian sandpile model

Let us consider a two-dimensional unoriented connected graph G =
(V,€) with a discrete random variable h; € N* associated with each

site i € G. A sandpile configuration is a set C = {h;} where the

i€gr
height h; > 1 counts the number of grains of sand at site zg
The definition of the model on G requires to extend it to Gs = G U {s}
with an additional site s called the sink (or root), and edges linking a
nonempty subset D C V to s (multiple edges between a site and the
sink are allowed, whereas all edges are simple in G). Sites of D are
called dissipative or open, while those of V\D are closed. We denote by
z; (resp. zF) the degree of i in G (resp. ), so that 2} = z; if 7 is closed
and zj > z; if i is open. We also define the symmetric toppling matriz
A on G as follows:

zF ifi =3,
Ajj=14 -1 if there exists an edge {i,j} between i and j, (2.1)
0 otherwise.

Hence, A corresponds to the discrete Laplacian on G with Dirichlet
boundary conditions at s, with unit conductances: ¢; ; = 1 if {i,5} is
an edge of G. Open and closed sites simply correspond to wired and
free vertices, respectively. A configuration C = {h;} is called stable if
1<h <z =A;; foreachicg.

The discrete, stochastic dynamics of the sandpile model is defined as
follows. Let C; be a stable configuration at time ¢. The configuration
Ci+1 is obtained in two steps:

(i) Seeding: A grain of sand is dropped on a random site i of G,
producing new height values, h?ew = h;?ld +9;5. I APV < Ay, the
new configuration is stable, and defines Cy, 1.

(73) Relazation: If h}*Y > A;;, then the whole system is updated
according to 7" — hyV — A; ; for each j € G, as well as s —
s+ 2! — 7. In other words, site 7 topples: it loses z; grains of sand
and gives one grain to each of its neighbors on the graph G;. If one
of the updated heights h; on G in turn exceeds A; ;, the toppling
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process is repeated until all sites are stable, thus defining C;y; (see
Fig. 2.1). We note that each time a dissipative site is toppled, a
certain number of grains leave G and are transferred to the sink.

Since the sink s is never toppled, its height is unboundedly increasing
over time. This property implies that the dynamics is well defined, in the
sense that the relaxation of an unstable configuration on G terminates
after a finite number of topplings [39]. The Abelian property stems
from the fact that the stable configuration obtained after all unstable
sites have toppled does not depend on the order in which the topplings
are carried out.

: 2 L R
-1 2<1>3 1
- 4 Z P4 J
S
4 Z <) 2
P4 r < < P4 r < 3

O S O S
22 1 22 1
1 22 fo B Q2
25 3 3 43

(c) (d)

Figure 2.1: Relaxation of a configuration on a 4 x 4 square grid with
dissipative sites on its (geometrical) boundary after a grain is dropped
on a site ¢ with height h; = 4. Its toppling creates another height h; = 5,
which in turn topples. On the last step, the grain of sand “falling off
the grid” arrives into the sink s, marked as the contour line surrounding
the grid in panel (a). The dotted lines indicate the edges in Gs.

The dynamics described above defines a discrete Markov chain on a
finite state space, namely the space of stable configurations. It can be
shown [39] that it has a unique invariant measure IP;, which is moreover
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uniform on the subset # of recurrent configurations:

1 .
P5(C) =< ¥ rees, (2.2)
0 it C ¢ %.

Hence, recurrent configurations are the only ones to keep reoccurring in
the repeated image of the dynamics; they all do so infinitely often, with
equal frequency. In the continuum limit, the measures Py are expected
to converge to the field-theoretical measure P of a conformal field theory
of central charge ¢ = —2 [112], which is believed to be logarithmic, see
the recent review [143].

In practice, recurrent versus nonrecurrent (transient) configurations can
be characterized in terms of certain subconfigurations. For example, the
subconfiguration consisting in two neighboring 1s cannot be part of a
recurrent configuration on a square grid, since it cannot be produced
by topplings (because a height h; = z' + 1 that topples to become a
1 gives one grain of sand to each of its neighbors, making their height
at least equal to 2). Similarly, the block 121 is also forbidden because
its production by topplings means that it contained a block 11 before.
More generally, a forbidden subconfiguration (FSC) F' is such that its
heights satisfy

hi < 2" = #{neighbors of i in F}, forallic F.  (2.3)

Then a stable configuration is recurrent if and only if it contains no
FSCs [39,112]. The condition for a configuration to be recurrent is
nonlocal, because one has to scan the whole graph to make sure that
no such subconfigurations appear. For example, the stable configuration
h; = z; for each i € G is not recurrent and contains ' = G as the smallest
FSC.

The recurrence criterion in terms of FSCs shows that the configuration
obtained by increasing the height of any site in a recurrent configuration
(without making it unstable) is recurrent. Decreasing the heights in a
recurrent configuration may however result in nonrecurrent configura-
tions.

Up to this point, it should be noted that the definition of the Abelian
sandpile model holds on any unoriented connected graph Gs. In what
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follows, we shall particularize the discussion to the square lattice, on
which most of our results have been obtained.

2.1.1 The burning algorithm

Height variables are the most natural degrees of freedom in the Abelian
sandpile model, and evolve according to local toppling rules. However,
as observed above, the characterization of recurrent configurations in
terms of FSCs is highly nonlocal.

The burning algorithm [112] gives a bijection between recurrent sandpile
configurations on G and rooted spanning trees on G, which turn out to
be more convenient for concrete calculations. We shall view the sink s
as the root of the tree, since the burning algorithm will produce trees as
growing from s.

Given a stable configuration on G, the burning algorithm describes the
propagation of a fire front throughout the grid G, starting from the
root s; when the algorithm stops, the various fire lines form a rooted
spanning tree on G, if the configuration we started from is recurrent.
The fire propagation depends on the height values of the configuration
one considers, and so does the resulting spanning tree. It is defined as
follows.

At any time! ¢, the sites of G, belong to one of the following three disjoint
sets, Uy, By and & (for more clarity, we omit the explicit dependence of
these sets on the configuration one is looking at). U; contains the sites
that have not burnt yet at time ¢, B; contains those that are burning at
time ¢ and the rest goes in &, which contains the extinct sites. At the
initial time ¢ = 0, only the sink/root is burning while all other sites are
unburnt, so Uy = G, By = {s} and & = @. From then on, the three sets
evolve by the following rules.

The sites in B; keep burning for just one time unit, so that &1 = £&UB;.
The unburnt sites in U whose height is strictly larger than their number

1This time variable is used to describe the propagation of the fire front, and should
not be confused with the time used in the previous subsection to describe the dynamics
of the model.
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of neighbors in ; move to By 1, whereas the others form U 1:
Bt+1 = {’L clUy : h;> Zgut)}, ut-i-l = ut\8t+1- (24)

Therefore, the size of the set U; decreases in time, while that of &
increases. The algorithm stops when the three sets no longer change,
that is, at the first time 7 for which B, = & (and ;41 = &7, Uy = Ur—1).
From the definitions, we see that the set U, if nonempty, is an FSC.
A configuration is therefore recurrent if and only if the algorithm stops
after all sites have burnt, namely £, = G5 or U, = &.

Let us observe that for all times 0 < t < 7, every site of B; has at
least one nearest neighbor that was in B;_1, since otherwise that site
would have been burning at an earlier time. For instance, at time ¢t = 1,
the sites of By must be dissipative sites, i.e. neighbors of the sink. In
this way, we can imagine the fire as propagating along edges connecting
nearest neighbors; these edges eventually form the spanning tree.

The spanning tree starts from the root, and connects it to the dissipative
sites in B1. Edges are subsequently added as the algorithm is running.
If a site j in B; has only one nearest neighbor i in B;_1, we say that j
catches fire from i, and we add the edge connecting ¢ to j to the tree
under construction. More generally, if j has & > 1 nearest neighbors in
B:_1, the height at j satisfies

Zé./\/;&fl)

Ni—1)

Ni_
+1< hy < AN =N g (2.5)

where the lower bound is because j is in B; and the upper bound is

because j was not in B;_1. Therefore, the height h; can possibly take
k different values. If the actual value is h; = zj(-Nt‘l)

additional prescription that j catches fire from its mth neighbor in B;_1,

+ m, we use the

once these neighbors are ordered clockwise starting from the northern
one. We also add the corresponding edge to the tree.

The algorithm is illustrated in Fig. 2.2. The site in bold is in Uy where
it has two neighbors, then belongs to B3 with two of its neighbors, E
and S, in By. Its height is h; =3 = z](-Nz)
it catches fire from its E neighbor, the first of his neighbors in By with

+ 1 and so m = 1. Therefore,

respect to the ordering N-E-S-W. The same prescription has been used
at t = 1 to decide which edges propagate the fire to the three burning
corner sites.
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Figure 2.2: Construction of the spanning tree associated with a recurrent
configuration on a 4 x 4 grid (the box represents the sink). The burning
algorithm stops at time 7 = 7. Each panel shows a snapshot for times ¢
between 0 and 7: sites in sets U; are shown by their height, those in B,
and & are marked by white squares and black dots, respectively.

The burning algorithm clearly defines an injective map from the set Z of
recurrent configurations to the set 7 of spanning trees on G4 rooted at
the sink. Since the two sets have equal size [112], the map is bijective.
It follows that the probability measure on spanning trees induced by
that on recurrent configurations is uniform. Moreover the size of each

set defines the partition function,

Z = |%| =|7| = det A. (2.6)

It is important to bear in mind that the above algorithm, which we shall
refer to as the standard algorithm, is only one among the many possible
burning algorithms. One may decide to choose an ordering different
from N-E-S-W, or even use a distinct but fixed ordering at each site.
One can also delay the burning of a portion of the grid, something we
shall do in the next section. All these different algorithms are perfectly
admissible but would typically assign trees with many different shapes
to a given height configuration. Each one however provides a bijective
map if consistently applied to all height configurations.
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2.1.2 Height probabilities

The burning algorithm associates a rooted spanning tree with each re-
current configuration. Since there is a unique path connecting every
site to the root, the edges of the spanning tree can be oriented toward
the root, as pictured in Fig. 2.3 (this orientation is opposite to the fire
propagation). We define the notion of predecessor by saying that j is a
predecessor of ¢ on a rooted spanning tree if the path from j to the root
goes through .

Since the stationary sandpile measure P = Pg is uniform over the set
Z of recurrent configurations, the probability P,(i) = P(h; = a) that
a given site ¢ has height h; = a is given by the ratio of the number of
recurrent configurations with h; = a to the total number of recurrent
configurations. To compute these probabilities relative to the site i, we
partition Z into four disjoint subsets %y (i), 1 < k < 4, defined as

Ky (i) = {configurations that are recurrent for k < h; < 4,
transient for 1 < h; < k—1}.

(2.7)

Since each % (i) contains an equal number of configurations where h; =
k,k+1,...,4, one readily finds that the probabilities are given by

S BO o 0)
IFD1(2) - 4’%‘ ) ]P)Q.(Z) - PI(Z) + 3‘%‘ ) | (28>
Pati) = Pali) + 15200 Pat) = Pafi) +

The sets % (i) can be characterized in terms of spanning trees [137].
To see this, we use a slight modification of the standard algorithm.
Namely, we keep the reference site ¢ in the set of unburnt sites as long
as possible, that is, until no other site is ready to burn. At that point, ¢
and possibly other sites form a cluster F; of unburnt sites. The whole of
F; will then subsequently burn following the standard procedure. With
respect to this modified algorithm, and since i is necessarily the first
site in F; to burn, all the other sites of F; are predecessors of i. Now let
C be a configuration in % (i), to which we apply the modified burning
algorithm just described. Since the cluster F; will eventually burn for
whatever value of h; > k, F; must contain exactly k—1 nearest neighbors
of 7.
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Y

Figure 2.3: Oriented spanning tree rooted at the sink, where j is a

predecessor of i.

Conversely, let us consider a two-component spanning forest on the ex-
tended graph G, with a tree 7; rooted at the sink s and a tree 7; rooted
at the reference site ¢, such that 7; contains k—1 nearest neighbors of
1. Each such forest can be made into a spanning tree on Gs by adding
an extra edge between i and any of its 4—(k—1) nearest neighbors in
Ts. In the resulting rooted spanning tree, ¢ has therefore k—1 prede-
cessors among its neighbors. On the other hand, the forest 75 U 7; is
associated with a unique sandpile configuration C; on G\{i} through the
modified burning algorithm. This configuration C; can be extended to a
configuration C on the full grid G by specifying the height h;.

Let us show that C = C; U {h;} is recurrent if and only if h; > k. First,
observe that there are no FSCs in the subset Fj of sites that are burnt
before i and in the subset F;\{i}, since they give rise to spanning trees
through the standard burning algorithm, applied to both separately.
However, the subconfiguration C (F;) on F; (including ¢) is an FSC if
and only if h; is less than or equal to the number of its neighbors in F;,
which is precisely k—1.

Therefore, if Xj (i) denotes the fraction of rooted spanning trees in which
1 has exactly k predecessors among its nearest neighbors, for 0 < k <
3, we have shown that Xy (i) = |Zk+1(i)|/|%|. The one-site height
probabilities can then be written as

Po(i) =Y f’f_(z. (2.9)
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2.1.3 Multisite height probabilities

We provide a detailed discussion for two-site probabilities P, ;(i,5) =
P(hi=a, h;=b), assuming the reference sites 7 and j are not neighbors and
do not share common neighbors. By analogy with one-site probabilities,
it seems natural to define the following subsets [73],

Ry 0(1,j) = {configurations that are recurrent if k < h; < 4 (2.10)
and ¢ < h; < 4, and transient otherwise}, '

and try to characterize the trees contributing to P, (7, 7) in terms of
these sets.

However, it was observed in [80] that some recurrent configurations do
not belong to any %) . Consider for example a rectangular grid G of
arbitrary size, with reference sites 7 and j respectively located at the top
left and bottom right corners of the grid, and the configuration Cy such
that hy = 2, for any site K #¢,j, and h; =2, +1=3,hj =2 +1=3
(see Fig. 2.4). The configuration Cp is recurrent, and remains recur-
rent if either h; or h; is decreased by one or two. However Cy becomes
transient if both h;, h;j are set to 2. In particular Cy does not belong to
H13(i,7), since {h; > 1,h; > 3} is a sufficient but not necessary con-
dition for Cp to be recurrent; similarly it does not belong to #s1(i, j)
either. More generally, we see that Cy does not belong to any of the
subsets % ¢(i, j), which therefore do not form a partition of the set of
recurrent configurations.

To solve this issue, Jeng proposed an alternative division of % [80],
which we do not state here explicitly. Instead we propose the following
definition, equivalent to that of Jeng:

@k,g(i,j) = {configurations that are recurrent for (h;, h;) = (k,¥),
transient for (h;, hj) = (k—1,¢) or (k,£ —1)}.
(2.11)

It follows that % ,(i,7) C ;@k’g(i,j). However, the two subsets are
not equal, as @W(z‘, J)\Z%s0(i,7) contains configurations that remain
recurrent for certain heights h;, h; such that h; > k£ and h; < /¢, or
hi < k and hj > £.
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3|3 - - - 312
314 -- - 413
3|4 - - - 413
2|3 - - - 33

Figure 2.4: Recurrent sandpile configuration Cy on a rectangular grid,
with reference sites i, j located at the top left and bottom right corners,
that does not belong to any %y ¢(i,7), but to %1 3(i,j) and #31(i, 7).

While any recurrent configuration belongs to a subset @k,g(i, j), it might
not be unique. For instance, the configuration Cy described above be-
longs to both subsets @1,3(1',]') and @371(1',3'). The subsets ju can
therefore be used for sandpile computations, but prove to be impracti-
cal (see for example the discussion of P 2(i, j) along a closed boundary
on the upper half-plane in [80]).

Instead we set up a specific one-to-one correspondence between recur-
rent configurations and spanning trees based on a slight modification of
the burning algorithm. We begin by making the following observation:
the classification of rooted spanning trees according to the number of
predecessors of ¢ and j is not sufficient to compute two-site probabili-
ties if the heights at the two reference sites are both strictly larger than
1. Indeed, let us define Xy ((¢,j) as the fraction of spanning trees in
which ¢ and j have respectively k& and ¢ predecessors among their own
nearest neighbors. Then trees in a given class X}, ¢(7,j) can contribute
differently to two-site probabilities.

Consider for example the trees making the fraction X 1(4,j). A tree in
that set such that ¢ and its neighbors are not predecessors of j or any of
its neighbors, and vice versa, will contribute equally to P, (7, j) for all
values a,b > 2. The situation is different for those trees such that ¢ and
j are not predecessors of each other, but where two neighbors of i (resp.
j) are predecessors of j (resp. i), as illustrated in Fig. 2.5. Using the
standard burning algorithm (or a modified version of it), we see that i
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/’\

Figure 2.5: Schematic representation of a rooted spanning tree con-
tributing to X1,1(4, ) with 2 neighbors of i (resp. j) that are predeces-
sors of j (resp. i). Here, only the paths connecting 4, j, their neighbors
and the root are shown.

or j (or both) must be burnable at a time when only one of its neighbors
is burnt. It follows that h; and/or h; must necessarily be equal to 4,
and therefore these spanning trees in X 1(¢, j) do not contribute to Pg 2,
Py 3,P32 or P3 3.

We see that a naive generalization of the characterization of recurrent
configurations in terms of spanning trees (established for one-site prob-
abilities) fails. A more detailed characterization including the predeces-
sorship between i, j and their neighbors is therefore required. To do so,
we partition the set of spanning trees on G, according to whether one of
the reference sites is a predecessor of the other. More precisely, we define
the following three quantities, seen as refined versions of the Xy, ¢(7, 7)’s.
In all three cases, k and ¢ denote the number of nearest neighbors that
are predecessors of 7 and j respectively.

° X;néo(i — j) is the fraction of spanning trees on G in which i is a
predecessor of j, and m nearest neighbors of ¢ are predecessors of
j but not of 7 itself; so 1 </ <3, 1<m<4and 1 <k+m <4

° X,S:?(i < j) is similarly the fraction of spanning trees on Gy in
which j is a predecessor of i, and n nearest neighbors of j are
predecessors of ¢ but not of j; so 1 < k < 3,1 < n < 4 and
1<l+n<4.
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Figure 2.6: Spanning tree accounted for in X11712(’L|j) The northern
neighbor of ¢ is a predecessor of j, while the southern and western neigh-
bors of j are predecessors of 7.

e X" (i]) is the fraction of spanning trees in which neither ¢ nor
j is a predecessor of the other, and in which m neighbors of 7 are
predecessors of j, and n neighbors of j are predecessors of i; here
0<k+m<3and 0 <+ n < 3, with the additional conditions
that m = 0if £ =0 and n = 0 if kK = 0. A tree of this type,
contributing to X%f(z]j), is pictured in Fig. 2.6.

In order to relate these fractions to two-site probabilities, we modify
the standard burning algorithm in a way similar to what we did in the
previous subsection, so that any recurrent configuration on G is now
associated with a three-component spanning forest on Gs. We proceed
in three steps.

1. First we let the fire propagate on the grid except for ¢ and j, which
we prevent from burning. We denote by 7 the time at which ¢
and/or j are the only burnable sites left.

2. If both ¢ and j are burnable at that time, they burn simultaneously
and propagate the fire to the remaining unburnt sites.

3. If ¢ is burnable at time 7 but j is not, we burn every burnable site
except for j. Then we allow j to burn until all sites of the grid
are burnt. Otherwise j is burnable at time 7 and ¢ is not, then we
burn j first and i second.
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Let us consider the three-component spanning forest F on Gs; whose
components are the trees rooted at s, i, j respectively: F = T,UT; UT;.
We assume that 7; (resp. 7;) contains k (resp. m) nearest neighbors
of i and n (resp. ¢) nearest neighbors of j; then 7, contains 4—k—m
neighbors of ¢ and 4—¢—n neighbors of j.

The spanning forest F can be extended into a spanning tree on Gs by
adding two extra edges: one between ¢ and one of its neighbors, and one
between j and one of its neighbors (so that no loop is formed). If i is
linked to one of its 4—k—m neighbors in Ty, and j is linked to one of its
4—{¢—n neighbors in T, the resulting spanning tree on Gz contributes to
the fraction X;;" (i[7). If rather 7 is linked to 7 and j to 7; the spanning
tree is included in ngmve(i — j). Likewise if ¢ is grafted to 7; and j to
7., the tree belongs to X% (i — j). It follows that

k4+n
1 mn (s - 1 0,n . .
X, = X7
(4—k—m)(4——n) " kL (217) (A—k—m)n ke (6 J)
1 (2.12)
Xl = ),

= m(d—(—n) kl+n

since these three quantities (if the denominators do not vanish) equal
the number of spanning forests of the type specified above.

On the other hand, a three-component spanning forest F, together with
the information that i|j, i—j or i<j, is in one-to-one correspondence
with a sandpile configuration C; ; on G\{i, j} through the standard burn-
ing algorithm (starting from the roots s, 7 and j). Let us now dis-
cuss the possible values of the pair (h;, h;) such that the configuration
C =C;; U{h;, h;} on the whole grid G is recurrent:

o If F is extended to a tree contributing to X,";"(i|7), both i and
j must be burnable after the first step of the modified burning
algorithm described above. Since at that time, 7 (resp. j) has
k + m (resp. ¢+ n) unburnt neighbors, we obtain the inequality
E+m+1<h; <4 (resp. L4+n+1<hj<4).

0,n

k+m,¢

be burnable after the first step of the burning algorithm while j is

o If F is extended to a tree contributing to X (1 = j), ¢ must

not burnable at that time. However j must be burnable after the
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second step of the algorithm. Therefore, k +m + 1 < h; < 4 and
L+ 1< hj <l +n.

e Similarly if F is extended to a tree contributing to X,Tﬁrn(z —J),
then k +1<h;<k+mand l+n+1<h; <4

In all three cases, the number of admissible heights for ¢ and j is equal
to the number of ways the trees 7; and 7; can be grafted to one another
and/or to 7 to form a spanning tree on G of a given subclass i|j, i<
or i—j. Therefore, a given fraction X contributes equally to all pairs of
admissible heights.

It is then straightforward to express two-site probabilities P, (7, 7) in
terms of these fractions:

- X;Tén(lb) Xk;mg(lej)
Pas(i,7) = ’ St
oli:J) 0<k+;<a_1 (A—k—m)(d—t—n) ZG:U( (d—k—m)n
0<l+n<b—1 (z n)GV(b)

X0, 0= )
+ Z m(4—L0—n) ’
(k,m)eV(a)
(£.n)eU (b)

(2.13)
where the symbol * over the sum is a reminder for the conditions that
k = 0 implies n = 0, and ¢ = 0 implies m = 0. U(h) and V' (h) are
subsets of {0, 1,2, 3,4}? defined by

Uh) ={(z,y) : 1<z +y<h—1}, (2.14)
V(h) ={(z,y) - v +1<h<w+y<4}) '
If b =1, then Eq. (2.13) simplifies to

X001

Paa(i,j) = O’Olém fora=1, (2.15)
alXUO (114)(0711(7‘7

Po(i,j) = Z ZZ fora>1. (2.16)
k=0 k=1n=1

Alternatively, these probabilities can be written in terms of the fractions
L. 0,0/ -
Xoo(i,j) = Xoo( 17),
(2.17)

Xk,o(z‘,j)—ZXO" il4) —i—ZXOTLZ%j ) for k > 0.
n=0



44 CHAPTER 2. THE ABELIAN SANDPILE MODEL

They are easier to compute, since they only take into account the number
of predecessors of ¢ among its neighbors (with j having none among its
own neighbors). Using Eq. (2.12) with £ = m = 0, we find that

a—1 00 a—1 4 On
X! Xy (i (—j)
Busti) - 3 ) $ 5 X )
k=0 k=1n=1
ezl 3 (4—n)X,8§(i<—j)
AP DD T vy e
k=1n=1
a—1 XO’O g a—1 4 XOJZ . . a—1 3 XOJZ -\
. k,0 ZU)-F k,o(ZF])_i_ZZ k,0 (Z’.])
k=0 44— k) k=1n=1 4(4 - k) k=1n=1 4(4 — k)
_ &= Xio(i, )
2 44— k)
(2.18)

In principle, it is possible to write similar relations between n-site prob-
abilities Py, . 4, and fractions of spanning trees with various types of
connectivities. Clearly, the discussion is already quite involved for n = 2,
and will certainly get more complicated for a general value of n > 2 (in-
deed the number of classes of trees grows exponentially with n). It is
however possible to deal rather simply with the particular case a; = 1
for 2 < j < n (all the probabilities computed in this chapter are of this
form).

Following [111], we define a modified graph G by removing three edges
around each site ig,...,%,, so that these sites have only one neighbor
left on G. In doing so, the degree of each site belonging to a removed
edge is decreased by 1; in particular the degree of the sites o, ..., 4, is 1
on 5 . It is not difficult to see that there is a one-to-one correspondence
between recurrent configurations on G with h;, = ... = h;, = 1, and
recurrent configurations on G. Therefore, the probability that a recur-
rent configuration on G has heights 1 at i9,...,1, is given by the ratio
det Ag/ det Ag. Furthermore, it does not depend on which specific edges
have been removed around the reference sites. The n-point probability
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on the original graph can therefore be written as

PO, (inyin, .o in) = P§ (i |y, =1, 2<5<n) x PY | (in, ... in)

~ det Ax
=PY(i °.
o ()X G Ag

(2.19)

We see that evaluating an n-site probability with n—1 heights 1 amounts
to computing a one-site probability on a modified graph, which is how
we proceed for the calculations of Sections 2.3 and 2.4.

Equivalently, we can write the probability (2.19) in terms of spanning
tree fractions, as computed in (2.18) for n = 2. Consider a spanning
tree contributing to X,f(il): sites 4o, ...,%, have only one neighbor on
G, so they are necessarily leaves in that tree (that is, they have no pre-
decessors). On the other hand, spanning trees in Xgo olinydg, . ip)
are such that i;>o are leaves, which can be connected to any of their
four neighbors. It follows that

det Ag x X0 ((i1iz,...,in) = 4" x det Ag x XZ(i1).  (2.:20)
Using (2.9) applied to G, one obtains the relation

CdetAg &R XY (i)

]P)g,l,...,l(ihi% s 7in) = det Ag X Z 1k
1 vG k:(? . _ (2.21)
e Xoolins iz, in)
= 4n—1(4 _ /{7) ;
k=0

which indeed coincides with (2.18) for n = 2.

2.2 Single-site probabilities on the plane

In order to illustrate the application of the grove theorem (Theorem 1.5)
to sandpile calculations, and because it forms the core of the calcula-
tions that will follow, we revisit the computation, on the infinite square
lattice, of the well-known one-site probabilities P, (i), as given by (2.9).
Their full computation by standard graph-theoretical methods spanned
a period of twenty years [25,81,91,111,132,134,137], while the use of the
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grove theorem reduces the calculation to a few elementary steps. Be-
cause of translational invariance, the numbers P, (i) = P, do not depend
explicitly on 1.

The height-one probability P; = %Xo is the simplest one, since the
definition of Xy in terms of spanning trees is entirely local: it requires
that site ¢ be a leaf of the spanning tree (no predecessor among its
neighbors). P; can be computed by resorting to a new graph G obtained
from G = Z? by removing three of the adjacent edges of i. P; is then
simply the ratio of the total number of spanning trees on Gs to that
on G,, namely the ratio of the partition functions Z and Z pertaining
respectively to 5 and G. The computation does not require a nontrivial
line bundle, and reduces to a finite determinant involving the standard
Green function on the plane [111]:

Z 2(r—2)
P =2 =22 20~ 0.0736. 2.22
1= - 0.0736 (2.22)

The probabilities for heights greater than one are more complicated, be-
cause they involve classes of spanning trees with nonlocal restrictions,
namely that ¢ must have a fixed number of predecessors among its near-
est neighbors. These restrictions can however be seen as corresponding
to groves with specific node connectivities. To see this, let us denote
the reference site ¢ by 5, and its eastern, northern, western and south-
ern neighbors by 1,2, 3,4 respectively. We can assume without loss of
generality that ¢ is the origin of the lattice. Node 6 is taken as the root
s, and is sent to infinity. From Eq. (2.9), Py is given by

1
Py =P + §X1’ (2.23)

where X7 is the fraction of spanning trees rooted at infinity such that
node 5 has exactly one predecessor among its nearest neighbors 1,2, 3, 4.
By rotation invariance, we may assume without loss of generality that
node 4 is the only predecessor of node 5 and later multiply the result by
4. The arrow going out from node 5 can be oriented toward node 1, 2
or 3, but again these three cases are equivalent. By including an extra
factor 3, we may choose to orient it toward node 1, so that a typical
configuration looks like the one depicted in Fig. 2.7.
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Figure 2.7: Choice of nodes and edge cuts for Py. Edges belonging to
the grove are schematically indicated by heavy lines. Node 5 is conven-
tionally chosen to be the origin of the lattice.

Let us consider the modified graph g (not to be confused with the one
defined above for P;) obtained by removing the unoriented edges {5, 2}
and {5,3}. Then spanning forests on G of the type 412356 are in one-
to-one correspondence with those rooted spanning trees contributing to
X7 and containing the prescribed arrows 4 — 5 and 5 — 1, the bijection
consisting in adding or removing the edge {5,4}. The fact that nodes
2 and 3 are not in the same component as 4 ensures that they are not
predecessors? of 5. The fraction X is therefore given by

7 [4]12356]

Z
X1:12T:12EX

Z[4|12
Z[4]12356] (2.24)
VA
where Z denotes the total number of spanning trees on the modified

graph G.

Since G is an annular-one graph, we can reduce the planar partition
o = 4|12356 to a linear combination of partial pairings, as illustrated in
Fig. 2.8. Notice first that nodes 1 and 2 can be considered as interior
vertices since they must necessarily belong to the same tree component
as 3,5,6 (recall that an interior vertex can in principle belong to any tree
component, so its index is simply erased from the partition). Therefore

2This nonlocal constraint, automatically accounted for by specifying the partition
type 4|12356, was handled in the old treatment by introducing ©-graphs, making the
ensuing calculations much more complicated [81,137].
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we can write
Z[4]12356] = Z[4|356] = Z[4|56] — Z[34|56], (2.25)
since Z[4|56] = Z[34|56] + Z[4|356)].

To use Theorem 1.5, we introduce a nontrivial connection that is sup-
ported on a zipper starting at the face whose lower left corner is the
origin (i.e. node 5), and going down vertically to infinity (see Fig. 2.7).
All oriented edges of the form (k,¢) with k = (0, m) and ¢ = (1, m), for
m < 0, are equipped with a parallel transport ¢ o = 2 € C*. According
to the grove theorem, we obtain the equations

ZlAls6) . Z[456) A
[Z’ ] = ll—% [Z_| ] =Gy —Gups, (2.26)
Z[34 Z[34 — = A =
ZBASG] _ , Z132156] =G4 —Gap—Gyy+Gs5 =G5, (2:27)
z—1 Z ’ ’ ) ) )
where we used G, = G, and é;,v = - é;,u to simplify both expres-

sions. As illustrated in Appendix A.3, the Woodbury formula (or the
Sherman-Morrison formula applied twice, namely once for each removed
edge) may be used to compute the Green function and its derivative on
the modified graph G in terms of the same quantities on the original
graph G, as well as the ratio Z/Z of partition functions. The result

reads
12Z 1 ~ _ _ _ _ _ _
Py =P + 32 [(G4,4 - G4,5) - (G374 — G375 — Gio,74 +Gg’5 _Gil,t’;)}
(2.28)

_2(r—2) +4(7r—1) 7 =51 +8 7% —10m +20

R 2 2n(m — 1) 16(1 — )
1 1 3 12

= - — — — + — ~0.1739. 2.2
1 o 7r2+7r3 0.1739 (2.29)

The computation of the height-three probability P5 is similar and makes
use of the same modified graph G as for Py. The spanning trees con-
tributing to Xa, for which the reference site (node 5) has two predeces-
sors among its nearest neighbors, are of two types: the two predecessors
form with node 5 an angle equal to § or to m. We denote the corre-

sponding two fractions® by Xéa) and Xéb).

3With respect to the splitting of X» in three fractions used in [81], we have Xéa) =

x4+ x8 and X = x$.
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(6) (6) (6) (6

Figure 2.8: Reduction of the partition 4|12356 to partial pairings for a
trivial connection on an annular-one graph with six nodes.

For type (a), we may assume that the two predecessors of node 5 are
the nodes 1 and 4, and that the arrow going out of node 5 points to
node 2. Xz(a) is simply eight times this fraction of specific trees. In
such a tree, the nodes 1, 4 and 5 belong to a subtree that becomes
disconnected upon the removal of the edge {5,2}. After the removal,
the original spanning tree breaks into two components, one containing
the nodes 1, 4 and 5, the other containing 2, 3 and 6. Hence, we obtain
Xéa) = 87[145|236]/Z where Z[145|236] is computed on the modified
graph G. Using the reduction to partial pairings shown in (1.29), the
same technique used above yields

Z[145|236] 8{7[14|26] B Z[13|26]} 3 2 4 32
N 2 7

A Z Z -

=t

(2.30)
For type (b), we may assume, up to a factor 4, that nodes 2 and 4
are predecessors of node 5, and that node 5 is connected to node 1.
Such spanning trees are in one-to-one correspondence with the spanning
forests associated with the partition o = 1356|2|4, by removing the edges
{2,5} and {4,5}, so that X2(b) = 47[1356/2|4]/Z. This can be further
simplified by observing that Z[136|2]4] = Z[13562|4] + Z[1362|45] =
27[1356|2|4], because the forests of type 136/2|45 are uniquely related
to those of type 1356|2|4 by connecting node 5 with node 1, rather than
with node 4. Therefore we have

Z[1356/2/4] Z[136/2/4] 5 5 2 16
xP =4 =2 242422
2 Z Z 4 + T + w2 73
Putting these results together, one finds the following expression for the
height-three probability:

(2.31)

_ Xo _ L@  ymy_3 1 12 |
Py =Py + - =Pt S(X" + X37) = o+ — = — ~ 03063 (2.32)
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The last probability is simply obtained by subtraction:

3 1 1 4
Py=1-P —Py—P3=-— —+ — + — ~0.4462. 2.
4 1= P =P =2 27r+7r2+7r3 0.446 (2.33)
Although all single-site probabilities are polynomials in 1/, it looks
surprising that the mean height (also called the sandpile density),

4
(h)y =Y aP, = %5, (2.34)
a=1

is a rational number; a conjecture first made by Grassberger in the 1990s
from numerical evaluations of height probabilities (in unpublished work).
The proof of this result was given in two independent articles [91,134],
via the relation between the mean height and the return probability for
the loop-erased random walk (LERW, defined in Chapter 3),

Py = L — 2 = = (2.35)

established in [108, 132]. Here Py is the probability that a LERW
started at the origin (0,0) of the square lattice and growing toward
infinity visits one of its nearest neighbors (e.g. (1,0)). The explicit
value of P was computed in [134] in terms of dimer arrangements,
and in [91] in terms of partition functions for spanning forests; thus
proving Grassberger’s conjecture, and yielding an independent check for
the height probabilities P, computed in [25,81,111,137]. However, both
techniques still involved powers of 1/7 in intermediary steps, whose final
cancellation remained unexplained.

More recently, Kassel and Wilson [84] gave a simple formula to compute
Pret on any planar graph, which made it finally clear why this probability
is rational for many (but not all) regular lattices. The mean height can
then be obtained from P, through the generalization of Eq. (2.35),

namely [108]

0P +0+1
<h>_ 2 9

where § denotes the mean degree of the graph.

(2.36)
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2.3 Multisite probabilities on the plane

The bijection between recurrent sandpile configurations and spanning
trees can in principle be used to compute multisite probabilities of an
arbitrary number of heights located at sites i1,...,7,. As we eventu-
ally want to compare the joint probabilities with conformal correlators,
we are especially interested in the regime where all sites are mutually
separated by large distances.

As explained in Section 2.2, handling heights 1 poses no serious prob-
lem. Counting the configurations where certain sites have a height 1
can be done by computing the total number of recurrent configurations
on a locally modified graph, such that each site with height 1 has only
one nearest neighbor left (thereby forcing each such site to be a leaf).
Multisite height-one probabilities were computed long ago thanks to this
technique ([111] for 2-site, [110] for up to 4-site, and [49,79] for general
n-site).

The computation of a joint probability with two or more heights strictly
larger than 1 can in principle be done by using Theorem 1.5. However,
in order to invert the linear relations and calculate the grove fractions of
interest, the grove theorem requires to work with a annular-one graph,
in which the nodes—the sites where the prescribed heights are located,
along with their close neighbors—are on the boundary of a single inner
face, from which the zipper goes off to infinity. In case the nodes are
separated by large distances, this means cutting from the original graph
7Z? an unboundedly large number of edges to put all the nodes around
the same face. This brings two major technical complications: (i) the
removal of a large number of edges defines a nonlocal (i.e. macroscopic)
modification of the original graph, which makes the calculation of the
modified Green function and its derivative much more complicated (for
instance the Woodbury formula would require inverting a matrix of un-
bounded rank), and (i7) the number of groves of interest on the modified
graph increases exponentially with the number of removed edges. Ap-
proaches involving graphs with more than one inner face and as many
zippers, or using a matrix connection, might be more suitable for these
computations. However, such generalizations are currently not well
enough understood. As a result, the lattice large-distance joint prob-
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abilities g () of two heights a,b > 1 remain unknown to date (note
however that conformal theory predicts their correlations Pg () — PoPy
to decay like log? r/r* for large distance 7).

The third possible class of joint probabilities, namely those containing a
single height larger than or equal to 2, is somewhat simpler. In this class,
the only known results concern the three probabilities P, 1(7) that site
1 has height a = 2,3 or 4 and site j has height 1, when the distance r =
|i — j| is large. Using graph-theoretical techniques developed earlier in
[137], it was shown that P, 1(7) = PaPy 4 (ca+dy logr) /74 +O(r~ % logh 1)
for large distance r, with numerical constants c¢,,d, explicitly known
[130,131].

In this section, we show how to compute P, 1(7), a = 2,3,4, in a more
efficient way using the grove theorem and the local graph modifications
explained above to handle the height 1. In addition, we extend the
known results by explicitly computing the subleading contributions in
r~6. As expected, these subleading terms are not rotationally invariant.
We then apply the same method to compute three-site probabilities
P11 for a = 2, 3,4. For the purpose of comparing with field-theoretical
correlation functions, it is not the joint probabilities we want to compute,
but the correlators

Gaplil, is) = E[((Shil @ —Po) (Sn 0 — Pb)} = Pay(7) — Po Py, (2.37)

and

Gaelity iz, ia) = E| (0,0 = Pa) (Oniy = Po) (niye —Po)],  (2:38)

here restricted to b = ¢ = 1. As we shall see, because of the subtractions,
the calculation of three-site correlators requires the knowledge of two-site

6

probabilities to order »~°. Higher-order multisite probabilities Pg 1.1

with more heights 1 could be obtained in the same fashion.

2.3.1 Two-site probabilities

As mentioned above, the two-site height-one correlation is well known.
We simply recall the result, referring to [111] for further details. If the
two heights 1 are located at sites i and j, and for 7 = j — i = re'¥, then



2.3. MULTISITE PROBABILITIES ON THE PLANE 53

to order 6 in the inverse distance, it is given by

P A(r-2)
2rd 7676

—

01,1(7) = {1+ (7 —2)cosdep} + o),  (2.39)

where the asymptotic series for the Green function given in (A.3) has
been used.

For the next case, we assume that site ¢ (chosen to be the origin) has
height 2 while site j has height 1, and we compute Py (7). From the
discussion in Section 2.1.3, it is given, in terms of spanning tree fractions,

by
R 1
P 1 (7) = P11 (7) + EXLo(F), (2.40)

where X o(7) is the fraction of spanning trees rooted at infinity such that
7 has exactly one predecessor among its nearest neighbors, while j has
none. As we have seen before, the fact that j is a leaf may be enforced
by removing the connections with three of its nearest neighbors. There
are four different ways to do so, but they are all equivalent. Choosing
any specific one and multiplying by 4, we can write

Paa(7) = Bui(7) + 2 X (7). (2.41)
where X (7) denotes the fraction of spanning trees in which ¢ has exactly
one predecessor among its neighbors, but on the lattice G obtained from
G = Z* by removing three edges around j (in a fixed way, like those
shown in Fig. 2.9). As argued in Section 2.1.3, the calculation of P 1 (7)
on Z? amounts to computing the height-two probability at a single site
but on a lattice that has been modified at a distance . The modification
around site j however brings two complications.

The first one is that the removal of three edges at j breaks the rotational
invariance around i. As a consequence, the question of which one of its
nearest neighbors, S, W, N or E, is the predecessor of ¢ matters because
the four cases are no longer equivalent. They are however related by
rotations if we simultaneously rotate the height 1. If we denote by
X (%) the fraction of spanning trees (on G) in which the southern nearest
neighbor of 7 is its predecessor, we obtain

X1(F) = XP(F) + XP(e™/27) + XP(e™7) + XT(e¥7/%7).  (2.42)
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10

Figure 2.9: Geometrical setting used for the computation of P 1 (). The
dotted lines represent the removed edges. Node 5 is still at the origin,
while site number 7 is located at a large distance 7.

In each case, there are still three different possibilities for the arrow
going out from ¢, but they are equivalent. Up to a factor 3, we can
therefore choose to orient it toward its eastern neighbor (node 1) like we
did in Section 2.2, see Fig. 2.7.

The calculation of X 3(7) closely follows that of X carried out in Section
2.2. There the fraction XiQJ = %Xl was expressed as a single grove
partition on a lattice modified by the removal of the two edges {5,2}
and {5,3}. That expression is still valid in the present context, as is the
ensuing formula (2.28), which here reads

~ 7 _ _ _ _ _ _ _
XP(7) =37 % |(Gra—Gas) ~ (Gaa~Gas~Gyu+Gs5~C5) |, (243)

provided we keep in mind that the modifications referred to by the bar
are made to the lattice 5 , itself a modification of Z?. Therefore, the full
changes on the lattice involve the removal of five edges, two around ¢
and three around j, for which a total of seven sites are concerned. In
addition to the three nodes 5 (= i), 2 and 3, we denote the other four
(interior) sites by 7 (= j), 8, 9 and 10, as shown in Fig. 2.9.

This double modification of the lattice brings a second technical compli-
cation. According to the discussion in Appendix A.3, it requires comput-
ing the derivative of the Green function G’ for most pairs of sites among
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the seven sites {2,3,5,7,8,9,10} that are concerned, in particular for
sites that are far away from the zipper. When the two sites are close to
the head of the zipper, the technique already used in the previous sec-
tion is sufficient. If however one of the two sites is far from the zipper,
one sees from the general expression (1.28) giving the derivative of the
Green function, that an extra asymptotic analysis is needed. If both
sites are far from the zipper, yet another, distinct analysis is required.
It is simpler since the use of the asymptotic form of the Green function
itself is permitted. Details for these two cases are given in Appendix A.3.

At any rate, after some algebra, we find the following expression for

the function )NCIS(F) in polar coordinates 7 = re'¥, exact to order 76
(v = 0.577216... is the Euler constant),
s, 3(m—2)(64—20m—27°+7°)  3(m—2)%sing
X = 8mb ~ 4xS r3
3(m—2 ”
_ 2(71'67’4) {(ﬂ72)[logr+7+ %log2] + cos 2¢ + 10 — 77}
3(m—2) singp 3
i 4[logr+'y+§log2] — (47—7) cos 4o
— (2mr—3) cos2¢ — %(71'2—1—16774—16)}
— 71':27’6 12(m—2) |1+ 2(7—2) cosdp| | logr + v + 2 log 2
8
+ 2(97° —30m% +587—62) cos 6 — (m—2)(977—266) cos 4y
+ 2(97° —36m7+387+2) cos 2 + %(W3737r27607r+148)} +...
(2.44)

The summation in (2.42) over the four rotations eliminates all terms
whose angular dependence is not a periodic function of 4¢, in particular
the odd powers of r~1. The formula (2.41) yields our final result for the

correlation o9 1(7), exact to order 7¢,
i 3 16 — 57
-1 2 2) 7T
02,1 (7) 2T4{<ogr—|—’y+2 0g +2(7r—2)}
m™—2 3
e 2(1+2(7r—2)cos4<p)<logr+’y+§log2>

P —3r% —d4m + 11
—%(737r—218)cos4g0+7r 5 T 6} o@r™7).

4(mr —2)
(2.45)
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The calculation of P3;(7) proceeds in exactly the same way. Referring
to the decomposition of P3 in Section 2.2, we write

Paa(7) = Paa(F) + 5 X20(7) = Boa (7) + 3 Ko(7)
1/~ _ (2.46)
= Poa (1) + 5 (X0 + X)),

where the tilde refers to fractions of spanning trees on the lattice G.
The fractions )Nféa) (resp. )N(éb)) can be further decomposed into four
(resp. two) contributions related by rotations, depending on whether
the two predecessors of ¢ form the pair SE, EN, NW or WS (resp. SN
or WE). The calculation then reduces to the computation of the two
functions )?éa)’SE(F) and Xéb)’SN(F), given in terms of the same groves
as in Section 2.2, but on the modified lattice G. The required Green
functions and derivatives thereof are the same as those we needed for
]P)271.

The final result, to order 7%, reads
(m—2)(8—m) < 3 40—27—72
S S Slog2) - —
UgJ(F) 6,4 ogr + v+ 5 og 2(8—7‘(’)

1

- 7r6746{(8—70 (1 + 2(w—2) cos 4@) (logr +7+ 3log 2)

—_

+ %(W—Q)(127r2+377r—584) cosdp + é(57r2+507r272)} +O@r ).
(2.47)

We do not write explicitly the last correlator o41(7), easily obtained by
subtraction,
041 (F) = —01,1(7) — 021 (7) — 031(F). (2.48)

The dominant terms, proportional to 7%, in the above expressions of

04,1(7) for a > 1, reproduce the results of [131].

2.3.2 Three-site probabilities

We now turn to three-site joint probabilities Py 11 with two heights
equal to 1. While Py ;1 is known [110], the functions Pg 1 1 for a > 2 are
new. The way they can be computed follows exactly the way P, was
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computed. The core of the calculation relies on that of PP,, which used
the grove theorem on the modified lattice G (see Section 2.2). A second
modification around the height 1 allowed the computation of P, 1; now a
third (similar) modification around the second height 1 is what is needed
to carry out the calculation of Py 1 1.

Let us denote by 41,40, 73 the three sites with height a, 1,1 respectively.
By translation invariance, the joint probability only depends on the two
vectors 71 = 49 — 41 and 713 = i3 — 41. As the dominant term of the
connected correlator o411,

0a,1,1(712,713) = Pa1,1(712,713) — Pa P1,1(723) — P1 Py 1(713)

- (2.49)
— Py Py 1 (12) + 2P, P2,

is expected to be of overall order six in the distances, the knowledge of
Py1(7) up to that order is required, as anticipated above.

For the sake of simplicity, we assume the three sites i1, 79, i3 to be aligned
horizontally, so that the vectors 2 and 713 can be chosen to be along
the real axis, 2 = (x21,0) and 713 = (x31,0). Up to homogeneous terms
of order seven or higher in the distances, the three-point correlators read

01,11(712,713) = 0+ ..., (2.50)
02,1,1(712,713) = W:cgllzgl +..., (2.51)
031,1(72,713) = (= 22);5)8 - 96%111‘31 +o, (2.52)
04,1,1(712,713) = — G 22):; 4 37%119631 + ... (2.53)

The last correlator 0411 was obtained from the sum rule } 0411 = 0.

Two observations can be made about these results: (a) 01,11 vanishes
identically at dominant order, and therefore also in the scaling limit,
and (b) the other 0,11’s for a > 2 are not logarithmic, unlike the 2-
correlators o, 1. As we shall argue later on, when we discuss the confor-
mal point of view on these correlators, the property (b) is a consequence
of (a) and the interpretation of the height-two, height-three and height-
four variables as logarithmic partners of the height-one variable, in the
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scaling limit. The physical reason as to why the correlation of three
heights 1 vanishes remains however unclear.

2.4 Probabilities on the upper half-plane

Another case of interest is the lattice computation of height correlations
on the upper half-plane (UHP) {(z,y) € Z*|y > 0}. Again we are inter-
ested in the comparison with conformal correlators, so we consider sites
separated by large distances. We start by recalling the well-known one-
site probabilities P, (7) on the UHP computed in [18] for a = 1 and in [81]
for a = 2,3,4. We compare them with the corresponding (new) proba-
bilities on the diagonal upper half-plane (DUHP) {(z,y) € Z*|y > z}.

We then compute the joint probabilities P 1(Z, ) for two heights, a
height a at site ¢ and a height 1 at site j. The site ¢ is chosen to be in
the bulk of the UHP (i.e. far from the boundary), while we consider two
cases for j: in the first simpler case, j is on the boundary of the UHP,
and in the second case, j is also in the bulk and far from . The case
when the two heights are located on the boundary has been completely
solved, for all height values, in [128].

2.4.1 One-site probabilities on the upper half-plane

On the upper half-plane with a horizontal boundary, the computations
are very similar to those of Sections 2.2 and 2.3, except that the lattice
Green functions are those of the UHP. The boundary is the line of sites
at y = 1 with boundary condition either fully open or fully closed. The
relevant, well-known Green functions are easily found using the image
method:

?’51,11,2),(1}1,1)2) = G(u17u2)7(vlvv2) - G(u17u2)7(1}177v2)’ (254)
G?ﬂil,uz),(vl,vg) = G(ul,uz),(vl,vz) + G(U17u2)7(1}171*v2)’ (2'55>

where G, is the Green function on the full plane Z? (see Appendix A.1).
The UHP with either boundary condition is invariant under horizontal
translations, so we can choose without loss of generality the site i to be
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located at (0,%). Again we define an annular-one graph G obtained from
G = Z x N* by removing edges between ¢ and two of its neighbors, so
that ¢ and its four neighbors lie around a single face on G.

The technique presented in Section 1.4 for the computation of grove
probabilities works on the UHP as on the full plane, with however the
new feature that the zipper can be taken to be finite or infinite, depend-
ing on whether it goes from the marked face to the boundary or off to
infinity. As shown in Appendix A.2, the two choices are equivalent but
the infinite version is more convenient for practical calculations, since
the derivative of the Green function on the UHP can then be written as
a linear combination of that on the full plane. Therefore, we choose a
zipper going upward to infinity with a nontrivial parallel transport z on
the horizontal edges oriented to the left, namely ¢ 1 y1m),0,y+m) = # for
m > 1, see Fig. 2.10. Then, as shown in Appendix A.2, the derivative
of the Green function on the upper half-plane reads:

/op _ G/ _ G/
(u1,u2),(vi,v2) (u1,—u24y+1),(v1,—v2+y+1) (u1,u2+y+1),(v1,v2+y+1)
! !
+ G(ul7—UQ+y+1)7(v1,v2+y+1) + G(ul,U2+y+1),(U1,—v2+y+1)’
(2.56)
G/cl _ Y e
(u1,u2),(vi,02) = (u1,—u2+y+1),(v1,—v2+y+1) (u1,u2+y),(v1,v2+y)

/ /
T Y (ur,—ug+y+1),(viv2ty) G(U1,u2+y),(v1,—v2+y+1)'

(2.57)

where G’ on the full plane is computed with respect to the zipper de-
scribed in Section 2.2 (that is, going down).

The presence of the boundary means that predecessor diagrams are no
longer invariant under rotations. In the case of Ps(7) for example, one
has to compute the fraction X;(i) of spanning trees such that i has
exactly one predecessor among its neighbors, either North, East, South
or West, see Fig. 2.11. The equality X{"(i) = X,V (i) stills holds on the
UHP because of the left-right symmetry, so that there are actually three
distinct diagrams to consider. In addition, the other two diagrams are
related by the following identities,

Xi\l(z)‘ = XP(i) for open b.c.,
vy (2.58)

Xi\l(z)‘ = X7 (i) for closed b.c.,
y—l-y
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f 3

////////////////////////////////////

Figure 2.10: Choice of nodes and zipper for the computation of joint
height probabilities on the upper half-plane. The zipper extends up to
infinity.

//////////////////////////////////////////////////////////

Figure 2.11: The four distinct diagrams contributing to X;(i) on the
upper half-plane. Neighbors of ¢ drawn as open circles are not prede-
cessors of 7. The boundary of the graph, i.e. the lowest row of sites still
included in the graph, is located at y = 1.

which we prove in Appendix B. The combinatorial significance of these
relations is not clear to us.

Although there are roughly twice as many diagrams as for the full plane,
their computation procedure using the grove theorem is similar, so we
simply mention the final results for one-site height probabilities. We
give their expansions in terms of the distance r between the reference
site i located at (0,y) and the symmetry axes used in the method of
images, namely y = 0 (open boundary) and y = 1/2 (closed boundary):

1
r=y (openb.c.), r=y— 3 (closed b.c.) (2.59)
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For the two boundary conditions, the results read:

1 d 1 /¢ d
ol (r) = 72(0(1 + ?a +d, 1ogr> + T—4<Z“ +eq + Zalogr) + (9(7“_5),

(2.60a)

1 1 /c d
cl = [ ta “a -5
ai(r) = > (ca—i-dalogr) 7"4<4 + fo+ 1 logr) +0(r),
(2.60b)

with the various coefficients cq, dg, €4, fo given in Table 2.1. The domi-
nant terms in =2, depending on ¢, d, only, were first obtained in [81],

whereas the lower-order terms in r—* are new.

2.4.2 One-site probabilities on the diagonal upper half-
plane

In addition to the usual upper half-plane with a horizontal boundary,
we examine a new form of semi-infinite lattice, namely the diagonal
upper half-plane (DUHP), defined as {(w,y) € 72y > x} Indeed, we
note that the Green functions for open and closed boundary conditions
can be obtained quite simply by the method of images, and read:

G?SIMZ)v(’Ul,’UZ) = Gluruz),(01,02) ~ Gl un),(v2,00) (2.61)
thl,m),(m,vz) = G(Ulvuz)’(vlwz) + G(ul,uz)v(vrl,vlﬂ)' (2.62)

Without loss of generality, we can choose the same nodes and zipper
as the ones on the UHP (see Fig. 2.12). The derivatives of the Green
functions on the DUHP are then given by:

/op _ !
G(Ul,U2),(v1,v2) - G(u17y+1—u2)»(vlyy+1—vz) + G(u17y+1—u2)7(vz,y+1—v1)
! !
t Glugyti—un)(wry+1-v2) ~ Clusyri-un),(vag+1-o01)>
(2.63)
rcl _ Y al
G(ULUQL(ULUQ)_ G(u17y+1—u2)»(vlyy+1—vz) G(u17y+1—u2)7(02—1,y—v1)
! !
o G(U2—Ly—m)7(v1,y+1—v2) T M(uz—1ly—u1),(v2—Ly—v1)’

(2.64)

where G’ on the full plane is computed with respect to the zipper de-
scribed in Section 2.2.
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Figure 2.12: Choice of nodes and zipper for the computation of height
probabilities on the diagonal upper half-plane. The zipper extends up
to infinity.

For the two boundary conditions, we write the results in terms of the
Euclidean distance r between the reference site i = (0,y) and the reflec-
tion axes used in the method of images, namely y = x (open boundary)
and y = x + 1 (closed boundary), so that

-1
r=-2 (open b.c.), 7= (closed b.c.). (2.65)

V2 V2
We find that one-site probabilities on the DUHP read:

1 dg 1 /ca - dy ~
oa"(r) = ﬁ(ca +5 +da10g7’> - 74<i —€q T+ —10g7’> +0O(r=?),

2 4 4
(2.66a)

q
IS}
—
E
SN—
Il

1 1 Ca -~ da —
—T—Z(ca + dg logr) + 774(2 — fa+ Zlogr) +0(r o).
(2.66b)

The dominant terms in 72 of agp’d are identical on the UHP and the
DUHP, as expected. However, the subleading terms in r—* differ for
a > 1, in the numerical values of the coefficients e, f;, listed in Table 2.2,
and in the overall sign, which, strangely enough, gets swapped.
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a=1 a=2 a=3 a=14
z T+4 —2244-2274972 152—7Tx —128—207—9m2
a 3273 38473 19273 38473
]? 8—7 —368+58m+972 224—13mw —176—207—9m2
a 3273 38473 19273 38473

Table 2.2: Numerical coefficients for one-site probabilities on the diago-
nal upper half-plane.

2.4.3 Mixed bulk-boundary two-site correlations

In this first case, we compute the two-point probabilities P, 1, when the
height a is in the bulk of the UHP, far from the boundary, and the
height 1 is on the boundary. For simplicity, we have considered the
situation where the two heights are vertically aligned, namely h; = a at
i=(0,y) and h; =1 at j = (0,1). As before, we actually compute the
correlations,

023" (W) = E| (0 — B) (3h,1 Y™™ | = Pas(y) — Bu(y) B,
(2.67)
where the probabilities ]P’tfound that a site on the boundary of the UHP
has height 1 are given by [18]:
9 42 320 512

3
1
PP == — — g 01038, P=C -

2
2 1 372 9p3 T

~0.1134. (2.68)
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We skip the details of the calculations and merely give the final results:

2(r — 2)(16 — 37)(32 — 97)

orn(y) =— e +.on (2.69)
o 16 — 37)(32 — 97
023@):,( 9736(y4 ){186ﬂ'+2(7r2) (2.70)
)
x(logy+7+210g2)}+..., (2.71)
16 —37)(32 -9
ggf’l(y):_( 1;12@/4 7T){—48+37r+7r2+ (2.72)
5
2(8—7r)(10gy+7+210g2)}+...,
(2.73)
. 2(r —2)(37 — 8
Ulfl(y):*( ng(ﬁ )y (2.74)
3T —8 5
Ugfl(y):— 77:5y4 {20—77r+2(7r—2)<1ogy+7+210g2)}+..., (2.75)
cl 3T —8 2 5
03,1(2/)_—W —56 +- 47+ 7 +2(8—7r)(logy+7+§log2) +...

(2.76)

2.4.4 Bulk two-site correlations

Here we consider the two-site probabilities P, 1(¢,j) when both heights
h; = a and hj = 1 are in the bulk of the UHP, far from the boundary
and far from each other. Again, for simplicity, we choose the two sites
to be aligned vertically, i = (0,y1) and j = (0,y2), with yo > y;. We
have computed, to total order 4 in the inverse distances, the correlations
defined as

oa1(Y1,y2) = E[(%,a —P,) (0n,1 — IPH)}
= Pup(y1,y2) — Paly1)Py — PalPy(y2) + PolPy,

(2.77)

and for the two boundary conditions, open and closed. In terms of the
two functions

Plus ) = 1 1 1
YoV = T i — )t ()t
1 1

Q(y17y2) = (yl — y2)4 - (yl n y2)47

(2.78)
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we have found the following results,

o 2(m—2)2
ot (y1,92) = %P(yl,yg) +..., (2.79)
0 2(r—2)* 5 +
o2 (U1:92) = (716 ) {P(yl’yQ)(logyl+7+§log2) + Q(y1,y2) log zz—i }
T—2 [ s 8 6 2
- 3(37—10)(y1+ys) + 12(58—197)y1y
T 7 A
+ 6(482—1517)y1ys + 4(142—417r)yfyg] 4., (2.80)
o T—2)(8—m 5 +
o5 (U1, 92) = (71# {P(yl’yz)(bgyﬁwg 10%2) + Q(y1,y2) log % }
T—2

 3270y2y3 (y7—y3)? [(2m™+37-72) (45 +15) — 4(107°+27m—456) 3
192 1 2

— 6(30m>+61m—1208)ylys — 4(107r2+117r—328)yfyg} ...

(2.81)
for the open boundary condition, and
. 2(r —2)?
01{1(1/1,112) = %P(y1,y2)+..., (2.82)
ol _ 2(m-2)? 5 Y2ty
o21(y1,92) = =5 P(yl,yz)(IOgylﬂJrQ 10g2) + Q(y1,y2) log p—
m—2 8, 8 6 2
+ 2(1498— 4797y yh + 4(98—197r)yfy§] T (2.83)
o _ (m—2)(8—m) 5 Y2+Y1
o3,1(y1,92) = P(yl,yz)(log Y1yt log 2) + Q(y1,y2) log prw—
T—2

- 2m—11)(y5 +y3) — 4(— 1072)y/812
32W6y%y§(y%_y§)4{(7r+8)( T—11) (5 +y5) — 4(—536+37n+1077) S y3

— 2(907>+2097—3832)y yl — 4(107T2—117r—152)y$y3] f...
(2.84)

for the closed boundary condition. As usual, 041 = —01,1 — 02,1 — 03,1
for both boundary conditions.

2.5 Height probabilities on the triangular lat-
tice

Let us now turn to the triangular lattice G = L1, on which we compute
one-site probabilities. We associate with each site ¢ € G a height h; €
{1,2,3,4,5,6} and coordinates ¥ = (z,y) = x €1 + y €2, where the unit
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vectors €1, & form an angle of 120° (see Fig. 2.13). The six neighbors
of the origin (0,0) are therefore located at (1,0), (1,1), (0,1), (—1,0),
(—1,—1) and (0,—1). The Euclidean distance r separating 7 = (z,y)
from the origin (0,0) is given by r? = 22 + y? — xy.

2.5.1 On the plane

The standard graph Laplacian A on G with a sink s is defined by
Eq. (2.1), with each vertex having degree six on the lattice. As the lat-
tice is invariant under translations, the standard Green function G, =
(A*I)WJ only depends on the difference v — u = (x,y). Its Fourier
representation reads

Guv—GU_u G(xay)

do; dfy elzf1+iyfs (2.85)
/_7T / o 6 —2cosf) —2cosfy — 2cos(fy + 02)

Due to the symmetries of the triangular lattice, the Green function sat-

isfies twelve identities, which can be obtained by repeated applications
of the two following relations,

G(l‘,y) = G(l‘ - y,x) = G($ - Y _y)7 (286)

corresponding respectively to a counterclockwise rotation of 60° and a
reflection with respect to the horizontal axis. Although the integral
(2.85) diverges, the difference G(z,y)—G(0,0) is finite, as on the square

Figure 2.13: Coordinate system on the triangular lattice.
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lattice. Its values for short distances, as well as its asymptotic behavior,
are collected in Appendix A.

We use the same modified burning algorithm as in Section 2.1.1 to es-
tablish a relation between between height probabilities and fractions of
spanning trees X, (i) on G, in which the reference site ¢ has a fixed num-
ber ¢ of predecessors among its neighbors. The analogue of Eq. (2.9) for
the triangular lattice reads

a—1 . .
: Xq (i) , Xo_1() _
Pa - dou () —a Pa_ Toor () L1 _ 0 P =0 3
(1) qz%degs(i)_q 1(1) + dor.() 11 a (Po(i) = 0)
(2.87)
for 1 < a < deg,(i), where the degree of i on Gs is 6.

To compute probabilities for predecessor diagrams, we use a line bundle
Laplacian A with a zipper attached to the face whose lower left corner
is the origin (see the left panel of Fig. 2.14). We choose here a non-
trivial parallel transport z on the edges of the form ((0, %), (1,k)) and
((0,k—1),(1,k)) for k <O0.

The reference site ¢ is taken to be the origin without loss of generality.
The site 4, its six neighbors and the sink s form the subset of selected
vertices called nodes (see Section 1.3). To meet the requirement that all
nodes but the sink (i.e. node 8) lie along the boundary of a single face f,
we define a modified graph G by cutting the edges between i and four of
its neighbors, as depicted on the right panel of Fig. 2.14. We label ¢ and
its neighbors from 1 to 7 in counterclockwise order along the boundary
of f, starting at the right of the zipper.

As on the square lattice, using a line bundle Laplacian is not necessary
to compute the fraction X(4), which can be written in terms of the stan-
dard Green function (2.85) evaluated at ¢ and its neighbors. Its explicit
value immediately yields the height-one probability on the triangular
lattice:

Xo(2 2 11 4
py< X0 _ 25 55 7 1V3 90 B3 o0,
6 648 7237 372 73 4 7o

(2.88)

Next we compute the fraction of spanning trees on G, such that 7 has ex-
actly one predecessor among its nearest neighbors (see Fig. 2.15), which
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=1=(0,0

Figure 2.14: Left: zipper line on the triangular lattice, and zipper edges
(k,¢) with nontrivial parallel transport ¢, = z. Right: the modified
graph G obtained by cutting edges between node 7 and its neighbors
2,3,4,5. Node 8 corresponds to the sink/root, and will eventually be
sent to infinity in sandpile computations. The zipper extends down to
infinity.

we assume to be node 6 at (0, —1). By removing the edge between nodes
6 and 7, we can establish a bijection between the spanning trees with a
unique predecessor of ¢ to two-component spanning forests, due to the
relative positions of the nodes 1,6,7 on G:

Z[6[1234578] 20 x Z16/578]

where the combinatorial factor takes into account the number of choices
for the unique predecessor of i among its neighbors (6) and the number
of ways to connect i to the tree with the sink (5). The second equality
follows because, G being planar, the nodes 1 to 4 necessarily belong
to the same component as 5,7,8. Considering the spanning forests in
Z[6|578], we can write

Z[6|578] = Z[6|78] — Z[56|78], (2.90)

since node 5 can either be with node 6 or with nodes 7 and 8, implying
Z[6|78] = Z[6/578] + Z[56|78].

The number of spanning forests of the types 6|78 and 56|78 on G, can
be expressed in terms of the usual Green function G and the Green
function derivative G /7 where the bar is a reminder that these quantities
are defined on the modified graph G. We can compute the number of
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forests of the first type directly, as the sum on the right-hand side of
Theorem 1.3 contains only one term:

Z[6]78] = Zdet G ) = Z(G.Grs—CosGr) = Z(Gos—Coyr), (2.91)

where we used éi,g = 1 since node 8 is the sink, and éj,i = éi,j for an
unoriented graph.

The number of spanning forests of the type 56|78, on the other hand, is
harder to compute. It requires the use of the Green function derivative
G’ associated with the zipper. Using the grove theorem, one finds the
following result (see Section 5.4 in [91]):

det (—}g:g; —det 6232 — 22 det (_}Zﬁ

Z[56|78] = lim Z[56|78] = lim Z x
z—1 z—1

1—22
7y éé,ﬁ - 64,6 - aéj + 6(/1',7 — 2G5 +2Gr5 — 56/,5 + 6475
- -2
—_ — —/ —=/ -/
=Z(Gs6—Gs7—G56+G57—Gg7),
(2.92)
where the substitution rule 61-78 = 1 and the antisymmetry éz-/,j = —(_}j{’i

have been used, see Theorem 1.6 and Eq. (1.28).

Both G,G " on the modified graph G, as well as the ratio Z/Z, are given
in terms of G, G’ on the original graph G using the Woodbury formula,
which we recall in Appendix A along with selected values of G, G’. The
resulting analytical value of X (%) on the triangular lattice G = L reads:

_ 485 2395 345 2003 | 2475 1620v/3
1296 3637 22 3 4 o

X1(i) ~ 0.190, (2.93)

which, upon using Eq. (2.87), directly yields the height-two probability
P4 (i), shown below.

Figure 2.15: Schematic representation of the unique diagram (up to
rotations of 60°) contributing to Xi(i) on the triangular lattice. The
isolated dots represent neighbors of ¢ that are not its predecessors.
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Figure 2.16: Classes of predecessor diagrams contributing to X, (i) for
2 < ¢ < 4 on the triangular lattice. A multiplicity (analogous to the
factor 30 in Eq. (2.89)) is associated with each class, accounting for
the symmetries of the lattice. The ones for the diagrams of X(i), for
instance, are given by 24, 24, 12 and 48, respectively.

Higher-height probabilities on the lattice are computed in the same way;,
although there are multiple inequivalent predecessor diagrams contribut-
ing to the fractions X, (i) when g > 2 (see Fig. 2.16). The probability of
each of these diagrams can be determined similarly to that of the unique
one contributing to X;(i). We find the following explicit expressions for
P,(i) on G = Lr:

Py (i) = 25 55 11v3 _9%0 54v/3
BT 7648 72\fﬂ- 32 3 7r4 o
47 301 193 29v/3 405 2703

Pi)=——tt—F—"nr — — ——— + — — ~ (0.092 2.94b
2() 1296 + 2437 672 3 + 4 7o ’ ( )

~ 0.054, (2.94a)

3 5929 1441 9v/3 720 540[
P3(i) = = — - - = ~ (0.137, 2.94
3(0) 8 14437 + 1272 3 7T4 md (2.94¢)
3427 6515 2125 91f 540\/5
Py(i) = - ~(0.189, (2.94d
1) = 5 Y Taver 122 T a8 w4 5  (2:94d)
2 1 1331 94 2 2
Ps(i) = — 063 7 V3 + 3319 V3 _ o + 70V3 ~0.242, (2.94¢)
1296 167 1272 73 7T4 o
1175 365 289 30{ 54\f

T 864 144/3r 1272 1 w3 7r4

~0.286,  (2.94f)
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where we used Pg(i) =1 — 22:1 P,(7) to avoid a direct computation of
X5(i), which requires the evaluation of 22 separate predecessor diagrams.
As for the square lattice, a nice check of our computations comes from
the formula (2.36) relating the mean height to the return probability,
whose value on the triangular lattice is Pyt = 5/18 [84,91]; thus yielding
(h) =13/3, in agreement with (2.94).

2.5.2 On the upper half-plane

\

Figure 2.17: The modified graph G obtained by cutting edges between
node 7 and its neighbors 2,3,4,5 on the triangular half-lattice. The sink
corresponds to node 8 and is sent to infinity. The zipper extends up to
infinity.

In addition to the infinite triangular lattice, we compute one-site prob-
abilities on the semi-infinite lattice with a horizontal boundary, i.e.
G = {(z,y) € Lr|ly > 0}. Usual boundary conditions on the upper
half-plane are either uniformly open or uniformly closed (A;; = 6 or
A;; = 4 resp. for boundary sites). For the latter, we have not been
able to define a suitable reflection in order to use the image method.
Therefore, we only discuss the case of an open boundary, for which a
simple reflection through the line y = 0 works and yields the following
Green function,

aor e el

(1.91),(2,2) —  (@191),(22,92) (2.95)

x1,y1),(x2—y2,—y2)>

where G is the standard Green function on the full triangular lattice
(2.85). We choose the reference site i to be located at (0,p) with p > 1,
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and take the zipper to be the path on the dual graph crossing the edges of
the form ((0, k), (—1,%)) and ((0, k+1), (—1,k)) for k > p (see Fig. 2.17).

For such a zipper, the Green function derivative G’°P on the upper half-
plane reads:

/ op _ op op
(1), (z2.02) — kzo [Gm,y1>,(—Lp+k>G<o,p+k>,(zz,y2>
op op

= Gl ), 08 O (1), (2,02) (2.96)
op op
+ G(ivl7y1)7(—17p+k)G(07p+k+1)7(962,y2)

op op
N G(l“l 91),(0,p+k+1) G(*Lerk):(M ,yz)} )

Using Eq. (2.95), we can write G'°P in terms of G’ on the full lattice
(with respect to the zipper depicted in Fig. 2.14) as follows:

!/ op _ G/ o !
(z1,91),(z2,y2) — 7 (=z1,p—y1),(—22,p—y2) (=z1,p—y1),(y2—z2,p+y2)
! /
(y1—1,p+y1),( (y1—z1,p+y1),(y2—z2,p+y2)"

(2.97)

—2,p—Y2) +G

For pairs of vertices (z;,y;) close to the head of the zipper (i.e. of the
form (a;, p+b;) with a;,b; = o(1)), the first term of Eq. (2.97) can be
computed exactly since it is independent of p; the three remaining terms
are evaluated as power series in 1/p (see Appendix A for more details).

Similarly to full-plane computations, the reference site ¢ located at (0, p)
and its six neighbors are chosen as nodes (note that we have relabeled
the nodes with respect to Fig. 2.14, so that the new zipper is once again
located between nodes 1 and 7). We define a modified graph G by cutting
the edges {7,2}, {7,3}, {7,4} and {7,5}, so that nodes 1 to 7 lie along
the boundary of a single face on G. Since the upper half-plane is not
invariant under rotations of 60°, there are in total roughly four times
as many distinct diagrams as on the full plane (the left-right symmetry
is still preserved). The correspondence between predecessor diagrams
and spanning forests with a fixed node partition ¢ holds on the upper
half-plane as well, with Z[¢]/Z given as a function of G°P, G'°P instead
of G,G’. The final results for one-site probabilities at i = (0, p) on the
upper half-plane take the form

1
0a°(r) =P (r) = Pa = — (ca+dologr) +..., (2.98)
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where P, are the one-site probabilities on the full plane (2.94) and r =
V/3p/2 is the Euclidean distance between i = (0, p) and the symmetry
axis for the image method, y = 0. The coefficients ¢,,d, are given in
Table 2.3, from which we see that, as on the square half-lattice, all one-
point height probabilities have a logarithmic term except for the height
one.

2.6 Height probabilities on the hexagonal lat-
tice

The third regular graph we consider is the hexagonal (or honeycomb)
lattice Ly1. In contrast to the square and triangular cases, there are two
types of vertices on this lattice, which we call A and B (see Fig. 2.18).
Each vertex of type A has three neighbors of type B, and vice versa. We
choose the origin of the lattice to be of type A, and pick a coordinate
system 7 = x €1 + y €3 where the position of each unit cell is specified by
the coordinates (z,y) € Z? of its A vertex. Each individual vertex of Ly
is therefore referred to by the complete set of coordinates (z,y; «), with
a = A, B. Alternatively, we can use polar coordinates (r, p; ) with the
angle ¢ measured counterclockwise from the z axis, which are related

to (z,y; «) through x = rcos ¢ + % sinp, y = % sin .

0,1

......... f:—LO) (171)

e (0--Cl(0,0)
..... (7'17 —1) (1,0) .........

. @=gA Be=g ;

;

Figure 2.18: Left: unit cells marked by rectangles on the hexagonal
lattice. Each of them contains two types of vertices, A and B (resp. in
black and in white). Right: coordinate system on the hexagonal lattice,
where the positions of A vertices are expressed in terms of the unit
vectors €7, €3.
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2.6.1 On the plane

The standard graph Laplacian on G = Ly is defined by

3 if u =,
Aupw=14-1 if u and v are neighbors, (2.99)
0 otherwise.

A more appropriate way of writing A to compute its inverse G is ob-
tained by decomposing the lattice into unit cells [149]. Let a(7,7) =
a(7y — 1) be the 2 x 2 adjacency matrix for the vertices of the unit cells
located at #; and 75, that is,

1 if the vertex o of the cell 7 is a neigh-
Aoy ay (T2 —T1) = bor of the vertex ag of the cell 75, (2.100)
0 otherwise.

The only nonzero matrices a(7) are therefore

a(o,O):G é) a(1,0):a(1,1):<? 8)
(2.101)

a(=1,0) = a(—1,-1) = (8 ;) .

The 2 x 2 block entry of the Laplacian indexed by 71,7 (with ai,as =
A, B) can then be written as follows,

A(771;041),(1:’2;012) = {3 Iy — CL(O, O)} ® 5F1,F2 - a(17 0) ® 57717772*51
- a(17 1) & 5771,772—51—52 - (I(—l, 0) & 5’71,’72-{-51 (2102)
—a(-1,-1)® 5F1,F2+€1+€2‘

— —

Its inverse G depends only on the difference 7= 7 — 7} = (z,y), and is
given [4] by

o (x ) _ / d91 / dez 1x61+1y92
ave2 T Y) = _ o 6—2cos€1—200892—2008(91—1—92)

1+ elfh + 61(01+02)
“\1 + 7101 4 6_1(6”'92) 3 '
(2.103)
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It readily follows that Gaa(z,y) = Gpp(x,y) and Gap(—=z,—y) =
Gpa(z,y). Moreover,

1
Gap(z,y) = §{GAA(5U>Z/) +Gaa(z+1,y)+ Gaalz + 1,y + 1)},

(2.104)

Gpa(z,y) = %{GAA(I,y) +Gaalz —1,y) + Gaalx — 1,y — 1)}
(2.105)

Moreover, we observe that G 44 is directly related to the Green function
on the triangular lattice (2.85):

Gla(z,y) = 3G (x,y), (2.106)

although the variables (x,y) on both sides refer to different coordinate
systems (this is expected since the sublattice of A vertices is triangular).
For one-site sandpile probabilities on the plane, we choose the origin
i = (0,0; A) and its three neighbors (0,0; B), (—1,0; B), (—1,—1; B) as
nodes, and a vertical zipper anchored at the face whose lower left corner
is the origin (see Fig. 2.19). In order to evaluate spanning tree probabil-
ities, we define the graph G by removing the edge ((0,0; A), (—1,0; B))
from G, so that nodes 1 to 4 lie around a single face in counterclockwise
order.

Since every site on the hexagonal lattice has three neighbors, the heights
h; take values in {1,2,3} for any recurrent sandpile configuration. The
height-one probability is the easiest to compute, since it can be expressed
in terms of the standard Green function only [4]. Higher-height prob-
abilities are given as linear combinations of spanning tree probabilities
through Eq.(2.87), which we evaluate using the same technique as for
the triangular lattice. The explicit values of P, (i) on G = Ly are all
rational numbers, equal to
Py (%) ~ (.625,

(2.107)
yielding the mean height (h) = 61/24 on the hexagonal lattice, in agree-
ment with Py = 13/36 [84,91] via Eq. (2.36).

1 7
=—~0. Py(?) = — ~0.292, P3(i) =
12 0 083a 2(1) 24 0.29 ; 3(1)

o | Ut
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Figure 2.19: The modified graph G obtained by cutting the edge between
nodes 2 and 4. Node 5 corresponds to the sink/root, and will eventually
be sent to infinity in sandpile computations. The zipper extends down
to infinity.

2.6.2 On upper half-planes

In addition to the lattice Ly, we consider half-lattices with two kinds
of boundaries: one parallel to the x axis, and a horizontal one (see
Fig. 2.20). For both half-planes, which, following [4], we refer respec-
tively to as principal and horizontal, we choose the reference site i =
(0,p; A) with p > 1. As for the full lattice, we select 4, its three neigh-
bors and the sink as nodes on a modified graph, here obtained by cutting
the edge between ¢ and its neighbor (—1, p; B). For simplicity, the zipper
is taken as a path on the dual graph starting on a face adjacent to ¢ and
extending up to infinity. The edges with a nontrivial parallel transport
z € C* are the following: ((0,k;B),(0,k;A)) for & > p+ 1. The same
arguments as in Section 2.6.1 are used to write the fractions of spanning
trees X,(7) in terms of the Green function G of the half-lattice of interest
and the Green function derivative G’ associated with the zipper.

Let us first look at the principal half-plane, whose boundary consists in
vertices of the form (z,y=1; A), as depicted in the left panel of Fig. 2.20.
The corresponding Green function can be written in terms of the full-
plane Green function, for either closed or open boundary conditions,
using the image method. For the closed boundary, each site is mirrored
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Figure 2.20: The modified graph G obtained by cutting the edge between
nodes 1 and 3 on half-lattices with a principal boundary (at the top)
and a horizontal boundary (at the bottom). The sink corresponds to
node 5 and is sent to infinity. The zipper extends up to infinity.

through the reflection axis y = 2/3, so the Green function reads [4]

cl —
(z1,y1;01),(@2,y2;4) — G(»’C17y1;a1)7($2,y2;f4) + G(xl71/1%041)7(552_92»1_112;B)’

cl _
(w1,y1;01),(®2,y2;B) — G(w1,y1;a1),(x2yy2;3) + G(m7y1;a1)7(w2—y2+1,1—y2;z4)'

(2.108)

Proceeding as in (2.97), we may write the Green function derivative with
respect to the zipper represented in Fig. 2.19 in terms of that on the full
lattice. For instance if oy = ag = A, we find the relation

G/Cl — G/
(1,y154),(z2,92;4) — T (—21,p+1-y1;B),(—22,p+1—y2;B)

!
o G/(—xl,p+1—y1;B)7(y2—$27p+y2;A) (2.109)
o G(yl—9617p+y1;A),(—m2,p+1—y2;B)
+ G

(y1—=1,p+y1;4),(y2—z2,p+y2;A)

The open case is subtler, as the mirror image of a vertex of type A with
respect to the natural reflection line y = 1/3 does not belong to the
lattice. However, one can use the Poisson equation to get a suitable
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expression for the Green function [4]:

op =G — E G
(1,y1500),(2,y2;4) — O (@nyian)(@2,y2;4) T g | V(@enysan) (w2 —y2,—y2B)

+ G(xl791;061):(362—112—1,—3/2;3)

+ G(frl73/1?041)7(172_y271_92§3) )

op =G -G
(z1,y1;01),(w2,y2;B) — 2 (#1,91500),(22,92:B) (z1,y1501),(T2—Y2,~Y2;B)"

(2.110)

Here the Green function derivatives on the half-lattice and on the full
lattice are connected through

/ op o G/
(z1,y1;B),(z2,y2;B) — 7 (=x1,p+1-y1;4),(—z2,p+1-y2;4)
+ Gy pr 1=y A) (ya—aopt 14yaiA
/( z1,p+1-y1;A),(y2—x2,p+1+y2;A) (2.111)
+ G(yl—m17p+1+y1;A),(—m27p+1—y2;14)
+ G

(y1—z1,p+1+y1;4),(y2—22,p+1+y2;4)

for ay = a9 = B. Similar relations hold for other values of aq, as.

We use these formulas together with the integral representation of the
Green function on the full lattice (2.103) to compute G°P and G’¢-°P
as series expansions in 1/p (this is discussed in Appendix A for the
triangular lattice; the treatment of the hexagonal lattice is very similar).
We find that one-site probabilities on the principal half-plane take the
form

oB (1) = PR (r) — Py = %2 (cbrine + dBr™ log ) + O(r~*logr),
(2.112)
where P, denotes the one-site probability on the full lattice, and 7 is
the Euclidean distance between the reference site i = (0,p; A) and the
reflection axis used in the image method, namely

V3 1 V3

r=-—p— — (closed b.c.), r=-—p— ——= (open b.c.).

27 V3
(2.113)

The numerical values of the coefficients 2™, dP"™ for both types of
boundary conditions are collected in Table 2.4. We note the distinctive
change of sign between the two boundary conditions in the most domi-
nant terms (rational for the height 1, logarithmic for the higher heights),
as encountered on the square half-lattice [81].
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Cgrinc,cl dgrinc,cl
_ 1
a=1 163 0
_ 3 1 15 3
a=2 ~ 16x2 (’y+§10g 48) + 642 ~ 1672
_ 3 1 45—4+/3 3
a=3 1672 (7+§log 48) — oo 1672
Cgrinc,op dgrinc,op
_ 1
a=1 6v3 0
_ 3 1 9 3
a=2 1672 ('Y"‘ilog 48) ~6an? 1672
_ 3 1 27—4+/37m 3
a=3 ~ 1672 ('y+§log 48) RERST ~ 1672

Table 2.4: Coefficients for one-site probabilities on the hexagonal half-
lattice with a principal boundary.

Let us now turn to the horizontal half-plane (drawn on the right panel of
Fig. 2.20), whose boundary sites (z, y; «) satisfy the equality z = 2y — 2.
For an open boundary, the image method allows one to write the Green
function as [4]

op =G -G
(z1,y1;01),(T2,y2;00) = (T1,y1300),(T2,925002) (z1,y1501), (22,22 —y2+1502)

(2.114)
With respect to the zipper pictured in Fig. 2.20, the Green function
derivative reads:

/ op _ G/
(z1,y1501),(T2,y25002) — 7 (—z1,p+1—y1;01),(—22,p+1—y2;a2)
_ G’
—T1, +17 ad \—Z2,p—x JF aa
/( 1,P y1;a1),(—T2,p—T2+Y2;02) (2.115)
- G(—m7P—901+y1;al),(—xz,p+1—y2;542)
+ G|

(—z1,p—z1+y1;81),(—22,p—T2+y2;02)°

where G’ is the derivative on the full lattice with a zipper going down to
infinity (see Fig. 2.19), and & = B (resp. A) if a« = A (resp. B). For a
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closed boundary, we have not been able to find a suitable reflection axis
for the image method, so we only give results for the open half-plane.

Let us define r as the distance between the reference site i = (0,p; A)
and the reflection axis used in the image method y = (z + 1)/2, i.e.
r =p—1/2. Up to third-order terms, one-site probabilities on the open
horizontal half-plane are given by

1
a};(’r’op(r) = }P’ZOT’OP(T) -P, == <c£‘°r’°p + dgor’(’p log 'r’) + O(r3logr),

7’2
(2.116)

hor.op  Jhor,op oiven in Table 2.5. As expected, one-

with coefficients ¢

site probabilities on the principal and horizontal half-planes with open
boundary conditions coincide at order 1/r2, namely cPo"°P = cPrinc.op

and dhor,op — dprinc,op.

chor.op (dhorop
a=1 16\1/§ﬂ 0
a=2 1o (7 1 5log48) — gz Tor?
a=3 — ez (7+%10g48)+% ~ T

Table 2.5: Coefficients for one-site probabilities on the hexagonal half-
lattice with a horizontal open boundary.

2.6.3 On boundaries

In this subsection, we consider probabilities involving vertices located on
the boundary of the two hexagonal upper half-planes described in the
previous subsection. Due to the small number of admissible heights (two
on a closed boundary, three on an open one), the calculations are quite
straightforward, as they do not require the use of a nontrivial connec-
tion on the graph. Indeed, height-one probabilities can be computed in
terms of the standard Green function only. The same is true for height-
three probabilities on an open boundary, see below, yielding height-two
probabilities by subtraction.
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We shall compute one-site and two-site probabilities on the boundary of
the two half-lattices described above. The simplest case is the principal
boundary with closed boundary conditions, since the height of a closed
boundary site takes on the values 1 or 2. Therefore, height-two prob-
abilities can be obtained by subtraction from height-one probabilities,
which can be computed via defect matrices. This has been done in [4]
with the following results,

: V3 o1 e 4 V3
Pprmc,cl _vo - ]P)prlnc,c _*F_ V9 2117
1 - 37 2 3 T ) ( )
princ,cl /. . princ,cl pprinc,cl 3
]P)l»l (Z,])—]P)l ]P)l = —W—‘—, (2118)

where © = |xy — 21| denotes the Euclidean distance between sites i =
(xlv 17 A) and ] = ($2> 1) A)

For open boundary conditions on the principal half-plane, boundary
heights h; take their value in {1,2,3}. The height-three probability at
site 7 can be evaluated as follows [128]: define a new Laplacian A such
that Ai,i = A;;—1, with A and A coinciding everywhere else. The
burning algorithm [112] gives a bijection between recurrent configura-
tions with h; = 3 and spanning trees that use the edge between ¢ and
the sink s. As det A counts precisely the number of spanning trees that
do not use that particular edge, it follows that

detﬁ_ 1
“aea - B

Ps(i) =1 (2.119)

The remaining height probability P2 (i) can be obtained from the relation
22:1 P,(i) = 1. With the appropriate Green function (2.110), we find
the following one-site and two-site probabilities for the open boundary

conditions?:
- 11 4 9 i 7 2 9
pprinc.op _ - _ pprneop — _— —
1 36 + \/gﬂ' w2’ 2 36 \/§7T + 72’
- 8 2
prrincop _ 8 _ (2.120)

9 31’

princ,op /. - princ,op pprinc,op __
Py (i,j) — PP P =

rinc,o rinc,o
ag pai) ,OP

44

+..., (2121)

“Only height-one probabilities were given in [4].
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— ; princop _ 11 9 princ,op _ 7 9
for a,b = 1,2,3, with a; = /5w X = _2\/§7T+F’
ah P = —ﬁ (up to a global sign).

On the horizontal half-plane with open boundary conditions, we obtain
similar results using the Green function (2.114):

37 8 3 5 8 3

]P)hor,op N 20 _ OroP(y = = —

1 (Z) 36 + \/37'[' 7T27 2 (7/) 36 \/37'[' + 7-[-27
1
]P,gorpp(i) — 57 (2.122)
ahor,opahor,op

[P)Zt)br,op(i’j) _ Pgor,op ]P;lgor,op —__a 4x4b +..., (2.123)
for a’b = 172,37 Wlth alllonop — —ﬁ‘i‘%’ agorpp — 76\5%7r_$ and
agor,OP _ fﬁ (again up to a global sign).

More generally, multisite boundary probabilities on both hexagonal half-
lattices could easily be computed, as one can enforce a height 1 or 3
(for open b.c.) at a given boundary site using local defect matrices.
For the triangular half-plane with an open boundary, the situation is
more complicated, as there are three nontrivial probabilities to evaluate
separately, namely 2, 3 and 4 (heights 5 and 6 can be handled in the
same way as height 3 on the hexagonal lattice).

2.7 Conformal field theory

The Abelian sandpile model is believed to be described in the scaling
limit by a conformal field theory. The reference [112] was the first one to
suggest the value of its central charge, namely ¢ = —2. Since then, this
value as well as many more refined aspects have been examined, largely
confirming the validity of the conformal point of view. A recent review
devoted to this question can be found in [143].

According to this view, the various degrees of freedom of the discrete
model go over to specific conformal fields in such a way that the con-
tinuum limit of the discrete correlations yield the corresponding field-
theoretical correlations. In the favorable cases, the fundamental or most
natural microscopic variables of the discrete model are associated with
primary conformal fields. A number of identifications of this type have
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been proposed for the sandpile model, mainly on the square lattice, and
these include the height variables, relevant for the lattice correlations
computed in the previous sections.

On the square lattice, the height variable at every nonboundary site is a
microscopic random variable taking the four integer values from 1 to 4.
As suggested by the calculations of the previous sections, one does not
consider the random height variables themselves, but, at each site, the
indicator functions dy,(;) 4, @ = 1,2, 3,4, of the four fixed-height events.
For reasons explained above, one subtracts by their own expectation
value on the infinite discrete plane, and therefore one considers

ha(i) = On(i),a — Pa fora=1,2,3,4. (2.124)

On the lattice, they define four “fixed-height variables”, not all inde-
pendent since they satisfy the obvious linear relation ) h.(i) = 0 at
each site. This decomposition into fixed values is not usual in lat-
tice models, but in the present case, it reveals components of funda-
mentally different nature and therefore provides an enriched perspec-
tive. The various correlators computed in previous sections are simply
equal to the expectation values of products of fixed-height variables,

Ua1,a2,...(i1, iQ, .o ) = E[hal (Zl) ha2 (22) .. ]

The basic definition (2.124) of the fixed-height variables can easily be
adapted to boundary sites (with specific boundary conditions). It turns
out that the bulk conformal fields h,(z,z) associated with the height
variables h, (i) far from boundaries are more complicated (reflecting in
a way the difficulty of computing their joint probabilities on the lattice).
In light of the results for one-point functions on the upper half-plane,
the nature of the four fields was first conjectured in [129], and then
completed in [81]; this conjecture has been found to be consistent with
all subsequent calculations. It can be formulated as follows.

The bulk fixed-height fields hq(z, Z) can be identified with specific fields in
a nonchiral indecomposable staggered Virasoro module at ¢ = —2, con-
taining a logarithmic (Jordan) pair of conformal fields (¢,) of weights
(1,1). The field ¢ is primary and left- and right-degenerate at level 2,
while its logarithmic partner ¢ has the following infinitesimal conformal
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transformations, which involve two additional fields p and p,

L0¢:EO¢:¢+A¢, Llw:pa Elw:ﬁa

_ (2.125a)
Ln>1¢ = Ln>17/} = 0.

The fields p and p are respectively left-primary and right-primary of
weights (0,1) and (1,0),

Lnz0p=Lnz0p=0, Lop=p, Lop=p,

- (2.125b)
Ly>1p=Ly>1p =kl 6n,1-
Two additional relations further characterize the module:
_ 1
L 1p=L_1p= Ao, 8= 3 (2.125¢)

Up to normalizations, the height-one field hi can be identified with ¢,
each of the other three ha, hs, hy with (a specific choice of) 1.

The constants A and k are related to the normalizations of ¢ and . The
nature of the parameter 3, however, is quite different, see below. Beyond
the choice of normalization of ¢ and v, one has the freedom to redefine
1 by adding to it an arbitrary multiple of ¢, since the above structural
relations will be preserved. It is in this sense that the last statement in
the conjecture should be understood: hs, hs, hy are proportional to each
other up to a multiple of ¢.

In the following, we use the notation h(z, z) for the normalized fields
arising from the scaling limit of the lattice height variables hg (i), their
normalizations being directly inherited from those of the lattice vari-
ables. To relate them to the fields belonging to the representation
described above, we arbitrarily fix the normalizations of ¢ and v by
requiring the strict identities

(;5(2,2) Ehl('z?'z)) T/)(Za 2) = h2(zaz)a (2126&)
which also fix the values of A and & to

A=—2  k=-—-1 (2.126b)
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The other two height variables are then (conjecturally) given by the
following combinations [81],

ha(z,2) = 507 ¥(2,2) + = 6(2,2),  (21260)

h4(za 2) = _2(7;:;42) ¢(Z7 2) + % d)(za Z)' (2126(1)

Let us note that the values of these coefficients imply that the height
field, defined as the scaling limit of the random height variable, and
equal to h(z,Z) = hy + 2ho + 3hs + 4hy = hg + 2h3 + 3hy, is itself a
logarithmic field of type 1.

We see that the fixed-height variables belong to the conformal represen-
tation that contains the identity. It was shown [127] that the identity in
the bulk has itself a logarithmic partner w, satisfying

Lysiw=Lys1w =0, Low=Low = —%H. (2.127)
It is normalized by requiring that (w(z,Z)) = 1. On the lattice, w(z, 2)
was identified as corresponding to the insertion of dissipation at z; in
fact, as we shall briefly recall, it plays a central role in the understand-
ing of fixed-height correlators. More details (multisite correlators of w,
fusion and dissipation field wjy at a closed boundary site) can be found
in [127].

In turn w is related to the fields discussed above; indeed, one might
suspect that p and p are actually its two descendants at level 1. Ear-
lier calculations on the lattice [127] are consistent with the following
relations,

p=0L_jw, p=6L_1w, ¢=—-46L_1L_jw,
T—2 7 (2.128)

Therefore, the height-one field hi(z, Z) would be a level-2 descendant of
the dissipation field, h; = —46 0w. Some of the lattice calculations of
two-point correlators presented in Section 2.4 confirm these relations.

Chiral staggered modules of the kind discussed above were studied in
[57], where it was noted that different values of 8 correspond to dif-
ferent equivalence classes of such modules (see [96] for a mathematical
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analysis attempting a classification of staggered modules). For nonchiral
modules, no classification result is known; one however knows that the
bosonic sector of the free symplectic fermions [58] realizes a nonchiral
representation® satisfying the same structural relations (2.125) but with
a different value of 5, namely 5 = —1 ([81] to see the explicit realiza-
tion). Since the chiral restrictions of the symplectic representation and
of the module discussed in the above conjecture are not isomorphic, it
is expected that they are not isomorphic either as nonchiral modules.

The scaling limit of fixed-height variables on a boundary has also been
discussed. In this case, it depends on the boundary condition and was
studied in [80,128] for the open and closed boundary conditions. The
results are simpler than in the bulk. It was found that in the contin-
uum limit, the boundary fixed-height fields are chiral fields of scaling
dimension 2, which are neither logarithmic nor primary. In particular,
the height-one field, which is the only one involved in the calculations
of Section 2.4.3, is proportional to the stress-energy tensor for either
boundary condition,

(16 — 37)(32 — 97)
973

Tx), @) = - S T().

(2.129)
Moreover, the other height fields hq”(z), a > 1, are also proportional to

hi’(z) =

T(x) on an open boundary, whereas the hS(x)’s on a closed boundary
are not. We refer to [128] for more details about these identifications.

What we want to do in the rest of this section is to focus on the bulk
height fields to see whether the new correlations functions computed in
Section 2.4 are consistent with the conjectured identifications stated in
(2.126).

One part of the conjecture can be easily verified, namely the fact that
the field hs is a linear combination of h; and hg (the same then follows
for hy in view of the relation ), hq = 0). Indeed, it is a simple matter
to see by inspection that the correlators that involve the height 3 satisfy

5That representation is in fact a module for a W-algebra, and as such, is larger.
For instance, it contains four logarithmic pairs of fields with weights (1, 1), whereas
here only one has been identified so far (of course, this does not rule out the possibility
to find more). However, if one restricts to the action of the Virasoro modes only, one
finds the relations (2.125).
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this linear relation at dominant order. This can be explicitly checked
on the two-site and three-site correlators on the plane in Section 2.3,
and on the one-site and two-site correlators on the upper half-plane in
Section 2.4. The lattice one-site functions on the upper half-plane, given
in (2.60), make it clear that the linear relation does not hold beyond the
dominant order.

The part of the conjecture concerned with the conformal transformations
of the fields ¢ and 1 is much deeper and implies strong constraints on the
functional form of the lattice correlators that involve the heights 1 and
2. The one-point functions agp’d(y) on the upper half-plane were at the
basis of the conjecture. For each boundary condition taken separately,
these functions are clearly consistent with ¢ and ¢ being a logarithmic
pair. However, the specific way 5" (y) and o¢!(y) are related at dominant
order—they depend on the same coefficients, see (2.60a) and (2.60b)—
can actually be computed from conformal field theory, by using the field
switching between the open and closed boundary conditions, identified
as a primary field of weight —1/8 [141]. It was done in [81] and provides a
highly nontrivial and convincing check of the conjecture. Explicitly, the
one-point functions on the upper half-plane are given in the continuum
limit by

1
(ha(z, Z)>0p,cl = —m (C((l)p,cl + dgpﬂl log

: 5 2‘) (2.130)

for 1 < a < 4, where the coefficients ¢!, d¢ are the ¢,’s and d,’s given
in Table 2.1. The coefficients for an open boundary are related to their

analogues for a closed boundary by

P = Lgel gop = _ql, (2.131)

The two-point correlators o1 1 () and o2 1 () on the plane were discussed
in [130,131] and, in the scaling limit, confirm the logarithmic partnership
of ¢ and v. We shall briefly rediscuss these two-point functions to under-
stand how their form should be understood, on the conformal side, not
as two- but as three-point correlators where the extra background field
w(00) is to be inserted. This feature will be crucial to understand the
rather unusual form of the lattice three-point correlator og 1 1(712,713).
Interpreted as a conformal nonchiral four-point function, we shall show
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that its unexpected functional form follows naturally from the above
conjecture and the logarithmic nature of the background field w(oo).

Being related to chiral four-point functions, the lattice two-point cor-
op,cl
a,l

further opportunities to verify the consistency of the conformal frame-

relators 0,7 (y) on the upper half-plane computed in Section 2.4 offer

work provided by the conjecture.

2.7.1 Correlations on the plane

At dominant order, the lattice two-point correlators on the plane re-
ported in Section 2.3,

a 1
oa(f) =G+, 02a(F) = (alogr+b)+ ... (2.132)

look familiar, including the distinctive presence of the same coefficient
a in the two correlators. It is however well known [50] that the self-
correlations of the primary field of a logarithmic pair are all identically
zero, implying in particular (¢(1)¢(2)) = 0. As the coefficient a com-
puted on the lattice is not zero (a = —P?/2), the correlators o711 and
09,1 cannot correspond to conformal two-point functions.

The way out was discussed in [127] and has a clear physical interpre-
tation. The probabilities computed on the infinite lattice are limits
of similar quantities formulated at finite volume. The formulation of
the sandpile dynamics is well defined at finite volume provided it in-
volves dissipation of sand (to the sink), here chosen to be located on the
boundaries of the grid (the dissipative sites). The infinite volume limit
of multisite probabilities remains well defined, but the dissipation is sent
off to infinity. On the other hand, the conformal field theory is defined
right away on the infinite plane, and has no trace of the necessary dissi-
pation. Therefore, dissipation has to be inserted at infinity by hand, in
the form of a background insertion w(oo). Its conformal weights (0,0)
do not alter the dimensions of the correlators.

Therefore, the lattice correlators in (2.132) should correspond respec-
tively to the following three-point functions,

(B(21, 21)9 (22, Z2)w(00)) and (V(21, 21)P(22, Z2)w(0)).
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Indeed, one finds that these three-point functions reproduce the form
given in (2.132) provided the two-point functions (¢(z1, z1)d(22, Z2)) and
(¥ (21, 21)P(22, Z2)) vanish identically [129]. This is again very natural
from the sandpile point of view, since these two-point functions would
correspond to fractions of recurrent configurations with fixed heights at
sites 1 and 2 in a model with no dissipation; such models are known to
have no recurrent configurations at all [40]. In what follows, we use this
argument to set all correlations involving only ¢’s and ’s to zero.

Let us now come to the three-point correlators. When the three insertion
points are aligned (horizontally or vertically), we recall that these are
given at dominant order (terms of dimension 6) by

(r—2)% 1
"
(2.133)

o1,1,1(712,713) =0+ ..., o2,1,1(72,713) =

It is surprising, in the sandpile model, that the correlator of three heights
1 vanishes (at dominant order). To a large extent, this can be understood
in the conformal picture.

The four-point function (¢p(z1, Z1)P(z2, Z2) (23, Z3)w(c0)) should be asso-
ciated with the scaling limit of the correlator 1,1 1. From the vanishing
of (¢(z1,21)p(22, 22) (23, Z3)), the four-point function can be computed
as if w is primary of weights (0,0) (not assumed to be degenerate at
level 1 though, like the identity). However, together the Ward identities
and the degeneracy conditions of ¢ at level 2 in the theory with central
charge ¢ = —2, namely (L?,-2L_5)¢ = (L%,—2L_3)¢ = 0, offer no
solution that is fully symmetric under the permutations of sites 1, 2 and
3.

Let us now examine the other three-point correlator o911 in light of
the nonchiral four-point function (1(z1, z1)$(22, 22) @ (23, Z3)w(c0)). As
is usually the case for a correlation involving logarithmic fields, the cal-
culation proceeds in several steps [50]. Finite regular conformal trans-
formations of w involve w itself and the identity, whereas those of v
involve 1 itself, ¢, p, p and the identity. This makes a total of 9 four-
point functions to be computed before the last one ((1)$(2)p(3)w(c0))
can be obtained. However, many of them either vanish or are already
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= (p(1)e(2)6(3)) = (6(2)¢(3)) = 0, (2.134a)

(0(1)9(2)9(3)w(o0)) =0, (2.134b)
Cog P

(0(2)$(3)w(00)) = Pt Cop = = (2.134¢)

In what follows, we summarize the calculations of the remaining three
correlations

(p(1)9(2)p(3)w(4)), (p(1)9(2)¢(3)w(4)) and (P(1)¢(2)P(3)w(4))

for general positions. To simplify the analysis, we retain only the most
general solutions that are symmetric under the exchange of sites 2 and
3 in the limit where the site 4 goes to infinity.

The integration of the infinitesimal transformations given in (2.125a) and
(2.125b) yields the following transformation rules of p,¢ and w under
w — z(w), w — z(w) [81],

_ _ 1 dw|?
w(z,2) = w(w,w) — e log )a (2.135a)
dw |2
6(2,2) = | ' | o(w, ), (2.135b)
dz
. dw . kd*w ydw
The Mobius transformations (with z;; = z; — 2;)
w(z)= AL gy (LD (2.136)
213(2 — 24) z13(2 — za)

map the four points zi, 29,23 and z4 to 0,2 = (z12234)/(213224), 1 and
oo respectively (and likewise for the conjugate variables). The above
transformation rules yield the following form:

234 1

a Z13Z14 |223)*

(p(1)p(2)p(3)w(4)) =

{F(@,2) + rCy ;—i} (2.137)

with F(z,7) = |1 — 2[* (p(0,0)¢(x, Z) (1, 1)w(c0)).
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Further constraints on F'(x,z) come from the left and right degeneracy
conditions of ¢ at level 2. The left degeneracy condition of ¢(2) (or of
¢(3)) yields a homogeneous differential equation in z, namely

x(1 — ) 0*F +20F = 0. (2.138)

It can be strengthened in the following way. The following correlator,
(L_1p)(1)6(2)6(3)w(4)), is proportional to (¢(1)6(2)¢(3)w(4)), which
is identically zero. Therefore, (p(1)®(2)¢(3)w(4)) cannot depend on 2,
and so F'(z,z) cannot depend on z, OF = 0.

The right degeneracy of ¢ actually delivers two independent, inhomoge-
neous equations, depending on whether we write it for ¢(2) or for ¢(3).
They combine to give a first-order equation,

— 1—-Z — z+2

(2.139)

The general solution is obtained from a particular solution of the inho-
mogeneous equation, for instance —kCgygs(1 — ic)z /EQ, and an arbitrary
element of ker D, given by A(1 — z)3/z%. Inserting this general form
into (2.137), taking the limit z4, 2y — oo and requiring that the result
be symmetric under 2 < 3 fix A = kCyy/2 and lead to the unique
solution,

(1+2)(1—1z)?

F(z,z) = —kCyy 572

(2.140)
The correlation involving p instead of p is similar since the transforma-
tions of p are those of p with left and right exchanged. The correspond-
ing correlation is simply obtained by exchanging the variables with their
conjugates,

(P(1)P(2)D(B)w(4)) = KCpy —2 {<1+$><1—x> _s}

¢ z13214] 23] 222 234
(2.141)

Finally, the same procedure may be used to compute the last correlator.
To do this, we use the finite transformation law of ¢ under w — z(w),
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w — z(w) [81],

dw
lﬁ(Za?) 3.

2 - dw 2 -
S [0 102 0,0
+1(<12w duwy do
o\dz2/ dz/) az "’
ldw (d®w sdwy _,
sa: (/@) P
k (d?w sdwy sd?w /dw
Z(@ E) (@ E)'
The same Mobius transformation as before yields
1 234 |2 _ Z; _
W()6()0B)w(1) = 5 {| 2] Gla.7) + 22 F(.7)
214223 U213 213 (2.143)
Z34

+ 7F(.f,.7)) + HC¢¢},
213

with G(z,%) = |1 — z|* (¢(0,0)¢(x, Z)¢(1, 1)w(co)) and for the function
F(z,z) given in (2.140).

(w,w)
(2.142)

The left and right degeneracy conditions of ¢(2) and ¢(3) each give two
differential equations for G(z, z); so four equations in total, two in  and
two in Z. They combine to give two first-order equations, very close to
the one encountered above, as they involve the same differential operator
(in x or T),

1—2x

DG(x,2) = —

=~ F(x,z), (2.144a)
11—z _

DG(z,z) = — F(z,7), (2.144D)

)
z
Their compatibility is readily established on account of the right equa-
tion (2.139) satisfied by F'(z, ).

The general solution depends on a free parameter B, related to the
choice of an arbitrary element in ker{D, D},
1—z4 1—z)3)2
oS
x

G(z,z) = %FLC¢¢ (r+x) ’ (2.145)

Inserted in (2.143), the limit 24, 24 — oo yields a result that is symmetric
in 2 < 3, for any value of B,
1 1 1 1

(W (1)(2)6(3)w(00)) = FrC [ |

K
2" o0 |z12213]2

293 ‘2

Z13Z12 212213 (2.146)

+ B

2 .2
212713
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We note that the term proportional to B has a singularity in |z12|7%,
namely the most singular term possible in the fusion ¥(1)¢(2). The
only fields that can enter the fusion at this order are the identity and
w. The vanishing of (1/(1)¢(2)) forbids the presence of w, while the cor-
relator (1(1)¢(2)w(o0)) = (alog|z12| + b)/|z12|* shows that the identity
enters the fusion with a logarithmic term. Since the last term in (2.146)
contains no logarithm, we conclude that B = 0.

When the three fields are aligned horizontally, the variables z;; are real,
so that the previous correlator reduces to

o R . 1
(ha(71) h1(72) h1(73) w(00)) = KCgg ——-. (2.147)
T12713
With k = —Py/4 and Cyy = —P}/2 (see above), we obtain £KCpy =
P$/8 = (7 — 2)3/7%, which exactly reproduces the dominant order of
0'27171(7_”12,7713), given n (2.51).

2.7.2 Bulk-boundary correlations

Section 2.4.3 gave the results of our lattice computations of the two-
point correlations agf)l’d of two heights, the height a being in the bulk of
the upper half-plane, the height 1 on the boundary, taken to be either
open or closed. For simplicity, the height a was located right above the
height 1, at a distance y from the boundary.

For general positions z (real) and z, these mixed bulk-boundary cor-
relators should correspond to the following conformal correlators, at

dominant order,

aglﬁ(z, zix) = (ha(z, 2) hcl’lp(x))op +..., (2.148)
0% (2, 7:2) = (ha(z, 2) () w(00))er + -

Dissipation at infinity has been inserted in the second correlator; no such
insertion is needed when the boundary is open, since each boundary site
is dissipative. As before, one may concentrate on a = 1, 2.

The boundary height-one field being proportional to the stress-energy
op,cl

a1l (%,7;7) are related to the one-point func-

tensor, the correlators o

p7C1(

tions 03" (2, 2). These are known from [81] and have been recalled in
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(the dominant terms of) (2.60a) and (2.60b). When the boundary is
open, the UHP stress-energy tensor can be thought of as the sum of the
left and right chiral tensors [27]. Using this property together with the
chiral conformal transformations in (2.125), we find that for a = 1, 2,

T@ ol Now = {77 1)2 Ot 0} (ha(2 2

(x—2)2 z—2Z
{p(z, 2))op | (P(2,2))op _ <h (2,2))op _ (M1(2,2))op
+{ (x—2)3 ot (x—2)3 21(xfz)2 21(ZL‘ z)? }5(1’2‘

(2.149)

To complete the calculation, we need to evaluate the one-point correla-
tors (p(z, 2))op and (p(z, 2))op. The quickest way to compute them is by
using the relations p = §L_jw, p = §L_jw as well as

1
(w(z,2))op = Py log |z — Z| + 70, (2.150)

with 9 = 5= (y+3 log 2)+1 and y = 0.577216... the Euler constant [127].
Hence, we have

(oz: op = —= 2=, (ol 2Nep = T2, (2.151a)
(h1(z,2))op = (ZA‘_d;)Q, (2.151b)

_(2—42') {C2+dZ

where the coefficients co,ds have been given explicitly in Section 2.4.
Plugging these in (2.149) yields

(ha(2, 2))op = ’ } (2.151c)

_ 4ds
(T'(z) hi(z,2))op = T (2.152a)
_ B 4 3ds do (Z — 2)2 2=z
<T($)h2(z,2’)>op— m{ 2+T+Z|x—z|2 +d210g‘?‘}.

(2.152b)
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When the boundary is closed, one has, from (2.127),

(T(x) ha(2,2) w(00))a = {(x _1 2 + - i Zaz + @ _12)2 + - i 285}

< (halz, ooy + { PEANA 1P Dle))a

(z —2)? (z —2)?
_ (2 2)w(o0))a <h1(275)w(00)>c1}5
2(z — 2)? 2(x — 2)? ¢
+ lim [{ O+ 0 Hhalz, Do, @)

Az —w)?  An(z—w)? |

 (ha(z2)a <ha<z,z>>d]

(2.153)

The terms on the last line give however no contribution: (hq(z,Z2))q
vanishes identically (no dissipation), and (hy(z, Z)w(w,w))q does not
depend on w,w (the precise location of the dissipation is immaterial for
this two-point function).

Repeating the same steps as before, this time using [127]

(w(21, 21)w(22, 52))a = - Tog |219] + 270 + — lo 21 = &f*
1, <1 2, <2 Cl_ﬂ' g 12 ’YO 27T g’21_21H22_22|’
154)
we obtain the following two-point correlators:
(ol (o0l =~ (plz (ool = —— 2=, (2.1550)
Pl Z, Cl_z_27 P\Z, c — - _ 3 .
(e (2, F)w(00))a = — 22 (2.155b)
1\% cl — (Z — 2)27 .
(ha (2, 2)w(00))el = L{c +dslo \Lz‘} (2.155¢)
2%, 2)w cl—(z_z)z 2 2 108 9 ) .
with the same coeflicients ¢y, ds. In turn, this leads to
4d
() a2, 2) (o)) = 2 (2.1562)
(T(x) ha(z, 7) w(00))al = L{c L& (2.156b)
2 I w cl — ‘.’L’ o 2’4 2 4 .
ds (z — 2)? z2—Z
& do1 ‘7‘} 2.156
4]az—z|2+ 2log | — ( c)
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The correlators (2.152) and (2.156), evaluated when the height a is right
above the boundary height 1, namely for x — z = —iy, simplify to give

(T(x) hy (2, 2))op = _‘;?, (2.157a)
(T(x) ha(z, 2))op = —;‘4{@ - % + dy log y} (2.157b)
(T'(x) h1(z, Z2) w(00))a = 4;42, (2.157¢)
(T () ha(z, 2) w(00))a = ;‘4{@2 - 3% +dslog y} (2.157d)

Inserting the explicit values of ¢s,do and the proportionality constants
between h(l)p’d(:r) and T'(x), given in (2.129), exactly yields the dominant

op,cl
a,l

orders of the lattice correlators o,'7" (y) computed in Section 2.4.3.

2.7.3 Two-point bulk correlations on the upper half-plane

The last case concerns the lattice correlators Ugf)l’d for two heights verti-
cally aligned in the bulk of the upper half-plane. As before, we focus on
a = 1,2 and compute the corresponding conformal correlation function
for arbitrary positions, expected to describe the dominant order of the
lattice correlators,

(2.158)

Since the field hy = ¢ is degenerate at level 2, the previous correlators
satisfy second-order differential equations for ¢ = 1 and for a = 2.
However, for ¢ = 1, it is much quicker to start from the self-correlators
of w and use the relations giving the nonchiral fields p, p and ¢ in terms
of w. This avoids the solving of differential equations and circumvents
the problem of fixing the integration constants. In addition, it yields the
correlators involving p and p, which are in any case required for the case
a = 2, at least for the open boundary condition. We start with a = 1.

The correlators with two (resp. three) dissipation fields in presence of
an open (resp. closed) boundary are easily computed (they are given by
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2 x 2 (resp. 3 x 3) determinants [127]),

(w(z1, 21)w (22, 22))op = —47%21 ‘21 — 22‘ + (7 log |21 — z1] +70)
X <% log |22 — Za| + ’y()), (2.159a)
1
(w(z1, 21)w(22, Z2)w(23, 23))cl = ~ 12 log |(21 — 22) (21 — 22)|
(21 — 22)(21 — 22) 1 _
X lo — + ( — —loglzy — 2z )
1 |23 — Z3] .
X ——1lo - ) + cyclic. 2.159b
(70 or 8 (22 — 23)(22 — 22/ Y ( )

Upon derivation, one easily gets the correlators involving p, p and ¢. For
the open boundary condition, they can be written in the following way:

_ P ! - 2
<p(1)¢(2)>op - 8 {(21_22)(21—2;2)2 (21—21)(2'2_22)2 (2 160&)
(z1—721)% — (Zl_'z?)(Zl_Z?)} |
(21—22)(Z1—22)%(21—22)% )’
_ _ 1 2
(P(1)d(2))op = — ¢ {(21*22) 2(z1—29) (21721)(22*52)2 (2.160D)
LR Gon) ) |
(21—22)2(21—22)% (21— 22) )’
_B > T
(0(1)¢(2))op = 5 {(zl —21)2(z2 — 22)2 |21 — 22|t |21 — 2ot }
(2.160¢)

The third equation in particular, evaluated when z; = x 4 iy; and 29 =
x + iyo are vertically aligned, reproduces exactly the dominant terms of
o111 (y1, y2) reported in Section 2.4.4.

Similar calculations when the boundary is closed leads to slightly differ-
ent results:

Pj (z21 — 22) + (21 — Z2)

(p(1)o2)w(o0))a = (p(1)¢Q2)op = 3= 557 (2.161a)
2 21 — X% z
(B1O@w(00)a = (PL)G(2)op — L=V EZ2) (5 41y,

4 (211 — 22>2(21 — Zz)

(@(1)@(2)w(o0))er = (¢(1)B(2))op - (2.161c)
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The correlators involving p and p for the closed boundary differ from
their open analogues by terms independent of z; and Z; respectively,
with the consequence that the closed correlator with two ¢’s in general
positions is exactly equal to the one corresponding to the open boundary,
in agreement with the lattice results (2.79) and (2.82) when the two
insertion points are vertically aligned.

The case a = 2 for the open boundary condition requires to compute the
nonchiral two point-function (1/(1)¢(2))op. We first perform a Mobius
transformation, taken to be real to preserve the boundary, so as to bring
the two insertion points to positions that only depend on the anharmonic
ratio of 2y, 21, 29, Z2 given by

(- 2)(22—Z2) Ay

(21 — 22)(%1 — Z2) a |21 — 22[?

(real negative)  (2.162)

where y1,y2 > 0 are the imaginary parts of z1, zo. A convenient choice
is to map the two points 21, 29 onto respectively wy; = it and we = 2 + it
with ¢ = /=2 > 0. The proper map takes the usual form w(z) =
(az 4+ b)/(cz 4+ d) with the following values of the parameters,

a=t(x1 —x2) —2ya,  b=2w1ys —t (a7 — T2 + Y} — Y170),
Y1Yy2

c=1y1 — Y2, d:$1y2—$2y1—277

(2.163)

where x1, zo are the real parts of zq, 2o.

The transformation law (2.142) of v yields the following identity,

$2

vyl

+ Mlog (;—f) (gb(wl,wl)ﬁb(wzawﬂ)op}

1

(¥ (21, 2)9(2, 22))op {0y, 1)9(wn, B))op

B 2*(y1 — y2) | (p(wy, @1)(wy, @2))op n (p(wy, w1)p(wy, Wa))op
yiys t(z1 — 22) — 2ys t(z — 29) — 21

o /’43(3/1 - y2) <¢(w27w2)>op
dya Y1+ y2 —t(xy —x9) |

(2.164)

Of the five correlators appearing on the right-hand side, the last four are
known functions of z, and given in (2.151) and (2.160). Further using
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A= —% and kK = —%, one may simplify the previous expression to
x? P? 24 — 223 + 42 — 2 —x
(¥ (21, 2)9(20, 22))op = =5 | H(w) + =X log (— )|
! 2T R 64 (1-az)? vt
P! oy —yo 2Pz —2)
128 yiy; (1-a)*’
(2.165)

where H(z) = (¢(w;, w1)p(wy, W2))op. The degeneracy of ¢ implies that

the function H(z) satisfies the following differential equation,
2H (x)

z(l—x)

_ PPat — 1423 42427 — 202+ 6

T 64 x3(1—x)3 '

z(1 —2)H"(z) +2(1 — 22)H'(x) —
(2.166)

The general solution depends on two integration constants, which can
be easily fixed by considering two limiting cases. Indeed, for a large hor-
izontal separation of ¢ and ¢ (i.e. |x1 — 2| — oo and y1, yo finite), and
for a large distance to the boundary (i.e. y1,y2 — 0o and |z1— 23| finite),
the correlator (1(2,, 21)®(2y, Z2))op must go respectively to the product
((21, 21))op (9(29, Z2))op and to the bulk correlator (i (zy, 21)¢(2y, Z2))
on the full plane.

The final result reads

<¢(217 21)¢(22, 22)>op

Py 2t —22% 442 -2 | 3(37 — 10)
32933 (1 —x)? 273

5
—Pl(logyl +’y—|—210g2)]

P2 [mg(m_2)(log(l—$)+yl>— T ]

+
64y3ys | (1 — z)? 2y 1—=x
(2.167)

As a first check, one can verify that when the two fields are vertically
aligned, x1 = x9, the previous form exactly reproduces the dominant
term of the lattice correlator 3" (y1,¥2) given in (2.80). A second and
independent check concerns the limit yo — 0, which brings the height-
one field ¢ to the boundary. In this limit, the bulk ¢ is expected to
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expand on open-boundary fields of its own conformal family, to which
the identity and the stress-energy tensor (the open-boundary height-one
field) belong, namely

C_
D2, 25) ~ 722 I+ CoT(x2) + ... (2.168)

2
The expansion of the correlator (2.167) should then reproduce, up to
constants, the correlators (¢(zy,21))op and (¢(zy,21)T(z2))op at order
Yoy 2 and yg respectively, and give a vanishing term at order y, L This
is exactly what we find; in addition, the two fusion coefficients read

C_Q :P1/4 and CO = —4P1.

Although the lattice result for agfl(yl, y2), given in (2.83), is very close
to 35 (Y1, y2), the situation is more complicated on the conformal side.
It requires to compute the equivalent of a chiral six-point correlator, due
to the extra background field w (a chiral five-point function if one uses
the boundary dissipation field). So a satisfactory argument to write the
functional form of J;}l(yl, y2) for general positions is still lacking at the
moment.

2.7.4 Other lattices

As discussed in Section 2.1, the Abelian sandpile model can be defined
on any connected graph G. Most of the analytical and numerical re-
sults have been obtained on the simplest two-dimensional regular graph,
namely the square lattice, and have lead to the conjectural relations
(2.125) in the continuum limit. To check the universality of the loga-
rithmic conformal field theory in play, we have computed several height
probabilities and correlations on the triangular and hexagonal lattices
in Sections 2.5 and 2.6.

On both lattices, our results (2.98), (2.112) and (2.116) for the sub-
tracted one-point probabilities o, (r) yield functions of leading order 2
in the inverse distance r to the boundary of the upper half-plane. More-
over, the o1(r)’s are rational functions of r (as already noted in [4] for
the hexagonal lattice), whereas the 04~1(7)’s contain logarithmic terms,
as on the square lattice. The identification of the height-one field as
a primary field ¢ of weight (1,1) and of the higher-height fields as the
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logarithmic partner 1 of ¢ (up to a normalization and to a multiple of ¢)
is therefore perfectly consistent with our results on both the triangular
and hexagonal lattices

A further check of universality is given by Eq. (2.131), which relates the
coefficients of one-point probabilities on upper half-planes with open
and closed boundaries. We find these relations to be in full agreement
with the coefficients in Table 2.4 for the principal hexagonal half-plane.
Unfortunately, we cannot make the comparison for the other two half-
lattices, namely the triangular half-plane and the horizontal hexagonal
half-plane, as we have not been able to compute the Green function for
a closed boundary.

Furthermore, for both hexagonal half-planes (principal and horizontal),

4 at

we find two-point boundary correlations to be proportional to x~
leading order, where x is the separation between the prescribed heights
along the boundary. For open boundary conditions, Eqs. (2.121) and
(2.123) show in addition that all boundary height fields are proportional,

as for the square lattice.






Chapter 3

Loop-erased random walks

The concept of self-avoiding walk (SAW) first emerged during the 1950s
in physical chemistry [51,122], as a simple model for the behavior in di-
lute solutions of chain-like polymers, whose physical extension prohibits
multiple occupations of a same point in space. Formally, a self-avoiding
walk is a random discrete growth process that does not intersect itself,
with a uniform probability measure on all simple paths of fixed length.
From a mathematical perspective, little is known rigorously about the
self-avoiding walk!. In 1980, Lawler defined the loop-erased random walk
(LERW) in an attempt to better understand the self-avoiding walk [98].
The loop-erasure procedure consists in erasing all loops appearing along
a path in chronological order, thus yielding a simple path. The LERW
probability measure is then inherited from that of the standard random
walk.

Although Lawler soon found the SAW and LERW processes to be dif-
ferent, he discovered that the latter possesses many attributes of other
models in critical phenomena, such as the existence of an upper critical
dimension and (conjecturally) conformal invariance in two dimensions.
In the 1990s, the discovery of the relationship between the uniform span-
ning tree (UST) and the LERW [115,126,157] led to increased interest
in the latter (in particular due to the connection between the UST and
other models, e.g. dimers [155] and the ¢ — 0 Potts model [112]).

LA recent result one should mention is the proof that the connective constant of
the hexagonal lattice is \/2 4 /2 [47], derived nonrigorously earlier in [119,120].

105
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Among the results obtained over the years concerning the LERW—
mainly in two dimensions—are its reversibility [99], its growth exponent
and fractal dimension [48,86, 100], the return probability [134] and the
edge intensity [14,86,91,103] (see [104] for a recent review).

Most notably, the study of the scaling limit of the planar LERW led
Schramm to develop Schramm-Loewner evolutions (SLEs) [144]. One of
the simplest results in the SLE framework is Schramm’s formula, which
gives the probability that a point z lies to the left (or right) of an SLE,
curve between fixed boundary points in a simply connected domain [145].
Its explicit form on the upper half-plane for a curve v starting at 0 and
growing toward infinity is given by

A )

1
P|z lies to the left of v] = - — ——— -~ —2F1 | =
[Z 1es 1o e lert o fY] 2 241 2’I€’2’ y2

8—
VIT (558) Y
where z = x + iy and 9F] is the ordinary hypergeometric function.

Our goal is to derive a discrete version of this formula for the loop-erased
random walk and for paths in spanning forests, on a generic planar graph
with arbitrary positive edge weights. Using the techniques pertaining to
complex connections recalled in Chapter 1, we establish in Section 3.1
the equivalent of Eq. (3.1) for simple paths in spanning forests in terms
of the Green function of the graph, generalizing preliminary results given
in [88,91]. We compute several explicit expressions in the scaling limit for
various domains and boundary conditions in Section 3.2, and compare
some of our results to known SLEs calculations. In Section 3.3, we
generalize Schramm’s formula for multiple paths on a planar graph, for
all possible connectivities between the marked boundary points. We
define in Section 3.4 a natural measure for multiple loop-erased random
walks, and show its explicit correspondence with the spanning forest
measure on paths used in the preceding sections. Finally, we recall in
Section 3.5 the interpretation of partition functions for LERWs (or for
paths in spanning forests) as conformal correlators in the scaling limit,
via the SLE/CFT correspondence [8,56]. We find our results on the
upper half-plane to be fully consistent with the CFT picture.
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3.1 Paths in spanning forests and Schramm’s
formula

In this section, we first define a measure on chemical paths in span-
ning forests between two fixed vertices w1, ug of an unoriented connected
graph, and then extend it to paths in oriented cycle-rooted groves. For
u1,us located on the boundary of the graph, we study the following
question about a random simple path from uq to us with respect to the
measure on forests: What is the probability that such a path leaves a
marked face f to its left, as illustrated in Fig. 3.17 In what follows,
we give an explicit combinatorial expression for this probability, called
Schramm’s formula, by taking the limit & — I of the corresponding
probability in the grove model, in a nontrivial way. Our formula de-
pends only on the standard Green function, which is well known for
regular graphs such as those we shall consider in Section 3.2.

Uy U2

CCW

Figure 3.1: On the left are two simple paths on a rectangular grid be-
tween two boundary vertices, from wuj to ug; the solid (resp. dashed)
path leaving the marked face f to its left (resp. right). On the right is
a counterclockwise (resp. clockwise) path on an annulus, which can be
viewed as leaving the central circular face to its left (resp. right).

3.1.1 Measures on paths in forests and groves

Let Gs = G U {s} be an unoriented connected graph with a root s and
let u1,us # s be two of its vertices. We consider the set of all simple
unoriented paths on G between u; and uy (a path is simple if it has no
self-intersection). We define the weight of such a path 7 : u; <> uy as
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the weighted sum of two-component spanning forests on G, in which the
entire path + belongs to one tree, and the vertex s to the other:

wer(Y) = Y w(F) =C(y)det AW, (32)
2SFs F D v

where C(v) is the product of all the conductances along v. Here A(Y)
is the submatrix of the Dirichlet Laplacian A = A(gss) , in which the
rows and columns indexed by the vertices of v have been removed. The
second equality in (3.2) stems from the fact that 2-component spanning
forests on Gg that contain a fixed path ~v : u; <> u9 of length n are in
one-to-one correspondence with (n+2)-component spanning forests on
Gs,, in which all the vertices of v are chosen as roots alongside s (see
Fig. 3.2). The partition function for all paths between u; and ug in
two-component spanning forests is denoted by Z[12|s] = Z[ujusls], and
is given by Theorem 1.2:

Z[12ls) = Y wsp(y) = Giadet A, (3.3)

YiuULFU

where G19 = Gy, = (A7), 4. As a matter of notation, we shall
drop the reference to the root s in the partition function, i.e. write
Z[12] for Z[12|s], for the rest of this chapter. Indeed, we shall only be
interested in spanning forests in which the root s is isolated on its own
tree (with respect to the other nodes), so it has more of a spectator
role than in Chapter 2. The probability distribution on simple paths in
two-component spanning forests is given by

wsr(7) C(v) det A

S(7 1w 6 w) D iy rus WSF(7) Giadet A (3.4)

In what follows, we shall consider oriented simple paths on G from u; to
u9. It is therefore natural to define a probability measure on such paths
as follows:

IP)SF(’)/ LUl — UQ) = PSF('}/* TUL UQ), (3.5)

where 7 is obtained from v* by orienting all of its edges toward us. Note
that this implies that an oriented path ~ and the reverse path y~! have
the same probability.
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Figure 3.2: On the left is a two-component spanning forest on a wired
grid. Two selected vertices u1, us belong to a tree distinct from the one
that includes the root s (represented by the box surrounding the grid).
The dashed line highlights the path v between u; and uo, which contains
n+1 vertices. On the right is the associated (n+2)-component spanning
forest in which each vertex of v is the root of a (possibly degenerate)
tree, in addition to s.

Let us now turn to paths in oriented cycle-rooted groves (OCRGs), for
which we define the weight of the oriented simple path v : u; — us as

wera() = Y. w(Ilg) = C(1)p(7) " det AW, (3.6)
OCRGs 'z D
where & = f, w(T'z) is given by Eq. (1.15) and ¢(y) = ¢du,—u, is the
product of all parallel transports along . Explicitly, if v = (vi)o<i<n
with vg = uq1 and v, = uo,

n—1
(25(7) = ¢u1—>u2 = H d)vi,vi_,_l- (37)
1=0

Here det A is the weighted sum of OCRGs consisting in n+2 rooted
trees, each including a unique vertex of v or s, and cycle-rooted trees
not intersecting v U {s}. Using Theorem 1.5, we find that the partition
function for all paths from wuy to us is Z[%] = Gi2det A, where G5 =
Guyup = (A7), uy. The normalized distribution yields

wera (7) C(1)o(7) " det A

]:P) N _> = =
ora(y: w1 = uz) D yiur—us WORG(Y) Gizdet A

(3.8)
It should be noted that Pcrg is not a probability distribution for a
generic connection, as it can take complex or negative values. Further-
more, the distribution of a path v and its reverse v~! do not coincide,
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Pora(7) # Pera(v1), since ¢(y) # ¢(y7") and Giz # G, in gen-
eral. It is straightforward to establish the relation between Egs. (3.4)
and (3.8) by taking the limit of a trivial connection, i.e. & — I:

Pop(y : up — ug) = éiLIIHPCRg(’y DUy — u2). (3.9)

Similar formulas hold for a graph G with free boundary conditions, as
discussed in Section 1.5. In that case, the Dirichlet Laplacians A and A
are replaced with the Laplacians Ay and Ag, and the partition functions
are given by

1
Z2] = lim (Gq)1,2 det(Ao +gPo),  Z[12] = - det A (3.10)

q—

3.1.2 Schramm’s formula

Let us now address the first objective of this chapter, namely writing a
discrete version of Schramm’s formula for paths in spanning forests on a
graph with respect to a marked face f, in terms of the standard Green
function of the graph. Such a formula was first given in [88,91] for graphs
with free boundary conditions. We extend it here for graphs connected
to a root, using the same technique as in [88,91]. We shall follow similar
steps when discussing multiple paths later on in Section 3.3.

In what follows, we consider a graph G = (V, £) embedded on a surface
Y such that the edges in £ do not intersect each other (except possibly
at the vertices in V). We connect a subset D of its boundary vertices to
a root s with a set of edges & to form the extended graph G;. Note that
we do not require that s or the edges in & belong to X. We select two
boundary vertices (possibly in D) as the nodes u, us and a face f of the
graph?. If ¥ is orientable, the discrete analogue of Schramm’s formula

2The reason we consider paths between boundary vertices is twofold. First, this
situation is the discrete analogue of chordal SLEs, for which explicit results for
Schramm’s formula have been computed. To our knowledge, the equivalent formula
for radial or whole-plane SLEs is not currently known. Second, there are (infinitely)
many inequivalent classes of paths between two bulk vertices with respect to a face,
instead of just two when ui,us are on the boundary. Computing their respective
probabilities using a connection as presented below would require knowledge of the
full line bundle Green function, as opposed to the perturbative expansion used in
most of this work.
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(3.1) for paths in spanning forests reads

Pu(u,ugs f) = Y xu(v: £)Psp(y : ur = ug), (3.11)

Yiul—u2

where x,(7; f) = 1 (resp. 0) if y leaves f to its left (resp. right), and
Psp(y @ u1 — ug) is given by Eq. (3.4). Alternatively, if we denote
by Z1,[12] (resp. Zgr[12]) the weighted sum of two-component spanning
forests on G, in which the path from wu; to ug leaves f to its left (resp.
right), the preceding equation may be rewritten as

P (u1, u2; f) = ZZL[[1122]] .

(3.12)

While the denominator is already known (3.3), a subtler approach is
required to extract Z1,[12] from Z[12] = Z1,[12] + Zr[12] [88]. To do so,
let us equip Gs; with a connection that is trivial everywhere except on
a collection of edges {k, ¢} crossed by a zipper, that is, a path from f
to the outer face of G on the dual graph. We impose for convenience
that the zipper intersects the clockwise boundary path from w; to us
(see Fig. 3.3). We put a constant parallel transport ¢, = z € C* on
the oriented edges (k,¢)—and ¢y = z~! in the opposite direction—in
such a way that a counterclockwise cycle circling f has monodromy z.

This specific choice of a connection allows one to distinguish between
paths from u; to us that leave f to their left and to their right. Indeed,
the product of parallel transports from u; to uz appearing in Eq. (3.6)
is ¢1_9 = 1 for the former, while ¢1_o = z~! for the latter. We can
therefore decompose the full partition function for groves with a path
from w7 to us as follows:

Z[3] = Zo[3] + Zr[7), (3.13)
where ¢1_,9 is constant over the paths of each class, left and right.

If we consider instead paths in the opposite direction, we have ¢9_,1 = 1
(resp. ¢a1 = z) for paths from ug to u; that leave the face f to their
right (resp. left). Similarly to Eq. (3.13), we write

Z[3) = Zu[,) + Zrl;3) (3.14)

for paths from wg to uy, where the indices L, R refer to the left- or right-
passage with respect to f in the original direction, i.e. from ui to uo.
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Figure 3.3: Wired rectangular grid with two marked boundary vertices
u1,us and a marked face f. The solid line from f to the outer face
represents the zipper. The edges crossed by the zipper possess a parallel
transport z from the bottom up (and z~! from the top down). The path
labeled L (resp. R) from wu; to ug leaves f to its left (resp. right).

Looking at Eqgs. (1.15) and (3.6), we see that the weight of a path « in
OCRGs is related to that of its reverse by

wera(7) 0(7) = wera(v ) o(v ). (3.15)

As the product of parallel transports along the path from w; to us is
constant over the left and right classes separately, we find the relations

Zulp) = Zuli]. Zrly) =2 7"ZR[7), (3.16)
which allow us to write and solve the following system for ZL7R[?]:

Giadet A = Z[%] = Z1[%] + Zr[?),

! (3.17)
G2,1 det A = Z[é] — ZL[%] +z QZR[f]'

The solution reads
(G271 — 272G1’2) det A

(GLQ — G2,1) det A
1— 272 ’ '

Zu[?] =
L[l] 1— 22

Zr[}] =

(3.18)
Since the normalized measure Pcrg converges to Psp in the limit of a
trivial connection (3.9), that is, when z — 1, one obtains the following
combinatorial result for Schramm’s formula (3.12):

(G271 — Z_2G172) det A 1 Gll,?

P S f) =i -
L(u1, ug; f) = lim 1. * GrodetA Gre’

2
(3.19)
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where we have used the antisymmetry of the derivative of the Green
function G’ defined in (1.28).

The corresponding formula for graphs with free boundary conditions was
given in [88], where Cramer’s rule was used to write

(Go)1a = det’iAO {1 (=1 Gy } : (3.20)

where G’ is defined in (1.38) and x = Z[12] is the weighted sum of
spanning trees on G. We present here an alternative derivation using
the modified line bundle Green function G, = (Ao + qPp) ! instead of
G() = (AO)_I:

((Gg)21 — 27%(Gy)1,2) det(Ag + gPo)

Pr(u1,ug; f) = lim lim

qg—02z—1 1— 22
% 1
(Gq)l,Q det(Ag + qPo) (3.21)
! 1710
+q¢ NG ~
gy Gla OV,

¢=0 Gr2+q N ,

where the properties G, = —Gj, , and é;ﬁu = _égw follow from

Eq. (1.38). A third way of obtaining Eq. (3.21) consists in connect-
ing uy to the root s, that is, defining a graph G such that Zuﬂ, =
(A0)yp + 0u202,. The OCRGs with a path from wu; to ug on G are
in one-to-one correspondence with those on G (in which the tree rooted
at s is degenerate, since it cannot contain uy). Moreover, the inverse
G =A""is well defined (due to the connection between us and the root
s), so Schramm’s formula is given by Eq. (3.19):
Gla

9
Gi2

)

Pr(ut,ug; f) =1 - (3:22)
with G defined in (1.28) (in terms of G instead of G). Writing the
Green function G in terms of the regularized Green function G (1.33) on
G yields

Gu,v =1+ Guﬂ, + G272 — Gu’g — GQ,U. (3.23)
One recovers Eq. (3.21) by plugging this relation into the preceding
equation.
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3.2 Explicit results for passage probabilities

In this section, we consider rectangular grids embedded on surfaces, with
unit conductances: ¢, , = 1 for any {u,v} € £, for various combinations
of wired and free boundary conditions. We compute the discrete Green
function G of the graph, and show that it converges in the scaling limit to
the continuum Green function (up to a constant normalization factor),
which we use to give an explicit expression for (the scaling limit of)
Pr,(u1,ug; f). For the upper half-plane and the cylinder, we compare
our results with known SLEs probabilities.

3.2.1 The upper half-plane

Let us first compute Schramm’s formula on the discrete upper half-
plane (UHP) G = Z x N*, whose boundary consists in vertices of the
form (x,y=1), x € Z. We shall consider uniform boundary conditions
on such a graph, either wired or free. In the former case, all boundary
vertices (x,1) are connected by an edge to a root s, so their degree in Gy
is 4 like the bulk vertices; while in the latter case, the boundary vertices
have only degree 3.

Anticipating a bit, we denote by GBU and Giv the discrete Green func-
tions of the UHP with wired and free boundary conditions, respectively.
Both can be expressed in terms of the Green function G of the full plane
72, via the method of images:

D

G(x1,y1),(x2,y2) = G(X17YI)7(X27}’2) - G(X17Y1)7(X2,—Y2)7 (3.24)
N

Gy (xaws) = Clxiyn)xaye) T Gy, (xa1—ya)- (3.25)

As Z? is invariant under translations, the function Gy, only depends
on the difference v — u = (x,y), and possesses the following integral

representation:

de ™ 46 ix01+iyf2
il / 2 ¢ (3.26)

™
Gy = Gl — ) = '
u,v (U ’LL) /7r 2T 21 4 — 2cos 01 — 2cos by

Due to the singularity of the integrand at the origin, the function G(x,y)
diverges. However, the difference G(x,y) — G(0,0) is finite, and can be
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computed asymptotically for large values of x> + y?:

1
G(x,y) = G(0,0) = —— {log(x* +y?) + 27 + 3log 2}
24m(x2 +y2)3

(3.27)

up to fourth-order terms in x,y, with v = 0.577216... being the Euler
constant.

In order to compute Schramm’s formula (3.19), we select two boundary
vertices u; = (x1,1), @ = 1,2, with x; < x9, and the face f whose
lower left corner is (x«,y«). As we are interested in taking the scaling
limit of this formula, we assume that w1, ue, f are separated from each
other by large distances. Furthermore, we suppose for simplicity that
X1 < X2 < Xy, and equip G with the vertical zipper depicted in the left
panel of Fig. 3.4, namely, we put a nontrivial parallel transport z € C*
on the oriented edges (k,k+(1,0)) for k = (x4,s8), 1 <s < y..

Note that imposing that x, > x5 and taking a vertical zipper is simply a
matter of convenience, to make the computation of G’ as easy as possible.
If rather x; < x4 < X9 or X, < X7 < X2, one may use a more complicated
zipper that touches the boundary to the right of uo, or equivalently,
work with the vertical zipper and adapt the combinatorics involved in
establishing Eq. (3.19) (see the right panel of Fig. 3.4). Both choices
are equally valid, and yield the same explicit form for the left-passage
probability, which holds for any value of x,.

To obtain a continuum version of Schramm’s formula, let us introduce
new variables x,y € €Z? (¢ > 0), defined by z = ex, y = ey. We shall
take the scaling limit by letting ¢ — 0 and x,y — oo such that z,y
stay finite. From Laplace’s equation

5(X1,y1)7(X2»y2) = (AG)(X17y1)7(X27y2) = 4G(X1:y1),(X2:y2) - G(X1+17y1):(x27y2)

- G(X1—17y1)7(X2,y2) - G(X1,Y1+1)=(X27y2) - G(leyl_l)v(x27y2)7
(3.28)



116 CHAPTER 3. LOOP-ERASED RANDOM WALKS

(X*7Y*)

i ik, Ao

Figure 3.4: On the left are the relative positions on the upper half-plane
of the boundary vertices u1, ue and of the face f whose lower left corner
is the vertex (x«,y«). The zipper edges are equipped with a parallel
transport z in the direction of their arrow (and z~! in the opposite
direction). On the right are two possible choices of zippers for the case
X1 < X4 < X2 (the arrow indicates the direction of the zipper edges with
parallel transport z). Both yield different combinatorial expressions for
Schramm’s formula in terms of G, G, but lead to the same explicit result.

it follows readily that

& (z1,y1;22,92) = lim <G(z1/E,y1/a),(a:2/e,y2/a) - G(0,0)

e—0t

1 2 3log 2
— ~loge+ Y + o log (3.29)
21 47

= —% log [(z1 — 22)* + (11 — 52)?] -

Similarly, the Green functions GP and GN converge to the usual (contin-

uum) Green functions &P, &N with Dirichlet and Neumann boundary
conditions, respectively:

SON (21, y1; 20, 42) = —% log [(z1 — 22)® + (y1 — y2)?]

f (3.30)

+ - log [(z1 - 22)” + (1 + 12)°] -

The same formulas holds if one or both the arguments of the discrete
Green function GN lie on the boundary of the UHP, i.e. the Green
function converges to &N(x1,y1;22,0) or &N(z1,0;29,0), respectively.
A bit more care is required for GP, as the continuum Green function
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&P vanishes on the boundary. One finds at the lowest order in ¢ that

G](D;cl/a,yl/e),(xg/e,l) =Pi(z1,y1522) € + 0(52),

(3.31)
GO Je) (eaer) = P@1,m2) €% + O(%),

where P; and P are respectively the Poisson kernel and the excursion
Poisson kernel, defined in terms of the continuum Green function by

Pi(z1,y1522) = 3y2®D($1,y1;$2,y2)\y2:07

(3.32)

P(z1,22) = 8y13y2®D($17y1;$27y2)‘y1:y2:0-

Using Eqgs. (3.30) and (3.31), one may write the Green function and its
derivative (1.28) for ¢ ~ 0T as follows:

G]()acl/s,l),(xg/e,l) = P(xr,22) + ..., (3.33)
Yx
G,(xDl/é‘,l),(ccz/e,l) = 52 /(; ds (am*Pl(‘T*a 83 l'l)Pl(Q?*, 53 $2)
— 02, P1(24, $;22)P1 (2, 5321)) + ..., (3.34)

1
Gl(\il/g,l)’(m2/€’1) = <2 G(O, 0) + ; logé‘) + @N(xl,o, 9, 0) + ... s

(3.35)
G = (2G(0,0) + llogs " ds (0,, &N (2, 8571, 0)
(z1/e,1),(z2/e,1) ) T 0 T x5 95 L1,
— 05, &N (24, 8;22,0)) + ... (3.36)

The integrals for both derivatives of the Green function can be carried
out explicitly, and yield the following left-passage probabilities in the
scaling limit:

1
IP’E(:El, x9;24) =1+ - ( arg(z,—r1) — arg(z*—mg))

1 Ref(z—0) (2 —a)] Tl (e —) (=)
T |ze—x1|? | 25— 2|2

. (3.37)

1
PN(z1, 20;2,) = 1+ - (arg(z.—z1) — arg(z.—x2)), (3.38)
which are illustrated in Fig. 3.5. In particular, if we take 1 = 0 and
x9 — 00, Egs. (3.37) and (3.38) simplify to
argz,  Relzi| Im[z] arg z,

PL(z) = == = TP PL(2) = == (3.39)
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The former is in agreement with the original SLEs result of Schramm
[145]. For the latter, the right-passage probability PY = 1—PY is simply
the harmonic measure of the segment [z, 23] as seen from z,, as observed
in [88].

PP (1, x2; 2
1 p
0.8f
0.6/
0.4
0.2}

Figure 3.5: Illustration of the left-passage probability on the upper half-
plane with (a) Dirichlet or (b) Neumann boundary conditions, for z1 =
0, z. =5, and y, = 1/10 (dotted), y« = 1 (solid) or y, = 5 (dashed).

3.2.2 The cylinder

The second application consists in a cylinder graph, namely, a rectan-
gular grid of length N and height M with periodic conditions in the
horizontal direction. If we denote by (x,y) the coordinates of the ver-
tices of the grid, 1 < x < N, 1 < y < M, then periodicity in the x
direction implies that (N,y) and (1,y) are connected by an edge for
I<y< M.

As in Section 3.2.1, we select two vertices u; = (x;,1), ¢ = 1,2, with
X1 < xg9, and a marked face f, whose lower left corner is (x,y«),
such that x, > xo. In what follows, we shall consider either wired
or free conditions on each boundary component, yielding four cases
in total. We shall distinguish between them by using the superscripts
NN,DD,DN,ND, where the first (resp. second) letter refers to the type
of conditions on the bottom (resp. top) boundary, with N standing for
Neumann (free) and D for Dirichlet (wired). For each case, one could
compute the discrete Green function in terms of the eigenfunctions | fy, )
and eigenvalues A, , of the Laplacian (which are well known), and then
use Egs. (1.28) and (3.19) to obtain Schramm’s formula on the cylinder.
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The calculation of G’ through Eq. (1.28) is however tedious, and yields
long and cumbersome (explicit) expressions, which we have not been
able to simplify when at least one boundary is wired (i.e. DD,DN,ND).
We shall therefore omit the results and concentrate on the cylinder with
free conditions on both boundaries (NN), for which we have obtained a
simple formula.

Next we shall discuss a particular case of the left-passage probability,
namely, when the marked face f is the one at the top of the cylinder (or
at the center of an annulus, as depicted in the right panel of Fig. 3.1).
Schramm’s formula (3.19) therefore gives the probability that a random
path from u; to ue winds counterclockwise around the cylinder; which
we shall refer to as the positive winding probability.

To compute it, we put a parallel transport z = €%, § € R, on the
oriented edges ((N,y),(1,y)) for 1 < y < M. For such a zipper, the
eigenfunctions |f,, ) = |f,,,(0)) and eigenvalues Ay, », = Ay (6) of the
line bundle Laplacian A can be evaluated exactly, for any value of 6.
Since AT = A, the line bundle Green function is given by the familiar
formula

G— G(eie) — Z W (3.40)

It is then easier to compute the derivative of the Green function through

G =0.G(2)|,_, = -10sG(")],_, (3.41)

z=

than via Eq. (1.28). We shall therefore favor the first approach to com-
pute winding probabilities in what follows.

Free boundaries

We first consider the cylinder graph with free boundary conditions, on
which we compute the left-passage probability for a random simple path
from u; to ug with respect to a face f, using Eqgs. (1.38) and (3.21). We
take here a vertical zipper going from f to the bottom boundary, with
parallel transport z € C*. An illustration of the two classes of paths is
provided in Fig. 3.6.
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6 6 6 6
5 5 5 5
4 Ji 4 4 'f; 4
3 > 3 3 > 3
2 > 2 2 > 2
1 > 1 1 > 1
U1 U2 uy uz
(a) (b)
6 6 6 6
5 5 5 5
4 f; 4 4 f> 4
3 > 3 3 > 3
2 2 2 > 2
1 > 1 1 > 1

Uy U2 uy Uz

(c) (d)

Figure 3.6: Simple paths from u; to us on a cylinder graph G realized as
a rectangular grid with its left and right sides connected (the numbers
on the half-edges indicate how they should be glued together to obtain
G). The edges with dashed arrows between the marked face f and the
lower boundary are equipped with a parallel transport z (resp. z71) in
the direction (resp. opposite direction) of the arrows. The paths are
divided into two classes, according to whether they leave f to their left
as in panels (a) and (b), or to their right as in panels (c¢) and (d).

The eigenvalues and eigenfunctions of the standard Laplacian A read

m™m 2mn
Amn =4 —2cos <M+1>_2COS<N>7 (3.42)

2 — 6mo\ > ; « ™m 1
frn(x,y) = <ij’0> XN g [M (y — 2>} ,  (3.43)

for 0 <m < M—1and 0 <n < N-1. In particular, A\gp = 0, mean-

ing Ag is singular. The regularized Green function, introduced in Sec-
tion 1.5, takes the form of (1.33).

As on the upper half-plane, we define new coordinates r = ex and y = ey
living on the lattice eZ2. We take the scaling limit ¢ — 0%, M, N — oo
such that Me — p and Ne — 27, and compute the Green function &
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and its derivative &' directly in the continuum. They read respectively

eln(@1—22) cog (mel) COoS (me2>

1 P P
&(z1, Y1522, Y2) = % Z ) (ﬂm>2 )
m,n€Z ne 4+ | —
(m,n)#(0,0) P
(3.44)
~ Y=
6/(1'1, Y1522, y2) = / ds(am*®(x*7 8321, yl) - 8;5*6(1'*, 8322, yZ))
0
(3.45)

For boundary points u; = (z;,0), we use the Poisson summation formula
to write the derivative with respect to z. as
1 e}
02, O(4, 8;2;,0) = —— Z Z sin[n(z, — ;)] e "2kP=sl, (3.46)
keZ n=1
The integration over s is straightforward, and yields

Y 1 z,—x;
/0 ds@x*ﬁ(m*,s;xi,O):—i—i— 5 :

Ty — T4)] en(P—ys) _ o—n(p—yx) (3.47)

1 X sinfn(
* T Z n er —e="P
n=1

We are now in position to write explicitly Schramm’s formula (3.21)

for a path on the cylinder with Neumann boundary conditions, in the
scaling limit:

To—T1
2T

1 i sin[n(x,—x1)] — sin
T n
n=1

PEN (21, 29, p; 24) = 1 —
[n(x*_$2)] en(pfy*) — efn(pfy*) (348)

enr — e=np ’

where z, = x4 + iy.. We illustrate this probability in Fig. 3.7. Taking
the limit y, — p yields the positive winding probability, simply given by

. T2 — X1
yljglp[P’EN(ml, 29,5 24) = PN (g — 1) = 1 — o

(3.49)

Surprisingly, this winding probability does not depend on the height p
of the cylinder. The corresponding probabilities for other combinations
of boundary conditions, on the other hand, do depend on p, as we shall
see in Sections 3.2.2 and 3.2.2. We have not found an explanation for
this property so far.



122 CHAPTER 3. LOOP-ERASED RANDOM WALKS

PNN(21, 22, p; 24) PNN(21, 2, p; 24)
1 N
0.8f
0.67
0.4t
0.2t

7/2 w 3m/2 27 /2 w 3m/2 27

Figure 3.7: Illustration of the left-passage probability on a cylinder of
perimeter 27 and height p = 10 with Neumann conditions on both
boundaries. We assume the random paths to start at ;1 = 0, and
consider three distinct values for the vertical coordinate of the marked
point z.: y. = 1/10 (dotted), y« = 1 (solid) and y. = 10 (dashed).
On the left is the left-passage probability as a function of the position
of the endpoint zo of the paths, for z, = 37/4. On the right is the
same probability as a function of the horizontal coordinate x, of z,, for
xo = 3m/4.

Wired boundaries

As a second calculation on the cylinder, let us now determine the positive
winding probability (i.e. the left-passage probability with y, = p) when
both the top and bottom boundaries of the cylinder are wired to the
root s. We proceed here differently from in Section 3.2.2, in the sense
that we compute the line bundle Green function G = G(el?) directly,
for any value of 0 (a feat we have not been able to reproduce for a zipper
connected to a generic face f of the graph). We choose here a zipper
0

with parameter z = €'Y crossing the edges of the form ((N,y), (1,y)) for

I<y< M.
The eigenvalue equation for the line bundle Laplacian A reads

Af(x,y) =4f(x,y) — f(x—1,y) — f(x+1,y) — f(x,y—1) — f(x,y+1)
= Af(x,y)
(3.50)
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for 1 <x< N, 1<y< M. The eigenfunctions must further satisfy the
following boundary conditions:

f(x,0)=0="Ff(x, M +1), £(0,y)= eief(N,y),

f(N +1,y) = e f(1,y). (3:51)

One readily finds that the eigenvalues and normalized eigenfunctions are
given by

m™m 2mn — 0
)\m,n4—2cos<M+1>—2cos (N)’ (3.52)

2 /2 ™n
-« i(2rn—0)x/N _: 7}
fm,n(x, y) (( 1)N) e sin < 1> , (3.53)

for 1 <m < M and 0 < n < N—1. In the same scaling limit as

in Section 3.2.2, the line bundle Green function G converges to the
continuum Green function & of a cylinder of perimeter 27 and height p
with Dirichlet conditions on both boundaries,

i(n— 6 _ . .
el(” ar ) (@1—22) sin (m;M) sin (W";yQ)

1
6(901,91;96273/2;9) = % Z

% 0 \2 s 2
et (= 5)"+ ()
(3.54)
For boundary points u; = (z;,0), i = 1,2, Schramm’s formula may

be written in terms of the excursion Poisson kernel P(x,p;#) (see Sec-
tion 3.2.1 on the UHP) in the scaling limit as

1 dP(z,p; 0)
P(x,p;0) dé

PPP(z,p) =1 +1i : (3.55)

0=0

where © = x93 — x1, the subscript + refers to the positive (counter-
clockwise) winding, and the superscripts stand for the type of boundary
conditions on the bottom and top of the cylinder, respectively.

Recall that the excursion Poisson kernel is given by the normal derivative
of the Green function & at the boundary points (z1,0) and (x2,0). It
reads here

P(xz,p;0) = lim

—® 01; do; 0
81,0950+ 5152 ($17 1; 2, 02; )

ik6 (3.56)

™ €

4p? ieez, sinh? [(27rk' - x)%] ’
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where we used the Poisson summation formula to write the last equal-
ity. Its zeroth and first orders in 6 can be written in terms of Jacobi’s
theta functions (which we recall in Appendix C) and yield the following
winding probability:

1

1
+ ($,p) 27T 8xF1(xap)

(20, + pOy) Fi(z,p), (3.57)
in agreement with the SLE; computation of [64,65]. Here Fi(z,p) is
given by

V1 (2/2,e7P)
V1(x/2,e7P)

>, sin(nx)
— enp —1°

X

Fi(z,p)=xz+p 5

:;L'+pcot< ) +4p (3.58)
We refer to Fig. 3.8 for an illustration of this winding probability for

different moduli p.

In the limit of long cylinders p — oo, one recovers the equivalent of
Schramm’s formula for k = 2 [145] in our geometry,

s 1
R LS sin x sin?(x/2). (3.59)

pPD ~1-—

For very thin cylinders, i.e. for p ~ 0", one obtains, using the modular
properties of theta functions (recalled in Appendix C),

1—e 2n(m2)/p it )<z <,
. o—m(2m—)/p ‘
]P)—i- (xvp) = 677Tm/p + 6*#(271‘*33)/}2 ~ b lf r=Tm,
e—2m(z—m)/p if m<x < 2m.

(3.60)
which converges to the Heaviside step function. An intuitive explanation

for this fact was given in [64], using the correspondence between paths
in spanning forests and loop-erased random walks [126]: for very thin
cylinders, the loop erasure of walks may be neglected at leading order,
and the Heaviside function can be obtained by a simple Brownian motion
calculation in the scaling limit.

Mixed boundaries

The calculation of the positive winding probability on a cylinder with
wired and free conditions on its bottom and top boundaries, respectively,
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is very similar to that of ]P’ED. Therefore, we merely state the result in
the scaling limit [65]:

]P’EN(ac,p) =1- L L ) (x Oz —|—p8p)Fg(x,p), (3.61)

% 8$ F2 (1.7 p
with the function Fy(x,p) defined in terms of Jacobi’s theta and elliptic
functions by

Fy(z,p) = p193cs(193x/219/193)—pcot( ) nggp’fl (3.62)

where ¥, = ¥,(0,e7P) for a = 2,3. For large cylinders, we find

T —sinx

PPN ~1-—

8
+ —sinzsin?(z/2)pe”?P, (3.63)
m
which yields the same result as Eq. (3.59) in the limit p — oco. Inter-
estingly, the first correction is exponential here, as opposed to the 1/p
correction computed above for the pure Dirichlet case. When p — 07,
the winding probability converges to the Heaviside function as follows:

1—e™™2)/P jfo<z<m,

]P’EN(x,p) ~1-— (1 + e”(”*x)/p>_1 ~ if z =,
—m(@=m)/p if m <z <2m.
(3.64)

1
2
e

Both asymptotic limits of IP’EN are represented in Fig. 3.8.

For the opposite choice of boundary conditions, namely free and wired
on the bottom and top boundaries, respectively, we obtain the following
Green function in the scaling limit,

1 i(n—%)(aﬁl—xg) 0
&(z1,0;72,0;0) = —— %mh Kn - ) p:| . (3.65)

o = n— 5 2

Its leading order for § ~ 0T yields, with z = x5 — x1,

tanh(np)
n

1 < cos(nx
o011 = 0o 050 - L 115750
n=1

1 293 (x/2,e2P)
=78 (wm )50, ¢ p))

(3.66)
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The derivative of the Green function can, upon visual inspection, be
rewritten as

& (z,p) = —i@g(’j(xl,o;xg;o;e)‘gzo
— L ®(,p) + —(pd —1)/xdt®(t ) (367)
= o y P o P Op ) yP)-

It follows that Schramm'’s formula for the Neumann-Dirichlet case reads,
in the scaling limit,

1

+ (.’L',p) 27TaxF3($7p)

(00, +pdy— ) Fs(,p),  (3.68)
where F3(x,p) is defined by

Fy(, p) = /0 At et p). (3.69)

We may compute the large- and small-p expansions as above, using the
approximations

1 2
&(x,p) ~ % - log[2sin(z/2)] — — cosxe 2P for p>1, (3.70)

2 2
&(z, p) =~ ;e_m/@p) + ;e—W(QW—J:)/(Qp) for p< 1. (3.71)

In the limits p — oo and p — 0T, the winding probability converges to
1 —xz/(2m) and to the Heaviside function 1 — ©(z — 7), respectively (see
Fig. 3.8 below).

3.2.3 The Moaobius strip

Our next example for Schramm’s formula consists in a grid embedded
on a Mobius strip. The nonorientability of the surface brings out two
complications. First, the concepts of “left-passage” and “counterclock-
wise” are ill defined on such a surface. Second, simple paths between
two boundary vertices on a Md&bius strip are distributed into not two but
three distinct topological classes, as illustrated in Fig. 3.9. An adapta-
tion of Eq. (3.19) is therefore needed to compute their respective winding
probabilities.

The graph G we consider here is an N x M rectangle, with vertex co-
ordinates (x,y) for 1 < x < N and 1 <y < M. We choose wired
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PRP (2. p) PRP(2,p)
1 1

0.8¢ 0.8¢

0.6+ 0.6+

0.4+ 04!

0.2} 0.2}

7T/2 T 37T/2 2 7r/2 T 37T/2 2m

Figure 3.8: Ilustration of the four positive winding probability on the
cylinder with Dirichlet and/or Neumann conditions on its lower and
upper boundaries, for p = 1/10 (dashed), p = 1 (solid) and p = 10
(dotted).

or free conditions on both the top (y = M) and bottom (y = 1) sides
of the rectangle, and twisted periodic conditions in the horizontal di-
rection, namely, (x+N,y) ~ (x, M+1—y). The latter are implemented
by connecting each vertex (N,y) of the rectangle to (1, M+1—y) by an
edge, for 1 <y < M. Furthermore, we equip these edges with a parallel
transport ¢(ny1.y),(1,M+1—y) = e’ with 6 € R.

With respect to the zipper, there are four possible ways to select two
boundary vertices u; = (x;,yi), with 1 < x; < N and i = 1,2, as each
y; may take the value 1 or M. It easy to see that choosing y; =yo =1
is equivalent to y; = yo = M, and that y; = 1,yo = M is equivalent
to y1 = M,ys = 1. Let us therefore pick u; = (x1,1), and discuss the
two cases ug = (x2,1) (with x; < x2) and ug = (x2, M) ~ (x2 + N, 1)
with 1 < x9 < N. We start with the former, and consider oriented
cycle-rooted groves on the graph that contain a path from u; to us. In
such groves, the path from u; to us winds around the strip zero, one or
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two times, yielding a product of parallel transports ¢;_o = 1,e71¢, e=29,
respectively (see Fig. 3.9). The noncontractible cycles a appearing in
such groves are of two types, winding once or twice around the strip,
and therefore pick up a monodromy factor w, = €', €% or their inverses
(depending on the orientation of the cycles). The contractible cycles, on
the other hand, have a trivial monodromy, and so do not appear in

OCRGs counted by the partition function Z[f]

More precisely, let us observe that an OCRG in the first or third class
(i.e. with ¢1p = 1,e 2%) contains at most one cycle winding once
around the strip, and any number of cycles winding twice. On the
other hand, the OCRGs in the second class (with ¢ = e %) are
quite peculiar, as the existence of the path from u; to ue forbids any
noncontractible cycle. This crucial observation allows one to write the
partition function explicitly for all paths in groves from u; to ug as

Z[}] = Gipdet A= ) [T -wa)xert,

OCRGs I'z cycles a€l'z

o
= 2(2—2 cos 29)]“{]\7,51) + ngg)e2i9 (3.72)
k=0
+ (Kf}il) + ]\7,53)62“9) (2—2 cos 9)} + Néz)eie,

where & = 2, and N,gj ) (resp. ]\Nfl,gJ )) denotes the number of unoriented

1
CRGs in class j with k£ cycles winding twice around the strip and no
cycle (resp. one cycle) winding once. In the limit § — 0, Eq. (3.72)
yields

z[12) = lim Z[}] = N + NP 4 NSO, (3.73)

where Néj ) is the number of spanning forests on G in class j, whose
knowledge is required to compute winding probabilities on the Mobius
strip:

Pgsp(a random simple path from u; to ug is in class j)
N (3.74)
N+ NP + N

= Pj(ul, ’LLQ) =
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Figure 3.9: M&bius graph G drawn as a rectangular grid with twisted

periodic boundary conditions in the horizontal direction (the numbers
on the half-edges indicate how they should be glued together to obtain
the graph G). The oriented edges equipped with a nontrivial parallel

transport el? are drawn with an arrow. Each panel depicts a representa-

tive of each class of simple paths between two boundary vertices w1, us.

There are three distinct classes of paths, whether uo is located on the

bottom boundary of the rectangle (in the left column) or on the top

boundary (in the right column).
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In order to extract the values of Néj ) from Eq. (3.72), we first use the
zeroth- and first-order terms in 6 (as on the cylinder), which yield

23|, = N+ NP+ NP, apz?)|,_, = iNG + 2N, (3.75)

respectively. To write a third independent equation, we evaluate (3.72)
at 0=m/2:

2
m 23], = N (3.76)
Using Eqgs. (3.75) and (3.76), we find the following combinatorial ex-

pressions for winding probabilities on the Mobius strip:

2
i 1M Z[{] g o
]P’l(ul,uz) =14 =0y logZ[QH e
2 2z,
Imz[?HG*W
Py (o, uz) = — b =712 (3.77)
AR
2
i 1Imz[1]|9—7r/2
Ps(u1, us) = —=0plog Z[2]|,_ — = ——5- 1L,
2 2z,
where Z[%] = Gi2det A can be computed in terms of the eigenvalues

and eigenfunctions of A = A(#), which we give below for the Mobius
graph with either wired or free boundary conditions.

If instead we take the endpoint of the path on the top boundary of
the rectangle, us = (x2, M), the product of parallel transports along
the path from u; to ug (with respect to the same zipper) reads ¢1_,0 =
e, 1, e for the first, second and third classes of paths, respectively (see
the bottom row of Fig. 3.9). Consequently, the winding probabilities are
given by

2
= 1 i 1ReZ[1H6’:7T
Py(ur,ug) = 5 + 589 log Zm‘o:o — 7—/2’

2 2 Zm‘ezo
N ReZ[?]|,_
By(ung) = e Z0llo=re. (3.78)
Z[11] 5,
2
. 1 i 1ReZ[1H9:F 2
Pg(Ul,Ug) = 5 — 5(99 log Z[%HQ:O - 2Z[2H/7
11lo=0

where the hat serves as a reminder that the endpoint us is located on
the top boundary of the rectangle. Although the combinatorial forms



3.2. EXPLICIT RESULTS FOR PASSAGE PROBABILITIES 131

(3.77) and (3.78) of the P;’s and the I/P\>j’s differ depending on the position
of us, we shall show explicitly that they are related to one another by
X9 — Xo+N for both choices of boundary conditions (wired or free),
reflecting the periodicity of the Mébius strip.

Wired boundary

Let us start with a Mobius graph in which all boundary vertices are wired
to the root s. Its Dirichlet line bundle Laplacian A has the following
eigenvalues and eigenfunctions:

B ™m 2mn+m(m+1)—0
Amn =4 —2cos <M+1) —2COS< N ) . (3.79)
9 1/2 i(2mn-m(m41)—0)x/N . my
fn(x,y) = <J\4N> e sin (J\M) ; (3.80)

for1 <m < M and 0 < n< N—1. As in Section 3.2.2 (for the cylinder),
we introduce the variables = ex and y = ey on the lattice eZ?. We
take the scaling limit ¢ — 07 and M, N — oo such that Me — p and
Ne — 27, In that limit, the discrete Green function converges to the
continuum Green function of a Mobius strip of width p and perimeter
47, given by

1 (nt 3 =) (@1 —22) i) (w) sin (m)
p p
&(z1, Y15 22,y2;0) = 5—

2
M (b 2y ()

(3.81)
It is useful to separate the series over m into two parts, according to the
parity of m, to compute the associated excursion Poisson kernel, which
reads at (z1,0), (z2,0):

. 1
P(Z’,p, 9) = 57i%+ 5786(1.17 57‘%.2757 0)

(3.82)

s e*? L(—1)k + cosh [(27k — 2)7/p]
_ 207 Z { p }

) )
Pyt sinh” [(27k — x)7 /p]
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where © = z9 — x1. If on the other hand us = (x2,p), we find the

excursion Poisson kernel

~ . 1
P(‘T’pa 9) = 57;21(1)-% %6(1‘17 5,:527]7 — & 9)

_ T oiko {(_1)k — cosh [(2mk — l’)Tr/p]} (3.83)
22 sinh? [(27k — z)7/p] :

kEZ

In the continuum, one finds the following expressions for the winding
probabilities on the strip:

i0pP(x,p;0) 1det A(m/2) ImP(z,p;7/2)

PR =14 3 b pi0) 2 detAD)  Plap0)
Py (@,p) = dztetA A(%)Q) Imlf((f:g(;r)m’ (3.84)
PD(z,p) = — L 2P (@, pi0)  1det A(r/2) Im P(z, p; 7/2)

"2 P(z,p;0) 2 det A(0) P(z,p;0)

when ug = (x2,0) is on the bottom boundary (similar formulas hold
when ug = (x2,p)). Comparing Egs. (3.82) and (3.83), we find that
P(z42m,p;0) = —eP(z, p; §), from which the relations

™D _ mDb
P;(z,p) = P; (x + 27, p) (3.85)

follow. It is worth noting that the excursion Poisson kernel also satisfies
the identity P(4r—x,p;0) = e29P(z, p; —0), implying that

Py (4m — z,p) = PP (2, p) (3.86)

for 1 < j < 3. It suffices therefore to compute the winding probabilities
for 0 < z < 2w, which we assume is the case for the rest of this section.

Let us now come back the excursion Poisson kernel (3.82). Its zeroth
and first orders in 6 can be written in terms of Jacobi’s theta and elliptic
functions (whose definitions are recalled in the Appendix C) as follows,
provided 0 < z < 27

1
P(z,p;0) = —%83517(9371?),

: (3.87)
9P (2,p;0) = ———— (2 0z + pOp) F(z,p),
4m4p
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with the function F(z,p) given by

F(a,p) = pz92 (ns(022/2,03/92) + cs(022/2,93/92))

sin(nz/2)
7C0t $/4 — 2pz n np/2 + 1 (388)

sinh(nmz/p)

= mcoth(mz/(2p)) + 4m Z yre2n?n/p 4 1’

n=1

with 9, = 94(0, e P/ 2) for a = 2, 3, and where we used the modular prop-
erties of Jacobi’s theta and elliptic functions to write the last equality.
The two series representations of F'(x,p) will be used below to compute
the asymptotics of P}D(w,p) for p — oo and p — 0.

Similarly, the imaginary part of the excursion Poisson kernel at § = 7/2
can be recast into the form

I Pla i m/2) = ~5—0.F(a.1), (359

with the auxiliary function F(z,p) defined as
Fa,p) = 319 cd(93z/4,02/92)

2n+1)P/4 Cos[(QTL + 1)1‘/4]
= QpZ e@n+)p/2 _q (3.90)

—1)ne2nin/p cosh(nmz/p)
:W+47TZ e47r2n/p+ 1 ’

In addition to the excursion Poisson kernel, knowledge of the determi-
nant of the Laplacian is also required to compute winding probabilities
on the Mobius strip using (3.84). For the discrete graph G, it reads

det A(6) = ﬁ ]ﬁ [4—2 cos <J\Z:’:1> —9cos <2m+7r(]:]”+1)_9>] .

m=1 n=0
(3.91)
A similar determinant was computed in [64] for § = 0; we follow essen-

tially the same procedure here. We start by introducing the variable t,,
defined by the relation cosht,, = 2 — cos(mm/(M+1)). For m < M,
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tm = mm/(M+1) + ... at leading order. This new variable enables us
to compute the product over n:
N-1

H (200shtm — 2cos <27m+7r(;7\71—|— Dl 9))

n=0

_ 1—_[1 otm (1 _ e—tm+i(27m+7r(m+1)—0)/N) (1 _ e—tm—i(27m+7r(m+1)—6)/N>

)

— oNtm (1 _ e—Ntm+i7T(m+1)+19> <1 _ e—Ntm—i-iﬂ-(m—i-l)—i@)

(3.92)
where the second equality comes from the factorization
N—
1 — H o 127r]/N (393)
The logarithm of the determlnant therefore reads
log det A(6) = log (4 sin? (0/2)) Z Nty
(3.94)

M1
+ Z log [(1 _ e—Ntm+i7r(m+1)+i6> (1 _ e—Ntm+i7r(m+1)—i9)j| 7
m=1

where the first term on the right-hand side comes from the contribution
m = 0 in det A(#). The second term may be evaluated perturbatively
by applying the Euler-Maclaurin formula:

M AG 1
ﬂ;tm—ﬂ(M—l—l)—Qlog(S—i-Q\f)—le—i- (3.95)

up to corrections of order 1/M?2. Here G = 0.915966... is Catalan’s
constant. In the last term of Eq. (3.94), the main contribution to the
sum comes from the values of m < M, so we can replace t,, with 7m /M.
We may therefore express the determinant of the Laplacian as follows
in the scaling limit:

det A(0) ~ exp <4G(M +1)N — %log(S + 2\/§)N>
s
x e~ ™N/2M) o 46in%(6/2)

00
> H <1 o e—NTrm/M+iTr(m+1)+i0) (1 _ e—N7rm/M+i7r(m+1)—i9> ]
m=1

(3.96)
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It should be noted that the first exponential factor diverges as M, N —
oo. However, since it is a mere constant and Eq. (3.84) only involves
ratios of this determinant, we may discard it to define a regqularized
determinant, which we can write in terms of Dedekind’s eta function
n(q) and Jacobi’s theta function J2(z,q) as

09(0/2,ie™/P)

(et Aoy = 5o 2o ey (3.97)

To calculate explicitly the winding probabilities (3.77), we need to com-
pute both its logarithmic derivative at § = 0 and the ratio of deter-
minants evaluated at m/2 and 0. It is straightforward to see that the
former vanishes, while the latter is equal to

(det A(W/Z))reg — 5 Vo (m/4, 6_27r2/p)’t94(7r/4, 6—27T2/p)
(det A(0)) B 92(0, e=272/P)9,(0, e—27%/P)

_ 5 e-p/16020p/8, € P)0u(ip/8, e P2) - (3.98)
’192(0, e—P/2)194(0, 6_1’/2)

=v205.4(p).

Putting all the pieces together yields the following formulas for winding

reg

probabilities on the M&bius strip with Dirichlet boundary conditions:
1 (20 +p0)F(z,p) 1 ) 8. F(x,p)
i 0, F(,p) va 0, F(a,p)

0. F (2,p)
8IF(337p)7

P (z,p) = vV2O2.4(p) PP (x,p) =1—PP(x,p) — PP (z,p),

(3.99)
with F, F, O34 defined by Eqgs. (3.88), (3.90) and (3.98), respectively.

These probabilities are illustrated in Fig. 3.10, in the asymptotic cases
p — oo and p — 07. For the former limit, we find for p > 1 that

(x0z + pOp)F(z,p) _ . . W
9.F (. p) ~ gz — 2sin(x/2) + 8sin(z/2) sin’(z/4) pe /2,

O2.4(p) ~

0. F(z,p) N
O F(z,p)

ep/lG + 16—717/16
9 s

DN | =

4sin®(z/4) e P/* — 8 (2 + cos(x/2) + cos x)

x sin®(z/4) e 3P/4,

(3.100)
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For large strips, the winding probabilities therefore read

T — Qiln(x/2) - \/isin3(x/4) ef?)p/l()’7

T
PY (2, p) = 2v/2sin’(z/4) e=3/16, (3.101)
P (x,p) = 1 — PP (x,p) — P (=, p).

In contrast, we also consider the case p < 1 of very thin strips, for which
we use the modular properties of Jacobi’s theta and elliptic functions to
obtain the expansions

(.iL‘ O +p3p)F(x,p) ~9 ag;ﬁ(x,p) - o e~ T(2m—z)/p
OoF(z,p) 0. F(x,p) | e—mlp 4 e—nCr-a)/p’

1
O2,4(p) ~ 7 122 p,

We discuss these asymptotic results for p — oo and p — 0% below.

(3.102)

D _ D _
1 . Lo, e
0.87 0.87
0.67 0.61 w
0.4+ 0.4+ N
0.2} 0.2 P
™ 21 47 ™ 2 3T 4

Figure 3.10: Winding probabilities of a random simple path from
u; = (21,0) to uz = (x2,0) on a M&bius strip with Dirichlet boundary
conditions, as functions of the separation x = xo — x1. The probabilities
for the three winding classes (1 < j < 3) are drawn with a dotted, solid,
and dashed line, respectively.

Free boundary

We proceed similarly for the Mébius strip with free boundary conditions.
Using the same zipper as for the wired strip, we find the eigenvalues and
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eigenfunctions of A = A(#) to be given by

2 _
A =4 = 205 (1) = 2oos (PEEEEE) oy
2 =m0\ "? _ ™ 1
£ 0 —_ m, i(2rn+mm—0)x/N Ane .
) (X7 Y) ( MN > € COs M y 2 )

(3.104)

for 0 < m < M—1 and 0 < n < N—1. The corresponding Green
function in the scaling limit satisfies Neumann boundary conditions at
y =0 and y = p, and reads

0
(nJr%*g)(ﬂhfﬂﬂz) cos (7"";%) CoS (‘ﬂ'“;yfz)

1 ¢
& ; ;0) = —
(1,915 22, y2; 0) Qmezn;z (n+m_i)2+ (m)2
' 2 " 2r
(3.105)
For boundary points, i.e. y; = y2 = 0, the Green function simplifies to

“i(55)7 coth [(n — £) 8]

1 e
Sl pif) = - gt

"< Lo (3.106)
p Ly b (- ) 4
1 [ )
Am nez n+ 27 27

where = x9 — 1. For § — 0T, the Green function is singular because
det A(#) — 0. More precisely, its Laurent series reads, up to regular

terms,
2w ir

As for the strip with Dirichlet boundary conditions, it suffices to study

&(z,p;0) = (3.107)

the winding probabilities for 0 < =z < 27. Indeed, the Green function
satisfies the relations

Im&(4r — z,p;7/2) = Im &(z, p; 7/2), (3.108)

2i(2m —

Aor—z)
po

implying that P?I(a:) =Py ;(4m — ) for any x between 27 and 4, for

1<j<3.

G(4r —x,p;0) = &(x,p; 0) + (3.109)

The regularized determinant is obtained by taking the same steps as in
Section 3.2.2 and yields
 2sin(0/2) 91(0/2,ie /)

(det A(e))reg - n<1 6_71.2/27)

(3.110)
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Using Egs. (3.106) and (3.110), we find after some algebra the follow-
ing winding probabilities on the Mobius strip with Neumann boundary
conditions, in the scaling limit:

x
P¥($7p):1—4——H(x,p)’ ]P)QN(va):2H(x7p)a
N . " (3.111)
P =——-H
3(.1',]9) A (xap)v
where the auxiliary function H(z,p) is defined by
. . — 2 . — 2
Hip) = — L —p/16 V1(ip/8, e P/)d3(ip/8, e P/?)
Var 9,0, e P12)d3(0, e 772)
(3.112)

sin[(n + 1)z
(n+ 7)sinh[(n + 3)p]

<D

neL

In the limit of large and thin strips, we find respectively for 0 < x < 27

2v/2
H(zx,p) ~ sin(z/4) e3P/16 (3.113)
H(z,p) =~ 41 — 2’42@—”(2”—@/10. (3.114)
T T

An illustration of winding probabilities on the Mobius strip with Neu-
mann boundary conditions is provided in Fig. 3.11.

}P’?I(x, p=1) IP?I(x, p=20)
0.8 ™ S8 el ’
0.6} 0.6 T
0.4} 0.4} P
0.2} - 02r 7 T
el R Pt . : - R
4 2 3 47 s 27 37 4
Figure 3.11: Winding probabilities of a random simple path from

uy = (21,0) to ug = (x2,0) on a Mdbius strip with Neumann boundary
conditions, as functions of the separation x = xo — x1. The probabilities
for the three winding classes (1 < j < 3) are drawn with a dotted, solid,
and dashed line, respectively.
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Asymptotics

For both types of boundary conditions, Dirichlet or Neumann, we have
computed the winding probabilities in the limit of very large (p — o) or
very thin (p — 0%) strips. In the former case, we find that Py(z,p) — 0
as p — 0o, for 0 < & < 4m. The intuitive interpretation is the following:
all paths in the second class must cross the strip along its width p,
whereas the paths in the first and third classes do not. As there are
many more (typically shorter) paths in the first and third classes than
in the second one, the winding probability Py is suppressed in the limit
p — o0o. The two remaining probabilities can then be thought of as
counterclockwise (class 1) and clockwise (class 3) probabilities. Indeed,
we find precisely the same formulas for the Mobius strip and for the
cylinder (see Egs. (3.49) and (3.59)), up to the rescaling x — 2z (for
both boundary conditions):

93/2;:1@/2), }P’gD(a:, o) =1-— ]P’Il)(x,oo),
o2 (3.115)

I[Dll\I('r7oo): _ﬁv IP)SN(.Z‘,OO>:1—P11\I(.QZ,OO)

PP (z,00) =1 —

In the limit of thin strips p — 07, we argue once again that shorter paths
are favored over longer ones, which implies in particular that Py (z,0) = 0
for 0 < z < 27 and P3(x,0) = 0 for 2r < = < 4m. All winding
probabilities converge to the same functions as on the cylinder, namely
Heaviside functions (resp. piecewise linear functions) for Dirichlet (resp.
Neumann) boundary conditions.

3.3 Passage probabilities for multiple paths

In Section 3.1, we have defined a measure on simple paths in spanning
forests, extended it to oriented cycle-rooted groves, and computed the
marginal probability associated with the left- or right-passage of a ran-
dom path with respect to a marked face of a graph G embedded on
an orientable surface, i.e. Schramm’s formula. The resulting probability
(3.19) is expressed in terms of the standard Green function of the graph,
whose explicit expression is well known for regular graphs such as the
upper half-plane or the cylinder, considered in Section 3.2.
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Let us now generalize this formula to multiple nonintersecting simple
paths between 2n nodes located on the boundary of the outer face of
a planar graph G (not including the root s, whose only role here is to
enforce wired boundary conditions at some of the boundary vertices).
We denote the collection of these special vertices by N' = {uq,...,uo,}
or simply {1,...,2n}, and label them in counterclockwise order. Let
o = ri181]...|rns, be a fixed (unoriented) pairing of the nodes, with
R = {ry,...,rn} and S = {s1,...,s,} partitioning N'. We consider
the set of all spanning forests on Gs = G U {s} consisting in n+1 trees,
each of which containing a single pair of nodes {r;, s;} or the root s
(note that some pairings cannot be realized due to the planarity of G).
The measure (3.2) on single paths in two-component spanning forests
generalizes naturally to multiple unoriented paths v; : r; <> s;, 1 < 7 < n,
in (n+1)-component spanning forests as follows:

WSF(V1s > Yn) = > w(F)
(n+1)SFs Fo U, vi
(3.116)

- H C(v;) x det AGL=1m)
i=1

where A1) ig the restriction of the standard Laplacian to rows and
columns indexed by vertices not in J;7; U {s}. Similarly, the weight
on multiple oriented paths ; : r; — s; in oriented cycle-rooted groves,
defined in (3.6) for a single path, is given by

WCRG (V15 -+ Tn) = > w(Tl'z)
OCRGs T2 U; 7

n (3.117)
= HC(’YZ)QZ)(’YZ)_I x det A('Yl:mv')’n)’
i=1
where & = 75"1 |7an and A is the line bundle Laplacian of G, with

Dirichlet boundary conditions at s. Here the sum is over oriented cycle-
rooted groves consisting in n+1 trees and any number of cycle-rooted
trees (the latter do not contain any nodes).

Let f be a face of the graph G and & be an oriented pairing of the
2n nodes. The OCRGs I'z can be sorted into n+1 winding classes,
according to the way the n paths wind around the face f (i.e. if they
leave f to their right or to their left). As a matter of convention, we
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shall assume all paths to be oriented toward the node with the highest
label in each pair when we refer to the oriented pairing &, and call this
the canonical orientation. To distinguish between the different winding
classes, we introduce a zipper as in Section 3.1.2, going from f to the
outer face of G and intercepting the boundary path between nodes uoy,
and u;. As can be seen for the case n = 3 illustrated in Fig. 3.12,
two complications arise when considering multiple paths (as opposed to
single paths):

(i) n-tuples of paths belonging to distinct winding classes may have
the same product of parallel transports [[}_; ¢(v;) (which is con-
stant over each class, as for the case n = 1). For instance, triplets
of paths in the second and third classes of Fig. 3.12 are weighted
by a global factor ¢1_4¢2_s3056 = 2~ in both cases.

(ii) For a generic oriented pairing &, Theorem 1.5 does not yield the
partition function Z[5] directly. Instead, it only allows one to write
a system of linear equations relating partition functions for distinct
pairings to minors of the line bundle Green function, which is com-
putable for most regular graphs (perturbatively around ® = I, at
least).

Due to these obstacles, writing an explicit form for Schramm’s formulas
for multiple paths in terms of the Green function proves to be substan-
tially more complicated than for a single path. In what follows, we first
discuss the easiest case, namely pairs of paths, using the same formalism
as in Section 3.1.2, and give explicit formulas for the three distinct wind-
ing probabilities in terms of the Green function G and its derivative G,
defined in (1.28). As we shall see, obtaining such formulas a la Schramm
is already cumbersome for only two paths, so a more systematic, combi-
natorial approach is required for n > 2 paths. Such a technique will be
provided in Section 3.3.2, and relies on so-called cyclic Dyck paths and
cover-inclusive Dyck tilings, introduced respectively in [91] and [90,148].

3.3.1 Two paths

Let us first compute Schramm’s formulas for two paths between four
boundary nodes, denoted by N = {uy,us,us,us} = {1,2,3,4}, with re-
spect to a given face f. There are two ways to connect these nodes in
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Figure 3.12: Schematic representation of the four distinct winding
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©)

classes for triplets of paths corresponding to the pairing & = i‘|g|g
The zipper is drawn as the dashed line from the marked face f to the
outer boundary. The oriented edges crossed by the zipper have a par-
allel transport z in the direction of the arrow, and z~! in the opposite
direction.

pairs by nonintersecting paths in OCRGs, corresponding to the parti-
tions 12|34 and 14|23. The paths are further divided into three winding
classes according to whether they leave f to their left or to their right
(recall that the paths are oriented toward the node with the higher index
in each pair). We denote the partition functions associated with each of
the six subclasses as follows:

Zi313], Zor315) Zrol315), Zoclil), Zrull13)s Zre[il3),

where the indices refer to the left- or right-passage of the first and sec-
ond paths with respect to f, respectively (some pairs of indices are not
realizable on a planar graph, e.g. paths in the pairing 12|34 cannot both
leave f to their right). We give an illustration of these six classes in
Fig. 3.13.

The number of winding classes for pairs of paths corresponds exactly to
the number of partitions of N' = {uq, ug, us, us} into two disjoint subsets
of order two, R and S = N\R, that we can select in Theorem 1.5. For
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instance, if R = {2,4} and S = {1, 3}, the theorem reads

det A det Gy = Z[,[3] - Z[31 4]
= (Zin[5]3] + Zir[5]3] + Zro[S13]) (3.118)
— (Zeol5 1) + Zrols ]3] + Zrr(314))

where the indices refer to the left- or right-passage with respect to f for
paths with the canonical orientation (from the lower to the higher node
index). As the product of parallel transports along the paths between
the nodes is constant over each class separately, we may rewrite the
preceding equation in terms of partition functions for paths with the

canonical orientation:
det Adet G} = Zip[3 ]3] + 2 *Zurlf]3] + 2 *Zrul} 3]

3.119

= Zen[i15] — 2P Zre [ 5] — 2 Zre[15)- (3419
Anticipating the general discussion for n > 2 paths, we shall rather use
another choice of orientation, which consists in taking the canonical ori-
entation on paths that do not cross the zipper (L paths), and the reverse
on paths that do (R paths). We shall explain the motivation behind this
convention in Section 3.3.2. With respect to this new orientation, one
finds the equation

det Adet G173 = Zup [2]4] + Zun[3 ]3] + Zao [} 3]

3.120
— Zi[115] — Zrelyl3) — 2°Zrr(4]3] ( )

for R = {2,4} and S = {1, 3}. Doing so for the five other subsets R C N
of order two yields a system of equations represented by a matrix Ao

given by
I3 AT TP sa Aa 48
9o 9~ TS FoonI uT
3 5 g 3 2 E
N N N N N N
det Adet G ‘;’3 0o 0 0 -1 —w —-w?
detAdeth’g 1 v w -1 —w —w
detAdetG22 [ 1 1 w 0 0 0
detAdetGyy [ 1w 1 0 0 0 |
detAdetGL2 [ 1 1 1 -1 -1 -—w
detAdetGy3\ 0 0 0 -1 -1 -1
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where w = 2%2. Ay is invertible for z # +1, as its determinant is equal
to (1 — w)®. Explicitly, one obtains the inverse

—(14+w) 14w 2w —2w wtw? —(wt+w?)

1 -1 1 w —w w
1 1 -1 w 1 —w w
Al = 3.121
2 (1—w)? -1 w —w —w w —w?  ( )
2 —(14w) 14w 14w —(14+w) 2w
-1 1 -1 -1 1 -1

from which the partition functions of interest can be extracted. For
example, we have

Zyr[1234] = lim Zyp[7]]]

. 3,4 2,4 2,3
= lim m{ det G35 — det G4 + det G2
3.122
+ 27 det Gy — 22 det Gy} + 22 det Géj} ( )
= det A{GLQ G€374 — G173 Gl274 + G1’4 G/2’3
— GG, + G 3Gy, — Gy /273}7

where G’ is the derivative of the Green function defined in (1.28). The
total partition function Z[12|34] can be obtained by summing the par-
tition functions for all winding classes LL, LR, RL of the pairing 12|34,
or computed directly from Theorem 1.2, which yields

Z[12]34] = det Adet G7} = det A{G12Gs4 — G13G24},  (3.123)

as the pairing 13|24 cannot be realized on a planar graph, implying
Z[13]24] = 0. After some algebra, one finds that the probability that a
pair of paths in 12|34 belongs in each of three winding classes reads

Prp(1234) = 1 — Prr(12[34) — Pre(12(34),
G12G5 4, —G13GY 1 +G14GY 5

P r(12(34) =
Lr(12(34) G12G34—G13G24
Gy Gl Gy Gl — G, G g
G1,2 G3,4—G173 G274 ’ (3.124)
G1,4 Gy 3—G24 G 3+G34 G
Prp (12]34) = — 47237 24 3T 84 T,

G12G34—G13G24
! ! ! ! ! !
12G341+G7 3Gy 4 =G 4, Gy 5
G1,2G34—G13G24
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The probabilities for the classes of paths in 14|23, on the other hand,
are given by

Prr(14)23) = 1 — Pre(14|23) — Prr(14[23),
G13GY 4 +G 3Gaa—G1 4Gy 3—GY 4 Ga3
G1,3G24—G14Ga3
12G341G1 3Gy —GY Gy 4
G13G24—G14G23 '

Pry(14]23) = — 2Prg(14]23),

Prp(14)23) = —

(3.125)

@\ 2

@ D D
d \@
LR RL
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©%9

Figure 3.13: Illustration of the six different ways two paths between

four nodes can wind around a marked face f. In the first (resp. second)
row, the nodes are paired according to 12|34 (resp. 14|23). The indices
L, R indicate whether the first and second paths leave f to their left or
right (for the canonical orientation). The dashed gray line represents the
zipper, whose arrow indicates the orientation of the edges with parallel
transport z.

3.3.2 More than two paths

Let us now compute the winding probabilities for n > 2 paths between
2n fixed boundary vertices in the same manner as for two paths using
Theorem 1.5. To do so, we define a correspondence between winding
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classes and combinatorial objects called cyclic Dyck paths [91], and give
an explicit expression of the matrix A,, provided by Theorem 1.5 as well
as its inverse A;l. This will in turn allow us to write a combinato-
rial expression for winding partition functions of spanning forests, from
which Schramm’s formulas follow.

Let us first recall the definition of a standard® Dyck path of length 2n.
It is a lattice path going from (0,0) to (2n,0) consisting in up steps
(1,1) and down steps (1,—1) that never passes below the z axis (such
a path must therefore have an equal number of up and down steps).
Equivalently, a Dyck path can be seen as a collection of heights h; € N,
0 < i < 2n, with |h;—h;—1] = 1 and hy = hg, = 0; an up (resp.
down) step at position i corresponding to a pair of adjacent heights
(hi—1, h;) such that h;j—h;_; = +1 (resp. —1). In such a path, drawn as
a mountain range as in Fig. 3.14, each up step is paired with the closest
down step to its right located at the same height; the pair being called a
chord. A third characterization of a Dyck path is given by the oriented
pairing of the elements in N = {1,2,...,2n} according to the chords
below the path (from the up to the down step). The bijection between
standard Dyck paths of length 2n and planar pairings of 2n nodes is well
known (see e.g. [154]): each chord of a standard Dyck path pairs two
labeled steps, thus defining a natural planar pairing of the nodes. This
one-to-one correspondence has been used in particular to give a formula
for all partition functions Z[o] of (n+1)-component spanning forests in
terms of the Green function of the graph, where o is a planar pairing of
boundary vertices [90] (see also Corollary 3.6 below).

Since there are (n+1) times more winding classes than standard Dyck
paths, it is clear that the latter do not suffice to take into account
the position of paths with respect to the face f in each winding class.
Following [91], we extend the definition of a Dyck path by allowing cyclic
permutations of the labels associated with the steps, as well as of the
labels of the heights (we choose as a convention the index 0 for the
starting point of the step with the label 1). Such paths with numbered
steps in cyclic order are called cyclic Dyck paths* (there are therefore

3We use the adjective “standard” for such Dyck paths to distinguish them from
cyclic Dyck paths, which will be introduced below.

“This definition differs slightly from the one of [91], in that we do not consider
paths with a single “flat” step (1,0) here.



3.3. PASSAGE PROBABILITIES FOR MULTIPLE PATHS 147

\]

/./ \/ \7\.\ 10, 11
\8.9/ 1

12 3 4 5 6 7 8 9 10 11 12

Figure 3.14: Standard Dyck path o of length 12, which
can be defined as a sequence of 6 up and 6 down steps,
as a collection of 13 heights, or as a set of 6 chords:
¢ = UUDUUDDDUUDD = {0,1,2,1,2,3,2,1,0,1,2,1,0} =
{(1,8),(2,3),(4,7), (5,6), (9,12), (10,11)}.

2n cyclic Dyck paths corresponding to a given mountain range). As a
matter of notation, we shall denote such paths as vectors (e.g. &), as
opposed to standard Dyck paths, written as scalars (e.g. o).

Consider now a particular winding class of a pairing of N/, with k paths
crossing the zipper. We choose the canonical orientation (from lower to
higher node index) for the n—k paths that do not intersect the zipper,
and the opposite for the k paths that do. We call this particular way
of orienting paths a cyclic orientation. The resulting oriented pairing
& corresponds to the chords of a cyclic Dyck path, whose first step is
labeled by the lowest index among the starting points of these k paths.
We provide an illustration of this correspondence in Fig. 3.15. It should
be noted that it is not surjective, as certain cyclic Dyck paths cannot
be obtained in this manner. Namely, those that include a down step
touching the x axis to the left of the step with the label 1. Such paths
are however equivalent to obtainable ones up to cyclic permutations of
mountaintops together with their step and height labels (an example is
given in the bottom panel of Fig. 3.15).

The main benefit of choosing the cyclic orientation over the canonical
one is notational. Indeed, the way the paths of a winding class wind
around the face f is directly encoded in a cyclic Dyck path & (or equiv-
alently, in a cyclically oriented pairing ). The corresponding winding
partition functions in spanning forests and OCRGs will be denoted from
now on by Z[d] and Z[7], respectively (dropping the cumbersome sub-
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scripts L, R used in Sections 3.1.2 and 3.3.1). In doing so, however, one
finds a conflict of notation for standard Dyck paths o, which correspond
to winding classes in which no path crosses the zipper. Indeed, the no-
tation Z[o] has until now been reserved for the total partition function
of spanning forests in which the nodes are paired according to the unori-
ented pairing . To avoid any confusion in what follows, we shall denote
from now on the winding partition function and the total partition by
Z|o] and Zi[o], respectively.

Before we use this correspondence between winding classes and cyclic
Dyck paths, let us introduce several definitions and notations associated
with cyclic Dyck paths, some of which were given in [91]:

Definition 3.1. Let &,7 be two cyclic Dyck paths of length 2n, and
RcC N ={1,2,...,2n} a subset of indices of order n. Then

o A(F) = Z?QO hi(G) denotes the area between & and the = axis,
where the h;’s are the heights of &.

o W(&) = ho(d) is the number of chords of & for which the index of
the up step is higher than the one of the down step (in which case
the chord is said to be wrapped).

e RN & means that R intersects each chord of & exactly once, that

18, R contains the index of one of the two steps belonging to each
chord.

e R . stands for the number of up steps of ¢ whose indices lie in

R.

e R: G is the number of up steps of & with indices in R that belong
to wrapped chords.

e R|0y) counts the steps of G that appear to the left of the step 1
(excluded) and whose indices appear in R.

e U% (resp. D) denotes the set of up (resp. down) steps of &.

° U7‘,7(1) is the set of up steps of & that appear to the right of the step
1 (included).
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° D?(l) denotes the set of down steps of & that appear to the left of
the step 1 (excluded).

° DZI ) is the set of down steps of T whose indices appear to the
left of the step 1 in & (excluded).

As an example, let us consider the cyclic Dyck path illustrated in the
top right panel of Fig. 3.15, given by ¢ = {(5,2),(6,7),(8,1),(3,4)} =
{2,1,0,1,0,0,1,2,1}, which yields W (&) = 2 (due to the chords (5,2)
and (8,1)). If R ={1,4,5,6}, then RNd, R-3 =|{5,6}| =2, R: 7 =
{5} = 1 and Rld,q) = 1{5,6}] = 2.

N ¢
w
e~
(e}
—_
o
(e}
—_
[\]
w

Figure 3.15: On the top left is a schematic representation of a winding
class of quadruples of paths in spanning forests. The paths 5 — 2 and
8 — 1 cross the zipper, and are therefore oriented from the higher to
the lower index, as opposed to the paths 3 —+ 4 and 6 — 7. On the
top right is the corresponding cyclic Dyck path, whose first step label
is min{5,8} = 5. At the bottom lies a cyclic Dyck path that cannot
be realized as a winding class of paths. The path obtained by cyclically
rotating its two mountaintops, however, corresponds to the winding class
RL of the pairing 14|23, pictured in Fig. 3.13.

Let us now show how to write linear relations between winding partition

n%rl (2,? ) planar pairings

of 2n nodes on the boundary of a planar graph, each of which containing

functions using Theorem 1.5. There are C), =

n+1 winding classes of paths with respect to the marked face f; thus
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yielding a total of (27:’) winding classes, and as many inequivalent cyclic
Dyck paths. As there are as many distinct subsets R C N of order n,
the linear equations provided by Theorem 1.5 relating winding partition
functions to minors of the line bundle Green function G can be encoded
in the square matrix A,, defined by

det Adet G} = (Ay)p 5 Z[5], (3.126)

g

where the sum is over all cyclic Dyck paths of length 2n. The entries of
this matrix are given by

Proposition 3.2. Let & be a pairing of 2n nodes with the cyclic ori-
entation along each path, seen as a cyclic Dyck path of length 2n. Let
R Cc N ={1,2,...,2n} with |R| = n. If we define the new variable
w = 22, then

{(—1);<A<a>n>+<n+1>w<6> wW@-R3  if RN,

0 if R G.
(3.127)

As an example, consider for instance the cyclic Dyck path depicted in
the top right panel of Fig. 3.15, @ = {(5,2),(6,7),(8,1),(3,4)}, and the
subset of indices R = {1,4,5,6}. As explained above, R contains a index
of each chord of ¢ (i.e. RN &), and W(d) =2, R: & = 1. Moreover the
area between & and the horizontal axis is A(5) = 8, so

(Ap)ps = (—1)2EDTETN2271 — gy (3.128)

The proof of Proposition 3.2 is a bit technical, and is left to Appendix D.
A similar matrix was considered in [91], in which all but one node are
located around a single marked face, the remaining one lying on the
boundary of the outer face. The authors gave a formula for the inverse
in terms of combinatorial objects called cover-inclusive Dyck tilings, in-
troduced in [90, 148]. We recall their definition here, as they shall be
needed to write the inverse of A,,.

A Dyck tile is obtained from a Dyck path by replacing each vertex of
the path with a v/2x1/2 square rotated by 45°, and by gluing all the
squares together to form a single ribbon (see for instance the first two
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panels at the top of Fig. 3.16). In particular, the simplest Dyck tile is a
single square, associated with the degenerate Dyck path of length zero.

Let i, & be two cyclic Dyck paths of length 2n with the same positions of
indices, and let h;(f), h;(¢) be the heights of their vertices. The cyclic
Dyck path i is said to dominate & if h;(f) > hi(d) for 0 < i < 2n;
which is denoted by i > &. A Dyck tiling of the shape &/ji between
two paths ji, & such that fi > & is then obtained by filling the surface
between i and & with Dyck tiles. Furthermore, a Dyck tiling is said to
be cover-inclusive if, for any two tiles right above one another, the top
one does not stick out horizontally with respect to the bottom one. We
illustrate all cover-inclusive Dyck tilings of a given shape in the bottom
panel of Fig. 3.16.

PAL VN

AR N
AN ANAAN
ATANANAN

Figure 3.16: On the left is a Dyck path, together with the associated
Dyck tile (in the middle). On the right is a Dyck tiling of the shape
&/ ii between the paths i and &, which is not cover-inclusive (the two L

=

Q

shapes both cover a single square). At the bottom lie all cover-inclusive
Dyck tilings of &/[i.

Let us now give a formula for the inverse of the matrix A,, defined in
Proposition 3.2. In terms of the quantities introduced in Definition 3.1,
we have
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Proposition 3.3. Let B, be the square matriz defined by

(Bn)g p = (=)W @n Z ci(g /) w" W@ R AT R = ‘Deu)}

’ i>e
(3.129)
for all cyclic Dyck paths & of length 2n and for all subsets R C N of order
n, where ci(d/fi) denotes the number of cover-inclusive Dyck tilings of
the shape between [ and &. Then for any two cyclic Dyck paths &, T of
length 2n
Y Bu)sg (An)ps=(1—w)"0zz (3.130)
RCN:|R|=n
Again we refer to Appendix D for the proof. This proposition allows
one to write winding partition functions for paths in OCRGs as

det A
Z[6)= ———~— Y (Bu)ypdet G, (3.131)
(1-w) RCN:|R|=n ’

where S = M\R and G = A~! is the line bundle Green function of
the graph. Corresponding partition functions Z|[&] for paths in spanning
forests can be obtained by taking the limit z — 1 (or equivalently w — 1)
of Z[5]. The result is given by

Theorem 3.4. Let & be a cyclic Dyck path of length 2n. Then

Z[5] = (-1 det A " ci(/j7) pt M, (3.132)

p=c
where the matriz My is defined as follows for 1 <i,j < 2n:

1. .7 +1

— . . _ L
(Mﬂ)i,j_ Gl,j+Gl,j< EUﬂ(l) 1i€D2‘(1) jeut,, JED4(1)) (3.133)

Here 1 is the indicator function and Ufr(l), Dgr(l) are given in Defini-
tion 3.1.

Proof. Taking the limit w — 1 of Eq. (3.131) leads to

wn w(é ’D,(l)’
Zo] = (- )W(")detAZm 7/i) 1})1311)1 A—wr
g (3.134)
S AR o G,

RCN
|RI=n
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where we used the explicit expression of B,, given by Proposition 3.3.
The first sum is over cyclic Dyck paths ji > &, so R|Gy1) = R|fiy1), as
the step indices of [, & appear in the same order. Moreover

— R ji+ Rl = ‘RODZ ‘Rme‘(1 : (3.135)

o] = |[ROUTy

since R - ji counts the up steps of /i in R and R|jig) the steps of ji to
the left of the step 1 that belong to R. Substituting this relation in
Eq. (3.134) allows one to compute the sum over R via the following

Lemma 3.5 ([123]). For any matriz A of order 2n and any two subsets
X, Y CN with XNY =0,

S (1SRN g 4, = ol X1 pg (- A1), (3.130)
RCN
|R|=n

where S = N\R and R are both ordered, and the matriz A is defined as

follows:
gi,j — Ai,j pliextljey —liey—ljex (3137)

—

Picking A = G, w = z!/2, X = Dg(l) and Y = Uf(l) in the lemma allows
one to rewrite Eq. (3.134) as

23 = (-)V @ det A'S ci(#/ji) lim G L T e B
w—1
e
wpt | 22
1—w
B} G -Gt
— (=)@ W&/ i Bl
(-1) detAZCI(U/M)}uEnnpf< T w ),
pzo
(3.138)

where the derivative of the matrix G reads

1

8wG‘riJ’w:l = awGiij}w:I - iGi’j}wzl
X {1z‘eUE(1> - 1z-eDg(1) - 1jeUf(1) + 1jeDf(l)} (3.139)
1
= D) (Mﬂ)i,j :
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The result of the preceding equation relies on the definition of G, G’ as
the zeroth- and first-order derivative of the line bundle Green function
G evaluated at z = 1:

G=1limG=lmG, ¢ —hm@G-th@ G (3.140)

z—1 w—1
for w = 22. Similarly we find 9, G, ]} = % (M ﬁ)ij’ which concludes
the proof of Theorem 3.4. 0

A particular case of Theorem 3.4 arises for cyclic Dyck paths & of length
2n that correspond to a single mountaintop of maximal height n at
its peak. Indeed, the sum over cyclic Dyck paths i that dominate &
includes only a single term, namely ji = &. Consequently the winding
partition function Z[&] is given (up to a multiplicative constant) by
a single Pfaffian, pfMz. Among such cyclic Dyck paths is the one
defined by or = {(2n,1),(2n—1,2),...,(n+1,n)}, which corresponds
to n-tuples of paths that all leave the marked face f to their right when
canonically oriented (from lower to higher node index). It turns out that
Z|[o'r] has an exceptionally simple form, as all of its up steps appear to
the left of the step 1. Indeed, this implies that U U(R) =0 = De(fi) SO
the matrix Mg, is equal to —G’|xr, and W (Gr) = n (all chords have an
up step with a higher index than the corresponding down step). The
theorem therefore yields

Z[or] = det A x pf (G'|y) . (3.141)

As an immediate corollary of Theorem 3.4, we may write an explicit
expression for the total partition function Zi[o] of all paths between 2n
nodes paired according to the pairing o (which we also see as a standard
Dyck path), corresponding to the sum of the n+1 winding partition
functions for the pairing . The result is as follows:

Corollary 3.6 ([90]). Let o be a standard Dyck path of length 2n. Then

= det A Y (~1)2 AW ci(o/p) det GB, (3.142)

n=o

where the sets of up and down steps of p, U* and DV, are sorted in
ascending order.
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Proof. To compute the total partition function indexed by o, it suffices
to take the reference face f as the outer face of the graph. This amounts
to setting G’ = 0, so that Theorem 3.4 yields

Zi[o] = det A " ci(A/p) pfM,, (3.143)
u=o
where (M), ; = Gij (Licur — Ljeur). In other words, (M), ; is equal

to +G;; (resp. —Gj ;) if ¢ is an up (resp. down) step and j a down
(resp. up) step of p and 0 otherwise. Let us then define the matrix
M) obtained by permuting the rows and columns of M, such that
the indices in U* appear first and those in D* come second:

My = Pr(yMauy Py (3.144)

where 7(u) denotes the appropriate permutation of the indices of N' =
{1,2,...,2n} and Pr(u) the corresponding permutation matrix. Since
M, is an antidiagonal block matrix, its Pfaffian can be written as

PEMopy = (—1)2"~ D det GBy. (3.145)

To determine the signature of the permutation m(u), consider first the
maximal standard Dyck path p,.x whose chords are given by

(1,2n),(2,2n—1), ..., (n,n+1). (3.146)

The permutation 7 (max) is simply the identity. Assume next that p, p/
are two standard Dyck paths such that u’ is obtained from p by turning
an up step k into a down step of y’, and the adjacent down step k-+1
into an up step of x’ (note that all Dyck paths contain at least one
chord between two adjacent steps). It follows that 7(u) and 7(u) have
opposite signatures, and A(u') = A(p) — 2.

Let then p be a standard Dyck path. It is clear that it can be obtained
from pmax by N elementary reversal operations of the type described
above. Using A(¢) = A(ptmax) — 2N = n? — 2N, one finds the relation

2

det Py = (—=1)N det Py (—1)z(n*—AWw), (3.147)

/J«rnax) =

from which the result of the corollary follows. O
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Finally, it should be noted that Theorem 3.4 can be adapted to graphs
with free boundary conditions (i.e. in which the root s is isolated, or
equivalently, absent), as discussed in Section 1.5. Using Proposition 1.7,
one may compute the winding partitions Z[&] on such graphs simply by
substituting

Gij—=Gij+q¢ N, G =G +q¢ 'NT'GY,
in Theorem 3.4, where the functions G’ and G’ on the right-hand side
are defined in Eq. (1.38), and then by taking the limit ¢ — 0.

3.4 Correspondence with loop-erased random
walks

In this section, we recall the definitions of the standard random walk
(SRW) and the loop-erased random walk (LERW) on an unoriented
connected graph G;. The connection between the latter and the random
spanning tree has been known for many years ([126] for the uniform
distribution, [157] for a generic weighted one): for any two vertices u, v
of the graph, the distribution of the LERW started at u and stopped at
v is the same as the distribution of the unique chemical path between
these two vertices in the random spanning tree. This correspondence is
especially apparent through Wilson’s algorithm:

Theorem 3.7 ([157]). Let Gs be an unoriented connected graph, and
let s,v1,v2,...,v)y) be an enumeration of its vertices. Define To as the
degenerate tree consisting in the vertex s, and T; as the tree obtained
as the union of T;—1 and the loop erasure of a SRW from v; to T;_1,
for 1< j < |V|. Then Ty is a spanning tree on G, occurring with the
probability induced by (1.1).

We provide here an alternative proof based on explicit formulas for the
probability measures for the LERW [7,116] and for paths in spanning
forests, given by Eq. (3.4). This derivation allows one to generalize in
a straightforward manner the correspondence for multiple walks, whose
joint probability measure was given in [65].
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3.4.1 Single walks

Let us consider an unoriented connected graph G with vertices V and
edges £. Let s be an additional vertex connected by a set of edges & to
a subset of vertices D C V in the extended graph G;. We assume for now
that D is nonempty, and discuss the case D = & below (see Eq. (3.167)).
Let A be a transition matrix for G5 with a root s, i.e. such that

o (As)up = 0 for any uw € V, v € VU {s}, with (As)yn > 0 if and
only if {u,v} € EUE;

o (Ay)sy =0 for any v € VU {s};

® > (As)up =1 for any u € V, where the sum is over all vertices of
Gs, including s.

The probabilistic interpretation of the SRW is the following: starting
at vg, a walker moving on the edges of the graph goes toward one of
the neighbors v; of vy, with probability (As)y,,. The walker continues
moving from v; to one of its neighbors vy with probability (Ag)y, u,. The
process is iterated until the walker reaches the root s and remains there
forever, since (Ag)s, = 0 for any v € V.

A walk or path ws on Gy starting from a vertex vg # s and ending
at s is defined as a collection of vertices (vg,v1,...,v,=s) such that
(vi,vi41) € € for 0 < i < n—2, and (v,—1,vy) € E. Its SRW weight is
defined by

n—1

WSRW(WS) = H (As)vi,vi+1 . (3'148)

i=0
In what follows, we shall consider a SRW starting at a given vertex u;
and reaching s through a fixed edge (ug,s) € &, with ug € D. The
partition function can be computed by summing first over all walks of
length n, and then summing over all positive integers n. Its result reads

o0

Z WSRW(WS) = Z(A?)uhm (As)ug,s
with (ua.) Covs n=0 (3.149)
= [(]I - AS)_l]ul,ug X (As)u2,5~

The convergence of the geometric series follows from the fact that the
spectral radius p(A) is strictly less than one, where A is the submatrix
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of As with the row and column indexed by s removed. Indeed, A is
positive and irreducible (since G is connected and unoriented). Due to
the Perron-Frobenius theorem, A has an eigenvalue r = p(A) associated
with a left-eigenvector p whose entries are strictly positive. We can
assume without loss of generality that |p[y = >, pu = 1. It follows that

r = |7"p|1 = |PA|1 = ZzpuAu,'u = ZZPU(AS)UKU
uov v ovFs (3.150)

= Zpu Z(As)u,v - Zpu(As)u,s =1- Zpu(As)u,s < 17

since p, > 0 and there exists at least one u such that (Ag),,s > 0. It is
then straightforward to see that p(A) < 1is equivalent to »_, -4 AY < 00
using the Jordan canonical form of Ag.

The loop-erased random walk (LERW) was introduced in [98] as an ex-
ample of a random process that produces simple walks (i.e. with no
self-intersection) and that is easier to treat analytically than the canon-
ical self-avoiding walk; the difference between the two residing in their
respective probability measures. The loop erasure of a walk ws is ob-
tained by chronologically erasing loops along ws, thus yielding a simple
path. This procedure is equivalent to the following (shorter) algorithm.
Let ws = (vg, v1,...,v,=8) be a walk on the graph G;. The loop erasure
of ws, denoted by vs = LE(ws) = (viy, Vi, - - -, vi,), is defined inductively
by

19 =0, ij+1 = max {k TV = ’UZ‘].} + 1, (3.151)

0<k<n
which stops at j = J such that v;; = s. An illustration of the loop
erasure procedure is provided in Fig. 3.17. The LERW weight of a
simple path v, is defined as the sum of the weights of all walks w; whose
loop erasure yields ~4:

wimrw () = > wsrw(ws)- (3.152)
ws: LE(ws)="s

To compute an explicit form for the LERW weight in terms of the matrix
As, one may use the algorithm defined in Eq. (3.151) to decompose a
walk ws such that LE(ws) = vs = (vo,v1,...,v,=5) as follows. If we
define gV = Gs\{vo,v1,...,v;}, then ws can be seen as a (possibly
trivial) loop attached to vy on Gs, followed by the edge (vg,v1); a loop
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attached to v; on g§ comes next, followed by the edge (v1,v2); and so
on. The process is iterated until the edge (v,—1,v,=s) is used, at which
point the walk is stopped. If A(Sj ) denotes the restriction of the weight
matrix A to the vertices of Qéj), then

Z () [(HAgj_l))l} , (3.153)

Vj,V5

where the sum is over all loops attached to v; conditioned to not in-
tersect {vo, v1,...,vj-1}. The preceding equation allows one to express
Eq. (3.152) as

wirw (7s) = [(n - As)*]w (As)upn [(H - Aéo))_l}

1,01

% (Ag)or.0n [(H — Agl)>1] (3.154)

V2,02

X ... X [(]I — Ag"_2)>_1} (As)vy_1,0m-

Un—1,Un—1

Using Cramer’s formula for the inverse of a matrix yields telescopic
cancellations, and the result simplifies to [7,116]

n—1 det (

WLERW (7s) = 1_[(145)”1'7”1'+1 X det (I — Ay)
i=0

" 1> (3.155)

‘ T— AZ”2>

<)
det (]1 — A§”> det (]1 A
det (]I — Ag0)> de (

t
det ( _ Al )
= Wsrw(7s) X det (I — Ay)

Let us now consider a loop-erased random walk on G, starting at a fixed
vertex u; € G, and reaching s through a specified edge (ugz,s). We
denote the corresponding simple paths by u; — us — s. The partition
function reads

> wierw() = Y > wsrw(ws)

VsiUl—rU2—>S VsiUl—FU2—>S wS:LE(wS):%

= Z WSRW (Ws> s

Ws:UT—U2—S

(3.156)
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U9

U1

Figure 3.17: Walk (dashed) from u; to the root s (represented by the
outer box) on a wired rectangular grid, that passes through the edge
(ug, s). The simple path obtained by erasing all loops as they appear is
drawn with a heavy line.

whose result is given by (3.149). The LERW probability measure on
simple paths s : u; — ug — s is therefore given by

det (11 - Ag”)
det(I — Ag)[(T — AS)il]uhuz (As}uz,s

PLerw (7s) = Wsrw (7s) , (3.157)
where v = 74\ {s} and A denotes the restriction of A to the rows
and columns indexed by vertices not belonging to . Note that as the
factor (As)u,,s appears both in wsrw(7s) and at the denominator, it
can be simplified. Seeing this, it is natural to rewrite this measure for
simple paths v : u;y — wus on the graph G, which are in one-to-one
correspondence with simple paths s : u1 — s passing through (ug, s)
on G,. If we let A denote the submatrix of As obtained by removing the
row and column indexed by s, then

s %
1 0
I-A, = , 1
<* H—A) (3.158)

where % and 0 represent NV x 1 and 1x N vectors, respectively (N = |V]).
From this equation, one may rewrite Eq. (3.157) as follows for simple
paths vs = v U {s} from u; — ug — s [116]:

det (H - A@)
det(I = A)[(1 = A9) e (As)uais  (3.159)

) det (T — AM)
= wsrw (7Y det(I — A)[(IT—A) Yoy un

PLerw (7) = wsrw (7s)
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With Eq. (3.159), one has a probability measure on simple paths on the
graph G from u; to uo, in which any explicit reference to the root s has
been eliminated. While it is often more convenient to use this equation
rather than Eq. (3.157) for what follows, one should remember that the
presence of s translates into A being substochastic, i.e its rows indexed
by vertices u € D (the neighbors of s on Gs) sum to strictly less than
one (which ensures in particular the invertibility of I — A).

Let us now show that Eq. (3.159) coincides with the measure on paths
in two-component spanning forests, defined in (3.4).

Proposition 3.8. Lety = (vo=u1,v1,...,Un_1,0n=u2) be a simple path
on G, and A be the transition matrix defined by

C
Ay .y = —22 3.160
= deg.(0) (3.160)

if (u,v) € € and 0 otherwise. Here degy(u) = Y . ., Cuw 15 the degree
of u in Gs, where the sum is over all neighbors of u in Gs. Then

PrLerw (7) = Psr(7)- (3.161)

1

As a consequence, any simple path v and the reverse path v~ occur with

the same probability with respect to the LERW measure.

Proof. Let us define the matrix M, , = deg,(u)d,, for u,v € V. It
is straightforward to check that the Dirichlet Laplacian on G reads
A = M(I — A), which implies that det(I — A) = det A/ det M and

det <]I - A(V)) = det A/ det MO,

n (3.162)
with det M = det M) x Hdegs(vi).
i=0
The SRW weight of the path v and the (uj,u2) entry of the matrix
(I — A)~! are given by
1

wsrw (7) = C(7) deg,(uz) g deg,(v;) (3.163)

[(]I - A)il]umm = degs (UQ) GU1,U2'

Substituting the preceding equations into Eq. (3.159) yields the result
of the proposition. O
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Before we turn to multiple walks, note that we have assumed the end-
point uy to be connected to the root s for random walks (i.e. uz € D),
so that the walker stops moving once he reaches the root s through the
edge (ug, s). The probability (3.159) may however be extended for sim-
ple paths 7 : u; — ug such that ug ¢ D. To see this, let us denote by G2
the graph obtained by adding an extra edge (ug, s) to Gs such that the
corresponding transition matrix A coincides with A4 everywhere except
on the row indexed by ue, with

(ADusw = (1 —€) X (Ag)ug,w for v# s,  (AS)uss = €. (3.164)

The weight of a simple path v = v U {s} : u1 — ua — s on G¢ is then
given by Eq. (3.155):

det (I— (A45)0)
det(I — A2)

det (H — A(V))

T det(I— A)

wLERW (75) = Wsrw (75)
(3.165)

:EWSRw( + ...

at lowest order in €. It is then natural to define the probability associated
with a path v :u; — uo on G as

Prerw(7) = 51_i>%1+ PLerw (75)- (3.166)

The result of Eq. (3.166) is given by Eq. (3.159), which holds therefore
whether us is in D or not, as does Proposition 3.8.

Finally, the case D = @—i.e. graphs G without a root, or equivalently,
extended graphs G, in which s is isolated—can be dealt with in a similar
way, namely by adding an extra edge (ug, s) with transition probability
e, and then taking the limit ¢ — 0% of the probability distribution
defined on GZ. The result reads

det (I — AD)

(=1)mtu det(l — A\ tet)

Prerw (7) = wsrw (7) (3.167)

It is straightforward to show that Proposition 3.8 is valid in this case as
well.
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3.4.2 Multiple walks

Up to this point we have considered a single LERW on the graph Gq,
starting at any fixed vertex u; € G and ending at s through a fixed
edge (ug,s) € &. We have shown that such paths can be traded for
shorter ones from uq to uo, for which we have established the link with
the spanning forest measure. We now generalize this process to multiple
simple paths between marked vertices (nodes) that do not intersect each
other.

Two definitions of multiple LERWs seem the most natural: either one
considers SRWs conditioned to not intersect each other, or one asks
only that their loop erasures do not intersect (except at s in both
cases). We shall favor here the second definition, with the additional
requirement that the jth SRW do not intersect the loop erasures of the
first j—1 walks on G, following [52,65]. We consider a set of nodes
N = {ug,ug,...,u2,} CV (not including the root s), which we divide
into two subsets, R = {r1,...,r,} and S = N\R = {s1,...,8,}. We
assume that (s;,s) € & and consider LERWSs from r; to s conditioned
to exit G through (s;, s), for 1 < i < n. The weight of a given n-tuple of
paths I's = (7§, ...,7) is defined as follows [65],

Wl irw (Ds) = Wingw (1) X Wiipw (13175) x - -

G. s s s (3.168)
X Witrw Yal vl 1),

where the factor ngRW(%Shf, ..., ;) on the right-hand side is the
sum over all walks w? : 7, — s; — s with LE(w}) = +/ that only intersect
U;;ll 7; at the root s. Conditioning w; = w;\{s} to not intersect v; =
75 \{s} for 1 < j <i—1 amounts to growing w; on Gs\ U;;ll 7; (the graph
from which the vertices of 71, ..., 7v;—1 have been removed, together with
their incident edges). Using Eq. (3.155), one can therefore rewrite the
preceding equation as
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i . G \UIZ!
W%ERW(FS) = W%ERW(Vf) X X Wigpw (%)

det (I[ — Af;“))

— s s\, \ " )
= wigw (1) dot(1— 4,) X

et (1= A0
det (H _ Aé”lv"-%fl))
det (]I — A(%))
et —A)

det (H — A(’Yl,..,,'yn))
det (]I — A(Wl,...,vnfl))

- det (H — A(F))
= j:HI(AS)Sj’S X WSRW(F)W,

GAUIZL v
X Wepw ' J('sz)

(3.169)

= (As)s1,s Wng('Yl

X (As)sp,s Wng('Yn)

where wspw(I') = [ wsrw(vi) and AT denotes the restriction of A
to vertices not belonging to I' = I's\{s}. In particular, it follows from
Eq. (3.169) that the joint measure on multiple simple paths does not
depend on the order in which the walks are grown. As the product over
j on the right-hand side is constant over all n-tuples of paths on G, we
may consider simple paths on G instead. The weight of an n-tuple of
nonintersecting simple paths I' = (y1,...,79,), with v : r; — s; on G for
1 <i < n, is then defined as [65]

det (I— AD)

o T= 4 (3.170)

wrerw (I') = Wsrw

Let us now show that the SF and LERW weights on I, given respectively
by Eq. (3.116) and Eq. (3.170), are proportional to each other—thus
implying that both normalized measures coincide.

Proposition 3.9. Let G; = G U {s} be an unoriented connected graph
with a root s and a set of nodes N = {u1,...,ugn} C V. Let R =
{ri,...,r} CN and S = {s1,...,8,} = N\R such that (s;,s) € Es for
1 < i < n. Consider n nonintersecting simple paths v; : r; — s; on G,
and write T' = (y1,...,vn). If Ayp = cup/ degg(u) for (u,v) € € and 0
otherwise, then

wrerw (I') = K x wgp(I'), (3.171)
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where K = K(Gs, ) is independent of I'. As a consequence, PLgrw (I') =
Pgr(T).

Proof. Let M be the matrix defined by M, , = degy(u) dy,, for u,v € V.
Then A = M(I— A) and

C(T)deg,(S)  det (I—AD)  det AT) deg,(T)

wsrw (I') = deg (T) det(I — A) det A . ’172>

where deg,(S) and deg,(T") are the products of the degrees (on Gs) of

all vertices belonging to S and I', respectively. Hence we find

deg,(5)
K= 5 1
det A’ (3.173)

which concludes the proof. O

A less explicit argument for the equality between the LERW and SF
measures for multiple paths, based on Wilson’s algorithm (Theorem 3.7),
was given in [83]. The idea consists in picking an enumeration of the
vertices of G, such that s and R = {ry,...,r,} appear first, and then
growing a SRW from 7 to s exiting G through the edge (s1, s), followed
by a second SRW from 73 to s through (s2, s) that does not intersect the
loop erasure of the first SRW, and so on, such that the jth SRW from
rj to s through (s;,s) does not intersect the loop erasures of the first
j—1 SRWs. The algorithm resumes as in Theorem 3.7 when the n paths
from R to S have been constructed, and yields a spanning tree associated
with a unique spanning forest with n+1 trees (each of which containing
a pair 7;, s; or the root s), obtained by removing the prescribed edges
(81,8),...,(8n,s) from the spanning tree.

Finally, note that the requirement that si,...,s, be neighbors of the
root may be relaxed, allowing some or all of them to not be connected
to s on Gs. If this is the case for k elements of S—say s1, ..., sp—define
a modified graph G¢ by adding k edges (s;, s) to G5 such that

(AS)s;o = (1 —€) X (Ag)s;0 for v#s,  (AS)s;s =6, (3.174)
for 1 <7 < k. The weight of any n-tuple I' on G; then reads

wierw () = & wiprw(T) + ... (3.175)
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at leading order in ¢ ~ 07, with wpgrw(I") given by Eq. (3.170). Con-
sequently, the result of Proposition 3.9 is valid in this setting as well. A
similar argument can be made if s is entirely disconnected from the rest
of the graph.

The equality between Pygrw and Psp holds therefore for any positions
of the extremities of the paths, on any unoriented connected graph,
with or without a root. However, concrete computations of probabilities
require knowledge of the explicit expressions of the partition functions
for certain classes of walks from R to S (see Sections 3.1 and 3.3). The
only case for which we have been able to derive such expressions is for
paths between boundary vertices of graphs embedded on surfaces (with
noncrossing edges), with uniform conductances (see Section 3.2).

3.5 Comparison with SLE/CFT results

Let us now discuss how our formulas compare, in the scaling limit, with
known results obtained in the framework of Schramm-Loewner evolu-
tion (SLE) and conformal field theory (CFT). We concentrate here on
the case of the upper half-plane H with Dirichlet boundary conditions,
which is the canonical setup for both SLE and CFT on domains with a
boundary.

The original formula for the left-passage probability for a single SLEs
curve is due to Schramm [145]. Its generalization to multiple ran-
dom curves was first discussed in [60], in which the authors provide
explicit formulas for n = 2 curves only and k = 0,2,8/3,4,8, us-
ing the correspondence between SLE, and a CFT with central charge
c= (3k —8)(6 — k)/(2rk) [8,56] (a more rigorous SLE approach has re-
cently been developed in [107], again for n = 2 curves). Their computa-
tions make use of the fact that conditioning an SLE partition function on
the existence of a curve connecting two boundary points x1, zs is equiv-
alent to inserting a boundary operator ¢ at x1,x9 in the corresponding
CFT correlator [8,27,56]. The field ¢ has a weight hy = (6 — K)/(2k),
and is degenerate at level two; thus yielding a second-order differential
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equation for any correlator containing a ¢ [12]:
(e Z; = Z e -
(0(21)02(22) . .. Or(2k)) =

where x1 € OH, z; € H and O; are arbitrary fields of weight h;, 2 < 7 < k.
The condition that a random curve from x; to z9 leaves a point z to

its left or right is implemented by the insertion of an indicator operator
X(z) of weight zero, treated as a local operator [9]. Explicitly, the scaling
limit of the probability that a simple path leaves z to its left (or right)
is then given by

) — (x(2)d(x1)0(x2))
P(z1,29;2) = S dm) (3.177)

The probabilities P, or Pg are found by solving Eq. (3.176) and imposing
different boundary values for P(z1, z9; 2) as a function of z. The gener-
alization to multiple curves in straightforward in the CFT framework,
and yields

L X(F)R(x)

P(x; 2) ) (3.178)
where x = (x1,x2,...,72,) and ®(x) = ¢(z1)p(z2)...¢(x2,). Here
X(z) is any of the indicator functions that each curve leaves z to its
left or right. As for a single curve, the boundary conditions allow us to
determine which case is computed, as well as the way the x;’s are paired
together. Due to the level-two degeneracy of ¢, both the numerator and
the denominator of Eq. (3.178) satisfy 2n BPZ equations of the form of
Eq. (3.176). Particularizing to x = 2 (which implies that ¢ = —2 and
hg = 1), we find that the equation with respect to x; for the numerator

reads:
2n
1 1 1 1 1
S02 - O, — d, — 0z
(2 S <»’61—$z‘ e (331—%)2) T-z” @ F Z)

(x(2)®(x)) =
(3.179)

The corresponding equation for the denominator (®(x)) is the same
except for the last two terms, which are absent. In [60] the authors
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noted that solving these coupled equations is already too difficult for
n = 2, even when the endpoints of both curves are sent to infinity.
They considered the limit of “fused” curves, namely, when the distance
between the starting points of the curves goes to zero, for which they
found analytical solutions of the fused BPZ equations. Their results for
k =2 read, with z =z + iy and t = z/y,

1 1

i 9m2(1 + t2)3
+9(1 + %) arctan(t) (2> — w(1 + %)% + (1 + *)* arctan(t))],
Prr(t) = PLr(—t), Pgru(t) =1 —PLL(t) — Prr(t).

Prp(t) = (=16 — 9% + 9t*) — 97 (¢ + ¢°)

(3.180)

In comparison, note that our results for two curves on the upper half-
plane are valid for any positions of the starting and ending points, pro-
vided their order is fixed: 7 < x9 < x3 < x4. Their explicit expressions
can be found using Eqgs (3.124) and (3.125), in which the Green func-
tion and its derivative are replaced in the scaling limit with the excursion
Poisson kernel P and its derivative P’, as argued in Section 3.2.1. For
instance, if x1, xo are paired with x4, x3, respectively, the winding prob-
abilities read in the scaling limit

Prr(14]23) = 1 — Prr.(14[23) — Prr(14[23),
P13 Py 4P 3P24—P14P) 3P, Pos

Prr1.(14|23) = — 2Prr(14]23),
rr(14(23) P13P24—P14Po3 rr(14]23)
PRy (14]23) = —P , P4 4P| 5Py —P)  Phs
P1)3 P2,4_P1’4 P2’3
(3.181)
where P = Plai, i ) and P;,j = P'(w, Ty, z) are given by
1
Plos ) — L
(-’157,7«73]) 7'['(1’Z 7‘%])27
Pz, 242) = — 1 (arg(z —x;) —arg(z —x .))
PRVl 71'2(171‘ _ 133)2 ;
1 Re[(z — ;) (2 — ;)] Im[(z — 2;)(Z — ;)]
MR — ;|2 |z — ;]2 :
7 (x; — ;) F—zP 7 -]

(3.182)
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The probabilities (3.180) are recovered by taking the limit 1, x9 — —00
and z3,r4 — 0 in Eq.(3.181).

A further consistency check of the CF'T interpretation consists in show-
ing that the (scaling limit of) the six distinct winding partition functions

Z1u[12(34], Zr[12|34], Zry[12]34],
Z11[14]23), Zre[14|23], Zrg[14]23]

all satisfy Eq. (3.179). It is indeed the case, and a similar check holds for
the total partition functions Z;[12]34] and Z;[14|23]. More generally, it
would be interesting to provide the same validation of the CF'T version of
Schramm’s formulas for any number of curves. While the total partition
functions Z;[o] have been proved to satisfy the BPZ equation in [83], the
analogue check for the winding partitions functions Z[&] is more difficult
and remains to be done.






Conclusion

In this thesis, we have shown how a complex connection on a graph
and the associated line bundle Laplacian may be used to compute span-
ning forest events on certain types of graphs. The main tool is the
grove theorem (Theorem 1.5 [91]), which generalizes Kirchhoff’s theo-
rem for combinatorial objects ressembling spanning forests called (ori-
ented) cycle-rooted groves. Although the quantities of interest in this
dissertation—partition functions of spanning forests with fixed topolog-
ical properties—are defined independently from any connection on the
graph, they may be computed by introducing a nontrivial connection ®
supported on a zipper, and by taking the limit & — I in an appropriate
manner.

For the Abelian sandpile model (ASM), we have illustrated how this new
technique dramatically reduces the complexity of computations com-
pared to standard graph-theoretical methods. We have used this tech-
nique to evaluate new lattice correlators, some of which we have been
able to compare (successfully) to conformal correlators. While our re-
sults strengthen the validity of the current conformal conjectures for the
ASM, they have not provided any new insight to better understand the
CFT in play. A major step in that direction would consist in the com-
putation of joint probabilities for multiple heights strictly larger than
1 on the lattice(s). The grove theorem, together with the relation be-
tween joint height probabilities and fractions of spanning trees given in
Section 2.1.3, should in principle be applicable in this case as well. How-
ever, as explained at the beginning of Section 2.3, using a single zipper
does not suffice for multiple nonunit heights. As the introduction of the
zipper is a mere computational trick on annular-one graphs, it is not

171
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clear how (or even if) a connection may be used to compute partition
functions for multiple clusters of nodes far away from one another.

The second part of this thesis has dealt with loop-erased random walks
(LERW), for which a discrete version of Schramm’s formula has been
established through the relationship between the LERW and spanning
trees. We have given several explicit expressions for this formula in the
scaling limit, for various domains and combinations of Dirichlet and
Neumann boundary conditions. Relying on the grove theorem once
again, we have generalized Schramm’s formula for multiple noninter-
secting LERWSs on a planar graph. Quite remarkably, our result (The-
orem 3.4) depends only on the standard Green function of the graph,
and holds for any number of paths, positions of the nodes along the
boundary, node connectivity, and combination of boundary conditions
(Dirichlet and Neumann).

A natural direction to investigate would be the left-passage probability of
a single curve with respect to two marked faces (or points in the scaling
limit). The unique case for which this probability has been computed in
the SLE/CFT framework is for k = 8/3 [150] (with a more rigorous proof
given later in [13]). For a LERW, using a complex connection supported
on two zippers with respective parameters z and w, one attached to
each marked face, does not suffice to find combinatorial expressions for
the partition functions of interest (indeed, the same product of parallel
transports would be assigned to topologically distinct classes of paths).
A more appropriate approach has been sketched in [91], and requires
one to use a matrix-valued SL(2, C)-connection (for which an equivalent
of Theorem 1.4 exists [88]). Knowledge of the associated vector bundle
Green function in terms of the standard Green function would however
be required for explicit computations, and is still lacking at the moment.

Finally, we mention two lattice models for which the use of a line bun-
dle Laplacian might lead to interesting developments. The first one is
the Ising model, whose partition function in the high-temperature rep-
resentation may be written as (the square root of) the determinant of
an adjacency matrix through the Kac-Ward formula [82,136]. Its recent
generalization to graphs on surfaces has yielded an unexpected relation
between the Kac-Ward matrix and the determinant of the line bundle
Laplacian [33,34]. Whether this might allow one to make progress to-
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ward the derivation of Schramm’s formula for the Ising model remains
however to be seen. The second model is the so-called double dimer
model, whose configurations are obtained by superimposing two indepen-
dent dimer configurations, thus forming cycles and doubled edges. Paths
between boundary vertices can be obtained by imposing fixed boundary
monomers in one of the two superimposed dimer configurations. Recent
results for this model include a generalization of Kasteleyn’s theorem
for the partition function on graphs equipped with a connection and (a
sketch of) Schramm'’s formula for a single double dimer path [89]. Due
to striking similarities between the spanning tree model and the double
dimer model, it is reasonable to think that analogues of Theorems 1.5
and 3.4 exist for the latter model as well.






Appendix A

Green functions

In this appendix, we briefly review the Green function in presence of
a zipper, following [91], and in particular the way the first derivative
can be computed. As required by the calculations presented in the text,
we consider the Green function and its derivative on the infinite planar
graph Z?, the half-infinite planar graph Z x N*, the infinite triangular
lattice L1, as well as local modifications thereof by which a finite number
of edges are removed.

A.1 Zipper on the plane

The type of spanning tree probabilities we want to compute requires the
knowledge of the Green function G, ,(2) = (A71(z))y,, on the plane, in
presence of a (semi-infinite) zipper. The Green function depends on the
parameter z carried by the zipper, however the full dependence on z is
not needed; only its zeroth and first orders around z = 1 are required.
By writing the Laplacian A(z) with the zipper as a perturbation of the
standard Laplacian A = A(1), one obtains [91]

Guw(2) = Gup — (2 — 1) Z <Gu,k Gro— Guy Gk,v) +0(z-1)%

(k£): b1, =2
(A.1)
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On the square lattice Z?2, the zeroth order Gup = Gy (1) is the standard
Green function, given by

a T da d/B ei(ap+BQ)
e /_7r 8m2 2 —cosa — cos 3

™ da tIQ‘eiO‘p
e

. 4w V=1

with y(a) = 2 — cosa and t(a) = y(a) — /y(a)?2 — 1. Although the
integral is divergent, the difference G, ., — Goo is finite for any wu,v.

Glv—u) =

(A.2)

The leading asymptotic behavior for large distances |u — v| as well as
finite-distance values are well known [153]. Subleading terms in the
large-distance expansion of G, in inverse powers of r = |u — v| have
been computed in [62]. With v — u = rel?, the first few terms read

cos 4
247 r2

1 3
Guw = Gop — —(logr—i—'y—{— flog2) +
s 2
l(Scosékp 5cos8g0)

rt\ 80w 967
l<51 cos8p  3bcos 12@) (A.3)
r\  224r 1447
1 (217COS 8¢  4bcos12¢  1925cos 16@)
r8 6407 167 768
From (A.1), the first derivative G}, , = 8.Gu(2)|,_, is given by
G{LL,U = Z (Gu,ﬁ Gk,v - Gu,k G&v) . (A4)
(k,0): bp,e=2
It satisfies the useful identity
(AOG/)U,U = — (G/Ao)v,u = Z |:5u,€ Gkﬂ) — Ou ki Ggﬂ):| . (A.5)

(k,8): i 0=2

We note that G’u’v has the same singularity, proportional to Go g, as Gy
itself, with however a main difference: the coefficient of G is constant
for G, but is a complicated function of u,v for G, .

On Z?, the summation in (A.4) is infinite, but can be reduced to a

/

finite sum by combining three ingredients: the antisymmetry of G, ,,

the rotation and translation invariance, and deformations of the zipper.
The symmetry of the Green function implies the antisymmetry of its first
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Figure A.1: Zipper forming a closed loop L. The arrows indicate the
oriented edges on which the parallel transport equals z.

derivative, G, , = —G, . Rotation and translation invariance of G, ,
are manifest provided u,v and the zipper are all rotated or translated
simultaneously.

Finally, the derivative G, ,, only depends weakly on the location of the

zipper. For fixed u, v, the zipper can in fact be freely deformed—keeping

!
U,V

the zipper line is moved over u or v, in which case the move brings an

the endpoints fixed—without changing the value of G, ,, except when

extra contribution.

To show this, we consider the derivative G;}%Op as given by (A.4) for a
closed zipper loop L as in Fig. A.1. Let us denote by Sr the subset
of vertices that lie inside the contour L. Since the contributions of an
oriented edge (k, /) and its opposite (¢, k) cancel each other out in G’,
one can extend the summation to all edges (k,¢) such that k is in Sg:

Gl =— " (GmkG&f_GmthJ

(k,0)eL
= — Z (ka Gg,v - Gu,é Gk,v)
(k,0): k€S,
— _ Z [ka <4Gk,v — (AOG)k,U> — <4Gu,k — (AOG)u,k) Gk,v}
keSy,
= Gy (k0 — Okyu)-
keSy,

(A.6)
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With respect to a pair of points A, B on the loop L, one can compare
the values of G, , for the two zippers with endpoints A and B, one going
through the lower-right of St, the other going through the upper-left of
Sr. The two stretches can be considered as deformations of each other,

except for the orientation of the arrows. Since reversing the arrows

1
u,v?

merely changes the sign of the corresponding G, ., the full loop contri-

. 3t . /1
bution Gy may be written as Guy’ = G2V — G4 for a proper

choice of orientation of the arrows. The identity (A.6) then shows that

Guw if the zipper has crossed v only,

G/mew _ cyrold _ —Gy,p if the zipper has crossed u only, (A.7)
u,v u,v .
0 if the zipper has crossed none or

both of u, v.

According to our convention of which is the new zipper and which is
the old one, the vertices u,v are crossed in the direction of the arrows
attached to the moving zipper. If they are crossed in the opposite di-
rection, the difference (A.7) changes sign.

Let us illustrate how G’

up Can be computed in closed form for the par-

ticular case of the zipper {(0,m), (1,m)},, <, on the square lattice, using
the previous observations [91]. We shall compute the derivative G, , for
u=(—1,1) and v = (5, —2), following the steps pictured in Fig. A.2.

We begin by rigidly rotating the whole lattice (zipper and marked points)
by 180° around the black dot to which the zipper is attached. Under this
rotation, a vertex x is mapped to 2’ = (1,1) — x, so the two reference
points (—1,1) and (5,—2) are mapped to v’ = (2,0) and v' = (—4,3)
respectively, while the zipper is now pointing upward (indicated by an
up arrow in the middle equation below). To put the zipper back in the
original position, we rotate it by 180° to the left, this time keeping the
marked points fixed. In the process, the zipper goes over v’ = (—4,3) in
the direction of the arrows, producing an additional term:

_ 't _
G/(fl,l),(5,72) - Gl(z,o),(74,3) - G/(2,0),(74,3) - G(2,0),(74,3)- (A-S)

In the next step, we add a finite number of zipper edges so that the
endpoint is in the same relative position with respect to v’ as it was
with respect to w in the original configuration. In our example, one
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Figure A.2: Computation of G/, , for u = (—1,1) and v = (5, —=2). The
boxed vertex corresponds to the first argument of the derivative of the
Green function G’. The six panels (a)—(f) illustrate the transformations
and deformations explained in the text.

needs to add the following set of five edges:

E={(0,1,0,1), ((0,2),(1,2)), ((0,2),(0,3)).

(A.9)
((-1,2),(~1,3)), ((-2,2), (—2,3))}.

Deforming the zipper again to make it go straight down, we recover the
original relative positions of the vertices with respect to the zipper. A
rigid translation puts the whole configuration in the original position
except for the inversion of u and v (the square box has changed place).
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In the example, one finds:

/ . e
(—1,1),5,—-2) = G(2,0),(-4,3) — G (2,0),(-4,3)
= Gl5-2)(-1,1) — G2.0).(-43)
+ Z (G 2,00,k Go,(-4.3) — G2,0),0 G, (-4,3)]
(k0O eE

1
= —5620),(-43) (A.10)

1

+ B Z (G 2,00,k Go,(~4,3) — G2,0),0 Gi,(~4,3)]
(k) eE

oo (15, 152 677 1559 1939

TN T I 32 " 2lx 9072’

where Gg g is the divergent part of the Green function.

Proceeding this way, one obtains the values of the derivative G, , for
the origin and its four nearest neighbors, with the same zipper loca-
tion as in the previous calculation (see Table A.1). These are the only

values of G}, needed to complete the computation of the single-height

u,v

probabilities of Section 2.2.

A.2 Zipper on the upper half-plane

On the upper half-plane, a zipper going out from an inner face can be of
essentially two different kinds, either going off to infinity or terminating
somewhere on the boundary, as illustrated in Fig. A.3. It is semi-infinite
in the former case, finite in the latter. Despite this seemingly substantial
difference, the derivatives of the Green function associated with them
are closely related, as were those associated with two different zippers
on the full plane. As shown in Appendix A.1l, two zippers on the full
plane starting from the same point and going to infinity in different
directions are deformable into each other; the associated Green function
derivatives are equal or differ by =G, ,. The same relation holds on the
UHP.

Let us first consider the zippers Zo and Z3. Each one involves a nontrivial
parallel transport on a boundary edge. According to (A.4), the Green

function derivatives Gﬁg/ Cl(Zg) and G’ff/ Cl(Zg) are given by finite sums
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Gl (1,0) (0,1) (=1,0)
(1,0) 0 3Go0— 35 Goo(l—7) —3+3%
(0,1) —1Goot+5= 0 Goo(3-%)-£&
(=1,0) | Goo(—=1+1)+2—2 Goo(—3+1)+& 0
0.-1) | ~Goo(3+1)+d  —2Geoti-&  Goo(d-2)-i+i
(0,0) —2Go,0+35 —1Goo+3s Goo(5—%)+35

G (0,-1) (0,0)

(1,0) Goo(s+7) — 5% $Go.o—35

1

(0,1) +Goo—8+1= 1Go0— 55
(=1,0) | Goo(—3+2)+31—% Goo(—%+

0.~ 0 Goo(3=2) +%

(0,0) Goo(—3+2) -3 0

Table A.1: Values of the Green function derivative of the square lattice
around the origin, with respect to the zipper depicted in Fig. 2.7.

over two different sets of edges, where the Green function G is to be
replaced with the form appropriate to the boundary condition. Let us
now observe that either sum may be extended to include all or some of
those edges depicted at the bottom of Fig. A.3. Indeed, any of them
brings a zero contribution to the sum, since

Gu,(z,l) G(m,O),v - Gu,(z,(}) G(z,l),v

vanishes identically for both boundary conditions. For the open bound-
ary, the relevant Green function G35, vanishes when one of its arguments
is on the line y = 0; while for the closed boundary, it satisfies the iden-

tities G =@Gd

(1) 0,(2,0) and G((ﬂx,l),v =G4 for any sites v and v.

(z,0),v

Instead of using the zipper Zs, we can complement it with the seg-
ment lying between the two endpoints of Z; and Z3. We then see that
the so-extended Zg line together with the Zs line form a closed circuit.
The result of Appendix A.1 implies that the Green function derivatives
G;ZIZ/ CI(ZQ) and Gluoﬁ/ Cl(Zg) are equal or differ by a factor iGZI?U/  depend-
ing on whether u and/or v are in the region delimited by the zippers Zs
and Zs (including the boundary sites). We note that the fact that the
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70

73

Figure A.3: Three possible zippers on a semi-infinite annular-one graph,
starting from the same point, the black dot inside the inner grey face,
and terminating at infinity or on the boundary. The stretch at the
bottom does not contribute to the Green function derivative, but helps
to close the zipper lines.

edges at the bottom are outside the domain of interest does not alter
the argument.

The same argument allows one to relate the Green function derivatives
associated with Z; and Zs. Extending Zs by the line going from the
boundary end point of Zo to the left infinity shows that this extended
zipper line is deformable to that of Z; (through the point at infinity).
Hence, the corresponding Green function derivatives are equal or differ
by :tGZf’v/ cl depending on whether v and/or v are crossed when the lines
are moved.

Therefore, any choice of zipper, be it finite or infinite, is equally good
as any other; if the Green function derivatives are not equal, though
closely related, they should yield the same results when computing grove
probabilities. Let us consider the specific zipper Z; in Fig. A.3, starting
on the edge ((1, y+1),(0,y+ 1)) and going upward, which is the zipper
we used in the calculations of Section 2.4, see Fig. 2.10. For the open
boundary condition, the corresponding Laplacian is noted A°P(z), while
G°P(z) is its inverse.
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It is not difficult to see that G°P(z) can be related, by the method of
images, to an inverse Laplacian on the full plane. Because the method
involves a reflection through the real axis, the relevant Laplacian on the
full plane must be defined relative to two semi-infinite zippers, namely
the original zipper Z; in the UHP and its reflected version Z], starting
on the edge ((1,—y — 1),(0,—y — 1)) and going downward. We shall
denote by A*(z) and G*(z) the corresponding Laplacian and its inverse.
The double zipper Z; U Z7 on the plane ensures the following symmetry
G} ,(2) = G}, «(2) whenever u = (u1,0) is on the real axis, where
v* = (v1, —v2) is the reflected site of v = (v1,v2). It then follows that
G°P(2) is equal to

GP(2) = G, (2) — Gy« (2), u,v € UHP. (A.11)

At order 0 in (1—z), it yields the usual relation (2.54), while at order 1,
we obtain,

Gh =G, +Gl, — Gl —Gl., v =(n,-w), (A12)
where the up (resp. down) arrow refers to Z; (resp. Z7j).

A translation and a change of orientation, combined with a reflection for
Z,, bring the two zippers Z; and Z] onto the zipper we have used on the
plane in Sections 2.2 and 2.3 (namely, starting at the edge ((0,0), (1,0))
and going downward). We therefore find the following relations:

Gl,=-Gl..

Gli ) (0,y+1),v*+(0,y+1)° (A.13>

el
u+(0,y+1),0+(0,y+1)°

where G’ is computed relative to the zipper we used on the plane. Com-
bining the previous two equations, we obtain Eq. (2.56):

/op _ ! _ /
(u1,u2),(vi,02) — G(Ul,—U2+y+1),(v1,—v2+y+1) (u1,u24+y+1),(v1,v24+y+1)

/ /
+ G(m,—U2+y+1),(v1,v2+y+1) + G(u1,u2+y+1)7(v1,—v2+y+1)’

(A.14)

The arguments are easily adapted to the closed boundary condition by
taking into account the appropriate reflection, leading to

G =Gl + G+ G+ G, v = (1) (A1)
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Paying attention to the way the zipper Z; must be reflected readily gives
the expression quoted in the text, in (2.57). Similarly, one finds that the
corresponding derivatives on the diagonal upper half-plane are given by
Egs. (2.63) and (2.64).

A.3 Modified graphs

Most of the spanning tree computations presented in the text involve the
removal of one or more edges from the graph G = Z2 or G = Z x N*. The
resulting Laplacian A(z) on the modified graph G is a local perturbation
of the original Laplacian A(z) on the full graph by a matrix of finite
rank. The inverse G = [A(z)]! and the determinant of A(z) can be
computed in terms of the corresponding quantities for A(z) by making
use of the Woodbury formula. As A(z)' = A(z7!) and A(z)! = A(z71),
the modified Laplacian can be written as A = A — UtU if the removed
edges have a trivial parallel transport. In which case the Woodbury
formula implies

A=A AU A-UATTUN) I UATY,  (A16)
det A = det A x det(I — UATLUY). (A.17)

When the perturbation U'U has finite rank r, the matrix U may be
taken as an r x oo rectangular matrix. Then the matrix to be inverted,
I - UA~UY, is r-dimensional, as is the last determinant on the second
line. If U'U has rank 1, the Woodbury formula reduces to the Sherman-
Morrison formula.

Let us first illustrate the use of the Woodbury formula when two edges
are removed, as was the case for single-site probabilities on the plane,
reviewed in Section 2.2. The computations required to remove the two
edges {5,2} and {5,3}. The only nonzero entries of the perturbation
U'U have row and column indices in the set {5,2,3}, and are given by

2 -1 -1
UtU =(-1 1 o0]. (A.18)
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This matrix being of rank 2, a convenient choice is to take

1 -1 0
U:<...1 0 _1...>7 (A.19)

where the columns shown are labeled by the vertices 5, 2 and 3, all the
others being identically zero.

The matrices A and A in (A.16) depend on z, but for the purpose
of computing G and é,, only the zeroth and first orders in z — 1 are

required. By using the following explicit values of G, G’ on the plane,
see Table A.1,

1 1
Gas=Gs5=Goo— 7, Ga3=Goo— 1,

1 3 (1 1 1

55 = 1G00— 33, Gz =(5— 1)Goo— 1 (A.20)
;11 1

53= (1= 7)Goo+ 33,

one finds the expansion of (I — UA~U*)~! to first order,

@-va-tvh)t= T ( " ”_2>

2(7T - 1) T—2 T
(A.21)
Td—m) (0 1 )
16(m — 1) -1 —1)%.
* 16(m — 1) (—1 0) (2 )+ 0(z )
It leads to the following expression for G, valid to first order,
au,v = Gu,v + g(QGua5_GU72_Gu,3) (2G5,U_G27U_G37v)
T
—— (Gu2—Gu3) (Goy—Gsy
" 2(71'—1)( 2=Gu3) (G20—Gs)
w(4—m) (A.22)
— 7 (z—1 w2—Gu3) (2G5.0—Gov—Gs.
32(7r—1)(z ){(G 2=G 3)( G5,,—G2,u—Gs3, )

(2005 CurGus) (GroCs) b+

from which the explicit formulas for G and G’ needed in Section 2.2
are easily derived. The ratio of partition functions, needed in the same
calculations of Section 2.2, is straightforward to compute in the limit

z— 1: _
detA

det A

1
det(I - UA-IUYy = ==

T2

Z
Z - (A.23)
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In the calculation of multisite probabilities presented in Section 2.3,
extra lattice changes were to be considered, namely the removal of three
edges in the neighborhood of each height 1. For simplicity, let us focus
on Py 1 (), which was shown to be given in terms of essentially the same
grove fractions as for Po, but on a lattice G obtained from Z2 by cutting
three edges around the height 1. One may therefore proceeds in two
steps.

The first step relates the Green function G(z) on the fully modified
lattice G to the function é(z) pertaining to G. For this, we use the
Woodbury formula (A.16) with the matrix given in (A.19). Because the
entries G, ,(z) are only required for u,v close to site i (where the height
2 is located), see the expression (2.43), we similarly need the entries of
G (z) for sites close to i.

The second step is to relate G(z) to G(z), the z-dependent Green func-
tion on the usual square lattice Z2. For this, we use a second matrix V
implementing the removal of the three edges between site 7 and sites 8,
9 and 10, as pictured in Figure 2.9. Again, a convenient choice is to set

V=1 0 -1 0 - |. (A.24)

However, since V' is located around the distant site j (with height 1),
the Woodbury identity shows that the calculation of G ,(z) for u,v
close to site i requires the knowledge of Gy, ,(2) for u and/or v close
to site j, namely far from the head of the zipper. The zeroth order in

z — 1, namely G, is well known and has been recalled in (A.3). To

compute the first order Gﬁi’v, the technique reviewed in Appendix A.1 is
no longer helpful, as one would need to add an arbitrarily large number
of new zipper edges. Indeed, we found it more convenient to resort

to the defining expression (A.4) for G

up 0 which we use the integral

representation (A.2) of G, ,. In this way, the infinite summation over
the edges of the zipper can easily be carried out.

As an illustration, let us review the calculation of G, , where u = (0,0)
is the origin and v = 7= (p, q) is the site 7 (the height 1). As before, the
edges crossed by the zipper form the set {(k,¢) = (k,k + (1,0))} where
k runs over the sites (0, —m) with m > 0. For simplicity, we assume ¢
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to be positive and large, and show later on how to deal with other cases,
i.e. ¢ small and/or negative. Since calculations of two-site probabilities

in Section 2.3 are carried out to order r—6

, our purpose here is likewise
to obtain the asymptotic expansion of G - to that order. According to

(A.4), and for ¢ positive, it is given by

07 = Z(Go ¢Grir— Gor Gy

= Z (G(1,m) G, g+m) = GO,m) Glp—1,q+m))

m=0
Z // qudOQ cos paq cos ag — cos|(p—1)a] tq+m o
m>0 V y1 Ly ?Jg 1

™ day 4 dag cos pag cos ag — cos[(p—1)ag] 1
2w A /yl 1 y%—l 1—7‘5]_752’
(A.25)

where y; = y(«;) and t; = (o), defined right after (A.2).

The principle underlying the asymptotic evaluation of this double inte-
gral is simple [81]. One first observes that the function ¢; of a; decreases
away from the origin. From t; ~ 1 — a3 +... for small a1, it follows that
for large g, tY ~ e79% decreases exponentially (with polynomial correc-
tions, see below). This suggests to expand the rest of the integrand in
powers of a1 and simply integrate term by term. A simple dimensional
analysis shows that the integral of e"9*1a} contributes to order (k1)
so that the expansion of the integrand to order o is sufficient. In fact,

the only integrals we shall need are the following one,

0 .
/ dag e™ I M(A log ay + B)
0 a (A.26)

= %{2B — A[log (p? + ¢*) + 27] } arctan g,

and its p- and g¢-derivatives (in order to bring higher powers of «; in
the integrand). The extension of the integration domain from [0, 7] to
[0,00) is valid up to exponentially small corrections.

The idea just explained is simple but requires extra care for two reasons.
First, the naive expansion of the integrand in powers of a1, before doing
the integral over ao, is not allowed because it yields increasingly singular
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functions of a, which are not integrable. And second, as noted above,
G{)f is expected to contain a divergent piece proportional to G g, which
needs to be properly identified.

In order to handle these two difficulties, we split the expression (A.25)
into three pieces,

cos pay (cos aig — 1) 1

da1 /
!
- da (A.27)
o /0 2Vt - v — 1 1=tity
+/ d;oz; t{ 7 oy S5 P — cO8 (p— 1y
o 4yt —1Jo s —1
1 1
— A28
X(l—tltg 1—t1> ( )

+/ da1 / da cospa; —cos(p—1ag 1
a2 3
0 \/y — ys — 1 -t

(A.29)

which we call respectively G, G2 and G.

First contribution. We rewrite the function of as involved in G as

{ cosap — 1 a1+ 1% + 120 } L + 15 + 10 (A.30)

VY2 —1(1 = titp) 2/ -1 2y —1

where y3 = y(a1 + a2). In the first term inside the brackets, the sub-

tracted term is such that the expansion in a4 to order 6 produces coeffi-
cients that are regular functions of g, which can be integrated exactly,

/ﬁdag{ cos g — 1 oq—l- +120}
0 VE—1(1—tity) 2/ -1 (A.31)
3r o Tof 1378 N

4 42 192v2 3072002

The function in the second term of Eq. (A.30) can also be integrated

exactly and then expanded for small oy,

™

dao \/Qcos% Tt+ai
= [—arcthi]
My%—l \/3 —cosagla
3 of | _af (A.32)
—logay + 10 2—|———i—— .
s 82T ov2 24 T 3

_43af | 11} 94909
5760 = 512042 725760
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The two terms together and the further expansion of (3% — 1)_1/ 2 yield

3 Td 3
G1=—8G0,F+/ %t% cospa1{(—10g041+§10g2)
0o o7 (A.33)

(1+32) 24 5760

Second contribution. We use the same subtraction trick to rewrite
the function in (A.28) as

1 ( 1 1> 14249 +§2§5
1/y%_l 1—t1t2 11—t ‘/91 1/y3

19a8
1 + + 9(13 + 5766

?/1 1\/93_1

and apply the same method as for G;. The integral of the function in

curly brackets yields
/”d 1 ( 1 1) 1ol o g o
a [R—
S BV e R T 70 AN s s
1 11a2 787}
= + + +
2v/2  96v2  46080v/2

Together with the previous result (A.32), simple trigonometric identities

(A.34)

and a few more expansions in «aq, it leads to the following expression for
G27

Tday 4 3 a? 430}
Gy =— [ Sk {(-1 Zlog2) (1 -]
2 / sr2 1 cospary (= logan+; log2) +32)+24 5760
2 ap 43a3 94903

3
— q - T A
/ t smpoq{( log aﬁ- log 2)( a; 6 + 720 60480)

ar Tad 4607041 }

12 320 725760

(A.35)

Curiously, the first integral is exactly the opposite of that in G1, so that
the two cancel out.

Third contribution. The last contribution (A.29) is the simplest one
since the two integrals are decoupled, the one over as simply giving a
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multiple of Gog. A few expansions yield

™ doy 1 1 o o a3
Gz = -G —tq{' — o ——=-1__1
3 0’0/0 o VP (45 - 5~ T g
5af o3 1 o1 o 1943
@—302404—...)4—(308]90&1(54-?—%4‘ 19204_“‘)}'

(A.36)

The last step before doing the remaining integrals is to recast ¢{ into a
more workable function. The expansion of logty,

3 5 7
o] a) - T9aq
. A.37
12 96 40320 T ( )
shows that the following expansion is sufficient to finish the calculations
to the required order,

3 5 2.6 79 7 2.8 3.9
td — g9 <1+qa1 qog | q70g o g a1+ q Qg + ) (A38>

12 96 288 40320 1152 10368

By using the integral (A.26), the rest of the computation is straight-
forward. For completeness, we give the final result, more conveniently
expressed in polar coordinates, p = rcosy, ¢ = rsinp with 0 < ¢ <,
so p? + ¢® = r? and arctan (p/q) = 7/2 — ¢:

a . —a (£ 5 cos p—sin _ 3 cos2p—sindp
0= 7002 8 Arr 24712

cos 3+ sin 3¢+ cos Hy— sin Hy
a 16773

27 sin 4p+60 cos 6p—25sin8p  5[cos T+ sin T+ cos 9o — sin 9]
B 480 77t B 32715

189 cos 6¢+972 sin 8¢+2205 cos 10 —980 sin 12¢p
B 4032 776 T )

. Sm—4 sin 4 18sin 4¢+25sin 8

~ (logr++3log2) ( N 167; 487r2f2 96((?;%4 .

459 sin 84490 sin 12¢ n )

4032 7276
1 cosdp 18 cosdp+25cos8p 459 cos 8p+490 cos 12¢p
—7(57r74g0)( 55 51 5 Jr)
4 4872y 960 727 4032 w276
sinde  90sin4p+4137sin8p 3483 sin 8p+-3805sin 12¢ n
3272y2 2304 7274 11520 7246 o

(A.39)
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The expression, albeit complicated, remarkably simplifies for diagonal
s

positions ¥ = (p, p) (ga = Z) and vertical positions 7= (0, q) (go = %)

1 1
t = =l 3
GO,(p,p) - _§G0,0 + e ( logr + v+ 5 log 2)
1 7 31

. . A4
+ 487r2 960 w4 + 4032 7rb * (A-40)
Gt — Gy (-2 + 1 + : + ! + ! + > + L
0,0,9) = FOON TR T e T 8ar2 T 8ard | 8ard | 16md | 3276

1
64mr2

3 3
+E(logr+7+§log2) -
43 949

T 19807 5376716 T

(A.41)

This is best understood using the technique reviewed in Appendix A.1,
which enables us to write Gi)ﬂ* as a finite sum whose number of terms
grows linearly with p or ¢. In case p = q or p = 0, huge cancellations
happen, and we are left with only a few terms:

1
0.0 = ~5G(@:p); (A.42)
1 1 1

Next we discuss the extension of G6F with r > 1 tonm < ¢ < 27.
Remember indeed that the developmént presented above only holds if
q=rsing > 1. If ¢ is small (i.e. ¢ close to 0, 7 or 27), GE),F can still be
evaluated for [p| > 1 using transformation properties of G’ under zipper
deformations:

va(pvq) = va(_
! !
Go,(p.a) = Goy(

ap) — G0,00G(p—1,9) + G(1,0)G(p,q),  (A.44)

o-p T G(0,0)G(p,q — 1) — G(1,0)G(p, q), (A.45)

for p > 0 and p < 0, respectively. If rather |¢| > 1 but ¢ < 0, the
asymptotic expression of the derivative of the Green function may be
obtained from the following relation:

Gor=Go_r+ Goo[G(p,q—1) —2G(p,q) + G(p+ 1,q)]
(A.46)
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A.4 Triangular lattice

In this appendix, we first recall some exact values of the Green function
of the triangular lattice for small distances, as well as its asymptotic
expansion for large distances. Then we discuss the methods we used to
compute the Green function derivative on the full plane, with respect to
the zipper depicted in Fig. 2.14. We work out an example in details for
the short- and large-distance regimes, to illustrate the general principle
of computation. The analogous developments for the hexagonal lattice
will be skipped (indeed, remember that the Green functions of both
lattices are related through Eq. (2.106)).

A.4.1 Values of Green functions

In the coordinate system of Section 2.5, the Green function of the tri-
angular lattice was given in integral form in (2.85),

G(I17y1)7(z27y2) = G(r1—22,y1—Y2)

T A0, [T dfy el(@1=22)01+i(y1—y2)02 (A.A47)
- /_7T 271/_7r 21 6 — 2cosfy — 2cos by — 2cos(fy +63)°

One of the two integrals can be worked out explicitly, and leads to the
following result [3,37]:

™/2 49 e 12150 cos[(z + y)6]
Gy = [ <= , A48
R A = (449

where the function s(6) is defined as follows for 0 < 6 < 7/2:

5(0) = log [tané?\/4 — cos? 0 + \/4tan2 0 + cos? 0

20° 26 (A.49)
=30+ + +..
15v/3  135v/3

In Table A.2, we list the value of the Green function for small sepa-
rations [3], where Gpo = G(0,0) is the divergent part of the integral
(A.48). The large-distance expansion of G(x,y) can be computed from
the corresponding result on the hexagonal lattice [4] and is given by

cos 6

G(z,y) = GO, - W

+0(r7%),
(A.50)

1 1
—— (logr+~v+ =log12 | +
2\/§ﬂ_< g v D) g )
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where r = \/x2 + y2 — xzy > 1 and ¢ is the angle between the horizontal

axis and (z,y), i.e. * = rcosy + %sing@ and y = %sinap. Here
v = 0.577216... is the Euler constant.
¢z, y) y=-2 y=-1 y=0 y=1 y=2
MNP VY. S W IEY R R QY
_ 1_ V3 1 1 1_ V3 5_5V3
z=-1 3T ~5 ~%5 370 2T
4,23 1 1 4,2V3
=0 —3+tT ~% 0 ~5 —3+tor
r=1 5_5V3 1_V3 _1 _1 1_4/3
2 ™ 3 T 6 6 3 ™
el R o A o i T -

Table A.2: Values of the Green function of the triangular lattice for
small distances, with ¢(z,y) = G(z,y) — Goo-
A.4.2 Green function derivative for small distances

The definition (1.28) of the Green function derivative G’ with respect to
the zipper in Fig. 2.14 yields:

o0
G2$1,y1)7($27y2) = Z [G(mlayl)v(lv_k") G(Ov_k)V(a;va?)
k=0
= Glory),0.-0) G 1) (w2,9) (A.51)
+ G o), (1,-k) G0,-k-1),(22,02)
= Glar ), (0-k-1) G(L—k»(mz)] :
For generic vertices u; = (x;,y;), G’ must be computed through an

explicit summation over all zipper edges using the integral representation
of the Green function (A.48). However, if uj,ug are close to the head
of the zipper (i.e. close to the origin of the lattice), we can find the
value G’ using its symmetries and transformation properties recalled in
Appendix A.1.

Let us illustrate how these properties can be used to obtain an explicit
expression for the Green function derivative [91]. Consider for instance
the vertices u; = (0,0) and ug = (3,1) together with the zipper repre-
sented in the first panel of Fig. A.4. We begin by moving the head of the
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zipper while keeping u1, us fixed, that is, we add the following edges to
the sum in Eq. (A.51): (1,1)—(1,0), (2,1)—(1,0), (2,1)—(2,0). Then we
deform and rotate the zipper counterclockwise so that it points upward
(see panels (c)-(d) in Fig. A.4). Since in doing so we drag the zipper
across ug, the derivative picks up an additional term 4G, 4,. Finally,
we rotate the whole lattice by 180° to the left, with both wui,us and

the zipper included, and we shift it so that us now lies at the original

!
uy,u2

to recast G’(O 0),(3,1) @8 the sum of a finite number of terms. One finds

position of u; (and vice versa). The antisymmetry of G allows one

1
Glo0),6.1) = 5{G(o,o>,<1,1)G(LO),(z,l) = G0,0000n,6
+ G(0,0),2,)G(1,0),31) — G(0,0),1,0G2,1),6,1)
+ G 0,0),21G20),31) ~ G0,0),20G@21),61) — G(O,O),(3,1)}
1
- 5{G(l, 1)G(2,1) — G(1,0)G(2,0) + G(2,1)G(2,1)
— G(1,0)G(1,0) + G(2, )G(1, 1)
—G(2,0)G(1,0) — G(3, 1)}

5 43 107 8 3
= G _—— _—— —_— —_—
070(3 ) 72 " B 2n?
(A.52)

where the values of G(z,y) given in Table A.2 have been used together
with the symmetry relation G(3,1) = G(—2,1). Proceeding this way,
one finds the values of the Green function derivative evaluated at the
origin and its six neighbors with respect to this particular zipper, as
tabulated in Table A.3.

A.4.3 Green function derivative for large distances

On the upper half-lattice, the image method allows one to write G’°P
in terms of G’ on the full triangular lattice, with respect to the zippers
depicted in Figs. 2.14 and 2.17 for the full lattice and the half-lattice
respectively. In particular, for vertices u; of the form (a;, p+b;) with
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(d) o (e) W

Figure A.4: Computation of G’(O 0),(3,1) for the triangular lattice. The
boxed vertex corresponds to the first argument of the derivative G’. The
panels (a)-(e) illustrate the transformations explained in the text.

ai, b = o(1), Eq. (2.97) yields
/ op _ / /
G(al,p+b1),(a2,p+b2) = Y(—a1,-b1),(—a2,—b2) G(*a1,*bl),(P*a2+b2,2p+b2)

_ G/
(p—a1+b1,2p+b1),(—az,—b2)

/
+ G(p—a1 +b1,2p+b1),(p—az+b2,2p+b2)*
(A.53)

In Appendix A.4.2, we have shown how to compute the first term on the
right-hand side, using the transformation properties of the Green func-
tion derivative G’. The remaining terms can in principle be evaluated in
the same fashion. However, it would require the addition of O(p) extra
edges to move the head of the zipper, and then evaluating the resulting
sum for large p. Instead we found it more convenient to start from (1.28)
and the integral representation (A.48) of the Green function. As an ex-

ample, we compute the asymptotic expansion of G;lm for u; = (0,0),
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uz = (p,2p+1) in powers of 1/p:

0.0, p.20+1) Z[G(oo (1,1 G (0,-k),(p2p+1)
k=0
- G(O,O)7(0,—k‘)G(1,—k),(p,2p+1)
+ G0,0),(1,-k) G0, k=1),(p,2p+1)
- G(O,O)7(0,—k‘—1)G(l,—k),(p,2p+1):|
Z[ G(2p+k+1,p) — G(k, 0)G(2p+k+1,p—1)
k=0

+ G(k, —1)G(2p+k+2,p) — G(k+1,0)G(2p+k+1,p—1)
0 w/2 dé, w/2 dbs e—kSle—(p+k+1)82
Z/ /0 gsinel sin 09v/4 — cos? 61v/4 — cos? Oy
e *t cos[(k—1)01]cos[(3p+k+1)02] — e 2 cos[kb] cos[(3p+k)b2]

+ e~ 51752) cos[(k—1)6,] cos|(3p+k—+2)6s]
1752 cos{(k+1)01] cos{(3p-+k)0] .

O

X
—

(A.54)

where s; = s(6;) = log [tan 0;/4 — cos? 0; + \/4 tan2 6; + cos? 91} fori =
1,2. The summation over k can be computed exactly and yields

1 /2 w/2
G,(O,O),(p,2p+1) - 47_(_2/0 (3101\/0 d92 e P2 COS[3p02]f1 (91, 92)

1 w/2 w/2 s
+ 47_‘_2/0 déy /0 dbs e sm[3p92]f2(91, 02),
(A.55)
where fi1, fo are explicitly known functions of 61,62 that do not depend

on p. For large values of the distance p, e P52 ~ e~ V3pb (A.49), so the
main contribution to the integral over 62 comes from the region 6, ~ 0.



198 APPENDIX A. GREEN FUNCTIONS

From the integrals

w/2 9]
/ dfy e7P°2 cos(3pls) ~ / 6y e~ V3002 cos(3phz) + O(p~?)
0 0

1
=——+0(p?), A.56
15, FOu) (450
/2 9]
/ dfy e P52 sin(3phy) ~ / 6y e~ V300 sin(3pf) + O(p~°)
0 0
-y O(p~?) (A57)
= 4p p ) .

where we have neglected exponentially small terms, it follows that

w/2
/ dfy e P52 cos(3pho) 05 ~ O(p~F1),
0 (A.58)

w/2
/ dfy e P52 sin(3pho) 05 ~ O(p~*71).
0

A power expansion of f;(01,602) (i=1,2) up to order f would therefore

be enough to obtain G’( up to order 1/p?, which is expected

0,0),(p,2p+1)
to be the leading (nonconstant) order contributing to P;” (i) on the half-
lattice. However, a naive expansion in 62 of f;(01,02) (i=1,2) yields
nonintegrable coefficients. To avoid this, we split both integrands in

Eq. (A.55) into two and three pieces respectively:

1-+36
fi(01,62) — — -
sm(01 + 92)\/4 — C0S2(91 + 02)
1—-+/36
+ — V3 0o , (A.59)
Sln(@l + (92)\/4 — COS2(91 + 92)
1 _1 4 4 _ 80
f2(01,02) — o V3t  Tmtya s
’ sin(f + 09)\/4 — cos2(01 + 02)  sinf1v/4 — cos? 6,
1 _1 4 4 _ 80
5~ V340, i (A.60)

+ + .
sin(f; + 02)y/4 — cos?(0; + 02)  sinbv/4 — cos? 6y

By construction, the terms between brackets can be expanded in powers
of 65 up to first order and then be integrated over 6. Their integrals
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read:

/2 1— \/592
/0 doq {fl(elv 02) — sin(6y + 02)+/4 — cos2(0; + 02) }

T T 1 T
- _ +—— =4+ — 9—|—(’)92, A.61
T (2 %@>2 (03) (A.61)

/2 = — V3+6,
| a0 o) -
0 sin(6y + 0)+/4 — cos2(0; + 02)

1480
 TB T3

sin @14/4 — cos? 61 }
1 ™ (\/g ﬁ

IRV

The first counterterm in Egs. (A.59) and (A.60) can be integrated ex-
actly over 61, and then expanded in powers of 6s:

) 0y + O(63). (A.62)

/2 1
[
0 sin(6; + 02)1/4 — cos?(61 + 02)

(A.63)
_ log3 —2logly 6y 563 03

+ _
23 2 48 453

The second counterterm in Eq. (A.60) is divergent, and is proportional
to the divergent part of the Green function (A.48):

+ 0(63).

/2 1
do =21 Goyo. A.64
/0 Lsin 014 — cos? 0 00 ( )

Finally, we can carry out the integral over s using Eqgs. (A.56),(A.57)
in addition to the following results (and their derivatives with respect
to p):

w/2 1
/ dfy e P52 cos(3p92)0— ~ 2v31 Goo — (logp + 7 + log 6)
0 2

+0(p"), (A.65)
/2 dfs e P52 g 0 i ~ T O(p~2 A
H € sin(3p 2)0 ~ 2 +O0(p™7), (A.66)
0 2
71'/2 1 1
/ dfs e P52 sin(3pbhs) 080 ~_I <logp + v+ - log 12)
0 ) 3 2

+ O(p_4 logp), (A.67)
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where we have dropped exponentially small terms. Up to order 1/p?, we

find that G’

(0,0),(p.2p+1) reads:

1 1 1
G/ =Gopo | —3 + - >+ logp + 7 +log 6
(0,0),(p,2p+1) 0,0( 37 9VBrp  6v3mp (logp +~ g6)

1 1 1
% (6\/§7T " oamp t 4871'2]72)
1 9+ 237

+ - + O(p—3logp).

(A.68)

The development presented above allows one to compute the asymptotic
expansion for the second and third terms of Eq. (A.53), that is, for
G;lm when only one of its arguments is close to the head of the zipper.
The fourth term however corresponds to a derivative G}, ,, where both
u; = (p+ai, 2p+b;) (i = 1,2) are far away from the zipper. In that case,
the arguments of the Green functions appearing on the right-hand side of

Eq. (A.51) are large. Hence, we can use the asymptotic expansion (A.50)

before summing over k to get the power expansion of Giu,uz through the
Euler-Maclaurin formula. For example, for a1 = b1 = 0, ag = by = —1,

the derivative of the Green function reads

/ G ( 1 7 >
(p2p),(p=1.2p=1) = OO\ B T 04 Brp?

1 7
1 log6) | — - A.69
*(logp+7+log )< 2472p 1447r2p2> (09
1 1

C24r2p  3272p2

+ (’)(p_3 logp).



Appendix B

Symmetries and maps
between predecessor
diagrams on half-planes

In Section 2.4, we computed one-site probabilities P, (i) on (horizon-
tal and diagonal) upper half-planes, and several two-site probabilities
Py1(7, j) on the horizontal half-plane. The boundary conditions consid-
ered were either fully open or fully closed. Contrary to their full-plane
analogues for one-site probabilities, predecessor diagrams on half-planes
are not invariant under rotations by 90°. However, the probabilities of
occurrence of some diagrams are related to one another through simple
transformations. Since all four cases are similar, we provide a detailed
discussion only for the upper half-plane G = Z x N* with a horizontal
open boundary. For more generality, we discuss the case of an n-site
probability with n—1 heights equal to 1. As explained in Section 1.4,
the probabilities associated with predecessor diagrams only depend on
the Green function G°P and its derivative G’°P. Since we shall not re-
fer to other types of Green functions in this section, we shall drop the
superscript “op” for both functions, i.e. write G, G’ for G°P, G’ °P.

Let us consider multisite probabilities Pg 1 ... 1(i1,...,4,) on the upper
half-plane G = Z x N* with open boundary conditions, where the height a
is at 41. The reference sites ix have coordinates (xg, yx) and are assumed

201
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to be far away from one another and from the boundary. For each k,
we denote by Vi = {ix, Ng, Eg, Sk, Wi} the close neighborhood of i,
containing ¢; and its four nearest neighbors. The actual calculation of
Pga,..1(i1,...,ip) requires that the graph G be modified by removing
certain edges around the reference sites. The removal of edges around
i is implemented by a matrix Uy so that the Laplacian on the modified
graph G can be written as A = A —U'U = A — Y 7_, ULU, (see
Appendix A.3; the matrix U here is obtained simply by piling up the
rectangular matrices Uy). Note that each of the Uy’s is defined up to a

sign.

Height-one probabilities

We first consider the joint probabilities Py 1(i1,...,%,) of heights 1. In
this case, each Uy is a rectangular 3 x oo matrix, of the form given in
(A.24): it is identically zero for column labels outside of Vi, the column
with entries equal to 1 corresponds to i, while the three columns with
one entry equal to —1 are labeled by three neighbors of ;. As recalled
above, which three neighbors of i, are chosen is irrelevant. We can write
the multisite probability symmetrically, as a 3n x 3n determinant,

]P’L_”,l(il,...,in) = det(]I— UGUt), (Bl)

with G = (Ag) ™' is the Green matrix on the (unmodified) upper half-
plane with open boundary condition. We want to show that the proba-
bility Py 1(41,...,i,) is an even function of each of the y; variables.

Because of the structure of U, the determinant involves only the Green
matrix entries contained in the blocks Gw%, for 1 < £,¢/ < n. The
transformation yi — —y;, affects those entries of G labeled by sites in V.
If one denotes the neighbors of iy, as (zx +a, yx +b) for some a,b =0, £1,
then (2.54), or (A.11), implies the following transformations:

G(xk+ayyk+b)7(wk+c7yk+d)‘ = G(l’k""av_yk""b)v(zk+C7_ylc+d)
Y= —Yk

= G(a+ayu—b),(zteye—d) (B.2a)
G 2y +ayp+b)w . = = Gay+ay,—b)w; (B.2b)
GU,($k+C,yk+d),”U N = — GU,(rk-l-C,yk—d)? (B.2¢)
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if u and v are far from i,. Up to a sign, replacing y; with its opposite
amounts to exchanging the northern neighbor Ny, of ¢; with its southern
neighbor Si. This is equivalent to conjugating G with a matrix X,
equal to the infinite permutation matrix oj permuting N and S times
a matrix that is minus the identity on the 5 x 5 block labeled by sites
of Vi, and the identity elsewhere. We write

ir, Np Ep Sp Wy

1 0 0 O 0

0O 0 0 1 0

X =Ig\y, ® (—ok) b R, = [0 0 1 0 0

0 1 0 O 0

0O 0 0 0 1
(B.3)

This leads to the following transformation

P1, (i, in) = det(I - U, G XLUY). (B.4)

Y=Yk

It is not difficult to see that the factor —o, can be absorbed into a
redefinition of Uy into —Ugoy (since Uy is identically zero for column
indices outside of Vi). As observed above, the sign is irrelevant, so we
can say that Uy is simply redefined into ﬁk = U0y, which means that
a different choice is made for the removal of edges around . Since this
probability does not depend on this choice (see Section 2.1.3), we obtain
the result as claimed,

Py (i, ..., 0n) =Py 1(i1,...,0n). (B.5)

Let us note that the identity is true to all orders in the variables y;, and
not only at the order relevant for the scaling limit.

Predecessor diagrams with leaves

Next we look at joint probabilities Py 1. 1(i1,...,%,) for which site 4,
has height a > 2. It requires to compute various fractions of spanning
trees where ¢; has at least one predecessor among its neighbors while
all other reference sites have none. We shall denote by X% the fraction
of spanning trees on G corresponding to a given predecessor diagram D
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around i1. As shown in the text in Section 2.3, it can be done in two
steps. The first step considers a modified lattice G in order to enforce a
height 1 at the sites g, for £ > 2. This first modification is controlled
by the same rectangular matrices U2, discussed in the previous case.
We then obtain

det Ag

x¢ = x9
b D det Ag

= X§ xP{ (... in). (B.6)

In the second step, the fraction X % is computed using the grove theorem
(Theorem 1.5), together with the insertion of a zipper anchored at i; as
well as a further modification of G to G , by which two edges incident to
11 are removed to form an annular-one graph. It involves a perturbation
matrix Uy, of the form (A.19), with nonzero entries corresponding to
sites of V; (see also below). Then XLg-) can be expressed in terms of
é,é/, evaluated at the nodes lying around the “hole” of the annulus,
namely at V. From the relation A(z) = A(z) — > p_, ULU, , namely we
include the zipper on both G and G, the entries of é,él on sites of Vy
may be written in terms of entries of G and G’. Indeed, the Woodbury
formula enables one to relate G(z) to G(z). An expansion in powers of
z—1 then yields

G=G+GUutA Uuq, with A =1 - UGU?, (B.7)

G =G +GUA UG + GUI AT\ UG U A™WUG + GU AT UG |
(B.8)

where U is the matrix obtained by piling up all Ug’s, for 1 < k < n.

Let us now examine the effect on X% of changing the sign of y;. We
first discuss the easier case k > 2. We have seen in the previous sub-
section that the transformation gy — —yi has the effect of replacing
the Green matrix G with its conjugate ¥;G¥j. The conjugation may
itself be absorbed in the redefinition of Uy into ﬁk = Uior and leaves
the factor Pi..,l(i% ..., ip) invariant. It is not difficult to see that the
transformation has the same effect on G: it replaces U with ﬁk and
conjugates G with .

In fact, exactly the same conclusion applies to G provided the site i,
is far from the zipper (this restriction is what makes the case k = 1
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different). It follows from the relation (A.11), which shows that G’ obeys
the same relations (B.2) as G, implying that it too gets conjugated with
Y, when one transforms y; to —yi. The equation (B.8) readily shows
that the transformations of G and G are strictly identical.

We know that Xlg) may be written in terms of the entries G, , and @;’v
for u,v € V;. Because Y is trivial on sites far from V, the conjugation
with X has no effect at all on sites of Vy,

Guﬂ, — (E;ﬁEk)

Uk

= éu,v ~ u,v € Vl) (Bg)

Uk

u,v

and similarly for éiw‘ The notation on the left-hand side (resp. right-
hand side) of the equation indicates that the removed edges around iy, in
the modified graph G are encoded in Uy, (resp. ﬁk) It follows that the
net effect of the transformation y, — —y; is to replace Uy, with U 1, and is
therefore irrelevant. Hence, we conclude that Xlg) and Py 1. 1(i1,...,0n)
are even functions of y; for any k > 2.

The effect of the transformation y; — —y; on a fraction Xlg) is similar
to some extent, but differs by the presence of the zipper in the neigh-
borhood of i;. The transformation of G can be computed along the
same lines as above, but that of G is tricky to write in general, because
the precise location of the zipper depends on the edge cuts necessary to
make of G an annular-one graph, which themselves depend on the prede-
cessor diagram one considers. So we shall illustrate the computation in
a specific example, namely the case of P35 (i1) discussed in Section 2.4.1.
There we claimed that the transformation y; — —y; exchanges the two
fractions of spanning trees X3 (i1) and XN (i1), for which the reference
site i1 has its southern (resp. northern) neighbor as its unique predeces-
sor. As one does not enforce any height 1, there is no first modification
to consider, so that § =g.

To compute X 1S(i1), we define the annular-one graph G by removing the
edges connecting i; to its northern and western neighbors, meaning that
we choose the matrix U; as

il N1 E1 Sl Wl

o1 1
U, 0 00 , (B.10)
e 1 0 0 0 -1 ...
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Figure B.1: Schematic representation of the graphs G modified according
to Uy (left) and to U; = Ujo; (right), as used for the computation of
X3 (i1) and X (i), together with their nodes and zipper.

The vertices of V; = {i1, N1, Eq1,S1, W1} are nodes, with the sink s taken
as the sixth node as usual. To facilitate the calculations, we choose, as
represented on the left panel of Fig. B.1, a semi-infinite zipper going
horizontally to the right, with a nontrivial parallel transport z € C* on
the oriented edges ((x1+k+1,y1), (z1+k+1,y1+1)), for k£ > 0.

From Section 2.2, the fraction X7 (i1) is equal to the following ratio:

, Z[4]112356
X§(ir) = 220
77~ = — — —/ —/ —/
=37 (Gaa—Gaps) — (G34— G35 —G34+G35 —G4,5)}

(B.11)

The effect on G of the change y; — —1v; is exactly the same as the one
computed above: G gets conjugated with ¥; and at the same time, the
matrix U is replaced with U 1 = Uyo1, where 07 acts on V) by exchanging
N; and S;. However, since G is evaluated at sites in V1, the conjugation
is nontrivial, yielding

Guv

)

— (Z1G%1),,,, = Goi(w)o10)

. u,v € Vi, (B.12)
U

U1 1

Similarly we find using Eq. (A.17) that

—

z
Z U,

4
Z

U
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We compute the change of G by using its expression in terms of G itself,

o0

Gu,v = Z (Gu,(a:1+k+1,y1+1)a(a?1+k+1,y1),v
k=0 (B.13)

- Gu7($1+k+1,y1) G(l’1+k+17y1+1)7v) :

For w and v in V), it yields the following transformation

o0

_/ -~ el
wol, T (Gm(u),(mkﬂ,yvl)G<ml+k+1vyl>’“1“’)
E k=0
_601(“)7(11+k+17yl)a(m*k*l’yl*l)’gl(m) i
—/nmew
= Goyw)or ()| (B.14)

where in addition to the action of o1 as seen before, the derivative GV
is defined with respect to a new zipper, located one lattice spacing below
the original one, and with a reversed orientation, now pointing down-
ward, see the right panel of Fig. B.1. Note that the hollow face has also
been reversed, since the edge cuts are now prescribed by (71; the edges
connecting 41 to its western and southern neighbors are accordingly re-
moved.

Altogether, we obtain

XP(i1) (Ga,2 —Gaj5)

2
y1’—>*y1 Z (B.15)
(Gs2—Gss —Gyg +Gay — Gg,lgw)}

= 9

U1

where the bar refers to the lattice G modified according to U1 Uioy.
It is straightforward to see that the combinatorial expression appearing
on the right-hand side is that of 3Z[2|13456]/Z, and that it is equal to
the fraction of spanning trees on the original graph G such that i; has
its northern neighbor Ny as its unique predecessor. We therefore find

= XN(iy). (B.16)

Yi—=—y1

XP(ir)

Using a similar argument, one can show that

X1'(i1) = XP(i), X\V(ir)

Yyi——y1

= X)"(i); (B.17)

Yyi——y1
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////////////////
//////////////////

Figure B.2: Predecessor diagram D on the upper half-plane contributing
to X9 and its mirror diagram D*. The eastern neighbor of 71, drawn as
an open circle, is not a predecessor of 7.

the two being actually equal by the obvious left-right symmetry. From
these relations, we obtain that the height-two probability

: . 1 . . . .
Pa(in) = P1(in) + 5 {XT(in) + XT(0) + X7 (i) + XV (i)} (B.18)
is an even function of the variable y;.

More generally, let us consider a given predecessor diagram D for i,
on G and its associated probability Xp. We define D* as the mirror
predecessor diagram of D, such that the roles of N; and S; are swapped
in D* with respect to D (see for instance Fig. B.2). We conjecture the
following relation, which we have verified for all diagrams contributing
to one- and two-site probabilities on the upper half-plane with open
boundary condition:

Xp(i1) = Xp-(i1). (B.19)

Yi——u

Moreover, we make the following observation: a predecessor diagram D
and its mirror image D* contribute equally to the same fraction X (i)
of spanning trees with p predecessors of i1 among its neighbors. Conse-
quently, if Eq. (B.19) holds, multisite probabilities P, 1, 1 on the UHP
with an open boundary are even functions of y; (and hence of each yj
as shown above).

Closed boundary conditions and the diagonal upper half-plane

Predecessor diagrams on the upper half-plane G = Z x N* with a closed
boundary are also related to one another through a simple transforma-
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tion under which the Green function (2.55) is invariant:

cl _ el _ el
Glap)(ed) = CGlap)ca—d) = Glai—b),(c1—d)- (B.20)

Using similar arguments to those for the open boundary, we argue that a
diagram D and its mirror image D* are related through y; — 1 — 1y, for
a reference site i1 located at (x1,y1). It follows that joint probabilities of
a single height h;; = a > 1 and many unit heights h;, =1for2 <k <n
are even functions of the variables rp = yr—1/2.

On the diagonal upper half-plane (DUHP) G = {(x,y) € 72y > :U},
Green functions for open (2.61) and closed (2.62) boundary conditions
possess the following symmetries:

op — op _ op
G(a,b),(c,d) - G(a,b),(d,c) - G(b,a),(d,c)’ (le)
cl _ cl o cl
Glab)ed) = Glap),(d-1.e+1) = Glom1,a+1),(d—1,0+1)> (B.22)
so probabilities Pg 1. 1(41,...,4,) on the DUHP are even functions of

the variables

Yk — X

V2

Y —xp — 1

V2

for closed b.c.

(B.23)

Tk for open b.c. and r, =

Finally, let us note that the existence of such relations between the
probabilities of mirror predecessor diagrams is not specific to the square
lattice. Indeed, the symmetries of the Green functions on the triangu-
lar and hexagonal half-lattices yield relations similar to Eq. (B.19) for
predecessor diagrams on these graphs.






Appendix C

Jacobi’s theta and elliptic
functions

In this appendix, we recall the definitions of Jacobi’s theta and elliptic
functions, give some well-known representations of these functions and
list the properties we used in this thesis. In what follows, z,7 € C with
Im 7 > 0, where 7 is called the lattice parameter or the half-period ratio.
The nome q defined by ¢ = €™ is such that 0 < |¢| < 1.

C.1 Jacobi’s theta functions

The four theta functions ¥4(z, ¢), with 1 < a < 4, are 2w-periodic func-
tions of z for fixed ¢, defined by their Fourier series

D1(z,q) =2 i(_1)nq<n+%>2 sinf(2n + 1)z, (C.1)

(z,q) = 2Zq(n+ cos[(2n + 1)z], (C.2)

I3(z,q) =142 Z 7" cos(2nz), (C.3)
n=1

V4(z,q) _1+22 1)"q" cos(2nz). (C.4)

211
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As a matter of notation, it is common to simply write ¥, for ¥,(0, q)
and J,(z) for 9,(z, q) in equations where a single nome g appears. Using
Jacobi’s triple product, one can rewrite these four functions as infinite

products:
91(2,q) = 2¢"*sinz [[ (1= ™)1 = ¢*"e®)(1 — ¢*e %), (C.5)
m=1

V9(z,q) = 2¢"* cos H (1 — ¢®™)(1 + ¢®™e?¥)(1 + ¢®™e 22), (C.6)

m=1

93(z,q) = [[ (1= ™)1+ @™ 1) (1 + " e ), (C.7)
m=1

9a(z,q) = [J (1= ¢"")(1 = 1) (1 — " te™?), (C.8)
m=1

Let us recall as well the series representation of their logarithm, which
directly follows from the infinite-product formulas:

P (z q > 2cos 2k‘z
A C.9
2q1/6n(q) sin 2 Z ’ (C.9)
Ya(z,q) - 2(—1)k cos(2kz)
log — 259 _ : C.10
og 2q1/677(q) COS 2 ; k:(q—% —1) ( )
U3(z,q) 2 2(—1)kq " cos(2kz)
log ————— = — , C.11
TRV Rl Dl Yy (C1
Y4(z,q) . 2¢7 " cos(2kz)
log — 22D N~ 29 CORARE) C.12
8o n(q) ~ A k(g F - 1) (C12)
where Dedekind’s eta function is defined by
0)=¢""? J[a-¢m). (C.13)
m=1

Jacobi’s imaginary transformation 7 — —1/7 yields the following mod-

ular properties,

01(z,e™7) = —i(—ir)"V2e 2/ Y, (=2 /7, e /7)), (C.14)
Ba(z, ™) = (—ir) V2 /Ty (=2 /7, e7IT/TY, (C.15)
V3(z,e™) = (— 17')*1/26422/(”)ﬁg(—z/T, e/, (C.16)
D4(z,e™7) = (—ir) V2 /Ty, (—z /7, e7IT/TY, (C.17)
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—-1/2

where (—ir) is interpreted as satisfying | arg(—ir)| < 7/2.

C.2 Jacobi’s elliptic functions

To define Jacobi’s twelve elliptic functions, one introduces the elliptic
modulus k and K = K (k) the complete elliptic integral of the first kind,
related to the nome g through

k=93/93, K =mv3/2. (C.18)

In addition, ¥ = /1 — k2 is called the complementary elliptic modulus.
There are three principal elliptic functions, defined in terms of theta
functions as

sn(z, k) = Vs Vi(mz/(2K), q) en(z, k) = U4 V2(m2/(2K), 9)
T U2 0a(nz/(2K),q) T 9y 0a(r2) 2K, q)
_ U4 93(mz/(2K), q)

U5 04(m2/(2K),q)’

(C.19)
dn(z, k)

The modular relations due to Jacobi’s imaginary transformation follow
from those of the theta functions:

sn(iz, k) = isc(z, k'), cn(iz, k) = nc(z, k'), dn(iz, k) = dc(z, k).
(C.20)
The nine auxiliary elliptic functions are obtained from the principal ones
using the relations
pr(z, k) 1
pa(z, k) = = , C.21
() ar(z, k) ap(z, k) (€20
where p,q,r = s,¢,d,n and with the convention that pq(z,k) = 1 if
q=p.

Jacobi’s elliptic functions possess a Fourier representation only if z,q
satisfy certain inequalities. We only indicate here the Fourier series of
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the eight functions used in Chapter 3. When ¢ exp(2|Im7z/(2K)|) < 1

Z g "H1/2) cos[m(2n + 1)2/(2K)]

p , (C.22)
dn(z, k) 27;{ = Z 7 szn”le/ K) (C.23)
o, ) = 12(7;: 7 (— 1)nq—<n+1;2_>((;:i[17;(fnl+ D2/CE) oy
nd(z, k) = —— 4 2T i(_l)nqq:ffi(;m/ K. (C.25)

2KEK KK
n=1

In case the weaker condition ¢ exp(|Im7z/(2K)|) < 1 is satisfied,

ns(z k) = 2;M+? Y Sm[ﬂﬁgﬁ)zf (fK) LD
es(z, k) = o cotlnz/(2K)] - 2; M (C.21)
de(z, k) = ;{W %ﬂ ;} (—1)”028[7:2123;11)12/ (2K)]

(C.28)
ne(z. k) = g cos[ml/@K)] - I?I;’ g;) — C(;S[Zgﬁf +1)1Z/(2K)}'

(C.29)



Appendix D

Technical proofs

In this fourth appendix, we give the proofs of Propositions 3.2 and 3.3.
The latter relies on several technical lemmas, some of which were given
in [90,91].

Proof of Proposition 3.2:

Due to Theorem 1.5, (A,)p, 5 is nonzero only if each chord of & links an
element of R to one of S = NM\R, i.e. if every r; is connected to s,; in
& for some permutation p € S,. Recall that for the cyclic orientation,
all paths are oriented from the up to the down step of the chords of 7.
All r;’s that index up steps therefore contribute a factor 1 to the matrix
entry. On the other hand, we have to reverse the orientation of each
path 7;—s,;) when r; indexes a down step of 7. As gzﬁm_wp(i) = z (resp.
1) if 7y < sy (resp. 73 > Sp;)) when r; is a down step, we find for
w = 22 that

—

(An)py = FwV (DT, (D.1)

We now turn to the signs of the entries of A,, which originate from
the signature of the permutations p mapping indices of S to indices of
R in Theorem 1.5. Let A be a standard (noncyclic) Dyck path with
up steps U = {uy,ug,...,uy} such that u; < u; if ¢ < j. We denote
by D = {dy,ds,...,d,} the collection of down steps of A, such that
(u;,d;) is a chord of A for 1 < i < n. Since D is not ordered in general,
there exists a permutation 7 of the indices 1,2,...,n that sorts D in
ascending order; we write the result D;. The signature of w is given

215
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by e(n) = (=1)!(P), where I(D) = [{(ds,d;)|d; > d; and i < j}| is the
inversion number of D. Observe that the condition u; < u; < d; < d;
means that the chord (uj,d;) lies above (u;,d;) in A (represented as a
mountain range). It follows that the inversion number can be expressed
as

I(D) = Z |{chords (uj,d;) of A above (u;,d;)}|. (D.2)
chords (u;,d;)
of A
By tiling the area between A\ and the z axis with v/2xv/2 squares as
depicted in Fig. D.1, we see that the number of chords of A above a
given chord (u;,d;) is equal to the number of squares intersected by
(u;,d;) in their lower half. Each of these squares is intersected in its
lower half by exactly one chord of A, so I(D) is the number of squares
under \ or, equivalently, (D) = 2(A()) —n). The sign associated with
1y _

(Ap)y is therefore given by e(r™") = (—1)%(“4()‘)7").

Figure D.1: Standard Dyck path with a marked chord (u;,d;), which
intersects the lower half of four gray squares. The four chords that lie
above (u;,d;) are drawn as dashed lines.

The next step of the proof consists in showing that the sign of (A,,) RA
does not depend on R. To do so, let us define U, D as above as the sets
of up and down steps of A, and let R be U U {dy}\{u¢} for some index
l,ie. R={uj,ug,...,up—1,dp,ups1,...,un}. The subset S associated
with R is therefore S = {d1,da,...,d¢—1,up,dos1,...,d,}. To compute
I(S) — I(R) we need to distinguish between two cases:

(a) Consider a chord (uj,d;) that lies to the left of (ug, dg) in A, that is,
such that u; < d; < uy < dy. Since u; < uy,dy and d; < uy, dy, these
two chords do not contribute to I(R) or I(S). Similarly there is no
contribution from a chord to the right of (ug,dy) or below it.

(b) A chord (uj,d;) above (ug,dy) is such that uy < u; < dj < dy, so it
contributes equally to both I(R) and I(S).
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Since I(D) — I(U) = I(D) = I(S) — I(R), we see that the signs of
(An)y . and (Ap)p  are the same. The argument holds if R is obtained
from U by replacing two or more up steps of A with the corresponding
down steps. The sign is therefore the same for any R such that RN A.

Finally, we take into account cyclic Dyck paths. Let & be a cyclic Dyck
path with up steps U and down steps D. We define & by shifting all
step indices of & to the left by one unit, that is U’ = U + 1 mod 2n
and D' = D+1 mod 2n. Assume first that 2n € D, then I(U’) = I(U)
and I(D") — I(D) = n — 1 mod 2. If rather 2n € U then I(U’) —
I(U)=n—1 mod 2 and I(D') = I(D). In both cases (—1)/(P)~1U") =
(=1)"H(=1)/(P)=1(V)  Therefore, if a cyclic Dyck path & is obtained by
shifting k£ times to the left the indices of a standard Dyck path A, then
the sign of (Ay)p 5 is (—1)7AN=IHEHD [wigh A(N) = A(F).

Lastly we make the following observation: a unit shift of the indices
of & to the left to define ¢ implies that |W(d') — W(d)| = 1, since
W (&) = ho(d) is the height of the left endpoint of the step indexed by
1 in &. Since the parity of W (&) alternates between even and odd for
each unit shift of the indices of & to the left, the sign of (A,)p > can be
recast as (—1)%(“4(5)_")“'(”“)”/(3). O

Lemma D.1. Let & be a cyclic Dyck path and R C N a subset of order
n such that RN . If we write SR =Y | r; then

(—1)5F = (1)BFH3(AG) ) n W) (D.3)

Proof. Let R C N such that R intersects each chord of & once. Let 1, j
be the indices of a chord of & with i € R, and define R’ = (R\{i})U{j}.
Since i and j have opposite parity, (—1)>% = —(=1)>E. Moreover
R -¢6=R-¢d—1ifiisanupstep,and R'-d =R -5+ 1if i is a down
step. It follows that (—1)F—2F = (—1)F"=R7  This relation holds
more generally for any R’ that intersects once each chord of 7.

Consider in particular the set R of up steps of &, which implies that
R - & = n, and assume that the first step of ¢ has the label ¢ > 1.
Denote by s; the value of the step at position j for 1 < j < 2n, with
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s; = +1 (resp. —1) if j is an up step (resp. down step) of &. The height
hj for 0 < j < 2n is given by

hj—1+3j:h0+2£:13k flrgyj<<e—1,
hj=qhji—sj=ho+ > sk fL+2<j<2n, (D.4)
0 =00 41,

where hy = hyy1 = 0 since they correspond to the first and last vertices
of the cyclic Dyck path &. After some algebra, we can express the area
A(J) between the Dyck path and the horizontal axis in terms of the s;’s
as

2n 2n
A(G) = hj=2nho—> js;. (D.5)
j=0 j=1

By separating the last sum in the equation above for positive and neg-
ative values of the s;’s, one finds

2n
stj: Z Jsj+ Z Jsj= Z 2j—n(2n+1), (D.6)
=1

Jisj=+1 Jisj=—1 Jisj=+1

where we used the fact that s;+s9+...+s9, = 0 for a (cyclic) Dyck path.

—

Hence, we obtain the following formula (recall that ho(6) = W(5)):

YR = j=n*+ %(n — A(7)) + nW(a), (D.7)
+1

Jisj=
which completes the proof. O

Lemma D.2. Let A be a standard, noncyclic, Dyck path with a chord
(¢,m). Define X as the Dyck path obtained by “pushing down” the chord
(6,m) of A, that is, by replacing the up step £ with a down step and the
down step m with an up step (note that not all chords can be pushed
down). The areas between the two Dyck paths are related by

AN) = AN) = 2(m —£). (D.8)
Moreover, for any subset R C N such that RN X, (—1)fFN—RA =
(_1)%(A(X)—«4(>\))_

Proof. Observe that the heights of the vertices b} in \" are decreased by
2 with respect to their counterparts h; in A for £ < i < m — 1. If the up
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step £ of X belongs to R, then R- X = R -\ — 1 since £ is a down step
of . Conversely if m € R, R- X = R- X+ 1 since m is a down step of
A but an up step of \'. In both cases R- X and R -\ differ by one, and
m — €= 1(AN) — A(X)) is odd. O

Lemma D.3 (Adapted from [91]). Let A\ and & be a standard and a
cyclic Dyck paths, respectively. Then

-7, —R-A—R:G L(A@&)- —1\n
Z (_1)R w RA-R:¢ _ (_1)2(A( ) A()\))(l —w 1) (Dg)
R: RN&

if it possible to push down some chords of @ to obtain A\, and O otherwise.
In particular the step labels of & and X must appear in the same order
for the sum to be nonzero, i.e. G must be a standard Dyck path.

Proof. Let us assume first that & is a standard Dyck path, which we
shall simply write as o. If we can push down some chords of o to obtain
A, then each chord of o connects an up step to a down step of A (not
necessarily belonging to the same chord). For any two subsets R, ' C N/
of order n that intersect each chord of o exactly once,

(_1)R-U+R’~U _ (_1)R~>\+R’~/\‘ (D.IO)

Indeed, consider a chord (i,j) of o on which R and R’ differ. Without
loss of generality, we can assume that the up step ¢ belongs to R and
the down step j to R'. If (i,j) was pushed down to obtain A then i is a
down step of A in R, and j an up step of X in R’. Otherwise 7 is an up
step of A and j a down step of A. In both cases, the chord (i,7) brings
a factor —1 to both (—1)® "7 and (—1)F A Now denote by Ry
the set of down steps of A, so Ry - A = 0. Then Ry - o is the number of
chords of o that are pushed down to obtain A. Lemma D.2 then yields

1

the equality (—1)30'(’ = (—1)5(-’4(‘7)*/4()\)). As (_1)R~a — (_1)R0~0+R-)\’
it follows that

Z (=)o BA = (—1)Roe Z (w1
R: RNo R: RNo (D 11)
= (—1)3(A@=AN) (] _ =),

where the last equality is given by the binomial expansion. On the other
hand, if A\ cannot be obtained by pushing down some chords of o, there
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is a chord (i, ) of o such that both ¢ and j are up steps of X\. Then for

each R such that RNo in the sum, define R as the symmetric difference
of R with {7, j}. Since (=1)? = —(=1)%"7 and R- A = R’ - \, the sum
over all R’s such that RN o is zero.

Let us now discuss the case of a cyclic, nonstandard, Dyck path &, for

which there are several subcases:

(4)

(iid)

(iv)

If (i,7) is a chord of & such that i < j are both up or down steps
of A\, the sum is zero. To see this, define for each R such that
RN & its symmetric difference with {i,j}, denoted by R’. Then
(_1)R~E — _(_1)R’~5’ w— BN — =R gnd w—B% = w—R’:&’ S0
the contributions of R and R’ cancel each other out.

Suppose (2n, j) is a chord of & such that j is an up step of A. For
each R define R as the symmetric difference of R with {2n,j}. If
j € R then w B> = w B2 and w9 = B0+ Conversely
if j € R then w " = w BAM1 and wF9 = 791 There-
fore, (—1)7 = —(—1)"7 and w—FA1T = =R A3 iy hoth
cases, so the sum is zero.

Assume (7,2n) is a chord of & such that i is a down step of A.
Then for R’ the symmetric difference of R with {i,2n}, we have
(“D)RT = _(—)BG, yBY = RX and B — R
Therefore, R, R’ give opposite contributions to the sum, which
vanishes.

Suppose (2n,j) is a chord of & such that j is a down step of .
The subpath of & consisting in steps {1,...,j—1} is a standard
Dyck path, so it contains the same number of up steps and down
steps of &. Consider now the subpath of A with the same indices.
Since both j and 2n are down steps of A with opposite parity,
h;j(X) — hon(X) must be odd, so the step j lies higher than the step
2n on \. This implies that the subset {1,...,7—1} contains more
up steps than down steps of A. Therefore, there exists a chord
(¢,m) of & with 1 < £ < m < j—1 such that both ¢ and m are up
steps of A, so we can refer to subcase ().

If (i,2n) is a chord of & with ¢ an up step of A, then the subpath
of & indexed by the indices {i+1,...,2n—1} is a standard Dyck
path.
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a. If hi—1(A) > han(X) = 0, that is if the up step 7 is higher than
the down step 2n in A, then the subset {i+1,...2n—1} contains
more down steps than up steps of A. Therefore, there exists a
chord (¢,m) of & with i </ < m < 2n such that both ¢ and m
are down steps of A\, which corresponds to subcase (i).

b. If on the other hand h;—1(\) = hoy(A) = 0, then the subpath
of A indexed by {1,...,i—1} is a Dyck path. In that case, if
i—1 is an up step of &, it belongs to a chord (i—1,5) of & with
i—1> j.

e If j is an up step of A, subcase (ii) occurs;

e If j is an down step of A, subcase (iv) occurs.

If on the contrary i—1 is a down step of &, it belongs to a chord
(j,i—1) of & with j < i—1.

e If j is a down step of A, subcase (iii) occurs;

e If j is an up step of A such that h;_1(\) > hi—1(\) = 0,
subcase (v)a. occurs;

e If j is an up step of A such that h;_1(A) = hi—1(X) = 0,
then the subpath of X indexed by {1,...,j—1} is a standard
Dyck path, so we can consider subcase (v)b. again with j—1
instead of i—1.

For all cases, we see that the sum in Eq. (D.9) vanishes if ¢ is not a
standard Dyck path. O

Lemma D.4 ([90]). Let ji,d,7 be cyclic Dyck paths, and let M be the
matriz defined by My z =1 if [i can be obtained by pushing down some
of the chords of T, and zero otherwise. Then

S (-~ 1) ADAei(G /) My 7 = 55,7 (D.12)

)

p=c

Proof of Proposition 3.3:
Let us first consider a standard Dyck path A, for which W(A) = R[\) =
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‘D?(l)} = 0. The product of B, and A, yields

Z Br)agr (An)pz= Z (‘UERMZG(A/M) wn e

RCN R: RN7 S
|R|=n

W(T)—R:7

% (—1)3 A=+ EHDW (), (D.13)

— (= 1) AP+ W ()t W ()

x> cd(Ap) Yo (—1)FRw BT

= R: RNT

We use Lemma D.1 to write (—1)>f in terms of (—1)%7 on the right-
hand side, and Lemma D.3 to compute the sum over all R’s such that
RN 7. The result reads

(o) O = ) 30 (- )FAD A (M) M,
pA

Applying Lemma D.4 to the above expression yields

> (Bu)yp(An)g = (1) AOHAN (Ca)VO (L —w)sy -

RCN
|R|=n

= (1 —w)"d5z
(D.14)

Consider now two cyclic Dyck paths &, 7 such that the first step of &
(resp. T) is labeled by the index k+1 (resp. ¢+1). Let us define oy
and 7' by subtracting k¥ mod 2n to the label of each step of & and T,
so that og is a standard Dyck path. We define for each R the subset
R’ by subtracting & mod 2n to each index in R. We further assume
that RN 7, as (Ap)p » vanishes otherwise. Our goal is to rewrite the
product (Bp)z p (An)p > in terms of (By),, g/ (An)p 7, and then use
Eq. (D.14) to get the desired result.

Let us first discuss the signs of both products. Explicitly, their quotient
reads

(_1)ZR+W(¢?)+n+%(A(?)—n)—i—(n—i—l)W(?)

(_1)ER’—I—W(U())-HH‘%(A(F')—”)‘f'(”"‘l)w(;/) (D.15)
_ (_1)kn+W(E)+(n+1)(W(‘F)*W(?/))

)
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since og is a standard Dyck path (W(op) = 0) and ¥R = XR' + kn
mod 2n. Moreover the permutation of the indices of 7 to form 7’ leaves
the area under the path invariant: A(7) = A(7’). In addition, observe
that rotating the step indices of 7 by one unit to the left changes W (7) =

ho(7) by +1. One may therefore write the equality (—1)W(-WF") =
(=1)F = (=1)W() which implies that Eq. (D.15) is equal to 1.

Applying this result together with the property R - i = R - ug for all
cyclic Dyck paths ji > & yields the relation

Br)sr (An)rz _ wE-wE)-WE) tRIG ) | D]y |- AR

(Bn)ao,R’ (An)R’,F/ ‘
(D.16)
To simplify this expression, let us note that for any R such that RN T,
R : 7 = R|Tyq) — ‘le(l)" Indeed, R|7j) counts the number of indices
i € R such that (a) the chord (4, j) belongs to 7 with 7 appearing before
the step 1 and j afterward (i.e. @ > j), or (b) the chord (4, j) or the chord
(7,1) belongs to T with both i, j appearing before the step 1 in 7. Since
R intersects each chord of T exactly once, there are as many indices of

the second type in R as there are down steps before the step 1 in 7.

Let us now use this decomposition to compute the difference R’ : 7/ — R :
7. Assume first that the path 7 touches the horizontal axis only at its
endpoints. There are two possible cases:

(a) If £ < k, the step 1 of 7 is rotated to the left to obtain 7'. Therefore,
’Df?(l)‘ > ’DZ/I)‘ and R|7y) > R’\i"é’(l), since there are more indices
before the step 1 of 7 than before that of 7. These extra steps
before the step 1 of 7 are labeled by 2n,2n—1,...,2n—k+1: they
are precisely the indices of & appearing before its step 1. It follows

where le(l ) is given by Definition 3.1. Hence, we find the relation

—

+ |Djy 5| and Rifiy = RI7) + Rlaa,

R|Gy) —R: 7+ R : 7' = )Dj(w)

, (D.17)
which, crucially, is independent from R.

(b) If £ > k, the step 1 of 7 is rotated to the right to define 7/. Therefore,
o7

£(1)

before the step 1 of 7/ than before that of 7. The extra steps before

> ‘Df?(l)‘ and R’]%Z(l) > R"Fg(l), since there are more indices
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the step 1 of 7/ are labeled by 2n,2n—1,...,2n—k+1. They also
correspond to the steps 1,...,k in 7, which are the indices of &
after its step 1 (included). Hence, we find that }le(ll)’ = )D21)’ +

7_.‘
n—‘Dg(1 .

70-)

and R’|f’£’(1) = R|Ty1y+n— R|Fy1), since any cyclic Dyck
path of length 2n has n down steps and |R| = n. Equation (D.17)
holds as well in this case.

Up to this point, we have not considered cyclic Dyck paths 7 that in-
tersect the horizontal axis at intermediary vertices distinct from its ex-
tremities (see for instance Fig. 3.15). As explained at the beginning of
Section 3.3.2, certain permutations of the step indices yield “forbidden”
paths, in which the step 1 is located to the right of an intersection with
the horizontal axis. They can however be transformed into “admissible”
cyclic Dyck paths by cyclically rotating connected components such that
the step 1 appears in the first one. Doing so changes the number of steps
located to the left of the step 1, so the above decomposition of R|?g(1)

andchf(l)‘ does not hold. Since RN 7, it should be clear however that
the
under permutations of connected components of paths. Equation (D.17)

ifference of both quantities, which is equal to R : 7, is left invariant

is therefore valid for any cyclic Dyck paths &, 7.

Putting all the pieces together yields the following equation,

Z (B”)E,R (AH)R,?: Z (Bn>ao,R’ (An)R/ﬂ?/

(i R
o VO E-W @] DFy) |+ D (D.18)
_a _w)nwW(%‘)—W(F’)—W(ﬁ)—‘Dg(l)‘—i—‘DZLE) .
=1 -w)"%z,
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