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Abstract

Dispersed solid particles in wall-bounded flows may get electrified during particle-wall collisions due to triboelectric

effects. Subsequently, the electrostatic charge migrates from the near-wall regions to the bulk of the flow through the

dynamics of the particles (particle-bound charge transport) and charge transfer during collisions between particles

(inter-particle charge diffusion). In this paper, we explore the physics underlying the mechanism of inter-particle

charge diffusion, which remains not well understood, by means of numerical simulations. We investigated the ef-

ficiency of the charge transport within the particulate phase via this mechanism and propose a time-scale for its

characterization for particular systems. The considered parameters of these systems included the particle number den-

sity and charge as well as their mechanical and electrical properties. It was found that both an increase of the material

density of the particles or of their number density results in an enhanced inter-particle charge diffusion and, thus, a

reduction of its time scale. Moreover, if only the number density is high but the material density is kept low, then

inter-particle charge diffusion may even become the dominant wall-normal charge transport mechanism. Further, in

case some particles carry a high charge they are accelerated towards uncharged particles through electrostatic forces

which leads to an efficient charge redistribution.
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1. Introduction

The capacity of flowing systems to get electrified has

been acknowledged long ago during observations of wa-

ter falls (??). Furthermore, this phenomenon can also

occur during the filling of tanks and reservoirs with liq-

uids, and it constitutes a hazardous ignition source. In

this type of flows, and in wall-bounded flows in general,

the charge originates from the formation of an electrical

double layer at the solid-liquid interface which leads to

a diffuse charge layer in the liquid. It is well-known that

the extent of the charging of the fluid is strongly influ-

enced by its flow pattern (??). More specifically, if the

flow is laminar or the thickness of the diffuse layer (also

referred to as the Debye length) is smaller than the vis-

cous sublayer, then the diffuse layer is not affected by

the flow turbulence. Thus, the charge remains confined

within a thin layer in near-wall region. On the other

hand, if the flow is turbulent and the viscous sublayer is
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thinner than the diffuse layer, turbulent structures pene-

trate the diffuse layer and transport charge from the wall

towards the bulk of the flow. This results in a significant

increase of the total charge accumulation of the fluid.

Moreover, if solid particles made of a material dif-

ferent than the material of the wall are transported by a

carrier fluid, then the fluid-solid mixture might be ad-

ditionally electrified through triboelectrification. This

phenomenon is also known as contact charging (?). The

elucidation of the physics of triboelectric charging was

subject of various research efforts in the past decades

(see e.g. ????). On the other hand, if two solid objects

are made of the same material, then charge exchange be-

tween them is typically observed only if they carry dif-

ferent amounts of charge prior to contact. In this case,

the pre-charge located at the surface of one object is par-

tially transferred to the surface of the other object. A

computational model for this charge exchange between

particles of the same material was presented by ? focus-

ing on aerosols in the atmosphere.

We remark that both phenomena occur during the

flow of particles over a solid surface. Examples in-

clude sandstorms (?), polls on plant surfaces (?) and
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Figure 1: Mechanisms of charge generation and transport in a wall-bounded flow of a fluid-solid mixture depending on the particles Stokes number

and number density according to ?. The red color indicates charged particles. The charge is transported towards the bulk of the flow through

particle-bound charge transport (St ≫ 1, low ρ) or inter-particle charge diffusion (St = 2, high ρ).

pneumatic transport of powders in process industries

(?????). Similar to the above described charging of a

liquid, the electrification of the flow takes place in the

region of a very thin layer in the vicinity of the surface,

i.e. where the particles collide with the solid surface.

Subsequently, the charge is transported away from the

surface towards the bulk of the fluid-solid mixture flow.

In a previous paper (?), we identified the fundamen-

tal mechanisms underlying the charge generation and

transport within a fluid-solid mixture. With respect to

charge transport, we have identified four cases, which

are depicted schematically in figure 1. These cases are

characterized by the particles’ Stokes number, St, and

number density, ρ. The former is defined as the ratio

between the particle response time and the characteris-

tic time-scale of the fluid flow whereas the latter denotes

the number of particles per unit volume. Our numerical

results demonstrated the crucial role of the phenomenon

turbophoresis, i.e. the tendency of particles to migrate

in the direction of decreasing turbulent intensity (??), on

the charging process. More specifically, for the case

of St = 0.2 and a low value of ρ, which is depicted

in the left of figure 1, particle inertia is too low to

allow the particles to cross the turbulent structures

close to the wall. Consequently, turbophoresis di-

minishes particle-wall collisions and reduces charg-

ing significantly. An intermediate Stokes number

(second case) results in an increased particle inertia

which enables the particles to overcome small-scale

turbulence structures, collide with the wall and get

charged. However, turbophoresis prevents the migra-

tion of the particles towards the bulk of the flow. Thus,

the charge remained confined in a layer close to the wall.

An effective charge transport in the wall normal di-

rection takes place if the Stokes number is further in-

creased (St = 20, third case). There, the particles have

sufficient inertia to convect the charge they carry, which

we termed particle-bound charge transport. However,

we found that for intermediate Stokes numbers the

charge may also migrate towards the bulk of the flow as

long as the particle number density is sufficiently high

(fourth case), (?). Contrary to particle-bound charge

transport, the latter mechanism does not require a strong

particle mobility to efficiently transport charge. In-

stead, the charge is transported in space through charge

exchange in between particles during collisions. Due

to the analogy to other diffusion processes, we called

this mechanism inter-particle charge diffusion. The ad-

dressed analogy relates to the random motion of parti-

cles, caused by the turbulence of the carrier phase, and

the exchange of a property via collisions between par-

ticles which is also a feature of e.g. heat or momentum

diffusion.

However, despite having identified the existence of

inter-particle charge diffusion in particulate flows with

high particle number densities (?), this mechanism has

not been studied in detail yet. The objective of this pa-

per is to investigate under which conditions this particu-

lar mechanism becomes important. To this end, we have

set up a simplified mathematical model, neglecting fluid

forces on the particles and focusing on the charge trans-

fer during inter-particle collisions, which we describe in

the following section. This model can be seen as a learn-

ing model to understand an elementary component of a

complex multi-physics system. In section 3 we present
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and discuss our results based on this model. Finally, our

conclusions are provided in the last section.

2. Mathematical model

The trajectory of each particle was computed indi-

vidually in a Lagrangian framework. In order to focus

on the interplay between generic particle dynamics and

inter-particle charge diffusion, independent of specific

flow situations, we considered a gravitation-free vac-

uum. Thus, the acceleration of an electrically charged

particle is given by

dup

dt
= fcoll + fel , (1)

where up is the particle velocity and fcoll and fel its ac-

celeration due to potential collisions and a present elec-

tric field, respectively.

The collisional acceleration term accounts for

both inter-particle and particle-wall collisions which

are considered to be fully elastic and binary. More

specifically, in case of the collision between two par-

ticles (denoted by the indices i and n) of the radii

rp,i and rp,n and the velocities up,i and up,n, the post-

collision velocity of particle i, u′
p,i

, reads

u′p,i =
r3

p,i
up,i + r3

p,nup,n + r3
p,n(up,n − up,i)

r3
p,i
+ r3

p,n

. (2)

Further, the post-collision velocity of a particle upon

impact with the wall is computed via the relations

u′′p · n‖ = up · n‖ , (3)

u′′p · n⊥ = −up · n⊥ . (4)

In the above equations, n⊥ and n‖, denote the unit

vectors perpendicular and tangential to a wall.

The force due to an electric field acting on the n-th

particle is the sum of the Coulomb forces from the other

N − 1 present particles, i.e.

fel,n =

N
∑

i=1,i,n

Qn Qi zi,n

4 π εmp,n |zi,n|3
. (5)

In the above equation, Q is the electric charge of the

particles and mp is their mass. The permittivity of the

ambient medium is denoted by ε which is in the present

study equal to the one of vacuum, namely ε = 8.854 ×
10−12 F/m. Further, zi,n is a vector pointing from the

center of particle i to the center of particle n. According

to the above formulation, we accounted for the absolute

particle charges and neglected charges induced at the

surface.

Inter-particle charge exchange occurs when the par-

ticles collide with each other. In the present study we

considered particles of a homogeneous material, i.e. of

identical work functions and resistivities. Thus, tribo-

electric effects are absent when particles are in contact

with each other. Consequently, no charge exchange oc-

curs during collisions between equally charged parti-

cles.

However, inter-particle charge exchange takes place

if two colliding particles carry different charges prior

to the collision. To compute the amount of transferred

charge we employed the model of (?) which is based on

an analogy to the charging of a capacitor. Accordingly,

the charge exchanges, ∆Qi and ∆Qn, during particle-

particle collisions were calculated by

∆Qi = −∆Qn =
CiCn

Ci +Cn

(

Qn

Cn

− Qi

Ci

)

(

1 − e−∆ti,n/Ti,n

)

,

(6)

In the above equation, ∆ti,n is the contact time during

the collision, Ci and Cn are the electric capacities of the

two involved particles, and Ti,n is the charge relaxation

time.

The electric capacity of particle i of the radius rp,i was

calculated as follows,

Ci = 4 π ε rp,i . (7)

Further, the charge relaxation time Ti,n is given by

Ti,n =
CiCn

Ci + Cn

rp,i + rp,n

Ai,n

ϕ , (8)

where the resistivity of the particles’ surface is ϕ. The

contact area Ai,n was calculated according to the elastic

theory of Hertz as

Ai,n =
π rp,i rp,n

rp,i + rp,n

α , (9)

with

α = rp,i rp,n















5

8
π ρp |up,rel|2

√
rp,i + rp,n

r3
p,i
+ r3

p,n

γp















2/5

. (10)

In the last expression, up,rel is the relative velocity of

the two colliding particles and ρp their material density.

Further, the elasticity parameter γp is defined as

γp =
1 − µ2

p

Ep

(11)
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where µp and Ep are the Poisson ratio and the Young

modulus, respectively, of the material of the particles.

Finally, the duration of the particle contact, ∆ti,n, was

also calculated by the theory of Hertz as follows,

∆ti,n =
2.94

|up,rel|
α . (12)

3. Results and Discussion

First, we checked the correct implementation of the

mathematical model described in section 2. For the sake

of clarity and on the grounds of availability of reference

data, the model describing the dynamics of a charged

particle in an electric field (equations (1) and (5)) and

the charge exchange model (equations (6) – (12)) were

treated separately. The former was effectuated by com-

paring the dynamics of a single particle influenced by

the electric field of another charged particle to analyti-

cal solutions as proposed by (?).

According to the principle of energy conservation the

sum of the particle’s kinetic energy, Wkin, and its poten-

tial electrostatic energy, Wpot, given by

Wkin =
2

3
π ρp r3

p u2
p and Wpot =

Q1 Q2

4 π ε x
, (13)

remains constant in time. In the above equations, up is

the particle’s velocity, Q1 and Q2 is the charge carried

by both particles and x is the spacing in between them.

In the considered setting we released particle 1 of the

radius rp = 250 µm and a density of ρp = 4000 kg/m3

at initial rest in the distance of x0 = 5 mm from an im-

mobile second particle. Both particles carried the same

charge, Q = Q1 = Q2. Inserting the initial conditions

in equation (13) and solving this relation for the particle

velocity in radial direction from the immobile charge,

up, yields

up =













3 Q2

8 π2 ε ρp r3
p

(

1

x0

−
1

x

)











0.5

. (14)

In figure 2 both the numerically and analytically through

equation (14) derived particle trajectories are given.

Three different charges were calculated, namely Q =

50 pC, 100 pC and 200 pC. Due to the higher electro-

static repulsive forces, the more particle accelerates, the

higher the particle charge becomes. The comparison of

the three cases shows that the analytical and numerical

results agree very well. Thus, of equations (1) and (5)

that describe the particle dynamics are correctly imple-

mented.

Concerning the charge exchange between dissimilar

materials, we have previously successfully compared

our solver with the experimentally measured charge

which is accumulated by a complete powder when

transported pneumatically through a pipe (cf. ??). How-

ever, owing to the complexity of the involved physi-

cal processes there is currently no suitable experimental

data or analytical expression available to compare the

model of the charge transfer between particles of the

same material during their collision (cf. equations (6) –

(12)) with. In fact, according to the well-known tri-

bolelectric series (see e.g. ?), no triboelectric charging

should take place and only possible pre-charge of the

particles is exchanged. However, large differences in

the triboelectric behavior between samples of different

and even nominally the same material are commonly

observed in experiments (???). Thus, the model given

by equations (6) – (12) can be considered as a repre-

sentation of one possible scenario. Given these points,
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Figure 2: Comparison of numerically and analytically (through equation 14 derived) particle trajectories. The particles are of the radius rp = 250 µm

and a density of ρp = 4000 kg/m3.
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we employed the implementation of the mathematical

model of section 2 to investigate the mechanism of inter-

particle charge diffusion as presented in the following.

Analyzing the system of equations, one may note that

a large amount of parameters is investigated. There-

fore, it is evident that we cannot study all parameters

as well as their interactions. Henceforth, we present in

the following the most relevant dependencies and rela-

tionships in-between them. The parameters can be or-

ganized in three groups. The first one includes γ and

ϕ which appear only in the equations of the charge ex-

change model and not directly in the equations for the

particle dynamics. Further, they relate only to the ma-

terial properties and are constant for a certain type of

particles. Thus, they were investigated independently

from the other quantities. The second group defines the

frequency of interaction between particles. This group

consists of ρ and u0 where the latter denotes the initial

particle velocity. In order to study the influence of the

interaction frequency, we let ρ vary. On the other hand,

the initial velocity was kept constant, u0 = 0.5 m/s. The

second group relates to the question whether an inter-

action between particles leads to a collision, i.e. charge

exchange between both, or if their repelling forces due

to their charge prevent contact. We demonstrated in ?

that this group involves ρ, ρp, Q, rp and u0. To gain in-

sight in the influence of this group we varied addition-

ally ρp and Q while the particle radius is treated con-

stant, rp = 100 µm.

The numerical set-up which we used for this study

is visualized in figure 3(a). The domain of interest is a

cube whose edges have a length of 8 cm. If a particle

collides with the wall it is reflected. In order to focus on

the interaction between particles, neither charged was

exchanged during wall collisions nor induced charges

at the walls were taken into account. Thus, the kinetic

energy of the particle remained constant during the col-

lision. In the simulation shown in figure 3 512 particles

of the properties ϕ = 106 Ω m, γ = 8.4 × 10−7 m s2/kg

and ρp = 4000 kg/m3 were released, resulting in a num-

ber density of ρ = 1 cm−3. Initially (t = 0 s, figure 3(a))

the particles were distributed with an equal spacing be-

tween each other. While the amplitude of the initial ve-

locity was the same for all particles, the direction of the

velocity vector of the particles was ascribed randomly.

In order to mimic a scenario similar to the real situa-

tion in a flow, the particles initially located at the bot-

tom half of the domain were charged whereas those at

the top half were uncharged. This idealizes the situation

of particles residing close to the wall and gaining charge

and other particles being located in the bulk of the flow.

The initial charge of the charged particles is denoted by

Qmax which is 1 pC in the case of figure 3.

The particle positions and their charge after a compu-

tation time of 0.05 s is given in figure 3(b). Here, the

majority of the charge is retained in the bottom of the

domain. However, at the interface region between the

charged and uncharged particles, a charge mixing layer

is formed. A few particles in this layer exhibit charges

between zero and Qmax which indicates charge redis-

tribution through collisions of charged and uncharged

particles. Further, figure 3(c) shows the situation after

t = 0.5 s. Here, the charge is apparently mixed rather

homogeneously in the domain which suggests an effec-

tive inter-particle charge diffusion.

In order to gain further insight in the charge redistri-

bution process, the probability density function (pdf) of

the particle charge is plotted for several time instances

in figure 4(a). For the time instance of t = 0.01 s,

i.e. shortly after the beginning of the simulation, two

charge peaks can be observed, one representing the un-

charged particles at the top and one representing the par-

ticles at the bottom charged with Qmax. After 0.6 s the

particles exhibit a wide range of charges between zero

and Qmax. The pdf relating to the time instance t = 1.4 s

formed a peak at Q = Qmax/2 = 0.5 pC which corre-

sponds to the average initial charge of the total ensem-

ble of particles. At t = 2 s this peak grows close to

double the value of the initial charge peaks, indicating

that nearly all particles in the domain reached an equi-

librium charge. In other words, the charge is homoge-

neously distributed via inter-particle charge diffusion.

For comparison purposes, in figure 4(b) the pdfs at

the same time instances are plotted. All parameters of

this case are identical to the previous one, except ϕ was

increased to 107 Ωm. Contrary to the previous observa-

tions, in this case the charge is distributed among parti-

cles in a much slower rate and even after 2 s no distinct

peak is formed at Q = 0.5 pC. Reason is the increase of

the charge relaxation time which comes along with an

increase in ϕ, cf. equation (8). Therefore, a smaller part

of the total particle charge is transferred during a colli-

sion for ϕ = 107 Ωm compared to ϕ = 106 Ωm. It is

emphasized that also for the latter case the final distri-

bution will have a single peak at Q = 0.5 pC, but it takes

much longer.

In order to provide a measure of the homogeneity of

the pdfs in figure 4, the root mean square (rms) of the

charge distributions is defined as

Qrms =















1

N

N
∑

i=1

∣

∣

∣Qi − Q̄
∣

∣

∣

2















1/2

, (15)
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Figure 3: Instantaneous snapshots of the computations of 512 particles released in a cube of the side length of 8 cm, i.e. ρ = 1 cm−3. Figure (a)

shows the initial condition. After 0.05 s (b) few particles exchanged charge through collisions. Moreover, after 0.5 s (c) the charge is rather

homogeneously distributed through inter-particle charge diffusion. The considered conditions are ϕ = 106 Ω m, γ = 8.4 × 10−7 m s2/kg, Q = 1 pC

and ρp = 4000 kg/m3.

where Q̄ denotes the average particle charge. Since dur-

ing collisions between particles no charge is generated

or destroyed, Q̄ remains constant during the computa-

tion and equals Qmax/2. The time evolution of Qrms for

the discussed cases is plotted in figure 5. Additionally,

the results of a case with ϕ = 106 Ωm and a reduc-

tion of gamma to γ = 8.4 × 10−8 m s2/kg is shown.

The curves confirm the previous observation that the

rms drops faster, i.e. the charge distributes faster, if ϕ

is reduced. Further, the charge distribution is reduced

if γ is decreased. This can be explained by the fact

that a reduction of γ results in a reduction of the con-

tact area during collisions between particles, cf. equa-

tions (9) and (10). Thus, less charge is exchanged dur-

ing each collision.

Interestingly, the rms plots shown in figure 5 resem-

ble closely an exponential decay function of the shape

Qrms = Q0,rms e−t/τ . (16)

In the above equation, Q0,rms is the initial rms value

which can be determined from the initial charge distri-

bution to be equal to Qmax/2. Further, τ is the time scale

of the decay, which was approximated from the numer-

ical results as the time when Qrms drops to the value

Q0,rms/e. Using this definition, time scales of τ = 0.64 s,

2.48 s and 1.72 s were measured where the second value

corresponds to the case of ϕ = 107 Ωm and the third

value to the case of γ = 8.4 × 10−8 m s2/kg. The decay

functions are also plotted in figure 5. Evidently, τ can

be interpreted as a time-scale that characterizes the ef-

ficiency of inter-particle charge diffusion. The smaller

it is, the more efficient the charge transferred via inter-

particle collisions becomes. Therefore, τ can be used as

a measure to evaluate the importance of this mechanism

for different conditions.

In the following, the second and third group of pa-

rameters is investigated, i.e. the parameters that influ-

ence the particle interactions and the type of interaction,

namely ρ, ρp and Q whereas rp and u0 were kept con-

stant as discussed above. Also, ϕ and γ are kept constant

at 106 Ωm and 8.4 × 10−7 m s2/kg, respectively. With

this choice of values the expected time scales were low

and, therefore, the computation times limited.

Figure 6 shows the influence of the particle number

density on τ for two different particle material densi-

ties. An increase in ρp leads to a higher particle ki-

netic energy and, thus, more severe collisions and, con-

sequently, more charge exchange and in general smaller

values for τ. Moreover, a higher number density leads

to a higher collision frequency which also results in

smaller decay times. Asymptotically, τ seems to ap-

proach zero for a further increase in ρ, i.e. for a very

high particle number density inter-particle charge dif-

fusion occurs almost instantly. On the contrary, at low

number densities no collisions take place and, therefore,

τ grows asymptotically.

The influence of the particle material density on τ is

further explored in figure 7. This figure shows results at

the same data points as in the previous figure whereas

the asymptotic behavior of τ for further density reduc-

tions is investigated. By showing the curves for two

different particle number densities, we demonstrate that

the aforementioned relationship for the decay time scale

holds for a wide range of particle material densities.

The increase of the decay time scale is even more pro-

nounced when the particle material density is reduced
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Figure 4: Evolution of the probability density function (pdf) of the particle charge for several time instances. Figure (a) relates to particles of

ϕ = 106 Ωm whereas figure (b) relates to ϕ = 107 Ωm. The other parameters of both simulations are identical, i.e. γ = 8.4 × 10−7 m s2/kg,

ρp = 4000 kg/m3 and ρ = 1 cm−3.

to 250 kg/m3 and 62.5 kg/m3. In these cases the iner-

tial energy of the system is further reduced. If the parti-

cles experienced one or a few collisions they accumulate

charge which is sufficient to prevent further collisions.

An interesting region in the figure, with respect to inter-

particle charge diffusion, can be identified around the

data points for ρ = 3.375 cm−3 and intermediate mate-

rial densities of ρp = 250 kg/m3 and 1000 kg/m3. Here,

τ is low due to the high particle number density, thus,

inter-particle charge diffusion is effective. At the same

time, the particles’ inertia is low which means that for

these conditions inter-particle charge diffusion might be

the dominating mechanism to transport charge in space.

For the same number density but higher values of ρp

inter-particle charge diffusion is still effective, however,

here particle-bound charge transfer is expected to be

more important.

Finally, the influence of the initial particle charge on

the charge transfer is evaluated. To this end, the de-

cay time scales for variations of Qmax from 0.01 pC to

3000 pC is plotted in figure 8. It can be seen that for

initial charges of up to 100 pC τ is independent of Qmax.

However, for higher initial charges the decay time scale

reduces steadily.

In order to identify the reason for this behavior, the

cases of initial charges of 100 pC and 2000 pC are

further analyzed in figure 9. For the initial charge of

100 pC it can be observed that the average specific ki-

netic energy of the particle ensemble, ekin, is constant

0.127 m2/s2 which is very close to the value given to the

particles by their initial velocity. The average particle

collision frequency is low during the first 0.02 s which

is related to the uniform initial spacing of the particles

and the finite initially assigned velocity and charge. Af-

terwards, the frequency remains in a band below 5 s−1.

On the contrary, the average specific kinetic energy of

the case of an initial charge of 2000 pC rises fast above

1 m2/s2. This is related to the potential electrostatic en-
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ergy due to the higher initial charge. Since this charge

is spatially uneven distributed, the electric field acceler-

ates the charged particles towards the uncharged, thus,

transforming potential into kinetic energy. Due to this

increase also the collision frequency significantly in-

creases as it can be inferred from figure 9. Thus, af-
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ter a certain threshold, which is here 100 pC, the initial

charge enhances both inter-particle charge diffusion and

particle-bound charge transfer. In other words, if parti-

cles accumulate a high charge at a wall, i.e. because of a

high contact potential, the arising electric field supports

the transport of the charge towards the bulk of the flow.

4. Conclusions

In this paper we investigated numerically the mech-

anism of inter-particle charge diffusion in particulate

flows. In order to evaluate the efficiency of the stud-

ied mechanism a time scale characterizing the charge

redistribution was proposed. Through a generic set-up

fundamental insight in the influence of various parame-

ters on the charge transfer was obtained. The main con-

clusion of the study is that a high particle number den-

sity, particle material density or particle charge leads to

a fast charge redistribution and accordingly a low char-

acteristic time. Given the importance of wall-normal

charge transport, this results aid the further understand-

ing of the electrification of fluid-solid mixtures. The in-

formation concerning the characteristic time scale may

be utilized in the future to define a diffusion coefficient,

analogous to other diffusion processes.
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