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Introduction

The context of this thesis is the study of lattices in locally compact
groups. A cornerstone of this subject is the seminal work of Margulis
[Mar91], one of whose highlights is Margulis’ arithmeticity theorem. It
states that an irreducible lattice in a connected semisimple Lie group
G with finite center and no compact factors is automatically arithmetic
when the rank of G is at least 2. This can be viewed as a classifica-
tion theorem. The set up covered by Margulis’ theory encompasses also
semisimple algebraic groups over non-Archimedean local fields. Bruhat—
Tits theory provides a natural geometric space on which such algebraic
groups act, namely the associated Euclidean buildings. It is important
to emphasize that the full automorphism group of the building is in gen-
eral strictly larger than the algebraic groups to which it is associated.
This is especially manifest in the rank one case, where the building in
question is a tree. In this way, we are naturally led to study lattices in
the automorphism group of a tree, or of a Euclidean building in gen-
eral, without assuming a priori that the geometric space comes from an
algebraic group.

This topic received a lot of attention in the past three decades. The
case of tree lattices is well understood (see [BK90], [BLO1]); from the
purely algebraic viewpoint those lattices are rather poor: indeed all co-
compact lattices in the automorphism group of a tree are pairwise com-
mensurable and virtually free. Burger and Mozes revealed in [BM00a)]
that things get much more exciting in a product of two trees. After hav-
ing laid the foundations of the study of lattices in products of trees, they
highlighted many new phenomena and constructed for instance lattices

that are finitely presented, torsion-free and simple, thereby answering
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10 Introduction

famous open problems in group theory. A product of two trees is a 2-
dimensional Euclidean building of type A; x A;. The study of lattices
in 2-dimensional Euclidean buildings of other types was also undertaken
by various authors (see e.g. [CMSZ93al, [Ess13], [Wit17], [Bar00]), but
focused mainly on the type As. There are similarities between lattices
in buildings of types A; x A; and As, but they do not actually enjoy the
same qualitative properties (e.g. QI-rigidity, Kazhdan’s Property (T)).

This thesis provides a contribution to these topics with the construc-
tion of numerous new examples and a detailed study of their enveloping
groups. The first two chapters are concerned with trees and products of
trees, the last two with As-buildings.

We now proceed to describe some of our main results more precisely.
Each chapter has its own introduction containing more information and

additional statements of independent interest.

Trees and products of trees (Chapters 1 and 2)

One of our starting points is the following question, asked by Burger,
Mozes and Zimmer in [BMZ09].

Question (Burger-Mozes—Zimmer, 2009). Which groups arise as clo-
sures of projections of cocompact lattices in Aut(Ty) x Aut(Ts), where

Ty and Ts are locally finite reqular trees?

The cocompact lattices T' < Aut(T}) x Aut(7%) of interest are those
which are not commensurable to a product of lattices 'y < Aut(T3).
They are called irreducible. This irreducibility condition is equivalent
to asking both projections on Aut(77) and Aut(7%) to be non-discrete,
see [BMOOb, Proposition 1.2].

Under this irreducibility assumption, the above question thus asks
for which pairs of non-discrete closed subgroups Hy < Aut(77) and
Hy; < Aut(T,) there exists a cocompact lattice I' < H; x Hs whose
projections on Hy and Hy are dense. A first remark is that H; must be
locally topologically finitely generated for each ¢ € {1,2} (see [BMZ09,
Proposition 1.1.2]), which in particular excludes the full group Aut(73).



Introduction 11

Most known irreducible cocompact lattices in products of trees come
from the algebraic world: we call them arithmetic lattices. One can for
instance construct a cocompact lattice I' < PGL(2,Q,) x PGL(2, Q)
with dense projections for each distinct odd primes p and p’, see [Vig80,
64, Theorem 1.1] and [Rat04, Chapter 3]. Note that PGL(2, Q,) acts on
its Bruhat-Tits tree T' (which is (p 4+ 1)-regular), so it can be seen as a
closed subgroup of Aut(T).

The first non-algebraic groups that were shown to appear as closures
of projections of cocompact lattices in a product of two trees are the
universal groups U (Alt(d)) defined and studied by Burger and Mozes in
[BMO00a] (for sufficiently large even values of d). Given a d-regular tree T
and a transitive finite permutation group F' < Sym(d), the group U(F)
is the largest vertex-transitive subgroup of Aut(7") whose stabilizer of a
vertex acts as F' on its d neighbors (we write G(v) = F when the local
action of a group G < Aut(7T') at v is given by F'). In [BMO0b], the same
authors indeed constructed for each m > 15 and n > 19 a cocompact
lattice I' < U(Alt(2m)) x U(Alt(2n)) with dense projections. Later,
Rattaggi constructed in his thesis [Rat04] such lattices for some smaller
values of m and n, for instance m = n = 3. He was also able to produce
a cocompact lattice I' < U(Alt(6)) x U(Mi2) with dense projections,
where My < Sym(12) is the Mathieu group of degree 12. For all these
examples, the density of the projections can be established thanks to
the next result of Burger-Mozes [BM00a, Proposition 3.3.1].

Theorem (Burger-Mozes, 2000). Let T be the d-regular tree and let
H be a non-discrete vertex-transitive closed subgroup of Aut(T). Let
F < Sym(d) be such that H(v) = F for each v € V(T). Assume that
F' is 2-transitive and that the stabilizer F(1) of 1 in F is simple non-
abelian. Then H = U(F) (up to conjugation in Aut(T)).

As soon as a projection of an irreducible cocompact lattice in a prod-
uct of trees is vertex-transitive and locally isomorphic to F' with F' sat-
isfying the conditions of the theorem, its closure is thus ensured to be
U(F). For F = Alt(d) with d > 6 and F = M2 < Sym(12), it is indeed
true that F' is 2-transitive and F(1) is simple non-abelian.

However, as will be remarked in Chapter 2 (see for instance Ta-
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bles 2.12-2.15), the local group F that is the most likely to appear when
considering a generic cocompact lattice is the full group F' = Sym(d) (at
least when the degrees of the two trees are large). In that case, F'(1) is
not simple so the above theorem does not apply. Our goal in Chapter 1 is
to provide an analogous result when F' = Sym(d) and d > 6. One cannot
however expect H = U(Sym(d)) = Aut(7) to be the unique group sat-
isfying the hypotheses.! In [BM00a, Proposition 3.3.2], Burger-Mozes
could already conclude in that situation that H must be 2-transitive
on the set of ends 9T of T'. Our result gives a precise (infinite) list of

possible groups to which H can be equal; they are all virtually simple.

Theorem (see Corollary 1.E). Let T be the d-regqular tree with d > 6
and let H be a non-discrete vertex-transitive closed subgroup of Aut(T).
Assume that H(v) =2 F > Alt(d) for each v € V(T). Then H has a
simple subgroup of index < 8 and belongs to an explicit list of examples.
All groups in that list contain U(Alt(d)) (up to conjugation in Aut(T)).

The context in which Chapter 1 falls is actually a bit more general:
we deal with semiregular (and not only regular) trees T' and closed sub-
groups H < Aut(T) acting 2-transitively on 7" and with an alternating
or symmetric local action at each vertex. Such a group H can be vertex-
transitive (as in the statement above) but it can also have 2 orbits of
vertices. The same kind of results as above is valid in that more general
framework, see Theorem 1.B'.

The assumption that 7' is semiregular is not really restrictive. In-
deed, given a (locally finite) tree whose vertices have valency at least 3,
the existence of a group acting on it such that the induced action on
the set of its ends is 2-transitive already implies that the tree must be

semiregular (see Lemma 1.2.2).

Once these classification results are established, we come back in
Chapter 2 to cocompact lattices in products of trees, more precisely to

groups I' < Aut(71) x Aut(7%:) acting simply transitively on the vertices

'Indeed, there exist many irreducible lattices T' < Aut(T1) x Aut(T:) with T3 and
T> being 6-regular and such that the closure Hy of the projection of I' on Aut(71)
is vertex-transitive and satisfies Hi(v) = Sym(6). As explained above, H; cannot be
equal to Aut(T).



Introduction 13

of Ty x Ty where T} and T5 are di-regular and ds-regular respectively.
We call such a group I'' a (dy,dz)-group. Our first aim is to develop
tools enabling us to identify (as often as possible) the closures of the pro-
jections of a particular (d,ds)-group. Under some suitable hypotheses
on the local action, we develop algorithms that can be used to compute

the closure of a projection.

Theorem (See Theorem 2.A). Let T' < Aut(71) x Aut(T3) be a (dy,ds)-
group and let Hy be the closure of the projection of T' on Aut(T}). Sup-
pose that dy > 6 and that Hy(v) > Alt(dy) for each v € V(T1).

(i) There is an (efficient) algorithm that determines if T is irreducible.

(i) If T is irreducible and dy is even, then there is an (efficient) algo-

rithm that computes the exact isomorphism class of Hi.

Point (i) follows from results of Burger-Mozes [BM00a, Proposi-
tions 3.3.1 and 3.3.2], while (ii) requires a much more involved analysis.
Those algorithms can for instance be used to give the following partial

answer to the question of Burger-Mozes—Zimmer mentioned above.

Theorem (see Theorem 2.B). Let T} and Ty be two 6-regular trees.
There are exactly 7 groups H < Aut(Ty) (up to conjugation) that are
transitive on V(11), satisfy H(v) > Alt(6) for each v € V(11), and
appear as the closure of the projection on Aut(Ty) of a torsion-free irre-
ducible (6,6)-group I' < Aut(71) x Aut(T3).

For each di,dy > 3 there are only finitely many conjugacy classes of
(d1, dy)-groups, so we could not expect in the previous theorem to see
infinitely many of our groups appearing as the closure of a projection of
a (6,6)-group. However, if we fix dy = 6 and let dy vary, then infinitely

many distinct projections on the 6-regular tree do indeed arise.

Theorem (see Theorem 2.F). Let Ty be the 6-regular tree. There are
infinitely many conjugacy classes of groups H < Aut(T}) that are tran-
sitive on V (T1), satisfy H(v) > Alt(6) for each v € V(11), and appear
as the closure of the projection on Aut(T1) of a torsion-free irreducible
(6,d2)-group T' < Aut(T1) x Aut(Ty) (for some dy > 3).
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After having studied projections of (dj, da)-groups, we decided to use
our brand-new computer programs to also go back to one of the original
motivations of Burger-Mozes in [BM00b]. The following problem was
asked by Peter Neumann in [Neu73].

Problem (Neumann, 1973). Let G = F;, g, F}, be a free amalgamated
product of non-abelian free groups of finite rank over a subgroup of finite

index. Can it happen that G is simple?

Burger and Mozes answered this question in the positive by proving
that for each m > 109 and n > 150, there exists a virtually simple
(2m, 2n)-group I' < U(Alt(2m)) x U(Alt(2n)) with dense projections
(see Theorem [BMO0Ob, Theorems 5.5 and 6.4]). The simple subgroup of
finite index in I' is then isomorphic to its projection on U(Alt(2m)), and
this projection is edge-transitive. It can therefore be written as the free
amalgamated product of two adjacent vertex stabilizers over an edge
stabilizer (see [Ser77, Theorem 6]). Each vertex stabilizer in the first
tree is a cocompact lattice in the second tree that is free, so we get a
simple group of the form F, xr, F} as wanted.

One main ingredient developed and used by Burger—Mozes for the
construction of virtually simple lattices is their Normal Subgroup The-
orem (NST). The NST states that if the two closures of projections of a
cocompact lattice I' are boundary-2-transitive and virtually simple, then
all non-trivial normal subgroups of I' have finite index. The strategy to
find a virtually simple (di,d3)-group I' is to ensure not only that the
NST applies but also that I' is not residually finite: this is in general
done by embedding another non-residually finite lattice in I.

The degrees of the free groups involved in the amalgams found by
Burger—Mozes are however really huge, so the presentations of those
groups would be too large to manipulate. Rattaggi later found in [Rat04]
a (8,12)-group with a simple subgroup of index 4. With the same rea-
soning, he observed that this simple subgroup is a free amalgamated
product Fy xp, Fr. Even more recently, Bondarenko and Kivva found
in [BK17] a (8, 8)-group with a simple subgroup of index 4 that decom-
poses as F7 xp,, F7. In all these references, no explicit presentation for

the simple subgroup was computed.
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In Chapter 2 and in parallel to our study of projections, we use the
same techniques as the above authors to produce a (4,5)-group with
a simple subgroup of index 4 that takes the form F3 g, F3. Some

explanations of how we could go from (8, 8) to (4,5) are listed below.

e We do not restrict our attention to torsion-free (di, d2)-groups. In
particular dy and dy can be odd (while they are automatically even

when the (di, ds)-group is torsion-free);

e A non-residually finite (3, 3)-group can be found thanks to a result
of Caprace and Wesolek [CW17, Corollary 6.4] (while Bondarenko—

Kiva use a non-residually finite (4, 4)-group);

e We use the NST of Bader—Shalom [BS06] instead of the NST of
Burger—-Mozes. Indeed, we are not able to compute the closures
H; and Hjy of the projections of our (4,5)-group; in particular we
do not know a priori whether they are virtually simple. The NST
of Bader—Shalom gives the same result as the one of Burger—Mozes
but without the assumption that H; and H are virtually simple.
It will then turn out a posteriori from the virtual simplicity of our

(4,5)-group that H; and Hj are indeed virtually simple.
The presentation of our simple group is given below.

Theorem (see Corollary 2.D (ii)). The following group is isomorphic
to a free amalgamated product F3 xp,, F3. It is simple and is an index 4

subgroup of a (4,5)-group.

— 2 __ -1 2 _ .2
<1'1,1'2,1'3,y1,y2,y3 | T = Y1, Ty = Y291 Y2, T3 =Y3,

-1 -1 -1 -1
Ty T1X3 = Y3 Y2Y3, T3 T2X3 = Yz Y1Y3,

-1 -1, -1 —1,.-2 -1 -2
Lo T1T2 =Yg Y1 Y2, Lo T3 T2 =Yg Y1Y3 Y2,
-1, -1,_-1 -1 -1, -1 -1

Lo T3 To T1T3T2 = Yo Y1Ys Y1 Y2Y3Yy Y2,
-1,.—1 -1 -1 -1 -1

Lo Ty T1X2X3T2 = Yo Y1Ys Y2Ys Y1Y3Y; Y2,
-1,-1.2 -1, -1 -1 -1

Ty T3 TyT3T2 =Yy Y1Y3 Y1Y3 Y1Y3Y1 Y2,

-1 _—-1_ -1 —1 -1 -1 -1 —1
Ty Xy Ty T3T2T3T2 = Yy Y1Yz Y1 Yz Y1Y3Yi Y2)

As mentioned above, Burger-Mozes and their followers were only

dealing with regular trees of even degrees. In the following result, we
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show that any d-regular tree with d > 4 can appear as a factor of a

product of two trees in which a simple cocompact lattice lives.

Theorem (see Theorem 2.E). For eachn > 2, there exists a (2n,2n+1)-

group with a simple subgroup of index 2™.

We finally end Chapter 2 with a short discussion about lattices in
products of three trees. This theme, mentioned as follows by Farb, Mozes
and Thomas in [FMT15, Problem 8], remains a wasteland in which very

few mathematicians ventured.

Problem (Farb—Mozes-Thomas, 2015). Study lattices in products of

three or more trees.

The question whether there exists a virtually simple non-arithmetic
cocompact lattice in a product of more than two trees is actually still
unanswered. We obtain a result about non-existence of certain lattices

in the product of three 6-regular trees, see Theorem 2.H.

Buildings of type A, (Chapters 3 and 4)

After lattices in products of trees, we focus on lattices in buildings of type
Ay. There is a general definition for a building of any type, but those of
type As have a very nice alternative characterization. Indeed, a (thick)
Ay-building is a simply connected simplicial complex of dimension 2 such
that all simplicial spheres of radius 1 around vertices are isomorphic to
the incidence graph of a projective plane. Given an Ay-building, we call
these projective planes the residue planes of the building.

Any simple algebraic group has a well-understood action on a build-
ing of some type, and these geometric objects can thus help under-
standing the properties of algebraic groups. In the case of locally fi-
nite As-buildings, the algebraic groups that are involved are the groups
PGL(3, D) for D a finite dimensional division algebra over a local field.
An zzlg—building associated to such a group is called Bruhat—Tits, and
its residue planes are all Desarguesian.

On the other hand, the existence of locally finite As-buildings with

non-Desarguesian residue planes has been known since 1986. Ronan
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indeed gave in [Ron86] a general construction affording all possible As-
buildings and from which it is clear that any projective plane can appear
as a residue plane in an zzlg—building. However, this point of view does
not provide any information on the automorphism group of the building.
In particular it does not seem fruitful for the construction of a locally
non-Desarguesian A,-building with a cocompact lattice. The problem

of finding such a building was asked by Kantor in [Kan86, Page 124].

Problem (Kantor, 1986). Construct a locally finite Ay-building with
non-Desarguesian residue planes and admitting a (torsion-free) cocom-

pact lattice.

Independently, Howie also asked the next more specific question
[How89, Question 6.12]. Note that, for any A,-building A, there ex-
ists a type function ¢: V(A) — {0, 1,2} such that each triangle in A has
one vertex of each type. An automorphism of A is then called type-
rotating if its induced action o on the set of types {0, 1,2} satisfies
o(t) =t + c¢mod 3 for some ¢ € {0,1,2}.

Question (Howie, 1989). Does there exist a group acting simply tran-
sitively and by type-rotating automorphisms on the vertices of a locally

finite Ay-building whose residue planes are non-Desarquesian?

Some constructions in [VM87] and [BP07] yield Ay-buildings with
exotic residues, but without any lattice (or, as the case may be, without
information on its possible existence). In Chapter 3, we solve the above
problem and question by proving the following result. The Hughes plane
Hg of order 9, which was first constructed by Veblen and Wedderburn in

1907, was the first discovered finite non-Desarguesian projective plane.

Theorem (see Theorem 3.A). There exists a group I acting simply
transitively and by type-rotating automorphisms on the vertices of an

As-building whose residue planes are isomorphic to Hg.

The construction of that lattice uses the formalism developed by
Cartwright, Mantero, Steger and Zappa in [CMSZ93a]. In their work,
they could for instance list all groups acting simply transitively and

by type-rotating automorphism on the vertices of an Ay-building whose
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residue planes have order 2 or 3. In our case, constructing only one
lattice in some As-building where the Hughes plane of order 9 appears
as a residue plane is already a challenge. In Chapter 3 we reveal how a
computer could be programmed to search for such a lattice.

Recently, Caprace also solved the problem of Kantor by showing that
any projective plane whose order is a prime power appears as a residue
plane in an Ag—building admitting a cocompact lattice, see [Capl7b,
Remark 8]. It is however not clear that the lattices constructed in that
way are virtually torsion-free, whereas I' in the previous theorem has
a torsion-free subgroup of index 3. Also, if the chosen projective plane
is non-Desarguesian, then it does not appear at all vertices of the Ay

building. In particular the lattice is not transitive on the vertices.

Our Ay-building with residue planes isomorphic to Hg can be shown
to have a discrete automorphism group, see Theorem 3.A. This however
requires the help of a computer. In general, deciding whether the au-
tomorphism group of a particular As-building A is discrete or not is a
difficult task. Of course Aut(A) is non-discrete when A is Bruhat-Tits,
so the real question concerns exotic (i.e. non-Bruhat-Tits) Ay-buildings.
Below we list the known sources of examples of exotic Ay-buildings. A

panel in an Ag—building is a simplex of dimension 1 (i.e. an edge).

(1) Ap-buildings can be constructed inductively, starting from a point
and gluing triangles to the ball of radius r centered at that point
so as to build the ball of radius r + 1. This kind of construction
is explained in [Ron86] and [BP07], where it was observed that Ay-
buildings can be “really” exotic. It is however rather hard to have any
information on the automorphism group of a building constructed

in that way.

(2) As-buildings with lattices have been studied a lot: some of them with
a panel-regular lattice (see for instance [Ess13] and [Wit17]), others
with a vertex-regular lattice (as in Chapter 3, see also [CMSZ93a]
and [CMSZ93b]), and also some with a lattice having two orbits of
vertices (see [Bar00, §3], or [Capl7b, Remark 8] mentioned earlier).

For the small examples, i.e. the ones with a small enough thickness
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(the number of triangles adjacent to a single panel), it could be
checked with a computer that the automorphism group was discrete

as soon as the building was exotic.

(3) Exotic Ay-buildings can also be constructed from valuations on pla-
nar ternary rings, see [VM87]. The automorphism groups of the As-
buildings constructed in that way in [VMO90, §7] are vertex-transitive
and non-discrete, but they fix a vertex at infinity, and are thus not
unimodular by [CM13, Theorem M] (in particular, they cannot con-

tain any lattice).

In Chapter 4, we show the following result. We write Aut(A)™ for
the subgroup of Aut(A) preserving the types of vertices. Note that,

similarly to vertices, there are three types of panels.

Theorem (See Theorem 4.A). Let A be a locally finite thick As-building
such that Aut(A)*1 is transitive on panels of each type. Then either:

(a) A is Bruhat-Tits; or
(b) Aut(A) is discrete.

In particular, this theorem applies to all locally finite thick As-
buildings with a panel-regular lattice (see (2) above). A natural question
to ask is whether the panel-transitivity can be weakened in this theo-
rem, and for instance replaced by vertex-transitivity. Because of the Ag-
building described in [VM90, §7] (see (3) above), such a result cannot
be true in these general terms. We however obtain the same conclusion
if we suppose that Aut(A) is unimodular and that A has thickness p+ 1
for some prime p (i.e. the local projective planes in A have order p),
see Theorem 4.B. This other result can in particular be applied to the
locally finite thick As-buildings A with a vertex-regular lattice (see (2)
above) when the thickness of A is p 4+ 1 for some prime p.

As pointed out by the referee of the paper presenting the results of
Chapter 4, the question whether the automorphism group of an exotic
Ay-building admitting a cocompact lattice is always discrete was asked
by Steger in talks given in Blaubeuren and Orléans in 2007. We provide

partial answers to that question.
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The theorem above can also be viewed as giving weak hypotheses
on Aut(A) under which A is automatically Bruhat-Tits. It was proved
in [VMVS98] by Van Maldeghem and Van Steen that A is Bruhat-Tits as
soon as Aut(A) is Weyl-transitive. Our result actually shows that having
Aut(A)T transitive on panels of each type and non-discrete (which is
strictly weaker than requiring the Weyl-transitivity) is already sufficient
to have the same conclusion. Our proof actually uses the machinery
developed by the authors in [VMVS98].

We close Chapter 4 with a result giving a local condition under
which an As-building is ensured to be exotic, see Theorem 4.C. Tt is
thus somewhat complementary to the above theorem. We mention here
an application of that result to the context of panel-regular lattices. Fol-
lowing [Wit17], a Singer cyclic lattice is a group I' < Aut(A) acting
simply transitively on the panels of each type of an As-building A and
such that each vertex stabilizer in I is cyclic. It is called exotic if A
is exotic, and the parameter of I' is the order of the local projective
planes in A. The number of isomorphism classes of Singer cyclic lat-
tices with parameter ¢ grows super-exponentially with ¢ (see [Witl7,

Theorem B]), and we show that almost all of them are exotic.

Theorem (See Corollary 4.E). Almost all Singer cyclic lattices are ex-

otic in the following sense:

. [{ exotic Singer cyclic lattices with parameter q}/~| 1
im =
g—oo  |{Singer cyclic lattices with parameter q}/~ |

)

where q ranges over prime powers and ~ is the isomorphism relation.

As mentioned above, it is a consequence of our discreteness result
that all exotic Singer cyclic lattices live in an As-building with a discrete
automorphism group. Using the fact that cocompact lattices in As-
buildings are QI-rigid [KL97], this in particular implies that they have
finite index in their abstract commensurator group. This can be seen as
an analog of the result of Margulis stating that an irreducible lattice in
a connected semisimple Lie group G with finite center and no compact
factors is arithmetic if it has infinite index in its commensurator in G,
see [Mar91, Theorem IX.1.16].



Chapter 1

Boundary 2-transitive
automorphism groups

of trees

The main goal of this chapter is to give a full classification of boundary
2-transitive automorphism groups of trees whose local action at each
vertex contains the alternating group, under the assumption that each
vertex has valency at least 6. The results of this chapter have been
published in [Rad17a].

1.1 Main results

Let T be the (dp,d;)-semiregular tree, with dy,d; > 4. Let V(T) =
Vo(T) U Vi(T) be the canonical bipartition of the vertex set V(T so
that each vertex of type t € {0,1} (i.e. in V4(T)) is incident to d;
edges. The subgroup of Aut(7") consisting of elements preserving this
bipartition is denoted by Aut(T)*. We write H <. G to mean that H

is a closed subgroup of G and define the sets
Hr = {H <, Aut(T) | H is 2-transitive on 0T}

and

Hi:={H€eHr | H<Auw(T)"}.

21
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Note that when dy # dq, all automorphisms of T" are type-preserving so
that ;. = Hr.

Consider a group H € Hp. For each vertex v € V(T'), one can look
at the action of the stabilizer H(v) of v in H on the set E(v) of edges
incident to v. The image of H(v) in Sym(E(v)) is denoted by H(v).
Since H is 2-transitive on 97T, it is transitive on Vy(T) and on Vi(T)
(see Lemma 1.2.2 below). Hence, all groups H (v) with v € Vy(T') (resp.
v € V1(T)) are permutation isomorphic to the same group Fy < Sym(dp)
(resp. F1 < Sym(d;)). In this context of finite permutation groups, we
use the symbol = to mean permutation isomorphic. The goal of this
chapter is to provide a full classification of the groups H € Hp such that
Fy > Alt(dp) and Fy > Alt(d;), under the assumption that dy,d; > 6.

Let us first describe some key examples of groups in 7—[}' In [BM0Oa,
§3.2], the notion of a legal coloring of a d-regular tree is defined, and
consists in coloring the edges of the tree with d colors. For our purposes,
we need to generalize this notion to a (dg, dq )-semiregular tree, and a way
to do so is to color the vertices instead of the edges. A legal coloring
i of T consists of two maps io: Vo(T') — {1,...,d1} and i1: Vi (T) —
{1,...,do} such that ig|g,1):S(v,1) — {1,...,d1} is a bijection for
each v € Vi(T) and i1|g(,1): S(v,1) = {1,...,do} is a bijection for each
v € Vo(T). Here, S(v,r) is the set of vertices of T" at distance r from
v. The map i is defined on V(T') by ily, )= io and i[y; ()= i1 (see
Figure 1.1). Given g € Aut(T") and v € V(T'), one can look at the local

o Vo(T)
m Vi(T)

Figure 1.1: A legal coloring of B(v,3) in the (3,4)-semiregular tree.
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action of g at the vertex v by defining

Sym(dy) if v € Vo(T),

o) (9,v) = 1lg(g(w)1 Ogoﬂilv <
() (9(v),1) S(v,1) Sym(dy) if v e Vi(T).

In the particular case where dy = di, there is a natural correspondence
between our definition of a legal coloring and the definition given in
[BMO0Oa]. One should however note that, with our definition, the group
of all automorphisms g € Aut(T) such that o(;)(g,v) = id for each
v € V(T) is not vertex-transitive (and even not transitive on Vy(T)),
while the universal group U(id) defined in the same way in [BM0Oa,
§3.2] is vertex-transitive. One must therefore be careful when comparing
[BM00a] with the present text. Another definition of legal colorings for
semiregular trees was given by Smith in [Smil7, §3]: it is equivalent to
ours.

The notion of a legal coloring allows us to define the following groups.

Definition. Let T be the (dp, d;)-semiregular tree and let i be a legal
coloring of T. When v € V(T') and Y is a subset of Z>(, we set Sy (v) :=
U,ey S(v,7). For all (possibly empty) finite subsets Yy and Y7 of Z>,
define the group

Gt

Z)(Yba Yi) =

{g € Aut(T)*

HwESyo(v) sgn(og)(g,w)) =1 Vv € Vi (T, }
HwESyl (v) 580(0 (i) (g, w)) =1 Vv € V;, (T) '

where g := (max Yp) mod 2, ¢; := (1+max Y7) mod 2 and max(@) := 0.

The choice of g and ¢ in this definition is made in such a way that,
in each set Sy, (v) under consideration, the vertices at maximal distance
from v are of type t (i.e. S(v,maxY;) C V4(T)), for ¢t € {0,1}.

Remark that G?;)(Q, @) = Aut(T)" and that all groups G?;) (Yo, Y1)
contain the group ng) ({0}, {0}), which we also denote by Alt(;(T)" and

satisfies

Alt ;) (T)" = {g € Aut(T)™ | o(;)(g, v) is even for each v € V(T)}.
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When T is the d-regular tree, i.e. when dy = d; = d, it can be seen that
Alt;y(T)" is conjugate to the universal group U(Alt(d))* of Burger-
Mozes [BMO00a, §3.2].

Our first result describes various properties of the groups defined
above. We denote by Ng(H) the normalizer of H in G and write Co
and Dg for the cyclic group of order 2 and the dihedral group of order 8,

respectively.

Theorem 1.A. Let T be the (do,d1)-semiregular tree with do,dy > 4
and let © be a legal coloring of T'. Let Yo and Y1 be finite subsets of Zx>g.

(i) Ga)(YO,Yl) belongs to H.
(ii) Ga)(Yo,Yl) is abstractly simple.

(iii) We have

NAut(T)+(G?Z)(Y07Y1))/G%(YO,YI) = (Cy)*
with k = [{t € {0,1} | Y; # @}
Ifdy=di and Yo=Y, =Y with Y # &, then

NAut(T)(Gz;)(Ya Y)) /G+ (v,Y) = Ds.

(4)

Using the fact that the pointwise stabilizers of half-trees are non-
trivial in these groups Ga) (Yp,Y7), one can also show that they are not
linear over a local field (see [CRW17, Corollary R]), and even not locally
linear (as defined in [CS15]).

For any group H € Hr, Burger and Mozes proved that the subgroup
H () of H defined as the intersection of all finite index open subgroups of
H is such that H(®) ¢ H and H(*) is topologically simple (see [BM00a,
Proposition 3.1.2]). Our main classification theorem reads as follows.
Note that two groups in ‘Hr are topologically isomorphic if and only if
they are conjugate in Aut(7") (see Proposition 1.I1.1 in Appendix 1.I), so

this is a classification up to topological isomorphism.

Theorem 1.B (Classification). Let T be the (dy,d1)-semiregular tree
with dy,dy > 4 and let i be a legal coloring of T'. Let S;) be the set of
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groups Gz;) (Yo, Y1) where Yy and Y1 are finite subsets of Z>q satisfying

the following condition: if Yo and Y, are both non-empty, then for each

y €Yy (witht € {0,1}), if y > max Y74 then y = max Y; mod 2.

(i) Two groups GEE) (Yo, Y1) and GZ;)(Y()I7Y1I) belonging to S;y are con-
Jugate in Aut(T) if and only if (Yo, Y1) = (Yy,Y{) or dy = di and
(}/07 Yl) = (Yl/v YOI)

(ii) Suppose that dy,dy > 6. Let H € H'TF be such that H(x) = Fy >
Alt(dy) for each x € Vo(T) and H(y) = Fy > Alt(dy) for each
y € Vi(T). Then [H : H™)] € {1,2,4} and H™) is conjugate in
Aut(T)™ to a group belonging to S

We actually give, in the text, the exact description of all groups
H € %'TF satisfying the hypotheses of Theorem 1.B (ii) (see Theo-
rem 1.B’). The condition dy,d; > 6 is used several times in our proof
and is actually necessary. Indeed, due to the exceptional isomorphisms
PSL(2,F3) = Alt(4) and PSL(2,F4) = SL(2,F4) = Alt(5), the linear
groups PSL(2,F3((X))) and PSL(2, F4((X))), which act on their respec-
tive Bruhat-Tits trees Ty and T5 (where T} is the d-regular tree), are
elements of 7-[}: and Hi respectively whose local action at each vertex
is the alternating group. This shows that Theorem 1.B (ii) fails when
do = dy € {4,5}. In §1.6, we also give a non-linear counterexample when
do =4 and d; > 4.

As a corollary of Theorem 1.B, we find the corresponding result for
H € Hr \ H; (when dy = dy, so that HE C Hr). In this case, H is

automatically transitive on V(7).

Corollary 1.C. Let T be the d-regular tree with d > 6 and let i be a
legal coloring of T. Let H € Hy \ Hi be such that H(v) 2 F > Alt(d)
for each v € V(T). Then [H : H®)] € {2,4,8} and H™) is conjugate

in Aut(T)" to Gz;) (YY) for some finite subset Y of Z>.

Here again, a full description of all groups H € Hr \ H}L satisfying
the hypotheses of Corollary 1.C is given in the text (see Corollary 1.C’).
When H € Hyp, the 2-transitivity of H on 0T implies that H(v) is

a 2-transitive permutation group for each v € V(T') (see Lemma 1.2.2).
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The finite 2-transitive permutation groups have been classified, using

the Classification of the Finite Simple Groups, and the set of integers
© := {m > 6 | each 2-transitive subgroup of Sym(m) contains Alt(m)}

is known (see Proposition 1.ILI.1 in Appendix 1.IT). The ten smallest
numbers in © are 34, 35, 39, 45, 46, 51, 52, 55, 56 and 58. Moreover, ©
is asymptotically dense in Z~ (see Corollary 1.I1.2). When dy,d; € O,
the hypotheses of Theorem 1.B (ii) and Corollary 1.C (if dy = d;) are
always satisfied (by definition) and we get the following result.

Corollary 1.D. Let T be the (dy,dy)-semireqular tree with dy,d; € ©,
let i be a legal coloring of T and let H € Hp. If H € H;, then [H :
H®)] € {1,2,4} and H™) is conjugate in Aut(T)* to a group belonging
to Si;y (as defined in Theorem 1.B). If dy = di and H ¢ HE, then
[H : H™)] € {2,4,8} and H™) is conjugate in Aut(T)T to ng) (YY)
for some finite subset' Y of Z>.

It has also been proved by Burger and Mozes in [BM00a, Proposi-
tions 3.3.1 and 3.3.2] that if H <., Aut(T) is vertex-transitive and if
H(v) = F > Alt(d) with d > 6, then H is either discrete or 2-transitive
on JT. We can therefore combine this result with Corollary 1.C to

obtain the following.

Corollary 1.E. Let T be the d-regular tree with d > 6, let i be a legal
coloring of T and let H be a vertez-transitive closed subgroup of Aut(T).
If H(v) = F > Alt(d) for each v € V(T'), then either H is discrete or
[H : H®)] € {2,4,8} and H™) is conjugate in Aut(T)* to GEE) (YY)
for some finite subset Y of Z>.

For d € ©, the condition H(v) = F > Alt(d) can be replaced
by requiring H(v) to be 2-transitive. Note that the result of Burger—
Mozes stated above is not true if we replace vertex-transitivity by edge-

transitivity. Indeed, the group

H = {g € Aut(T)*

Yo e Vo(T), Ve, y € S(v,2): }
i(z) =i(y) = i(g(z)) = i(g(y))
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where 7 is a legal coloring of 71" is an example of a closed subgroup of
Aut(T) with H(v) = Sym(d) for each v € V(T') and which is edge-
transitive but such that H is non-discrete and the action of H on 0T is

not 2-transitive.

Remark. Due to a result of Trofimov, the hypothesis that T" is a tree

is not even necessary in Corollary 1.E (see [Tro07, Proposition 3.1]).

In order to prove the classification, we first need to generalize some
results of [BM0Oa] to the case of non-vertex-transitive groups. This
leads us to the following side result, which is an analog of [BMO0Oa,

Proposition 3.3.1].

Theorem 1.F. Let T be the (dy,dy)-semireqular tree and let Fy <
Sym(dg) and Fy < Sym(d;). Let H € H; be such that H(z) = K
for each x € Vo(T') and H(y) = Fy for each y € V1(T). Suppose that,
for each t € {0,1}, the stabilizer Fy;(1) of 1 in F} is simple non-abelian.
Then there exists a legal coloring i of T' such that H is equal to the group

U+

(Fo, F1) = {g e Aug(ryt | C010:0) € Fofor cach @ € VolT), }
(o0, 1) = '

o (9,y) € F1 for each y € Vi(T)

Notice that U sz

( )(Alt(do), Alt(dl)) = Alt(z) (77)Jr

Structure of the chapter

The proof of the classification is divided into different main steps. The
first step, which is the subject of §1.2 (where Theorem 1.F is also proved)
and §1.3, consists in showing that the groups satisfying the hypotheses
of Theorem 1.B (ii) all contain, up to conjugation, the group Alt;(7)":
Theorem 1.G. Let T be the (dy,dy)-semireqular tree with dy,d; > 6.
Let H € Hf be such that H(z) & Fy > Alt(dy) for each x € Vo(T)
and H(y) = Fy > Alt(dy) for each y € Vi(T'). Then there exists a legal
coloring i of T' such that H 2 Alt)(T)*.

Note that Theorem 1.G is already sufficient to obtain meaningful

information on the groups H satisfying the hypotheses. For instance, it
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follows from Theorem 1.G that the pointwise stabilizer of a half-tree in
such a group H is never trivial.

For a fixed legal coloring i, we then find in §1.5 all the groups H € ’H%
containing Alt;)(T)*. The strategy adopted to do so is somewhat in-
volved and what follows is a rough description of it. Following [BEW15],
the n-closure J(™ of an arbitrary group J < Aut(T) is defined by

J™ = {g € Aut(T) | Vv € V(T),3h € J : glpgnmy= hlpwn }-
The next important step in our proof then reads as follows.

Theorem 1.H. Let T be the (dy, dy)-semireqular tree with dy,d; > 6, let
i be a legal coloring of T and let H € H; be such that H 2 Alt; (T)*.
Then there exists K € Z>q such that H = HE),

Theorem 1.H is crucial, since it means that H is completely deter-
mined by its local action on 7" on a sufficiently large scale. In particular,
observe that for each K € Zx( there is only a finite number of groups
H € Hi with H D Alt;)(T)* and such that H = H¥). This already
implies that the classification will lead to a countable family of groups.
The idea to complete the classification is finally to fix K, to find an
upper bound to the number of groups H satisfying the hypotheses and
such that H = H%)_ and to show that this upper bound is achieved
by the various groups from the explicit list described beforehand. These
groups are all defined in §1.4, where Theorem 1.A is also proved (see
Lemma 1.4.2, Theorem 1.4.6 and Lemma 1.4.10).

1.2 From local to global structure

In this section, we consider a group H € %JTF and analyze how the
knowledge of H(v) for each v € V(T) has an impact on the global
structure of H. This section is largely inspired from the work of Burger—
Mozes [BM00a]. Our goal is to generalize several of their results to the
situation where the groups are not vertex-transitive.

Most of our notations come from [BM00a]. If z € V(T'), then S(x,n)

(resp. B(z,n)) is the set of vertices of T' at distance exactly n (resp.
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at most n) from x. We also set c(x,n) = [S(z,n)]. If n > 0 and
x1,...,x, € V(T), then define Hy(z1,...,x,) to be the pointwise sta-
bilizer of Ule B(z;,n). In the particular case where n = 0, we write
H(xy,...,zi) instead of Hy(z1,...,xx) as it is simply the stabilizer of

vertices 1, ...,x. For x € V(T), set

H, (x):= H, () /HnJrl(x).

Once again, for n = 0 we write H(z) instead of Hy(z) and this exactly
corresponds to the definition of H(z) given in §1.1.

We start by giving the following results which will be used through-
out this chapter.

Lemma 1.2.1. Let T be a locally finite tree whose vertices have valency
at least 3 and let H <. Aut(T). Then H is 2-transitive on 0T if and
only if H(v) is transitive on 9T for each v € V(T).

Proof. See [BM00a, Lemma 3.1.1]. O

Lemma 1.2.2. Let T be a locally finite tree whose vertices have valency
at least 3 and let H <. Aut(T) be acting 2-transitively on OT. Then
T is semireqular and, for each x,x',y,y' € V(T) such that x and x’
have the same type and d(z,y) = d(z',y’), there exists h € H such that
h(z) =2’ and h(y) =y .

Proof. This is a direct consequence of Lemma 1.2.1. O

1.2.1 Subgroups of products of finite simple groups

Lemma 1.2.5 below is a basic result about finite groups and will play
a fundamental role in the sequel. Its statement comes from [BMO0Oa,
Lemma 3.4.3], but the proof therein requires supplementary details be-
cause the definition of a product of subdiagonals needs to be amended
(probably due to a misnomer). The result could be deduced from Gour-
sat’s Lemma (see [Gou89, §11-12] and [Lan02, Exercise 1.5]); we provide

a self-contained proof for the reader’s convenience.
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Given a product of groups G1 x -+ - X Gy, and iy, ..., € {1,...,n},
we write proj;, ;G X+ X Gy — Gy X -+ X Gy, for the projection

on factors G;,...,G

Tt

Lemma 1.2.3. Let S be a finite simple non-abelian group and let G <
S™ (n>2). If proj; ;(G) = 5* for each 1 <i < j <n, then G = S™.

Proof. We prove by induction on m that proj; , (G) = S™ for each
1 <4 <+ <im < n. By hypothesis this is true for m = 2. Now let
m > 3 and suppose it is true for m — 1. Given 1 < i1 < -+ < iy, < 1,
we need to show that proj; ,; (G)=S™. For any k € {1,...,m}, we
have that proj;, (ker(projihmﬁwnim)) <5, so it is either trivial or equal to
()= 5m!
by induction hypothesis, we directly get that proj;, ; (G) = S™ and

S (since S is simple). In the latter case, since proj;

yeeollesetm

we are done. Now we assume that proj; (ker(proj, ~ . )) is trivial
1y-lkse-tm
for all k (*). Taking k = m in (x), we get that there exists a: S™~1 — §
such that proj; (g) = a(proj;, ; ,(g)) forall g € G. Moreover, k =1
in (x) implies that the map £:S — S defined by 8(s) = a(s,1,...,1)
is injective, and hence surjective. For the same reason with k = 2, the
map 7:S — S defined by v(s) = a(l,s,1,...,1) is surjective. Since
B(s)-v(s') =al(s,s',1,...,1) =~(s') - B(s) for all s,s" € S, we get that

S is abelian, a contradiction. O

Given a group S and a positive integer n, a product of subdiago-
nals of S™ is a subgroup of S™ of the form (a; X -+ X ay,)(Ap, -+ Ap,),
where {I; | 1 < j <r}isapartitionof {1,...,n}, A;isdefined by Ay :=
{(s1,.+.,8n) €S"|si=1Vi¢gJand s = s, Vk,{ € J} for each subset
JCA{l,...,n},and o, ..., € Aut(S). Here, a; X -+ X a0, € Aut(S™)

is the Cartesian product of aq, ..., an,.

Lemma 1.2.4. Let S be a finite simple non-abelian group and let G <
S™ (n>1). If proj;(G) = S for each i € {1,...,n}, then G is a product
of subdiagonals of S™.

Proof. For any i,j € {1,...,n}, we have proj;(ker(proj;)) <5, so it is
either trivial or equal to S. Let us define the relation ~ on {1,...,n}

by i ~ j if and only if proj;(ker(proj;)) is trivial. We claim that ~ is an
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equivalence relation. Reflexivity and transitivity are clear. Let us prove
that it is also symmetric. For i,j € {1,...,n}, write G; j := proj; ;(G).
Then proj;|g, ;: Gij — S has image S by hypothesis, and its kernel is
trivial if and only if ¢ ~ j. So |G; ;| = |S| if and only if i ~ j. It follows
directly that ~ is symmetric and hence an equivalence relation.

Now let I, ..., I be the equivalence classes of ~ : they form a parti-
tion of {1,...,n}. For each 1 < j <r, choose x; € I;. For such a j and
for y € I, we have x; ~ y and thus ker(proj,,) = ker(proj,). As a con-
sequence, there exists a,, € Aut(S) such that proj,(g) = ay(proj,,(9))
for all g € G. Combined with the fact that proj,, . (G) = S (by
Lemma 1.2.3, because z; % z; implies proj,, .. (G) = S?%), we obtain
that G is a product of subdiagonals of S™ whose underlying partition is
{I;|1<j<r} O

Lemma 1.2.5. Let S <L be finite groups, where L/S is solvable and S
is simple non-abelian. Let G < L™ (n > 1) be such that proj;(G) > S
foralli e {1,...,n}. Then GNS™ is a product of subdiagonals of S™.

Proof. In view of Lemma 1.2.4, it suffices to show that proj;(GNS™) = S
for each 7 € {1,...,n}. Given a group H, we write HO® = H and
H®) = [H®=D HgE=D] for each k > 1. Since L/S is solvable, there
exists k such that (L/S)®*) is trivial. This implies that L(*) < S. Hence,
we obtain G*) < (L")*) = (L))" < §" and

proj; (G N S™) > proj,(G®) = proj;(G)*) > s*) = g O

1.2.2 Kernel of the action on balls

We can now start to adapt the results [BM00a, Lemmas 3.4.2, 3.5.1
and 3.5.3] to the case of groups that are not vertex-transitive. Note
that the proofs of some of our results are significantly more complicated

because of this missing hypothesis.

Lemma 1.2.6. Let T be the (do,dy)-semireqular tree with dy,d; > 3
and let H € H'TF Let x and y be adjacent vertices of T and let k > 1.
Then Hy(x) # Hy(y). In particular, H;,_,(z) or H;,_(y) is non-trivial.
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Proof. Assume for a contradiction that Hy(z) = Hy(y). Since Hi(z) <
H(z) and Hy(y) < H(y), we get Hi(z) < (H(z),H(y)) = H. As H is
transitive on Vp(7T') and V1(T), this means that Hy(z) = Hi(z") for each
2’ € V(T), implying that Hy(z) is trivial. This is impossible as H would
then be countable, which contradicts its 2-transitivity on 0T.

In particular, Hy(x)\ Hi(y) or Hi(y)\ Hi(z) is non-empty. If Hi(z)\
Hi(y) # @, then there exists h € Hy(x) \ Hi(y) € Hip—1(y) \ Hx(y) and
hence H;,_,(y) is non-trivial. If Hy(y) \ Hx(z) # @ then we get that

H, _(x) is non-trivial. O

Recall that the socle of a group G is the subgroup generated by the
minimal non-trivial normal subgroups of GG. In the next results, we will
often use the easy fact that if G is a finite group whose socle S is simple
and of index at most 2 in GG, then S is the only non-trivial proper normal
subgroup of G. If, moreover, S is non-abelian, then it follows that the
center Z(@G) of G is trivial.

Lemma 1.2.7. Let T be the (doy,dy)-semireqular tree with dy,d; > 3
and let Fy < Sym(dy). Let H € H; be such that H(y) = Fy for each
y € Vi(T). Suppose that the socle Sy of the stabilizer F1(1) of 1 in Fy is
simple non-abelian and of index < 2. Then for each x € Vy(T), one of
the following holds.

(A) Hi(x,y) = Ho(x) for each y € S(x,1).

(B) Hy(x) D (S1)%, where Hy(x) is seen in the natural way as a sub-
group of (Fy(1))%.

Proof. Fix x € Vo(T'). For each vertex y € S(z, 1), the inclusion H;(z) C
H(z,y) induces a homomorphism ¢,: Hy (z) — H(z,y) /H1 (y) = Hay
which is such that ¢, (Hi(x)) < H,,. Note that H, , = F;(1). This also

gives rise to an injective homomorphism

prHi(x) = [ Hey=(F(1D)%.
yeS(x,1)

As oy (Hi(z)) < Hy,y and Hy(x) < H(x), there are only two possibilities:
either ¢, (Hi(z)) is trivial for each y € S(z,1), or ¢, (Hi(x)) 2 S
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(via the isomorphism H,, = Fi(1)) for each y € S(z,1). In the first
case, we directly get Hy(x) = Hi(z,y) for each y € S(x,1), which
implies Hi(x) = Hy(z) and in particular Hq(x,y) = Hs(z) for each
y € S(z,1). In the second case, by Lemma 1.2.5 the group ¢(H;(x)) N
(S1)% is a product of subdiagonals. These subdiagonals determine a
bloc decomposition for the H(x)-action on S(z,1). As this action is
2-transitive (by Lemma 1.2.2), there are two options: it is either the
full group (S1)% or a full diagonal (o x - - - x dy)(Aqi,....doy) (With the
notation given in §1.2.1). If it is the full group, then ¢(H,(z)) D (S;)%
as wanted. Otherwise, H1 (z,9) /HQ(QU) is a 2-group for each y € S(x,1).
In particular, if z € S(x,1) with z # y then the image I of Hy(z,y) in
H, .= H(z,z) /H1(Z) = F(1) is a subnormal 2-group of H, . (because
Hy(xz,y)<Hy(x)<H(z,z)). Since S7 is not a 2-group, the only possibility
for I is to be trivial. We thus have Hy(z,y) C Hy(z) for each z € S(z,1),
which means that Hy(z,y) = Ha(x). O

Lemma 1.2.8. Let T be the (do,dy)-semireqular tree with dy,d; > 3
and let Fy < Sym(dy) and Fy < Sym(dy). Let H € Hj. be such that
H(x) = Fy for each x € Vy(T) and H(y) = Fy for each y € Vi(T).
Suppose that, for each t € {0,1}, the socle Sy of Fy(1) is simple non-
abelian and of index < 2. Fix two adjacent vertices x € Vo(T) and
y € Vi(T) and let k > 1. Assume that Hy(z) D (Sk mod 2)°™® and, if
k#1, that Hy_1(z) 2 (Sk—1) mod 5)¢@HR=1) " Then H,(y) is non-trivial.

Proof. For z € S(x,n), let p(z) be the vertex at distance n — 1 from
x that is adjacent to z and H, , := H(z,p(2)) /H1(Z)' Define also
Sp(x,y) to be the set of vertices of S(z,n) that are at distance n — 1
from y and a(x,n) := |S,(x,y)|.

For simplicity, we set s := kmod 2 and ¢ := (k — 1) mod 2. We
first claim that there exists ¢ € Hi_1(x,y) \ Hi(z) whose image o(g)
in [Tes,(zy) Her = (Fy(1))*®*) is contained in (S,)%®*). First re-
mark that Hy_1(z,y) \ Hg(x) is non-empty in view of the hypothesis
H,_((x) 2 (S)@k=D (if k = 1, use H(2,y) /Hl(x) ~ Fy(1) D ).
Hence, if F5(1) = Ss the claim is trivially true. On the other hand, if
[Fs(1) : S5] = 2 then take h € Hy_q(x,y) such that h? € Hy_1(z,y) \

Hy(z). Such an element exists as S; is not a 2-group. Then g = h?
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satisfies the claim.

Now take ¢ € Hp(z) such that o(¢') = o(g), whose existence is
ensured by the fact that H, (z) D (S5)°®*). Then the element g'g~! is
contained in H(y) but not in Hyi41(y) (by construction), so H(y) is

non-trivial. O

In the proof of the following lemma, we use the Schreier conjecture
stating that Out(S) is solvable for each finite simple group S. This
conjecture has been proved using the Classification of the Finite Simple
Groups. Note however that, except for Theorem 1.F, we will only use
Lemma 1.2.9 with Sy = Alt(dy) and S; = Alt(d;), in which case the
solvability of Out(Sp) and Out(S;) is clear.

Lemma 1.2.9. Let T be the (dy, d1)-semiregular tree with dy,dy > 3 and
let Fy < Sym(dy) and Fy < Sym(dy). Let H € H}. be such that H(x) =
Fy for each x € Vo(T) and H(y) = Fy for each y € Vi(T). Suppose
that, for each t € {0,1}, the socle Sy of Fy(1) is simple non-abelian,
of index < 2 and transitive but not simply transitive on {2,...,di}.
Then H,(x) 2 (S1)% for each x € Vo(T) and Hy(y) D (So)™ for each
ye Vi(T).

Proof. For each v € V(T'), we can apply Lemma 1.2.7. This gives two
possibilities ((A) or (B)) at each vertex of T. As H is transitive on
Vo(T') and V4(T), the situation must be identical at all vertices of the
same type. In total, there are three possible situations: (A) for all
vertices, (A) for one type of vertices and (B) for the other, or (B) for all
vertices. To prove the statement, we must show that the only situation
that really occurs is the last one. To do so, we prove that the two other
situations are impossible.

We already know that we cannot have (A) for all vertices, since it
would imply that Ho(x) = Hi(x,y) = Ha(y) for two adjacent vertices z
and y, contradicting Lemma 1.2.6.

Now assume for a contradiction that we have (A) for Vo(7T') and
(B) for Vi(T') (the reverse situation being identical). If x € V5(T') and
y € S(x,1), then (A) means that Hy(z,y) = Ha(x). The homomorphism
oy Hi(x) — H(z,y) /Hl(y) = Fi(1) has a normal image and its kernel
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is exactly Hy(z,y) = Ho(z). Hence, H,(x) = H1(2) /HQ(x) is isomor-
phic to a normal subgroup of Fj(1): it is either trivial or isomorphic to
Sy or F1(1). By Lemma 1.2.8 (with k = 1), since H;(y) 2 (So)%, H;(x)
cannot be trivial.

For the sake of brevity, set H := H;(z) and G := H(x) /HQ(Q;)
We have shown that H is isomorphic to S; or F;(1), which implies that
the center Z(H) of H is trivial, and H is a normal subgroup of G.
Hence, G contains the direct product of H and its centralizer Ca(H )

(the intersection of these two normal subgroups being Z(H)).
Claim. The product H - Cq(H) is a subgroup of index at most 2 of G.

Proof of the claim: Consider the homomorphism

:G — Out(H): g — [h € H— ghg™! € H].

An element g € G is in the kernel of « if and only if there exists k € H
such that ghg™! = khk™! for all h € H, which is equivalent to saying
that k~'g € Cq(H). Hence, ker(a) = H - Cg(H). We write K :=
H - Cg(H) and want to show that [G : K] < 2. Since K = ker(a),
the quotient G/ can be embedded into Out(H). By the Schreier
conjecture (see [DM96, Appendix A]), Out(S;) is solvable. As H 2 S or
Fi(1), it implies that Out(H) is solvable. Indeed, if [F1 (1) : S1] = 2 then
there is a natural map j: Aut(F; (1)) — Out (51), and one can show that
ker(j) C Inn(Fy(1)), so that Aut(Fi(1 /ker =~ im(j5) < Out(S))
surjects onto Out(F; (1)), making it solvable.

We just proved that G /K is solvable. By the third isomorphism

theorem, we have
(G/FI)/(K/g) ~G /.

Since G /7 = Fp, this means that G/ is isomorphic to a quotient
of Fy, let us say 0/ with N < Fy. There remains to show that
[Fy : N] < 2, using the fact that £0 /)y is solvable. Consider the injective
map i Fo(1) /N(l) < Fo /v where N(1) is the stabilizer of 1 in N.

Since £0 /v is solvable, Fy(1) /N(l) is also solvable. However, N(1)
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can only be trivial or equal to Fy(1) or Sp. It cannot be trivial as Fy(1)

Fo(1) /N(l)

normal subgroup of the 2-transitive group Fpy, which implies that N

is not solvable, so < 2. In particular, N is a non-trivial

is transitive. Hence, the map i defined above is an isomorphism, and
1o /N | = ‘Fo(l) /N(l)‘ < 2 as wanted. ]

Using the fact that H - Cg(H) is a subgroup of index 1 or 2 of G,
one can find a contradiction. Denote by vy, ..., v, the vertices adjacent
to z and by agl), e ,agl)_l the vertices adjacent to vy different from z
(see Figure 1.2). As a corollary of the claim, the group Cg(H) acts non-
trivially and therefore transitively on S(x,1) = {vi,...,vq,}. Hence,
there exist cp,...,cq, € Cg(H) such that ¢(v1) = vy for each k €
{2,...,dp}. Define az(k) = ck(agl)) for each k € {2,...,dp} and i €
{1,...,dy — 1}. In this way, for each k the vertices agk), ... ,aé’jll are
the vertices adjacent to vy different from z. Thanks to this choice,
if h € H satisfies h(agl)) = a§1) for some ¢ and j then the fact that

hex, = ch directly implies that h(agk)) = a§k) for each k € {2,...,do}.
In other words, as soon as the action of h € H on the vertices adjacent
to vy is known, its action on the vertices adjacent to vy is also known

for each k € {2,...,dp}.

Now consider ¢ € Ci(H) with c(vg) = vy, for some k, £ € {1,...,dp}.
If we write c(al(-k)) = a((f()l.) (for all ) with o € Sym(d; — 1), then the fact
that ¢ centralizes H implies that o centralizes S7. Denote by O4,...,0O,
the distinct orbits of Cgym (4, -1)(51), forming a partition of {1,...,d; —
1}. Since S is transitive on {1,...,d; — 1}, we directly get that |O] =

-+- =0,| and that S preserves the partition O;U---UO,. If r = 1, then

U1 V2 UVd,

do)

1 1) d (
o) o,

gy -1

Figure 1.2: Illustration of Lemma 1.2.9.
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CSym(dl—l)(Sl) is transitive and hence 57 is simply transitive, which is
impossible by hypothesis. If » = 2, then {s € S; | s(O1) = O} is a
subgroup of index 2 of 57, which contradicts its simplicity. Hence, we
must have r > 3.

We now explain how this contradicts the 2-transitivity of H. Let us
look at the possible images of the ordered pair (agl),a?)) by elements
of G. In view of Lemma 1.2.2, for all distinct k,¢ € {1,...,dp} and all
i,7 € {1,...,d; — 1} there should exist some element g € G such that
g((agl),a?))) = (aﬁk),ay)). This means that ‘G- (agl),a?))‘ = do(dy —
1)(dy — 1)2. However, in view of what has been observed above, the

image of (agl),a?)) by an element of H is always of the form (al(-l), al(?)),

and the image of (agl) a(2)) by an element of Cg(H) is always of the

i 0
form (agk), agf)) with j and j in the orbit O, 3 . Consequently, we have

. - 2
|(H - Cq(H)) - (agl),a?))] < do(dp — 1)r (%) (because there are r
orbits, each of size @) Since [G : (H - Cg(H))] < 2, this implies that
G- (agl), agz)) < 2.dy(dy —1)(dy — 1)2, which contradicts the fact that

—_ T

r>3. |

Proposition 1.2.10. Under the assumptions of Lemma 1.2.9 and for
each x € V(T') and each k € Z~q, we have

ﬂk(x) = (S(t-‘rk) mod Z)C(x’k),
where t € {0,1} is the type of x.

Proof. For x € V(T') and z € S(x,n), set H, . := H(z,p(z))/Hl(z)
where p(z) is the vertex at distance n — 1 from z that is adjacent to z.
For y € S(xz,1), let also Sy, (x,y) be the set of vertices of S(z,n) that are
at distance n — 1 from y and a(z,n) := |S,(z,y)|.

We prove the result by induction on k. For & = 1, this is exactly
Lemma 1.2.9. Now let £ > 2 and assume the result is proved for k£ — 1
(and for all vertices). We show that it is therefore also true for k. By
Lemma 1.2.6 and since H is transitive on V(T') and V1 (T'), H;(x) is non-
trivial for each = € Vy(T) or H,(y) is non-trivial for each y € Vi(T).
Assume without loss of generality that H,(x) is non-trivial for each
x € Vo(T). We first prove that H,(z) D (Ss)°®*) for each = € Vo(T),
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where s := k mod 2.

Fix € Vy(T'). For each y € S(z,1), let I, be the image of Hj_;(y)
in the product J[.cg, (s,
I, D (Sg)*@k) . But Hy(xr) Q Hy_1(y), so if I, is the image of Hy(z) in

this product, then I} 91, and I;ﬂ(Ss)“(x’k) <(8s)*®k) . The only normal
a(z,k)

)Hm7z. By the induction hypothesis, we have

subgroups of (Ss)
the full group Ss. By transitivity of H(x) on S(x, k) (see Lemma 1.2.1),
I,n (S5)%®k) must be either trivial or equal to (Ss)*®*). Suppose that

NS )4@k) is trivial. Then I, is trivial, since the contrary and the fact

are the products made from the trivial group and

that I; < I, would imply that Fg(1) has a normal subgroup of order 2,
which is not the case. Then, by transitivity of H(x) on S(z, 1), I; must
be trivial for each y € S(z,1). This is impossible as H;,(z) is non-trivial.
Hence, I, contains (Sg)a(@k),

Now Hy(x) is the image of Hg(z) in J[,cg01)I].es,(ay)
from Lemma 1.2.5 we deduce that H, ()N (Ss)%®*) is a product of sub-
diagonals in (S,)°®*). We claim that it must be the full group (S,)*®*).

By contradiction, suppose it is not the case. Then the product of sub-

H, ., so

diagonals induces a bloc decomposition {B;}i1<;<, for the H(x)-action
on S(z,k) with |B;,| > 2 for some iy and |B; N Sk(x,y)| < 1 for all i
and y € S(x,1) (because I, D (S5)2®k)). Choose y # 4 in S(x,1) such
that B;, N Sk(x,y) = {z} and B;, N Sk(x,y’) = {z'}. Take w € Sk(z,y)
with w # 2’. By Lemma 1.2.2, there exists g € H(x) such that g(z) = 2z
and g(z') = w, which is a contradiction with the bloc decomposition.
Therefore, we have H, () D (Ss)*®*) as wanted.

We are done for each = € Vj(T'). Now if we try to do the same reason-
ing for y € V4(T'), the only issue is that H,(y) could a priori be trivial.
However, since H, () D (S5)°®*) for each = € Vo(T) and as H,_;(z) D
(Sl,s)c(“”vk_l) by induction hypothesis, Lemma 1.2.8 precisely tells us
that H,(y) is non-trivial. Hence, we also get H, (y) D (S1_s)°¥*) in the

same way. ]

1.2.3 A global result

In the particular case where Fy(1) and Fj(1) are simple non-abelian,

we can deduce from Proposition 1.2.10 that there is, up to conjugation,
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only one group H € H1 such that H(z) = F for each z € Vo(T) and
H(y) = F; for each y € V1(T). This is the subject of Theorem 1.F whose
statement is recalled below.

Recall that a legal coloring i of T is a map defined piecewise by
ilvy ()= %0 and i|y; ()= 41 where, for each ¢ € {0, 1}, the map 4: V;(T') —
{1,...,d1—¢} is such that it[g(,1): S(v,1) — {1,...,d1} is a bijection
for each v € Vi_(T). For g € Aut(T) and v € V(T'), the local action
of g at v is 0(;(9,v) := i|s(g(v),1)°9 © iyg(lm). Given Fy < Sym(dp) and
Fy < Sym(dy), the group U(Jir) (Fy, F1) is defined by

U(Jir)(Fo,Fl) = {g € Aut(T)*+

o) (g,x) € Fy for each z € Vo(T),
o (g,y) € F1 for each y € V4(T) '

The following basic result will be used constantly in the next sections.

Lemma 1.2.11. Let T be the (dy,dy)-semireqular tree and let i be a
legal coloring of T .

e If g,h € Aut(T) and v € V(T), then o(;(gh,v) = o(;)(g, h(v)) o
a(i)(h,v).

e Ifge Aut(T) and v € V(T), then o (g1 v) = (i) (9,97 (v))~ L.
Proof. This directly follows from the definition of o(;)(g,v). O

The next result is the edge-transitive version of [BM00a, Proposi-
tion 3.2.2].

Lemma 1.2.12. Let T be the (do,dy)-semireqular tree with dy,d; > 3
and let Fy < Sym(dp) and Fy < Sym(dy). Let H be an edge-transitive
subgroup of Aut(T)t such that H(x) = Fy for each x € Vo(T) and
H(y) = Fy for each y € Vi(T). Then there exists a legal coloring i of T

such that H C U(*ZT)(FO,Fl).

Proof. Fix x € Vy(T) and, for each v € Vy(T) different from z, let
p(v) be the vertex of S(v,1) the closest to z and g(v) be the vertex of
S(p(v),1) the closest to z. For each such v, since H is edge-transitive,
we can choose an element h, € H that fixes p(v) and sends v to ¢(v).

We define an appropriate map i1: V1 (T) — {1,...,dp} inductively on
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X, = Vi(T) N B(z,2n — 1). For n = 1, we choose a bijection i,: X; =
S(z,1) — {1,...,dp} such that i,H(x)i,' = Fy and set i1|x,= is.
Now assume that i1 is defined on X,,. To extend i; to X, 1, we set
i1]$(w,1)= 9115(g(v),1) 0| 50,1y for each v € S(x,2n). The map ig: Vo(T') —
{1,...,dy} is defined in the same way by fixing y € V1(T) and choosing
h, € H for each v € V1(T) different from y as above. Define finally ¢ by
ilvp ()= t0 and ily; ()= i1.

Given v € Vy(T') different from x, our construction is such that
() (hy,v) = id. Hence, if v is at distance 2n from z, the element hy =
hgn-1(v)* hgyho € H satisfies hy(v) = x and o3)(hy,v) = id (by
Lemma 1.2.11). Now if we consider g € H and v € Vp(T'), the element
Bg(v)gﬁqjl € H fixes x and is therefore such that a(i)(ﬁg(v)gﬁgl,x) € Fp.
Using Lemma 1.2.11, we obtain that o(;(g,v) € Fp. In the same way,
for v € V1(T') we get o(;y(g,v) € F1. We thus have g € U(';)(FO,Fl) and
hence H C U(JZF)(FO, Fy). O

Let us now prove Theorem 1.F. Note that the fact that Fy(1) is
simple non-abelian implies that |F}(1)| > 60 and hence that d; > 6 for

each t € {0,1}.

Theorem 1.F. Let T be the (dy,dy)-semireqular tree and let Fy <
Sym(dy) and Fy < Sym(dy). Let H € M} be such that H(x) = F,
for each x € Vo(T') and H(y) = Fy for each y € V1(T). Suppose that,
for each t € {0,1}, Fy(1) is simple non-abelian. Then there exists a legal

coloring i of T such that H = U(';') (Fo, F1).

Proof. By Lemma 1.2.12, there exists a legal coloring ¢ of T such that
H C U(Jir) (Fo, F1). For each t € {0,1}, F; is 2-transitive and hence F;(1)
is transitive on {2,...,d;}. Moreover, F;(1) is never simply transitive.
Indeed, if it was the case then F; would be sharply 2-transitive, but
the finite sharply 2-transitive permutation groups have been classified
and they never have a simple non-abelian point stabilizer (see [Zas35],
[DM96, §7.6]). We can therefore apply Proposition 1.2.10 and directly
obtain, since H is closed in Aut(7T), that for each v € V(T') the stabi-
lizer H(v) is equal to U(Jl.r) (Fo, F1)(v). As H is generated by its vertex

stabilizers, the conclusion follows. O
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1.3 A common subgroup

We assume in this section that H € H} satisfies H(z) = Fy > Alt(dp)
for each = € Vp(T') and H(y) = Fy > Alt(dy) for each y € Vi(T). Our
goal is to prove, under this hypothesis and when dy,d; > 6, that there
always exists a legal coloring i of T' such that H 2 Alt(; (T )T. Recall
that Alt ) (T)" = U(j) (Alt(dp), Alt(dy)), i-e.

At (T)* = {g € Aut(T)" | o(;y(g, v) is even for each v € V(T)}.

Under these assumptions, we will apply Proposition 1.2.10. Indeed,
when F; O Alt(dy) with d; > 6 (for t € {0,1}), the socle Sy of Fy(1) is
Alt(d; — 1) which is simple non-abelian, of index at most 2 in F}(1), and
transitive but not simply transitive on {2,...,d;}.

Remark that, if Fy = Alt(dp) and F; = Alt(d;), then we already
know by Theorem 1.F that H = Alt; (T)* for some legal coloring i.
The task is however surprisingly more difficult when Fy = Sym(dp) or
Fy = Sym(d).

1.3.1 Finding good colorings of rooted trees

For our next results, we denote by Ty, 4, », the rooted tree of depth n
where the root vy has dy children, the vertices at positive even distance
from vy (except the leaves) have dy — 1 children, and the vertices at
odd distance from vy (except the leaves) have d; — 1 children. Similarly,
Tc,lo, dyn 18 the rooted tree of depth n where vy and all the vertices at even
distance from vg have dy — 1 children while the vertices at odd distance
from vy have d; — 1 children. Remark that, in the (dy, dy)-semiregular
tree T', a ball B(v,n) around a vertex v of type 0 is isomorphic to Ty, 4, n-
The intersection of B(v,n) with a half-tree of T rooted in v is isomorphic
to Ty 4y -

The notion of a legal coloring of T, 4, », as well as the permutations
oy (g,v) for g € Aut(Tyyay,n) and v & 9Ty, ay 0 (i-e. v is not a leaf),
are defined as for semiregular trees. We can also define a legal coloring
of Tém dynt it suffices to precise that only dy — 1 colors are used for the

vertices adjacent to vg. The notation ;) (g, v) has also a meaning, but
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o(i)(9,v0) € Sym(dy — 1) instead of Sym(dp). Given T = Tdo.dy,n OF

Tc/l(), d,.n With a legal coloring i, we finally define
Altg; (T) := {g € Aut(T) | o()(g,v) is even for each v ¢ oT’}.

In the rest of this section and for the sake of brevity, we will sometimes

forget the word legal and write coloring instead of legal coloring.

Lemma 1.3.1. Let T = Tc/lo,dl,n with do,d; > 3 and let i be a legal
coloring of T. Then Alt;) (T) is generated by the set {g° | g € Alt(; (T)}.

Proof. We proceed by induction on n. For n = 0, the tree T0/l07d170 has
only one vertex and there is nothing to prove. Now let n > 1 and as-
sume the result is proved for n —1. The set {g@;(vo’nil) ‘ g € Alty (T)}
thus generates Alt(;)(B(vo,n — 1)), where vg is the root of 7. Hence,
it suffices to show that {g2 ‘ g€ FiXAlt(i)(T)(B(UO’n — 1))} generates
Fix Al (T) (B(vo,n — 1)). Since alternating groups are generated by 3-
cycles, the group Fix Alt (T)(B (vg,m — 1)) is generated by the elements
f € Alt;)(T) fixing T\ {a,b,c} and such that f(a) = b, f(b) = ¢ and
f(c) = a where a,b,c € S(vg,n) have the same parent. The conclusion

simply follows from the fact that each such element f is the square of

fil S Alt(l) (T) O

In the following, if v is a vertex in a tree T with root v, then X, is the
branch of v, i.e. the subtree of T spanned by v and all its descendants.
For G' < Aut(T'), Ristg(v) is the pointwise stabilizer in G of T'\ X,,. We
will generally see Ristg(v) as a subgroup of Aut(X,). Finally, Gy, is the
pointwise stabilizer in G of B(vg, k) for k > 0.

Lemma 1.3.2. Let T = Tdo.drn OT Témdl,n with dy,dy > 6 (andn > 1),
let vg be the oot of T and let i be a legal coloring of B(vg,n—1). Let G <
Aut(T) be such that G,y D Alt(dy — 1)0"=1) (o Alt(dy — 1)con—1)
or Alt(do), depending on n) and G|p(y n—1)2 Alt) (B(vo,n—1)). Then
there exists a legal coloring © of T extending i such that G D Alt@ (7).
Moreover, if for some vertex yo € S(vo, 1) we already had a legal coloring
i" of Xy, coinciding with i on Xy,NB(vg, n—1) and such that Rista(yo) 2

Alt (i) ( Xy, ), then i can be chosen to extend i’ too.
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Proof. Define e = dy if T = Taydym and e = dg — 1 if T = Témdl,n, SO
that the root vg of T has exactly e neighbors. We proceed by induction
on n. For n =1, we have G = Gy 2 Alt(e) by hypothesis, and thus any
coloring 7 of T is such that G D Alt g (T). Now let n > 2 and assume
the lemma is true for n — 1. We show it is also true for n.

Let y1,...,ye be the vertices of S(vg,1). By hypothesis, Gj,—1 2
Alt(d — 1)@m= where d = dy if n is odd and d = d; if n is even.
This implies that Aut(X,,) > Ristg(y1)n_2 2 Alt(d —1)°@1"=2) (where
c(y1,n — 2) counts the vertices of X, at distance n — 2 from y; and
Ristg(y1) is seen as a subgroup of Aut(X,,)). We also claim that
Rista (y1)| By, ,n—2)=2 Albs) (Xy, N B(y1,n — 2)). Indeed, as G| p(wy,n—1)=2
Alt;)(B(vo,n — 1)), for each h € Alt(;)(Xy, N B(y1,n — 2)) there exists
g € G fixing (T'\ X, )N B(vg,n—1) and acting as h on X,, N B(y1,n—2).
Then g2 € G acts as h? on this set, and has the advantage that ¢ E(z)
is an even permutation of E(x) for each x € (T'\ X,) N S(vo,n — 1).
As Gp_1 D Alt(d — 1)(on=1) there exists f € G, such that fle@)=
gQ|E($) for all those . Then f~'¢? acts as h? on Xy, N B(y1,n — 2)
and belongs to Ristg(y1). This means that Ristg(y1)|p(y, n—2) contains
{h? | h € Alt(;(Xy, N B(y,n — 2))}. By Lemma 1.3.1, we obtain
Rista (y1)| By, ,n—2)=2 Albs) (Xy, N B(y1,n —2)). We can now use our in-
duction hypothesis on Ristg(y1) < Aut(Xy,) to get a coloring i1 of Xy,
extending i and such that Ristg(y1) 2 Alt;,)(X,,). In the particular
case where we are given a vertex yo and a coloring ¢’ of X, as in the
statement, we set y; = yo and rather define i; = 7.

Now take g1 € G with g1|p(y,n—1)€ Alt(;)(B(vo,n — 1)) such that
the induced action of g; on S(vg, 1) is the 3-cycle (y1 y3 y2), ¢1 fixes
Xy N B(vg,n — 1) for each y € S(vo,1) \ {y1,v2,y3}, and g%]B(UO,n,l):
id|B(vg,n—1)- Such an element g exists as G|p(yy,n—1)=2 Alt)(B(vo,n —
1)). The element h; = g7 acts as the 3-cycle (y1 y2 y3) on S(vo, 1), fixes
Xy N B(vg,n — 1) for each y € S(vo,1) \ {y1,%2,y3} and also satisfies
h:{’]B(UO,n,l): id|g(yy,n—1)- In addition, hq|g(,) is an even permutation
of E(x) for each x € (T'\ (X, U Xy, U Xy;)) N S(vg,n — 1) (because
hi = ¢}). From iy, construct a coloring i of X,, (coinciding with i)
such that i2|g(s, (2),1)0M oi1|§(1$’1) is even for each x € X, N S(vg,n—1).

In the same way, from 4, construct a coloring i3 of X, (coinciding with
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i) such that i3] g(n, (2),1)0M oi2|§(1$71) is even for each x € X, NS(vg,n—1).
As hy = g2, we also obtain that i1] (ki (2),1)°M 01'3]5(1171) is even for each
x € Xy, NS(vg,n —1). This exactly means that, for any coloring ¢ of T’
extending i, i1, io and i3, it will be true that hy € Alt(g) (T)

In the case where e is odd, the proof is almost finished. Indeed,
repeat this process to get hy € G inducing (ys y4 y5) on S(vg, 1) and
colorings i4 of X, and i5 of X,;, and so on until h._» € G inducing
(Ye—2 Ye—1 Ye) on S(vo,1) and colorings i.—1 of X, | and i, of X,,.
Then define 7 as the unique coloring extending i,i1,...,%. In view
of our construction, ¢ is such that hi,hs,...,he_o € Alt(;) (T). What
is interesting about hi,hs, ..., he_o is the fact that the permutations
(y1 y2 93), (Y3 Y4 Y5)s- -+, (Ye—2 Ye—1 Ye) generate Alt(e). In particular, as
Ristg(y1) 2 Alt(;,)(Xy, ) we see by conjugating this inclusion with an ele-
ment of (A1, h3, ..., he_2) sending y; on y that Rista(yr) 2 Al (Xy,)
for each k € {1,...,e}. This means that G contains all elements of
Alt g (T) fixing S(vp, 1). But it also contains hy, ks, ..., he_o € Alt ) (T)
whose induced actions on S(vo, 1) generate Alt(e), so G 2 Alt ) (T).

If e is even, then the exact same reasoning gives us hs, hs, ..., he_3
and colorings i4, . ..,%—1. At the end, there is no coloring of X, yet and
the permutations (y1 y2 ¥3), (Y3 Y4 Y5)s - - -» (Ye—3 Ye—2 Ye—1) Only generate
the even permutations of S(vg,1) fixing y.. So as to conclude, take
ge—2 € G as before so that the induced action on S(vg, 1) is (Ye—2 Ye Ye—1)
and define he_o = gg_z. For simplicity, we write h := h._o. Here,
the colorings i._o and i._1 are already fixed and we can only choose a
coloring i, of X, . Choose i, so that ic|s(x(z)1)0h © ie—llg(lLl) is even
for each x € Xy, _, N S(vg,n — 1), and define ¢ as the unique coloring
extending 4,41,...,4.. The only issue preventing us from concluding as
above is that it is not sure if h € Al (T). The permutation o (h @)
could indeed be odd for some z € (X, _, U X, )N S(vg,n —1). More
precisely, these are the only vertices for which 0(;)(h,:v) could be odd
and we even know (because h = g2 ,) that oG (h,x) with z € X, N
S(vo,n—1) is odd if and only if o3 (h, h(x)) is odd. We therefore define

O :={ze X, NS(v,n—1) | U(;)(h,w) is odd},
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so that O U h(O) is exactly the set of vertices at which there is an odd

permutation.

To finish the proof, we show that there exists ' € G ﬂAlt(;)(T) with

P |Bwo,n—1)= hlB(wo,n—1)- Denote by a&ed), e ,aT(ﬁ*Q) the vertices of

Xy._,NS(vg,n—1). Then define age_l) = h(a§6_2)) and ag»e) = h(age_l))
for each j € {1,...,m}. Finally, for each &k € {1,...,e — 3} choose
rp € GNAltg (T) such that 75 (ye—2) = yj and define agk) = rk(age_z))

for all j. We say that f € Aut(T) preserves the labelling if f(y) = v
T (k)y _ (O
implies f(a;") = a;

and if o (f,vo) is even, then f|p(y,n-1)€ Al (B(vo,n —1)).

for all j. One sees that if f preserves the labelling

Choose f1, fa € Alt(;) (T') preserving the labelling, fixing X, and
such that the induced action of fi (resp. f2) on S(vg,1) is the permu-
tation (y1 y2 Ye—1) (resp. (Y1 Ye—2 Ye—1)). Such elements exist by the
previous remark, and they are contained in G. Note that dy > 6, so
e>5and 2 < e— 2. Let us look at the element 7 = (f; ohofg)2 e G.
Clearly, 7 preserves the labelling and it suffices to look at its action on
S(vg, 1) to know its action on S(vg,n — 1). The action of 7 on S(vg, 1)

is given by
(Y1 Y2 Ye1) We—2 Ye1 Ye) (U1 Ye—2 Ye1)]?

which is exactly the trivial permutation. Hence, 7 acts trivially on
B(vg,n — 1). We should now observe with the help of Lemma 1.2.11 if
0 (7, @) is even or odd, for each @ € S(vo,n —1). As f1, f2 € Altg, (1),
all the permutations they induce are even. Using that 0(;)(h, x) is odd if
and only if x € OU(O), we actually obtain that o (7, z) is odd if and
only if z € OUA(O). This means that ' = hor € G, which acts as h on
B(vo,n—1), is such that oz (I', z) is always even, i.e. ' € Alt(;)(T). O

1.3.2 The common subgroup Al (7)*

We are now ready to complete the proof of Theorem 1.G from §1.1. For

the reader’s convenience we reproduce its statement.

Theorem 1.G. Let T be the (dy,dy)-semireqular tree with dy,d; > 6.
Let H € Hf be such that H(z) & Fy > Alt(dy) for each x € Vo(T)
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and H(y) = Fy > Alt(dy) for each y € Vi(T'). Then there exists a legal
coloring i of T' such that H 2 Alt(T)*.

Proof. Given v € V(T) and a coloring i of T', we say that i is n-valid at
v (with n € Zso) if the natural image of H(v) in Aut(B(v,n)) contains
Alt;y(B(v,n)). If H(v) 2 Alt;y(T)" (v), i is said to be oo-valid at v.
As H is closed in Aut(T'), a coloring is co-valid at v if and only if it is
n-valid at v for all n € Z~.

We first claim that if 4 is a coloring of T' that is co-valid at v; and
n-valid at vy where v; and vy are adjacent vertices (with n € Z~), then
there exists a coloring 7 of T such that E\B(vl n)UB(va,n)= 1| B(v1 ,n)UB(va,n)
and that is (n + 1)-valid at v; and oo-valid at vy. To prove the claim,
first define 7 on B(vy,n) U Ty, by E\B(v%n)unl = 1| B(vymyuT,, » Where Ty
is the subtree of T spanned by the vertices that are closer to vy than to
vy. This is already sufficient for 4 to be (n+1)-valid at v; and n-valid at
vy. Now suppose that 7 is defined on B(vg, k) UT,, for some k > n. We
explain how to extend it to B(va, k+ 1) UTy, so that it becomes (k+ 1)-
valid at vy. Define T = B(vy, k+1) and denote by G the image of H (vy)
in Aut(T). We have G, D Alt(d—1)¢("2:F) (where d = dj or dy) in view of
Proposition 1.2.10 and G|p(y, k)2 Alt ) (B(v2, k)) since i is k-valid at vs.
Moreover, Xy, is already colored (by i too) and Rist(vi) 2 Alt; (Xy,)
(because i is oo-valid at v and i[x, = i|x,, ). Lemma 1.3.2 thus gives
an extension of ¢ to 7" making it (k + 1)-valid at va. The coloring ¢ of T’
defined in this way by induction is (n+ 1)-valid at v; and oco-valid at vs.

To prove the theorem, fix x € Vo(T') and y € Vi(T) two adjacent
vertices of T. As Alt)(T)*(x) and Alt()(T)" (y) generate Alty)(T)7,
a coloring i of T' is such that H 2 Alt; (T)* if and only if i is co-valid
at x and y. Let us construct such a coloring. By Proposition 1.2.10 and
Lemma 1.3.2, there exists a coloring i1 of T" that is co-valid at x. As all
colorings, 7 is 1-valid at y. Using the claim, construct i, from i,, with
int 1 Be,n)UB(y,n) = in|B(@n)uB(y,n) for each n > 1. For n odd, i, is oo-
valid at x and n-valid at y; while for n even, i,, is n-valid at  and oco-valid
at y. There is now a natural way to define our coloring i of T': for each
v € V(T), set i(v) = i,(v) where n is such that v € B(z,n) U B(y,n).

By construction, ¢ is co-valid at = and y. U
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1.4 Examples, simplicity and normalizers

In this section, we define all the groups that will appear in our classifi-

cation theorems and analyze some of their properties.

1.4.1 Definition of the examples

We first recall the definitions of the groups appearing in §1.1 and also
define new similar groups. The fact that they are indeed groups follows

from Lemma 1.2.11.

Definition 1.4.1. Let T be the (dy, d; )-semiregular tree with dy,d; > 4
and let ¢ be a legal coloring of T. When v € V(T') and X is a subset
of Z>g, we set Sx(v) := U,cx S(v,7). The notation X Cy Z>o means
that X is a non-empty finite subset of Z>o. We also write Sgn ;) (g, A) :=
[Tweasen(ow (g, w)) when A is a finite subset of V/(T') and g € Aut(T).
First set ng)(g, @) := Aut(T)*. Then, for X Cj Z>, define

G+

0) (X,9) = {g € Aut(T)* ‘ Sgn(;)(g, Sx(v)) =1 for each v € Vt(T)}

and

G+

0 (X", 2):= {g € Aut(T)*

All Sgn;)(g, Sx, (v))
with v € V;(T') are equal ’

where t = (max X) mod 2. The groups GEZ)(@,X) and GEZ)(@,X*) are

defined in the same way but with t = (14+max X') mod 2. For Xo, X; C¢
ZZO and Yy € {Xo,XS}, Y, € {Xl,Xf}, define

G+

(@')(Y07Y1) =G (Y0, 2) NGE (2, 1).

(@) (@)

Finally, for X, X1 Cf Z>o, set

GT.

(@)(X07X1)* =

All Sgn;)(g, Sx, (v)) with v € V4, (T) and
Sgn(;) (g, Sx, (v)) with v € Vi, (T') are equal ’

where tg = (max X() mod 2 and ¢; = (1 + max X;) mod 2.
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We write G;) for the set of all these groups. Two groups are consid-
ered as different in this definition as soon as they have a different name,
but two different groups may have exactly the same elements. We also

define the following subsets S;) and N, (i) of Gy, so that Gy = Sy I_IJ\/(i):

Sa) = { Gy(2,2), Gy (Xo,2),

B GF (@,Xl),G-i_. (Xo,Xl)

‘ Xo, X1 Cy Zzo},
(@) (@)

and

N(z) = G?;)(XS,Xl),G?;)(Xo,XT)a X, X4 Cyr ZZO
G o (X3, X7), Gy (X0, X1)*

Finally, denote by S:J\/'(i) — &(;) the map that simply erases the
stars *. Our remark on the groups which are considered as different in

Q(i) is essential for s to be well-defined.
Lemma 1.4.2 (Theorem 1.A (i)). Let H € G(;y. Then H € H..

Proof. All the groups H € §; contain Alt; (T)* and are closed in
Aut(T), so it suffices to prove that Alt(;(T)" is 2-transitive on 9T. By
Lemma 1.2.1, it is equivalent to showing that Alt(;(7)" (v) is transitive
on JT for each v € V(T'). As Alt(;y(T)" is closed, we can just show that
the fixator in Alt)(T)* of a geodesic (v, w) with v,w € V(T) always
acts transitively on E(w) \ {e}, where e is the edge of (v, w) adjacent to

w. This is immediate, since Alt(d — 1) is transitive when d > 4. O

Given H € G(;y and h € Aut(T)™", it is not hard to determine whether
h belongs to H. Indeed, one can simply draw the tree T" and label each
vertex v of T' with the letter e (for even) or o (for odd) depending on the
parity of o(;(h,v). A condition on the value of Sgn;(h, Sx(v)) then
translates in a condition on the parity of the number of vertices labelled
by o in Sx(v).

Using this observation, we can easily construct elements of H step by
step. For example, consider H = GEE) (X0, X7). Let us observe how one
can construct any labelling of T" that satisfies the condition of being in

H, i.e. such that if h € Aut(T)" realizes this labelling, then h € H. First
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fix a vertex vg € V(T'). For n € Z>( and given a labelling of B(vp,n—1)
(if n # 0), we look at how it can be extended to a labelling of B(wvg,n)
while satisfying the conditions for being in H. Suppose we already have
a labelling of B(vp,n—1) not contradicting any of the conditions. Let ¢ €
{0, 1} be the type of the vertices of S(vg,n). If n < max X;, then there is
no set Sx,(v) or Sx, (v) contained in B(vp, n) but not already contained
in B(vg,n — 1), so the labelling can be extended with no restriction. On
the contrary, if n > max Xy, then our new labelling must satisfy some
additional conditions: the ones on the set Sx,(v) where v is a vertex
at distance n — max X; from vg. But {Sx,(v) N S(vg,n) | d(v,vy) =
n —max X;} is a partition of S(vg,n), so there is only one condition on
the parity of the number of labels o on each set Sx,(v) N S(vy,n). If
t =0 (recall that we consider H = Ga) (Xo, X7)), we just have to make
sure that there is an even number of vertices labelled by o in Sx,(v).
If t = 1, then we distinguish the following two cases. If this is the first
time (of the whole process) that we observe a set of the form Sx, (v),
then we can still make the choice of the parity of the number of labels
o in Sx, (v). Otherwise, this parity must be the same as for this first
choice. In all cases, we still have a lot of freedom in our choice of the
new labelling. A labelling of T' constructed in this way will always be

suitable, since everything was made for the conditions to be met.

1.4.2 Simplicity

It is clear that each group H € ./\/'(i) has s(H) as a proper normal sub-
group, and is therefore not simple. Our next goal is to prove that the
groups in S(;) are simple. Banks, Elder and Willis [BEW15] provided
tools to show that a group of automorphisms of trees is simple. Those
happen to be exactly what we need. Note that their work is based on a
generalization of Tits’ Property P (see [Tit70]). For G <. Aut(T) and
k € Z~, define

GTr = (Gp_1(v,w) | [v,w] € E(T)).

The next proposition is a combination of results of [BEW15].
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Proposition 1.4.3. Let Yy and Yy be (possibly empty) finite subsets of
Z>, let H = GEE)(YO,Yl) € Sy and let M = max(max Yp, max Y1) + 1,

where we set max(2) = 0 by convention. Then H™™ is abstractly simple.

Proof. Recall the following definition for n € Zx>:
H™ = {g € Aut(T) | Vv € V(T),3h € H : glpwm= hlBwn) }-

In our case, it is clear from the definition of H that H™) = H. Hence, by
[BEW15, Proposition 5.2], H has Property IP; (as defined in [BEW15,
Definition 5.1]). Since H is a closed subgroup of Aut(7’), we deduce from
[BEW15, Corollary 6.4] that H has Property Py (as defined in [BEW15,
Definition 6.2]). We can therefore apply [BEW15, Theorem 7.3] that
asserts that H™M is abstractly simple or trivial. Since there exist non-
trivial elements in Alt ;) (T)*™ C H fixing arbitrarily large balls, we con-
clude that H*M is abstractly simple. O

In order to prove that a group H € S;) is simple, we therefore only
need to prove that H = H™M™  where M = max(max Yy, maxYy) + 1.
We first assert that H™! = H. Note that H™! is the subgroup of H
generated by the elements fixing an edge of T.

Lemma 1.4.4. Let H € HI (with dy,dy > 3). Then H"' = H.

Proof. The result readily follows from the fact that the fixator of an
edge e = [v,w] in H is transitive on E(v) \ {e} (by Lemma 1.2.2). O

For [v,w] € E(T), we write T, for the subtree of T' spanned by
the vertices that are closer to v than to w. Such a subtree is called a
half-tree.

Lemma 1.4.5. Let H € S(;y. Then H is generated by the elements of
H fizing a half-tree of T'. In particular, H = H™* for any k € Z~.

Proof. We already know by Lemma 1.4.4 that H = (H(v,w) | [v,w] €
E(T)). Let us now prove that each h € H (v, w) (for some [v,w] € E(T))
is generated by elements of H fixing a half-tree of T. We construct an
element g € H such that g|r, ,= h|7,, and g fixes some half-tree of 7.
This will prove the statement as h = (hg~1)g.
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First define g on Ty, ,, by declaring that g|z, ,= h|r, . Now look at
the labelled tree associated to g: for the moment, all the vertices of T, ,,
are labelled by e or 0. We also label all the vertices of T}, , N B(w, M —1)
where M = max(max Yp, maxY]) + 1 exactly as in the labelled tree
associated to h. Since h € H, all the conditions to be in H that concern
Tyw U B(w, M — 1) are satisfied.

We now want to put new labellings on S(w,n)NT,, , for each n > M.
Before doing so, we number the edges of T}, ,, in the following way: if x is
a vertex at distance D from w, the edges from z to a vertex at distance
D +1 from w are numbered with 1,2,...,dg—1 (or d; — 1). Let us now
label the whole tree with e and o. As already explained in §1.4.1, at
each step there will be conditions on the parity of the number of labels
o in sets of the form Sx(x). More precisely, if we look at S(w,n) (for
n > M), then either there is no new condition to satisfy (because of
the symbol @ in H), or there is a condition on each set of the form
S(w,n)NS(z,max X) (where X = Xy or X = X;) with x is at distance
n —max X from w. If there is no condition then we label all the vertices
of S(w,n)NTy,, by e. Otherwise, in each set S(w,n)NS(z, max X) with
x at distance n — max X from w, the number of vertices labelled by o
must be either even or odd (depending on the previous labellings). If it
must be even, we label all the vertices of S(w,n) N S(z, max X) by e. If
it must be odd, we label by o the vertex z of S(w,n)NS(z, max X) such
that the path from x to z only contains edges numbered 1. All the other
vertices are labelled by e (see Figure 1.3 where n = 3 and max X = 2).

We claim that, after having followed these rules to label the whole
tree, there will always exists a half-tree T ; whose vertices are all labelled
by e (with s,t € Ty, , and t closer to w than s). This will complete the
proof, since it is always possible to define g on Ty, , so that g fixes the
whole path from w to ¢, fixes T+, and realizes the labelled tree that we
just constructed. (Note that we need dgy,dy > 4 here.)

Let us prove the claim. Let sg be a vertex of Ty, , N .S(w, M) labelled
by e. Define (sn)nez20 by saying that s; is the vertex adjacent to s;_1
farther from w than s; and such that [s;_1, s;] is numbered 2. We show
by induction that, for each j € Zs, the ball B(sj,j) only contains

vertices labelled by e. For j = 0 this is clear. Now assume that all the
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Figure 1.3: Illustration of Lemma 1.4.5 for H = Ga)({Q}, {2}).

vertices of B(sj, j) are labelled by e and look at the ball B(sj41,j + 1).
All the vertices of B(s;y1,7 + 1) N B(sj,j) are labelled by e, so we
only need to observe B(sji1,j + 1)\ B(sj,7) = Ts;1.5; N (S(8j41,7) U
S(sj+1,J +1)). The labels of the vertices of T, , s, N S(sjy1,5) = A
were determined according to some eventual conditions on sets of the
form Sx(z). If there are no such conditions, then all the vertices of A
were labelled by e as wanted. Otherwise, there are two cases: either
max X < jor maxX > j. If maxX < j, then Sx(z) \ A C B(s;,7)
so all the vertices of Sx(z) \ A are labelled by e and the vertices of A
were therefore also labelled by e. If max X > j, then the condition on
Sx(x) may have been to put a label o somewhere, but in any case this
label o was not put in A since [s;, sj41] is numbered 2 (and not 1). So
all the vertices of A were labelled by e. The reasoning is exactly the
same for Ty, s, N S(s;41,j+1) =: A'. This means that B(sys, M) only

contains vertices labelled by e. Hence, in T} there is no condition

MySM—1

on a set Sx(x) asking to label a vertex by o (because max X < M). All
the vertices of the half-tree T, are thus labelled by e. O

SM»SM—1
The previous results together imply that groups in S;) are simple.
Theorem 1.4.6 (Theorem 1.A (ii)). Let H € S;). Then H is simple.

Proof. This follows from Proposition 1.4.3 and Lemma 1.4.5. O
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1.4.3 Are these examples pairwise distinct?

As highlighted in Definition 1.4.1, it is not clear for the moment if
the members of ;) are pairwise different. One can actually remark
that this is not the case: for instance, if Xo, X1 Cy Z>¢ are such that
max Xy # max X; mod 2 and max Xy < max X1, then Gg)(XO,Xl) =
ng) (X0, X1AXp) and G?g) (X0, X1)* = ng) (X}, X1AX0), where A de-
notes the symmetric difference. For this reason, we introduce the fol-

lowing definition.

Definition 1.4.7. Let T be the (dy, d)-semiregular tree with dy,d; > 4
and let i be a legal coloring of T'. Say that Xy, X1 Cy Z>( are com-
patible if for each z € X; (with ¢ € {0,1}), if > max X;_; then
x = max X; mod 2. Define Q(i) to be the set containing the following

groups:

o G (Yo, Y1), where Yy € {2, Xo, Xg}, V1 € {2, X1, X{}, Xo, X1 Cy

Z>o and, if Yy # @ and Y] # &, then X and X; are compatible;

) Ga) (Xo, X1)*, where X, X1 C¢ Z>( are compatible.

We then have the following result.
Proposition 1.4.8. The members of Q(i) are pairwise different.

Proof. The groups in S(; are simple (Theorem 1.4.6) while those in N, ()
are not, so a group in S(;) is never equal to a group in N;.

Let us now prove that two groups Ga) (Yp,Y7) and Ga) (Yy,Y{) in
Sy NGy with (Yo, Y1) # (Yg,Y]) are always different. If Yy = @ but
Y] # @, then G+)(®,Y1) o G%(YO’,Y{). Indeed, for each ball B(v,n)

(i
in T such that S(v,n) C Vo(T), the fixator of B(v,n) in G/, (2,Y7) can

act in any manner on B(v,n+ 1). This is not true for ng) ((})/0’, Y]) when
n > max Y. This reasoning works whenever exactly one of the two sets
Y; and Y/ is empty for some ¢t € {0,1}.

We now consider Xy # X, and show that Ga) (Xo,2) # ng) (X}, 2)
(the proof is the same for GEZ)(@,Xl) # GEE)(Q,X{) with X7 # X7).
If max Xy < max X/, then fix v a vertex of type (max Xy) mod 2 and

construct (as explained in §1.4.1 with the labellings, starting from v) an
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element h € Ga) (X{, @) such that there is exactly one vertex labelled by
0 in Sx,(v). This is possible because max X < max X|). By definition,
h ¢ ng) (Xo,9). The reasoning is the same when max Xy > max X|.
Now assume that max Xy = max X{. Suppose without loss of gener-
ality that X)) ¢ X, and take r € X\ Xo. Then, if v is a vertex of
type (max X() mod 2, there exists h € GEE) (X0, 2) such that there is
exactly one vertex labelled by o in S(v,r) and all the other vertices of
B(v,max X) are labelled by e. This element A is not in GEE) (X{,9)
because it does not satisfy the condition on Sy, (v) (since r € Xp).
Finally, let (Xo, X1) # (X{, X]) be such that Xy and X; (resp. X
and X7{) are compatible. We show that ng)(Xo,Xl) # ng)(X(’],X{).
As in the previous case, if max Xy < max X, then we can construct
an element h € ng)(X(),X{) that is not in G?g)(XO,Xl). The same
reasoning works when max Xy > max X, or max X; # max X|. Now
assume that max Xy = max X, and max X; = max X{, and without loss
of generality that max Xy < maxX;. If Xy # X| then as before we
obtain an element that is in exactly one of the two groups Ga) (X0, X1)
and GEE)(Xé,X{). Now suppose that Xo = X() and X; # X]|. Once
again, assume without loss of generality that X ¢ X;. Let r be
the greatest element of Xi \ X;. Since X and X] are compatible,
we have 7 < max Xy or r = max X7 mod 2. If v is a vertex of type
(1 + max X;) mod 2, this means that there is no set of the form Sx,(z)
(with = of type (max Xy) mod 2) that is contained in B(v,r) but not
already in B(v,r —1). Hence, there exists h € ng) (Xo, X1) with exactly
one vertex labelled by o in S(v,r) and all the other vertices of B(v,r)
labelled by e. Our choice for r is such that h cannot also be an element

of Gg) (X4, X1).

We proved that the groups in S;) NG () are pairwise different. Let us
now do it for NV NG Take H, H' e N NG, with different names. If
H and H' have exactly the same sets Xy and/or X7 in their name, i.e. if
s(H) = s(H'), then it is clear from the definitions and the constructions
with the labellings (see §1.4.1) that H # H'. We can therefore assume
that s(H) # s(H') (and these groups are really different because of our
work for §; NG (i)). Suppose for a contradiction that H = H'. Recall

that s(H) < H, s(H') < H' and s(H) and s(H') are simple. Hence, the
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group H = H' has two different simple normal subgroups having a non-
trivial intersection (s(H) and s(H') both contain Alt)(T)*), which is
impossible. O

As a corollary of the classification, we will also see that each group
in G;) is equal to a group in Q(i), which makes the definition of G )

completely natural.

1.4.4 Normalizers

We are now interested in the normalizers of all our groups. Before giving
them, we need to define the groups that will appear in the classification

result for groups in Hr \ H-.

Definition 1.4.9. Let T be the d-regular tree with d > 4 and let ¢ be
a legal coloring of T'. With the same notation as in Definition 1.4.1, set
G)(9,9) = Aut(T') and define, for X Cy Z>o,

Gy (X, X) = {g € Aut(T) ‘ Sen(;y (g, Sx (v)) =1 for each v € V(T)} ,

All Sgn;) (g, Sx(v)) with v € Vo(T)
Gy (X", X") = ¢ g€ Aut(T) | are equal and all Sgn ;) (9,5x(v)) ¢,
with v € Vi(T) are equal

All Sgn (g, Sx (v) }

@ ) {g ut(T) with v € V(T') are equal

and

All Sgn;(g, Sx (v)) with v € Vo(T)
Gl (X, X)* = 4 g € Aut(T) are equal to po, all Sgn;) (g, Sx(v))
@3 with v € V1(T) are equal to p1, and

po = p1 if and only if g € Aut(T)™"
We write Qéi) for the set of all these groups.

The normalizers are then given in the following lemma.

Lemma 1.4.10 (Theorem 1.A (iii)). Let T be the (dy,dy)-semiregular
tree with dy,d1 > 4 and let i be a legal coloring of T'.
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(i) Define the map n™:Gy) — Gy by nt (G

(i)(ga Q)) = GEZ)(Q, @)’

(X6k7@)7 n+(GE’;)(@7X1)) = G?;)(@VXT);
(X¢, X)) andnt(H) =nt(s(H)) for H €

n+(G$)(X0,®)) = GE’;)
n* (G (X0, X1)) = G
N(z) Let H € Q(Z)

(a) If 7 € Aut(T)*t is such that THT™' 2 Alt;)(T)*, then T €
nt(H).

(b) n(H) is the normalizer of H in Aut(T)*.

(ii) If dy = dy then for each X Cy Zxq the normalizer of G?g) (X, X)

(resp. Gt) (X*, X*) and G

( (i)(X,X)*) in Aut(T') is G)(X™, X™).

Proof.

(i) We first prove (a). Since n™(H) 2 H, having TH7 =" 2 Alt;)(T)*

implies 7n T (H)7~! 2 Alt)(T)". As n™(nT(H)) = n*(H), this
means that we can just prove the statement for H = GZ)(@, ),

Gi(X5,2), Gy (2, X]) and G (X5, X]). If H = G, (9,9) =

Aut(T)* then there is nothing to prove.

Now consider H = Ga) (X$,2). Let 7 € Aut(T)* be such that
TG

() (Xg,2)7! 2 Alt;)(T)". Remind that

+
G

X5, 9) = € Aut(T)*
(X5,2) {g @) with v € Vi(T) are equal

All Sgn(i) (9,Sx,(v)) }

where t = (max Xo) mod 2. We therefore directly obtain

TGEZ) (X5, 9)r ! = {g € Aut(T)*

All Sgn; (7191, Sx, (v))
with v € V;(T) are equal |

By Lemma 1.2.11, we have o(;)(7 'gm,w) = o@(r7 1, gr(w)) o
(i) (g, T(w))oo ) (1, w) and o) (71, g7(w)) = o) (7,7 gr(w)) 1,

s0 Sgn;) (17197, Sx, (v)) is equal to

Sgn;) (7, Sx, (77 g7(v))) - Sgns) (9, Sx, (7(v))) - Sgn(sy (7, Sx, (V).

In order to show that 7 € Gz;) (Xg,9), we need to prove that all

Sgn(i)(7'7 Sx,(v)) with v € Vi(T) are equal. It suffices to show



1.5.

The classification 57

that Sgn ;) (7, Sx, (7)) = Sgn(;) (7, Sx,(y)) when z,y € Vi(T) and
d(xz,y) = 2. Fix such z and y and consider z € V(T such that
d(z,z) = d(y,z) = 2. Take g € Alt(;)(T)" such that g(7(z)) = 7(2)
and g(7(z)) = 7(y). By hypothesis, we have g € TG?;) (X3, @)1

so the two values

Sgn ;) (7, Sx0(2)) - Sgng) (9, Sxo (7())) - Sgng (7, Sx, ()

and

Sen ;) (7, Sx,(y)) - Sgn() (9, Sx, (7(2))) - Sgng (7, Sx, (2))

are equal. As g € Alt(;)(T)", we have Sgn; (g, A) = 1 for each fi-
nite set A C V(') and hence Sgn; (7, Sx, (z)) = Sgn;) (7, Sx, (y))-
For H = G?;)(Q, X7), the reasoning is the same.

For H = G?;) (X§,XT), the inclusion TH7™t 2 Al (T)" im-
plies in particular that TGEZ)(XS,@)T_l 2 Alt;)(T)" and that
TG (9, X171 D Alt(;y(T)". By the previous work, we therefore

(0)
obtain 7 € G, (X§,2) N G@(@,X{) = ng) (X5, X7).

(@)
Part (b) follows from (a). Indeed, the normalizer of H in Aut(7)"
is contained in n*(H) by (a), and one readily checks that n*(H)

normalizes H for each H € g(i).

Let H be one of G (X, X), Gy (X*, X*) and G, (X, X)*. By (i),
the normalizer of H in Aut(T)" is nt(H) = G?;) (X*, X*). Con-
sider v € Aut(T) \ Aut(T)" not preserving the types but preserv-
ing the colors, i.e. such that i o v = 4. It is clear that v normalizes
H, and hence the normalizer of H in Aut(T) is exactly n™(H) U

nt(H)v = G?;) (X*, X*)U GZZ) (X*, X*)v = G (X*, X*). O

1.5 The classification

Throughout this section, we let ¢ be a legal coloring of T" and fix dy, d; >
6. Our goal is to find all groups H € H'TF satisfying H D Alt; (T)*. Our
strategy consists in first observing the groups H € ’H% with this prop-

erty and in defining some invariants (namely c(t), K(t) and f!). We will
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then see that these invariants form a complete set of invariants, i.e. that
they completely characterize the group H. This is the subject of Theo-
rem 1.H’, which is the precise formulation of Theorem 1.H mentioned in
§1.1. The idea is then simple: compute these invariants for the groups
ing (@) and prove that these are the only values that our invariants can
take. This task will turn out to be lengthy and technical because of the

algebraic invariants f! which are not easy to manipulate.

1.5.1 Evens and odds diagrams

Let us first fix some v € V(T) and k € Z>o. The colored rooted tree
B(v, k) where each vertex is additionally labelled by e or o is called a
diagram supported by B(v, k). We write A, for the set of all these
diagrams. Remark that |A,, x|= 2IV(B@R)I There is now a natural way

to define the surjective map
D:Aut(B(v,k+1)) = Ay g

where B(v,k + 1) is seen as a colored rooted tree. Indeed, given h e

Aut(B(v,k + 1)) we can define D(h) (which we call the diagram of
iL) to be the rooted tree B(v, k) where each vertex w is labelled by the
parity (e for even or o for odd) of J(Z-)(ﬁ, w). We highlight the fact that
D associates a diagram supported by B(v,k) to an automorphism of
the larger ball B(v,k + 1). In this section, we will often deal with such

diagrams. For this reason, the next lemma must be well understood.

Lemma 1.5.1. Let §,h € Aut(B(v,k + 1)) and let w be a vertex of
B(v, k).

e The label of w in D(gﬁ) is e if and only if the label of w in D(ﬁ)
and the label of h(w) in D(§) are identical.

o The label of w in D(§~ 1) is equal to the label of g~1(w) in D(g).
Proof. This is a corollary of Lemma 1.2.11. O

We now fix H € H such that H D Alt(;)(T)* and denote by H*(v)
the natural image of H(v) in Aut(B(v,k + 1)). Since H is closed in
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Aut(T) and generated by its vertex stabilizers, it is entirely described
by the groups H*(v) with v € V(T) and k € Z>g. The next lemma
shows that knowing the diagrams of elements of H*(v), i.e. D(H*(v)),
suffices to fully know H*(v).

Lemma 1.5.2. We have H*(v) = DY (D(H"(v))).

Proof. Take h € H*(v) and § € Aut(B(v, k+1)) such that D(§) = D(h).
We want to show that § € H*(v). As D(§) = D(h), Lemma 1.5.1
directly implies that all the vertices of D(gh~') are labelled by e, i.e.
gh~'is an element of Alt(;)(B(v,k+1)). Since H 2 Alt;)(T)*, we have

H*(v) D Alt(y(B(v, k + 1)) and hence g = (gh~Yh € H*(v). O

In view of the previous lemma, we only need to describe D(H"(v))
to entirely describe H*(v). We are first interested in the diagrams of
D(H"(v)) where all the vertices of B(v, k — 1) are labelled by e. Let us
call e-diagram a diagram in A, ; with this property, and remark that
g € Aut(B(v,k + 1)) is such that D(g) is an e-diagram if and only if
JlBw,k)€ Alt;)(B(v,k)). We denote by H*(v), the subgroup of H*(v)
consisting of elements whose diagram is an e-diagram. If § € A, and
if w is a vertex of § then the subtree of § spanned by w and all its
descendants is called the branch of w. For 0 < r < k, an r-branch of
6 is a branch of a vertex at distance k — r from v. The only k-branch is

thus the full tree § and the 0-branches all consist of a single leaf of é.

Lemma 1.5.3. Letv € V(T) and k € Z>o. Ezactly one of the following

assertions holds.
1. D(H*(v).) contains all the e-diagrams.

2. There exists 0 < r < k such that D(H*(v).) exactly contains the

e-diagrams with an even number of labels o in each r-branch.

3. D(H*(v).) exactly contains the e-diagrams with an even number
of labels o in each (k — 1)-branch and the e-diagrams with an odd
number of labels o in each (k — 1)-branch. (This case only occurs
ifk>1.)
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Proof. For each e-diagram d, label each branch of § with E or O depend-
ing on whether it contains an even or an odd number of vertices labelled
by 0. Denote by D, the set of e-diagrams whose s-branches are all la-
belled by E. By definition, D(Alt;)(B(v,k+1))) =Dy C D1 C -+ C Dy.
Since H*(v) D Alt)(B(v, k + 1)), we have D(H"(v).) 2 Dy.

Claim 1. Let 0 < s < k— 1. If D(H*(v).) D Ds, then D(H*(v).) D
Dy11 or for every diagram & € D(H*(v),) and every (s + 1)-branch b of
8, all the s-branches in b have the same label.

Proof of the claim: Suppose there exist a diagram D(h) € D(H*(v),)
and an (s + 1)-branch b of D(h) containing both an s-branch b; labelled
by E and an s-branch bs labelled by O. Let bs and by be two other s-
branches in b with the same label (such branches exist because dy,d; >
6). Consider 7 € Alt(;(B(v,k+1)) C H*(v) an element interchanging by
and by, interchanging b3 and b4, and stabilizing all the other s-branches.
In this way, h7h~! € H¥(v) is such that the only s-branches of D(h7h 1)
labelled by O are by and b (see Lemma 1.5.1). Conjugating this element
by adequate elements of Alt¢)(B(v,k + 1)) and combining them, we
deduce (once again by using Lemma 1.5.1) that D(H*(v).) contains all
the e-diagrams where each (s + 1)-branch contains an even number of
s-branches labelled by O. These are exactly the e-diagrams with each
(5 4 1)-branch labelled by E, so D(H*(v).) D Dsy1. [ |

Claim 2. Let 0 < s < k—2. If D(H*(v).) D Dy but D(H*(v).) 2 Ds 1,
then D(H*(v).) = Ds.

Proof of the claim: By Claim 1, the fact that D(H*(v).) 2 Ds but
D(H*(v).) 2 Dsy1 implies that for every diagram § € D(H*(v).) and
every (s + 1)-branch b of 0, all the s-branches in b have the same label
(). In order to show that D(H*(v).) = Ds, it suffices to prove that it
is impossible to have a diagram with an (s + 1)-branch only containing
s-branches labelled by O. By contradiction, suppose there exist h e
H*(v), and some (s 4+ 1)-branch b of D(h) all whose s-branches are
labelled by O. In view of Lemma 1.5.2, we can assume that h fixes
B(v, k). Let us say that b is the branch of the vertex w. Denote by

x1,...,2, the children of w, by b1, ...,0b, the corresponding s-branches,
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Figure 1.4: Illustration of Lemma 1.5.3, Claim 2.

and by y the parent of w (note that w # v since s < k—2), see Figure 1.4.
Let h € H be an element whose image in H*(v) is h and consider an
element g € Alt(; (T)" that fixes w and interchanges z1 and y. Then
f =ghg~! € H is an element fixing B(w,1). Now observe the image of
f in H5 ' (w): it is contained in H**!(w), and the branches by, ...,b,
are labelled by O while b; is labelled by E (see Lemma 1.5.1). Consider
an element 7 € Alty)(T)* that fixes w and all the vertices that are
closer to y than to w, interchanges x; and x5 and interchanges x3 and
z4. Then frf~!' € H is an element that also fixes w and all the vertices
that are closer to y than to w and, if we look at its image in H*(v), it is
contained in H k(v)e and the branches b, and by are labelled by O while
the branches bs, ..., b, are labelled by E. This contradicts (x). n

If D(H*(v).) D Dy, then there are two options: either D(H"(v),) =
Dy (i.e. we are in the second case with r = k) or there exists a dia-
gram in D(H*(v),) whose k-branch is labelled by O. In the latter case,
D(H"(v).) contains all the e-diagrams.

Suppose now that D(H*(v),) 2 Di. Then there exists 0 < s < k—1
such that D(H*(v).) D Ds but D(H*(v).) 2 Dsy1. If s # k — 1 then
by Claim 2 we have D(H*(v),) = Ds, i.e. we are in the second case
with r = s. If s = k — 1, then by Claim 1 we know that each diagram
in D(H*(v),) either has all its (k — 1)-branches labelled by E or all its
(k—1)-branches labelled by O. If there is no diagram with labels O, then
D(H*(v).) = Di_1 (i.e. we are in the second case with 7 = k—1). On the

contrary, if there exists such a diagram, then D(H*(v).) also contains
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the e-diagrams with an odd number of labels o in each (k — 1)-branch

(i.e. we are in the third case). O

1.5.2 Four possible shapes for H(v)

For v € V(T) and k € Z>(, Lemma 1.5.3 gives different shapes that
D(H*(v).) can take. We now associate a symbol ay(v) to each v and
k by defining oy (v) = oo in the first case, ax(v) = r in the second case
and ag(v) = (k— 1)* in the third case. A natural total order on the set
of symbols {c0,0,0%,1,1%,...} is given by 0 < 0* < 1 < 1* < --- and

x < oo for each x # oo.

Lemma 1.5.4. For x € {1,2,...,k}, we have ay(v) > z if and only if
there exists a diagram in D(H*(v).) with ezactly two vertices labelled by

o, situated in the same x-branch but in different (x — 1)-branches.
Proof. This is a consequence of the definition of ay(v). O

Clearly, since Alt;)(T)* is transitive on Vo(T') and V1(T), we have
ak(v) = ag(v') when v and v' have the same type. For this reason, for
t € {0,1} we define a, to be equal to ai(v) where v is a vertex of type
(t + k) mod 2. In this way, ol tells us the labels that can appear in
S(v, k), which is a sphere containing vertices of type t.

We are now interested in how the sequences (o) keZs, and (a}) kE€Zg

can look like.

Lemma 1.5.5. Let ¢t € {0,1}. Either o}, = oo for all k € Z>( (case
#0), or there exists K € Z>q such that the sequence (a})kez., takes
one of the following three shapes. (For cases #2 and #3, K cannot be

equal to 0.)
#lap o Ak ok atK+1 at[(+2
1] o0 00 K K K
2 | o0 00 K-1 K-1 K-1
3|0 -+ o0 (K-1) K-1 K-1

Proof. We prove this result by giving two rules that (af)gez., satisfies.

Claim 1. The sequence (oﬁ,é)kez>0 18 NON-INCreasing.
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Proof of the claim: Let k € Z>q, let v be a vertex of type (t+k+1) mod 2
and let w be a vertex adjacent to v. Given a diagram 6 € D(H*1(v).),
Lemma 1.5.2 tells us that it is realized by an element h € H*1(v),
that fixes w. Hence, h has a natural image in H ¥(w), and the dia-
gram of this image is exactly the restriction of § to B(w,k). Hence,
D(H*(w).) contains the restriction of each element of D(H*+'(v).) to
B(w, k). Observing the different possibilities for o}, 41, this always im-
plies that a}; > a};_H. |

Claim 2. If of, > = with x € {0,1,...,k}, then o}, > =

Proof of the claim: If x = 0 then the claim is trivial, so suppose that
z > 0. Let w be a vertex of type (t4+k) mod 2. Since o}, > z, there exists
h € H(w) whose image in H*(w) has a diagram which is an e-diagram
with exactly two vertices labelled by o, say a and b, in the same z-branch
but in different (x — 1)-branches (see Lemma 1.5.4). Take ¢ € S(w, k) a
vertex in this same z-branch but in a third (z —1)-branch and v a vertex
adjacent to w such that a is closer to w than to v (see Figure 1.5). By
Lemma 1.5.2, we can assume that h fixes v. Consider 7 € Al (T)"
an element fixing all the vertices closer to v than to w, stabilizing a
and interchanging b and ¢. Then by Lemma 1.5.1 the image of hrh™!
in H k+1(y) has a diagram which is an e-diagram having exactly two
vertices labelled by o, namely b and c¢. By Lemma 1.5.4, this implies
that oz'; 41> [ |

These two claims suffice to get the result. Indeed, we either have

x-branch
/2 W 2 Y A W A W
2 N R U A U AR W B
I o\l eVl g\l VNI A\

a b c

Figure 1.5: Illustration of Lemma 1.5.5, Claim 2.
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al = 0 or of = co. If af = 0 then by Claim 1 we get case #1. If
046 = 00, then either a}; = oo for all k € Z>, or there exists a smallest
K such that ol < oo. In the latter case, Claim 2 with k =z = K — 1
gives oty > K — 1,80 o, € {K —1,(K — 1)*,K}. If o}, € {K — 1, K},
then the two claims imply that (o} )g>x is constant and we get cases #1
and #2. If o), = (K — 1)*, then Claim 1 and Claim 2 with k = K and
r=K—1give (K —1) <al; < (K —1)* Since oy, is never equal
to (K — 1)*, we must have a’}(ﬂ = K — 1 and then get the constant

sequence as above, which gives case #3. U

1.5.3 The numerical invariants c(t) and K(t)

For t € {0,1}, denote by ¢(t) € {0,1,2,3} the case that was encountered
in Lemma 1.5.5 and by K (t) the smallest integer such that a’}((t) < 00,
as in the lemma (if ¢(t) = 0, define K (t) = 0o). The value
K'(t) := lim o},
k—o0

will also be useful for our proofs. Note that ¢(t) and K(t) completely
determine K'(t). Similarly, ¢(t) and K'(t) determine K (t).

These invariants can be computed for each of our key examples. To

simplify the notations, we define the operation H: Z>q x Z>9 — Z>q by

aBb:=a+b— [M-‘ .
2
Proposition 1.5.6. The values of ¢(0), ¢(1), K'(0) and K'(1) for the
members of g(i) are given in Table 1.1. The last column of Table 1.1
gives, for fized ¢(0), ¢(1), K'(0) and K'(1), the exact number of groups

(in Q(i)) in the corresponding line.

Proof. The values of the different invariants can be computed only using
the definitions of the groups and the construction explained in §1.4.1
with labellings e and 0. We suggest the reader to compute the invariants
for some of the groups to become familiar with the definitions.

The value 25 in the last column for lines 2 and 5 is simply equal
to the number of sets Xo C; Z>o such that max Xy = K’(0). The
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c(0) i K'(0) |e(1): K'(1) m
1 G(2,9) 0 i oo 0 . o 1
2 G?@_')(X()ag) 1 max Xg | O B 9K'(0)
31 GpleX) 0 oo | 1 imaxX;| 250
4 GLHGGX) | 1 imaxXo| 1 maxX; | 2KOBKQ)
5 ng) (X5.2) 3 imaxXp| 0 @ o0 9K'(0)
7 Gz;) (Xo, X7) 1 imaxXy| 3 @ maxX,; |2KOBK()
8 Gé) (X5, X1) 3 imaxXp| 1 @ maxX,; | 2K OBKQ)
9 Gz) (Xf)kaXik) 3 max X 3 max X 2K’(0)EEK/(1)
+ * : .
10 G(Z) (XO,XI) ) maXXO 9 max Xl 2K/(0)EBK/(1)
(max Xy = max X7) ; .
+ N .
11 G(Z) (XO,XI) 1 maXXO 3 max X1 2K’(O)EBK'(1)
(max Xo > max X1) ; !
+ * . .
12 G(Z) (XO,XI) 3 maXXO 1 max X1 2K’(O)EBK'(1)
(max Xy < max X7) : :

Table 1.1: Values of the invariants for the groups in G,y

reasoning is the same for lines 3 and 6. Concerning line 4 and lines
7-12, the value 25K (OBE' () ¢orresponds to the number of pairs (Xo0,X1)
with Xo, X1 C¢ Z>¢ such that Xy and X; are compatible (as defined in
Definition 1.4.7), max Xy = K'(0) and max X; = K’(1). Note that we
do not count a group twice as all the groups in G (i) are pairwise different
(see Proposition 1.4.8). O

In Table 1.1, it is remarkable that having ¢(0) = 2 also implies ¢(1) =
2 and K(0) = K(1). This is actually a general fact for any H € H.
such that H 2 Alt;) (7).

Lemma 1.5.7. If ¢(t) = 2 for some t € {0,1}, then ¢(1 —t) = 2 and
K(0)=K(1).

Proof. Assume without loss of generality that ¢ = 0 and let v be a vertex

of type (K(0) — 1) mod 2. Since a%(o)il = 00, there exists h € H fixing
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B(v,K(0) — 1) and such that the diagram of its image in HX(0)~1(y)
has exactly one vertex a labelled by o. Let w be a vertex adjacent to v
such that a is not in the branch of w.

We first show that O‘%{(o) < K(0) — 1, which will in particular imply
that K (1) < K(0). Suppose for a contradiction that a}((o) > (K(0)—1)*.
Then there exists g € H fixing B(v, K(0)) and such that the diagram of
its image § in HX()(v) and the diagram of the image of h in H¥©)(y)
coincide on the branch of w. Indeed, the condition O‘%{(o) > (K(0)—1)*
gives us sufficient freedom to choose the labels of D(g) in the branch of
w. Hence, the diagram of the image of hg~! in HX (0)(11}) is an e-diagram
with a (K(0) —1)-branch (the branch of v) containing exactly one vertex
labelled by o, contradicting O‘(I)((o) = K(0)— 1.

We now prove that K (1) > K(0), once again by contradiction, as-
suming that K(1) < K(0). If h is the image of h in HX(®)(v), then
since a}((l) e {K'(1), K'(1)*} the K'(1)-branches of D(h) contained in
the branch of w all contain an even number of vertices labelled by o.
But O‘}((o) = K'(1) (because K(0) > K(1)), so there exists g € H fixing
B(v, K(0)) and such that the diagram of its image § in H%©) (v) and the
diagram of h coincide on the branch of w. We therefore have the same
contradiction as above by considering the image of hg~' in HX©O)(w).

As a conclusion, K (1) = K(0) and a}((l) <K(l)—1soc(l)=2. O

1.5.4 The algebraic invariants f!

Our next goal is to understand the relationship between D(H*1(v))
and D(H"(v)) (for fixed v and k). The first result in this direction is
the following. We identify the group Cs of order 2 with {E, O}, where
E is the neutral element. By convention, we say that B(v,—1) = & and

that D(H~'(v)) only contains the empty diagram e.
Lemma 1.5.8. Let v € V(T), let k € Z>q and let 6 € D(H*1(v)).

(i) If a(v) = oo, then D(H"(v)) contains all the diagrams of A,

whose intersection with B(v,k — 1) is 4.

(i) If ap(v) = = € {0,1,...,k}, denote by by, ..., b, the x-branches
of B(v,k). Then there exists a unique element (p1,...,pm) €
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(iii)

{E,O}™ such that the following holds. For each 6 e Ay i with
5N B(v,k —1) =6, if ¢; € {E,O} is the parity of the number
of vertices labelled by o in 6 N b; N S(v, k), then é is contained in
D(H*(v)) if and only if (q1,...,qm) = (D1, -, Pm)-

If ax(v) = (k — 1)*, denote by by,..., by, the (k — 1)-branches
of B(v,k). Then there exists a unique element [(p1,...,pm)] €
{E,O}m/<(07.”70)> such that the following holds. For each
€ Ay i with 5N B(v,k —1) =6, if ¢ € {E,O} is the parity
of the number of vertices labelled by o in & N b; N S(v, k), then b is
contained in D(H*(v)) if and only if [(q1, - -, qm)] = [(P1,- .., Pm)]-

Proof. Let h € H*(v) be such that D(h) N B(v,k — 1) = 4.

(i)

(i), (i)

Let g € Aut(B(v,k + 1)) be such that D(g) N B(v,k — 1) = §.
Using Lemma 1.5.1, we see that having D(§)NB(v,k—1) = D(h)N
B(v, k — 1) implies that D(§h~!) is an e-diagram. As ay(v) = oo,
we get gh~' € H¥(v) and thus § = (gh~)h € H*(v).

For each i € {1,...,m}, let p; € {E,O} be the parity of the
number of vertices labelled by o in D(h) N b; N S(v, k). We prove
that (p1,...,pm) (resp. [(p1,-..,pm)]) satisfies the statement (and
it is clear that it is unique). Let § € Aut(B(v,k + 1)) be such
that D(g) N B(v,k —1) = ¢ and let ¢; € {E,O} be the parity of
the number of vertices labelled by o in D(g) Nb; N S(v, k). We
have § € H*(v) if and only if gh~! € H*(v), and D(gh~!') is an
e-diagram. The value of ay(v) and Lemma 1.5.1 then imply that
gh™' € H*(v). if and only if (q1,....qm) = (P1,-..,pm) (vesp.
(g1, s am)] = [(p1s - - pm)])- O

Fix t € {0,1} such that ¢(t) # 0. For k < K(t), if v is a vertex of
type (t+k) mod 2 then the fact that o}, = co implies by Lemma 1.5.8 (i)
that D(H*(v)) exactly contains the diagrams of A, ; whose intersection
with B(v,k — 1) is a diagram in D(H*(v)).

On the other hand, if v is a vertex of type (¢4 K(t)) mod 2 then the
shape of D(HX® (v)) cannot be directly deduced from D(HK®-1(v)).

In view of Lemma 1.5.8 (ii),(iii), we can however define a map f} to
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encode this information. The domain of f will be D(HX®)~1(v)) while
its codomain J!' will depend on the value of c(t). Given a diagram
6 € D(HX®=1(v)), the value of f4(6) will exactly give what is the
condition on a diagram of A, ;) whose intersection with B(v,K(t)—1)
is ¢ for being contained in D(HX® (v)). Let us denote by by, ... ,b; the

branches of the vertices adjacent to v.

o If ¢(t) = 1, then oth(t) = K(t) and we can apply Lemma 1.5.8
(ii) with & = 2 = K(t). We then set J' := {F,O} and define
fEDEEO-1(v)) — J* naturally: f£(5) is the unique element
p € J! given by the lemma (note that m = 1).

o If ¢(t) = 2, then aﬁ((t) = K(t) — 1 and we can apply Lemma 1.5.8
(i) with & = K(t) and 2 = K(t) — 1. We set J' := {F,0}¢
and define f!: D(HK®O-1(v)) — J* naturally: f(6) is the unique
element (p1,...,p;) € J; given by the lemma.

e If¢(t) = 3, then oth(t) = (K (t)—1)* and we can apply Lemma 1.5.8
(iif) with k = K (t). We set Jt := {£,0}4 /<(o, ...,0)) and de-
fine f1: D(HKX®=1(v)) — J* naturally: f%(8) is the unique element
[(p1,-.-,pg)] € Ji given by the lemma.

The next result directly follows from the definition of f.

Lemma 1.5.9. Let 6. € A, g()—1 be the diagram with all vertices la-
belled by e. Then d, belongs to D(HXO=1(v)) and fL(6.) is the trivial
element of Jt. Moreover, for §,h € ]:IK(t)_l(v), we have the following.

o Ife(t) =1, then f}(D(gh)) = fL(D(9)) - fL(D(R)).

o If c(t) € {2,3}, then [L(D(3h)) = o(fLD())) - FH(D(R)), where
o: Jt — Jt permutes the coordinates in the same way as h permutes

the branches by, ..., b;.

Proof. For each k > 0, the diagram in A, ; with all vertices labelled
by e is always contained in D(H*(v)) (because H D Alty(T)"). In
particular, we have §, € D(HX®~1(v)) and f!(d,) must be the trivial
element of J;.

The formula for f£(D(jh)) can be obtained from Lemma 1.5.1. O
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1.5.5 The invariants form a complete system

By definition, the map f! defined above fully describes the shape of
D(HE® (1)) from D(HX®=1(v)). A priori, it seems that we also need
similar maps to deduce the shape of D(H*(v)) from D(H*~!(v)) for each
k > K(t) (where v is of type (¢ + k) mod 2). However, as the following

lemma shows, this is not the case.

Lemma 1.5.10. Let t € {0,1} be such that c(t) # 0, let k > K(t)
and let v be a vertex of type (t + k) mod 2. Let also 6 € D(H*1(v)).
Consider é € Ay i, with SN B(v,k—1) = 4. Then § belongs to D(H*(v))
if and only if, for each vertex w at distance k— K (t) from v, the diagram
6N B(w, K (t)) belongs to D(HX® (w)).

Proof. 1t § € D(H*(v)) and w is a vertex at distance k — K (t) from v,
then by Lemma 1.5.2 the diagram 4 is realized by an element h of H* (v)
fixing w. Hence, the diagram of B|B(w,K(t)+1)a which is 6 N B(w, K(t)),
is contained in D(HX® (w)).

Now take § € A, ;, with 6N B(v, k—1) = § such that 6N B(w, K (t)) €
D(HX® (w)) for each vertex w at distance k — K (t) from v. Consider
also &' € D(H*(v)) with &' N B(v,k —1) = 4. In view of the first part of
the proof, we have &' N B(w, K (t)) € D(HX® (w)) for each w at distance
k — K(t) from v. Denote by by,...,b, the K'(t)-branches of B(v,k),
and let p; (resp. p}) be the parity of the number of vertices labelled by
0in 6 Nb; N S(v, k) (resp. in &' Nb; N S(v, k). In view of Lemma 1.5.8
(i), it suffices to show that (p1,...,pm) = (P},...,p),) in order to prove
that & € D(H*(v)). Let j € {1,...,m} and let w be the vertex at
distance k — K (t) from v whose branch b contains b;. The diagrams
6 = 0 N B(w,K(t)) and §) = & N B(w, K(t)), which both belong to
D(HX® (v)), coincide on B(w, K (t) —1)U(S(w, K (t))\b). In particular,
we have g N B(w, K(t) —1) = 65N B(w, K(t) — 1) and the two diagrams
must therefore satisfy the condition given by fL (6oNB(w, K(t)—1)) € J*
(). Given a part X of a diagram, let us write P(X) for the parity of
the number of vertices labelled by o in X.

If ¢(t) = 1 then b = b; and (x) means that P(dy N S(w, K(t))) =
P(6(, N S(w, K(t))). Since &y and 0 coincide on S(w, K (t)) \ b, this
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means that P(dy N S(w, K(t)) Nb) = P(6, N S(w, K(t)) Nb), ie. we
have p; = pj. If c(t) € {2,3} then let by, .. '7551' be the branches (seen
in B(w, K(t))) of the vertices adjacent to w. One of these branches
is equal to bj, say 51, and another of these branches is the branch of
the parent of w (in B(v,k)), say by. If ¢(t) = 2 then (x) means that
P(8oNb;NS(w, K(t))) = P(5y Nb; N S(w, K(t))) for each i € {1,...,d},
and i = 1 directly gives p; = p). If ¢(f) = 3, then (x) means that
either P(dp Nb; N S(w, K(t))) = P(6; Nb; N S(w, K(t))) for each i or
P(6oNb;NS(w, K(t))) # P(6y Nb; N S(w, K(t))) for each i. But §y and
& coincide on S(w, K(t)) \ b = S(w, K (t)) N by, so we must have the

equality for each i. In particular, i = 1 gives p; = p;-. O

As a consequence of the previous lemma, we find that the invariants
c(t), K(t) and f! (for t € {0,1} and v € V(T) such that f! is defined)
fully describe the entire group H. Note that, since Alt (T )T is transi-
tive on Vo(T') and Vi (T), if c(t) # 0 then knowing f! for a fixed vertex
v of type (t + K (t)) mod 2 suffices to get each f£.

Theorem 1.H'. If H,H' € H} satisfy H,H' 2 Alt;)(T)* and have
the same invariants c(t), K(t) and f. (fort € {0,1} and v € V(T) such
that f! is defined), then H = H'.

Proof. We fix one group H € H+ with H D Alt g (T)* and show that,
for each v € V(T) and k € Zxo, the set D(H*(v)) can be described only
using the invariants c(t), K(t) and f!. By Lemma 1.5.2 and the fact
that H is generated by point stabilizers, this will prove the statement.
Let us do it by induction on k. For k = —1, D(H~!(v)) only contains
the empty diagram e for each v € V(T'). Now fix k£ > 0 and assume that
D(H*'(v)) is known for each v € V(T). Let v € V(T) and define
t € {0,1} to be such that v is of type (¢t + k) mod 2. If k < K (t), then
af = oo and we know that D(H"(v)) exactly contains the diagrams
of A, whose intersection with B(v,k — 1) is contained in D(H*'(v))
(see Lemma 1.5.8 (i)). If k = K (t), then f! fully describes D(H*®)(v))
from D(HX®=1(v)). Finally, if k& > K(t), then Lemma 1.5.10 shows
that D(H"(v)) can be deduced from D(H*~1(v)) and each D(HX® (w))
with w at distance k — K (t) from v. O
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Theorem 1.H formulated in §1.1 is a consequence of Theorem 1.H'.
Indeed, for H € H;. satisfying H D Alt,(T)", take K € Z strictly
greater than the finite numbers among {K(0), K(1)}. Then the K-
closure H) of H also satisfies H) ¢ HE and H (K) o Alt,y(T)" and

have the same invariants as H, so that H = H¥),

1.5.6 Possible shapes for f' when K(t) < K(1—1t)

We now observe which shapes f! can take when c(t) # 0 and K(t) <
K (1 —t). Recall that Sx(v) := [J,ex S(v,7) when X C Zxq.

Lemma 1.5.11. Suppose that c(t) # 0 and K(t) < K(1 —t) and let
v be a vertez of type (t + K(t)) mod 2. Then the possible shapes for f!
are given as follows. Here, by, ...,b; denote the branches of the vertices

adjacent to v, as in the definition of J*.

o Ifc(t) = 1, then there exists A C {0,1,...,K(t) — 1} such that
fL(8) is equal to the parity of the number of vertices labelled by o
in N Sa(v).

e If c(t) = 2, then there exist A C {1,2,...,K(t) — 1} and B C
{0,1,...,K(t) — 1} such that f(6) = (p1,...,pj) where p; is the
parity of the number of vertices labelled by o in d N ((Sa(v) Nb;)U

(S(v) \ bi)).

o If c(t) = 3, then there exists A C {1,2,...,K(t) — 1} such that
fE©6) = [(p1,...,pj)] where p; is the parity of the number of ver-
tices labelled by o in 6 N (Sa(v) Nb;).

Proof. Since K(t) < K(1 —t), we have o}, = a; ' = oo for each
k < K(t) and hence D(HK®O=1(v)) = A, gy-1. Now, for each r €
{0,1,..., K(t) — 1}, fix a diagram 6, € D(HX®~1(v)) having exactly
one vertex w labelled by o, with w € S(v,r) and, if r > 1, w € b;. In
view of Lemma 1.5.9, it is clear that the image of any diagram by f! can

always be recovered from the values that f! takes on {dg,d1,...,0 K(t)—11-

o If¢(t) =1, then define A = {r € {0,1,...,K(¢t)—1} | fL(6,) = O}.

Then f! is exactly of the shape given in the statement.
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e If ¢(t) = 2, then for each r € {0,...,K(t) — 1} we have f}(4,) =
..., p:.l.) for some p} € {E,O}. For r > 1, considering elements
g € Alt;)(B(v, K(t))) stabilizing the branch b; but permuting the
other branches, we directly obtain using Lemma 1.5.9 that p} =
py = -+ = p. We can therefore write f1(6,) = (Tr,Yry- -, Yr)
with z,,y, € {FE,0}. For r = 0, we obtain in the same way
that p{ = p§ = ... = pg, and we write f1(00) = (Y0,---,%0)-
Now if we define A = {r € {1,2,...,K(t) — 1} | 2, = O} and
B ={re{0,1,...,K(t) — 1} | y» = O}, then we exactly get the

shape given in the statement.

o If ¢(t) = 3, then the same reasoning as in the previous case works
but it must be remembered that the values are taken modulo
(0,...,0). We thus get fL(6,) = [(zr,Yp,...,y)] for 7 > 1 and
fE(60) = [(yo,---,v0)], but it can be assumed that all the y, are
equal to E. Defining A = {r € {1,2,...,K(t) — 1} | z, = O}, we

obtain the shape given in the statement. U

When c¢(t) = 2, we also have ¢(1 —t) = 2 and K(0) = K(1) by
Lemma 1.5.7. In this case, Lemma 1.5.11 can be applied with t = 0 and
t = 1. It is however important to note the following result. Remark
that, as Alt;)(T)" is transitive on Vo(T') and Vi(T), the sets A and B
given by Lemma 1.5.11 depend on t € {0,1} but not on v.

Lemma 1.5.12. Suppose that ¢(0) = ¢(1) =2 and K(0) = K(1) =: K.
For each t € {0,1}, let Ay and By be the sets given by Lemma 1.5.11.
For each t € {0,1}, we have K —1 € By, and, if r € {0,..., K —2}, then
r € By if and only if r+1 € A1_4.

Proof. Let t € {0,1} and let v and w be adjacent vertices with v of type
(t+ K) mod 2.

We first assume for a contradiction that K — 1 ¢ B;. Let a be a
vertex of S(w, K — 1) that is not in the branch of v (see Figure 1.6a).
Since a; ;| = oo, there exists h € H such that a is the only vertex
labelled by o in the diagram of the image of h in H¥~1(w). Now if we
look at the image h of h in H¥~!(v), Lemma 1.5.11 and the fact that
K —1 ¢ By imply that f4(D(h)) = (E, *,...,%), where the first branch
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= S(U,K— 1)\b1
(a) First part. (b) Second part.

Figure 1.6: Illustration of Lemma 1.5.12.

by is the branch of w. This means that the number of vertices labelled
by o in S(v, K) N by should be even, but this is a contradiction with the
fact that a is the only vertex of S(v, K') Nb; labelled by o.

We now show the second part of the statement. Let r € {0,..., K —
2} and let a/ be a vertex of S(w,r + 1) in the branch of v, which we
denote by b| (see Figure 1.6b). Since K(0) = K(1) = K, there exists
h € H such that a' is the only vertex labelled by o in the diagram of
the image of h in H¥~!(w). By Lemma 1.5.11 (with 1 — ¢ instead of t),
the number of vertices labelled by o in S(w, K) NY} is odd if and only
if r+1 € Aj_;. Now we observe the diagram of the image h of h in
HE=1(v). Lemma 1.5.11 tells us that f{(D(h)) = (p1,*,...,*) where p;
is the parity of the number of vertices labelled by o in (S4,(v) Nby) U
(Sp,(v) \ b1). But all the vertices of S(v, K) Nb; are labelled by e, so
p1 = E. Hence, there is an even number of vertices labelled by o in
(Sa,(v) Nb1)U(Sp,(v) \b1). As K —1 € B; and d' is the only vertex
of B(v, K — 2) labelled by o, this means that the number of vertices
labelled by o in S(v, K — 1) \ b; is odd if and only if » € B;. Since
S(w, K)Nbv, = S(v, K —1)\ by, we obtained that r + 1 € A;_; if and
only if r € By. O
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1.5.7 Possible shapes for f! when K(t) > K(1 —t)

In the case where ¢(0),¢(1) € {1, 3}, it can happen that K(t) > K(1—t)
and Lemma 1.5.11 cannot be applied. Indeed, D(HX®~1(v)) does not
contain all the diagrams, which prevents us from using the diagrams 9,
as above. To deal with this case, we therefore need to better understand
D(HKX®=1(v)). This is the subject of the following result, which is
illustrated in Figure 1.7.

Lemma 1.5.13. Suppose that c(t) # 0 and K(t) > K(1 —t) and let v
be a vertex of type (t + K(t)) mod 2. Denote by by,...,b; the branches
of the vertices adjacent to v. For each j € {1,...,CZ— 1}, fix 7; €
Alt(;y(B(v, K(t))) sending b; to bj.

(i) Let r be an element of {0, ..., K(t) — 1} such that r < K(1—1t) or
r = K(t) mod 2.

(a) If 7 > 1, then there exist a diagram § € D(HX®=1(v)) and a
vertex v' € S(v,7) N by such that v' is the only vertex labelled
by o in 6 N B(v,r) and, for each j € {2,...,d — 1} and each
w € bj, ¥j(w) has the same label as w.

(b) If r =0, c(1 —t) =1, K(t) # K(1 —t) mod 2 and the set A
associated to 1 —t in Lemma 1.5.11 contains 0, then there exist
a diagram § € D(HX®O=1(v)) and a vertez v’ € S(v, K(1—t))N
by such that the only vertices labelled by o in 6 N B(v, K(1—1t))
are v and v' and, for each j € {2,... d— 1} and each w € bj,

7;(w) has the same label as w.

(c) If r = 0 and we are not in (b), then there exists a diagram
6 € D(HKX®O=1(v)) in which v is labelled by o and such that,
for each j € {1,...,d — 1} and each w € bj, 7;(w) has the

same label as w.

(ii) Suppose that ¢(1 —t) =3 and K(t) # K(1 —t) mod 2. Then there
exist a diagram o € D(HXMO=1(v)) and a vertex v; € S(v, K(1 -
t))Nb; for each j € {1,...,d} such that the only vertices labelled by
o inoNB(v, K(1-t)) are vy, ..., v5 and, for each j € {1,... ,d—1}

and each w € b;, Yj(w) has the same label as w.
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Figure 1.7: Illustration of Lemma 1.5.13.

Proof. We prove all three cases of (i) simultaneously, the proof of (ii)
being similar. Let us say that a diagram 6 € A, ; (with 0 <1i < K(t) —
1) is suitable if & € D(H'(v)) and if § satisfies the conditions of the
statement that concern the ball B(v,1).

First remark that there exists a suitable diagram 6 € A, ,. Indeed,
it suffices to label all the vertices of 6N B(v,r —1) by e and then to label
exactly one vertex of S(v,r) by o, placed in by if » > 1. This always
gives a diagram in D(H"(v)) because the assumption on 7 is made so
that a,(v) = co.

We now prove that, for each r +1 < i < K(t) — 1, if 6 € A,
is suitable then there exists 6 € A, ; suitable and extending 6. We
obviously start by defining 6N B(v,i—1) = §, and there remains to give
the labels of the vertices in S(v,4). If i < K(1 —t) or i = K(t) mod 2,
we have a;(v) = oo and by Lemma 1.5.8 (i) we can simply label all
the vertices of S(v,i) by e. Now if i« > K(1 —¢) and 7 # K (t) mod 2,
then v is of type (1 — ¢+ i) mod 2 and we know that a diagram & with
6N B(v,i—1) = § is contained in D(H(v)) if and only if 6N B(w, K (1 —
t)) € D(HEKO-D(w)) for each w at distance i — K (1 —t) from v (see
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Lemma 1.5.10 with 1 —¢). In other words, the only restrictions for being
in D(H'(v)) are given by the maps fl~t. These are always restrictions
on the parity of the number of vertices labelled by o in the K'(1 — t)-
branches. When K'(1—t) < 4, these branches are smaller than the whole
ball B(v,4). In this case, since ¢ is suitable, a labelling of the vertices of
S(v,4) N by satisfying the restrictions that concern them can be pulled
back by ¥; in a labelling of the vertices of S(v,i) Nb; also satisfying the
restrictions (for each j € {2,...,d— 1} in cases (a) and (b) and for each
je{l,...,d—1} in case (c)). The only case where K’(1 —t) =i is the
case where i = K(1 —t), ¢(1 —t) =1, and K(1 —¢) # K(t) mod 2. If
r > 1, we want to prove (a) and there is no problem: we can label all
the vertices of S(v,i) \ by with e and adapt the labelling of S(v,4) N b;.
If » = 0, and if the set A associated to 1 — ¢ in Lemma 1.5.11 does not
contain 0, then since all the vertices of B(v,i — 1) \ {v} are labelled by
e all the vertices of S(v,7) can be labelled by e. If A contains 0, then
the restriction given by fl=! imposes the number of vertices of S(v,1)
labelled by o to be odd. As we want to prove (b), we label one vertex
of S(v,i) Nby by o and the other vertices of S(v,i) by e. In any cases,
the diagram be A,,; constructed in this way is suitable. O

Thanks to the previous lemma, we can now look at the shapes that
f! can take when K(t) > K(1 —t). It is actually sufficient for our

classification to count how many shapes are possible.

Lemma 1.5.14. Let t € {0,1}. Fiz ¢(0),c(1) € {1,3} and K(t) >
K(1 —t) and let v be a vertex of type (t + K(t)) mod 2. Let N be
the number of maps f. that can be observed for at least one H € ’H%
satisfying H 2 Alt;)(T)" and with these invariants c(0), ¢(1), K(0) and
K(1). Define

R={re{0,1,...,K(t) =1} |r < K(1 —t) orr = K(t) mod 2}.

o Ifc(t) = 1, then N < 21El*e where ¢ = 1 if ¢(1 —t) = 3 and
K(t) # K(1 —t) mod 2, and € = 0 otherwise.

o If c(t) = 3, then N < 21BMOH+" yhere & = 1 if ¢(1 —t) = 1,
K1 —1t)#0 and K(t) # K(1 —t) mod 2, and £ = 0 otherwise.
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Proof. First suppose that ¢(¢) = 1. In order find an upper bound on N,
we start by giving a set of diagrams of D(HX®)=1(¢)) generating (via
Lemma 1.5.9) all the diagrams of D(HX®~1(y)).

For 7 € R, take 6, € D(HX®~1(v)) as in Lemma 1.5.13 (i). In this
case (c(t) = 1), we actually do not care of the condition with the ;.

For r € {0,1,...,K(t) — 1} \ R, an element §, with all vertices of
B(v,r — 1) labelled by e and exactly one vertex labelled by o in S(v,r)
does not exist. Instead, and if K'(1 —¢) > 0, we consider an element
pr € D(HX®=1(y)) with all vertices of B(v,r — 1) labelled by e and
exactly two vertices labelled by o in S(v, r), placed such that the minimal
branch containing them is a K’(1—t)-branch. This diagram can be used
to generate, via Lemma 1.5.9, all the possible labellings of S(v,r) with
an even number of vertices labelled by o in each K'(1 — ¢)-branch.

In the particular case where ¢(1 —¢) = 3 and r = K(1 —t), as
o (v) = (K (1—t)—1)* we also need to add a diagram o € D(HX®=1())
as in Lemma 1.5.13 (ii). Note that this element o is considered if and
only if ¢(1 —t) =3 and K (t) # K(1 —t) mod 2 (so that K(1 —t) € R).
We write ¢ = 1 in this case and ¢ = 0 otherwise.

By construction, D(HX®~1(v)) can be generated using d,, p, and o
(if e = 1). It is however not hard to convince oneself that the diagrams
pr can be chosen so that f!(p,) must always be equal to E. Indeed,
take p, as above with vertices a,b € S(v,r) labelled by o and let h be an
element realizing this diagram. Let 7 € Alt(;(B(v, K(t))) be an element
that stabilizes a while sending the (K (1 — t) — 1)-branch containing b
to another branch. In this way, h7h ™! has a diagram pl. satisfying the
same property as p, but it is now sure by Lemma 1.5.9 that f!(p.) = E.
Hence, a map f! is fully characterized by its values f.(8,) (for each
r € R) and f!(o) (if € = 1), which leaves at most 2/%I*¢ options for fI.

For ¢(t) = 3, the idea is exactly the same. The only difference is that
f1 takes its values in {E,0}4 /((O7 .,0))- The diagrams 6,, p, and o
with the same properties as above once again generate all the diagrams.
Denote by b1,...,b; the branches of the vertices adjacent to v, as for

the definition of J¢.

This time, we fix 31,...,%;_, as in Lemma 1.5.13 and really want 4,
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to satisfy the conditions given in this same lemma. In this way, for r > 0
we obtain using Lemma 1.5.9 that f1(6,) is of the form [(zy, yr, ..., y:)],
and we can assume that y, = E. For r = 0, if ¢(1 —¢) = 1, K(t) #
K(1 —t) mod 2 and if the set A associated to 1 — ¢ in Lemma 1.5.11
contains 0, then we define ¢ = 1 and also get f!(d) = [(w0,Y0,---,Y0)]
(and can assume that yo = E). Otherwise, we set ¢ = 0 and find that

foldo) =[(E, ..., E)].

For p,, as in the first case they can generally be chosen so that f:(p,)
must always be equal to [(E, ..., E)]. Indeed, if there exist h and 7 as
above and stabilizing the branches by,...,b; then the same reasoning
works. This is always possible, unless ¢(1—t) = 1 and r = K (1 —t) # 0.
This only happens when ¢(1 —¢) = 1, K(t) # K(1 —t) mod 2 and
K(1 —t) # 0, in which case we set ¢ = 1. Otherwise, set ¢/ = 0.
If ¢/ = 1, then the diagram pg(_s) has two vertices in S(v, K(1 —t))
labelled by o and they are in different branches, say b; and by. Let
h be an element realizing this diagram and let 7 € Alty(B(v, K(1)))
be an element interchanging b, and b3, interchanging b4, and b5, and
fixing by,b6,...,b;. In this way, B = h7h~! has a diagram p/K(lft)
with two vertices in S(v, K(1 — t)) labelled by o: one in by and one
in b3. Moreover, we know that fﬁ(p’K(lit)) = [(E,z,z,y,y,E ..., E)].
Now let 7/ € Alt(;)(B(v, K(t))) be an element interchanging by and b3,
interchanging by and bs, and fixing bo, bs,...,b;. Then n' = WFR!
has a diagram p/[/((1— p With two vertices in S(v, K(1 — t)) labelled by
o: one in b; and one in by. This time, we know that fﬁ(p}’((lit)) =
(z,z,E,...,E).

Concerning o (if it must be considered), take it as in Lemma 1.5.13
(ii) so that all its branches by, ..., b; are identical (via 41,...,7;_ ;). We
obtain fl(c) = [(E,...,E)].

In total, there are at most 21FE\O}+ete" possibilities for ff. However,
having e = 1 also implies ¢ = 1 and the diagram ¢y that we chose
when € = 1 can be used to generate an element with the properties of

O 1-t)° We can therefore forget p’l’((l_ 9 when € = 1, which leaves at
most 2180+ possibilities for f2. O
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1.5.8 Computing upper bounds

For each fixed values of ¢(0), ¢(1), K'(0), K'(1), we can now compute
an upper bound on the number of groups H € ’H% satisfying H D
Alt(;y(T)" and with these invariants. Recall that a b := a+b— Pg;ﬂ
for a,b € Z>g.

Proposition 1.5.15. Fiz ¢(0),c(1) € {0,1,2,3} such that c(0) = 2
if and only if ¢(1) = 2 and fix K'(0),K'(1) € Z>oU{oc} such that
K'(t) = oo if and only if c(t) = 0, and K'(0) = K'(1) if ¢(0) = ¢(1) = 2.
Let N be the number of groups H € H}. satisfying H 2 Alt,y(T)" and
with these invariants ¢(0), ¢(1), K'(0) and K'(1).

(i) If ¢(0) = ¢(1) =0 then N < 1.
(ii) If c(t) € {1,3} and ¢(1 —t) = 0 then N < 2K'(0),

(i) If ¢(t) = 1, ¢(1 —t) = 3 and K'(t) > K'(1 —t), then N < 2-
oK' (0)BK'(1)

(i) If c(0) # 0, ¢(1) # 0 and we are not in (iii), then N < 2K (OBK'(1)

Proof. In view of Theorem 1.H’, we simply need to give in each case
an upper bound on the number of ordered pairs ( 80, 51) that can be
observed, where vy and v; are fixed (when ¢(t) = 0, we say that there
is only one possibility for ff, (which was not defined)). Recall that the

values of ¢(t) and K'(t) completely determine the value of K (t).
o If ¢(0) = ¢(1) = 0 then we trivially have N < 1.

o If ¢(t) = 1 and ¢(1 —¢) = 0, then we get by Lemma 1.5.11 that
N < 2K® = 2K'(0) pecause 251 is the number of subsets of
{0,...,K(t) — 1}.

o If ¢(t) = 3 and ¢(1 —¢) = 0, then we get by Lemma 1.5.11 that
N < 2KM-1 = 9K'() hecause 2511 is the number of subsets of
{1,...,K(t) — 1}.

o If ¢(0) # 0 and ¢(1) # 0 then we must distinguish some cases:
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— If ¢(0) = ¢(1) = 2 then by Lemma 1.5.12 the shape of f.,

is fully determined by the shape of fgo. Let A and B be
the sets given by Lemma 1.5.11 for ¢ = 0. There are 25'(0)
possibilities for A and 25'(1) possibilities for B (since K (1)—1
must always be contained in B by Lemma 1.5.12). Hence,
N < 2RK'O+K(1) — oK' (OBK'(M) (recall that K'(0) = K'(1)
when ¢(0) = ¢(1) = 2).

If ¢(0),¢(1) € {1,3} and K(0) = K(1), then Lemma 1.5.11
can be applied twice to get N < 2K O+K'D) 1t ¢(0) =
(1) then K'(0) = K'(1) so 2K/ OFK/() _ oK' OBK/() ¢
c(0) # ¢(1) then |K'(0) — K'(1)] = 1 and 2K'O+K'(1) —
Q(K/(O)EE’K/(l))*Fl.

If ¢(0),c(1) € {1,3} and K(t) > K(1—t) (for somet € {0,1}),

then by Lemma 1.5.11 there are at most 25 (1= possibil-

1—t
V1-t"

by Lemma 1.5.14. Remark that |R| = K(t) — {w—|
(where R is defined as in Lemma 1.5.14) and that 0 does not
belong to R if and only if K(1 —t) =0 and K(¢) is odd.

ities for The number of possibilities for qut is given

% If ¢(t) = ¢(1 —t) = 1, then there are at most 2/%l pos-
sibilities for fzft and we directly get N < 2KOBK1) —
2K’(O)BEIK’(1).

« If ¢(t) = c(1 —t) = 3, then K(1 —¢) # 0 and 0 is never
contained in R, so there are at most 2/%=1 possibilities
for fi and N < oK (OBK(1),

% If ¢(t) = 1 and ¢(1—t) = 3, then there are at most 2/7il+e
possibilities for f}, where e = 1if K(t) # K(1 —t) mod
2 and € = 0 otherwise. As K'(t) = K(t) and K'(1 —

t) = K(1 —t) — 1, we see that ¢ is exactly equal to 1 +
{K(t)*g(lft)w _ {K/(t)*f’(lft)w’ so N < 2(K'(OBK'(1)+1,

« If ¢(t) = 3 and ¢(1 —¢) = 1, then there are at most
20} possibilities for f¢, where & = 1if K (1 —t) #
0 and K(t) # K(1 —t)mod 2, and ¢ = 0 otherwise.
Moreover, the number K'(1 —¢) + |R\ {0}| + & is equal
to K'(1—t) + K(t) — {ww — 141 +¢, where
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n=1if0¢&R,ie if K(1 —t) =0 and K(t) is odd,
and 7 = 0 otherwise. By definition of 7 and &', we see
that n + & = 1 if K(t) and K(1 — t) have a different

parity and 1 + & = 0 otherwise. Hence, n + ¢’ is exactly
K(t)—K(l—t)—| _ {K’(t)—K’(l—t)—‘
2 2

equal to { so that we obtain

N < 2K/(O)EHK/(1). O

1.5.9 The classification theorem

The following main theorem readily follows from the previous results.

Theorem 1.5.16. Let T be the (dy, dy)-semireqular tree with dy,d; > 6
and let i be a legal coloring of T. Let H € H; be such that H 2
Alt,y(T)*. Then H belongs to G-

Proof. This comes from the fact that the upper bounds given in Proposi-
tion 1.5.15 are all reached by the members of Q(i) (see Proposition 1.5.6).
Remark that, in Table 1.1, the lines 7 and 11 (and the lines 8 and 12) give
the same ¢(0) and ¢(1), so their total number add up, thereby matching
the factor 2 in the upper bound given by Proposition 1.5.15 (iii). O

We can now prove the next explicit formulation of Theorem 1.B.

Theorem 1.B’ (Classification). Let T' be the (dy, dy)-semiregular tree
with dy,dy > 4 and let i be a legal coloring of T'.

(i) Two groups H,H' € Q(i) are conjugate in Aut(T') if and only if
H = H' or dy = di and either H = Gz;)(YO,Yl) and H' =
G%(YO/,Y{) with (Yo,Y1) = (Y{,Y]) or H = GZ;)(Xle)* and

H' = G (X4, X0)* with (X, X1) = (X4, X)),

(ii) Suppose that do,dy > 6. Let H € Hi be such that H(z) = Fy >
Alt(dy) for each x € Vo(T) and H(y) = Fy > Alt(dy) for each

y € Vi(T). Then H is conjugate in Aut(T)" to a group in Gy
Proof.

(i) It is a direct consequence of Lemma 1.4.10 (i) that two different

groups in Q(i) can never be conjugate in Aut(T)". If dy # d;
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then Aut(T) = Aut(T)" and we are done. Now suppose that

do = dy. Then there exists v € Aut(T) \ Aut(T)" not preserv-

ing the types but preserving the colors, i.e. such that i o v = 1.

Every automorphism 7 € Aut(7T) \ Aut(T)" can be written as

7 = pov with u € Aut(T)". The statement then follows from the

fact that VGEZ)(YO,Yl)V*I = GEE)(Yl,YO) and I/GE‘;) (Xo, X1)* vt =

Gg)(Xl,XO)*.

(ii) By Theorem 1.G, there exists a legal coloring ¢’ of T such that
H 2 Alt((T)". Hence, by Theorem 1.5.16, H belongs to G ;.
But Aut(T)™ is transitive on the set of legal colorings of T', so each
member of G (in) 18 conjugate in Aut(T)™" to its counterpart in G @)

and the conclusion follows. O

1.5.10 Proofs of the corollaries

We can now prove the different corollaries mentioned in §1.1. We ac-
tually give, for each one, a more precise formulation than its version in
§1.1. For the definition of the set QEZ.), see Definition 1.4.9.

Corollary 1.C'. Let T be the d-reqular tree with d > 4 and let i be a
legal coloring of T.

(i) The members of QEZ.) are pairwise non-conjugate in Aut(T).

(ii) Suppose that d > 6. Let H € Hr \ Hi be such that H(v) & F >
Alt(d) for each v € V(T). Then H is conjugate in Aut(T)* to a
group belonging to QEZ.).

Proof. We start by proving (ii).

(i) Clearly, H* := HN Aut(T)" is a subgroup of index 2 of H. Since
H*(v) = H(v) for each v € V(T), we deduce by Lemma 1.2.1
that HT is also 2-transitive on 0T, i.e. HT € Hi. Moreover,
Ht(v) 2 F > Alt(d) for each v € V(T), so Theorem 1.B’ can
be applied to find the shapes that HT can take. It is however
important to note that, if v € H\H™T, then vHTv~! = HT while v

does not preserve the types. This means that in H' the situation
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must be the same for the vertices of type 0 and the vertices of
type 1. As a consequence, H™ can only be conjugate in Aut(T)" to

g)(y, Y) with Y € {@, X, X*} and Ga) (X, X)*

(with X Cy Z>0). In other words, there exists a legal coloring 7/

of T such that HT is equal to one of the groups Gg,)(Y, Y) and
+ *

G(Z./)(X7 X)*.

Since H T is normal in H, H is contained in the normalizer of H™

in Aut(7"). By Lemma 1.4.10 (ii), the normalizer in Aut(7) of

Gg,)(@,@) (resp. G@,)(X,X), Gg,)(X*,X*) and ng,)(X,X)*) is

G(i/)(g, &) (resp. G(l/)(X*,X*), G(Zl)(X*7X*) and G(l/)(X*,X*))

Using the fact that H* is a subgroup of index 2 of H, we directly

get that H is equal to G()(@,d) when HT = G%(@,@) and
that H is equal to G)(X*, X*) when HT = Ga,)(X*,X*). For

one of the groups G

the other cases, we have:

o If HT = G?;,)(X,X), the normalizer of H™ is Gy (X*, X*).
To get H, we must observe the extensions H™ (v) of HT by an
element v € G(i/)(X *, X*) that does not preserve the types
and such that 2> € Ht. There are two possibilities: either
Sgn i (v, Sx(v)) = 1 for each v € V(T) or Sgn ;1 (v, Sx (v)) =
—1 for each v € V(T') (we cannot have Sgn ;) (v, Sx(v)) = 1
for each v € Vo(T') and Sgn ;) (v, Sx(v)) = —1 for each v €
Vi (T) since this would imply that v? ¢ HT). In the first case
we get HY(v) = G(;)(X, X). In the second case, define a new
legal coloring " by i"|v; = i'lvy(r) and |y, ()= 7 0’|y, (1)
where 7 € Sym(d) is an odd permutation. In this way, H+ =
G?;,)(X,X) = Gz;,,)(X,X) and H*(v) = G (X, X).
o IfHT = ng,)(X,X)*, the normalizer of H* is Gy (X™*, X*).
Here also, we observe the extensions HT(v). In this case,
all Sgn(;/) (v, Sx(v)) with v € Vp(T) must be equal and all
Sgnn (v, Sx(v)) with v € Vi(T) must be equal, but there
is no additional condition since each such v satisfies v? €
H™. Replacing i’ by i’ as above if necessary, we can as-
sume that Sgn (v, Sx(v)) =1 for each v € Vo(T'). Then, if
Sgn ;) (v, Sx (v)) = 1 for each v € Vi(T) we obtain H"(v) =
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Gy (X, X)*. On the contrary, if Sgng (v, Sx(v)) = —1 for

each v € V1(T'), then we get H (v) = G’(i,)(X,X)*.

In any case, H is conjugate in Aut(7T)" to a group in QEZ.).

(i) Suppose that there exist two different groups H, H' € Qéi) that
are conjugate in Aut(7). Then H™ and H'" are also conjugate,
and by Theorem 1.B’ (i) this implies that H* = H'". Since the
groups in Q(i) are pairwise distinct (Proposition 1.4.8), the only
possibility is to have H = G;) (X, X)* and H' = G’(i) (X, X)* (or
the contrary) for some X Cj; Z>o. However, G; (X, X)* and
G/(Z.) (X, X)* are not conjugate in Aut(T). Indeed, if H() de-

notes the intersection of all normal cocompact closed subgroups

of H, then (G5 (X, X)*)>) = (G, (X, X)"){>) = G (X, X) but
Go) (X, X)” /Gg) (X, X) = (C2)? while G, (X, X)* /G@ (X, X)
=~ C,. O

Before proving Corollary 1.D’, recall that © C Z~( is the set of
integers m > 6 such that each finite 2-transitive group on {1,...,m}
contains Alt(m).

Corollary 1.D'. Let T be the (dy,dy)-semireqular tree with dy,d; € O,
let © be a legal coloring of T and let H € Hr. Then H is conjugate in
Aut(T)™ to a group belonging to G or QEZ.) (when dy = dy ).

Proof. Since H is 2-transitive on 9T, H(v) is 2-transitive on E(v) for
each v € V(T') (see Lemma 1.2.2). By definition of ©, this implies that
H(x) = Fy > Alt(dp) for each x € Vo(T) and H(y) = F; > Alt(dy)
for each y € V1(T). The conclusion follows from Theorem 1.B" (ii) and
Corollary 1.C’ (ii). O

Corollary 1.E'. Let T be the d-regular tree with d > 6, let i be a legal
coloring of T and let H be a vertez-transitive closed subgroup of Aut(T).
If Hv) =2 F > Alt(d) for each v € V(T), then H is discrete or H is
congugate in Aut(T)" to a group belonging to QEZ.).

Proof. By [BMO00a, Propositions 3.3.1 and 3.3.2], the hypotheses directly

imply that H is discrete or 2-transitive on 07. The conclusion follows
from Corollary 1.C’ (ii). O
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1.6 Another example when dy =14

Let T be the (4, d;)-semiregular tree with dy > 4. In this section, we
construct a (non-linear) group G € H for which there is no legal col-
oring i of T such that G 2 Alt, (T)*. This group will therefore be
different from all the groups defined in §1.4.

To avoid any confusion, we use the letter j for the legal colorings of
trees that will help to construct our group and the letter ¢ will only be

used for other legal colorings appearing in the results.

First consider the rooted tree To = Ty 39, ie. the rooted tree of
depth 2 where the root vy has 4 children and each child of vy has 3—1 = 2
children. Let 1 be a bijection between (F3)%\ {(0,0)} and the set of
eight vertices of T, at distance 2 from vg, such that two such vertices
x and y have the same parent if and only if ¢ ~1(x) and ¥~1(y) are
a multiple of one another (see Figure 1.8a). The four children of v
thus correspond to the four lines of (F3)?, or in other words to the four
elements of the projective line over F3. The natural action of SL(2, F3)
on (F3)2\ {(0,0)} induces via 1) an action of SL(2,F3) on Tp. Let G
be the image of SL(2,F3) in Aut(7p) defined in this way. It is clear
that the pointwise stabilizer of B(vg,1) in Gy corresponds to the two
matrices (}9) and (' ° ). Hence, Go(vo) = PSL(2,F3) which is in
turn isomorphic to Alt(4).

v
(2,2) (1,1) di — 1 children
(a) TO = T473,2. (b) T = T47d172.

Figure 1.8: Construction of the group G.
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Now consider the rooted tree T = T4 4, 2, ie. the rooted tree of
depth 2 where the root v has 4 children and each child of v has d; — 1
children (see Figure 1.8b). Fix a legal coloring j of T and a legal coloring
jo of Ty with jo(vg) = j(v) and let a be the bijection from B(v,1)
to B(vo, 1) preserving the colorings. We define the map f: Aut(T) —
Aut(Tp) by saying that, if g € Aut(T), then f(g) € Aut(Tp) is the
unique automorphism of Ty such that f(g)(a(z)) = a(g(z)) for each
x € B(v,1) and JGO)(f(g),a(uv))~ has the same parit}i as o3)(g, ) for
each z € S(v,1). Then consider G = f~(Go) < Aut(T).

It is clear from the definition of G that G(v) = Alt(4), and the next

lemma shows that G never contains Alt(;)(f) for a legal coloring i of T'.

Lemma 1.6.1. There does not exist a legal coloring i of T such that

Proof. By contradiction, assume that such a coloring exists. From this
one, we can construct a legal coloring 7q of Ty such that Gy D Alt (o) (To).
Indeed, it suffices to set io|p(y,,1)= JolB(w,1) and then, for each z €
S(vg, 1), to define 79 on S(z,1) \ {vo} such that 5050|§(1$71)6 Sym(3) has
the same parity as Eﬂg(la_l(x%lﬁ Sym(d;). In this way, f(Alt(%)(T)) =
Alt(;o)(To) and thus Gy = f(G) D f(Alt(;) (T)) = Alt(go)(To).

Let us name each vertex of S(vg, 1) with the corresponding line in
(F3)? \ {0,0}, i.e. with [x = 0], [y = 0], [x = 9] or [x = 2y]. Let
g € Alt(go)(fo) be such that g interchanges [x = 0] and [y = 0] and
interchanges [z = y] and [z = 2y]. Since g € Alt; ) (To) € Go, g acts as
(_01 (1)) or as ((1) _01) on Ty (these are the only elements of G acting as
g on B(vy,1)). In both cases, g° acts as (' %) on Tp. But (3 %)
fixes B(vg, 1) and acts as a transposition at each vertex of S(vg, 1), so it
cannot be contained in Alt(go)(f 0). This is a contradiction with the fact

that g% € Altg(To). O

Using the group G < Aut(T), we can now construct a group G € Ho
that acts locally as G. For each z € Vo(T), fix a map J,: B(z,2) — T.
In this way, for each z € Vy(T') and each g € Aut(T)*, we can define

Sy (9,2) = Jywyogo Jy ' € Aut(T).
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This allows us to define G <., Aut(T)" by
G:={ge Ant(T)" | Z)(g.2) € G for each = € Vo(T)}.
The fact that G is 2-transitive on 9T is not completely immediate.

Lemma 1.6.2. The group G belongs to H”TL

Proof. By Lemma 1.2.1, it suffices to prove that G(v) is transitive on
OT for each v € V(T'). As G is closed in Aut(7"), we can simply show
that the fixator in G of a geodesic (v, w) with v,w € V(T') always acts
transitively on E(w) \ {e}, where e is the edge of (v, w) adjacent to w.
If x and y are two vertices adjacent to w but not on (v,w), then we
must find g € G fixing (v, w) and such that g(z) = y. We can simply
construct such an element g by defining g(x) = y and g(e) = e, and
then by extending g to larger and larger balls, so that g fixes (v, w) and
Y (g, 2) € G for each z € Vy(T'). One easily checks, using the fact that
dy > 4, that there is sufficient freedom in G to do so. ]

Finally, as a corollary of Lemma 1.6.1 we find that G is indeed not
isomorphic to any group defined in §1.4.

Proposition 1.6.3. We have G(z) = Alt(4) for each x € Vp(T') and
G(y) = Sym(dy) for each y € Vi(T), but there does not exist a legal
coloring i of T such that G 2 Alt,(T)".

Proof. The fact that G(x) = Alt(4) for z € Vp(T') and G(y) = Sym(d;)
for y € Vi(T) readily follows from the definition of G. Now consider a
legal coloring i of T. We show that G 2 Alty;)(T)*. Fix z € Vp(T)
and consider the legal coloring ¢ =i o J 1 of T. By Lemma 1.6.1, there
exists g € Alt(%)(f) such that § ¢ G. One can then construct an element
g € Alt; (T)™" fixing z and with ¥ (g,z) = g, which is therefore such
that g € Alt;)(T)* \ G. Hence, we have G 2 Alt(,y(T)". O
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1.I Topologically isomorphic groups in Hy

We show in this appendix the following proposition, stating that two
groups in Hr are topologically isomorphic if and only if they are con-
jugate in Aut(7'). This is a folklore result but, because of the lack in

finding a suitable reference, we give its full proof here.

Proposition 1.1.1. Let T be the (dy, dy)-semiregular tree with do,d; > 3
and let H,H' € Hp be isomorphic as topological groups. Then H and
H' are conjugate in Aut(T).

Proof. Since H acts edge-transitively on T" (see Lemma 1.2.2), the vertex
stabilizers H, and edge stabilizers H, in H are all pairwise distinct.
Moreover, H, is a maximal compact subgroup of H for each v € V(T),
H, is a maximal compact subgroup of H for each e € E(T) if and
only if H ¢ %‘TF, and these are the only maximal compact subgroups of
H (see [FTNO91, Theorem 5.2]). Given the group H and all its compact
maximal subgroups, one can also recognize which of them must be vertex
stabilizers. Indeed, if H ¢ ’H% and K = H. is an edge stabilizer in H
then there exists another maximal compact subgroup K’ of H such that
[K : KN K'] =2 (namely K’ = H, where v is a vertex of €). On
the contrary, if K = H, is a vertex stabilizer in H (we do not suppose
H¢< ’H% here), then there exists no maximal compact subgroup K’ of H
such that [K : KN K'] =2, because dy,d; > 3 and H is edge-transitive.
The vertex stabilizers in H can thus be exactly identified among the
subgroups of H, without knowing anything about the action of H on T
The same is true for H'.

Now let ¢: H — H' be an isomorphism of topological groups. For
each v € V(T'), the previous discussion shows that there is a unique ver-
tex 7(v) € V(T') such that ¢(H,) = H;(v) and that the map 7: V(T') —
V(T) is a bijection. Moreover, two vertices v, v’ € V(T') are neighbors in
T if and only if [H, : Hy N H,| < [H, : Hy, N Hy) for all vertices w # v.
This indeed follows easily from Lemma 1.2.2. In view of the definition
of 7, this implies that v and v’ are adjacent if and only if 7(v) and 7(v")
are adjacent. In other words, 7 is an automorphism of 7. We finally

claim that Thr=! = ¢(h) for all h € H. Indeed, we have H;Iw—l(v) =
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P(Hpr1) = @(hH 1)) = @(h) Hyp(h) ™! = HY - O

1.II Asymptotic density of the set ©

In this appendix, we give an explicit expression for © and show that it

is asymptotically dense in Z~g.

Proposition 1.I1.1. The set © is equal to

©={me€Z-y|m>6}

pdr_l
\<{pd‘ppm'me,d21}U{ ] ‘ppm’me,le,rEZ}
p_

U {22d_1 + 91 ( 4> 3} U {22,176, 276})

Proof. This is a consequence of the classification of finite 2-transitive
groups, see [Cam99, Tables 7.3 and 7.4]. Note that there exist some
sporadic 2-transitive groups with m ¢ {22,176,276}, but we did not
write these values for m since they are already contained in at least one

of the infinite families. O

Corollary 1.I1.2. The asymptotic density D(O) of © in Zwg is equal

to 1, i.e.
enil,...
11 ‘ { ) 7n}‘

n—00 n

=1.

Proof. It suffices to prove that the asymptotic density of each of the

three infinite families is equal to 0. First, we have

({22d*1i2d*1 ( d23} ﬂ{l,...,n}‘ SQ-Hdzs ‘ 92d—2 §n}‘
=2-{d>3|2d—2<logy(n)}
< 2-logy(n)

This directly implies that D ({224~ £ 2471 | d > 3}) = 0.

We now show that the density of {7;;:11 ‘p prime, d > 1,7 > 2}

is zero. The proof that the density of {pd ‘ p prime, d > 1} is zero

is similar and even easier. To simplify the notation, define R(n) :=
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HI;Z:f ‘ p prime, d > 1,7 > 2} N{l,...,n}| so that we need to com-

pute lim,, o

) dr_
B Since ’;d—711 > pd(r=1)  we have

(p,d,r) ‘ p prime, d > 1,7 > 2,p?" Y < n}(

—

R(n) <

1
Hp prime ‘ p < ndr-1) H

M
NE

o
Il
—
<
[|
o

A (D)

Mo
NE

Il
¥

1r

i

where 7(x) is the number of prime numbers less or equal to . When
1 1
d(r — 1) > logy(n), we have nd-1 < 2 and hence m(ndr-1) = 0. If

L(n) := |logy(n)], we therefore have

~

(n) L(n)+1 L
m(ndr=1))

R(n)

IN

d=1 r=2
w(x)In(z
By the prime number theorem, we have lim M
T—00 x

exists C' > 0 such that n(z) < C % for all x > 0. We therefore get
n(z

= 1, so there

n dlr—1)
R(n) <C
d=1 r—2 In(ndr-1)
L(n) L(n)+1
< T ¢ d(r —1) - ndr=1
H(TL) d=1 r=2

Separating the case (d,r) = (1,2) from the (L(n)? — 1) other cases gives

Rin) < & <n+(L(n)2—1)L(n)2-n%)

In(n)
Hence, A
ﬂ C L(n)
" Sln(n)<1+ \/ﬁ>—>0 O



Chapter 2
Lattices in products of trees

In Chapter 1 we gave a classification result for some non-discrete au-
tomorphism groups of trees. Following ideas developed by Burger and
Mozes in their seminal work [BM00a], these results can be used to study
lattices in products of trees. There indeed are numerous examples of
lattices in a product of two trees whose projections on each tree is non-
discrete. Under some local hypotheses, the closures of those projections

thus fit perfectly into the context of our classification.

2.1 Main results

Given two integers dy,ds > 3, we consider the product T} x 15 of the
di-regular tree 17 and the ds-regular tree T5. It can be seen as a square-

complex whose vertex set, edge set and square set are given by

V =V(T) x V(T3),
E = (E(Ty) x V(T3)) U (V(T}) x E(Ty)),
S =E(T1) x E(T»);

with the natural incidence relations. We generally call T the horizontal
tree and 75 the wvertical tree, so that the edge set E decomposes as
E = E, U E, with E;, = E(T1) x V(I2) being the horizontal edge set
and F, = V(T1) x E(T,) the vertical edge set.

In this chapter, we will mainly be interested in groups I' acting simply

91
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transitively on the set of vertices of 17 x T» and that do not exchange
the two trees (i.e. such that I' < Aut(71) x Aut(73)). Such a group I'
will be called a (di, d2)-group. In [BM0Ob, Chapter 6] and [Rat04], the
authors studied those groups with the additional property that they are
torsion-free. We do not make this assumption here; authorizing torsion
will actually lead us to interesting examples. A (dj, ds)-group I is said to
be reducible if it is commensurable to a product I'y X I's of lattices I'y <
Aut(T}). Tt is called irreducible if it is not reducible, which is equivalent
to asking that H; = proj;(T') < Aut(T}) and Hy = proj,(T') < Aut(Th)
are both non-discrete [BM00b, Proposition 1.2]. (Note that H; and Ho
are either both discrete or both non-discrete.)

Given a (dy,ds)-group I satisfying Hy(vy) > Alt(dy) and dy > 6 for
some ¢t € {1,2} (and some v; € V(T})), it is not so hard to see if I is
irreducible, see (i) below. Moreover, if it is irreducible, then we know
by Corollary 1.E’ that H; belongs to the collection ggi) for some legal
coloring i of T;. In the first part of this chapter, we develop tools allowing
us in such a case to determine which group H; is (when d; is even), see
(ii) below.

Theorem 2.A. Let I' < Aut(71) x Aut(T) be a (dy,ds)-group, let
t € {1,2} and let i be a legal coloring of Ty. Suppose that dy > 6 and
that Hy(ve) > Alt(dy) (for some vy € V(T})). Then:

(i) There is an (efficient) algorithm that determines if T is irreducible.

(ii) If T is irreducible and d; is even, then there is an (efficient) algo-

rithm that computes the group from ggi) to which Hy is isomorphic.

In the following theorem we gather everything we can say about
torsion-free (6, 6)-groups, notably thanks to our algorithms above. This
is a preview of what is done in §2.3. Two (dj,ds)-groups are called

equivalent if they are conjugate in Aut(7} x Tb).

Theorem 2.B. There are 32062 torsion-free (6,6)-groups up to equiv-
alence. At least 18426 of them are reducible, and at least 8227 of them
are irreducible. Moreover, given a legal coloring i of the 6-reqular tree
Ty, there are exactly 7 groups in géi) that are equal to m for some
torsion-free (irreducible) (6,6)-group T'.
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The next goal of this chapter is to construct (dy, da)-groups that are
virtually simple. In order to have short presentations for these groups,

we want d; and ds to be as small as possible.
Theorem 2.C. There exist (at least):

(i) 160 pairwise non-commensurable virtually simple (6,6)-groups:
two of them have a simple subgroup of indexr 12, and the other

158 have a simple subgroup of index 4;

(ii) 60 pairwise non-isomorphic virtually simple (4,5)-groups: 12 of
them have a simple subgroup of index 8, and the other 48 have a
simple subgroup of index 4.

We record the following down-to-earth illustration.

Corollary 2.D.

(i) The following group, presented by 6 generators and 10 relators, is
a (6,6)-group with a simple subgroup of index 4:

—1 —1 -1 _—-1;-—1 -1 -1

<a17 az, as, b17 b2; b3 | alb1a2 bla a1b2a2b2 ’ 0,1b2 5] bl ) albl aq b27
—1 —1 —1 —1;—1
a1b3a1b3 s agbgagbg, a2b3 a3b3 s a3b1a3 bl 5

-1 -1
agbgagbg, a3b2 a3b2 >

(i) The following group is isomorphic to a free amalgamated product

Fs xpy, Fs, is simple, and is an index 4 subgroup of a (4,5)-group:

<x1,x2,z3,y1,y2,y3 | 1 = Y1,
2 _ -1
Ty = Y2Y; Y2,
2 _ .2
xr3 = Y3,

-1 -1

T3 T1T3 = Y3 Y2Y3,

-1 -1

T3 T2X3 = Y3 Y1Y3,

-1 -1, -1

Ty T1T2 = Yo Y1 Y2,

-1,..-2 -1 -2

Lo Ty T2 =Yg Y1Y3 Y2,

1,.—1,.—1 -1 -1, -1 -1

Ty To T1T3T2 = Yo Y1Y3 "Y1 Y2Y3Yy1 Y2,

-1..-1 | -1 -1 -1

Ty T3 T1T2X3T2 = Yo Y1Y3 Y2Y3 Y1Y3Y; Y2,
1,.—1,2 -1 -1 -1 -1
T3 " XoT3T2 = Yo Y1Y3 Y1Y3 Y1Y3Yy Y2,
1

—-1..-1,_-1 -1 -1, -1, —1 -1
Ty Ty Ty T3T2T3T2 =Yy Y1Yz Y1 Yz Y1Y3Y1 Y2)

)

)
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We also show that for any d; > 4, there exists a virtually simple

(d1, dg)-group for some dp. This is a consequence of the following result.

Theorem 2.E. For each n > 2, there exists a (2n,2n + 1)-group with a

simple subgroup of index 2™.

For further information about these virtually simple groups, see The-
orem 2.4.7. Our next result provides a family of virtually simple (6, ds)-
groups with arbitrarily large ds, so that the projection on the 6-regular

tree becomes larger and larger when dy — oo.

Theorem 2.F. There exists a virtually simple (6,4n)-group T'¢ 45, for
each n > 2, such that proj,(I'e 4,) — Aut(11) in the Chabauty topology
of Aut(Ty) when n — oo (where Ty is the 6-reqular tree).

We give an explicit presentation for I'g 4, in Theorem 2.4.8, where
the closures of the two projections are also computed. This theorem
can be used to prove the next statement. It was already established in
much greater generality in [BK90, Corollary 4.25] and [Liu94] with a
completely different approach.

Corollary 2.G. Let F3 be the free group on 3 generators and let T be
the usual Cayley graph of Fs, i.e. the 6-reqular tree. Then the commen-
surator of F3 in Aut(T) is dense in Aut(T).

We finally close the chapter with an experimental study of lattices in
products of three trees. While our previous results show the existence of
many irreducible (dy,dy)-groups, things are apparently different when a

third tree pops up.

Theorem 2.H. Let Ty, T, T3 be 6-regular trees and let v, € V(T}) for
eacht € {1,2,3}. There is no subgroup T' < Aut(Ty) x Aut(Ts) x Aut(T3)
acting simply transitively on the vertices of T1 x Ty x T3 and such that
the following conditions hold, where H; = proj,(T') < Aut(T}):

e Hy,H, H3 are non-discrete and Hi(vy), Hy(v2), Hs(v3) > Alt(6);
e proj; 3(I') is dense in Hy x H3 and proj, 5(T') is dense in Hy x Hs;

e the stabilizers I'(vy,v3) and I'(ve,v3) are torsion-free.
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2.2 Structure theory of (d;, ds)-groups

2.2.1 (dy,dy)-complexes and (d;, d2)-data

Let T" be some (dj,ds)-group. Recall from §1.1 that V(T1) = Vo(T1) U
Vi(T1) and V(Ts) = Vp(T2) U Vi(T3). Hence, the vertex set V of 11 x Th
can naturally be partitioned as V' = Vo U Vo1 U Vig U Vi1 where V;; =
Vi(T1) x V;(T3) for each 4,5 € {0,1}. We say that a vertex in Vj; is of
type (i,7). Each element of I' can be type-preserving or not on each
of the two trees 77 and T3, so that this induces a natural (surjective)
homomorphism I' — Cy x Cy. The kernel of this homomorphism, which
we denote by I'", is an index 4 normal subgroup of I' and consists of
elements of I' that preserve the types in T} x T5.

Let us focus for a moment on those groups A < Aut(77) x Aut(75)
that preserve the types and act simply transitively on the vertices of
each type, as I'". In the next lemma, we show that those A are always

torsion-free.

Lemma 2.2.1. Let A < Aut(Th) x Aut(T3) be a type-preserving group

acting freely on the vertices of T1 x Ty. Then A is torsion-free.

Proof. Let g be a torsion element in A, i.e. such that ¢" = 1 for some
n > 1. For each t € {1,2}, we deduce from [Tit70, Proposition 3.2] that
Projaus(r,)(9) fixes a vertex of Ti or inverses an edge of T;. It cannot be
an inversion since it is type-preserving, so it fixes a vertex of T;. Hence,
g fixes a vertex of T7 x T5. As A acts freely on the vertices of T} x T5,
this means that g = 1. O

When A acts simply transitively on vertices of each type of T7 x 75,
the quotient square-complex X, = A\(7} x T3) has four vertices. We
denote them by vgg, v10,v11 and vg1, so that the projection of a vertex
in Vj; is v;;. For each j € {0,1}, there are d; edges between vg; and
v1; (call them horizontal), and for each ¢ € {0,1}, there are dy edges
between v;p and v;; (call them wvertical). Also, there are exactly djds
squares in X,, attached to the four vertices and such that the link of
each vertex is a complete bipartite graph. We call such a finite square-

complex a (dy,dy)-complex, see Definition 2.2.2 below (and Figure 2.1).
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Be aware that, in [Rat04], the author uses the same term for a similar

(but different) square-complex.

Definition 2.2.2. A (d;,dy)-complex is a square-complex with:

four vertices vgg, v1g, v11 and vg1;

di edges between vy and vy and d; edges between v11 and vgq;

dy edges between vy and v11 and do edges between vy and vgg;

dids squares attached to the four vertices, such that for each pair
(en, €y) of horizontal and vertical edges, there is exactly one square

adjacent to both e and e,.

We saw above how to go from A to a (dy,ds)-complex. Conversely,
given a (di, dy)-complex X, the universal cover X of X is the product of
the di-regular tree and the do-regular tree, and the fundamental group
m1(X) of X acts simply transitively on the vertices of each type of X.
One easily checks that this gives a bijective correspondence between
conjugacy classes of such groups A (in Aut(7; x T»)) and isomorphism
classes of (dj,dy)-complexes.

Now if we come back to our (di,ds)-group I', then we can consider
the (dq,dy)-complex Xp+ = I'"\(T7 x T). In addition, the action of
I' on 77 x T5 induces an action of Cy X Cy on Xr+. The three non-
trivial elements of Cy x Co permute the vertices of Xt+ with the three
permutations (vgo v10)(vo1 v11), (voo vo1)(vio v11) and (veo v11)(v10 vo1)-
We say that an action of Cy x Cy on a (dy,ds)-complex is good if it

induces those permutations on the vertices of that complex. Conversely,

dy edges

Vo1 V11

dy edges dy edges

Yoo dy edges Y10

Figure 2.1: The 1-skeleton of a (di, d2)-complex.
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given a good action of Cy X Cg on a (dy, dy)-complex X, we can consider
the projection p:T7 x Th = X — X and lift Cy x Cy to

C;;-EQZ{QGAHt(X)‘HhGCQXCQIpOg:hOp}.

This group Cs x Cs acts simply transitively on the vertices of T7 x Th
and is thus a (dy, d2)-group. So we now have a bijective correspondence
between (di,dz)-groups (up to equivalence) and good Cjy x Cy-actions
on (dy,ds)-complexes (up to equivariant isomorphism).

A (dy,dy)-complex with a good Cg x Ca-action can be encoded via
what we call a (dy, d2)-datum. The following definition is inspired from
the definition of a VH-datum in [BMOOb, §6]. The differences between
the two notions come from the fact that we allow torsion. What the
authors call a VH-datum will here be called a torsion-free (dy, dz2)-datum,
see Definition 2.2.5 below.

Definition 2.2.3. A (dy,dz)-datum (A, B, 4, pp, R) consists of two
finite sets A, B with |A| = d; and |B| = da, two involutions p4: A — A,
vp: B — B and a subset R C A x B x A x B satisfying conditions (1)
and (2) below. Write a=! = @(a) for a € A and b= = pg(b) for b € B.
The two maps 0,p: A X BX AX B— A x B x A x B are defined by

o(a, b, ) = (a1, 071 a0 7Y),

p(a,b,a’,b') = (a’,V,a,b).

(1) Each of the four projections of R onto the subproducts of the form
A x B or B x A are bijective;

(2) R is invariant under the action of the group (o, p) = Cy x Cas.

Definition 2.2.4. Given (A4, B, pa, ¢, R) and (A, B', 0, pp, R') two
(d1, dy)-data, an object of one of the following forms is called an equiv-

alence between the two data.

e A pair (a, ) of bijections az A — A’ and 3: B — B’ such that
oa =apra”l, pp = Bppp, and R = (a x B x a x B)(R).

e A pair («a,f3) of bijections a: A — B’ and : B — A’ such that
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1

o = BopB Y, op = apaal, and

R = {(ﬁ(b)’a(a/)’ﬁ(b,)’a(a)) | (a’ b, a/’b/) € R}

This defines an equivalence relation on the set of (d, d2)-data.

Given a (dy,dy)-datum (A, B,p4,¢B, R), one can build a (di,ds)-
complex with a good Cs x Csy-action as follows. Fix four vertices vqg,
v10, v11 and vg;. For each a € A, draw an horizontal edge e, between v
and v19 and an horizontal edge €/, between v1; and vg1. Also, for each
b € B, draw a vertical edge f;, between v1g and v; and a vertical edge
f; between vg1 and vgo. Then, for each (a,b,a’,b") € R we glue a square
to the edges eq, fp, €, and f},. Condition (1) in Definition 2.2.3 ensures
that this square complex X is a (di,d2)-datum, and (2) enables us to
define a good Cg x Ca-action on it. Indeed, we can define & € Aut(X)
by G:vgo <+ vo1, Vo & Vi1, €a > €1, fy < fo-1, fy < fi1 and
p € Aut(X) by p:voo > Vi1, Vig <> Vo1, €q < €y, fp ¢ f. (The actions
on the squares are then clearly defined.) They are automorphisms of X
because R is invariant under the action of (o, p).

Conversely, from a good Cy x Ca-action on a (dy, ds)-complex we can
come back to a (dj, dz)-datum. We can indeed consider two finite sets A
and B with |A| = d; and |B| = d2, denote the edges between vy and vy
by e, with a € A (arbitrarily) and those between v1g and v1; by f, with
b € B (arbitrarily). Then, if p is the element of Cy x Cy that exchanges
voo and v, we write e}, = p(e,) for each a € A and f] = p(fp) for each
b € B. If ¢ is the element of Cy x Cy that exchanges vgy and vp1, then
we define ¢ p: B — B such that 6(fy) = f, @) for each b € B. Similarly,
if ' exchanges vgo and v1g (i.e. ' = &p), then we define p4: A — A such
that ¢'(eq) = €,,(q)- Finally, we define R C A x B x A x B as the set
of all (a,b,a’, V') such that e,, fy, €/, and f;, are the four edges of some
square in the (d, da)-complex. One easily checks that (A, B, va, ¢p, R)
is a (d1, d2)-datum.

Recalling that (dy, ds)-groups and good Cy x Ce-actions on (dy, dz)-
complexes are in correspondence, we now have a bijective correspondence
between equivalence classes of (di, da)-groups and equivalence classes of

(di1,dg)-data. A presentation for the (di,ds)-group I' corresponding to
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some (dp,dg)-datum (A, B,¢a, ¢, R) is given by
I'=(AUB|zz ' =1Vz € AUB, abd't/ =1V(a,b,d’,V') € R).

Indeed, the group I' acts simply transitively on the vertices of 17 x T,
so the 1-skeleton of T} x T is a Cayley graph for I'. Moreover, the edges
of this Cayley graph are labelled by AU B so that the four edges of each

square in the graph correspond to elements of R.

Definition 2.2.5. A torsion-free (dj,ds)-datum is a (dy, d2)-datum
(A, B,pa,pp, R) where p4 and ¢p have no fixed points and the action
of (o,p) on R is free.

The above correspondence between equivalence classes of (dy, dz)-
groups and equivalence classes of (dp,ds)-data then restricts to a cor-
respondence between equivalence classes of torsion-free (di,ds)-groups
and equivalence classes of torsion-free (d;,ds)-data. Note that, since ¢4
and pp cannot have any fixed point in Definition 2.2.5, there does not
exist any torsion-free (dj,dg)-group when d; or ds is odd.

In the following, we will always consider (dj,ds2)-data up to equiv-
alence. We write A = {ai1,...,aq,} and B = {by,...,bg,}. Also, we
denote by 71 (resp. 72) the number of fixed points of ¢4 (resp. ¢p) in

some (dj,ds)-data, and we assume (without losing any generality) that

pa(a;) = ag, 41— foreachi € {1,..., 457} and pa(a;) = a; for each i €
{D5m 41, BETY (vesp. wp(b;) = bay41-i for each i € {1,..., %572}
and @p(b;) = b; for each i € {L5™ +1,..., 2I2}) We will sometimes

write A; instead of a; when @ 4(a;) = a; (i.e. a; = a;l), and B; instead of
b; when @g(b;) = b; (i.e. b; = b; ). Note that, under these assumptions,
71, 2 and R fully determine the (d;, d2)-datum.

2.2.2 Geometric squares

Consider some (d;,dy)-datum with associated parameters 71, 79 and R.
Given (a,b,d’,b') € R, we write [a,b,a’, V] for the set

{(a,b,d’, V), (d,V,a,b), (1,07 a0/, (a1, 0L, d/7 07 1)) C R
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JER I RN

Figure 2.2: An example of a (3,4)-datum.

This is the Cy x Ca-orbit of (a,b,a’, V'), we call it a geometric square.
If the (dy,ds)-datum is torsion-free, then the action of Cg x Cy on R
is free so each geometric square contains exactly four elements. In this

d1d2 geometric squares (remember that

particular case, we have exactly
dy and dy must be even). When allowing torsion, we can actually have
up to didy geometric squares (in the particular case where 7, = dj,
7o =dy and R = {(a,b,a,b) | a € A, b € B}).

An easy way to define some particular (dy, dy)-datum is then to draw
its geometric squares. We explain how the drawing works by giving an
example. Consider the (3,4)-datum defined by the geometric squares
la1,b1,a1,b5 Y], [a1,ba, a1, ba), [a1, b7 Y, Ag, by 1] and [Ag, ba, As, by !]. Note
that the values 4 = 1 and 79 = 0 can be understood from the squares.
Then we draw this (3,4)-datum as in Figure 2.2. Each square can be read
counterclockwise, starting from the bottom edge. The white symbols
thus represent elements of A, while the black ones represent elements of
B. A single arrow with the forward orientation means ay (or by ), a double
arrow with the forward orientation means as (or be), etc. A single arrow
with the backward orientation means afl (or bfl), a double arrow with
the backward orientation means as ! (or by 1), etc. Finally, a lozenge
(that does not have any orientation) means A; (or Bj), two lozenges
mean Ap (or Bs), etc. Note that we can actually read each square from
the bottom or from the top edge, and clockwise or counterclockwise.
These four ways of reading give the four (possibly equal) elements of
R defined by the geometric square. In our example, the first and third
geometric squares give four distinct elements of R, while the second and
fourth geometric squares give two distinct elements of R. Note that
IRl =4+2+4+4+2=12=3-4 as is needed for a (3,4)-datum.

One can quickly check if some set of geometric squares satisfies the

hypotheses for representing a (d;, d2)-datum. For a torsion-free (dy, ds)-
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datum, it suffices to verify that each possible corner appears exactly
once in the geometric squares. By a corner, we mean a vertex of a
square together with the two labelled edges adjacent to it, where the
orientation of the arrows matters. There are didy possible corners, and
they must all appear once (in one of the Cllélﬂ geometric squares). Now
the condition is almost the same for a general (dj,dz)-datum: we just
need to take into account that some geometric squares can have non-
trivial automorphisms. So the condition is now that each of the dids
possible corners must appear exactly once, up to these square automor-
phisms. Note that a geometric square as [ay, b1, Asg, bl_l] cannot appear
in a (dq,ds)-datum, since some corner appears twice while the square

has no automorphism.

2.3 Projections on each factor

Consider a (dy,dz)-group I' < Aut(7T}) x Aut(T3), associated to some
set of geometric squares. Define Hy = m < Aut(71) and Hy =
proj,(T) < Aut(T3) as the closures of the projections of I' on Aut(7})
and Aut(7%). The goal of this section is to analyze which pairs of groups
(Hy, Hz) can be obtained from a (dj, d2)-group I' which is irreducible.

2.3.1 Action of I' on 7} x 15

Let ussee ay,...,aq,,b1,...,bq, as the generators of I' (recall from §2.2.1
that the natural presentation of I' has generators aq,...,aq4,,b1,...,bq,
and relators given by the geometric squares). In T xT5, whose 1-skeleton
is the Cayley graph of T, the vertex (vq,vs) € V(T1) x V(Ts) correspond-
ing to the identity element is such that all generators by,...,bg, fix v1
and all generators aq,...,aq, fix vo. Also, by,...,bq, send vy to its do
neighboring vertices and aq,...,aq, send v to its d; neighboring ver-
tices. This means that (b1,...,bs,) = I'(v1) and (ai,...,aq,) = I'(v2),
where I'(v) denotes the fixator of v in I". We now explain how the ac-
tion of a particular element of I" on 77 x T5 can be computed from the
geometric squares. These explanations are similar to those in [Rat04,

§1.4], but we recall them here so as to remain self-contained.
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The fact that the 1-skeleton of T xT5 is the Cayley graph of I" gives a
labelling of the edges of 11 x T5 by the generators ai,...,aq4,,b1,...,b4,.
As for the geometric squares, we can thus associate a (white or black)
symbol to each edge of T} x T5. This labelling is actually such that each
square in 17 X T corresponds to one of the geometric squares associated
to I'. We also have natural embeddings T} — 11 x Th:w € V(1) —
(w,v2) and Ty — T1 x Tr:w € V(Tz) — (v1,w) from which we get
a labelling of T7 with white symbols and a labelling of 75 with black
symbols. This is actually equivalent to seeing T as the Cayley graph of
(ay,...,aq,) and Ty as the Cayley graph of (by,...,bg,).

The image of (v1,v2) by some element g € T" is easy to get: it suffices
to write g as a product of the generators and then follow (from the
vertex (v1, v2)) the sequence of symbols in T} x T corresponding to these
generators. The vertex at the end of the path will be g(vi,vs). Note
however that this only works because (v1,vy) is the vertex associated to
the identity element of I in the Cayley graph 77 x T5. Given some g € I’
and another vertex (wi,wsz) € V(T x T3), the way to obtain g(w,ws)
is to first localize g(v1,v2) with the above procedure, and then to recall
that I" preserves the symbols in 77 x T5. Hence, it suffices to look at the
symbols on some path from (v, v3) to (w1, wz) and to follow the same
symbols from g(v1,v2) so as to arrive at g(wi, ws).

In particular, the action of an element g € (ay,...,aq,) = I'(v2) on
T5 can be obtained by doing the following. In order to compute g(w) for
some w € V(13), we draw a rectangle whose bottom side is labelled by
the sequence of white symbols corresponding to g (from left to right) and
whose right side is labelled by the sequence of black symbols on the path

from v9 to w in Ty (from bottom to top), see Figure 2.3. Then we fill

(3) + (3) + (1) * (2)
<O >

(1) # (4) # (1) + 3)
OO <

Figure 2.3: Example of a computation.




2.3. Projections on each factor 103

in the rectangle with the appropriate geometric squares (starting from
the bottom-right corner). The rectangle that we obtain corresponds to
a subcomplex of 77 x Ty: the bottom-left corner is (vq,v2), the bottom-
right corner is (g(v1),v2), and the top-right corner is (g(v1), g(w)). Now
T5 corresponds to v1 x Ty in T} x T5, so we can read g(w) by looking at
the left side of our rectangle. Indeed, the symbols on the path from vy to
g(w) in Ty are exactly those on the left side of the rectangle (from bottom
to top). Another way to explain why this idea works is to write h for the
element of (by,...,bq,) corresponding to the right side of the rectangle
(i.e. w = h(ve) in Ty), W' for the element of (b, ..., by,) corresponding
to the left side, and ¢’ for the element of (ay,...,aq,) corresponding to
the top side. From (v, v9), following ¢g and then h leads to the same
vertex as following A’ and then ¢, so gh = h'¢’. In particular we have
gh(ve) = h'¢'(v2), which reduces to g(w) = h/(v9) as wanted. Similarly,
the action of an element g € (by,...,by,) = I'(v1) on T} can be obtained
with the same idea.

This method is illustrated on Figure 2.3, with the (3,4)-group I’
defined by the squares of Figure 2.2. On this figure we computed the
image of vertex biby(v2) by alAgal_lAg € T'(v2). The bottom side of
the rectangle is indeed labelled by the symbols of alAgaflAg, and the
right side by the symbols of b1bs. After filling in the rectangle with
the squares of Figure 2.2 (the numbers (1), (2), (3), (4) indicate which
squares were used), it appears on the left side that the image of byba(v2)
is bf2(v2). Note that this rectangle also shows, for instance, that the
image of Agal_g(vl) by b1_2 e '(v) is alAgal_lAg(vl).

2.3.2 Irreducibility

Recall that a (dj,ds)-group I' is said to be reducible if it is commen-
surable to a product I'; x 'y of lattices I'y < Aut(7;). By [BMOOb,
Proposition 1.2], I' is reducible if and only if proj; (') or projs(T") is dis-
crete. If I' is reducible, both projections are actually discrete. In some
sense, the irreducible (dy, d2)-groups are the interesting ones. There is no
known general algorithm deciding if a (di, d2)-group is irreducible, but

such an algorithm exists under suitable assumption on the local action.
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We saw in the previous section that, for each n € Z>q, the action of
all b; (resp. a;) on the ball B(vi,n) (resp. B(ve,n)) of T} (resp. Tz) can
be computed from the geometric squares. The group proj,(I') < Aut(7})
is vertex-transitive, so it is discrete if and only if Fix,qj, ) (B(vt,n)) =
Fixpro;, () (B(ve,n + 1)) for some n € Z>o. A way to show that some I’
is reducible thus consists in finding some ¢ € {1,2} and some n € Z>
for which the latter equality is true.

Proving that a (dy,ds)-group T is irreducible is not easy in general,
but there is a case where a good criterion exists: when d; > 6 and
Hy(v¢) > Alt(d;) for some ¢ € {1,2}. Indeed, in this case it follows from
[BM00a, Propositions 3.3.1 and 3.3.2] that H; is non-discrete if and only
if the image of Hy(v¢) in Aut(B(v¢,2)) has order > %! (@)dt. (The
result is actually more subtle but we only need this lower bound here.)
Moreover, once we know that H; is non-discrete and that Hy(v;) >
Alt(dy) with d; > 6, we actually get from Corollary 1.E’ that Hy is
a member of QEZ.) for some legal coloring i of T; (as defined in Defini-
tion 1.4.9). In the next section, we investigate the question of determin-

ing from the geometric squares which group of QEZ.) it actually is.

2.3.3 Recognizing a group in ggi)

Let T be the d-regular tree for some d > 3, let 7 be a legal coloring of
T and let H be an element of QEZ.) different from Aut(7). In particular
H is transitive on V(7). We fix some vertex v € V(T') and denote by
K the smallest non-negative integer such that the homomorphism from
H(v) to Aut(B(v, K + 1)) is not surjective. Such an integer exists be-
cause H # Aut(T). It is equal to the two invariants K (0) and K(1)
defined in §1.5.3. We also define p = W, where I:[K(v) is the
image of H(v) in Aut(B(v, K + 1)) (as in §1.5.1). Let us finally define
the homomorphism s: H(v) — (C2)5*+! by s(h) = (so(h),...,sx(h))
where s(h) = Sgn;)(h, S(v,k)) = [T,k s80(0@) (R, w)), as in Defi-
nition 1.4.1. As Lemma 2.3.1 below shows, the value of si(h) does not

depend on the coloring 7.

Lemma 2.3.1. Let v be a vertex of the d-reqular tree T' and let k € Zx>.
Consider some h € Aut(T)(v). For each w € S(v,k), fix a bijection
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tw: S(w,1) = {1,...,d}. Then the value of

II sennohow')
weS(v,k)

does not depend on the choices for the bijections ty,.

Proof. Fix some other bijections ¢},: S(w,1) — {1,...,d}, for each w €
S(v, k). Then we have

H SEN (L) © 2 © o
weS(v,k)

= I senhw) © i o tmw o ho ! oo ™)
weS(v,k)

= H sgn(/h(w) o L;(lw)) -sgn(Lp(wy o ho L) - sgn (g 0 Uy b)
weS(v,k)

- H sgn (L (w) © L;;(i))) . sgn(Lh(w) oho qul) - sgn(ty © L;U—l)
weS(v,k)

= I sen(tuw)ohowh).
weS(v,k)

The last equality holds because, for each w € S(v, k), the term sgn(z,, o
Uy ') also appears as SEN (L (h—1(w)) © L;;(i_l(w))) in the product. O

We now prove in the following results that, when d is even, computing
K, pand s(H(v)) < (Cg)%*! (almost) suffices to recognize which group
of in) we actually have. These invariants do not depend on the coloring
1 of T', which means that they can be computed without knowing for

which coloring ¢ the group H is contained in QEZ.).

Lemma 2.3.2. Let H = G;)(X, X) for some X Cy Z>o. Then K =
max X, p =2 and s(H(v)) = {(s0,...,sk) € (Co)X | [I,ex 5r = 1}.

Proof. This follows immediately from the definition of G(;) (X, X). O

For each X Cy Z>¢, we define o(X) as the subset of Z>( such that
Sa(x)(v) is the set of vertices of T' that appear in an odd number of sets
Sx(wi),...,Sx(wg), where wy, ..., wq are the d neighbors of v in T'. In
other words, S, (x)(v) is the support of 1g, () + -+ + lg(w,) mod 2



106 2. Lattices in products of trees

where 1 denotes the characteristic function. It is clear from its definition
that this set of vertices indeed takes the form S, (x)(v) for some a(X).
In the next lemma we give an explicit expression for a(X), depending

on the parity of d.

Lemma 2.3.3. Let X Cy Z>o. We have the following expressions for

a(X), where N denotes the symmetric difference.

() = {z+1lze X}A{z—-1]|xze X,x>2} ifdis even,
“ | {z+1jzextuz—1]zeX}n{0}) ifd is odd.

Proof. For each j € {1,...,d}, we write Sx(w;) = S¥(w;) U Sy (w;),
where ST (w;) is the set of vertices of Sx(w;) that are further from v
than from w;, and Sy (w;) = Sx(w;)\S¥ (w;). Then, all the sets S (w;)
with j € {1,...,d} are disjoint and their union is S{,41jzex}(v). Now
if we look at the sets Sy (wj;), they only contain vertices that are at
distance z — 1 from v for some z € X (x > 1). More precisely, if x € X
and x > 2 then each vertex at distance z — 1 from v is contained in
exactly d—1 of the sets Sy (w;), j € {1,...,d}. Also,if x =1 € X, then
v is contained in all d sets Sy (w;), j € {1,...,d}. These affirmations

directly lead to the expressions given in the statement. O

The next lemma then follows almost immediately.

Lemma 2.3.4. We have o(X) Cy Zxq for each X Cj Z>o, and the
map o:{X Cy Z>o} = {X Cy Zxo} is injective. Moreover, we have

{XCrZso|0€ X} if d is even,

a{X C+ Z =
(X Cr Z20) {{chzzome)m:ne)q if d is odd.

Proof. From Lemma 2.3.3 we see that «(X) is finite and non-empty for
each X Cy Z>¢ (because max X + 1 € a(X)), i.e. a(X) Cy Z>p. Now
remark from the definition of o that a(XAX") = a(X)A«a(X’) for each
X, X" Cy Z>o, where we define (@) = @. Therefore, if a(X) = a(X’),
then a(XAX’) = @ and hence XAX' =&, ie. X = X'.

The expressions for a({X Cf Z>¢}) can be found directly by exam-
ining Lemma 2.3.3. O
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Lemma 2.3.5 is then the reason why a was defined above.

Lemma 2.3.5. Suppose that d is even and let H be one of G;)(X™*, X*),
G (X, X)* and G,(i) (X, X)* for some X Cy Z>o. Then H is contained
in Go(a(X),a(X)).

Proof. For any h € H and v € V(T'), all Sgn;(h, S(w;, X)) with j €
{1,...,d} are equal, where wy,...,wy are the d neighbors of v in T.
Since d is even, the product of these d signatures is 1. This product
is also equal to Sgn; (h, S(v,a(X))) (by definition of a), so we deduce
that h € G (a(X), a(X)). O

From the previous lemma we can now compute s(H(v)) for other

groups H in ggi) (when d is even).

Lemma 2.3.6. Suppose that d is even and let H be one of G;)(X™*, X*),
G (X, X)* and G’(i)(X,X)* for some X Cy Z>g. Then K = max X +1
and s(H(v)) = {(sg,...,5K) € (Co)E+1 | [T ca(x) sr = 1} Moreover,
we have p = 2471 if H = Gy (X", X*) and p = 24 if H = G (X, X)*

or G’(i)(X,X)*.

Proof. The values of K and p can be directly deduced from the def-
initions of the groups. By definition of K, the homomorphism from
H(v) to Aut(B(v, K)) is surjective. Hence, for each (sg,...,sx-1) €
(C2)X, there exists sx € Ca such that (sg,...,sx) € s(H(v)). If
H' = Gg)(a(X), (X)), then Lemma 2.3.5 states that H C H', so
s(H(v)) C s'(H'(v)) (where s': H'(v) — (C2)%*! is the map associated
to H'). Note that H and H' share the same K because max(«a(X)) =
max X +1. Now s'(H'(v)) = {(s0,...,5x) € (Cg)K+1 | [Lcax)sr =1}

by Lemma 2.3.2, and in particular for each (so,...,sx_1) € (Cg)¥ there
is a unique s € Cg such that (sp,...,sx) € s'(H'(v)). From all this
information it follows that s(H (v)) = s'(H'(v)). O

When d is even, we see from Lemmas 2.3.2 and 2.3.6 that the groups
in géi) can be differentiated by computing K, p and the image of the
map s, with one exception: G;)(X, X)* and G'(Z.) (X, X)* have the same
invariants (for a fixed X Cy Z>g). This is due to the facts that their

type-preserving subgroups are both equal to Ga) (X, X)* and that all
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invariants are computed from vertex stabilizers. We will however be
able to differentiate these two groups later, see Proposition 2.3.10.

For d odd, the task would be more complicated. For instance,
G)({0,1}%,{0,1}*) and G;)({1}*, {1}*) have the same invariants when
dis odd (K = 2, p = 297! and s is surjective). This occurs because
Lemma 2.3.5 is no longer true in that case. We will not deal with the

odd case in this text.

2.3.4 Labelled graphs associated to a (di, d2)-group

Let us come back to a (dy, da)-group I associated to some (dy, d2)-datum
(A,B,pa,pp,R). We assume that do > 6 is even, that Hy = m is
non-discrete and that Ha(v2) > Alt(d2). As explained in §2.3.2, the non-
discreteness of Hy can be checked by computing the action of Ha(vz) on
B(v2,2). We now would like an efficient algorithm to determine which
group from Qéi) is isomorphic to Hy. In this section, we give a way to
compute K® (the K associated to Hy) and 52 (Hy(vs)) by associating
a labelled graph Gg) to our (dy,ds)-group I'. In view of the results of
§2.3.3, this will reduce to 4 (or less) the number of groups in ggi) that
could be isomorphic to Hs. Of course, everything we do here for Hy can
be translated for Hj.

Given h € Hy(vg) and k € Z>(, we write 5122)(h) = Sgn; (h, S(v2, k))
where 7 is any legal coloring of Th as in §2.3.3. The invariant K can
be characterized as the smallest non-negative integer such that the map

SO Hy(5) = (C)X s (s (h), .. 52, (1)

is not surjective. This indeed follows from the definition of K and
from Lemmas 2.3.2 and 2.3.6. An efficient algorithm to compute sg) (a;)
for each j € {1,...,d;} and each k € Z>, would thus be sufficient to
determine K2 as well as s(?)(Ha(v2)). (Note that a; should actually be
read as projy(a;) here, but we will omit the projection.) This is where
the graph Gg), defined hereafter, becomes useful.

Let us define the labelled graph G(FQ) associated to I'. First, the
vertex set V(G(F2)) is simply defined to be A. Then, we put an edge
between a € A and @’ € A if and only if [RN ({a} x B x {a’"'} x B)| is
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odd. Note that |[RN({a} x Bx{a’ '} x B)| = |[RN({a'} x Bx{a~'} x B)|
because R is invariant under the action of Cy x Cs, so the edge set is
well-defined. We obtain an undirected graph that can possibly contain
loops (edges from a vertex to itself). Finally, to each vertex a of G(FQ),
we associate a label o(a) = +1 whose value depends on the signature
of the permutation that the generator a € T" induces on E(v9) (the set
of dy edges adjacent to vy in Th). This labelled graph has a non-trivial
automorphism defined by a + a~! for each a € A. Indeed, we clearly
have o(a) = o(a™!) for each a € A, and there is an edge between a and
a’ if and only if there is an edge between a~! and a/~'. Once again this
follows from the fact that R is invariant under the action of Cy x Cs.

The labelled graph Gl(?) can easily be drawn from the geometric
squares that define I'. Indeed, the vertex set corresponds to the set of
white symbols (with orientation) that the horizontal edges can have. For
each vertex a, the permutation induced by a on E(v2) can also be directly
computed from the geometric squares, see §2.3.1. We thus obtain the
labels associated to the vertices by taking the signatures. Then, given
two vertices a and a’, we can determine if there is an edge between a
and a’ by counting the number of b € B such that there is a geometric
square that can be read as (a,b,a’"!, *). We put an edge if and only if
there is an odd number of such b € B.

In the graph Gg), a non-repeating path p is a finite sequence of
vertices xg,T1,...,T, where x;_1 and x; are connected by an edge for
each i € {1,...,n} and x;_1 # x4 for each i € {1,...,n—1}. In other
words, the path cannot use a same edge twice consecutively. Such a path
has length n, origin zy and destination d(p) = x,. We write P, (z¢)
for the set of all non-repeating paths of length n whose origin is zg.

)

The next result now shows that the non-repeating paths in G%Z can
be helpful in order to compute the values s,(f) (a;) defined above. Note

that this proposition is true for any (dj, ds)-group.

Proposition 2.3.7. Let ' be a (dy,ds)-group and fix j € {1,...,d1}
and k € Z>o. Then we have

sa)= J[ otdp).

PEP:(ay)
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Proof. Given a sequence of vertices xg,...,x, of Gg), we are first in-
terested in rectangles 1 x n (made of n geometric squares) appearing
in 71 x T and whose n 4+ 1 white symbols from bottom to top exactly
correspond to the n + 1 vertices zg,...,z, (with the good orientations).

Let us denote by Rect(zo, ..., z,) the set of all those rectangles.

Claim. |Rect(zo,...,xy)| is odd if and only if (zg,...,Tn) is a non-
(2)

repeating path in Gy~ .
Proof of the claim: We prove the claim by induction. For n = 1 it
follows from the definition of the edge set of Gl(?). Now let n > 2 and

assume the claim is true for n — 1. Observe that
|[Rect(zo, ..., zn)| = |Rect(zo, ..., zn-1)|-(|Rect(zpn_1,2n)| =0z, _5,2n)s

where 0z, 5z, = 1 if zp,—2 = x, and 0 otherwise. Indeed, a rect-
angle 1 x n in Rect(zo,...,z,) is made of a rectangle 1 x (n — 1) in
Rect(xq,...,z,—1) and a square in Rect(z,_1,2,). The term —1 when
Tn_o = T, appears because the square between z,,_1 and z,, cannot be
the same as the one between z,_1 and x,_».

Now if (zg,...,zy,) is a non-repeating path then (zq,...,x,—-1) is a
non-repeating path, x,, # x,_2 and (z,—1, ;) is a non-repeating path.
So |Rect(zo, ..., zn—1)| and |Rect(x,_1,2y)| are odd by hypothesis and
hence |Rect(xo,...,xy)| is odd by the above formula.

Conversely, assume that |[Rect(xg,...,z,)| is odd. By the formula
above, this already means that |Rect(zo,...,2,—1)| is odd and thus that

(g, ...,Tp—1) is a non-repeating path. Then there are two possibilities:

o If x,,_9 # x,, then we also get that |Rect(z,—1,2,)| is odd, so
(£n—1,Tn) is a non-repeating path. Altogether, these affirmations

imply that (xg,...,z,) is a non-repeating path.

o If x,, o = x,, we get that |Rect(x,—1,x,)| is even, so (x,—1,x,) is
not a non-repeating path, i.e. there is no edge between x,,_; and
Z,. This situation is however impossible: we already know that

there is an edge between x,,_o and x,_1, and x,,_o = x,. |
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We now prove the proposition. Recall from Lemma 2.3.1 that

s,(f)(aj) = H sgn(Laj(w) oajo L;l)
weS (va,k)

for any k € Z>¢p and j € {1,...,d;}, where ¢,: S(w,1) — {1,...,d2} is
any bijection for each w € S(va, k). In our context, we have a canonical
choice for the bijections ¢,,: the edges of T5 are labelled by the black
symbols, and the ds edges adjacent to any vertex carry the do different
black symbols (considered with their orientation). So the bijections ¢y,
can simply be defined by identifying S(w,1) with E(w) and the set
{1,...,ds} with the set of black symbols with orientation.

Take some w € S(vy, k) and let h € (by,...,bs,) be the element
such that h(ve) = w. Let us draw, as in §2.3.1, the rectangle 1 x k
made of k geometric squares such that the bottom symbol corresponds
to a;, and the k symbols on the right side correspond to h. After having
filled in the rectangle with geometric squares, we obtain the equation
ajh = Waj, where aj is given by the top side and A’ by the left side
of the rectangle. From the equality a;jh(vs) = h'aj(v2) we obtain that
aj(w) = h'(v2). Moreover, since h and h’ preserve the symbols in T5, we

have that 1} = hL;; and L;l(w) =n L;;. Using these equalities, we get
J
-1 -1 -1 -1
Laj(w)Qjley = LW Traghiy) = p,agty,
This implies that

5,(62)(aj) = H Sg1 (L, (w) © 5 © b
weS(v2,k)
= H O'(xk)‘ReCt(aj’ml7"'7xk)‘.

(aj ,Z‘l,...,l‘k)EV(GE—?))kJFI

But |Rect(aj,x1,...,2)| is odd if and only if (aj,z1,...,2) is a non-

repeating path in Gl(?) (by the claim), so this leads to the formula

@)= I ol O

(aj,21,..,xp ) EPL(aj)
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The graph G(FQ) has d; vertices and is somewhat redundant as it has
a non-trivial automorphism defined by a — a~! for each a € A. In the
particular case where a # a~! for each a € A, i.e. when 71 = 0 (as
defined in §2.2.1), we can define the simplified labelled graph G\*
associated to I' as follows. The vertex set V(G(FQ)) corresponds to the
set of all {a,a"'} with a € A, so that there are %1 vertices. The label of
{a,a" '} in C?g) is equal to the label of a (or a™!) in G(FQ). Then, we put
an edge between {a,a"'} and {a’,a’~'} if and only if exactly one of a’
and a/~! is connected to a by an edge in Gg)
that |[RN ({a} x B x {a’,a’~'} x B)| is odd. The automorphism of Gl(?)
ensures that this edge set is well-defined. A non-repeating path in

G(FQ) is defined exactly as in G(FQ), and we write P, (z) for the set of all
)

. This amounts to saying

with length n and origin z.

(2)

The next proposition then shows that the values s,”’(a;) can be com-

non-repeating paths in ég

puted from the simplified labelled graph ég) when 71 = 0.

Proposition 2.3.8. Let ' be a (dy,d2)-group with 7 = 0 and fix j €
{1,...,d1} and k € Z>o. Then we have

say= T o).

pEP,({aj.a;'})

Proof. Recall that 71 = 0 means that a # a~! for all @ € A. Let us first

)

focus on the (non-simplified) labelled graph G%Q . Given an edge (z,y)

in G(FQ), we say that (x,y) is stylish if (z,y~!) is also an edge in G%Q).

Note that this also means that (=1, y) and (z7!,y~!) are edges in G%Q).
Let us say that a non-repeating path (xg,...,z,) in G(FQ) is redundant
if there exists i € {0,...,n—1} such that (z;,x;41) is stylish. Given such
a redundant non-repeating path, we let ¢ > 1 be the smallest number
such that (z;,z;4+1) is stylish, and j < n be the greatest number such
that all edges (x;, zit1), (Tit1, Tit2), - - ., (xj—1,2;) are stylish. Then we
define the mirror m(p) of the path p = (zg,...,z,) to be

-1 -1 -1
(1’0, sy Ty Ty 15 T2, Ly g - - 7xj717xj7xj+17 s 7'7;71)
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if j =4 mod 2 and

-1 -1 -1 -1 -1
(:UO,...,xi,le,ng,ng,...,xj,l,xj ST s Ty )
if 7 # ¢ mod 2. The mirror of a redundant non-repeating path is still a
redundant non-repeating path, and taking the mirror is an involution.

This means that, if we look at the formula

s2a)= [ otdp).

PEP(ay)

given by Proposition 2.3.7, we can simply compute the product over the
non-redundant non-repeating path in Pj(a;). Indeed, the redundant
ones come by pairs (p,m(p)), and d(p) = d(m(p)) or d(m(p))~! so that
p and m(p) give the same signs. In order to conclude, there remains to

observe that the map

(aj,1,...,2pn) — ({aj,aj_l}, {xl,xfl},...,{xn,xrjl})

defines a bijection between the set of non-redundant non-repeating paths
in Gl(?) with origin a; and the set of non-repeating paths in C;’l@) with

origin {a;, a;l}. This is a simple exercise. O

Thanks to Proposition 2.3.7 (or 2.3.8), computing the invariants K &)
and s): Hy(vy) — (CQ)K(2)+1 from the geometric squares defining T is
easy. For small d; and dy this can be done by hand, as illustrated
in §2.3.6. We also know in advance, from Lemmas 2.3.2 and 2.3.6,
that s (Hy(vz)) must take the form {(so,...,sp) € (Co)K@+1 |
[Lex s = 1} for some X C; Zso with maxX = K®. If 0 € X,
then X ¢ a({Y Cy Z>¢}) by Lemma 2.3.4 and thus the only possibil-
ity for Hy is to be equal to G;)(X, X) for some legal coloring i of T.
On the other hand, if 0 € X then there exists a unique Y C; Z>( such
that a(Y) = X (once again by Lemma 2.3.4) and we conclude that Hj is
equal to one of the four groups G(;) (X, X), G;)(Y™*,Y™), G3)(Y,Y)" and
G’(i
pute the invariant p(): if p(®) = 2 then H, = G (X, X), if p?) = 2d
then Hy = G;)(Y*,Y™), and if p?) = 242~ then Hy = G (YY) or

)(Y, Y')* for some legal coloring i of T,. Then it is still possible to com-
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G’(i) (Y,Y)*. However, computing p® in general requires a computer,
and even a computer is too slow if K2 is big. In the next subsection,

we see how to identify by hand which of the four groups is the good one.

2.3.5 Choosing among the four possible groups

Let us suppose we are in presence of a (dj,ds)-group as in §2.3.4 and
such that s (Hy(va)) = {(50,...,8x@) € (Co)K+1 | [Iexsr =1}
for some X Cj Z>o with max X = K® and 0 ¢ X. Let Y Cy Z>q be
such that a(Y) = X. Our goal is now to give a method enabling us to
determine which of the four groups G (X, X), G3)(Y™*, V™), G (Y, Y)*
and G/(i) (Y, Y)* is isomorphic to Hy.

We start with the following proposition which, in some sense, enables

to compute the invariant p(?) e {1,2%-1 2d2},
Proposition 2.3.9. Let T' be a (dy,ds)-group with dy > 6 even and sup-

pose that Hy = projy(I') is non-discrete and satisfies Ha(vo) > Alt(ds).
Let X Cy Z>q be such that max X = K® and

s (Hy(vs)) = {(50, Sk € (Cy)KPH

Hg,:l},

and assume that 0 € X. Let Y Cj Zxq be such that a(Y) = X.

For each j € {1,...,di}, define ¥; = Hreysg)(aj) e {-1,1}.
Also, for each j € {1,...,d1} and each k € {1,...,do}, define pj €
{1,...,d1} and vj € {1,...,da} so that ajby = by, a,,, .

Then exactly one of the following assertions holds.

(1) There exist x1,...,xq, € {—1,1} such that

T1Tyy 4 E,ul,l = $2$u1,22,u1,2 = = Tdylyy g, Em,dg =X
() LTy By ) = T2Twy s Xipip o = = Ty Ly g, Vgt 4 = 232
*
mlxvdl,lzule = mQdel,Qzudl,z = = Tdp Py, g, Eudl,dg =X

and Hy = G (Y,Y)* or G’(i)(Y, Y)* for some legal coloring i of Ts.
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(2) There exist no xi,...,xq, € {—1,1} satisfying (x) but there exist
Tl ..., 24, € {—1,1} such that

T1Tyy 4 E,ul’l = L2%y EMI,Q = = Tdylyy g, E/J'l,dg
Ty Nty s = T2Tun o Xpny = = Ty Ty gy Sipis 4,

()
mlxvdl,lzule = T2Tyy, o Eudl,z = = Tdalyg, g, Eudl,dQ

and Hy = G;)(Y*,Y™*) for some legal coloring i of Ty.

(3) There exist no x1,...,xq, € {—1,1} satisfying (%) or (xx), and Hy =
Gi)(X, X) for some legal coloring i of T5.

Proof. For each w € V(T3), we define ¢, S(w,1) — {1,...,d2} as be-
fore, i.e. so that the edge e € F(w) is labelled by the black symbol
corresponding to b, .y, where z is the vertex of e different from w.

For i a legal coloring of Ty and k € {1,...,d>}, we define :Ug) =
[wes by (ws),v) sen(i © 1l € {=1,1}. Tt is clear that any element of
{—1,1}% can be written as (xgi), . ,mgg)) for some legal coloring 7. Now
for such a coloring, we write i,,: S(w,1) — {1,...,ds} for the restriction

of i to S(w,1), and compute

H Sgn(iaj (w) © a5 © Zz_ul)
weS (b (v2),Y)

- H Sgn(iaj(w) © L;jl(w)) : Sgn(Laj (w) ©4j © to') - sgn(ew 04y,
weS (b (v2),Y)

2l T s e o)
weS (b (v2),Y)

= m](;)x,(f])k H sgn(Lajbk(w) oajo Lb_kl(w))

weS(v2,Y)

_ @), () -1 _ -1

= T T, H S8t ap, , (w) © Dryp © Gy, © B 013 1)
weS(v2,Y)

_ @) () -1

=T, H Sgn(Lauj,k(w) 0y, Oly )
weS(v2,Y)

_ D), )

= x, xyj’kzujyk.

This implies that, if Hy = G;)(Y,Y)* or G’(Z.) (Y,Y)*, then (mgi), . ,xé?)
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is a solution of (x). Conversely, if (xgi),...,xéz)) is a solution of (x)
for some coloring i, then the equalities defining G;(Y,Y)* are true in
B(vg, max Y +2) and we can deduce in particular that p? > 2% In view
of Lemmas 2.3.2 and 2.3.6, the only options for Hs are then G(;(Y,Y)*
and G/(Z.) (Y,Y)* (for some coloring i that may be different).

Now if we assume that (%) has no solution, Hy is different from
G (Y,Y)" and G’(i) (Y,Y)*. Then by the same argument we obtain that
(#) has a solution if and only if Hy = G;)(Y*,Y™). In the case where
neither (%) nor (%) has a solution, the only remaining possibility is to

have H2 = G(l)(X,X) U

The next proposition then explains how G(; (Y, Y)* and G’(i) (Y, Y)*
can be distinguished. As explained earlier, this requires observing an

element exchanging the two types of vertices.

Proposition 2.3.10. Let I' be a (dy,ds)-group as in Proposition 2.3.9,
and assume that Hy = G (Y, Y)* or G’(i)(Y, Y)* for some legal coloring i
of Ty. Letk € {1,...,do}, m >0 and ji,...,Jm;sJ1s--->Jm € {1,...,d1}
be such that

1.7

P - DY I,
Qjy - ajmbk = bk; aji a]‘n.

Then Hy = Gy (Y,Y)" if and only if ¥, ---%;, Yy --- Ej =1, where

Yi=1Iley sﬁz)(aj) € {—1,1} for each j € {1,...,d1}.

Proof. The element v = projs(aj, - - a;,.bx) € Ha sends vy € V(T3) to
one of its neighbors, say w. In particular, v exchanges the types of

vertices in 1. Moreover, the hypothesis implies that
7% = projy(aj, - ajma;i e a;;n).
So +2 fixes vy (i.e. v exchanges vo and w) and
Sene (7%, Sy (v2)) = %y, - 54,550 -+ By -

The conclusion then follows from the definitions of the groups G ;) (Y, Y')*

and G’(i)(Y,Y)*. Indeed, if v € G;(Y,Y)" then Sgn;) (v, Sy (v2)) =
Sgn(;) (v, Sy (w)) and hence Sgn; (72, Sy (v2)) = 1. On the contrary, if
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v € G’i)(Y,Y)* then Sgn;) (7, Sy (v2)) # Sgng;(v, Sy (w)) and in that
case Sgn ;) (72, Sy (v2)) = —1. O

Note that there always exist elements k € {1,...,d2}, m > 0 and
JlyevesJms Ghse-vsdm € {1,...,d1} as in Proposition 2.3.10: they simply
correspond to a rectangle m x 1 in the square-complex 17 x T with the
property that the left and right edges of the rectangle correspond to b;l
and by, for some k € {1,...,d2}. The existence of such a rectangle is a
consequence of the transitivity of Ha(v2) > Alt(d2) on E(vg).

All our previous considerations lead to Theorem 2.A.

Proof of Theorem 2.A. As explained in §2.3.2, it suffices to look at the
image of Hy(vy) in Aut(B(v,2)) to see if T' is reducible or irreducible,
and this can be done with the method explained in §2.3.1. So (i) is clear.

For (ii), we saw in §2.3.4 that computing the labelled graph Gg)

gives
at most 4 possibilities for Hy, and in Propositions 2.3.9 and 2.3.10 that
choosing among the four groups could be done by solving two systems
whose unknowns belong to {—1,1} and constructing a suitable m x 1
or 1 x m rectangle. It is not hard to implement those algorithms on a
computer and they have a pretty good complexity. We do not go into a
detailed analysis of the complexity, but the slowest part of the algorithm
is probably to check the irreducibility of I' by observing the action of

Hy(v) on B(v,2) (which has di(d; — 1) leaves). O

We end this section with a particular case where Propositions 2.3.9

and 2.3.10 always give the same conclusion.

Corollary 2.3.11. Let ' be a (dy,ds)-group as in Proposition 2.5.9. If
[L ey s&z)(aj) = —1 for each j € {1,...,d1}, then Hy = G;)(Y,Y)* for

some legal coloring i of Ts.

Proof. In Proposition 2.3.9, we have ¥; = —1 for each j € {1,...,d;}
and thus z; = -+ = x4, = 1 is a solution of (x). Moreover, in Propo-
sition 2.3.10 we directly get Xj, -3, X5 - Xy = (—1)?™ = 1 which
ends the proof. O
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2.3.6 Illustration on an example

Let us illustrate the previous ideas on a concrete example. Let I' be the
torsion-free (6, 6)-group corresponding to the 9 geometric squares drawn
in Figure 2.4. Our goal is to explain how H; and Hs can be computed
in this particular case.

We start by computing the action of Ha(vz) on B(vg, 1). The six ver-
tices in S(va, 1) are by (va), b2(v2), bg(v2), b3 (v2), by ' (v2) and by *(va).
The six edges from v to these six vertices are labelled by the six black
symbols (with orientation) corresponding to the six generators by, bo,
b3, by = by Loby = by Land bg = bfl. From the geometric squares, we
directly get the actions of a1, as and ag on these six edges. We denote

them by the generators to which they correspond.

ar ¢ (b)(by ) (b2) (b ") (bs b3 )
ag : (b1)(by" by bs b3 by
az : (b by byt by be)(bh)

One can easily check that these three permutations generate Sym(6).
As explained in §2.3.2, it then suffices to compute the action of Hy(v2)
on B(vz,2) and to use [BM00a, Proposition 3.3.2] to conclude that Ho
is non-discrete and thus that I' is irreducible.

Let us now find out which group Hs exactly is. As 74 = 0, we can

compute the simplified labelled graph G‘g)

We also compute Gl(?)

and use Proposition 2.3.8.
so as to illustrate Proposition 2.3.7 as well. The

two graphs we obtain are given in Figure 2.5.

From G(F2) (or G(F2)) we can compute the values of s,(f) (a;) for j €

SERRIURE N RL I
SR SR NN

Figure 2.4: The geometric squares of a torsion-free (6, 6)-group.
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{1,2,3} and k € Z>¢. For k € {0,1,2,3} we obtain:
‘ S((]Q) 852) S§2) S§2)
a | -1 41 41 +1
a | +1 -1 -1 +1
as | 41 -1 -1 +1

The map s3): Hy(vg) = (C2)?:h — (s (())(h) 552)( h),s ( )) is not sur-
jective, so K(?) = 2. Moreover, we see that s (Hg(vg) is equal to
{(80,81,82) € (Cy)? [Teposr = 1}. Since a({0,1}) = {1,2} (by
Lemma 2.3.3), these values for K and s (Hy(vy)) imply that Ho

is one of G (2) ({1 2} {1 2})7 G(ZQ)({O7 1}*7 {07 1}*)7 G(ZQ)({O7 1}7 {07 1})*
and G’ ({0 1},{0,1})* for some legal coloring iy of T». But for each

je {1,2,3} we have [, ¢4013 s@(aj) = —1, so Corollary 2.3.11 ensures
that Hy = G(Z-Q)({O, 1},{0,1})*.
Let us do the same work for H;. The action of Hy(v1) on B(v1,1) is

given by the following permutations: they also generate Sym(6).

by : (a1 al_l)(ag as a;l agl)
by : (ay a7")(az a3)(ay’ a3™)

by : (ar ay' az')(a;t az as)

As 15 = 0, we can compute the simplified labelled graph C;'l(}). It has
no edge, and exactly one of the three vertices is labelled by —1: the one

corresponding to {ba,by'}. The values of s,(:)(bj) for j € {1,2,3} and

+1

Figure 2.5: The labelled graphs Gl(?) and G(FQ).
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k €{0,1,2,3} are therefore:

1 @ @ (1)

SO 51 52 53
by | 41 +1 +1 +1
by | =1 +1 +1 +1
by | 41 +1 +1 +1

The map sM: Hy(v)) — (C3)%:h — (sél)(h),sgl)(h)) is not surjective,
so KO = 1. Also, sV (Hy(v1)) = {(30,31) € (Cy)? ‘ [Leqysr= 1}.
Since a({0}) = {1}, we obtain that H; must be one of G(;,)({1},{1}),
G ({0}7,{0}"), G,y ({0}, {0})* and G'(il)({O}, {0})* for some legal col-
oring 41 of T1. This time we do not have [[, o sfnl)(bj) = —1 for each
Jj € {1,2,3}, so Corollary 2.3.11 cannot be used. We therefore need
Proposition 2.3.9. After looking carefully at the geometric squares, the

system (%) in Proposition 2.3.9 is

T1Txg — —X2X3 = T3x5 — T4XQ — —A5X4 — T — 1
—T1XTg = Tok3 = T3To = T4x5 = T5T4 = —TgT] = —1
T1T5 — XX — —I3X2 — T4l1] — —A5X4 — T3 — 1

From zix5 = z4x1 it follows that x4 = x5, but this contradicts z4x5 =
—1 so this system has no solution. Hence the groups G(; ({0}, {0})* and
G'(il)({()}, {0})* can be excluded. The system (xx) in Proposition 2.3.9

is exactly the same, but without the last equality on each line:

T1Xxg — —LQX3 = I35 — T4X92 — —A5L4 — T
—T1Txg — X2X3 — T3XQ — T4xy — T5L4 — — L1
L1L5 = L2L6 — —L3L2 = T4l1 = —T5L4 = TL3

A solution to this system is given by (1,1,1,—1,—1, —1), so we conclude
that H; = G(il)({O}*, {0}).

We summarize our computations in the following lemma.

Lemma 2.3.12. Let T' < Aut(T1) x Aut(T3) be the torsion-free (6,6)-
group defined by Figure 2.4. Then Hy = G;y({0}*,{0}*) and Hy =
Gi,)({0,1},{0,1})* for some legal colorings i1 and iz of Ty and Ty.

Proof. See the discussion above. O
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2.3.7 An inventory of possible projections

As already mentioned, we do not have any tool to check the irreducibility
of a (dy,dz)-group in full generality. With a computer it can be quickly
seen if, for some ¢ € {1, 2} the fixator of B(uv,2) in H; is trivial. Indeed,
since H; is transitive on vertices of T}, it suffices to see whether the fixator
of B(wv,2) also fixes B(vt,3). We will therefore say in this section that
some (dq,ds)-group I' is possibly irreducible if the fixator of B(v,2)
in H; is non-trivial for each t € {1, 2}.

We always consider (dy,ds)-groups up to equivalence (i.e. up to con-
jugation in Aut(7} x T»)). For some values of d; and ds, we could com-
pute the total number of torsion-free (dj, ds)-groups and the number of
(d1, da)-groups with torsion (up to equivalence) by enumerating them all
(thanks to the GAP system). Some of these groups can be seen to be re-
ducible by simply showing that they are not possibly irreducible. Also,
when d; = 6 for some ¢t € {1,2}, some (dj,ds)-groups can be proved
to be irreducible, as explained previously, when Hy(v¢) > Alt(d;). The
results we obtained are given in Table 2.1. The numbers in parentheses
correspond to (dp,ds)-groups with torsion but with 7 = 75 = 0 (i.e.
without generators of order 2). Indeed, for (d;,ds) € {(4,6),(6,6)} the
number of (di,ds)-groups is so big that we could not count them all
up to equivalence. Note that we actually know a bit more that what is
written in Table 2.1. For instance, we will see in §2.4.2 below that at

least 60 of the 23839 possibly irreducible (4, 5)-groups are irreducible.

Torsion-free With torsion

Irred. 7 Red. | Total | Irred. ? Red. Total
(3,3) - - - - 0 4 56 60
(3,4) - - - - 0 59 664 723
(3,5) - - - - 0 457 1986 2443
(3,6) - - - - 204 3018 10529 13751
(4,4)] 0 2 50 52 0 686 2992 3678
(4,5) - - - - 0 23839 34700 | 58539
(4,6)| 16 95 890 | 1001 | (111) (433)  (1840) | (2384)
(6,6) | 8227 5409 18426 | 32062 | (83581) (33565) (76037) | (193083)

Table 2.1: (dy, d2)-groups up to equivalence.
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In the remainder of this section, we give tables with the possible pairs
of projections (Hi, Hy) that a possibly irreducible (di,dz)-group can
have, for some values of d; and ds. The idea is, for each (equivalence class
of) (d1, d2)-group, to check that it is possibly irreducible, to compute H;
and Hy (if possible) and to write in the table that there is a group with
these two projections. However, we only saw in the previous sections how
to determine H; in the particular case where d; > 6, Hy(v;) > Alt(dy)
and Hy is non-discrete. In all other cases, we therefore only take note of
the local action Hy(v;) < Sym(d;).

In order to make the rendering of the tables better, let us introduce

some notation. For groups in Qéi), we use the following abbreviations:

Notation Group
X Gy (X, X)
X* Gy (X, X)*
X G (X*, X)

Now for the local actions Hy(v;) < Sym(d;), we need to give names
to the conjugacy classes of subgroups of Sym(d;). We will only give
tables with d; < 6, so we just need a notation for the conjugacy classes
of subgroups of Sym(6). Indeed, each conjugacy class of subgroups of
Sym(d) with d < 6 can also be seen as a conjugacy class in Sym(6) (by
assuming that the 6 — d other points are fixed). It can be computed
that Sym(6) has exactly 56 conjugacy classes of subgroups, and we give
them names according to Table 2.2. The first part of the name of a
conjugacy class is the order of a subgroup in that class, and we give
for each one a set of generators of some representative subgroup. The
classes of subgroups of Sym(3) (resp. Sym(4) and Sym(5)) are marked
with a Y in the first (resp. second and third) column of the table.

The results of our computations are given in Tables 2.3-2.15. Recall
that, when d; = da, two (di, d2)-groups can be conjugate by an element
of Aut(7T} x Ty) exchanging T} and T. Hence, a group with projections
(H1, H2) is also conjugate to a group with projections (Hz, Hy). For this
reason, each equivalence class of (dy,ds)-groups appears once or twice

in the table, depending on whether it is on the diagonal or not.



2.3. Projections on each factor 123

Remark that, when d; and ds are fixed with do > 6 even, we could
in advance give a co-finite subset of groups of QEZ.) that cannot appear
as the closure of the projection of a (dy,ds)-group on T5. Indeed, the
labelled graph Gl(?) has d; vertices, it has a non-trivial automorphism as
explained in §2.3.4, and we also know that the degree of each vertex is
even (where a loop in a vertex is only counted once in the degree of that
vertex). Hence, one can simply go through all labelled graphs satisfying
these three properties and compute all groups Qéi) that correspond to
them. This gives a finite list of groups that covers all possible projections
on Ty. If we are only interested in torsion-free (dj, ds2)-groups, then the
task is even shorter as we can use the simplified labelled graphs that

di

have 3 vertices. Moreover, the degree of each vertex is also even and

loops cannot appear in that case.

Let us for instance consider the torsion-free (6,6)-groups. We must

+1 &l

O O

+1 +1 -1 +1
O O O O
G()({0},{0}) Go({1}:{1}), G ({0}, {0}7)
G ({0}, {0})", G,y ({0}, {0})"
+1 +1
+1 41 —1 +1
G(i) ({0}, {0}) G(i) ({0, 1}7 {0, 1})*
+1 -
-1 —1 -1 —1

Figure 2.6: Possible projections for a torsion-free (6,6)-group.
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observe all labelled graphs with 3 vertices, without any loop and such
that the degree of each vertex is even. If we do not consider the labels
then there are only two such graphs: the one without any edge and
the one with all three possible edges. For each of these two graphs we
can put between zero and three labels —1, so at the end we get eight
labelled graphs. The groups associated to those graphs are given in
Figure 2.6. Note that we could exclude some groups by making use of
Corollary 2.3.11. In total, we obtain only seven groups of in) that could
possibly appear as a projection of a torsion-free (6, 6)-group. Our tables
below (which were found with a computer) show that all these seven

groups indeed arise, see Tables 2.12 and 2.13.

Proof of Theorem 2.B. See Tables 2.1, 2.12 and 2.13. U
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Table 2.2: Conjugacy classes of subgroups of Sym(6).
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|62 2.1
62| 3 1
21 1 -

Table 2.3: Possibly irreducible (3, 3)-groups.

6.2 2.1
2441 9 9
121 | 4 2
8.5 2 1
6.2 | 14 2
4.5 | 10 -
2.1 6 -

Table 2.4: Possibly irreducible (3, 4)-groups.

6.2 21
120.1 | 30 39
60.1 | 10 12
244 | 35 18
20.1 2 1
124 | 8 19
12.1 8 4
10.1 4 1
8.5 22 2
6.4 28 2
6.2 54 5
4.5 50 -
4.2 2 -
2.3 6 -
2.1 18 -

Table 2.5: Possibly irreducible (3, 5)-groups.
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5
24.4 141 45
24.3 12 7
24.2 1 1
24.1 64 26
20.1 4 2
18.3 4 -
18.2 4 4
18.1 9 -
16.1 93 12
12.4 364 38
12.3 10 7
12.1 20 10
10.1 18 2
8.7 23 2
8.6 3 -
8.5 108 5
8.4 13 5
8.3 54 2
8.2 15 -
8.1 124 -
6.6 23 3
6.4 88 4
6.2 136 8
4.5 210 -
4.4 9 -
4.3 106 -
4.2 12 -
4.1 36 -
2.3 36 -
2.1 50 -

Table 2.6: Possibly irreducible (3, 6)-groups.
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2. Lattices in products of trees

244 121 8.5
244 1 -
12.1 - - 1
8.5 - 1 -

Table 2.7: Possibly irreducible torsion-free (4, 4)-groups.

244 121 85 6.2 45 3.1 21
244 57 17 13 168 126 4 95
12.1 | 17 1 ) 10 19 - 8
8.5 13 ) 1 41 9 4 8
6.2 | 168 10 41 38 49 - 12
4.5 | 126 19 9 49 1 - -
3.1 4 - 4 - - - -
2.1 95 8 8 12 - - -

Table 2.8: Possibly irreducible (4, 4)-groups with torsion.

244 121 85 6.2 45 31 21
120.1 | 1833 64 81 1897 1436 - 1215
60.1 | 180 16 28 217 275 - 166
244 | 1739 49 301 781 679 4 190
20.1 28 2 2 13 21 - 9
12.4 | 2439 123 241 1431 613 - 192
12.1 | 122 2 48 20 84 - 16
10.1 36 2 2 30 18 - 7
8.5 480 38 109 269 50 4 16
6.5 66 1 16 - 4 -
6.4 291 12 38 109 48 - 12
6.2 | 1496 36 277 300 181 - 30
4.6 4 - 6 - - - -
4.5 | 1879 80 117 255 3 - -
4.2 31 ) 10 14 - - -
3.1 30 - 32 - - - -
2.3 128 9 6 12 - - -
2.1 992 20 35 36 - - -

Table 2.9: Possibly irreducible (4, 5)-groups.
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244

12.1

8.5 4.5

{1}
{0}
{0}

2

1
1

120.2
72.1
60.2
48.2
48.1
36.3
36.2
24.6
24.5
24.4
24.3
241
12.3
12.1

9.1
8.7
8.5
8.4
8.3
6.6

Table 2.10: Possibly irreducible torsion-free (4, 6)-groups.

N W 1N U= O NN

L Ut o

W = DN

—

—_ o = N

[a—

N = DN W=

W N =W NN W

[ I

N O

DO 1 = N 1

—



130 2. Lattices in products of trees

244 121 85 45 21
{1}* 18 - 8 - -
{1} 11 2 4 - -
{0} | 1 1 - - -
{0}* 13 2 10 15 6
{0} 9 3 3 3 2
120.2 | 18 2 11 11 4
72.1 13 2 10 5 2
60.2 ) - 3 - -
48.2 11 - ) - -
48.1 20 4 6 - -
36.3 15 - 7 6 2
36.1 2 - - - -
24.6 21 3 12 - -
24.5 2 - 1 - -
244 15 3 12 - -
24.3 3 1 2 - -
24.2 - - 2 - -
24.1 17 - 11 - -
18.2 6 1 6 - -
12.3 8 - 2 - -
12.2 - 1 - -
12.1 8 - 4 - -
8.7 15 3 2 - -
8.6 7 - 1 - -
8.5 19 3 6 - -
8.4 24 4 6 - -
8.3 17 3 2 - -
4.7 4 - - - -
4.6 4 - 2 - -
4.4 2 - - - -
4.3 2 - - - -
4.1 2 - - - -

Table 2.11: Possibly irreducible (4, 6)-groups
with torsion and 71 = 75 = 0.



{0,1}* {0,1} {1} {0}** {0}’* {0}* {0}]120.2 72.1 60.2 48.2 48.1 36.3 36.2 36.1 24.6 24.5 244 24.3 24.2

80 125 218 19 13 145 103 71 9 28 128 - - 99 - - 13 - 29 -

125 68 193 16 15 127 95 67 42 22 102 - - 99 5 - 8 - 15 -

218 193 210 19 14 277 185 | 115 28 44 31 158 2 70 - 48 4 170 12 -

19 16 19 - 2 22 15 3 - 2 12 12 - 5 - 5 1 10 3 -

13 15 14 2 2 7 6 9 5 3 6 - 2 5 - - - - 3 -

145 127 277 22 7 90 122 65 24 32 125 297 6 97 - 61 10 291 28 -

103 95 185 15 6 122 52 68 54 28 79 94 - 91 4 27 9 85 24 -

71 67 115 3 9 65 68 18 29 12 60 103 2 49 - 21 8 86 18 -

9 42 28 - 5 24 54 29 - 21 13 16 - 29 - 4 5 20 9 13

28 22 44 2 3 32 28 12 21 2 43 45 - 19 1 13 2 22 9 -

128 102 31 12 6 125 79 60 13 43 101 203 - 106 - 42 17 212 46 -

- - 158 12 - 297 94 103 16 45 203 37 - 26 2 19 23 70 36 2

- - 2 - 2 6 - 2 - - - - - - - - - - - -

99 99 70 5 5 97 91 49 29 19 106 26 - 16 4 10 16 12 24 20

- 5 - - - - 4 - - 1 - 2 - 4 - - - 4 1 -

- - 48 5 - 61 27 21 4 13 42 19 - 10 - 3 9 11 8 2

13 8 4 1 - 10 9 8 5 2 17 23 - 16 - 9 2 26 7 -

- - 170 10 - 291 85 86 20 22 212 70 - 12 4 11 26 19 32 -

29 15 12 3 3 28 24 18 9 9 46 36 - 24 1 8 7 32 8 -

- - - - - - - - 13 - - 2 - 20 - 2 - - - -

- - 108 - - 35 13 3 4 6 125 - 12 12 2 - 16 - 15 2

- - 10 2 2 1 1 1 - 1 - - 1 - - - - - - -

- 4 9 - 3 - 9 2 - - 7 4 - 6 - - 2 8 2 3

21 18 54 2 2 25 21 6 5 2 32 16 - 6 - 4 3 8 6 -

- - 67 - - 283 78 35 11 20 145 29 8 31 5 10 30 25 8

- 6 2 - 2 1 12 5 - 6 11 6 - 9 - - 2 12 5 -

. - - - - - - - - 4 - - - - 2 - - - - - -

12.1 - - 68 - - 28 12 2 8 2 130 - 4 4 2 - 14 - 16 -

9.1 10 10 6 1 11 9 3 4 3 26 10 - 4 - 2 5 4 7 9

8.7 - - 14 - - 81 24 7 5 7 39 9 4 11 - 4 7 6 5 2

8.6 - - 18 - - 36 6 11 4 4 44 - 8 8 - - 7 - 6 3

8.5 - - 68 - - 429 139 55 33 19 254 30 8 25 2 18 35 18 41 -

8.4 - - - - - 54 57 19 - 15 7 - 8 12 - - 2 - 4 -

8.3 - - 35 - - 96 30 12 2 6 43 7 4 11 - 8 5 2

8.2 - - 2 - - 19 8 3 2 - 5 - 2 2 - - - - - 1

8.1 - - 68 - - 55 22 11 - 11 93 - 8 8 1 - 17 - 14 1

6.6 39 40 10 2 2 40 38 17 10 7 66 30 - 9 1 10 11 12 16 -
4.7 - - - - - 4 4 - - - - - - - - - - - -

4.6 - - 14 - - 46 14 10 8 2 57 - 4 4 - - 8 - 9 -

4.5 - - 44 - - 72 16 12 8 4 136 - 4 4 - - 20 - 24 -

4.4 - - - - - 5 7 2 - - 3 - 2 2 - - 1 - - -

4.3 - - 48 - - 88 12 10 4 6 102 - 6 6 - - 18 - 14 1

4.2 - - - - - 30 12 4 4 - 10 - 2 2 - - 2 - - -

4.1 - - 10 - - 16 2 4 2 2 34 - 2 2 - - 4 - 6 -

2.3 - - 24 - - 27 9 6 4 2 71 - 2 2 - - 11 - 12 -

Table 2.12: Possibly irreducible torsion-free (6, 6)-groups. (Part 1/2)
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18.3 18.2 18.1 16.1 12.3 12.2 12.1 9.1 8.7 8.6 85 84 83 82 81 6.6 47 46 45 44 43 42 4.1 23
{0,1}* - 21 - - s e 1
{0,1} | - 4 18 - 6 - 10 - - - - - - 40 - - - .o
{1} 10 9 54 67 2 68 6 14 18 68 - 35 68 10 - 14 44 - 48 - 10 24
{0}** | 2 - 2 - - - 1. - - - -
{0}'* 2 3 2 - 2 - | - . - - - - - -
{o}* 1 - 25 283 1 28 11 81 36 429 54 96 19 55 40 4 46 72 5 88 30 16 27
{0} 1 9 21 78 12 12 9 24 6 139 57 30 8 22 38 4 14 16 7 12 12 2 9
120.2 1 2 6 35 5 2 3 7 11 55 19 12 3 11 17 - 10 12 2 10 4 4 6
72.1 - - 5 11 - 8 4 5 4 33 - 2 2 - 10 - 8 8 - 4 4 2 4
60.2 1 - 2 20 6 2 3 7 4 19 15 6 - 11 7 - 2 4 - 6 - 2 2
48.2 - 7 32 145 11 130 26 39 44 254 7 43 5 93 66 - 57 136 3 102 10 34 71
48.1 - 4 16 29 6 - 10 9 - 3 - 7 - - 30 - - - - - - - -
36.3 1 - - 8 - 4 - 4 8 8 8 4 2 8 - - 4 4 2 6 2 2 2
36.2 - 6 6 31 9 4 4 11 8 25 12 11 2 8 9 - 4 4 2 6 2 2 2
36.1 - - - 1 - e
24.6 - - 4 5 - - 2 4 - 18 - 3 - - 10 - - - - - - - -
24.5 - 2 3 10 2 14 5 7 7 3 2 8 - 17 11 - 8 20 18 4 11
24.4 - 8 8 30 12 - 4 6 - 18 - 6 - - 12 - - - - - . -
24.3 - 2 6 25 5 6 7 5 6 41 4 5 - 14 16 - 9 24 - 14 - 6 12
24.2 - 3 - 8 - -9 2 3 - - 2 1 1 - - - - - 1 - - -
24.1 - - 4 54 16 - - 13 - 48 22 10 - - 20 - - - - - - - -
18.3 1 - - - - .- o oo oo oo
18.2 - - - 2 - - e
18.1 - - - 6 3 2 - 2 - 6 5 2 - 1 3 - - - - - - - .
16.1 - 2 6 - 11 42 4 - - - - - .30 - - -

- - 3 11 - 4 2 3 2 26 - 4 1 9 6 - 12 - 8 2 4 6

- 1 - - - - 1 - - - - - - - - - - - - - - - -

- - 2 42 14 - -6 - 18 12 6 - - 6 - - - - - - - .

- - - 4 2 - -2 - 442 - -2 o ..o oo

- 1 2 - 3 6 2 - - - 4 - « - 10 - - = - = - e .

- - - - 2 - - - - - - - - - 8 - - - - - - - -

- 8 6 - 26 18 4 - - - - - oo 22 - o oo oL

- - 5 - - 12 4 - - - - - 4 - 3 - - - e e e e .

- 1 2 - 4 6 2 - - - - - - - 10 - - - - - ..

- - - - 1 - - - - - - - - - 2 - - - - - - - -

- - 1 - 9 - e

- 3 30 6 6 10 8 22 3 10 2 7 4 - 4 2 6 2 2 2

4 - - 4 -
12 - - 4 -
- - - 2 -
8 - - 6 -
2 - - 2 -
4 - - 2 -
6 - - 2 -

=
B9 g © 000000000000 000 5SS
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Table 2.13: Possibly irreducible torsion-free (6, 6)-groups. (Part 2/2)
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{0,2}* {0,2} {2} {0,1}* {0,1} {1}** {1}* {1} {o}** {0}* {0} |120.2 72.1 60.2 48.2 48.1 36.3 36.1 24.6 24.5 24.4

190 330 764 267 361 69 - 603 61 465 538 179 579 - 150 - 22 47 - 2 -
330 174 667 321 402 46 - 591 48 450 467 173 486 - 123 - 28 47 - 1 -
764 667 641 708 742 57 - 1167 82 898 723 | 344 859 - 28 - 289 53 - 2 -
267 321 708 191 377 62 - 596 70 564 479 250 507 29 352 - 76 45 - 26 -
361 402 742 377 266 44 - 670 69 569 645 274 733 29 422 - 64 56 - 31 -
69 46 57 62 44 5 - 47 4 48 71 13 61 - - - 22 - - - -

- - - - - - 76 69 9 181 32 17 85 - 5 4179 23 6 998 1 1424
603 591 1167 596 670 47 69 447 76 1004 777 | 374 581 92 134 2558 115 26 805 20 834
61 48 82 70 69 4 9 76 5 70 90 30 71 5 15 102 14 - 19 2 22

465 450 898 564 569 48 181 1004 70 521 705 347 972 28 308 6322 167 80 1694 31 1986
538 467 723 479 645 71 32 T 90 705 314 300 529 25 229 1632 110 39 407 14 620

=
NN

N9 00 0010000000000 0
FWHRNWAEUONENDWER GO N L

179 173 344 250 274 13 17 374 30 347 300 | 70 358 12 142 1134 78 18 363 14 345
579 486 859 507 733 61 85 581 71 972 529 | 358 575 29 263 1183 193 53 397 20 409
- - - 29 29 - - 92 5 28 25 12 29 4 11 133 6 2 3 2 33
150 123 28 352 422 - 5 134 15 308 229 | 142 263 11 106 1199 36 17 390 22 435
- - - - - - 4179 2558 102 6322 1632 | 1134 1183 133 1199 2662 310 185 1136 114 1009
22 28 289 76 64 22 23 115 14 167 110 | 78 193 6 36 310 30 11 93 3 89
a7 a7 53 45 56 - 6 26 - 80 39 18 53 2 17 185 11 3 49 175
- - - - - - 998 805 19 1694 407 | 363 397 30 390 1136 93 49 127 33 231
2 1 2 26 31 - 1 20 2 31 14 14 20 2 22 114 3 1 33 3 43
- - - - - - 1424 834 22 1986 620 | 345 409 33 435 1009 89 75 231 43 107
3 2 2 40 55 - 1 32 5 48 31 27 25 2 24 156 3 1 51 6 74
- - - - - - - - - - - - 56 - - 12 8 - 12 - 117
- - - - - - - 928 42 751 200 | 141 130 - 190 602 15 23 112 25 126
60 41 - 19 26 - 2 68 5 95 48 50 94 2 41 96 22 2 34 11 27
- - - - - - 1122 1269 66 2805 625 | 525 465 53 553 1954 147 53 464 75 542
86 50 - 40 102 - 1 38 5 93 36 37 58 1 45 182 8 3 60 4 60
- - - - - - - - - - - - 3 - - 2 1 - 2 - 7
- - - - - - - 206 10 186 56 32 28 - 36 114 - 5 22 4 24
- - - - - - 270 276 25 749 169 | 122 105 14 156 369 37 16 82 23 102
- - - - - - 161 224 26 477 120 | 139 119 8 134 258 48 3 26 23 48
- - - - - - 704 560 40 1312 319 | 232 229 31 338 429 47 36 101 51 124

- - - - - - 822 484 20 1787 303 | 316 330 25 186 504 61 38 126 15 150

- - - - - - 284 446 25 851 194 138 127 15 156 443 36 18 91 20 118
- - - - - - - 106 10 121 34 31 20 2 34 72 10 - 8 5 16
- - - - - - - 227 4 1680 206 204 138 - 123 18 53 4 2 14 4
- - - - - - 62 - - 132 28 - 12 - 4 44 - - 4 - 8
- - - - - - 48 74 8 142 42 32 30 4 67 44 6 - 4 12 8
- - - - - - - - - 1598 202 170 120 - - - 44 - - - -
- - - - - - - 102 12 128 22 30 23 2 24 36 5 2 4 3 8
- - - - - - - 142 8 1401 200 192 118 - 79 36 58 2 4 10 8
- - - - - - - 64 8 51 15 14 10 2 28 - 2 - - 4 -
- - - - - - - 32 4 416 58 53 36 - 22 18 17 - 2 4 4
- - - - - - - - - 157 23 20 14 - - - 6 - - - -
- - - - - - - - - 245 37 29 21 - - - 8 - - - -

Table 2.14: Possibly irreducible (6, 6)-groups with torsion and 7 = 7 = 0. (Part 1/2)
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24.3 24.2 24.1 18.2 16.1 12.3 12.2 12.1 8.7 8.6 8.5 84 83 82 81 47 46 45 44 43 42 41 23 2.1

[0,2}* | 3 - - 60 - 8 - - - B .
10,2} | 2 . -4 - 50 - . - - . . - - : - - : . : - o
©2F | 2 - - oo

{0,1}* | 40 - - 19 - 40 - . - - . . - : - - : . : - o
10,1} | 55 - - 26 - 102 - - - - Lo Lo
{1}** - - - - - - - - - - - - - - - - - - - - - - - -
{1}* 1 - - 2 1122 1 - - 270 161 704 822 284 - - 62 48 - - - - - - -
{1} 32 - 928 68 1269 38 - 206 276 224 560 484 446 106 227 - 74 - 102 142 64 32 - -

{0}** 5 - 42 5 66 5 - 10 25 26 40 20 25 10 4 - 8 - 12 8 8 4 - -
{0}* 48 - 751 95 2805 93 - 186 749 477 1312 1787 851 121 1680 132 142 1598 128 1401 51 416 157 245
{0} 31 - 200 48 625 36 - 56 169 120 319 303 194 34 206 28 42 202 22 200 15 58 23 37

120.2 27 - 141 50 525 37 - 32 122 139 232 316 138 31 204 - 32 170 30 192 14 53 20 29
72.1 25 56 130 94 465 58 3 28 105 119 229 330 127 20 138 12 30 120 23 118 10 36 14 21

60.2 2 - - 2 53 1 - - 14 8 31 25 15 2 - - 4 - 2 - 2 - - -

48.2 24 - 190 41 553 45 - 36 156 134 338 186 156 34 123 4 67 - 24 79 28 22 - -

48.1 156 12 602 96 1954 182 2 114 369 258 429 504 443 72 18 44 44 - 36 36 - 18 - -

36.3 3 8 15 22 147 8 1 - 37 48 47 61 36 10 53 - 6 44 5 58 2 17 6 8

36.1 1 - 23 2 53 3 - 5 16 3 36 38 18 - 4 - - - 2 2 - - - -

24.6 51 12 112 34 464 60 2 22 82 26 101 126 91 8 2 4 4 - 4 4 - 2 - -

24.5 6 - 25 11 75 4 - 4 23 23 51 15 20 5 14 - 12 - 3 10 4 4 - -

24.4 74 117 126 27 542 60 7 24 102 48 124 150 118 16 4 8 8 - 8 8 - 4 - -

24.3 5 - 46 15 82 6 - 8 26 22 53 26 24 6 24 - 9 - 4 16 6 4 - -

24.2 - - 6 10 54 - - - 11 10 44 22 13 3 1 - 15 - 2 1 - - - -

24.1 46 6 - 20 366 26 - - 71 - 78 104 74 - - - - - - - - - - -

18.2 15 10 20 10 38 8 - 5 15 - 26 44 15 - - - - - - - - - - -

16.1 82 54 366 38 148 67 6 58 34 32 108 95 46 - - - 16 - - - - - -

12.3 6 - 26 8 67 5 - - 17 14 28 19 24 5 12 - 4 - 10 4 2 - -

12.2 - - - - 6 - - 1 1 4 4 1 - - - 1 - - - - - - -

12.1 8 - - 5 58 - - - 14 - 12 18 14 - - - - - - - - - - -

8.7 26 11 71 15 34 17 1 14 3 4 14 12 6 - - - 2 - - - - - - -

8.6 22 10 - - 32 14 1 - 4 - 8 8 4 - - - - - - - - - - -

8.5 53 44 78 26 108 28 4 12 14 8 22 36 18 - - - 4 - - - - - - -

8.4 26 22 104 44 95 19 4 18 12 8 36 19 16 - - - 4 - - - - - - -

8.3 24 13 74 15 46 24 1 14 6 4 18 16 5 - - - 2 - - - - - - -

8.2 6 3 - - - 5 - - - - oL

8.1 24 1 : : : 12 - . - - . . - : - - : . : - o

4.7 B - - - - B - - - - - - - - - - - -- o

4.6 9 15 - : 16 4 1 -2 4 4 2 - : - - : . : - o

4.5 - - : : i i - . - - - - - : - - : . : - o

4.4 4 2 - - - 6 - - - - - - - - - - - - - o

4.3 16 1 : : : 10 - . - - . . - : - - : . : - o

4.2 6 - - - - 4 - - - - - - - - - - - oL o

4.1 4 . - : : 2 . . - - . . - - : - - : . : - o

Table 2.15: Possibly irreducible (6, 6)-groups with torsion and 71 = 79 = 0. (Part 2/2)
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2.4 Virtually simple (di, ds)-groups

In [BMOOb] and [Rat04] the authors constructed virtually simple torsion-
free (d1, d2)-groups for different values of (dy, d2), for instance (6, 16) and
(10, 10). More recently and with the same ideas, Bondarenko and Kivva
constructed two virtually simple torsion-free (8,8)-groups in [BK17].

In this section we find a list of virtually simple (6,6)-groups and
(4,5)-groups. We also give a virtually simple (2n,2n+ 1)-group for each
n > 2. We then end with virtually simple (6,4n)-groups with n > 2
so that the projection on the 6-regular tree 77 Chabauty converges to

Aut(T7) when n goes to infinity.

2.4.1 Virtually simple (6, 6)-groups

The idea for constructing virtually simple (d;,dy)-groups is to use the
Normal Subgroup Theorem [BMO00b, Theorem 4.1] due to Burger and
Mozes, stating that if T is a (dj, d2)-group with H; being 2-transitive
on 0T; and [H; : Ht(oo)] < oo for each ¢t € {1,2}, then any non-trivial
normal subgroup of I" has finite index (i.e. I' is just-infinite). Bader
and Shalom later proved a generalization of that theorem in [BS06]. We
give below a statement which is a consequence of their result. We call
it the Normal Subgroup Theorem (NST) for future references. A tree is

thick if each of its vertices has at least 3 neighbors.

Theorem (Normal Subgroup Theorem, Bader—Shalom). Let T} and T
be two locally finite thick trees and let T' < Aut(Ty) x Aut(Ty) be a
cocompact lattice such that m is 2-transitive on dT; for each t €
{1,2}. Then T' and all its finite index subgroups are just-infinite. In

particular, I' is either residually finite or virtually simple.

Proof. By [BM00a, Proposition 3.1.2], all finite index subgroups of a
closed subgroup of Aut(7;) acting 2-transitively on 907} also acts 2-
transitively on 07;. Up to replacing I' by a finite index subgroup, we
can therefore just show that I' is just-infinite.

This is a consequence of [BS06, Theorem 1.1], modulo the fact that
if H is a closed subgroup of Aut(T") acting 2-transitively on 07 (with
T being a locally finite thick tree), then H is just non-compact (i.e. it
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NENERENR

Figure 2.7: The torsion-free (4,4)-group I'y 4.

is non-compact and all its non-trivial normal subgroups are cocompact)
and H does not contain any non-trivial abelian normal subgroup. This
is an easy exercise: it suffices to remember that a non-trivial normal
subgroup of a 2-transitive group is transitive, and to use the character-
izations of the 2-transitivity on 97 given in [BM00a, Lemma 3.1.1].
Let us now show that I" is residually finite or virtually simple. As I’
is just-infinite, T(°°) is trivial or has finite index in I". If I'(®®) =1 then T
is residually finite. On the contrary, if ') has finite index in T' then it
is also just-infinite. So any non-trivial normal subgroup N of I'(°® has
finite index in T'®) and thus in T, hence N = I'(®). This means that
1'(*) is simple. U

In this subsection, we first present a torsion-free (4,4)-group I'y4
that is not residually finite. The NST does not directly apply to I'y 4,
but the strategy is then to embed I'y 4 in some other (d,d>)-group I' on
which the NST can be used. Then I' cannot be residually finite because
it contains I'y 4, and hence it must be virtually simple.

Let I'y 4 be the torsion-free (4,4)-group associated to the four squares
in Figure 2.7. The local action of I'y4 on 1) (resp. T3) is Dg (resp.
Alt(4)), and it is possibly irreducible: it appears in Table 2.7.

We show that I'y 4 is non-residually finite. This was already proved
in [BK17, Theorem 15] and [CW17, Corollary 6.4] but we here prove
o)

it by finding an explicit non-trivial element v € F( . In other words
v is a non-trivial element of I'y4 such that ¢(y) = 1 for any finite
quotient ¢:T'y 4 — @. The ideas of this proof are due to Caprace and
are already written in [Capl7a, Remark 4.19] but we give here some

additional details.

Proposition 2.4.1. The group I'y 4 is irreducible and not residually

finite. Moreover, [a},a3) and [a3,af] are non-trivial elements of I’Eﬁ’).
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Proof. Irreducibility has been proved in [JW09, Theorem 3], but it can
also be established by using [Wei79, Theorem 1.1]. Indeed, in our
situation the result of Weiss implies that, if I'y 4 was reducible, then
FixX o4, (1 4) (B(v2,4)) would be trivial. So for proving irreducibility we
just need to find some element in I'y 4 fixing B(v2,4) but not B(vg,5).
)81

We claim that (ajaz)®" is such an element. First, we can compute that

(araz)® fixes B(vg,1). Then, for each vertex w at distance 1 from vy,
(a1a2)”

w different from vy (because the local action is Alt(4)). So (ajaz)? fixes
)81

can only act trivially or as a 3-cycle on the three neighbors of

B(vg,2). Continuing with the same argument, we obtain that (ajas
fixes B(vq,4). Finally, the fact that (aja2)8! does not fix B(vs,5) can be
proved by drawing a 162 x 5 rectangle. This can be automatized with a
computer, and we get for instance that (ajaz)® (b3(v2)) = biby * (va).
The strategy to find a non-trivial element in I’A(SZ) is to use that for
any group G and any subgroup H < G, the inclusion [Cq(H), H] C G(*)
holds, where H is the profinite closure of H (see [Cap17a, Lemma 4.13)).
Here we take G = T'y4. For H we consider B, = I'ya(v1,a1(v1)),
i.e. the fixator of aj(vi) in B = (b1,b2) = I'y4(v1). We claim that
a3 € Cr,,(Ba,) and aj € By,,. This will thus show that [af,a3] € I‘L(SZ).
Since B acts transitively on the four vertices adjacent to v1 in 17,
the subgroup B,, has index 4 in B. Using the Reidemeister—Schreier

method, we could find the following set of generators for By, :
Ba1 = <ble, b1_1b27 bzblb%, bgbl_lb%, b%>

From the geometric squares, it can be checked that a} centralizes By,

i.e. ai € Cr,,(Ba,). This indeed directly follows from the equalities

37—1 3
blalbl - a2,
-1.3 3
bl albl - a2,
37—1 3
b2a1b2 - a2,

~13 —3
by “ajby = ay”.

Note also that B,, is contained in B®@ | the index 2 subgroup of B

consisting of elements whose length is even (with respect to the gener-
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ators b; and by). Our next goal is to show that a% € B, and it will
then follow that a% S B—UL1 as wanted.

Consider a finite quotient ¢: Iy 4 — Q. Since I'y 4 is irreducible, the
projection proj; (I'44(v1)) is infinite. Hence, the finite index subgroup
proj; (Fixr, , (B(v1, 1))NB® Nker @) is also infinite. Let v be an element
of Fixr,,(B(vi,1)) N B® N ker ¢ such that proj; () is non-trivial. In
T1, there is a vertex w # v; such that ~ fixes the path from v; to w but
does not fix some neighbor z of w: v(z) = 2’ # z. Write w = h(v1) with
h € (a1,as), 2 = hx(vy) with 2 € {ar,a;',az,a;'} and 2’ = ha'(vy)
with o' € {a1,a;", a2,a5"'}, see Figure 2.8. Recall that proj; (Ty4(v1))
acts on the four neighbors of v; as Dg acting on the four vertices of a
square (where a;(v1) and ay ' (v;) correspond to opposite vertices of the
square). We thus have the same local action around w, and the fact
that v fixes w and some neighbor of w while not fixing z implies that
2’ = z~'. On Figure 2.8 we see that hz ' = yha for some 7/ € B®.
Using the fact that ¢(y) = 1, this implies that ¢(y') = ¢(2?). We
can summarize this by saying that, for each finite quotient ¢:T'y4 —
Q, cither ¢(a?) € p(B®) or p(a3) € ¢(BP) (x). In fact, we can
even say that there exists k € {1,2} such that ¢(a?) € p(B®) for all
finite quotients ¢:T'y 4 — @ (xx). Indeed, if (**) was not true then we
would have two finite quotients ¢1:T44 — Q1 and 2:T'y 4 — Q2 with
©1(a?) & ©1(BP®) and ¢3(a3) & ¢2(B®P), and the new finite quotient
(p1x92): T4 — Q1 x Q2 would give a contradiction with (x). Now there
suffices to remark that I'y 4 has an automorphism defined by a; — as,

ag +— ay, by = by ' and by — by *. Therefore, (+*) even tells us that ¢ (a?)

(v1,7(v2)) (w,y(v2)) (2, 7(v2))
h x
vy 5
h x’
(v1,v2) (w,v2) (2, v2)

Figure 2.8: Illustration of Proposition 2.4.1.
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and ¢(a3) both belong to ¢(B®?) for all finite quotients ¢: Ty 4 — Q. In

particular, we have a% € B(®) as wanted.

Remark that, thanks to the automorphism of I'y 4 defined above, we
also obtain [a3,ai] € ngz). O

Using GAP, we could search for (di,ds)-groups I" with di,dy > 6,
containing I'y 4 (in the sense that the four geometric squares defining I'4 4
are part of the geometric squares defining I') and such that H;(v) >
Alt(dy) and Ha(v2) > Alt(da). We say that I' satisfies (x) if the above
conditions are true. Since I'y4 is irreducible, a group I' satisfying (x)
is also irreducible and H; is 2-transitive on 9T} for each t € {1,2} (see
[BM00a, Propositions 3.3.1 and 3.3.2]). (We even know by Corollary 1.E’
that H; belongs to QEZ.) for some legal coloring i of T;.) Thus I is virtually
simple, by the NST.

We could find torsion-free (6, 8)-groups and torsion-free (8, 6)-groups
satisfying (%), by adding one (resp. two) horizontal generator(s), two
(resp. one) vertical generator(s) and 8 geometric squares to the ones of
I'y 4. We could also show that there does not exist any torsion-free (6, 6)-
group satisfying (). However, there exist (6,6)-groups (with torsion)
with (x). In total, there are 160 equivalence classes of such groups.
We give all these groups in Tables 2.16-2.20, by giving the geometric
squares that must be added to the four geometric squares a;bja, .,
a1b2a2b51, albgla;bfl and albflagle defining I'y 4. We call them
I66,1,---,16,6,160- Some remarks follow about these groups:

e The index of the simple subgroup Fé?g’)k of T'¢ 6, can be com-
puted by using the fact that [a},a3] € Ffz) < Pé?g,)k (see Propo-
sition 2.4.1). Indeed, let @ be the group obtained by adding the
relator [a$, aj] to the presentation of I'g 6 5. Then the kernel of the
projection I'g 6 — @ is the smallest normal subgroup of I'g¢
containing [a?,ag], i.e. it must be Fé?;)k. Hence, we just need to
compute (with GAP) the order of the finite group ) obtained as
above and this gives us the index of Fé?g,)k in ' 1. As written in
the tables, for all groups I'g 6, with k € {1,...,160} \ {104,116},

we obtain that |Q| = 4. As [Tgex : I'gs,] = 4, this implies that
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Féog)k = F;6 i 1-e. F;6 i is the simple subgroup of finite index in

I 6k For I'ge 104 and I'g 6116, we get |Q| = 12. More precisely,
Q = (Cy)? x Cs. So Fé?a)k is a subgroup of index 3 of FESL,&k when
k € {104,116}

The groups Hi = m and Hy = m are given,
using the notation of §2.3.7. As explained above, we could compute
that I'e.6,k /Fé?g,)k &~ (Cy)% or (C3)?xC3 for each k € {1,...,160}.
This explains why H; and Hs never take the form X** or X’* for
some X Cjy Zxo: recall that [G;)(X*, X*) : G, (X, X)] = 8 and

(@)
Gly(X.X)" [ (x,x) = Ca.

For the last column, recall that XFg,e,k is a (dy,ds)-complex, as
defined in Definition 2.2.2. We write Aut(XFgG’k) for the set
of automorphisms of that complex that do not exchange hori-
zontal and vertical edges. We already know by hypothesis that
AUt(XFQ,G,k) > C3 x Cq, and we computed the number of auto-
morphisms of XFQ,G,;C that fix the four vertices vgg, v1g, v11 and vo;.
As written in the tables, for each k € {1,...,160} we could observe
that there is at most one non-trivial such automorphism, so that
AUt(ng,G,k) ~ Cy x Cy or Cy x Cy x Cs.

—If Aut(XF;G’k) =~ Cy x Cq, then there is exactly one good
C, x Cy-action on XF({&,C’ so this means that I'g ¢ is the
only (6,6)-group whose type-preserving subgroup is I’g”& it

- If Aut(XF;M) >~ (Cy x Cy x Cy, then there are four good
C; x Ca-actions on XF;SJC. This leads to four (6,6)-groups
whose type-preserving subgroup is I’E;G’k. For each such k we
could compute the three new (6, 6)-groups containing I’z{& s
but it directly appears that they have much more torsion, i.e.
their 7 and 7y satisfy 7 + 7 > 4. In particular, none of the

new groups obtained in that way is equivalent to some I'g 6 1.

From this discussion it follows that all Pgﬁ ; are pairwise non-
conjugate in Aut(7y x Ty). By [BMZ09, Corollary 1.1.22], this

also means that they are all pairwise non-isomorphic.
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We summarize some of those results in the next theorem.

Theorem 2.4.2 (Theorem 2.C (i)). Let I'g 1 (k € {1,...,160}) be one
of the (6,6)-groups given by Tables 2.16-2.20.

o Ifk ¢ {104,116}, then FBL()‘ , i simple.
o Ifk e {104,116}, then I‘ér6 x has a simple subgroup of index 3.
Moreover, all simple groups Féog)k are pairwise non-isomorphic. In par-

ticular, the groups I's ¢ ), are pairwise non commensurable.

Proof. See the discussion above. Note that Féog)k 2 I’éog)k/ for each
k e {1,...,160} \ {104,116} and each k' € {104,116}, see [BMZ09,
Theorem 1.4.1]. We also have Fé?g,)lozl 2 Fé?g,)lw' Indeed, they are not

conjugate in Aut(T} x T5) since pron(Fé?g?lM) 2 projt(l“é?gv)uﬁ) for each
t € {1,2} (see Table 2.19). O

Proof of Corollary 2.D (i). This group is I' 6 2, see Table 2.16. O



Name | 71 | 72 | Squares: aibiay 'b1, arbaasby ', a1by 'ay 'by ', a1b] ag Tbo + Hy Ho [T : ()] Aut(Xp4)

Tg6,1 | O | O | arbsaibs, arby ‘aiby ', azbzasbs, asby ‘azby ', agbiaj 'by ', azbaasbs, agby ‘agby * | {0} | {0}~ 4 Csy x Co

T2 | 0 | 0 | atbzaiby !, asbzansbs, asby tasby’, azbiaz b7, agbaasbs, azb, Tazby {0} {1} 4 Cy x Cy

Te,6,3 0 0 a1bzaibsy ", azbzaszbs, azb;la?,b; , agbiag b1, agbaagbs, azby “azby {0} {2} 4 Cy x Cy

Te64 | 0 | 0 | atbzaibs, arby tarby?, asbzasbs, asby taszby !, agbray 'by, azbaasbs, agby “azby * {0} {2} 4 Cy X Cy

Te65 | 0 | O | arbsaibs, arbs ‘azby ', azbzazbs, agbrasby ', agboay b ", a3b71a3b¥ {0}* | {o}* 4 Csy x Cy X Co
Te,66 | 0 | 0 | arbzaibs, arby “asby *, asbzasbs, agbiazbi, azboagz 'by ', azby tazby {0}* | {o}* 4 Cy x Cy X Co
Te6,7 | 0 | O | arbszaibs, arby ‘agby ', azbzay 'bs, agbrazbs, agboag 'by ', azb] tagby ! {0}* | {o}* 4 Csy x Cy X Co
Tes | 0 | O | arbzaibs, a1by ‘agby ', asbza, 'b3, azbiazby, asbzag by ', a3b3a3bg {0}* | {o}* 4 Cy x Cy X Co
T, | 0 | 0 | arbsaibs, arby 'ay by !, azby 'agby !, azbrazds, agbaag 'by ', azb] agby ! {0}* | {o}* 4 Csy x Cy X Co
Te6,10 | 0 | 0 | arbzaibs, arby las by !, asby tazb, ', azbragby, agbaag 'b, ', azbzazby {0}* | {o}* 4 Cy x Cy X Co
Tg,11 | O | 0 | atbsay 'b3 ', asbganbs, asby Taszby ', agbiasbs, agboag by 1, azby tagzb; ! {0}* | {1} 4 Csy x Cy X Co
Te6,12 | 0 | 0 | aibza; "by ', agbzasbs, asby ‘asby ', azbiasby, agbzag 'by ', agbzazby {0}* | {1} 4 Cy x Cy X Co
Tg6,13 | 0 | O | atbsay 'by ', asbgaabs, agby ‘agby ', agbiazbs, agbaag 'ba, agby ‘agb, {0}* | {2} 4 Csy x Cy X Co
Te6,14 | 0 | O | a1bza; "by ', agbgasby, azby ‘agby ', azbiasby, agboag 'ba, azbzazby {0}* | {2} 4 Cy x Cy X Co
Tg,6,15 | 0 | 0 | atbsarbs, a1by 'agby ', agbzay ‘b3, agbiasgbs, azbzaz 'ba, agby ‘agby ' {0}* | {2} 4 Csy x Cy X Co
T6,6,16 0 0 aibgaibs, a1by a3b;1, agbza, b3, agbragby, agbzay bz, agbzagb; {o}* {2} 4 Cay X Ca x Co
Tg,6,17 | O | 0 | arbsaibs, a1y ‘asby ', agbzazbs, agbrasby ', azbzay 'ba, agby ‘agb] * {0}* | {o,2} 4 Csy x Cy X Co
Te,6,18 | 0 | O | arbzaibs, arby 'asby !, asbzasbs, azbiasby, agbzay ba, azby ‘azby {0}* | {o0,2} 4 Cy x Cy X Co
Te,6,19 | 0 | 0 | arbzaibs, arby ‘ay 'by ', asby ‘agby !, azbiasbs, agboay ‘ba, azb] ‘azby ! {0}* | {o0,2} 4 Cy x Cy X Co
Tee,20 | 0 | 0 | arbgaibs, arbs ‘ay b% , azby azby ', azbiazby, agbsag 'bo, azbzazby {0}* | {0,2} 4 Cy x Cy x Co
o621 | 0 | 0 | arbzarbs, albglalbgl, asbzasbs, asby Tazby ', azbiazb] ', a3b%a3b3, agby tagby t {1} | {o}* 4 Cy x Cy

Te,6,22 0 0 ai1bzaibs, a1bg “agby ", agbzazbs, agbiazbs , azbzazb, *, azby agbg {1} {0}* 4 Csy X Cy X Co
T6,6,23 0 0 a1bzaibs, arbsy aQb;I, agbzazbs, agbiagbi, agboagb, , agby “azb {1} {o}* 4 Cy X Ca x Co
Tg624 | O | O | arbsaibs, a1y ‘agby ', agbzay ‘b3, agbiasgbs, azbzazby . agby ‘azby * {1} | {o}* 4 Csy x Cy X Co
Te,6,25 | 0 | 0 | arbzarbs, arby tagby *, asbza, by, azbiazbi, agbaagby ', a3b3a3bg {1} | {o}* 4 Cy X Cy x Cy
Tg,6,26 | 0 | 0 | atbsaibs, a1y 'ay b3 !, azby asby !, agbragbs, agboasby ', azby tagzby ! {1} | {o}* 4 Csy x Cy X Co
Te,6,27 | 0 | 0 | arbzarbs, arby tay "oz ', a21b;1a31b; , a3b1a31b1, azbaazby ', a31b3a3b* {1} | {o}* 4 Cy x Cy X Co
Te,6,28 0 0 a1bzaibsy ", agbzagbs, azby “azbs , agbiagby *, agbzazbsz, agzby azby {1} {1} 4 Cy X Cy

Te,6,20 | 0 | 0 | arbzay 3b;1, asbsasbs, a;b;la;bgl, agbiagbs, azbaasby b, agby tazby ! {1} {1} 4 Cy X Cy x Cy
Te,630 | 0 | 0 | arbza] by ", agbzasbs, asbs ‘azby ', azbiagby, agboazby ', azbzazb] {1} {1} 4 Csy x Cy X Co
Te,6,31 | 0 | 0 | atbzarbs !, asbgasbs, asby Tasby ', azbiazbi, asbaasbs, azby Tazby +, agby ‘azby * {1} {2} 4 Cy x Co

Te6,32 | 0 | 0 | arbgal'bs ", agbzasbs, asby 'agby ', azbiagbs, agboazba, agby 'agby ', agbl agby ' | {1} {2} 4 Csy x Cy X Co

Table 2.16: Some virtually simple (6, 6)-groups. (Part 1/5)
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Name | 71 | 72 | Squares: ajbiay 'b1, arbgasby ', a1by ‘ay 'by ', a1b] tay Tba + H, Ho [ : 1)) Aut(X )
Te,6,33 | 0 | O | arbzay 'b3 ', asbsagbs, asbs Tagby ', azbiazby, agbaasba, azbzazby *, agb, ‘azby ' {1} {2} 4 Cy x Cy X Co
Te,6,3¢ | 0 | O | arbzaibs, a1by tarby®, asbzasbs, asby tazby ', agbiazbi, azbaazbs, agby "azby *, azby tagby’ {1} {2} 4 Cjy x Co
Te,6,35 | 0 | O | arbzaibs, a1by ‘agby ', azbzay 'bs, agbiazbs, azbaasba, agby ‘azby *, a3b71a3b¥1 {1} {2} 4 Cy x Cy X Co
T6,6,36 0 0 ai1bzaibs, arbs a3b;1, agbza, b3, agbiagby, azbaazbs, azbzaszb; ~, azby “azby {1} {2} 4 Cy x Co X Cy
Te,6,37 | 0 | O | arbzaibs, a1by ‘asby ', asbzasbs, agbiasby ', agboasba, agby ‘azby ', agby ‘agby * {1} {0, 2} 4 Cy x Cy X Co
Te,6,38 | 0 | O | arbzaibs, arby tasby *, asbzasbs, agbiazbr, azboasba, agby azb] *, azby ‘azby {1} {0,2} 4 Cy x Cq X Co
Te,6,30 | 0 | O | arbzaibs, a1by 'ay by t, asby tagby !, azbiasbs, agbaagbs, azby ‘asgby ', agby agbil {1} {0, 2} 4 Cy x Cy X Co
Tg6,40 | 0 | 0 | atbzarbs, arby 'a; by !, asby azby ', agbiagby, agboazbe, azbzasby |, agby lazby {1} {0,2} 4 Cy X Cq X Co
Te,6,41 | 0 | O | arbzaibs, aiby ‘asby ', asbzasbs, agbiagby *, agboagby ', agbflag,b}* {0,1} | {o}* 4 Cy x Co
Te6,6,42 0 0 aibgaibs, a1by “azby ", asbzagbs, agbiagby, agbaazb; ~, agbsy “azby {0,1} {o}* 4 Csy x Co
Te,6,43 | 0 | O | arbgaibs, a1by ‘agby ', azbzay ‘b3, agbiazby *, agboasbs, agby ‘azb] {0,1} | {o}* 4 Cy x Co
Tg644 | O | O | arbzarbs, arby 'agby !, asbza, ‘b3, azbragby, agbaazb] ', azbzazby {0,1} | {o}* 4 Cy x Co
Te,6,45 | 0 | O | arbzaibs, a1by ‘ay 'byt, asbs tagby !, azbiazby ', agbzasbs, azb] agby’ {0,1} | {o}* 4 Cy x Co
Te646 | 0 | 0 | atbzarbs, arby 'ay 'by !, asby tazb, ', azbiagby, agboasb] ', azbzazby {0,1} | {o}* 4 Cjy x Co
Te,6,47 | 0 | 0 | arbza] 'b3 ", asbgasbs, azb azby ', agbrazby ', agbaasbs, azby fagzb; {0, 1} {1} 4 Cy x Co
Tg64s | 0 | 0 | atbza; "by !, asbgasby, azby ‘azby ', asbiagby, agboazb] ', azbzasby, {0,1} {1} 4 Cy x Co
Te,6,40 | 0 | O | arbgaibs, a1by ‘a1by ', asbzazbs, azby ‘azby ', agbiasb, ', azbzazba, agbgazby ' {0,1}* | {o}* 4 Cy x Co
Te6,50 | 0 | 0 | atbzarbs, arby 'aiby ', asbzasbs, azby 'agby ', agbiasbs, azbzazby ', asb, 'aghy ! {0,1}* | {o}* 4 Cy x Co
Te,6,51 | 0 | O | arbzaiby ', asbzasbs, asby ‘azby ', agbiagb, *, azboasbs, agbzazby * {0,1}* {1} 4 Cy X Co
Te,6,52 | 0 | 0 | atbzarby ', asbgasbs, asby ‘azby ', azbiagbs, azboazby , azby 'azb, ! {0,1}* | {1} 4 Cy x Cy
Te,6,53 | 0 | O | arbzaibs, a1by 'arby ', asbzasbs, asby ‘azby ', asbiasbs, azbaazby ', azby ‘azby * {2} {0}* 4 Cy X Co X Co
Te,6,54 | 0 | 0 | atbzarbs, arby ‘arby ', asbzazbs, azby ‘agby ', asbiazbs, azbzaz 'by ', agby tagby ! {2} {0}* 4 Cy x Cy x Co
Te,6,55 | 0 | O | arbzaibs, a1by tarby ®, asbzasbs, asby “azby *, asbiaszby, agbaazby 1, agbgazby * {2} {0}* 4 Cy X Co X Co
Te,6,56 | 0 | O | arbzaibs, a1by ‘a1by ', asbzazbs, asby ‘azby ', agbiasby, azbzay by ', agbsazby * {2} {0}* 4 Cy x Cy X Co
Te,6,57 | 0 | O | arbzaibs, a1by ‘asby ', asbzazbs, agbragby *, azboasby !, agby tazby {2} {0}* 4 Cy X Co
Te,6,58 | 0 | O | arbzaibs, a1by ‘asby ', asbzasbs, agbiay b7 ', agbaagby ', agb*1a3b§1 {2} {0}* 4 Cy x Co
Te,6,50 | 0 | O | arbzaibs, a1by tagby ®, asbzay ‘b3, agbiazb *, asbaasbs, azby azby {2} {0}* 4 Cy X Co
Te,6,60 | 0 | O | arbgaibs, a1by ‘agby ', azbzay 'bs, agbiay b7 ', agbaasbs, azby agzby {2} {0}* 4 Cy x Co
Te,6,61 | 0 | O | arbzaibs, arby tay bz ?, asbs tasbs !, azbraszb] !, agboasbs, azby Tazby {2} {0}* 4 Cjy x Co
Te,6,62 | 0 | O | arbzaibs, a1by tay 'byt, asby tagby !, azbiagz 'b7 !, agbaasbs, azby ‘agby ! {2} {0}* 4 Cy x Co
Te,6,63 | 0 | O | arbzaiby ', asbganbs, asby ‘azby ', agbiazbs, azboasby b, agby tazby* {2} {1} 4 Cy X Co X Co
Te664 | 0 | 0 | arbzaiby ', asbgasbs, azbs ‘agby ', azbiagbs, agbgaz by ', azby ‘azby ! {2} {1} 4 Cy x Cy X Cy

Table 2.17: Some virtually simple (6, 6)-groups. (Part 2/5)
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Name | 71 | 72 | Squares: ajbiay 'b1, arbgasby ', a1by ‘ay 'by ', a1b] tay Tba + H, Ho [ : 1)) Aut(X )
Te,6,65 | 0 | O | atbzaiby ', asbgasbs, azby ‘azbs ', agbiasby, azboazbs ', agbsazby * {2} {1} 4 Cy x Cy X Co
Te,6,66 | 0 | O | arbzaiby ', asbgasbs, asby tazby ', agbiagby, azboag 1oy !, azbzazby* {2} {1} 4 Cy X Cq X Co
Te,6,67 | 0 | O | arbzay ‘b3 ", asbgasgbs, azby azby !, agbrazby ', agbaasbs, azby ‘agzby {2} {1} 4 Cy x Co
Te,6,68 | 0 | O | arbza; tby !, asbgasbs, asbs Tasby !, agbiaz 167!, agboagbs, azby Tazby {2} {1} 4 Cy x Co
Te660 | O | O albgalbgl, asbsasbs, azbglagbgl, asbyasbs, agbgagblg, agbglalgbgl,lagbflagbfl {2} {2} 4 Cy x Cy X Co
Te6,6,70 0 0 a1bzaibs *, agbzasbs, azbsy “azbs ~, agbiagbs, agboag “ba, agby “azb {2} {2} 4 Cy x Co X Cy
T,6,71 | 0 | O | arbzaiby ', asbgasbs, azby asby ', agbiazbi, agboasba, agbsazby *, agby ‘agby ' {2} {2} 4 Cy x Cy X Co
Tge,72 | 0 | 0 | atbzarby ', asbgasbs, asby 'azby ', azbiagby, agboag 'ba, azbzazby ' {2} {2} 4 Cy x Cq X Co
Te,6,73 | 0 | O | arbza] 'b3 ', asbsasbs, asby 'agby !, azbiazbi, agbaasbs, azby aszby ', agby tagb]* {2} {2} 4 Cy x Co
Tge,74 | 0 | 0 | atbza; "by ', anbganby, azby ‘agby ', azbiaz 'by, agboasbs, azby "azby {2} {2} 4 Cy x Co
Te,6,75 | 0 | O | arbzaibs, a1by ‘aiby ', asbzasbs, asby ‘azby . agbiasbs, azbzazba, agby ‘agby ', azby ‘agby ! {2} {2} 4 Cy x Cy X Co
Te6,76 | 0 | 0 | atbzarbs, arby 'aiby ', asbzazbs, azby 'agby !, agbiasbs, azbzay 'ba, asby 'aghy ! {2} {2} 4 Cy X Cq X Co
Te,6,77 | 0 | O | arbzaibs, a1by ‘arby ', asbzasbs, asby ‘azby . agbiasgbi, azbzazba, agbsasby ', azby ‘agby {2} {2} 4 Cy x Cy X Co
Te6,78 | 0 | 0 | atbzaibs, arby 'aiby !, azbzazbs, azby 'agby !, agbiasbi, azbzaz 'ba, agbgaszb {2} {2} 4 Cy x Cq X Co
Te,6,70 | 0 | O | arbzaibs, a1by ‘agby ', asbzay 'bs, agbiazbi, agboasbs, agby "azby ', agby ‘agby * {2} {2} 4 Cy x Co
Tg6,80 | 0 | 0 | atbzarbs, arby 'agby ', azbza, "bs, agbiay 'by, agboazbs, azb, 'agby, {2} {2} 4 Cy x Co
Te,6,81 | 0 | O | arbzaibs, a1by ‘asby ', asbzasbs, agbiasby, agbaasby ', agby azby ', agby ‘azby * {2} {0, 2} 4 Cy x Co
Tge,82 | 0 | 0 | atbzarbs, arby 'asby ', asbzazbs, asbiay 'by, agboazby ', azby 'agby ! {2} {0,2} 4 Cy x Co
Te,6,83 | 0 | O | arbgaibs, arby ‘ay by t, asby tagby !, azbiasbi, agboagbs, azby aszby ', azby fazbl " {2} {0, 2} 4 Cy x Cy
Te,6,84 | 0 | 0 | atbzaibs, arby 'as bi; , azby azby ', azbiag 'by, agbaasbs, azby azby ' {2} {0,2} 4 Cy x Cy
Te,6,85 | 0 | O | arbzaibs, a1by ‘asby ', asbzazbs, agbiagby ', azbaazba, azby ‘azby * {0,2} | {o}* 4 Cy x Co
Te,6,86 | 0 | 0 | atbzaibs, arby ‘azby ', asbzazbs, azbragby ', agboazby ', azby 'azb, ! {0,2} | {o}* 4 Cy x Cy
Te,6,87 0 0 | arbgaibs, a1bs a3b;1, agbzay b3, agbiagby 7, agbaagba, agbzazby {0, 2} {0}* 4 Cy X Co
Te,6,88 | 0 | O | arbzaibs, a1by ‘agby ', azbzay 'bs, agbiazbs, azboasby ', agby ‘azby {0,2} | {o}* 4 Cy x Co
Te,6,80 | 0 | O | arbzaibs, aiby tay tby?, asbs tasbs !, azbrazby !, agboagbs, azbzazby ! {0,2} | {o}* 4 Cy x Cy
Te,6,00 | 0 | O | arbzaibs, a1by tay byt azb,ftlagbfl, azbiasby, azbaagb] ', azby Tagby {0,2} | {o}* 4 Cy x Co
Te,6,01 | 0 | O | arbzal*b3 !, asbgasbs, asby Tasby ', agbrazby ', agbaasbs, azbzazby* {0, 2} {1} 4 Cy x Cy
Te6,02 | 0 | O | arbzay 'b3 ', asbgasbs, azbs asby ', agbiazbs, agboasgby ', azby Tagzby ! {0, 2} {1} 4 Cy x Co
Te,6,03 | 0 | O | arbzaibs, a1byarby?, asbzasbs, asby “azby ', asbiasby ', azbaazbs, azby ‘azby * {0,2}* | {o}* 4 Cy x Cy
Te,6,04 | 0 | O | arbzaibs, a1by 'arby ', asbzasbs, asby ‘azby ', agbiagbi, azbzazb] ', agbsasby {0,2}* | {o0}* 4 Cy x Co
Te,6,05 | 0 | O | arbzarby ', asbgasbs, asby tazby !, agbiagby *, azbaasbs, agby “azby* {0,2}* | {1} 4 Cy x Cy
Te606 | 0 | 0 | arbzaiby ', asbgasbs, asby 'agby ', agbiasby, azboagb] ', agbzazby {0,2}* | {1} 4 Cy x Co

Table 2.18: Some virtually simple (6, 6)-groups. (Part 3/5)
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Name | 71 | 72 | Squares: aibiay 'by, arbgasby ', a1by ‘ay 'by ', a1b] tag 'ba + H, Hoy [ : 1)) Aut(X 1)
Te,6,07 | 2 | O | aibsarbs, a1bs ‘azby ', azbzAsbs, Azbi Agby, AgbaAgbs, AgbyAgby " {0} {0}* 4 Cy x Cy X Co
Te,6,08 | 2 | O | arbsarbs, a1by tasby ', asb3Agbs, Azby Agbr, AgbaAsba, Agby Agbs {0} {0}* 4 Cy x Cq X Co
T,6,00 | 2 | O | atbsarbs, atby "Asbs ', asbsay ‘b3, Azbi Agby, AgbyAgba, Agby Agby " {0} {0}* 4 Cy x Cy X Co
Te,6,100 | 2 | O | arbzaibs, arby *Asby !, asbzay 1bs, Asby Azb1, AzbaAgbs, Agby Agby {0} {0}* 4 Cy x Cq X Co
Tg,6,101 | 2 | O | aibsarbs, a1y ‘ay 'by !, asby " A3bs ", AzbiAgby, AzbaAgby, Agby Agby {0} {0}* 4 Cy x Cy X Co
Te,6,102 | 2 | O | arbzaibs, arby tay tbg?, a2b§1A3b*1, Asby Agby, Azby Agby, Agby Agbs {0} {0}* 4 Cy x Cq X Co
Te,6,103 | 2 | O | atbsay 'by ', asbganbs, azby t Agby ', Azbi Agb] ', AgbaAgby , Azby " Agby, Agby Agby {0} {1} 4 Cy x Cy X Co
Te,6,104 | 2 | O | atbza; "by ', anbganbs, asby "Agby ', AzbiAgby !, AzbaAgb, ', Azby ' Agbo, Agb1Agbs {0} {1} 12 Cy x Cq X Co
Te,6,105 | 2 | O | atbsa; ‘b ', asbganbs, azby *Azby ', Azby Agby, AzbyAgby, Agby Agby " {0} {1} 4 Cy x Cy X Co
Te,6,106 | 2 | 0 | atbza; "by ', agbganby, asby 'Agby ', Azbi Agby, AzbaAgbo, AgbyAgbs {0} {1} 4 Cy x Cq X Co
Tg,6,107 | 2 | O | aibgaibs, a1by "azby !, azbzAgbs, AsbiAgby ', AgbaAgby ', Agby ' Agby, Agby Agby ! {0} {1} 4 Cy x Cy X Co
Te,6,108 | 2 | 0 | a1bzarbs, arby ‘asby ', asbzAgbs, AgbiAgb; !, AgbyAgb, ', Azby ' Agbo, Agb1Agbs {0} {1} 4 Cy x Cq X Co
Tg,6,100 | 2 | O | aibsaibs, a1by "Asbs ', asbgay 'b3, Azbi Agby ', AzbaAgby ', Agby ' Agby, Agby Agby " {0} {1} 4 Cy x Cy X Co
Te,6,110 | 2 | O | a1bzarbs, arby 'Azby?, a2b3a%1b3, AsbiAsbl Y, AsbaAgby b, Asby PAgba, AgbyAgbs {0} {1} 4 Cy X Cq X Co
Tg6,111 | 2 | O | aibsarbs, a1by 'ay 'by !, agby " A3bs ', AgbiAgb] ', AgboAgby ', Azby ' Ayba, AgbyAgby ' | {0} {1} 4 Cy x Cy X Co
Te,6,112 | 2 | 0 | atbzarbs, atby 'ay "oy, agby T Agby !, Azb1Agby !, AzbaAgby ', Azb, " Agba, AgbyAgbs {0} {1} 4 Cy x Cq X Co
Te,6,113 | 2 | 0 | atbsay 'by ', asbganbs, agby ' Agby ', Azbi Agby, AzbaAgby ', Agby ' Agby, Agby Agby " {0} | {o,1} 4 Cy x Cy X Co
Te,6,114 | 2 | 0 | atbza; 'by !, anbganbs, asby 'Agby ', A3biAgby, AzbyAgby ', Azb, "Agba, AgbyAgby {0} | {o,1} 4 Cy x Cy X Cy
Te,6,115 | 2 | O | arbza] by ', asbzasbs, asby 'Azby ', AsbiAsb] ", AsbaAgbo, AgbyAgby " {0} | {1,2} 4 Cy x Cq X Co
To6,116 | 2 | 0 | arbgay 'by ', asbzasbs, azby "Agby ', Azby Az, ', AgbyAgby, AgbyAsby {0} | {1,2} 12 Cy x Cy x Co
Te,6,117 | 2 | O | arbzaibs, arby 'Asby ', asbzay 'bs, Asbi Azb] ', AsboAgbs, Agby Agby " {0} | {1,2} 4 Cy x Cq X Co
To6,118 | 2 | 0 | arbgarbs, arby "Azby ', asbgas ‘b, Azby Agby ', AzbyAgby, AsbyAgbs {0} | {1,2} 4 Cy x Cy x Co
Te,6,119 | 2 | O | arbzaibs, arby *Asbs !, asbzay b3, Azbi Azb1, AzbaAsby t, Azby P Agbs, Agby Agby {0} | {1,2} 4 Cy x Cq X Co
Te,6,120 | 2 | O | aibsaibs, a1by 'Asby ', asbsay ‘b3, AzbiAgby, AzbaAgby, A3b§1A4b2, Ayby Agbs {0} | {1,2} 4 Cy x Cy X Co
Te,6,121 | 2 | O | arbzaibs, arby ‘asby *, asbsAzbs, Azbi Agby, AzbaAgby T, Azby L Asbs, Agby Agby’ {0} | {0,1,2} 4 Cy x Cq X Co
Tg,6,122 | 2 | O | arbgaibs, a1y "asby ', asb3Agbs, Asby Agb1, AgbaAsby ', Agby ' Agbs, AgbyAgbs {0} | {0,1,2} 4 Cy x Cy X Co
Te,6,123 | 2 | O | arbzaibs, arby tay b3 !, asby P Asbst, AsbyAsby, AsboAgbyt, Asby ' Agba, AgbyAgbg?t {0} | {0,1,2} 4 Cy x Cq X Co
Tg,6,124 | 2 | O | arbsarbs, a1y 'ay 'byt, asby " A3by !, AzbiAgby, AzbaAgby ', Agby " Agba, Agby Agby {0} | {0,1,2} 4 Cy x Cy X Co
Te,6,125 | 2 | O | arbzaibs, arby ‘asby’, asbsAzbs, Azbi Azb] ', AzbaAgbs, Agby Agby * {0} | {2,3} 4 Cy x Cq X Co
T6,6,126 | 2 | O | aibsarbs, a1y ‘azby ', azbzAsbs, Azbi Agby ', AgbyAgba, Agby Agbs {0} | {2,3} 4 Cy x Cy X Co
Te,6,127 | 2 | O | arbzaibs, arby tay *b3 !, asby P Asbst, AsbiAsbyt, AgboAgbs, AgbyAgbyt {0} | {2,3} 4 Cy x Cq X Co
Too,128 | 2 | O | arbgaibs, a1by ‘ay by ', asby "Azbs ', AgbiAzbl ', AzboAgby, AsbiAgbs {0} | {2,3} 4 Cy x Cy X Cy

Table 2.19: Some virtually simple (6, 6)-groups. (Part 4/5)
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Name | 71 | 72 | Squares: ajbiay b1, arbgagby ', a1by 'ay 'by ', a1b] tay tbe + H, Hoy [ : 1)) Aut(X )
Te,6,120 | 2 | O | aibzarbs, a1by Ta1by ', azbzasbs, asby 'Agby ', Agby Agb1, AgbaAsba, AgbaAgby {0}* | {o}* 4 Cy x Co
T6,6,130 | 2 | O | arbgarby®, asbzasbs, asby *Agby *, Azbi Asby *, AgbaAgby t, AzbT Agby, AgboAgby {0y* | {1} 4 Cy x Co
Te,6,131 | 2 | O | artbgarby ', asbgasbs, agby *Agby, Azbi Agby, AgbaAgba, Agba Agby " {0}* | {1} 4 Cy x Co
Te,6,132 | 2 | O | arbsarbs, a1by taibyt, asbzasbs, asby P Asbyt, Agbyi Asby h, AgbaAgby b, Agby T Agbr, AsbaAgby ' | {0}* | {1} 4 Cjy x Co
Te,6,133 | 2 | O | atbsarby ', asbgasbs, agby *Agby ', Azbi Agby ', AzbaAgby, Agby ' Agby, AgbaAgby " {0}* | {0, 1} 4 Cy x Co
Te,6,130 | 2 | O | arbgarby ®, asbgasbs, asby *Agby *, Azbi Asby, AzbaAgby t, Agby Agby " {0}* | {1,2} 4 Cy x Co
Te,6,135 | 2 | O | arbsarbs, a1by ‘a1by !, azbzasbs, asby ' Agby ', Agbi Agby ', AgbaAsby, Agby 'Agby, AgbaAgby ! {0}* | {1,2} 4 Cy x Co
Te,6,136 | 2 | O | arbsaibs, aiby 'a1by ', azbzasbs, asby 'Azby ', Agby Agby, AgboAzby ', AgboAgby ! {o}* | {1,2} 4 Cy x Co
Te,6,137 | 2 | O | arbsaibs, a1y "a1by ', asbzazbs, asby ' Asby ', AgbiAsby, AgboAgba, Agby Agdy {2} | {o}* 4 Cy x Cy X Co
Tg6,138 | 2 | O | aibsaibs, aiby 'a1by ', azbzazbs, asby 'Azby ', AgbyAzbi, AgboAgby, AgbyAgbs {2} | {o}* 4 Cy x Cq X Co
Te6,130 | 2 | O albgalbg,lalbglAgbgl, agbf,aglb?, A3b1A4b1,1A3b2A3b2, 1141;2,441;{71 ) {2} | {o}* 4 Cy x Co
Te,6,140 | 2 | O | arbgaiby ', asbzasbs, asby *Asby ', Azbi Agby ', AgbyAgby ', Agby ' Agbs, AgbyAgby {2} {1} 4 Cy x Cy X Cqy
Te,6,141 | 2 | O | arbsarby ', asbganbs, agby *Agby ', Azbi Agb ', AzbaAgby ', Agby ' Agby, AgbyAgby {2} {1} 4 Cy x Cy X Co
Te6,142 | 2 | O | arbgaiby ', asbzasbs, asby "Asby ', Azby Agby, AzbyAgba, Agby Agby* {2} {1} 4 Cy x Cy X Cy
Te,6,143 | 2 | O | arbgarby ', asbganbs, agby *Agby ', Azby Agby, AgbyAgba, Agby Agbs {2} {1} 4 Cy x Cy X Co
Te6,144 | 2 | O | arbsay by, asbzasbs, azby " Asby ', Azbi AgbT ', AgbaAzby ', Agby ' Agby, AgboAgby {2} {1} 4 Cy x Cy
Te,6,145 | 2 | O | atbsay 'by ', asbganbs, asby "Azby ', Azbi Agb1, AzbaAgby, Agby Agby " {2} {1} 4 Cy x Co
Te,6,146 | 2 | O | arbsaibs, a1by a1y ', asbzasbs, asby 'Azby ", AgbyiAzb !, AgbaAgby b, Agby ' Agby, Agb1Agby ' | {2} {1} 4 Cy x Cy X Cy
Te,6,147 | 2 | O | arbgarbs, a1by ‘arby ', asbzasbs, asby 'Azby ', Agby Agby ', AgbaAgby ', Agby " Agba, Asby Agbs {2} {1} 4 Cy x Cq X Co
Te,6,148 | 2 | 0 | arbzaibs, arby "Azby ', agbgay 'by, Azby Agby ', AzbaAsb, ', A3b¥1A4b1, Auby Agby {2} {1} 4 Cy x Cy
Te,6,149 | 2 | O | arbgarby ', asbzasbs, asby *Agby , Azbi Agby, AzbaAgby ', Agby  Agba, Agb1Agby {2} | {o0,1} 4 Cy x Cq X Co
Te,6,150 | 2 | 0 | arbsaiby ', asbzasbs, azby "Agby ', Azby Agby, AzbaAgby ', Azby ' Agba, AsbyAgby {2} | {o0,1} 4 Cy x Cy x Co
Te,6,151 | 2 | O | arbgay *by ', asbzasbs, asby *Azbyt, Azbi Agb], AzboAzbs, Azb] tAgby, AgbaAgby {2} | {o0,1} 4 Cy x Co
Te,6,152 | 2 | 0 | arbsaiby ', asbzazbs, azby " Aszby ', AzbyAzbl ', AgbyAaby, AgbyAgby* {2} | {1,2} 4 Cy x Cy x Cs
Te,6,153 | 2 | O | arbsarby ®, asbzasbs, asby *Agby t, Azby Agb; *, AzbaAsbs, Agby Agbs {2} | {1,2} 4 Cy x Cq X Co
Te,6,154 | 2 | O | arbsay 'by ', asbganbs, azby ' Azby ', AzbiAgb1, AzbaAgby ', AgbyAgby {2} | {1,2} 4 Cy x Co
Te,6,155 | 2 | O | arbsarbs, a1by taibyt, asbzasbs, asby ' Azbyt, Agby Agby b, AgbaAgbs, AgbyAgby 't {2} | {1,2} 4 Cy X Cq X Co
T6,6,156 | 2 | O | aibsaibs, a1by "a1by ', asbzazbs, asby *Asby ', Agby1Asby !, AgbaAsbo, AgbyAgbs {2} | {1,2} 4 Cy x Cy X Co
Te,6,157 | 2 | O | arbsarbs, a1by Taiby ', asbzasbs, asby *Asby t, Agby Agby, AgbaAgby b, Azby " Asbs, AgbyAgbgt {2} | {1,2} 4 Cy x Cq X Co
Te,6,158 | 2 | O | aibsaibs, a1by ‘a1by ', azbzasbs, asby 'Asgby ', AgbiAsby, AgbaAsby ', Agby ' Agbs, AgbyAgbs {2} | {1,2} 4 Cy x Cy X Co
T6,6,150 | 2 | O | arbsarbs, a1by TAsbs !, asbgay “bs, Azbi Asby , AzbaAgba, Azby *Asby, AsboAgby* {2} | {1,2} 4 Cy x Co
Te,6,160 | 2 | 0 | aibzaibs, a1by "Agbz ', agbzas "b3, AgbyAgby, AzbayAgby ', AgbpAgby ' {2} | {1,2} 4 C, x Cy

Table 2.20: Some virtually simple (6, 6)-groups. (Part 5/5)
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2.4.2 Virtually simple (4, 5)-groups

In this subsection we use the same strategy as above so as to discover vir-
tually simple (4, 5)-groups. The NST however requires the closures of the
projections to be boundary-2-transitive. In the previous section we were
dealing with 6-regular trees, so [BM00a, Propositions 3.3.1 and 3.3.2]
could be used to ensure the 2-transitivity on the boundary. For 4-regular
and 5-regular trees, those results do not apply. We will therefore need

the following theorem, due to Trofimov.

Theorem 2.4.3 (Trofimov). Let X be a connected (q+ 1)-regular graph
with ¢ > 2 a prime power and let G < Aut(X) be vertex-transitive.
Let v € V(X) and suppose that G(v) contains PSL(2,q) (acting on the
projective line over ¥;) as a normal subgroup. If G is non-discrete,
then X is the (q + 1)-reqular tree and the closure G < Aut(X) of G is

2-transitive on 0X.

Proof. See [Tro07, Proposition 3.1 and Example 3.2]. Note that the
original statement only mentions that X is the (¢ + 1)-regular tree.
However, the proof consists in showing that G is transitive on paths of
length ¢ of X for each £ > 1. This assertion implies that X is a tree,
but also that G is 2-transitive on 0.X. O

In §2.4.1 we started with a non-residually finite torsion-free (4,4)-
group. This time we start with a non-residually finite (3, 3)-group. Let
I'3 3 be the (3,3)-group associated to the six squares in Figure 2.9. The
local action of I'3 3 on T} (resp. T3) is Sym(3) (resp. C3). In the next
result, with the same ideas as for Proposition 2.4.1, we show that I's 3
is irreducible and not residually finite. Note that we could have used
[CW17, Corollary 6.4] for the non-residual finiteness, but once again we

(00)

wanted an explicit non-trivial element of I'y5".

SERIEEJE R OE S I

Figure 2.9: The (3, 3)-group I's 3.
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Proposition 2.4.4. The group I'33 is irreducible and not residually
finite. Moreover, [Bo(B1Bs)? Ba, B1 B3] or [Ba(B1B3)?Bs, B1B3As] is a
non-trivial element of I‘g?;).

Proof. By [Wei79, Theorems 1.1 and 1.4], I's 3 is irreducible if and only
if Fixproj,(ry.4)(B(v1,3)) is non-trivial. We first remark that (B1B3)?
fixes B(vi,1). Hence, (B B)* fixes B(v1,2) and (B B2)® fixes B(v1, 3).
Moreover, (B1B3)® does not fix B(vy,4) as (B1B2)%(AsA3A1Az(v1)) =
Ay A3A;Az(v1) (this can be seen by drawing a 4 x 16 rectangle). So I's 3
is irreducible.

We now want a non-trivial element in I’g?;). Recall from [CaplT7a,
Lemma 4.13] that [Cg(H), H] € G*)] for any subgroup H of a group
G. We take G =T33 and H = (A;, A3, Ay A1 Ag, Ap A3 As). Note that H
is a subgroup of (A1, Az, Az) = I's 3(v2). Actually, I's 3(v2) acts simply
transitively on the vertices of 77 and H has two orbits of vertices in 17, so
its index in I's 3(v2) is 2. It is also quick to check that By(B1Bs3)?Bg €
Cr,,(H). We now claim that BBy € T33(v2). As Ay ¢ H and H
is an index 2 subgroup of I's3(v2), it will follow that BiBs € H or
B1B3As € H.

We show that B1Bj € m by mimicking the proof of Proposi-
tion 2.4.1, which was illustrated on Figure 2.8. Consider a finite quotient
¢:T'33 = Q. Since I's 3 is irreducible, the projection projy(I's 3(v2)) is
infinite. Hence, its finite index subgroup projs(Fixr, ,(B(v2, 1)) Nker ¢)
is also infinite. Let v be an element of Fixr, ,(B(v2,1)) N ker¢ such
that projs(7y) is non-trivial. In 75, there is a vertex w # vy such that
~ fixes the path from vy to w but does not fix some neighbor z of w:
v(z) = 2/ # z. Write w = h(vy) with h € (By, By, Bs), z = hx(vs)
with o € {By, By, B3} and 2’ = ha'(vy) with 2’ € {By, B2, Bs}. Recall
that proj,(I's3(v2)) acts on the three neighbors of vy as Csy: the only
non-trivial permutation induced on these three vertices is the transpo-
sition (Bj(ve) Bs(vz)). We thus have the same local action around w,
and the fact that v fixes w and some neighbor of w while not fixing z
implies that {z,2'} = {Bj, Bs}. Then we get that yha = ha'+’ for some
7' € T33(v2). As ¢(y) = 1, this implies that p(z'~1x) € ¢(I'53(v2)).
Either /~!z or its inverse is equal to By B3, so ¢(B1B3) € p(I's 3(v2)).
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This is true for all finite quotients ¢:I'3 3 — @, so B1B3 € I's 3(v2). O

The same proof can actually show that [By(B1B3)?Bs, (B1B3)?] is
always a non-trivial element of Fg?g). But this element has length 20
and our computer could hardly deal with it. Instead, the elements

[Ba(B1B3)? By, By Bs| and
[B2(B1B3)?Ba, B1 B3 As) = Ba(B1B3)? By B1 B3 Ba(B1B3)* Ba B3 By

given by Proposition 2.4.4 have length 16, which is slightly better.

Using GAP we could search for (4, 5)-groups I' containing I's 3 or the
mirror of I's 3 (i.e. {(g1,92) € Aut(T1) x Aut(T3) | (92,91) € I's3}), and
such that Hy(vi)>PSL(2,3) = Alt(4) and Hy(vs) > PSL(2,4) = Alt(5).
We say that I' satisfies (xx) if the above conditions are true. Since I's 3
is irreducible, a group I' satisfying (xx) is also irreducible and H; is 2-
transitive on 97} for each ¢t € {1,2} by Theorem 2.4.3. Thus the NST
applies and I' is virtually simple.

There are 60 equivalence classes of (4,5)-groups satisfying (xx), all
with 71 =4 and 7 = 5 (i.e. with 9 generators, each of order 2). We give
in Tables 2.21-2.22 a group in each class: call them I'y51,...,I'45 60
Note that I'y 5.1, ...,'4 528 contain I's 3 while I'y 5 29, ...,1'4 5 60 contain
its mirror. We can make some remarks similar to those in §2.4.1:

e The index of the simple subgroup I’A(fg)k of I'y5% can be com-

puted by using the fact that r; = [By(B1B3)?Bs, B1 B3] or ry =
[B2(B1B3)% By, B; B3 As] belongs to I’é?g) (see Proposition 2.4.4).
Indeed, if @Q; (resp. Q2) is the group obtained by adding the rela-
tor r1 (resp. r2) to the presentation of I'y 5 1, then [I'y5 1 Fz(f;)k] =
max(|Q1],|Qz2]). (For k > 29 we must actually consider the mir-
rors of r1 and r2). The indices that we obtain are written in the
tables. When the index is 4 we have Ff;)k = PZ5,k7 and when it

is 8 we have that I’iog)k is an index 2 subgroup of I’IEJ i

e For each k € {1,...,60} we get Aut(XFZm) = CyxCy,50'y5,
is the only (4,5)-group whose type-preserving subgroup is FI&k.
Therefore all FZ& . are pairwise non-conjugate in Aut (77 x73) (and
thus pairwise non-isomorphic by [BMZ09, Corollary 1.1.22]).
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Theorem 2.4.5 (Theorem 2.C (ii)). Let 'y (k € {1,...,60}) be one
of the (4,5)-groups given by Tables 2.21-2.22.

o Ifke{l,...,32} U{39,...,54}, then FZ5 . is simple.

o Ifk e {33,...,38}U{b5,...,60}, then FI5  has a simple subgroup
of index 2.

Moreover, all groups F4757k are pairwise non-isomorphic.
Proof. See the discussion above. O

Corollary 2.4.6. For each k € {1,...,32} U{39,...,54}, there exist
two injections Fi11 — F3 of free groups such that the simple group Fi5 &

is isomorphic to the amalgamated free product F3 xp,, F3.

Proof. Recall that I'y5 (v2) = (A1, Ag, Az, Ay), where Ay, Ay, Az and
Ay are order 2 elements sending v; to its four neighbours in 77. Hence,
the index 2 subgroup G = I’i5,k(v2) is a free group of rank 3, on the
3 generators A; A, A1 Az and A Ay. If vl is a vertex adjacent to vg in
Ty, then G’ = FZ5 . (v5) is also isomorphic to F3. Moreover, these two
point stabilizers G and G’ generate le_,5,k so that PI5,k = G *xgne G
(see [Ser77, Theorem 6]). The subgroup G N G’ has index 5 in both G
and G’, so GNG' is free of rank 1+5(3—1) = 11 by the Nielsen—Schreier

formula. O

Proof of Corollary 2.D (ii). This is the presentation of Fi5,9 (see Fig-
ure 2.10). In order to find this presentation, we write 1 = AjAs,
19 = A1 Az and 23 = A1 A4 so that G = FI579(U2) is freely generated by

SRR DR JE RO LI
RSN IR

Figure 2.10: The (4,5)-group I's5 9.
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x1, T2 and z3. In the same manner, the stabilizer G’ = I’Z579(B1 (v2)) of
the vertex Bj(vy) (which is adjacent to ve in Th) is freely generated by
y1 = B1A1AsBy, yo = B1A1A3By and y3 = B1A1A4B1. The subgroup
G NG’ of G has index 5 in G, and the Reidemeister—Schreier method
can be used to find 11 generators of this subgroup (which is isomorphic
to F11). After some computations we came up with the 11 elements of
G = (x1, 2, x3) written on the left-hand sides of the 11 relations of the
presentation given in the statement. Those 11 elements also belong to
G’ = (y1,v2,y3), and it then suffices to write them in terms of the y;’s.

For instance, for 23 € G we have

23 = (A1 A3)?
= B1(B1(A143)*B,)B,;
= B1(A1A3A243) By
= B1(A1A3A2A41A1A3) By
= B1(X2X] ' X2) By

= y2y; ‘o

The geometric squares defining I'y 5 9 have been used to find the equality
Bl(AlAg)QBl = A1A3A2A3. |



Name | Squares: A1 B1A1B1, A1BaA1 B2, A1B3A3sBs, Ao B1AaB1, A2B2A3Ba, A3sB1A3B3 + r: F(oo)] Aut(XFJr)
la51 | A1ByA1By, A1B5A1Bs5, A2B4A2Bs, A3ByA3By, A3B5A4Bs, AyB1A4Ba, A4B3A4By 4 Ca x Co
Fa52 | A1ByA1By, A1B5sA1Bs5, A2ByA2Bs, A3ByA3By, A3B5A4Bs, AyB1AyBy, AyB2 A4 B3 4 C2 x Co
T4,53 | A1B4A1By4, A1B5sA3Bs, A2ByAsBs, A3B4AyBy, A4B1AyBa, AyB3A4Bs 4 C2 x Co
T4,5,4 | A1B4A1B4, A1BsA3Bs5, A2ByAsBs, A3B4AyBy, A4B1AyBs, A4B2AyBs 4 C2 x Co
Fa5,5 | A1ByA1By, A1B5sAyBs, A2ByA2Bs, A3ByA3By, A3B5A3Bs5, AyB1AyBa, AyB3A4By 4 C2 x Co
Fy56 | A1BaA1Ba, A1B5sA4Bs, A2ByA2Bs, A3ByA3By, A3BsA3Bs, A4B1A4By, A4B2AyBs 4 C2 x Co
Fa57 | A1ByA1By, A1B5sAyBs, A2ByA2Bs, A3ByA3Bs, AyB1AyBa, AyB3A4By 4 C2 x Co
Ty458 | A1B4A1Bs, A1BsAyBs, A2ByAsBs, A3B4A3Bs, A4B1AyBy, A4B2AyBs 4 C2 x Co
Fa59 | A1ByA1 By, A1B5sA4Bs, A2ByA3Bs, AyB1A4Ba, AyB3A4By 4 C2 x Co
Tu5,10 | A1B4A1By, A1B5AyBs, A2ByA3Bs, AyB1A4By, AyB2A4B3 4 C2 x Co
Tus5,11 | A1B4A3By, A1BsA4Bs, A2ByA2Bs, A3B5A3Bs5, AyB1AyBa, AyB3A4By 4 C2 x Co
Tu5,12 | A1B4A3By, A1BsA4Bs, A2ByA2Bs, A3B5A3Bs5, AyB1AyBy, A4B2A4B3 4 C2 x Co
Tu5,13 | A1B4A1Bs, A2B4A2By, A2BsA2Bs, A3B4A3By, A3B5A4Bs5, AyB1A4Ba, A4B3A4By 4 Ca x Co
Tu5,14 | A1B4A1Bs, A2ByA2By, A2B5A2Bs, A3B4A3By, A3B5A4Bs, AyB1A4By, AyB2AyB3 4 C2 x Co
Ty5,15 | A1B4A1Bs, A2ByA2By, AaBsA3Bs, A3sByAyaBy, A4B1A4B2, A4B3A4Bs 4 C2 x Co
Tu5,16 | A1B4A1Bs, A2ByA2By, A2B5A3B5, A3B4AyBy, AyB1AyBs, AyB2AyB3 4 C2 x Co
Ty5,17 | A1BaA1Bs, A2ByA2By, AaBsAyBs, AsByA3By, A3BsA3Bs, A4B1A4 B2, A4B3A4By 4 C2y x Co
Tu5,18 | A1B4A1Bs, A2ByA2By, A2 BsAyBs, A3B4A3By, A3B5A3Bs5, AyB1A4By, AyB2AyB3 4 C2 x Co
Tu5,19 | A1B4A1Bs, A2ByA2By, A2 B5AyBs, A3B4A3Bs, AyB1AyBa, AyB3A4By 4 C2 x Co
Ty5,20 | A1B4A1Bs, A2B4A2By, A2BsA4Bs, A3B4A3Bs5, AyB1A4By, A4B2A4Bs 4 C2 x Co
Tu5,21 | A1B4A1Bs, A2ByA3By, A2B5Ay4Bs, A3B5A3Bs5, AyB1AyBa, AyB3A4By 4 C2 x Co
Ty5,22 | A1B4A1Bs, A2ByA3By, AaBsAyBs, A3BsA3Bs, AaB1A4By, A4B2A4B3 4 C2 x Co
T45,23 | A1B4A1Bs, A2ByA2Bs, A3ByA3By, A3B5A4Bs, AyB1AyBa, A4B3A4By 4 C2 x Co
Ty5,24 | A1B4A1Bs, A2By4A2Bs, A3sByA3Ba, AsBsAaBs, A4B1A4By, A4B2A4Bs3 4 C2 x Co
Tu5,25 | A1B4A2Bs, A3ByA3By, A3B5A4Bs, AyB1AyBa, AyB3A4By 4 C2 x Co
Ty5,26 | A1BaA2Bs, A3sByA3sBa, A3sBsAy4Bs, AyB1A4By, A4B2A4B3 4 Cs x Co
Ty5,27 | A1B4A3Bs, A2B4A2By, A2BsA4Bs, AyB1A4B2, AyB3A4By 4 C2 x Co
Tu5,28 | A1B4A3Bs, A2ByA2By, A2 B5A4Bs, AyB1AyBy, AyB2AyB3 4 Cao x Co

Table 2.21: Some virtually simple (4, 5)-groups containing I'3 3.
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Name Squares: A1B1A1B1, A1B2A1 B2, A1 B3A3B3, AsB1AaB1, Ao BaAsBs, A3B1A3By + r: F(oo)] Aut(XF+)
Ca5,20 | A1BaA1Ba, A1BsA2Bs, AoByA4Ba, A3BaA3Bs, AaB1A4B1, A4B2A4By, AaB3A4Bs 4 C2 x Cq
4530 | A1ByA1By, A1B5A2Bs, A2ByAyBy, A3ByA3Bs, AyB1AyB1, AyB2AyBs, AyB3A4B3 4 C2 x Co
T4531 | A1B14A1By, A1B5A2Bs, A2B4AyBy, A3B4A3Bs, AyB1AyBa, A4B3A4Bs 4 C2 x Cq
F4532 | A1B4A1By, A1B5A2Bs, A2ByAyBy, A3B4A3Bs, AyB1AyB3, AyB2A4Bs 4 C2 x C2
4533 | A1B4A1Bs, A1B5A4Bs, A2B4A3Bs, AyB1A4B1, AsBoAyBo, AyB3A4By 8 Ca x Ca
45314 | A1B4A1Ba, A1B5A4Bs, A2B4A3Bs, A4B1A4B1, A4B2AyBy, A4B3A4Bs 8 C2 x Co
Fa5,35 | A1ByA1By, A1B5A4Bs, A2B4A3Bs, A4B1A4Bo, AyB3A4By 8 C2 x C2
Fa536 | A1BsA1By, A1B5A4Bs, A2B4A3Bs, A4B1A4B3, AyB2AyBy 8 Cay xCa
Ta5,37 | A1ByA1By, A1B5A4Bs, A2B4A3Bs, AyB1A4By, AyBoAyBa, AyB3A4B3 8 C2 x Co
Fa538 | A1B4A1By, A1B5A4Bs5, A2B4A3Bs, A4B1A4By, A4B2AyBs3 8 C2 x Co
Fa539 | A1ByA2By, A1B5A4Bs, A2B5A2Bs5, A3ByA3Bs, AyB1AyB1, AyB2AyBa, AyB3A4By 4 C2 x C2
Fa540 | A1BaA2Ba, A1BsA4Bs, A2B5A2Bs5, A3BaA3Bs, AaB1A4B1, A4B2A4B4, AaB3A4B3 4 C2 x Co
Fa5,41 | A1ByA2By, A1B5A4Bs, A2B5A2Bs5, A3B4A3Bs, AyB1AyBa, AyB3A4By 4 C2 x Co
Fa542 | A1ByA2By, A1B5A4Bs, A2B5A2Bs5, A3B4A3Bs, AyB1AyB3, AyB2Ay4By 4 C2 x Co
4543 | A1B1A1Bs, A2BsA2Ba, A2B5A3B5, A3BaAaBa, AaB1A4B1, A4B2A4By, AsB3A4Bs 4 C2 x Co
F4544 | A1B4A1Bs, A2B4AsBy, A2B5A3Bs5, A3ByA4By, AyB1AyB1, AyB2AyBs, AyB3A4B3 4 C2 x C2
45,45 | A1B4A1Bs, A2B4A2By, A2B5A3Bs, A3B4AyBy, A4B1A4Ba, A4B3A4Bs 4 C2 x Co
Fa546 | A1B1A1Bs, A2B4AsBy, A2B5A3Bs5, A3ByA4By, AyB1AyB3, AyB2A4Bs 4 C2 x Co
4547 | A1B1A1Bs, A2BsA2Ba, A2B5A3B5, A3BaAaBa, A4B1A4Bs, A4B2A4By, AaB3A4B3 4 C2 x Co
Fa548 | A1B4A1Bs, A2B4AsBy, A2B5A3Bs5, A3ByA4By, AyB1AyBs, AyB2A4B3 4 C2 x C2
Fa549 | A1ByA1Bs, A2B4A3By, A2B5A4Bs, A3BsA3Bs, AyB1AyB1, AyB2AyBa, AyB3A4By 4 C2 x C2
4550 | A1B4A1Bs, A2B4A3Ba, A2B5A4Bs, A3BsA3Bs, AaB1A4B1, A4B2A4By, AyB3A4Bs 4 C2 x Co
Fa551 | A1ByA1Bs, A2B4A3By, A2B5A4Bs, A3BsA3Bs, AyB1AyBa, AyB3A4By 4 C2 x C2
4552 | A1B4A1Bs, A2B4A3By, A2B5A4Bs, A3B5A3Bs, AyB1A4Bs, AyB2A4By 4 C2 xCa
Fa553 | A1ByA1Bs, A2B4A3By, A2B5A4Bs, A3BsA3Bs, AyB1AyBy, AyB2AyBa, AyB3A4B3 4 C2 x C2
4554 | A1B4A1Bs, A2B4A3Ba, A2B5A4Bs, A3BsA3Bs, A4B1A4By, A4B2AyBs 4 C2 x Co
Ta5,55 | A1B4A2Bs, A3B4A3By, A3B5A4Bs, AyB1A4B1, AyBoAyBa, AyB3A4By 8 C2 x Co
4556 | A1BaA2Bs, A3B4AsBa, A3BsA4Bs, A4B1A4B1, A4B2A4By, A4B3A4Bs 8 C2 x Co
4557 | A1B4A2Bs, A3ByA3Ba, A3Bs5A4Bs, A4B1A4Ba, A4B3A4By 8 C2y xCa
Fa558 | A1B4A2Bs, A3B4A3By, A3B5A4Bs, A4B1A4Bs, AyBoAyBy 8 C2 x Co
4559 | A1B4A2Bs, A3B4A3Ba, A3Bs5A4Bs, A4B1A4By, A4B2AyBo, A4B3A4Bs 8 C2 x Co
Ta560 | A1B1A2Bs, A3B4A3By, A3B5A4Bs, AyB1A4By, AyBoAyB3 8 C2 x Co

Table 2.22: Some virtually simple (4, 5)-groups containing the mirror of I's 3.
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2.4.3 Virtually simple (2n,2n + 1)-groups (n > 2)

In §2.4.2 we gave a list of virtually simple (4, 5)-groups I'y 5 5. We now
construct for each n > 2 a virtually simple (2n,2n + 1)-group. For n = 2
we take I'y5 = I'y59, see Table 2.21 and Figure 2.10. For n > 3 we

define I'gy, 211 as the (2n,2n + 1)-group whose geometric squares are:
(1) the 11 geometric squares of I'y 5;

(2) the 3 geometric squares Ag, Baoyy1A1Bay, Agr_1BorAs—1B1 and
Agp_1Boyy1A9Bo,y1 for each 3 < r < n, see Figure 2.11;

(3) all geometric squares A;BjA;By, with j € {1,...,2n} and k €
{1,...,2n+1} such that the corner (A;, By) does not already appear
in a geometric square of (1) or (2).
2r—1
2r 2r +1 2r 2r+1 2r+1
2r 2r—1 2r—1

Figure 2.11: Additional squares in I'y;, 25,41.

Theorem 2.4.7 (Theorem 2.E). For each n > 2, I'y, 941 is a virtu-
ally simple (2n,2n + 1)-group with Hyi(v1) = Sym(2n) and Ha(vy) =

Sym(2n + 1) and such that I2n2n+1 /ngo)znﬂ = (Cq)". Moreover, if

n > 3, then there is a legal coloring © of T} such that
o Hy =G ({4},{4}) if n is even,
e Hy =G»({0,2,3},{0,2,3}) if n is odd.

Proof. The group Hj(v1) is generated by the following 2n + 1 permuta-

tions, which clearly generate Sym(2n):

Bi = ()
B2 N (AQ Ag)
B3 : (A1 Ag)
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By : (As Ay)
Bs @ (Ap Ag)(A2 A3)
By (3<r<n) : (A Ay)
Bory1 3<1r<n) : (A1 Az ) (A Asq)

For Hy(v2) we have the 2n permutations

Ay ¢ (Bs Br)(Bs By) ... (B2n Ban+1)
Az ¢ (Ba Bs)
As : (B1 B3)(B4 Bs)
Ay ¢ (B B2)(Bs By)
Agr1 3<r<n) : (B1 By)
Ay 3<r<n) : (B Bary1)

The permutations A, As, Ay generate Sym(5), and we then get by in-
duction that the permutations As, ..., Ag, generate Sym(2r+1) for each
3 <r < n. In particular, we have Hy(v2) = Sym(2n + 1).

We already know that I'y 5 is virtually simple. For n > 3, by [BM00a,
Proposition 3.3.2] the groups H; and Hy are boundary-2-transitive.
Moreover I'zj, 2,41 contains I'y 5 so it is irreducible and non-residually

finite. The NST then implies that I'gy, 2,41 is virtually simple.

We now compute I'2n,2n+1 /Fg;o)%_H- Recall from Proposition 2.4.4
that r = [BQ(BlBg)2B27BlBg] or ro = [BQ(BlB3)2BQ,BlBgA2] be-
longs to I’g?g) (and thus to Fg;zcj;wrl)' We have by Theorem 2.4.5 that

Cyps /Tff? &~ (C3)?, so r1 and r9 both belong to Fg?;) < F;(;Lcj;n+1' The

quotient '2n,2n+1 / ngLO)Qn+1 is therefore isomorphic to the finite group
(), obtained by adding the relator r; to the presentation of I'g;; 2,41.
We write A; (resp. By) instead of A; (resp. By) for the generators of
Qn. The relators of Qo =2 (Cs)? all appear in the presentation of Q,,, so

the subgroup

is isomorphic to (C2)? (with A = Ay = A3 = Ay and By = By =
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B3 = B4 = Bs). Moreover, for each 5 < j < 2n there exists a geometric
square in the definition of I'y,; 9,41 of the form A;BpA;B; for some
1 <k < 5. Similarly, for each 6 < k < 2n+1 there is a geometric square
of the form A;ByA;Bj, for some 1 < j < 4. We thus deduce that B
commutes with Zj for each 1 < j < 2n and that A; commutes with By,
for each 1 < k < 2n + 1. From the geometric square As,._1Bo,As._ 1B
we therefore get that Bo, = B; for each 3 < r < n, and from the
geometric square Ag,_1Boyy1A3By,41 we get that Ay, 1 = A; for each
3 < r < n. The relators of @), then directly give ZJ-F;C = Eij for all
1<j<2nand 1 <k < 2n+ 1, except when j > 6 is even and k =
j—+1. In that particular case, we can however remark from the geometric
square Ag, Ba,11A1Bs, that ZQTPQTH = B1A; for each 3 <r <mn. As
(A9, Bary1)™' = Bayi14s, and (B1A;)™' = A1B; = B1A;, we also
obtain ZQTPQTH = §2r+1Z2r. Using those equalities, the presentation

of ), can be reduced to

ZjEijﬁk for all j and k,

< Z17267287 v 7ZQn7
Z2r§2r+121§1 foreach3<r<n

Z? for all 7, Ez for all k,
El,§7aE95"',§2n+l >

One easily checks from the relators that all Zj pairwise commute and all
Bj, pairwise commute, so that @, is an abelian finite group. Each relator
ZQTEQTJFIZ:[F:L can then be used to erase §2r+1 from the presentation,
and we are left with the generators Ay, Ag, As, ..., Asy,, B1 and no other
relator than the commutators. So @, = (C2)" as wanted.

When n > 3, the group H; can be computed thanks to the algorithms

developed in §2.3. We do not give the details here, but it can be seen
(1)

Tan,2nt

the parity of n. So it suffices to proceed for n = 3 and n = 4. U

when computing the graph G , that the result will only depend on

2.4.4 Virtually simple (6, 4n)-groups (n > 2)

Let T1 be the 6-regular tree and Tz(n) be the 4n-regular tree for n > 2.
In this section we describe a sequence (I'g 4, )n>2 of groups, with I'g 45,
being a (6, 4n)-group, such that proj; (Te.4n) — Aut(7}) in the Chabauty
topology of Aut(T}) when n — oc.
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Figure 2.12: The torsion-free (6,4n)-group I'g 4.

Theorem 2.4.8 (Theorem 2.F). Let n > 2 be an integer and let I'¢ 4, be
the torsion-free (6,4n)-group associated to the geometric squares in Fig-
ure 2.12. Then T 4y, is virtually simple, proj,(Te.4n) = Gauy({n}, {n})
for some legal coloring i1 of Ty and projy(Tean) = G i,)({0},{0}) for
some legal coloring iy of Tg(n).

Proof. One easily checks that the geometric squares given in Figure 2.12
indeed define a torsion-free (6,4n)-group. The first four squares corre-
spond to I'y4 (see §2.4.1), so that I'y 4 < I'6 4p. In particular, I'g 4y, is
irreducible and non-residually finite. If we show that Hj(vi) > Alt(6)
and Ha(vg) > Alt(4n) (where Hy = proj,(Te4n)), then it will follow
from the NST and [BMO00a, Propositions 3.3.1 and 3.3.2] that I'¢ 4y, is
virtually simple.

The group H(v1) is generated by the following permutations.

b1 : (a1 az)(ay’ a3')(as)(az")
by : (a1 ag ai' ay")(as)(a3")

by : (a1 az ay')(az)(ay ") (az ™)
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baj ¢ (a1 a7t azt)(az az ayt) (je{2,....,n—1})
Yozl  (jef{2...,n-1})

bon : (a1 ay' az')(az)(ay ") (as)

bojr1 ¢ (a1 a3 ayt)(ag ay

The permutations induced by by, be, bs and be, generate Sym(6), so
H,(v1) = Sym(6). For Hy(vo) we get:

ar : (by byt by ) (b2)(bs ba) (b3t b1 Y) . (b2t b2n) (b b3,)
az : (b1 ba by ') (by ) (bs b3 1) (b2n b3,)

(ba b5)(bg " b51) - (ban—2 ban—1)(by,—s by y)
az ¢ (ban ban—1 ... ba by)(byt byt | ... byt DY)

We observe that a2 and a3 induce the permutations (b; by b;!) and
(by by" by) respectively, which generate Alt({by,b; ", ba,b5'}). Conju-
gating this alternating group by several powers of ag, we obtain all
Alt({b;, b7, bj41,b5 1 }) with j € {1,...,2n —1}. These alternating
groups together generate Alt(2n). As the permutations induced by aj,
as and a3 are all even, we get Hy(vp) = Alt(2n). This already implies

that Hy = G(;,)({0}, {0}) for some legal coloring iy of TQ(n).

There remains to compute Hj, using the algorithms developed in
§2.3. The simplified labelled graph G&)M is a cycle with only one label

—1, see Figure 2.13. From this graph and via Proposition 2.3.8, we can
compute the values of 5,(91)(bj) for j € {1,...,2n} and k € Z>:

s s g
by | =1 +1 +1 ... +1 41
by | +1 —1 +1 ... +1 +1
o1 | +1 1 41 ... -1  +1
boyo | +1 +1 +1 ... +1  +1
boys | +1 1 +1 ... -1 +1
bo | +1 +1 —1 ... +1 +1
by | +1 —1 +1 ... +1 41
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-1

Figure 2.13: The simplified labelled graph el

Te,an”

From these values we deduce that K1) = n and
s (Hy(v1) = {(s0,- .., 5n) € (Co)" ! | 5, = 1}.

Hence, the four groups that can be isomorphic to Hy are G(;y({n}, {n}),
Gupn(Y,Y), G’(il)(Y, Y)*and G;,)(Y*,Y*) where a(Y) = {n}. We have
Y ={1,3,...,n—1}ifniseven and Y ={0,2,...,n — 1} if n is odd.
Now let us see which of the four groups is the good one, thanks
to Proposition 2.3.9. The very first equality in both systems (x) and
(*x) comes from the first and third geometric squares defining I 45, and
is 2129%4n = %22184p—1, Where Xy = ],y s&l)(bfl) and Yy4,_1 =
[L ey 37(})(62_1). But from the table above we can compute that 4, #
Y4n—1 in any case, so (x) and (x*) have no solution. Hence H; =

Giy({n}, {n}) for some legal coloring i; of T1. O

Proof of Corollary 2.G. Define I'g 4, < Aut(T") X Aut(TQ(")) forn > 2 as
in Theorem 2.4.8. Given vy € V(TQ(")), the group F' = proj; (I'¢ 4n(v2)) <
Aut(T) is torsion-free and acts simply transitively on the vertices of
Aut(T): it is thus conjugate to F3 in Aut(7"). Moreover, the full pro-
jection proj;(I's4n) < Aut(T') commensurates F'. Indeed, if v € T'g 4y,
then Y6 4n (v2)7 ™! = T6.4n(7(v2)) 80 g an(v2) N yT6.4n(v2)y ! is noth-
ing else than the fixator of vy and y(v2) in I'g 4. This is a finite index
subgroup of I'g 45, (v2) and T'¢ 45 (7(v2)) as wanted. Hence, the closure of
the commensurator of F3 in Aut(T) contains G ;m))({n}, {n}) for some

legal coloring i(™ of T (see Theorem 2.4.8). The conclusion follows from
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the fact that {J,,>o G(;my({n}, {n}) is dense in Aut(T). O

2.5 About products of three trees

We conclude the chapter with the proof of Theorem 2.H.

Proof of Theorem 2.H. Suppose that such a group I' exists. Let us con-
sider T'(v3), the fixator of vz in T3. The group I" = proj; 5(T'(v3)) <
Aut(Ty) x Aut(T,) acts simply transitively on the vertices of T} X T,
i.e. it is a (6,6)-group. By hypothesis, proj; 3(I') is dense in H;y x H3, so
proj; 3(I'(v3)) is dense in Hy x H3(v3) (because H3(v3) is open in H3).
Taking images under the continuous map proj;, we get that proj; (I'(v3))
is dense in Hj, i.e. m = H;. Similarly, we have m = Ho.
We deduce in particular that I is an irreducible (6, 6)-group whose local
actions on 77 and T3 contain Alt(6). The last hypothesis also implies
that the values 71 and 75 associated to I'' are both equal to zero.

As can be read from Tables 2.12 and 2.14, there are 23225 equivalence
classes of irreducible (6, 6)-groups with 7y = 75 = 0 and H;(vy), Ha(v2) >
Alt(6). We indeed have 2240 such groups that are torsion-free and 20985
such groups with torsion.

There remains to prove that none of those 23225 groups can be equal
to I'V. Let v be an element of I'(v3). It induces a permutation of the
six neighbors of v3. Since all elements of Sym(6) have order < 6, there
exists o € {4,5,6} such that 7° fixes B(vs, 1) in T3. If Q0 is the group
obtained by adding the relation v° = 1 to the presentation of I'(v3) = I”,
then we have a natural surjection Qo — Hs(v3). Now recall that, if 7 is
non-trivial, then Q)40 is a finite group by the Normal Subgroup Theorem.
Also, Hs(vs3) is isomorphic to Alt(6) or Sym(6) by hypothesis. Hence,
for each of the 23225 groups mentioned above and for each generator
g € {a1,a2,a3,b1,by,b3} we can compute (with GAP) the groups Qg0
for each 0 € {4,5,6} and check if one of these three finite groups surjects
onto Alt(6) or Sym(6). If the answer is no for one of the six generators,
then that group can be excluded.

We could check this condition on all 23225 groups, and the answer

is clear: none of them satisfies the condition. O



Chapter 3

A lattice in a residually

non-Desarguesian

~

As-building

In Chapter 2 we studied groups acting simply transitively on the ver-
tices of a product of two trees. Another related subject concerns groups
acting simply transitively on the vertices of an As-building. There is a
strong similarity between the lattices appearing in these two contexts.
In fact both belong to the formal framework of polygonal presentations
introduced in [Vdo02]. They do not, however, enjoy the same qualita-
tive properties (e.g. QI-rigidity, Kazhdan’s Property (T)). Groups acting
simply transitively on the vertices of an Ay-building are also hard to con-
struct in general. The main achievement of this chapter, whose content
has been published in [Rad17b], is the construction of a locally exotic
Ay-building admitting such a lattice.

3.1 Main results

A (thick) Ay-building is a simply connected simplicial complex of di-
mension 2 such that all simplicial spheres of radius 1 around vertices are
isomorphic to the incidence graph of a projective plane. These projective

planes are called the residue planes of the flg—buﬂding.

161
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The vertex set V(A) of an Ay-building A can be partitioned as
V(A) = Vo(A) UV (A) U Va(A), so that each triangle of A has a vertex
of each type (where a vertex of type t is a vertex in V;(A)). An element
g € Aut(A) is called type-rotating if its induced action o on the set
of types {0, 1,2} satisfies o(t) = ¢t + ¢ mod 3 for some ¢ € {0, 1,2}.

Our main motivation is to prove the following result.

Theorem 3.A. There exist an Ay-building A and a group T < Aut(A)
satisfying the following properties:

(1) All residue planes of A are isomorphic to the Hughes plane of or-
der 9.1

(2) The group T acts simply transitively on the set of vertices of A.
(8) All elements of T are type-rotating.

(4) The index 3 subgroup Tt of ' consisting of the type-preserving au-

tomorphisms is torsion-free.
(5) The derived subgroup [T, T] of T is perfect and I’ /[R ] = C2xCs.

(6) There exists an infinite family {Ag}y of disjoint isomorphic sub-
buildings of A whose residue planes are isomorphic to PG(2,3) and

such that each vertex of A is contained in one sub-building Af.

(7) The stabilizer of a vertex in Aut(A) has order 96, i.e. [Aut(A) : T'] =
96. In particular, Aut(A) equipped with the topology of pointwise

convergence is discrete.

Moreover, as any unimodular locally compact group acting contin-
wously, properly and cocompactly on an As-building, I' satisfies Kazh-
dan’s Property (T) (see [BAIHV08, Theorem 5.7.7]). Groups with Prop-
erty (T) are deeply studied in [BAIHVO08].

!The Hughes plane of order 9 was actually first constructed by O. Veblen and
J. Maclagan-Wedderburn in 1907, see [VMWO07]. This was the first discovered finite
non-Desarguesian projective plane, and the role of D. Hughes in [Hug57] has been
to generalize their construction to get an infinite family of finite non-Desarguesian
planes (with order p*" for p an odd prime).
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The tools that we develop in the discussion toward Theorem 3.A
also leads us to the following side result about groups acting simply
transitively on the vertices of a thick As-building. Given a projective
plane IT with point set P and line set L, a correlation (or duality)
6 of II is a pair of bijections dp: P — L and d;: L — P that preserve
incidence, i.e. such that p € ¢ if and only if dp(p) 3 d1(¢). It is then
customary to also call dp: P — L a correlation (and d7 is uniquely

determined by dp).

Proposition 3.B. Let A be a thick As-building and let T < Aut(A) be
a group of type-rotating automorphisms of A acting simply transitively
on V(A). Let P (resp. L) be the set of neighbors of type 1 (resp. 2) of
a fized verter vy € Vo(A), and denote by 11 the residue plane at vy (with
P and L as sets of points and lines). Let \: P — L be the bijection such
that, for each x € P, the unique element of I' sending vy to x € P sends
Az) € L to vg. Then X is not a correlation of I1.

3.2 Previous work on the subject

In [CMSZ93a], Cartwright, Mantero, Steger and Zappa were interested
in groups acting simply transitively on the vertices of an As-building.
We will make great use of their work and give in this section the essential

definitions and results.

3.2.1 P-L correspondences and triangle presentations

We start with the following definition from [CMSZ93a].

Definition 3.2.1. Let P and L be the sets of points and lines respec-
tively in a projective plane II. A bijection A\: P — L is called a P-L
correspondence in II. A subset 7 C P? is then called a triangle

presentation compatible with A if the two following conditions hold:

1. For all z,y € P, there exists z € P such that (z,y,2) € T if and

only if y € A(x) in II. In this case, z is unique.

2. If (x,y,2) € T, then (y,z,2) € T.
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Example 3.2.2. The projective plane PG(2,2) can be defined by P =
L=12 /77 with line x € L being adjacent to the points .+ 1, x4+ 2 and
z + 4 in P. Consider the P-L correspondence \: P — L:x € P+— xz € L
in II. Then

T = {(1-’1-_’_1’1-4_3)7(1'—|—1’1‘—|—37.7J),(.7J+3,x7-75+1) ’xep}

is a triangle presentation compatible with A. Indeed, (ii) is obviously
satisfied and, for x,y € P, it is apparent that there exists (a unique)
z € P such that (z,y,z) € T if and only if y € {z + 1,2 + 2,2 + 4},
which is exactly the set of points on the line \(x).

Now suppose we have a thick As-building A and a group I' < Aut(A)
of type-rotating automorphisms of A acting simply transitively on V(A).
In this context, the following theorem shows how one can associate to I'

a P-L correspondence and a triangle presentation compatible with it.

Theorem 3.2.3 (Cartwright-Mantero—Steger—Zappa). Let A be a thick
As-building and let T < Aut(A) be a group of type-rotating automor-
phisms of A acting simply transitively on V(A). Let P (resp. L) be the
set of neighbors of type 1 (resp. 2) of a fized vertex vy € Vh(A), and
denote by II the residue plane at vy (with P and L as sets of points and
lines). For each © € P, let g, be the unique element of T such that
gz(vg) = x. Let \: P — L be the P-L correspondence in Il defined by
Az) = g5 Y (vo) for each x € P. Then there exists a triangle presentation

T compatible with A such that T’ has the following presentation:

I'= ({92 }zep | 929y9- =1 for each (x,y,z) € T).

Proof. See [CMSZ93a, Theorem 3.1]. O

What makes triangle presentations really interesting is the fact that
a reciprocal result exists. Given a projective plane II, a P-L correspon-
dence \: P — L in II and a triangle presentation compatible with A,
one can construct an As-building A locally isomorphic to II and a group

acting simply transitively on V(A).
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Theorem 3.2.4 (Cartwright—-Mantero—Steger—Zappa). Let P and L be
the sets of points and lines in a projective plane 11, let \: P — L be a

P-L correspondence in 11 and let T be a triangle presentation compatible

with X. Define
L7 := ({as}zep | azaya, =1 for each (z,y,z) € T),

where {ayYeep are distinct letters. Then there exists an Ay-building A
whose residue planes are isomorphic to Il and such that I't acts simply

transitively on V (A7), by type-rotating automorphisms.
Proof. See [CMSZ93a, Theorem 3.4], or §3.2.2 below. O

Example 3.2.5. From Example 3.2.2 and Theorem 3.2.4, we get an Ao-
building A whose residue planes are isomorphic to PG(2,2) and a group
acting simply transitively on the set of vertices of A. The building A
is actually the Bruhat-Tits building associated to PGL(3,F2((X))) (see
[CMSZ93b, §4] and [CMSZ93a, Theorem 4.1]).

3.2.2 Building associated to a triangle presentation

In [CMSZ93a, Theorem 3.4], the authors gave an explicit construction
of the Ay-building A7 associated to a triangle presentation 7~ (see The-
orem 3.2.4 above). In this section we show a geometric way to construct
A7 and I'r. The following discussion can also be seen as an alternative
proof of Theorem 3.2.4.

Following [Kan86], an A;-SCAB is a connected chamber system of
rank 3 whose residues of rank 2 are generalized 3-gons (i.e. incidence
graphs of projective planes). We will always think of an A5-SCAB as a
set of triangles, representing the chambers, glued together so that two
chambers are adjacent if and only if they share an edge.

Suppose we are given a P-L correspondence A\: P — L in a projective
plane II and a triangle presentation 7 compatible with . Let us first
define a finite A2—SCAB Cr as follows. Consider three vertices vy, vs,
vs: those will be the only vertices of Cy. Then, for each x € P, put an
edge e, between v; and ve, an edge e/, between vy and v3 and an edge

e between vg and vy. Finally, for each (x,y,z) € T, attach a triangle to
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the three edges e, e’y and e”. One readily checks that the definition of
a triangle presentation ensures that the three rank 2 residues of Cy are
incidence graphs of the projective plane 11, and hence that Cy is indeed
an A»-SCAB. Note that C7 is not a simplicial complex in the usual sense
as all simplices of dimension 2 have the same three vertices.

We then consider the universal covering As-SCAB Cr of Cr, as
defined in [Kan86, Definition B.3.3, Proposition B.3.4]. This universal
covering C7 is a simply connected simplicial complex of dimension 2
whose simplicial spheres of radius 1 are isomorphic to the incidence
graph of II, so it is an Ap-building (see [Kan86, Theorem B.3.8] for a
more rigorous proof of this fact). We therefore set Ay := Cr. Moreover,
because of (2) in Definition 3.2.1, there is an automorphism o € Aut(Cr)
sending e, to €., €/, to €/ and e to e, for each x € P. In other
words, there is a natural action of the group Cgs of order 3 on Cy. This
automorphism group Cs then lifts to an automorphism group Cs of
A7 (see [Kan86, Corollary B.3.7]), and Cs acts simply transitively on
the set of vertices of Ay (and by type-rotating automorphisms). The
group I'7 can thus be taken to be Cs. The presentation of I'; given in
Theorem 3.2.4 can finally be found by observing that the 1-skeleton of
A7 is a Cayley graph for I'r.

3.3 The strategy

A way to construct an A,-building with non-Desarguesian residues and
admitting a lattice is, in view of Theorem 3.2.4, to consider a non-
Desarguesian projective plane II and to find a P-L correspondence in
IT and a triangle presentation compatible with it. The smallest non-
Desarguesian projective planes are the Hughes plane of order 9, the Hall
plane of order 9 and the dual of the Hall plane. The Hughes plane is
self-dual, so there exist some natural P-L correspondences in it: the
correlations. For this reason, we decided to work on the Hughes plane
of order 9. It will appear later that correlations do not actually admit a
triangle presentation (see Proposition 3.B), but they will still be helpful
in our search for a suitable P-L correspondence.

For any Desarguesian projective plane, Cartwright—Mantero—Steger—
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Zappa gave in [CMSZ93a, §4] an explicit formula for one P-L correspon-
dence admitting a triangle presentation. Of course, they use the finite
field from which the projective plane is constructed, and it is not clear
how to find a similar formula for a particular non-Desarguesian projec-
tive plane.

Since we are searching for purely combinatorial objects, the use of
a computer could be considered. In [CMSZ93b], the authors used a
computer to find all triangle presentations in the projective planes of
order 2 and 3. The number of points in these projective planes being
not too large (i.e. 7 and 13), they could do a brute-force computation.
However, already for order 3 they needed to use some symmetries of the
problem so as to reduce the search space. Even if computers are now
more powerful than in the 1990s, such a method would still be far too
slow for a projective plane of order 9.

The key point is that we are not searching for all triangle presenta-
tions in the Hughes plane: we only want to find one. In this section, we

describe our strategy in order to do so.

3.3.1 The graph associated to a P-L correspondence

In the context of triangle presentations, it is natural to associate a partic-

ular graph to each P-L correspondence \: P — L of a projective plane II.

Definition 3.3.1. Let \: P — L be a P-L correspondence in a projective
plane II. The graph G, associated to A is the directed graph with
vertex set V(G,) := P and edge set E(G)) := {(x,y) € P? |y € \(z)}.

For A, admitting a triangle presentation can now be rephrased as a
condition on its associated graph G. In order to state this reformula-

tion, we first define what we will call a triangle in a directed graph.

Definition 3.3.2. Let G be a directed graph. A set {e1, ez, e3} of edges
in G such that the destination vertex of e; (resp. ez and e3) is the origin
vertex of ey (resp. e and ep) is called a triangle. If two of the three
edges ej, eo and e3 are equal, then they are all equal. In this case, the

triangle contains only one edge and is also called a loop.

The next definition will also be convenient.
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Definition 3.3.3. Let \: P — L be a P-L correspondence in a projective
plane II. A triple (x,y,2) € P3 is called A\-admissible if y € \(z),
z € AMy) and = € A(2).

By definition, a triangle presentation compatible with A only contains
A-admissible triples. Thanks to these definitions, there is now an obvious
bijection between triangles of G\ and (triples of) A-admissible triples.
Indeed, for z,y,z € P, (z,y, z) is A-admissible if and only if there is a
triangle {e1, e2, e3} in G with z, y and z being the origins of e, e5 and
es respectively. Note that the triangle {e1,es,e3} then corresponds to
the three A-admissible triples (x,y, z), (v, 2,2) and (z,z,y) (which are
equal when x = y = 2, i.e. when e; = es = e3 or equivalently when the
triangle is a loop).

This observation directly gives us the next result.

Lemma 3.3.4. Let \: P — L be a P-L correspondence in a projective
plane I1. There exists a triangle presentation compatible with X\ if and

only if there exists a partition of E(G)) into triangles.

Proof. Via the above bijection, a partition of E(G)) into triangles ex-

actly corresponds to a triangle presentation compatible with A. U

3.3.2 The score of a P-L correspondence

Most P-L correspondences A in a projective plane do not admit a triangle
presentation, i.e. the set of edges F(G)) of the graph G, can generally
not be partitioned into triangles. We would still like to measure if a
correspondence A is “far from admitting” a triangle presentation or not.
We therefore introduce the notion of a triangle partial presentation com-
patible with A.

Definition 3.3.5. Let A\: P — L be a P-L correspondence in a projective
plane II. A subset 7 C P? is called a triangle partial presentation
compatible with A if the two following conditions hold:

(1) For all z,y € P, if there exists z € P such that (z,y,z) € T then
y € A(z) and z is unique.

(2) If (z,y,2) € T, then (y,2,2) € T.
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We directly have the following.

Lemma 3.3.6. Let \: P — L be a P-L correspondence in a projective
plane I1 of order q. A subset T C P3 is a triangle presentation compat-
ible with A if and only if it is a triangle partial presentation compatible
with A and |T| = (¢+ 1)(¢*> + ¢+ 1).

Proof. This is clear from the definitions, since there are exactly (q +
1)(¢* + g + 1) pairs (z,y) € P? with y € A\(z). O

We now define the score of a P-L correspondence as follows.

Definition 3.3.7. Let A\: P — L be a P-L correspondence in a projective
plane IT of order q. The score S()\) of A is the greatest possible size of

a triangle partial presentation compatible with .

Thanks to the bijection between triangles of G and (triples of) \-
admissible triples (see §3.3.1), we can restate this definition in the fol-

lowing terms.

Definition 3.3.8. Let A\: P — L be a P-L correspondence in a projective
plane II of order gq. The score S(\) of A is the maximal number of edges

of G that can be covered with disjoint triangles.

A P-L correspondence then admits a triangle presentation if and only

if its score reaches the maximal theoretical value (g + 1)(¢? + ¢ + 1).

Lemma 3.3.9. Let \: P — L be a P-L correspondence in a projective
plane I of order q. There exists a triangle presentation compatible with
A if and only if S(\) = (¢ +1)(¢* + ¢+ 1).

Proof. This follows from Lemma 3.3.6. U

3.3.3 Scores of correlations

When \: P — L, L — P is a correlation of a (self-dual) projective
plane II of order ¢, there is an explicit formula for the score of the P-L

correspondence \: P — L.
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Proposition 3.3.10. Let \: P — L, L — P be a correlation in a pro-
jective plane I1 of order q. Let a(\) be the number of points p € P such
that \3(p) > p and let b()\) be the number of points p € P such that
A3(p) > p and \°(p) = p. Then

SN =(g+1)(¢* +q+1) = (2¢—3) - a(A) — b(A).

Proof. For fixed z,y € P with y € A(x) (i.e. (x,y) is an edge of G)),
a point z € P is such that (z,y,z) is A-admissible if and only if z €
Ay) N AL (x). We call the edge (,y) unpopular if A(y) # A\~1(x) and
popular if A(y) = A~!(z). This means that an unpopular edge of G
is contained in exactly one triangle while a popular edge is contained in

exactly (¢ + 1) triangles.

(i) There are exactly a(A) popular edges in G).
Proof: By definition, (z,y) is popular if y = A™2(x), so a vertex = €
P is the origin of a (unique) popular edge if and only if A\=2(z) €
A(z), i.e. z € A3(x). There are exactly a(\) such x and hence a())
popular edges.

(ii) There are exactly (¢ +1)(¢>+q-+1) +¢-a()\) A-admissible triples.
Proof: By (i), there are (¢+1)(¢?>+¢+1)—a()\) unpopular edges and
a(\) popular edges in G. As each unpopular edge (resp. popular
edge) is the beginning of one (resp. (¢ + 1)) A-admissible triple(s),

we get
g+ D@ +q+1) —aN)]-1+a(N) - (¢+1)

A-admissible triples.

(iii) There are exactly (¢ + 1) - a(\) A-admissible triples (x,y, z) with
(x,y) popular (resp. (y, z) popular, (z,z) popular).
Proof: There are a()\) popular edges by (i), each one being the
beginning of (¢ + 1) A-admissible triples.

(iv) There are exactly a(\) A-admissible triples (x,y, z) with (z,y) and

(y, z) popular (resp. (y, z) and (z, x) popular, (z,z) and (x,y) pop-
ular).



3.3. The strategy 171

Proof: If (x,y,z) is Ad-admissible with (x,y) and (y,z) popular,
then y = A\2(x), 2 = A 2(y) and z € A3(z). Moreover, these
conditions are sufficient to be A-admissible with (x,y) and (y, 2)
popular. Since there are a(\) points = such that x € A\3(x), there

are exactly a(X) such triples.

(v) There are exactly b(A) A-admissible triples (z,y,z) with (z,y),
(y,z) and (z,z) popular.
Proof: Such triples satisfy z € A3(z), y = A72(z), 2 = A™%(y) and
r = A\2(2), so in particular x = A\%(z). Moreover, if x € \3(x)
and z = \%(z), then (z, \"%(z), \"4(z)

popular edges, so there are exactly b(A

is A-admissible with three

. —

such triples.

(vi) There are exactly (¢+1)(¢®>+q-+1) —2q-a(\) — b(\) A-admissible
triples (x,y, z) with (z,y), (y,2) and (z,z) unpopular.
Proof: By the inclusion-exclusion principle, the number of such

triples is

[(q+1)(¢* + g +1) +q-a(N)] = 3(g + 1) - a(A) + 3 - a(A) - b(N).

We now prove that S(\) < (g+1)(¢®>+q+1)—(2¢—3)-a(\)—b(\). Let T
be a triangle partial presentation with |7 = S(A), i.e. a set of disjoint
triangles of G covering S(A) edges. By maximality, all A\-admissible
triples (i.e. triangles) (z,y, z) with (z,y), (v, z) and (z, ) unpopular are
in 7 (because each of these 3 edges is only covered by this particular
triangle). By (vi), this means we already have (¢ + 1)(¢®> + ¢+ 1) — 2q -
a(\) — b(\) triples in 7. The other triangles in 7 all contain at least
one popular edge. There are a(\) popular edges (by (i)), so we obtain

S\ < (g+D)(®+q+1)—2¢-a(X) —bA\) +3-a(N).

Let us now show that S(\) > (¢+1)(¢®>+q+1)—(2¢—3)-a(\) —b()),
by covering that number of edges of G, with disjoint triangles. We first
cover exactly (¢ +1)(¢2 + g+ 1) — 2¢ - a(\) — b()\) edges of G thanks
to the triangles only containing unpopular edges. By definition of an

unpopular edge, these triangles are all disjoint. Now, for each popular
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edge (z,y), there are (g+1) values of z such that (z,y, z) is A-admissible.
Among these (¢ + 1) > 3 values for z, choose zy different from A~2(y)
and A?(z). In this way, (y, 20) and (2o, z) are unpopular. We then add
the triangle (z,y, 20) to our covering. This triangle is not a loop since
(z,y) is popular and (y, z) is unpopular, so it covers three new edges.
Doing so for each popular edge (z,y), we cover 3 - a(A\) new edges and
get

S(A) > (g+ D)(g® +q+1) —2¢-a(X) —b(A) +3-a(N). O

It follows from Proposition 3.3.10 that a correlation A admits a tri-
angle presentation if and only if A% sends no point to an adjacent line.
However, the following elegant result of Devillers, Parkinson and Van

Maldeghem shows that this never happens.

Theorem 3.3.11 (Devillers—Parkinson—Van Maldeghem). Let A\: P —
L, L — P be a correlation in a finite projective plane 11. Then there
exists p € P such that p € A(p).

Proof. See [DPVM13, Proposition 5.4]. The case of polarities (i.e. cor-

relations that are involutions) goes back to [Bae46]. O

Corollary 3.3.12 (Proposition 3.B). Let \: P — L, L — P be a corre-
lation in a finite projective plane I1. Then there is no triangle presenta-

tion compatible with \: P — L.

Proof. Applying Theorem 3.3.11 to the correlation A3, we get a()\) > 0
and hence S(\) < (¢+1)(¢*>+q+1) by Proposition 3.3.10. The conclusion

then follows from Lemma 3.3.9. O

Remark 3.3.13. In the semifield plane of order 16 and with kernel
GF(4), we could observe a correlation A such that a(A) = b(\) = 1.
This means that there is exactly one point p of the plane such that
p € A3(p). The score of this correlation \ is thus S(\) = 4611, the
maximal theoretical score being (16 + 1)(162 + 16 + 1) = 4641.

3.3.4 Estimated score for a general P-L correspondence

It does not seem possible to get a general formula for the score of all

P-L correspondences. One can however obtain (good) lower bounds



3.3. The strategy 173

for the score, simply by trying to cover the most possible edges of G
with triangles. There are different algorithms that could be used. Our
principal goal being to know whether E(G)) admits a partition into
triangles, we should design an algorithm that will find such a partition
when it exists. The idea is simple: if an edge of G is not yet covered
and if there is only one triangle containing this edge and disjoint from
the already chosen ones, then this triangle must be part of the (possible)
partition. Our algorithm to cover as many edges as we can in G is thus

the following:

While there exists e € E(G)) such that there is a unique triangle
t in G containing e, choose this triangle ¢, remove the edge(s) of
t from G and start again this procedure. If, at the end, there
is no more triangles in Gy, then we say that the score-algorithm
succeeds and that the estimated score s(\) of A is the number
of edges that are covered by the chosen triangles. Otherwise, there
still are triangles in GG, but all edges are contained in 0 or at least
2 triangles. In this case, we say that the score-algorithm fails. For

a pseudo-code, see Algorithm 1.

One should note that the value of s(A) (and whether the score-
algorithm succeeds or not) may depend on the choice made for e € E(G))
at each step. We will still talk about the estimated score s(A) of A, as-
suming that an order is fixed once and for all on the set E(G)) for
each \.

Lemma 3.3.14. Let \: P — L be a P-L correspondence in a projective

plane II of order q. Assume that the score-algorithm succeeds. Then

s(A) < S(A) and, if S(A) = (g + 1)(¢> + g+ 1), then s(A) = S(N).
Proof. See discussion above. O

When the score-algorithm fails, it cannot conclude whether there
exists a partition of E(G) ) into triangles. Actually, we never encountered
a P-L correspondence for which the algorithm fails for the Hughes plane
of order 9. We therefore did not need to treat this particular case.

Note however that, for a Desarguesian plane, we are aware of some P-L
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Algorithm 1: Computing the estimated score s(\) of A.

1 score < 0;

2 edgesInOneTriangle < true;

3 while edgesInOneTriangle do

4 edgesInOneTriangle < false;

5 for e in E(G,) do

6 if e is contained in exactly one triangle t of G then
7 edgesInOneTriangle + true;

8 remove the edge(s) of ¢ from E(G));

9 if t is a loop then

10 ‘ score < score + 1;
11 else
12 L score <— score + 3;

13 if there still are triangles in G then
14 ‘ return FAIL

15 else

16 L return score

correspondences for which the algorithm fails and that indeed admit a

triangle presentation, so this case should not in general be forgotten.

3.3.5 Scores in the Hughes plane of order 9

By Corollary 3.3.12, we know that a correlation never reaches the score
of (4 1)(¢*> + ¢+ 1). A naive approach to find a P-L correspondence
of the Hughes plane of order 9 with a score of (94 1)(92 +9+ 1) = 910
is to simply evaluate s(\) for a lot of random correspondences A and to
cross one’s fingers. This idea is however not successful at all. Indeed, we
computed the estimated score of 100000 random P-L correspondences
and got, on average, an estimated score of 486.6 (with a standard devi-
ation of 17.3). The best estimated score we could observe was only 561,
very far from 910.

Compared with these pretty low values, the formula given by Propo-
sition 3.3.10 for correlations seems to give better scores. In the Hughes
plane of order 9, there are 33696 correlations. Their scores, computed

thanks to Proposition 3.3.10, are given in Table 3.1. Note that, as soon as
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# of concerned A | a(M\) | b(A) | S(A) | s(A) (mean)
6318 4 4 846 846.00
4212 10 2 758 757.97
6318 10 10 750 750.00
4212 16 0 670 669.92
6318 16 16 654 654.00
6318 22 22 558 558.00

Table 3.1: Scores of the correlations of the Hughes plane of order 9.

two correlations A and X are conjugate (in the sense that A = aXa~! for
some automorphism « of the plane), we have a(\) = a()\'), b(A) = b(\)
and S(A) = S(N). (Actually, Gy and G are isomorphic.)

We also computed the estimated scores of all these correlations: they
are also given in Table 3.1. They show that, at least for correlations, the
estimated score is almost always equal to the real score. As expected,
correlations have higher estimated scores than random P-L correspon-
dences: they reach 846. This fact will be helpful for our final strategy to

find a correspondence with score 910, described in the next subsection.

3.3.6 Improving a P-L correspondence

In order to find a P-L correspondence with a score greater than what
we already obtained, it is natural to try to slightly modify a P-L cor-
respondence with a high score. The smallest change we can make is to
swap the images of two points. The next lemma shows that the score

function is somewhat continuous.

Lemma 3.3.15. Let \: P — L be a P-L correspondence in a projective
plane I of order q and let a,b € P. Define Agp: P — L by Agp(x) :=
Ax) for all x € P\ {a,b}, Agp(a) := A(b) and Ay p(b) := A(a). Then
15(hap) — SOV < 6(g +1).

Proof. The graph G,
having a or b as origin and replacing them by other edges. In total,
2(q+1) edges are deleted and 2(q+ 1) edges are added. Since a triangle
contains at most 3 edges, we deduce that [S(Agp) —S(A\)| < 6(¢g+1). O

can be obtained from G) by deleting the edges

a,b
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In Lemma 3.3.15, it is even reasonable to think that [S(Agp) — S(N)]
will often be much smaller than 6(g+1). In other words, the score should
not vary too much when replacing A by A, p, and we can in general hope
to have S(Ayp) > S(A) for some a,b € P.

Based on this observation, our idea is simple. Start with a correlation
A, whose score is known to be higher than for a random correspondence
(see §3.3.5). For all distinct a,b € P, consider A, (as defined above)
and compute its estimated score s(A, ). Then choose a,b € P such that
s(A;3) = max{s(Aap) [ a,b € P}. Now replace A by A; ; and start this
procedure again! We just need to keep track of the correspondences we
already tried so as to avoid being blocked in a local maximum of the
score function. This idea is explained in Algorithm 2. If after some time
the algorithm does not seem able to produce a score of 910, then we stop
it and start it again from another correlation.

This procedure is pretty slow: with our implementation, one step
(i.e. computing s(\gp) for all a,b € P so as to find @ and b) takes ~1.25
seconds. For this reason and because we could still not reach 910, we
decided not to try all possible pairs a,b € P. Instead, we can observe
which points seem to be the worst, where the badness of p € P is the
number of edges containing p in G that were not covered by a triangle

in Algorithm 1. Then, it is natural to only try the pairs a,b € P where

Algorithm 2: Finding a P-L correspondence A with s(\) = 910.

1 A < some correlation of the Hughes plane;
2 while s(\) < 910 do

3 visited[\] + true;

4 bestA < —1; bestB + —1;

5 bestScore < —1;
6
7
8
9

for a in P and b in P do
if visited[Aq ] = false and s(\,p) > bestScore then
bestScore < s(Aqp);

bestA < a;
10 bestB < b;
11 L A )‘bestA,bestB;

12 return );
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a is one of the worst points (for instance the 5 worst points) and b is
arbitrary. Obviously, with this change Algorithm 2 does not visit the
same correspondences as before, but it has the advantage that a step
only takes ~0.13 seconds.

After three weeks of slight changes in the algorithm (e.g. the def-
inition of a bad point, the number of worst points we consider, the
condition under which we stop and start with another correlation, etc),
the computer eventually shouted (at least wrote) victory. The starting
correlation had a score equal to 750, and the evolution of the estimated

score until 910 is shown in Figure 3.1.

Remark 3.3.16. The last change we made to the algorithm before it
could solve the problem was actually mistaken! Whereas we wanted to
speed up the computation of the five worst points, we made an error
in the implementation of that idea resulting in the fact that the five
computed points were actually not the worst ones. This mistake still
led us to the discovery of a (valid) P-L correspondence A with a score of

910. The funny part of the story is that if we correct this implementation

910
865
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8
%
o
L 820 +
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Figure 3.1: Evolution of the estimated score with Algorithm 2.
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error and start the algorithm with the same correlation, then it misses

the correspondence .

3.4 The building and its lattice

In this section, we first give the description of the building and the lattice
that we discovered. We then give various properties of these objects (i.e.
we prove (4), (5), (6) and (7) in Theorem 3.A).

3.4.1 Description

The structure of the Hughes plane of order 9 is given in Table 3.2 (in Ap-
pendix 3.I) and comes from [Moo]. Points and lines are numbered from 0
to 90 (let us call them py, ..., pgo and £y, . .., Lgo), and the n*™® row (with
0 < n <90) gives the indices of the 10 points incident to £,,. The reader
may be skeptical that the structure of incidence II defined by these point-
line incidences is indeed the Hughes plane, but this is not so hard to ver-
ify by analyzing its properties. It is at least really easy to implement a
program checking that IT satisfies the axioms of a projective plane. Also,
IT has a projective subplane that is isomorphic to the Fano plane: con-
sider for instance the 7 points {po, p2, P9, P17, P18, P3s, P41} and 7 lines
{lo, 01, 02,031,034, 064,0s7}. This implies that II is non-Desarguesian,
since the only Desarguesian projective planes containing the Fano plane
are those whose order is a power of 2. Moreover, our computations show
that II is self-dual (since there exist correlations), so it can only be the
Hughes plane (see, for instance, [LKT91]).

Relative to this numbering of points and lines, the P-L correspon-
dence X\: P — L that we found is given in Table 3.3 (in Appendix 3.1I).
For the image of p1gz+y by A, one should look at the intersection of rows
z_and _y. The triangle presentation 7 compatible with ) is then given in
Table 3.4. In this table, the appearance of (z,y, z) means that (z,y, 2),
(y,z,x) and (z,x,y) all belong to 7. There are, in Table 3.4, 298 triples
(z,y,2) with z,y,z not all equal and 16 triples (x,z,x), which means
that 7 contains 298 - 3 + 16 = 910 elements as required. While a com-
puter helped to find 7, it can once again be checked by hand (or with



3.4. The building and its lattice 179

a trivial program) that 7 is indeed a triangle presentation compatible
with A. Indeed, one only needs to check that for each (z,y,2) € T, the
line A(z) contains y and there exists no 2’ # z such that (z,y,2") € T.
This suffices to show that 7 is a triangle presentation compatible with
A, since | 7| = 910.

It follows from Theorem 3.2.4 that the building A7 and the group
'y < Aut(A7) satisfy (1), (2) and (3) in Theorem 3.A. In the next four
subsections we prove (4), (5), (6) and (7).

3.4.2 Torsion in 'y

The group I'7 has elements of order 3: when (z,z,2) € T for some
r € P, we have the relation a2 = 1 in the presentation of I'7. How-
ever, the subgroup Ffrr of '+ consisting of the type-preserving auto-
morphisms is torsion-free. Indeed, let v be a torsion element of T'F,
say of order n. If vy is a fixed vertex of A, then v stabilizes the set
{v0,v(v0), Y2 (v0), - - -, 7" L(vg)}. By [BH99, Corollary 2.8 (1)], v must
fix a point of Ay, i.e. it stabilizes a simplex of Ay. Since 7 preserves
the types, it fixes this simplex pointwise and thus fixes its vertices. But

I‘;L- acts freely on the set of vertices of A7, so v = 1.

3.4.3 A perfect subgroup of I'1

Clearly, FJTF is a normal subgroup of index 3 of I'y. We find that 'y
also has a subgroup of index 2. Indeed, if we define A C P by A =
U3 U l11 U lgy U lgy U lg7, then one can check that for each (z,y,2) € T,
either one or three of the points x, y, z belong to A. Equivalently, either
none or two of the points x,y, z belong to P\ A. Hence, there is a well-
defined group homomorphism f:I'+ — Cs defined on the generators
{az}zep by f(ag) :=0if x € A and f(ay) == 1if z ¢ A. The kernel
ker(f) of f is then a subgroup of index 2 of I'r.

The intersection Ff}ﬂ ker(f) of these two subgroups is thus a normal
subgroup of index 6 of I' (with I'7 /F;L-ﬂker(f) >~ Cy x C3). We
checked using the GAP system that I‘;L- N ker(f) is a perfect group, so
that [y, T'7] = I':- Nker(f).
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3.4.4 Partition of As into sub-buildings

A Baer subplane of a projective plane I is a proper projective subplane
IIy of II with the property that every point of II is incident to at least
one line of IIy and every line of II is incident to at least one point
of IIy. Let us take for II the Hughes plane of order 9. Then II has a
(Desarguesian) Baer subplane IIj of order 3, which has the property that
all automorphisms and all correlations of II preserve Iy (see [Dem68,
5.4.1]). With respect to our numbering of the points and lines of the
Hughes plane (see Table 3.2), the sets of points and lines of IIy are

Py :={pn | n €{9,17,20,33,38,42,43, 46,47, 56,59, 64,70} }
and
Lo :={¢, | n € {3,11,22,34, 46, 53,62,64,70,79,84,87,89} }

(see the numbers in bold in Table 3.2).

What is surprising is that our P-L correspondence A also preserves
IIy. This is indeed clear from Table 3.3. Even better, if we call Ay the
restriction of A\ to Py, then the triangle presentation 7 can be restricted
to a triangle presentation 7y compatible with Ag. In other terms, for
each (z,y,2z) € T, if x € Py and y € Py then z € Py. This can also be
simply observed by inspecting Table 3.4. The author does not know any
theoretical reason why these properties are true (and whether they must

be true for any P-L correspondence admitting a triangle presentation).

This observation has different consequences. First, we have a P-L
correspondence Ag in the Desarguesian projective plane IIy of order 3,
and a triangle presentation 7y compatible with it. Theorem 3.2.4 thus
gives an Ay-building A7, whose projective plane at each vertex is iso-
morphic to Iy and a group I'7; acting simply transitively on V(A7).
The triangle presentations in the projective plane of order 3 have all
been given by Cartwright—Mantero—Steger—Zappa in [CMSZ93b], so 7
must be one of their list. It turns out that 7y is equivalent (as de-
fined in [CMSZ93b, §2]) to their triangle presentation numbered 14.1
(see [CMSZ93b, Appendix BJ; one such equivalence takes the p,,, in the
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order listed in the definition of Py, to 12,2,5,0,8,11,10,3,1,9,6,4 and
7, respectively). In particular, this means by [CMSZ93b, §8] that Ay,
is a non-linear building, i.e. is not the building of PGL(3, K) for some
local field K.

The group I'y; and the building A7, also appear as subgroups and
sub-buildings of I'; and A7, respectively. With the notation of §3.2.2,
there is a clear embedding e:C7; — C7. Now Ag, and A7 are the
universal coverings of C7; and Cy respectively, so by fixing some ver-
tices vo € V(A7) and v € V(A7) such that p(v) = e(po(vo)) (where
p: A7 — Cr and po: Ay, — Cp are the natural projections), we get
an embedding é: A7y — A7 with é(vg) = v. We can then see I'y; as
the subgroup of I'; such that I'z;(v) is exactly the set of vertices of
é(Ar,). Moreover, for each g € I'r the set gI'7; (v) C V(A7) is also the
0-skeleton of a building isomorphic to A7;. This means that the vertices
of A are partitioned into sub-buildings isomorphic to A, (where each
sub-building corresponds to a left coset of I'zy in I'7).

One should note that these sub-buildings that are isomorphic to A,
cover all the vertices of A, but this is not true for edges and chambers
(i.e. triangles): some edges (and chambers) of A7 do not belong to any
of the sub-buildings.

3.4.5 Automorphism group of Ay

The automorphism group Aut(A7) of Ay contains I'y, which acts sim-
ply transitively on the vertices of the building. In order to know whether
Aut(A7) is substantially larger than I'7, we should try to see what the
stabilizer of a vertex in Aut(A7) looks like. This can be done by mak-
ing use of the GAP system. I am very thankful to Tim Steger, who had
done the same work for triangle presentations in the projective plane of
order 3, and who gave me all his source codes and a great deal of advice.

Let v be a vertex of Ag. In the next discussion, X7 will denote the
sub-building of A7 containing v and isomorphic to A7, (see §3.4.4). We

have the following facts.

(i) Any automorphism of Ay fixing v preserves the sub-building X7

Ezplanation: For a vertex x contained in X7, there are 2-91 = 182
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vertices adjacent to x in A7, and exactly 2-13 = 26 of them belong
to X7. Those 26 vertices are characterized by the fact that, in
the local Hughes plane II associated to x, they correspond to the
13 points and 13 lines of the Baer subplane IIy of II. Hence, if
a € Aut(A7) is such that a(x) = y with x, y belonging to X7, then
o« must send the 26 neighbors of x in X7 to the 26 neighbors of y in
X7 because all automorphisms and correlations of II preserve Il.
Starting with x = v, we obtain step by step that any automorphism

of Ar fixing v must stabilize X7.

(ii) There are 16 automorphisms of X7 stabilizing v.
Ezxplanation: This was previously done by Steger with GAP.

(iii) For each x € V(Ar), the only automorphism of the ball of radius 2
centered at x that pointwise stabilizes the ball of radius 1 is the
trivial automorphism.

Ezxplanation: This was proved with GAP. As was pointed out to
me by H. Van Maldeghem, this can also be proved by hand. One
just needs to see the ball of radius 2 as a projective Hjelmslev plane
of level 2 (see §4.2) and to use the properties of the Hughes plane

of order 9.

Point (iii) implies that the pointwise stabilizer of a ball of radius 1
in Aut(A7) is trivial, and hence that an automorphism of Ay is com-
pletely determined by its action on the ball of radius 1 centered at v.
In particular, the stabilizer of v in Aut(A7) is finite and Aut(Ay) is

discrete (for the topology of pointwise convergence).

(iv) There are 6 automorphisms of IT that pointwise stabilize IIj.
Ezplanation: This can be checked with a computer, but one can
also see [Liin76, Corollary 5] or [Ros58] for a more theoretical

approach.

The first four points imply that there are at most 16 - 6 = 96 au-
tomorphisms of Ay stabilizing v. Denote by G the set of the 96 au-
tomorphisms of the ball of radius 1 centered at v that could maybe be

extended to automorphisms of the whole building.
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(v) Each automorphism in G; can be extended to an automorphism
of the ball of radius 2 centered at v.

Ezxplanation: This was proved with GAP.
Now denote by G5 the set of these extended automorphisms.

(vi) Each automorphism in G can be extended to Ar.
Ezxplanation: This could be checked with a clever GAP program
written by Steger.

These steps actually gave us the explicit description of the 96 au-
tomorphisms of Ay fixing v. Six of them pointwise stabilize the sub-
building X7. The file describing these automorphisms is pretty big so
we do not append it to this text.
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3.1 The Hughes plane of order 9

0:01 2 3 45 6 7 89

46 : 6 15 19 46 49 56 64 70 87 89
1: 010 11 12 13 14 15 16 17 18

47 07 17 19 44 52 58 61 72 84 88
2: 019 34 35 36 37 38 39 40 41

48 : 8 18 19 48 50 59 62 66 80 83
3: 020 27 42 55 56 57 58 59 60

49 : 5 18 23 29 35 43 57 85 88 89
4: 021 33 48 54 61 76 78 89 90

50 : 3 13 24 30 35 44 59 78 86 87
5: 022 30 43 49 63 68 72 79 80

51:8 14 25 32 35 45 56 72 81 90
6: 023 28 44 50 69 70 77 81 82

52 : 7 15 21 31 35 47 60 68 77 83
7: 024 29 45 51 64 73 74 83 84

53 :9 16 20 33 35 46 69 71 80 84
8: 025 31 46 52 62 67 75 85 86

54 : 6 17 26 27 35 48 67 73 79 82
9: 026 32 47 53 65 66 71 87 88

55 : 4 14 20 30 34 52 65 82 83 89
10: 110 19 20 21 22 23 24 25 26

56 : 5 17 25 28 34 51 60 76 80 87
11 :1 11 34 42 43 44 45 46 47 48

57 :6 12 22 32 34 54 59 77 84 85
12:1 12 28 35 55 61 62 63 64 65

58 : 9 15 24 27 34 50 63 75 88 90
13:1 13 31 41 54 56 74 80 82 88

59 : 8 16 23 31 34 53 58 64 78 79
14 :1 14 33 36 50 58 68 73 85 87

60 : 7 18 26 33 34 49 55 74 81 86
15:115 29 37 52 59 71 76 79 81

61 :4 15 23 32 40 42 61 73 80 86
16 : 116 27 38 51 66 72 77 86 89

62 :3 12 2533384270 79 83 88
17 :1 17 32 39 49 57 69 75 78 83

63 : 8 13 26 28 37 42 68 75 84 89
18 :1 18 30 40 53 60 67 70 84 90

64 : 917 21 30 41 42 64 66 81 85
19 : 2 10 35 42 49 50 51 52 53 54

65: 7 16 22 29 39 42 62 82 87 90
20 : 3 10 29 34 56 61 66 67 68 69

66 : 6 18 24 31 36 42 65 69 72 76
21:4 10 31 38 48 57 63 81 84 87

67 : 4 12 26 29 41 46 50 60 72 78
22 :5 10 33 40 47 59 64 72 75 82

68 : 4 16 21 28 36 45 49 59 67 88
23:6 10 28 41 43 58 71 83 86 90

69 : 4 18 25 27 39 44 54 64 68 T1
24 : 710 27 37 45 65 70 78 80 85

70 : 417 24 33 37 43 53 56 62 77
25 : 8 10 30 39 46 55 73 76 77 88

71:5 13 22 27 36 46 53 61 81 83
26 : 9 10 32 36 44 60 62 74 79 89

72 :5 12 20 31 37 44 49 66 73 90
27:2 11 19 27 28 29 30 31 32 33

73:5 15 26 30 38 45 54 58 62 69
28 : 213 21 34 57 62 70 71 72 73

74 :5 16 24 32 41 48 52 55 68 70
29 : 2 14 22 37 48 60 64 69 86 88

75 : 3 14 23 27 41 47 49 62 76 84
30 : 212 24 39 47 58 67 80 81 89

76 : 3 18 21 32 37 46 51 58 63 82
31:2 18 20 41 45 61 75 77 79 87

773 17 22 31 40 45 50 55 71 89
32:216 26 40 44 56 63 76 83 85

78 :3 15 20 28 39 48 53 72 74 85
33:2 15 25 36 43 55 66 78 82 84

79 : 7 13 20 32 38 43 50 64 67 76
34 :217 23 38 46 59 65 68 74 90

80 :9 13 25 29 40 48 49 58 65 77
35:4 11 22 35 58 66 70 74 75 76

81:6 13 23 33 39 45 52 60 63 66
36 : 511 21 39 50 56 65 79 84 86

82:6 14 21 29 38 44 53 55 75 80
37:3 11 26 36 52 57 64 77 80 90

83 : 7 14 24 28 40 46 54 57 66 79
38 : 6 11 20 40 51 62 68 78 81 88

84 :9 14 26 31 39 43 51 59 61 70
39 :9 11 23 37 54 55 67 72 83 87

85 : 8 12 21 27 40 43 52 69 74 87
40 : 8 11 24 38 49 60 61 71 82 85

86 : 7 12 23 30 36 48 51 56 71 75
41 :7 11 25 41 53 59 63 69 73 89

87 :9 18 22 28 38 47 52 56 73 78
42 : 514 19 42 63 67 71 74 77 78

88 : 8 15 22 33 41 44 51 57 65 67
43 :4 13 19 47 51 55 69 79 85 90

89 : 817 20 29 36 47 54 63 70 86
44 : 3 16 19 43 54 60 65 73 75 81 90 : 6 16 25 30 37 47 50 57 61 74
45:9 12 19 45 53 57 68 76 82 86

Table 3.2: Incidence relation of the Hughes plane of order 9, from [Moo].
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3.II1 The triangle presentation

A0 1

2 3 4.5 6

_7

8 9

0-{20 O
1154 39
2_|70 82
3|73 4
4156 2
5125 14
6_136 27
7-189 35
8|6 21
9_|49

44 75 78 77 50
30 8 88 68 18
42 23 38 90 81
83 22 58 28 59
87 84 26 45 53
63 72 7 3262
31 29 79 33 16
17 19 5 47 67
1 52 74 40 12

76
34
13
55
11
86
71

48

37 3
65 57
61 69
64 60
80 41
51 46
85 24
66 43
9 15

Table 3.3: P-L correspondence .
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Table 3.4: Triangle presentation 7 compatible with A.






Chapter 4

A discreteness criterion for
the automorphism group of

an A,-building

In Chapter 3 we built a residually non-Desarguesian Ay-building with
a cocompact lattice. Thanks to a computer we could prove that the
automorphism group of that building was discrete. Whether or not the
automorphism group of a particular As-building is discrete is a subtle
question in general. In this chapter, we give sufficient conditions on an

Ay-building ensuring that its automorphism group is discrete.

4.1 Main results

Throughout this chapter, A is a locally finite thick As-building. The
simplices of dimension 2 in A (i.e. triangles) are the chambers of A, and
those of dimension 1 (i.e. edges) are the panels of A. As before a vertex
of A is a simplex of dimension 0. Recall from the previous chapter that
there are three types of vertices: V(A) = Vp(A) LU Vi(A) U Va(A). We
also define the type of a panel in A as {a,b} where a,b € {0,1,2} are
the types of the two vertices of the panel. Thus each chamber has one
vertex of each type (0, 1 and 2) and one panel of each type ({0, 1}, {1,2}
and {0,2}). (Note that what we call type here is generally called cotype

187



188 4. A discreteness criterion for A,-buildings

in the literature.)

As in the previous chapter, Aut(A) denotes the full automorphism
group of A (as a simplicial complex). We then write Aut(A)" for the
subgroup of Aut(A) consisting of the automorphisms that preserve the
types. It is clear that [Aut(A) : Aut(A)*] < 6, so that the locally
compact group Aut(A) (equipped with the topology of pointwise con-
vergence) is non-discrete if and only if Aut(A)* is non-discrete.

The goal of this chapter is to provide sufficient conditions under
which an exotic (i.e. non Bruhat-Tits) Ay-building has a discrete au-

tomorphism group. Our main result is the following.

Theorem 4.A. Let A be a locally finite thick As-building and suppose
that Aut(A)* is transitive on panels of each type. Then either:

(a) A is Bruhat-Tits; or
(b) Aut(A) is discrete.

In the text we actually state and prove Theorem 4.A’ which is a more
precise version of Theorem 4.A. The same will be true for our other main
results: alternative statements can be found in the text.

In the next result, panel-transitivity is replaced by the weaker hy-
pothesis of vertex-transitivity. As explained in the introduction, that
condition alone is not sufficient for the conclusion of Theorem 4.A to

hold: additional assumptions are required.

Theorem 4.B. Let A be a locally finite thick As-building. Suppose
that Aut(A) is transitive on vertices and unimodular, that Aut(A)T is
transitive on vertices of each type, and that A has thickness p + 1 for

some prime p. Then either:
(a) A is Bruhat-Tits; or
(b) Aut(A) is discrete.

The following result is of different nature but is somewhat comple-
mentary to Theorems 4.A and 4.B. Indeed, it gives a local condition

under which an As-building is ensured to be exotic.
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Theorem 4.C. Let A be a locally finite thick Ay-building, let g, z1 be
two adjacent vertices in A and let C' be the set of chambers adjacent to
both xo and x1. For each j € {0,1}, let G; < Sym(C') be the image of
Aut(Ily; ) (r1-5) in Sym(C'), where Il,, is the projective plane at ;. If
Go # G, then A is exotic.

We apologize that the condition is indeed that the groups Gy and
G1 do not coincide as subgroups of Sym(C). In particular they might
very well be isomorphic.

Our theorems can be applied in the context of Singer cyclic lattices.
Recall that a Singer cyclic lattice is a group I' < Aut(A) acting
simply transitively on the panels of each type of an As-building A and
such that each vertex stabilizer in I' is cyclic. It is called exotic if A
is exotic, and the parameter of I' is the order of the local projective

planes in A.

2
Corollary 4.D. For each q > 2, there are at most (@) isomor-

phism classes of non-exotic Singer cyclic lattices with parameter q.

Combined with the fact that the total number of Singer cyclic lattices
with parameter ¢ grows super-exponentially (see [Wit17, Theorem B]),

we obtain the following.

Corollary 4.E. Almost all Singer cyclic lattices are exotic in the fol-
lowing sense:
. {exotic Singer cyclic lattices with parameter q}/~|

1 -1
vl |{ Singer cyclic lattices with parameter q}/~ |

)

where q ranges over prime powers and ~ is the isomorphism relation.

4.2 Projective Hjelmslev planes

This section gives the definition and first properties of projective Hjelm-
slev planes, which will be of central importance in the whole chap-
ter. It is largely inspired from the work of Van Maldeghem and Van
Steen [VMVS98].
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Given a vertex O in A and a natural number n > 1, we define the
geometry "H (O) as follows. The geometry 'H(O) is just the residue of O,
which is a projective plane. So the points of 1H(O) are certain vertices of
A adjacent to O, and similarly for the lines of 'H(O). Now for n > 1, the
points (resp. lines) of "H(O) are the sequences (vy,...,vy) of vertices
of A, where v1 is a point (resp. a line) of H(O) and {v;_1,vi41} is a
pair of non-incident point and line in 'H (v;) (where vy := O). We will
sometimes identify an element (vy,...,v,) of "H(O) with the vertex v,
of A (the other vertices vy, ...,v,_1 being uniquely determined by v,,).
A point (p1,...,p,) of "H(O) is incident with a line (¢y,...,£,) if all
vertices O, p1,...,pn,{1,...,¢, are contained in a common apartment
and if p; and ¢; are adjacent in A. This geometry "H(O) is called a
projective Hjelmslev plane of level n. When the vertex O has no
real importance, we write "H instead of "H(O). The point set (resp. line
set) of "H is then "P (resp. "L), while incidence is denoted by "I.

For i < n, the natural morphism from "H to ‘H is denoted by .
If P,Q € "P satisfy r(P) = (Q) for some 0 < i < n, then we call
P and @ i-neighboring. For ¢ = 1 we just say that P and Q are
neighboring. Similarly for lines. Also, if P € "P and ¢ € "L are such
that ‘7(P) I ‘n(L) for some 0 < i < n then we say that P is i-near /.
Once again, P is near L when ¢ = 1.

A collineation « of "H is, as usual, a bijection from ™P to itself
and a bijection from "L to itself that preserve "I. It is not hard to see
that all i-neighboring relations are determined by the geometry of "H,
so that every collineation o of "H induces in ‘H a unique collineation
a*. When acting on elements of ‘H, o** will sometimes be replaced by
«, so as to simplify the notation. For a fixed vertex O in A, the group
of all collineations of "H(O) that are induced from an automorphism
in Aut(A)* fixing O will be denoted by "¥(0O). When o € ™¥(0) is
induced by g € Aut(A)™, it will be convenient to talk about the action
of a (instead of g) on A.

Given P € "P and ¢ € "L with P " ¢, an elation of "H with axis ¢
and center P is a collineation of "H fixing all points incident with ¢ and
fixing all lines incident with P. As the next lemma shows, an elation

also fixes additional points and lines.
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Lemma 4.2.1. Let « be an elation of "H (n > 2) with azis ¢ and center
P. Then « fizes all points (resp. lines) of "H that are (n—1)-neighboring
P (resp. 0).

Proof. See [VMVS98, Lemma 5. O

A 'h-collineation « of "H is an elation of "H such that a* -1 is
trivial. (All elations of 'H are 'h-collineations.) By definition, an ela-
tion a with axis ¢ and center P fixes all points incident with £ and all
lines incident with P. The following lemma states that when « is a

Ih-collineation, it also fixes the points near ¢ and the lines near P.

Lemma 4.2.2. Let o be a 'h-collineation of "H with axis ¢ and center
P. Then « fizes all points (resp. lines) of "H that are near ¢ (resp. P).

Proof. See [VMVS98, Lemma 14]. O
We then get the following result as a direct consequence.

Lemma 4.2.3. Let o be a 'h-collineation of "H with axis ¢ and center
P. Then for each {' € "L neighboring £ and each P’ € ™P neighboring

P, o is also a "h-collineation with axis ¢ and center P'.

Proof. By Lemma 4.2.2, « fixes all points (resp. lines) of "H that are
near ¢ (resp. P). Given P’ neighboring P and ¢ neighboring ¢, this is
equivalent to saying that « fixes all points (resp. lines) that are near ¢/
(resp. P’). In particular, « fixes all points (resp. lines) incident with ¢
(resp. P'), which means that « is an elation (and thus a 'h-collineation)

with axis ¢ and center P’. O

The following lemma also comes from [VMVS98|. For n = 1, this is

a particular case of a well-known result of Tits [Tit74, Theorem 4.1.1].

Lemma 4.2.4. Let o be a non-trivial *h-collineation of "H with axis ¢
and center P. Then a does not fix any point (resp. line) of "H that is
not near ¢ (resp. P).

Proof. See [VMVS98, Lemma 16 (iv)]. O

From this lemma we can easily deduce the more general next result.



192 4. A discreteness criterion for A,-buildings

Lemma 4.2.5. Let o be a non-trivial elation of "H with axis £ and
center P. Then « does not fiz any point (resp. line) of "H that is not
near £ (resp. P). In particular, if m € "L is incident with P but not
neighboring £, then the group of all elations with azxis £ and center P

acts freely on the points incident with m but not neighboring P.

Proof. Let us prove it by induction on n. For n = 1, this is equivalent
to Lemma 4.2.4. Now assume the assertion is proved in "~ 'H and let
a be a non-trivial elation of "H with axis ¢ and center P. It is clear
that a*n—1! is an elation of "'H, with axis "~ !7(f) and center "~ !r(P).
If a1 is trivial then « is a 'h-collineation of "H and we can directly
apply Lemma 4.2.4 to conclude. If on the contrary a»-! is not trivial
then it is a non-trivial elation of ""'H and the result follows from the

induction hypothesis. U

We now explain what it means for "H to be Moufang. First fix
P e ™ and ¢ € "L with P ™ {. Given m € "L incident with P but
not neighboring ¢, we say that "H is (P, {)-transitive if the group of all
elations with axis £ and center P acts transitively on the points incident
with m but not neighboring P. In view of Lemma 4.2.5, this condition
does not depend on the choice for m and the action is then automatically
simply transitive. When "H is (P, {)-transitive for all P € "P and all
¢ € ™ with P ™ {, we say that "H is Moufang. For n = 1, this
definition is equivalent to the definition of a Moufang projective plane.

Given n > 1 we say that A is n-Moufang if "H(O) is Moufang
for each vertex O in A. Being n-Moufang is clearly weaker than being
(n+ 1)-Moufang. As the next lemma shows, if A is n-Moufang for each
n > 1 then the projective plane A* at infinity of A is Moufang. This
is equivalent to saying that A is Bruhat—Tits, see [Wei08, Chapter 28|.
The proof of this lemma essentially comes from [VMVS99, §5].

Lemma 4.2.6. Suppose that A is n-Moufang for each n > 1. Then the
projective plane A is Moufang, i.e. A is Bruhat—Tits.

Proof. Consider £°° and m* two lines in A*, and denote by P*° the
point of A® incident to £*° and m*>. We want to show that A is

(P, (>°)-transitive, i.e. that the group of all elations of A* with axis
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£°° and center P*° acts transitively on the points incident with m> but
different from P°°. Consider Q°° and R*° two points incident with m®°,
different from P°°. Let A®° be some apartment in A® containing ¢£°°,
P>, m® and Q°°. There exists an apartement A in A whose apartement
at infinity is A°°. Now choose a vertex O in A so that the two open
rays from O to P*° and R* are disjoint. For each n > 1, "H(O) is
Moufang, so there exists an elation «,, of "H(O) with axis "7 (¢{>°) and
center "m(P*°), sending "r(Q>) to "r(R>) (where "r(x*°) is the point
or line of "H(O) represented by the ray from O to £°°). Lemma 4.2.5
implies that aj* = oy for each 1 < k < n. We can thus consider the
inverse limit « of the sequence (ay,), which is an elation of A® with axis
£>° and center P*°, sending Q*° to R™. O

Finally, for our future needs we give a name to some vertices of A.
Given P € "P(O) and ¢ € "L(O) with P "I ¢ (where O is a vertex of A),
the consecutive vertices of the geodesic from P to £ in A are denoted by
P =vy(P,0),v1(P,L),...,v,(P L) =¢.

4.3 Panel-transitive flg—buildings

Given n > 1, we say that Aut(A) (or Aut(A)") is n-discrete if there
exists a vertex O in A such that the only element of Aut(A) fixing O
and acting trivially on "H (O) is the identity. Being n-discrete is clearly
stronger than being (n+1)-discrete. Then Aut(A) (or Aut(A)™) is non-
n-discrete if for each vertex O in A there exists a non-trivial element
of Aut(A) fixing O and acting trivially on "H(O). Remark that Aut(A)
is non-discrete if and only if it is non-n-discrete for all n > 1. In this
section we prove Theorem 4.A’ which is thus a more precise version of

Theorem 4.A (in view of Lemma 4.2.6).

Theorem 4.A’. Let A be a locally finite thick As-building and suppose
that Aut(A)™ is transitive on panels of each type. Then for each n > 1,

at least one of the following assertions holds:
(a) A is n-Moufang, or

(b) Aut(A) is (6n + 2)-discrete.
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In the proof, we assume that Aut(A)" is transitive on panels of each
type and non-(6n + 2)-discrete, and aim to show that "H (O) is Moufang

for each vertex O in A.

4.3.1 Constructing 'h-collineations

In this first subsection, we observe that the non-(n + 3)-discreteness of
Aut(A) together with its transitivity on vertices of each type implies the
existence of non-trivial 'h-collineations in "W (0) for each vertex O in A.

We start with an easy result valid in any As-building A.

Lemma 4.3.1. Let vg,...,vx (k> 1) be consecutive vertices of a wall
of A. Consider vertices wy, ..., w,_1 with w; adjacent to v;, viy1 and
wi—1 (if i > 1) for each i € {0,...,k — 1}. Similarly, consider vertices
wy, - .., Wy_y with w} adjacent to v;, vit1 and wi_y (if i > 1) for each
i €{0,....k—1}. If g € Aut(A)*" fizes vo,...,vp and if g(wy) = wy,
then g(w;) = w) for each i € {0,...,k—1}.

Proof. For each i € {1,...,k — 1}, the fact that g fixes v;_1, v; and
vi41 clearly implies that g sends w;_; to w}_; if and only if g sends w;
to w} (see Figure 4.1 for an illustration). The conclusion then follows

immediately. O

w‘() w;i_l
w Wi,
Figure 4.1: Illustration of Lemma 4.3.1.

This enables us to show the following.

Lemma 4.3.2. Let O be a vertex of A and let « € "U(O) (n > 2) be
a non-trivial collineation such that o1 is trivial. Then there exists
P € "P(0) and ¢ € "L(O) with P " £ and such that « does not fix
v1(P,0),v9(P,0), ..., vn_1(P,1).
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Proof. For any P € "P(O) and ¢ € "L(O) with P " ¢ we know by
Lemma 4.3.1 that either all vertices vy (P, {),...,v,—1(P,{) are fixed by
« or none of them is fixed by a (because a*»~! is trivial).

We therefore proceed by contradiction, assuming that for all such P
and ¢, all the vertices v1(P,¢),...,v,_1(P,¢) are fixed by a. We show
that, in this case, « is trivial (which gives the contradiction).

Consider any point P € "P(O) and choose two lines ¢, ¢ € "L(O)
incident with P and such that ¢ and ¢ are not neighboring. Then «
fixes vy (P, ), vi(P,¢) and "~'7(P), so it must fix P. This can be done
for any choice of a point P € "P(O), and similarly for any choice of a
line ¢ € "L(0), so « is trivial. O

Proposition 4.3.3. Let n > 1 and suppose that Aut(A) is non-(n+ 3)-
discrete and transitive on vertices of each type. Then for each vertex O

in A, there erxists a non-trivial h-collineation in "¥(0O).

Proof. In view of the transitivity of Aut(A) on vertices of each type, it
suffices to find three vertices Op, O1, O3 of types 0, 1 and 2 such that
™ (0;) contains a non-trivial ‘h-collineation for each i € {0, 1,2}.

Fix some vertex O in A. The non-(n + 3)-discreteness of Aut(A)
implies that there exists N > n + 4 such that Y¥(O) contains a non-
trivial collineation « with a*¥-1 trivial. By Lemma 4.3.2, there exists
P € MP(0) and ¢ € N£(O) with P ™I ¢ and such that none of the ver-
tices v1 (P, £),...,vn_1(P, ) is fixed by a. Now write X = V~"7(P) and
Y = N="r(f) (see Figure 4.2). As N —n > 4, the geodesic from X to Y

Pq ol

Figure 4.2: Illustration of Proposition 4.3.3.
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in A contains at least three vertices different from X and Y. Since three
consecutive vertices in such a configuration always have the three differ-
ent types, there exist Og, O and O3 with types 0, 1 and 2 and strictly be-
tween X and Y. For each i € {0, 1,2}, the action induced by o on "H (O;)
is non-trivial, because « acts non-trivially on v1(P,{),...,on_1(P,¥).
There remains to check that it is a th-collineation of "H (0;), but this is

a consequence of the fact that o*N-1 is trivial. O

The previous proposition shows the existence of a non-trivial h-
collineation in "U(O), in some circumstances. We already know some
properties of such collineations (see Lemma 4.2.4), but the next lemma

is more precise.

Lemma 4.3.4. Let O be a vertex of A and consider P € "P(O) and
Le"™L(O) with P™ ¢ (n>2). Let also Q € "P(O) be a point not near
¢ and o € "L(O) be a line not near P, such that Q "I o.

(i) Let o € "W (O) be a non-trivial *h-collineation with axis £ and center
P. Then « does not fix v;(Q,0), for any i € {0,1,...,n}.

(i) Denote by m € "L(O) the line incident with P and Q). Suppose that
the group G of all *h-collineations in ™V (O) with axis £ and center P
acts transitively on the set of points (n—1)-neighboring Q and inci-
dent with m. Then, for each i € {0,...,n—2}, G acts transitively
on the set of chambers of A having vertices v;(" 'm(Q)," r(0))
and v 1("m(Q)," (o)) but not v (" (Q)," %1 (0)).

Proof. Let a € ™¥(O) be a 'h-collineation with axis ¢ and center P. Let
also m € "L£(O) be the line incident with P and @ (see Figure 4.3). We
know by definition of an elation that « fixes m, and the fact that a*»—!
is trivial implies that it also fixes "~'7(Q). Hence, from Lemma 4.3.1
applied to the segment from "~Ir(m) to "~7(Q), we get that « fixes
v1(Q,m). Assertions (i) and (ii) then follow thanks to another appli-
cation of Lemma 4.3.1 to the segment with vertices v1(Q,m), "~ '1(Q),
v (" 7(Q), "' (0)),...," (o). (Recall, for (i), that when « is non-
trivial it does not fix @ nor o by Lemma 4.2.4.) O
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Q o
oL/

P 14

Figure 4.3: Illustration of Lemma 4.3.4.

4.3.2 From panel-transitivity to chamber-transitivity

In this subsection, we prove that if Aut(A)" is non-4-discrete and tran-
sitive on panels of each type, then Aut(A)* is transitive on chambers.
We start by the following easy lemma, valid in any projective Hjelmslev

plane of level 1 (i.e. any projective plane).

Lemma 4.3.5. Let o be a non-trivial elation of 'H with axis { and
center P. Let m € 'L be incident with P but different from £. Then
the permutation induced by a on the set of q points incident with m but
different from P is a product of k > 1 disjoint cycles of the same length

c> 2, where k- c = q. Moreover, k and ¢ do not depend on m.

Proof. Let o be the permutation induced by « on this set of ¢ points.
By Lemma 4.2.4, ¢ has no fixed point. Now it suffices to prove that
two cycles in the cycle decomposition of ¢ always have the same length.
Suppose for a contradiction that there are two cycles of different lengths
¢1 < ¢. Then o is an elation of 1H which is non-trivial (because o!
is non-trivial) and o“* has fixed points, which contradicts Lemma 4.2.4.
So all k cycles in the cycle decomposition must have the same length
¢ > 2, and of course k - ¢ = q. Note that k£ and ¢ do not depend on m,
otherwise we would once again get a power of « that is non-trivial but
has forbidden fixed points. O
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Proposition 4.3.6. Suppose that Aut(A)™ is non-4-discrete and tran-

sitive on panels of each type. Then Aut(A)t is chamber-transitive.

Proof. Let us assume for a contradiction that Aut(A)™ is not chamber-
transitive. Then we can color the chambers of A in blue and red so
that each color is used at least once and two chambers with different
colors do not belong to the same orbit. (For instance, color one orbit
of chambers in blue and all other orbits in red.) For each type t €
{{0,1},{1,2},{0,2}}, the transitivity on ¢-panels implies that there exist
b; and 7y such that all £-panels are adjacent to b; blue chambers and r;
red chambers. Note that b; > 1 and r; > 1, otherwise all chambers of
A would be the same color. In A, all panels have the same number of
chambers, say 1 + ¢, so by +r; = 1 + ¢ for each t.

We first claim that byo1) = bpi2y = bpog2y (and ryo1y = r2 =
7{0,2})- Indeed, take t,t" € {{0,1},{1,2},{0,2}} with ¢ # ¢ and consider
a vertex v of type tNt’ in A. The number of blue chambers adjacent to
v (i.e. in the residue corresponding to v) is equal to p; - by, where p; is the
number of t-panels adjacent to v. Since the residue associated to v is a
projective plane of order ¢, we have p; = ¢>4+¢+1 and the number of blue
chambers adjacent to v is (¢>4¢+1)-b;. But for the same reason with ¢’
instead of ¢, this number is also equal to (¢* +¢q+1)-by. So by = by and
rt = ry. In the following we therefore write b = bgg 1y = b19) = byo 23
and r =779 1y =712} = r{02}- Recall that b+r=1+gq.

Now consider a vertex O in A and a non-trivial elation a in 'W(0),
whose existence is ensured by Proposition 4.3.3. Let P € *P(O) and ¢ €
I£(O) be the center and axis of the elation a. Consider m € 1£(O) a line
incident with P but different from ¢. By Lemma 4.3.5, the permutation
induced by « on the set of g points incident with m but different from P
is a product of £ > 1 cycles of length ¢ > 2, with k-c = ¢. If the chamber
with vertices O, P and m is blue, then this implies that b = 1 (mod c)
and r =0 (mod ¢). If it is red, then » =1 (mod ¢) and b =0 (mod c).
But ¢ does not depend on m, so this reasoning is valid for any choice of
m. As b cannot be congruent to both 0 and 1 modulo ¢ (because ¢ > 2),
this means that all the chambers with vertices O, P and some m # ¢

have the same color. We can assume that this common color is blue, so
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that b=1 (mod ¢) and » = 0 (mod ¢). In particular we have r > ¢ > 2,
but this is a contradiction with the fact that there is at most one red
chamber adjacent to the panel defined by O and P. U

Remark 4.3.7. The non-4-discreteness in Proposition 4.3.6 can be re-
placed by non-2-discreteness. Indeed, in the proof we only need a non-
trivial elation in W (O) for some vertex O (of any type), and Propo-
sition 4.3.3 with n + 1 instead of n + 3 indeed gives a non-trivial 'h-
collineation in "™¥(O) for a vertex O whose type is not controlled.

A similar remark can be done for many of our following results: we
often assume that Aut(A) is non-f(n)-discrete for some linear function
f of n, but we never claim that our choice for f is optimal. In particular,
the value 6n + 2 appearing in Theorem 4.A’ can certainly be replaced

by a smaller value with some more effort.

4.3.3 From chamber-transitivity to 1-Moufangness

The following theorem is due to Kantor [Kan87] and concerns finite
projective planes with a collineation group transitive on incident point-

line pairs. It will be helpful to get local information about Aut(A).

Theorem 4.3.8 (Kantor, 1987). Let IT be a projective plane of order q,
and let F' be a collineation group of 11 transitive on incident point-line

pairs. Then either
(a) 11 is Desarguesian and F > PSL(3,q), or

(b) F is a Frobenius group of odd order (¢>+q+1)(qg+1), and ¢*+q+1

1S prime.
Proof. See [Kan87, Theorem A]. O

Corollary 4.3.9. Suppose that Aut(A)™T is non-4-discrete and chamber-
transitive. Then for each vertex O in A, the projective plane 'H(O) is
Desarguesian and "W(O) > PSL(3,q), where ¢ + 1 is the number of
chambers in each panel of A. In particular, 'H(O) is Moufang and
W (O) contains all elations of *H(O).
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Proof. For any vertex O in A, 'H(O) is a projective plane of order q.
The chamber-transitivity of A directly implies that W(O) is transitive
on incident point-line pairs of 'H(0O). Hence, by Theorem 4.3.8, either
'H(0) is Desarguesian and W (0) > PSL(3,q), or |"(0)| = (¢* + ¢ +
1)(¢g+1). We only need to show that the latter is impossible. Note that
there are exactly (¢? + ¢ + 1)(¢ + 1) incident point-line pairs in 'H(O),
so the equality |'"W(0)| = (¢ +q+1)(g+ 1) would imply that the action
of W (O) on these point-line pairs is free. However, by Proposition 4.3.3,
there exists a non-trivial elation in 'W(0). So the action is not free and
the statement stands proved.

Note that, for a finite projective plane II (say of order ¢), being
Desarguesian is equivalent to being Moufang. Also, in this case, the
group generated by all elations of II is called the little projective group
and is exactly PSL(3,q). O

4.3.4 From chamber-transitivity to Bruhat—Titsness

We have seen with Corollary 4.3.9 that all 'H(O) are Moufang when
Aut(A)* is chamber-transitive and non-4-discrete. Our next goal is to
show, for each n > 2, that all "H(O) are Moufang when Aut(A)* is
chamber-transitive and non-(6n + 2)-discrete.

We start with the next easy corollary of Proposition 4.3.3.

Lemma 4.3.10. Let n > 1 and suppose that Aut(A)" is non-(n + 3)-
discrete and chamber-transitive. Then for each vertex O in A, each point
P € ™P(0) and each line ¢ € "L(O) with P "I ¢, there exists a non-trivial

h-collineation in ™V (O) with axis { and center P.

Proof. By Proposition 4.3.3, there exists a non-trivial 'h-collineation « €
™ (0), say with axis ¢/ € "L(O) and center P’ € "P(O). Let ¢ (resp. )
be the chamber of A with vertices O, 7 (¢) and '7(P) (resp. O, 7 (¢') and
I7(P")). Since Aut(A)* is chamber-transitive, there exists g € Aut(A)*
such that g(c) = ¢. Then g~'ag is a non-trivial *h-collineation, and by

Lemma 4.2.3 it has axis ¢ and center P. O

Lemma 4.3.11. Letn > 2 and let 1 < k <n. In the following, O is a
vertex of A, P is a point in "P(O) and { is a line in "L(O) with P " ¢,
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Q is a point in "P(O) not near ¢, and m € "L(O) is the line incident
with P and Q.

(i) Suppose that for any O, P and {, there evists a non-trivial ‘h-
collineation in 2" ¥ (O) with axis ¢ and center P. Then for any
O, P and ¢, there exists an elation o € ™¥(O) with azxis ¢ and

center P such that ok is trivial but o** is non-trivial.

(ii) Suppose that for any O, P, ¢ and Q, the group of all *h-collineations
in 2"t (O) with axis ¢ and center P acts transitively on the set
of points (2n + k — 1)-neighboring @ and incident with m. Then
for any O, P, £ and Q, the group of all elations o € "V(O) with
axis £ and center P and with o**=1 trivial is transitive on the set
of points in *P(O) that are (k — 1)-neighboring *7(Q) and incident
with Fr(m).

Proof. Fix O, £ and P and let A be an appartment of A containing
them (seen as vertices of A). In A, we denote by O’ the reflection of O
over the line through ¢ and P (see Figure 4.4). Also, P’ (resp. ') is the
vertex of A at distance 2n + k from O’ such that O’ lies on the segment
from ¢ to P’ (resp. from P to ¢').

We first prove (i). By hypothesis, there exists a non-trivial 'h-
collineation 8 € "M (O’) with axis ¢’ and center P'. We now consider
the element o € ™U(O) induced by . The fact that g*2n+k-1 is trivial
implies that a**-1 is trivial. Also, it is clear from Lemma 4.3.4 (i) ap-
plied to 8 that o** is non-trivial. There remains to show that « is an
elation of "H(O) with axis ¢ and center P, i.e. that « fixes all points
incident with ¢ and all lines incident with P. This is actually also a
consequence from the fact that f*2n+k-1 (even $*27) is trivial. Indeed,
all points incident with ¢ (and all lines incident with P) in "H (O) corre-
spond to vertices of A that are contained in 2"H(0’) (more precisely in
the convex hull of the vertices of A associated to 2"P(O’) and 2"L(0')).

The reasoning is the same for (ii). Take @ € "P(O) a point not near
¢ and denote by m € "L(O) the line incident with P and (). Here also,
we see @ and m as vertices of A and we can even assume that they
belong to A. Let Q" be the vertex of A at distance 2n + k from O’, in
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Figure 4.4: Illustration of Lemma 4.3.11.

the direction of P and m. If m/ € 2"*k£(0’) is the line incident with P’
and Q' in 2"**H (0’), then the hypothesis states that the group of all Th-
collineations in 2"+*¥(O') with axis ¢’ and center P’ acts transitively on
the set of points (2n+k —1)-neighboring @’ and incident with m/. Using
Lemma 4.3.4 (i) and as for (i), we obtain that the group of all elations
a € ™U(0) with axis £ and center P with o**~! trivial is transitive on the
set of points in *P(O) that are (k — 1)-neighboring #r(Q) and incident
with %1 (m). O

The key result of this section is then the following.

Proposition 4.3.12. Let n > 1 and suppose that Aut(A)T is non-
(2n + 4)-discrete and chamber-transitive. Let O be a verter in A and
consider a point P € "P(O) and a line £ € "L(O) with P ™ (. Let
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Q € "P(O) be a point not near £ and denote by m € "L(O) the line
incident with P and Q. Then the group of all ‘h-collineations in ™V (O)
with azxis ¢ and center P acts transitively on the set of points (n — 1)-

neighboring Q) and incident with m.

Proof. We introduce the three following assertions, all depending on
N > 1 (actually N > 2 for (Cn)). Remark that (A,) is exactly what

we need to prove.

(Ay) Let O be a vertex in A. Let P € MP(O) and ¢ € V£(O) be such
that P VI £, let Q € ¥P(O) be a point not near £ and denote by m
the line incident with P and Q. The group of all 'h-collineations
in MP(0O) with axis £ and center P acts transitively on the set of

points (N — 1)-neighboring @) and incident with m.

(Bn) Let i, j, k be the three types of panels in some order and let f be the
word ijkijkijk... of length 2N. Let (cg,cq1,...,con) be a gallery
of type f in A (i.e. for each 1 < s < 2N, the chambers ¢;_; and
¢s are adjacent and their common panel has type given by the s™
letter of f). Then for any two chambers d and d’ adjacent to both
¢p and ¢; (but different from them), there exists an automorphism

of A fixing cg,c1,...,con and sending d to d'.

(Cxn) Let O be a vertex in A. Let P € MP(O) and ¢ € N£(O) be such
that P VI ¢, let Q € VP(O) be a point near £ but not neighboring
P, and let m, o0 € £(O) be two lines near ) but not neighboring
¢. There exist a point P’ € YP(0) (N — 1)-neighboring P, a line
¢ € N£(O) neighboring ¢ (with P’ VT ¢') and an elation in M¥(O)
with axis ¢ and center P’ sending 'r(m) to '7(o).

Note that (A;) is given by Corollary 4.3.9. It also follows from this
corollary that (Bj) is true. Indeed, if O is the vertex of A adjacent to co,
c1 and ¢ (as defined in (Bj)), then having 'W(O) > PSL(3,q) implies
the existence of an automorphism fixing cg, ¢, c2 and sending d to d'.
We now show three different relations between (Ay), (By) and (Cy).

Claim 1. (By_1)+ (Cn) = (An) for each 2 < N < n.



204 4. A discreteness criterion for A,-buildings

Proof of the claim: Let O, P, ¢, Q and m be as in (Ay). Let also
R € ¥P(0) be a point (N — 1)-neighboring @ and incident with m (see
Figure 4.5). We want to prove that there exists some 'h-collineation in
My (0) with axis £ and center P, sending Q to R.

From Lemma 4.3.10 we know that there exists a non-trivial 'h-
collineation a € M¥(O) with axis £ and center P. (Note that Aut(A) is
non- (N + 3)-discrete because N +3 < n+3 < 2n+2.) By Lemma 4.2.4,
a sends @ to some S # R. We know from (By_1) that there exists
B € Aut(A)* fixing Q, O and '7(m) and sending S to R. Then BaB~!
sends @ to R (as desired) and is a 'h-collineation with axis ¢’ and center
P', with '7(P') 'I 'n(m). Now there are two different cases:

o If '7(¢) = 7(¢), then also '7(P’) = n(P), and hence Baf~! is a

Ih-collineation with axis ¢ and center P in view of Lemma 4.2.3.

o If 7(¢)) # 'r(¢), then denote by T € ¥P(O) the point incident
with ¢ and ¢ and by o € V£(O) the line incident with @ and 7.
By (Cn), there exist a point @’ € ¥P(O) (N — 1)-neighboring Q,
a line o’ € V£(O) neighboring o (with Q" M o) and an elation
v € MU(0) with axis o/ and center Q' sending '7(¢') to 7 (¢). Note
that + fixes @ and R by Lemma 4.2.1. Thus v(BaB8 ')y~ ! is a
h-collineation with axis ¢ and center P, and it sends @ to R.
(Remark that this argument is valid when 7(P’) = 7(P), even

QR 0

Figure 4.5: Illustration of Proposition 4.3.12, Claim 1.
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though Figure 4.5 does not represent that case.) |
Claim 2. (By_1) + (An) = (Bn) for each N > 2.

Proof of the claim: Let i, j, k, w, (cg,c1,...,can), d and d’ be as in (By).
We need an automorphism of A fixing ¢y, . .., con and sending d to d'.
By (Bn_1), we already have some g € Aut(A)" fixing cg, ..., can—2
and sending d to d’. Denote by ¢}, _, the image of coy—1 by g. Now
taking O, P, ¢ and @ as in Figure 4.6a, we can apply (Ax) to get an
element h € Aut(A)T fixing g, ..., con_2 as well as d and d’ and sending
Chn_1 to can—1. So hg sends d to d’ and fixes ¢, ..., con—1. Now we can
use the same method one step further: if ¢}, denotes the image of con
by hg, then we can find thanks to (Ax) (see Figure 4.6b) an element h’/
fixing ¢, ..., can—1, d and d’ and sending ¢, to can. The element h'hg

then fixes cg,...,con and sends d to d'. |

(a) From con—1 to chp_- (b) From can to chy.

Figure 4.6: Illustration of Proposition 4.3.12, Claim 2.

Claim 3. (By_1) = (Cy) for each 2 < N < n.

Proof of the claim: Let O, P, £, Q, m and o be as in (Cy). We must
find an elation in “¥(O) sending 7(m) to '7(0), with axis # and center
P’ where ¢’ is neighboring ¢ and P’ is (N — 1)-neighboring P.
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Figure 4.7: Tllustration of Proposition 4.3.12, Claim 3.

By Lemma 4.3.10 (with 2NV + 1) and Lemma 4.3.11 (i) (with N),
there exists an elation a € MU(O) with axis ¢ and center P and such
that o*! is non-trivial. In view of Lemma 4.2.4 (applied in H(0)), if
p denotes the image of m by «a, then 7(p) # 'w(m). By (By_1), there
exists g € Aut(A)T fixing Y x(P), 'n(¢) and 7(m) and sending '7(p)
to (o) (see Figure 4.7). Then gag~! is an elation with axis g(¢) and
center g(P) which sends '7(m) to 7 (o). Since g(¢) is neighboring ¢ and
g(P) is (N — 1)-neighboring P, we are done. [

Claims 1 and 3 together imply that (By_1) = (An) for each 2 <
N < n (%), so that Claim 2 then reads as (By_1) = (Bn) for each
2 < N < n. From (B;) we therefore get (By) for all 1 < N < n, and
hence (Ay) is true for all 2 < N < n by (x). (Remember that (A4;) was
already true.) O

Proof of Theorem 4.A’. Suppose that Aut(A) is non-(6n + 2)-discrete.
By Proposition 4.3.6, Aut(A)™" is chamber-transitive (because 6n + 2 >
4). We want to prove that "H(O) is Moufang for each vertex O in A.
Consider P € "P(O) and ¢ € "L(O) with P "I ¢{. We need to show
that "H(O) is (P,{)-transitive. Let m € "£(O) be incident with P but
not neighboring ¢ and let Q, R € "P(O) be incident with m but not
neighboring P. We must find an elation of "H (O) with axis ¢ and center
P sending @ to R. We actually show by induction on k that, for each
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0 < k < n, there exists an elation with axis £ and center P sending *r(Q)
to #7(R). For k = 0 we can take the identity (because %r(Q) = %r(R) = O
by convention). Now consider 1 < k < n and assume that this is true
for k — 1. Thus there is an elation a with axis ¢ and center P such that
a(*'7(Q)) = *~r(R). Denote by Q' the image of @ by a. Then @’
is (k — 1)-neighboring R and incident with m, and it suffices to find an
elation with axis ¢ and center P sending *r(Q’) to *r(R) in . For k = n,
such an elation exists by Proposition 4.3.12, and for k& < n we need this
same proposition (with 2n + k) together with Lemma 4.3.11 (ii). (Note
for Proposition 4.3.12 that 2(2n+ k) +4 < 6n+2 when k <n+1.) O

4.4 Vertex-transitive A,-buildings

The goal of this section is to prove Theorem 4.B’ below.

Theorem 4.B'. Let A be a locally finite thick As-building. Suppose
that Aut(A) is transitive on vertices and unimodular, that Aut(A)T is
transitive on vertices of each type, and that A has thickness p+1 for some

prime p. Then for each n > 1, at least one of the following assertions
holds:

(a) A is n-Moufang, or
(b) Aut(A) is (6n + 2)-discrete.

We will once again suppose that Aut(A) is non-(6n + 2)-discrete
and, under the hypotheses of Theorem 4.B’, prove that Aut(A)* must
be transitive on panels of each type. The conclusion will then follow

from Theorem 4.A’.

4.4.1 About finite projective planes

We begin with several lemmas concerning finite projective planes. They

will become useful later in the section. The first lemma is classical.

Lemma 4.4.1. Let II be a finite projective plane and F' be a collineation
group of II. Then F is transitive on points of 11 if and only if F is

transitive on lines of 11.
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Proof. It is actually true that, for any collineation group F' of a finite
projective plane I, F' has as many point orbits as line orbits, see [HP73,
Theorem 13.4]. O

The following lemma is also classical but, because of the lack in

finding a suitable reference, we give its proof here.

Lemma 4.4.2. Let Il be a finite projective plane of prime order and
F be a collineation group of II. Suppose that F' contains a non-trivial
elation. Then either F is transitive on points of Il or F' fizes a point or
a line of 11.

Proof. We color the points of II according to their orbit under the action
of F'. Let us suppose that F' is not transitive on points of 11, i.e. that
there are at least 2 colors. Let us denote by P and ¢ the center and axis
of a non-trivial elation « in F'. By Lemma 4.3.5 and since II has prime
order, for each line o incident to P and different from /¢, the elation « is
transitive on points incident to o and different from P. Thus, for each
such o, all points incident to o and different from P have the same color

(). Now let us distinguish several cases:
e If P has a color that no other point has, then P is fixed by F'.

e Otherwise, and if the only points with the same color as P are
incident to £, then £ is fixed by F.

P 14

P/

Figure 4.8: Illustration of Lemma 4.4.2.
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e Now assume that there exists a point P’ not incident to £ but with
the same color as P. This means that there exists § € F with
B(P) = P’. Denote by m the line through P and P’, and write
¢" = B(¢). Note that, in view of (x), for each line o’ incident to P’
and different from ¢, all points incident to o’ and different from

P’ have the same color (xx). See Figure 4.8 for an illustration.

— If ¢/ = m, we deduce from (x), (xx) and the fact that S(£) = ¢’

that all points have the same color, which is a contradiction.

— If ¢/ # m, then we obtain from (x) and (xx) that all points
incident to m have the same color, say c¢1, and that all points
not incident to m but different from Q = ¢N ¢ have the same
color, say co. We write cg for the color of Q. If ¢3 # ¢, co,
then @ is the only point with color cg so it is fixed by F. If
c3 = cg, then ¢ # co (because there are at least two colors),
and m is fixed by F. Finally, if ¢35 = ¢, then ¢; # ¢ and
there should exist v € F with v(P) = Q. But this gives a

contradiction with the coloring. O

We conclude with a third lemma about finite projective planes of

prime order which can be applied in some really precise situation.

Lemma 4.4.3. Let 11 be a finite projective plane of prime order and
F be a collineation group of II. Suppose that F contains a mon-trivial
elation and that F fizes exactly one point QQ and one line m, with Q
not incident to m. Then F is transitive on points incident to m and

transitive on points not incident to m but different from Q.

Proof. Let o be a non-trivial elation in F', say with axis ¢ and center P.
From Lemma 4.2.4, we deduce that @ is incident to ¢ (and different from
P) and that m is incident to P (and different from /), see Figure 4.9. We
color the points of II according to their orbit (under the action of F).
By Lemma 4.3.5 and since II has prime order, for each line o incident
to P and different from ¢, all points incident to o and different from P
have the same color (x). Now by hypothesis, P is not fixed by F. Thus
there exists 8 € F with §(P) = P’ # P. Moreover, P’ is incident to
m since m is fixed by F' (and hence by ). As @ is fixed by F', we also
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P ¢ Q

P/

Figure 4.9: Illustration of Lemma 4.4.3.

have B(¢) = ¢’ where ¢’ is the line incident to P’ and Q. So by (x), we
get that for each line o’ incident to P’ and different from ¢, all points
incident to o’ and different from P’ have the same color (xx). From (x)
and (#*) we deduce that there are exactly three colors: one for @), one

for the points incident to m and one for all other points. O

4.4.2 From vertex-transitivity to panel-transitivity
We start this subsection with two easy lemmas.

Lemma 4.4.4. Suppose that Aut(A)" is transitive on vertices of each

type but not transitive on panels of each type. Then for each vertex O

in A, W(0) is not transitive on *P(O) (resp. 'L£(0)).

Proof. Suppose for a contradiction that W(O) is transitive on P(O)
for some vertex O in A, say of type 1. By Lemma 4.4.1, 'W(O) is also
transitive on 1£(0). Since Aut(A)T is transitive on vertices of each type,
this implies that Aut(A)™ is transitive on panels of type {0,1} and of
type {0,2} of A. Now if we consider a vertex O’ of type 1, then we
know that the stabilizer of O’ in Aut(A)™" is transitive on panels of type
{0,1} adjacent to O'. By Lemma 4.4.1, it is also transitive on panels of
type {1,2} adjacent to O'. Tt follows that Aut(A)™ is also transitive on
panels of type {1,2}, which contradicts the hypothesis. O

Lemma 4.4.5. Suppose that Aut(A) is transitive on vertices and uni-

modular. If v and w are two vertices in A such that the stabilizer
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Aut(A)T(v) of v in Aut(A)T fizes w, then Aut(A)T(v) = Aut(A)*(w).

Proof. We have Aut(A)"(v) C Aut(A)*(w) by hypothesis. Take g €
Aut(A) such that g(v) = w. Since Aut(A) is unimodular, the Haar
measure 4 of Aut(A) satisfies p(Aut(A)T(v)) = (g Aut(A)*(v)g™!) =
p(Aut(A)T (w)). So Aut(A)T(v) = Aut(A) T (w). O

Proposition 4.4.6. Suppose that Aut(A) is transitive on vertices, non-
6-discrete and unimodular, that Aut(A)T is transitive on vertices of each
type, and that A has thickness p + 1 for some prime p. Then Aut(A)*"

is tramsitive on panels of each type.

Proof. Let us assume for a contradiction that Aut(A)™ is not transitive
on panels of each type. By Lemma 4.4.4, this implies that 'W(v) is not
transitive on *P(v) (and on £(v)) for each vertex v in A. In view of
Lemmas 4.4.2 and 4.4.5, for each such v there exists w adjacent to v in
A such that Aut(A)*(v) = Aut(A)*(w). From now on, we color in red
all panels (i.e. edges) [v,w] in A such that Aut(A)*(v) = Aut(A) " (w).

We have just seen that each vertex is adjacent to at least one red edge.
Claim 1. Let v,w,z,y be vertices in A, placed as shown below.
(i) If [v,w] and [v,x] are red, then [w,x] is red.

(i) If [v,w] and [v,y] are red, then [v,x] is red.
) X

pVAN

v w
Proof of the claim: The claim follows from the definition of a red edge:
(i) Having [v,w] and [v, ] red means that Aut(A)*(v) = Aut(A)%(w)
and Aut(A)T(v) = Aut(A)t(z), so Aut(A)T(w) = Aut(A)T(x)

and [w, x] is red.

(ii) Having [v,w] and [v, y] red means that Aut(A)*(v) = Aut(A) T (w)
and Aut(A)T(v) = Aut(A)*(y). In particular, this implies that
Aut(A)*(v) fixes z. By Lemma 4.4.5, this gives us Aut(A)™ (v) =
Aut(A)T(z) so that [v,x] is red. |
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Claim 2. Let v be a vertex in A and let o be a non-trivial elation of
H (v), with axis £ and center P. Then all vertices w adjacent to v with

[v,w| red are incident to P or L.
Proof of the claim: This follows from Lemma 4.2.4. |

Claim 3. For each vertex v in A, there exist two vertices w,x adjacent

to v and opposite in *H(v) such that [v,w] and [v,z] are red.

Proof of the claim: By Lemmas 4.4.2 and 4.4.5, there is at least one red
edge adjacent to any vertex. Since Aut(A) is transitive on vertices, each
vertex is adjacent to the same number of red edges. This number cannot
be exactly one, because then there would be an issue with the types of
the red panels (because Aut(A)™ is transitive on vertices of each type).
So each vertex is adjacent to at least two red edges.

We want to show that, for each vertex v, there exists w,x adjacent
to v and opposite in 'H(v) such that [v,w] and [v,x] are red. If this
situation occurs at one vertex v, then it occurs at any vertex v in view
of the vertex-transitivity. So we assume for a contradiction that this
situation does not appear anywhere.

First assume that, for some vertex v, there exist two vertices w,y
adjacent to v, with the same type and such that [v, w] and [v, y| are red.

Then the edge [v, 2] between w and y must also be red, as well as [w, x]

(g L4

P 14
Figure 4.10: Illustration of Proposition 4.4.6, Claim 3.
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and [z,y] (by Claim 1). But there must also be two red edges of the
same type adjacent to w. In all cases, we find (via Claim 1) two opposite
red edges adjacent to a same vertex. So two such red edges [v,w] and
[v, 2] cannot exist, and the only remaining possibility is to have, for each
vertex v in A, exactly two red edges adjacent to v, of different types and
incident in H (v) ().

We now show that this situation is impossible. Let us consider some
non-trivial th-collineation « in *H (v), which exists by Proposition 4.3.3.
Denote by P and £ its center and axis. Let w, x be two vertices adjacent
to v in A, placed as in Figure 4.10. Now for each vertex y adjacent to
both w and z but different from v, a induces an elation of 'H(y) with
axis x and center w. Observing (%) and Claim 2 at y, we deduce that
at least one of the edges [y, w] and [y, z] is red. This observation is true
for any choice of y. If p > 3, there are at least three such vertices y and
we get two red edges [w,y| and [w,y'] (or [z,y] and [z,y]) with y and
y" of the same type, which contradicts (). In the particular case where
p = 2, we can also get a contradiction. First, if we denote by y and v/
the two vertices adjacent to w and x and different from v, then the only
way to not have a contradiction is to have [w,y] and [z, ] red (or [w, /]
and [x,y] red). Now consider 2’ a vertex adjacent to v and w, different
from x and not adjacent to 'r(P). Then with the same argument as
above we get two vertices ¢ and ¢’ adjacent to w and 2z’ and such that
[w,t] and [z,t] are red. This gives a contradiction with (x) at w: the

two edges [w,y] and [w,t] are red but y and ¢ have the same type. W

Claim 4. For each vertex v in A, there are exactly two red edges adjacent

to v, and they are opposite in H(v).

Proof of the claim: For each vertex v in A, we have two red edges
adjacent to v and opposite in 'H(v), by Claim 3. Now assume that
some (and hence any) vertex is adjacent to a third red edge.

For some vertex v, we consider some non-trivial 'h-collineation a in
3H (v), with axis £ and center P. Let w,z be two vertices adjacent to v
in A, placed as in Figure 4.11. Given a vertex y adjacent to both w and
x but different from v, a induces an elation of 'H(y) with axis = and

center w. Applying Claims 2 and 3 at y, we obtain two red edges [y, s]
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(g L4

P 14

Figure 4.11: Ilustration of Proposition 4.4.6, Claim 4.

and [y, t], with s adjacent to w and ¢ adjacent to z, see Figure 4.11. We
assumed that there is a third red edge [y, r] adjacent to y. By Claim 2,
r must be adjacent to w or . Via Claim 1, this implies that all edges
[y, w], [y,z], [s,w], [w,z] and [z,t] are red. Now we can do the same
reasoning with another vertex y adjacent to w and z but different from
v. This gives us two vertices s’ and ¢’ with [y, s'], [y, '], [/, w], [/, z],
[¢',w] and [z,t'] red. In particular, we get that the three edges [w, s],
[w, z] and [w, '] are red, with s, x and s’ having the same type. In view
of Claim 2, since there exists a non-trivial elation of 'H (w), these three
edges should be incident to a common edge. This is not the case, so we

have our contradiction. [ |

Claim 5. For each vertex v in A, there is a red bi-infinite geodesic

through v.
Proof of the claim: This follows directly from Claim 4. |
Claim 6. Let v,w,x,y,z be vertices in A placed as shown below. If

[v,w] and [v,x] are red, then [y, z] is red.
) 4

JAVAN

w v x
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Proof of the claim: Consider some non-trivial ‘h-collineation o of 2H (v)
given by Proposition 4.3.3 and denote by P and ¢ its center and axis.
Assume without loss of generality that the vertex 'w(P) (resp. 'w(£)) has
the same type as = (resp. w). Recall from Claims 4 and 5 that there is
a red bi-infinite geodesic through w, v and x. We deduce that w cannot
be opposite to 7(P) in 'H (v), because then o would fix a line not near
P, contradicting Lemma 4.2.4. So w must be adjacent to '7(P). In the
same way, we deduce that  must be adjacent to '7(¢). Moreover, since
Aut(A)T(v) fixes w and z and is transitive on points adjacent to v and
w (by Lemma 4.4.3), we can assume without loss of generality that y
and z are different from '7(P) and '7(¢), as in Figure 4.12.

We now prove that [y, z] is red. By the previous claims, there is a
(unique) vertex s adjacent to y and with the same type as z such that
[y, s] is red. Our goal is to show that s = z. First observe that s cannot
be opposite to v in H(y) (as s; in Figure 4.12). Indeed, if this was the
case, then it would mean that « fixes s, a point of 2H(v) not near P.
This is impossible by Lemma 4.2.4. So s is adjacent to v.

Of course we cannot have s = w since [w,v] and [w,y] cannot be
both red. In order to show that s = z, there remains to show that s
is adjacent to x. We proceed by contradiction, assuming that s is not
adjacent to x (as so in Figure 4.12). We thus have a red edge [y, s|] with y
and s adjacent to v, y adjacent to w but s not adjacent to x. In the case
where p > 3, the contradiction will come from Lemma 4.4.3. Indeed, if

we denote by Y the set of vertices adjacent to v and w, and by S the set

P l

Figure 4.12: ITllustration of Proposition 4.4.6, Claim 6.
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of vertices with the same type as s, adjacent to v and not adjacent to
x, then Lemma 4.4.3 tells us that Aut(A)* (v) is transitive on Y and on
S. But |[Y| =p+1and |S| = p? — 1, so if p > 3 then having a red edge
[y, s] from a vertex in Y to a vertex in S implies that each vertex in Y
has more than one red edge going to a vertex in S. This is impossible,
as s is the only vertex of that type with [y, s red.

Let us now consider the last case p = 2. We continue our proof by
contradiction, assuming that s # z. This time we have |Y| = 3 = |5/,
and each vertex in Y is adjacent to a unique vertex in S. This gives us
three red edges. If we do the same reasoning around z instead of y, then
we denote by Z the set of vertices adjacent to v and z, by S’ the set of
vertices with the same type as y, adjacent to v and not adjacent to w,
and we get three other red edges, each one connecting a vertex of Z and
a vertex of S’. In total, we got six red edges connecting neighbors of v.
Now since Aut(A) is transitive on vertices, this whole situation around
v also occurs around w. If we denote by a the vertex adjacent to w such
that [w,a] is red (with a # v), this means that [y, b] is red, where b is
the unique vertex adjacent to w and y, different from v and not adjacent
to a (see Figure 4.13). But then, around y, we have [y, b] and [y, s] red,
while [w,v] is also red. This situation is different from the one around

v, s0 we get our contradiction. |

b S

a w v x

Figure 4.13: Hlustration of Proposition 4.4.6, Claim 6.

We now find a new contradiction. This will show that our hypotheses
were wrong since the beginning, i.e. that Aut(A)™ must be transitive on
panels of each type.

Fix a vertex v in A and consider a non-trivial 'h-collineation o of
2H (v) given by Proposition 4.3.3, say with axis ¢ and center P. We
choose a vertex w adjacent to v and '7(P) but different from '7(¢) and

a vertex x adjacent to w and v but different from !7(P), as shown in
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X
w v
P 14

Figure 4.14: Ilustration of Proposition 4.4.6.

Figure 4.14. The 'h-collineation « induces a non-trivial elation of 'H (x)
with axis v and center w. By Claim 2, this implies that the two red
edges adjacent to z (given by Claim 4) are incident to w and v in 'H (z).
Hence, we conclude via Claim 6 that [v,w] is also red. However, this
reasoning could be done for any choice of w. So if w’ is another vertex
adjacent to v and 7 (P) but different from (), then we also get that

[v,w'] is red. This gives a contradiction with Claim 4. O
Theorem 4.B’ now follows immediately.

Proof of Theorem 4.B'. See Proposition 4.4.6 and Theorem 4.A’. O

4.5 A sufficient condition for exoticity

In this section we prove Theorem 4.C’, which gives a sufficient condition

under which an As-building is not 2-Moufang (and in particular exotic).

Theorem 4.C’. Let A be a locally finite thick As-building, let xq, z1 be
two adjacent vertices in A and let C' be the set of chambers adjacent to
both xo and x1. For each j € {0,1}, let G; < Sym(C') be the image of
Aut(*H (z;))(z1-5) in Sym(C). If Gy # G1, then A is not 2-Moufang.

Proof. Say that A has thickness ¢ + 1, i.e. |C| = ¢ + 1. Then H ()
and H(x1) are projective planes of order q. If one of them is non-
Desarguesian then A is not 1-Moufang (in particular not 2-Moufang),
so we can assume that ¢ is a prime power and that they are both Desar-
guesian. The full automorphism group of the Desarguesian projective

plane of order ¢ is PT'L(3, ¢), and the stabilizer of a line acts on the set
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of points incident to it as PI'L(2, ¢) acting on the projective line over F,,.
So for each t € {0,1}, the image G¢ < Sym(C) of Aut(*H (z;))(z1—;) in
Sym(C) is conjugate to PT'L(2,¢q) in Sym(C). Let us now suppose for a
contradiction that A is 2-Moufang.

The subgroup Go of Aut(1H(x¢)) generated by all elations of 'H (z¢)
(i.e. the little projective group of 'H(zg)) is isomorphic to PSL(3,q).
The image G{ < Sym(C') of Go(z1) in Sym(C') is thus conjugate to
PGL(2,q) (acting on the projective line over Fy) in Sym(C'). Now the
fact that 2H (z0) is Moufang implies that each elation of 'H(xq) is the
restriction of an elation of 2H(xg). We thus deduce that the image of
Aut(*H(x0))(z1) in Sym(C) contains G}, while being contained in G
and G1. But Gy = PT'L(2,¢) has only one subgroup that is conjugate
to PGL(2,¢q) in Sym(C), and it is the normalizer of that subgroup, so
Go = Nsym(c)(Gp)- The same is true for Gy, so G1 = Ngym(ey(Gp) =
Gy. This contradicts the hypothesis. O

4.6 Singer cyclic lattices

Let us now focus on Singer cyclic lattices, i.e. groups I' < Aut(A) act-
ing simply transitively on the panels of each type of an As-building
A and with the additional property that vertex-stabilizers are cyclic.
These lattices have been deeply studied by Essert and Witzel in [Ess13]
and [Wit17]. The notion of a difference matriz was defined in the latter
reference. For our purpose, we present another way of understanding
the relation between difference matrices and Singer cyclic lattices.

A difference set with parameter ¢ is a subset D = {dy,...,dg41} of
Z/(¢*+q+1) Z such that, for each x € Z/(¢>+q+1) Z with = # 0, there
exists a unique ordered pair (d,d’) € D? satisfying * = d — d’. Given
such a difference set D with parameter ¢, we can construct a projective
plane Il of order ¢ as follows. The point set P and line set L of IIp are
simply P = L = Z/(¢> + ¢+ 1) Z, and the incidence relation R C L x P
is given by

R={(x,x+d) |z € L,de D}.

It is an easy task to check that this defines a projective plane of order gq.
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Define a difference vector with parameter ¢ as a vertical vector
v = (di,...,dg+1)T where {dy,...,dg1} is a difference set. To such a
difference vector v, we associate a labelled projective plane of order q. A
labelled projective plane is a projective plane whose flags are labelled
by {1,...,q+1},i.e. withamap £: R — {1,...,q+1}. Given a difference
vector v, we take the projective plane IIp associated to the difference
set D inherent to v, and we label its flags by defining ¢(x, x +d;) = j for
each x € L and each j € {1,...,q+ 1}. Note that we need a difference
vector (and not only a difference set) for this map to be well defined.
We call II,, this labelled projective plane associated to v.

Now a difference matrix with parameter g is a matrix with ¢ + 1
lines and 3 columns, such that each of the three columns is a difference
vector with parameter ¢q. Let us write M = (vg, v1, v2) for such a matrix,
where vy, v1 and vy are difference vectors. To a difference matrix M, we
associate a labelled As-building, i.e. an A,-building whose chambers
are labelled by {1,...,¢ 4+ 1}. Note that at each vertex of a labelled
Ay-building, we see a labelled projective plane. (At a vertex of type
t € {0,1,2}, we consider vertices of type t+ 1 mod 3 as points and those
of type t + 2 mod 3 as lines). The labelled As-building Ay associated
to the difference matrix M = (vg,v1,v2) is then defined as the unique
one whose labelled projective plane at each vertex of type t is II,, (for
each ¢t € {0,1,2}). This building can be constructed recursively with the
method of [Ron86]: the labellings of the projective planes exactly tells us
how two adjacent projective planes must be glued in the building. More-
over, we can define I'y; < Aut(Ajs) as the group of all type-preserving
automorphisms of A preserving the labellings. It is a direct fact that
I'pr acts simply transitively on the panels of each type of Ay and that
vertex stabilizers in I'js are cyclic (of order ¢ +¢+1). So I'jy is a Singer
cyclic lattice. Conversely, given a Singer cyclic lattice I' < Aut(A) we
can label the chambers of A according to their orbit under the action
of I and get a (not necessarily unique) difference matrix M such that
I'=Ty and A = Ayy,.

Two Singer cyclic lattices I' < Aut(A) and IV < Aut(A’) are iso-
morphic if there exists an isomorphism from A to A’ conjugating I'

to IV, This is actually equivalent to saying that I" and I'" are isomor-



220 4. A discreteness criterion for A,-buildings

phic as groups (see [Witl7, Proposition 3.7]). Two difference matri-
ces M and M’ are then said to be equivalent if I'y; < Aut(Ajy) and
'y < Aut(Apyr) are isomorphic. This equivalence relation on difference
matrices was deeply studied in [Wit17]. In order to prove Corollary 4.D
we do not need to really study the notion of equivalent difference matri-
ces. We will however need the following basic results which can also be
found in [Wit17]. A difference set D (resp. difference vector v) is called
Desarguesian if IIp (resp. II,) is Desarguesian. A difference matrix
M = (vg,v1,v2) is called Desarguesian if vy, v; and ve are Desargue-
sian. Note that there exist Desarguesian difference sets with parameter

q for each prime power g, see [Sin38] or [Wit17, Theorem 2.2].
Lemma 4.6.1. Let ¢ = p", with p prime and n > 1.

(i) Let M be a difference matrixz with parameter q and let M' be a
difference matrix obtained by permuting the g+ 1 lines of M. Then

M and M’ are equivalent.

(ii) Let M = (vg,v1,v2) be a difference matrix with parameter q, and
let go, 91,92 € AGL(1,Z/(¢*> + q+1)Z). Then M is equivalent to
M’ = (go(v0), g1(v1), g2(v2)), where g; acts on the difference vector

V¢ componentwise.

(iii) Let D be a Desarguesian difference set with parameter q. The
stabilizer of D in AGL(1,Z/(q*> + ¢+ 1) Z) has order 3n.

(iv) Let D be a Desarquesian difference set and M be a Desarquesian
difference matriz (both with parameter q). Then M is equivalent

to a difference matriz whose columns are equal to D as a set.
Proof.

(i) Permuting the lines of a difference matrix M = (vg, v1,v2) simply
permutes the labels in the three labelled projective planes II,,
IT,, and II,, simultaneously. So the labelled As-buildings Ajys and
Ay are equal, up to permuting the labels. In particular, I'p; <
Aut(Ajps) and 'y < Aut(Ajpyp) are isomorphic.
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(ii) When g € AGL(1,Z/(¢®> + ¢+ 1)Z) and v is a difference vector

with parameter ¢, the labelled projective planes II, and II are

9(v)
isomorphic. Replacing a column v; by g¢(v:) thus does not change

the Singer cyclic lattice.
(iii) See [Ber53] or [Wit17, Lemma 4.5].

(iv) This follows from (ii) and the fact that AGL(1,Z/(¢*> + ¢ + 1) Z)
is transitive on the Desarguesian difference sets with parameter ¢,
see [Berb3]. O

We can now prove Corollary 4.D" below.

2
150MOoT-

Corollary 4.D’. For each q > 2, there are at most <M3_1)

phism classes of Singer cyclic lattices ' < Aut(A) with parameter q such
that A is 2-Moufang.

Proof. If ¢ is not a prime power then the claim is obvious: an As-
building with thickness ¢ + 1 is never 1-Moufang when ¢ is not a prime.
We now assume that ¢ = p” and fix some Desarguesian difference set
D = {dy,...,dg+1} with parameter g. We need an upper bound on the
number of equivalence classes of difference matrices M with parameter
q such that Ajs is 2-Moufang. Let M be such a difference matrix,
in particular M is Desarguesian. Up to replacing M by an equivalent
matrix, we can assume that each column of M is equal to D as a set
(by Lemma 4.6.1 (iv)). Moreover, up to permuting the lines of M (see
Lemma 4.6.1 (i)), we can assume that the first column of M is exactly

(di,...,dg41)T. So we look at matrices in

dy day (1) Aoy (1)
dy  do2)  day2) ai, o € Sym(q + 1),

M = M =
Ay is 2-Moufang

dg+1 day(g+1)  as(g+1)

Let M € M and write M = (vg,v1,v2). In the Desarguesian projective
plane II,,, a point is incident to ¢+ 1 lines, and the ¢+ 1 flags they form
have g + 1 different labels. The action of the point stabilizer on these
q + 1 flags thus gives a subgroup G; of Sym(q + 1) which is conjugate
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to PI'L(2, ¢). This subgroup Gy < Sym(q + 1) does not depend on the
chosen point because the subgroup of Aut(Il,,) preserving the labels is
transitive on points. The correlation of 1L, defined by x € P — —x €
L, x € L — —x € P also preserves the labels so the stabilizer of a
line in IT,, also gives birth to the same group Gy < Sym(q + 1). We
can moreover observe that G; = al_lGoal and Gy = 042_1G0062, where
a1,y € Sym(g+1) behave as in the definition of M. In Ay, if z; and xp
are two adjacent vertices of type t and t’ respectively, then the chambers
adjacent to z; and xy have the g + 1 different labels, and Theorem 4.C’
exactly tells us that Ajs is not 2-Moufang when G; # Gy. Here we
suppose that Ay is 2-Moufang, so we deduce that Gy = G1 = Go. As
PT'L(2,q) is its own normalizer in Sym(q 4+ 1), we obtain that ay, a9 €
Go. In particular, we have |[M| < [PTL(2,q)|?> = (¢(¢> — 1)n)%. But
Lemma 4.6.1 (ii),(iii) implies that each matrix in M is equivalent to at
least (31)? matrices in M, so |M/~| < (@)2 (where ~ denotes the

equivalence relation). This concludes the proof. O

Proof of Corollary 4.E. By [Witl7, Theorem B|, the number of isomor-

phism classes of Singer cyclic lattices with parameter ¢ = p" is bounded

below by A(q) = ﬁ((q +1)!)2. Moreover, by Corollary 4.D at most
2

B(q) = <@> of them are non-exotic. The conclusion follows from

the fact that % — 0 when ¢ goes to infinity. U
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