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1. Introduction.

1.1. Motivation. Following the worst-case complexity analysis presented in [11]
for a cubic regularization of Newton method, several variants of this method have
been considered (see, for example, [1], [2], [4], [5] [7], [8]). Recently, in [6], regularized
Newton methods were proposed for unconstrained minimization of twice-differentiable
function with Holder-continuous Hessians. Some of these methods are “universal”,
in the sense that they do not require the prior knowledge of the Holder parameter
v € [0,1] for the Hessian. When the objective is convex, it was shown that these
schemes take at most O (61/(%“)) iterations to reduce the functional residual below
a given precision € > 0. These complexity results generalize the bound of O (61%)
iterations proved in [11] for the cubic regularization of Newton’s method, which is
applicable to functions with Lipschitz continuous Hessians (v = 1). Generalizations
of these methods using high-order models were proposed in [3, 9].

As a natural step, in this paper we investigate the possibility of acceleration of
regularized Newton methods in the context of composite minimization [13]. That is,
we suppose that the objective is formed as a sum of two functions: one is a convex
twice differentiable with Holder-continuous Hessian, and the other is a simple closed
convex function. For the case with known Holder parameter v € [0, 1], we propose
methods with worst-case complexity of O (7i7y) iterations. These complexity re-
sults generalize the bound of O (61%) proved by in [12] for the accelerated cubic
regularization of Newton’s method with v = 1. For the general case, in which the v
is not known, we propose a universal method that ensures the same precision in at
most O (m) iterations.

1.2. Contents. The paper is organized as follows. In Section 2, we define our
problem and derive the main inequalities related to the Holder-continuity of the Hes-
sians of the first term in the objective. In Section 3, we present complexity results
for the accelerated schemes that require perfect knowledge of the Holder parameter.
Finally, in Section 4, we present an accelerated universal second-order method and
establish its complexity bound for achieving small residual in the function value'.

1.3. Notations and Generalities. In what follows, we denote by E a finite-
dimensional real vector space, and by E* its dual space, composed by linear functions
on E. The value of function s € E* at point = € E is denoted by (s,z). Important
elements of the dual space are the gradients of a differentiable function f : E — R:

Vflx) € E*, xz€k.
For operator A : E — E*, denote by A* its adjoint operator defined by the identity
(Az,y) = (A'y,z), xz,yck

Thus, A* : E — E*. It is called self-adjoint if A = A*. Important examples of such
operators are Hessians of a twice differentiable function f: E — R:

(Vf(@)u,v) = (V?f(z)v,u), x,u,v€E.
Operator B : E — E* is positive-definite if

(Bz,z) > 0, zeE\{0},

ISections 3 and 4 are independent. Thus, the reader interested in the universal scheme and its
implementation details can go directly to Section 4 right after reading Section 2.
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(notation B > 0; we use notation B > 0 if the above inequality is not strict). In
what follows, we fix some self-adjoint positive-definite operator B > 0 for defining
Euclidean norms in the primal and dual spaces:

lz|| = (Bz,2)? z€BE, |s|. = (s,B~'s)!/2, s € E*.

In our analysis, we shall use some properties of uniformly convex functions.
DEFINITION 1.1. Function f : E — R is called uniformly conver of degree p > 2
if for some op = op(f) >0 and all z,y € E, § € 0, 1] we have

HA=0)z+0y) < (1—0)f(x)+0f(y) — 22|y —z|]”,

Pair (p,op) is called the pair of parameters of the uniformly convex function f.
Note that, adding such a function to an arbitrary convex function gives a uniformly
convex function with the same pair of parameters.

Next lemma gives a guarantee for the rate of growth of uniformly convex function.

LEMMA 1.2. Let ¢ : E — R be a uniformly conver function of degree p > 2.
Denote T = arg min (x). Then,

redom

vly) = Y@+ ZEly—zP, VyeE,

where (p,0,) is the pair of parameters of function .
Proof. Given « € (0, 1], we have

$(7) <Y((1 - a)Z + ay)
a(l —a)

< (1 - a)i(z) + aply) — 2 ly — 2||?

and so

op(1—a)

P(y) = (x) + »

lly — z[|”.
The conclusion follows by making o« — 0. O
LEMMA 1.3. Forany h € E, sc€ E*, p> 2, and w > 0, we have

1 _p_
() + Rl 2 =B (L) 7 s

p

Proof. See Lemma 2 in [12]. O

The next lemma gives us some lower bounds for the rate of the growth of a
sequence satisfying certain conditions. It will be crucial for establishing the complexity
results for our accelerated schemes.

LEMMA 1.4. Let a € [0,1), and suppose that { B;},~, is a sequence of nonnegative
numbers with By > 0, t > 1, and

Byy1— By > B, Vit >0.

pioe \aql/(1-a) N
Then, B, > {(1 —a) (ﬁ) ] (t— 1) for all t > 2.
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Proof. Indeed, from the assumption on {B;} we have
By > (By + Biyy)' ™
Then, subtracting Btl_o‘ on both sides, we obtain
(1.1) BITf — Bl ™" > (By + By ) ™ — B{ .
Since 0 < 1 — a < 1, function g(u) = u'~* is concave on (0, +00). Therefore,
u ™ <o 4 (1 — a)v™%(u —v), Yu,v € (0, +00).
In particular, considering v = B; + BfY ; and u = B;, we get
B < (By+ By + (1 — ) (Bu + Biy) (B,
Hence,
(1.2) (By + B1)' ™" = B > (1 —a)(By + Bi 1) “Biy.
Combining (1.1) and (1.2) we obtain
By =By~ > (1—a)(B; + Biyy) “Bfy.

Thus, since sequence {B;} is nondecreasing, it follows that

Q=

(Biif =B/~ = (1-a)

t+1 g > (1- a)é ( s

BB, = By +Bo )
(1.3)

Q=

= (1-a) Q)

1 1
1 > 1
1+B*- 1 = (1 1+Bo~ 1

t+1
where the the last inequality follows from the fact that By;1 > By > 0. Therefore,

l1—a

—a —a B “
(1.4) Blf-B™ > (1-a) (ﬁ) LoVt 1.

Finally, it follows from (1.4) that, for all ¢t > 2,

11—« 11—« t—1 11—« 11—« Biia «
B - B; = YialBil —B l=z(t-1)(1-0a) (‘Bi—aﬂ) )

e N\ Q7TEm
and we conclude that B; > [(1 ) (B?iaH) ] - (t — l)ﬁ. ad
Finally, we need the following lower bound on the size of subgradients of convex
functions.
LEmMMA 1.5. Let f be a closed convex function attaining its minimum at some

point * € dom f. Given e > 0, let

Re) = max {flz—a"| : f(@) < fa*) + ¢}

r€dom ¢

If R(€) < 400, then |||, > =% for all §j € df (z) with f(zx) > f(z*) +e.

" R(e)
Proof. Indeed, let f(x) > f(x*) + €. Since

(
f(x) > f(z) +e> fla),
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it follows from the Intermediate Value Theorem that there exists « € (0, 1] such that
Flaz+(1— a)s®) = f(z) +e.

Then, by the convexity of f, we obtain

f@*) +e<af(@)+(1-a)f(),

which gives

On the other hand,
R(e) > [[(az + (1 — a)x*) — 2*|| = al|lz — =¥,
and so

[l — =

= R

1
!
Thus, if § € 8f (x), it follows from the definition of subgradient, the Cauchy-Schwartz
inequality and the above inequalities, that

€

19l llz — 2™ = f(z) = f(z7) = R

[l = a7]|.

2. Problem statement and auxiliary results. In this paper we consider
methods for solving the following composite minimization problem:

(2.1) min { f(2) = /(@) + (@) }
€k

where f : E — R is a convex twice differentiable function and ¢ : E — RU {400} is
a simple closed convex function. Our assumption on simplicity of ¢ means that all
subproblems appearing in our methods and involving this function are easily solvable.
We assume that there exists at least one optimal solution z* € E for problem (2.1).

Let us characterize the level of smoothness of function f in problem (2.1) by the
system of Holder constants

(2.2) Hi(v)= sup {w:x#y},oﬁuél.
s o=l

It follows from (2.2) and from an integral form of the Mean-Value Theorem that
(2.3)

1) = f@) = (Vf(@),y = 2) = {2 @)y — )y - )| < Aol
and

(24) IVF(w) = V(@) = V2f @)y - o) < Al
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Let Hy(v) < 400 for some v € [0,1]. Consider the following model of the objective

function f around some point x € E:
Qlasy) = f@) +(Vf(x),y—a)+ 3(V2f(2)(y — 2),y — ),

_zl2tY
My u(z;y) = Qz3y) + % + ¢(y), y € dom g,

where the parameter H > 0 is an estimate for the Holder constant Hy(v). Clearly, if
H > Hy(v), it follows from (2.3) that

(2.5) fy) £ My, m(x;y), y € dome.

This observation suggests computation of the point

(2.6) Tou(z) = argyelgggwMy,H(w;y)-

Note that, point T' =T, g (z) satisfies the following first-order optimality condition:
27) (VS(@) + V@) = @)+ A BT —2),y = T) + 9y) = (T)

for all points y € dom ¢. If we denote
(28) (1) = —(Vf@) + VS @)T - o)+ WL BT - 0)),
then by the above inequality we have

(=90 (T),y =T) +oy) > ¢(T), Vy€ domep.

Hence, g,(T') € 0¢(T). Moreover,

(2.9) V(@) + V2 f(@)(T - o)+ P2l B — ) 4 g, (1) = 0.

In what follows, we use

VI(T) = V(T) +9,(T) € 9f(T),

with g, (T') given by (2.8).

The following result ensures a descent condition and forms the basis for our back-
tracking strategies in the schemes where v is known but H(v) is unknown.

LEMMA 2.1. Let zy =T, (&) for some & € domyp. If H > (1+ v)H;(v), then

~ 24v

(Vi@ ),z —2y) > (&)™ V@)

Proof. Denote r = |4 — Z||. Then, by (2.4) we have

(210)  [Vf(ey) - VI@) - V2@ 0y — D)2 < W2

On the other hand, by (2.9)

(2.11) VI(@) + V(@) (s - 2) + L5 Bley — )+ go(ey) = 0.
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Thus, combining (2.10) and (2.11), we get

Hf(y)2r2(1+”)

i = IVflas) = V(@) = V2 f(@) (24 — D)2
= |IVf(z4) + gp(a+) + o5 Hr'Bas — )|
= |Vi(@s) + o HrBlay — )2
F2p204w)

= |Vf()l2+ ﬁHT%VJE(M)’M —Z)+ T

Hence,

(212)  (Vi(e).z—ay) 2 SV ()2 + grigm (H2 — Hy(0)2)r2.

For v = 0, this inequality leads to the desired relation. Let us assume that v > 0.

~ 2
Denote g = ||V f(z4)]|« and A% =1 — (H'gy)) > Y24Y)  Consider the right-hand

= (14v)?"
side of inequality (2.12) as a function of r:

_ (4v) 2 | HA?2HY
hr) = $pvg’+ 2(1-sr-y) :

Let us find the optimal 7, as a solution to the first-order optimality condition for
function h:
v(l4+v)g® (24 v)HA%p Y

Hrltv 1+v

Thus, rl1+v = &9 /v Consequently,

HA 24v
_ r. | (14v)g? H2A27"i+”
h(rs) = 35 [ T T+v

_ T HA 24-v H2A? (1+v) v
= 2H [(1 +v)g? (+0)g % + T ( HAg \/ 2+u}
1

_ (4v)gAr. _ (14v)gA [(1+v)g\/z} e
Vet T reie) L HA Y 2

24v v

 (14v)gtr ATHY [(1_;,_”) v } T+v
\/u(2+u) H 2+4v

2+v 1 v
> (I+v)g1+v | (1+v) v +v (p(24v) | 2(+)
- v(2+v) H 2+4v (14+v)?
= (&) Ee7 g (140) 7 > (5 )1i,, gH
= = v — > (5= v

H (240) T 2H

0

The next lemma allows us to overestimate the objective function f by a model
with cubic regularization, when H and ||V f(x4)|| are sufficiently large. This provides
us with a basis for universal methods.
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LEMMA 2.2. Let x4 = Ty g(Z) for some T € E and H > 0. If for some § > 0
and v € [0,1] we have

2

P CH;s(v Tty v
(2.13) IVf(z)lls =6 and H > [%} (1)
with constant C > 6, then
CHy(v)

(2.14) oy —2|' 7" > ESCEDIVd

and, consequently,

(2.15) Flay) < Myu(@,24).

Proof. For v = 1 the statement is trivial. Assume that v € [0,1). Denote
r = ||lzx — Z||. Then, the first inequality in (2.13) and inequalities (2.4) and (2.9)
imply that

6 < IVf@)lle = IVF(ae) + gl

< |VF(zy) = V(@) = V(@) (24 - 2)|-
+HIVI(@) + V(@) (2s — ) + gp(24)]]s
< 7Hf(11221+y + 1Hr? = pltv [}?T(VV) + %Hrk“} :

For the purpose of reaching a contradiction, assume that Hr!'=" < % Then

v |He(w) . 1 CHg(v) _ it C
§ < it { i+ 5(1+V)f(2+u)} = 1 He(v)- (1+ 2(2+u))

1tv
Hy () C CH;(v) 1-v
< 1{‘1’11 (1 + 2(2+u)) |:(1+V)(f2+u)H} :

= 14v
Since C' > 6, we have 1 + % < 2_% Therefore, § < Llig%} ! (%)1—11.
This contradicts the second inequality in (2.13). Therefore, (2.14) holds. Note that if
H satisfies the second inequality in (2.13), then H > H;(v). Thus, combining (2.5)

and (2.14), we obtain (2.15):

~ Hr2tv

flz4) < QT 24) +

7(1+V)(2+V) +p(z4)

3

< Q@) + -+ ()

= MLH({@:L‘JF).

Using Lemma 2.2, we can modify Lemma 2.1 in the following way.
LEMMA 2.3. Let x4 = Ty g(Z) for some & € E and H > 0. If for some § > 0
and v € [0, 1] we have

1—v

IV @)l =6 and B > [Z2HH05]T (1),

1) 2+v
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then

(2.16) (V@) d—ay) > \f52 V@2,

Proof. Denote r = ||x4 — Z||. Then, by Lemma 2.2 (with C = 12),
v T1+u
(2.17) IVf(z1) = V(@) - V2f(@) (g — )| < HWr 7 < M2

= 1+v =

On the other hand, as 4 = 11,y (Z) we have

(2.18) VI@) + V@) s — )+ GrBry — )+ gp(as) = 0.

Thus, combining (2.17) and (2.18), we get

B> |Vf(xy) — V@) — V2 (3) (g — )2
= |Vf(ay) + go(ay) + ZrBay — 7))

= |Vf(zg)+ gTB(%r - )2

— Vi@ + Hr (Vi (), 2y —7) + L2

Hence, (Vf(xy),T —z4) > I?I—i + 31{53, where g = ||V f(24)||«. The minimum of the

right-hand side in the last inequality is attained at 72 = ;—-I(;’I. Thus,

T2
(Vi) 2 -2 2 {H?rz + 3?6*:| =rg[3+3] = rg

3. Numerical Schemes for v known. In this section we consider minimization
schemes to solve problem (2.1) when the Holder parameter v is not known. We
also assume that function ¢(.) is uniformly convex of degree p = 2 + v and that
its convexity parameter o, = o,(¢) > 0 is known®. In the spirit of estimating
sequences [10], our accelerated schemes update recursively sequence of points {a:t}fio

and functions {¢;(-)},2, in such a way that they satisfy the following relation

(3.1) A f(zy) < min yy(z), V¢ >0,

where A; = Y°1_ a; with {a;};°, being positive stepsize parameters, and the esti-
mating functions being recursively updated as

VYir1(2) = Yu(@) + ag [f(@e41) + (VI (@141), 7 — T141)]

with ¢o(z) = 515 |¢ — 20/[*™. Recall that from inequality (3.1) we conclude that

Af(zy) < Af(z*) + {|z* — zol|%. Thus, the rate of growth of coefficients {4;}2,
defines the rate of convergence of the method.

2Note that op = 0 implies only convexity of function ¢.
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Let us start with a generic framework to deal with the case in which v is not
known.

Algorithm 1. Accelerated RNM for known parameter v

Initialization Choose xy € dom ¢ and v > 1. Set vg = x¢ and Ag = 0.
Iteration ¢ > 0:

a) Find M; € (0,v7H¢(v)), such that

24v

(3:2) (V (@), ye — Te41) > (ﬁ)m IV f (i) 1577,

where

verr = o (ye) = argmelgggw{f(yt)Jr<Vf(yt)7x—yt>

(3.3)

s—y |2V
+5 (V2L () @ =y, — ) + 2B 1 o)

DN | =

at

y v and coefficient a; > 0

and Yt = (1 — Olt)l't + AV, with ay =
computed from the equation

(3.4) atv = W5pAd(4, a1,
b) Set

Yir1(r) = (@) + ar [f(@e41) + (VI (@e41), 2 — Te41) + 0(2)],

(3.5)

vgy1 = arg min Yy(x), Ay = A+ oag
rEdom ¢

The next result establishes the relationship between the estimating functions ()
and the objective function f(z). It will be crucial to prove global complexity rates
for Algorithm 1.

LeEMMA 3.1. For allt >0,

(3.6) P(z) < Aef(z)+ ﬁ\\x — xo||2TY, Vo € E.

Proof. Indeed, since Ay = 0, for all z € E, we have
Yo(z) = ghlle — ol = Aof(x) + ol — @l

Thus, (3.6) is true for ¢ = 0. Suppose that (3.6) is true for some ¢ > 0. Then, (3.5)
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and convexity of f imply that, for all x € E,

Yir1(x) = (@) + ar [f(@e41) + (VI (@e41), 2 — Te41) + 0(2)]

IN

Pe(x) + ag [f(2) + o(@)] = (@) + arf(x)

IN

~ z—x0 24v ~
Af(a) + Lol 4 g, f(w)

24v |2+

(Ar+a) f(w) + Lot = Ay fa) + lerel

Thus, (3.6) is also true for ¢t + 1. O
Now we are in position to prove that the sequences in Algorithm 1 satisfy (3.1).

By combining (3.1) with (3.6) we also obtain global complexity rates for Algorithm
1.

THEOREM 3.2. Assume that Hf(v) < +oo for some v € [0,1]. If sequence
{@};2, is generated by Algorithm 1, then for all t > 0 we have

(3.7) Apf(z) <o) = gleig%(x)-

Moreover,

2vHy(v)

1407 2+V

Lo et ()] 1P =2, e, =0,
1 q2(t=1)

1 op 24v .

(W) {1 + <87Hf(u)> ] vVt >0, ifo,>0.

(3.8) A >

Consequently, we have

(3.9)
2vH ¢ (v)) (4+20) Y ||2* —z0 || 2TV .
e D2 "l gy 5 - if o, =0,
Tt) — = . 240 el
2vHy(v)||z™ —zo]| op 2+v .
v Hy e 0 {1+(87Hf(y)) ] vt >0, ifop, >0,

where f* = f(z:*) and x* is an optimal solution to the problem.
Proof. Let us prove relation (3.7) by induction over t. Since Ag = 0, for ¢t = 0 it
is evident:

Ao (wo) = 0 = min go(z).

Assume that (3.7) is true for some ¢ > 0. Note that, for any z € E,

G(@) = T a[f i) + (VI(@i), @ — ziga) + (o)) + Lzl

= Y e (@) + (V@) w — min)] + b anp(a) + Lezzel*T

= l(x) + Arp(x) + |z — x0]|*TY, for all t > 1.

1
24v

Note that ¢;(z) is a linear function. Moreover, by Lemma 4 in [12], function A;p(z)+
(2T1u) |z — xo]|** is uniformly convex of degree p = 2+ v with parameter 27 + 0, A;.
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Thus, ¥¢(x) is also a uniformly convex function of degree p = 2 4+ v with parameter
27" 4 0, A;. Therefore, Lemma 1.2 and the induction assumption imply that

Py(z) > w:_,_wux_vtuﬂu

= (24v)
(3.10)
7 “VYio, A v
> Auf(x) + EFZ |z — vl
Therefore,
Vi = zggggw{%(fﬂ) +ag [f(ze41) + (Vf(@e41), 7 — 211) + p(2)]}
> min {Af(x,) + G A gy, |2

zedom ¢ (2+v)
tar[f(@e41) + (V(@1), 7 — 2e41) + 0(2)]}

— i (27 "+opAr) v
= Iergggw{Atf(xt) + Avp(ae) + g5 e — v **

+ae[f(@i1) + (Vf(@e1), 2 — 241) + ()]}

Now, using the convexity and differentiability of f and the fact that g,(xi41) €
dp(x441) we obtain

flxe) > f(@igr) +(VF(@e41), 20 — Teg1),

o) = p(reg1) + (9p(@tr1), Tt — Tey1),

and ¢(z) > @(z¢11) + (9p(Te41),® — T441). Substituting these inequalities above, it
follows that

Vi 2 wergggw{At-i-lf(xH-l)+<Vf(xt+1)aAt93t_At$t+1>

FeulVieen), e = ) + S e w7

Note that Yt = (1 — Oét)lL't + vy = Aé«il T + A?il Vt. Hence, At.’,Et = At—‘,—lyt — Q4 V¢,
and

zedom

iy 2 min g&{AtJrlJZ(xtH) + <Vf(xt+1), A1y — agvy — Aygr)
Fan(V (), o — i) + S gt — vl

Further, Ai112¢41 = AsTi1 + arxey1. Hence,

Yy = min gO{AtJrng(l’thrl) + A1 (VF(@e41), Yo — Tegr)

redom

] oa )
+ay(V (@), 2 — ve) + EG 24 o — vy |24}

= . [ ==
Appr f(eg1) + o (p{At+1 (ﬁ) [V f(zer) ="

Y

+ar(Vf(xe1), = vp) + %Hf — v **7},
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where the last inequality is due to (3.2). Thus, to prove that (3.7) is true for ¢ + 1, it
is enough to show that

At (21%) e IV f (@) |4 5y ar(Vf(xes1), 2 — ve)
(3.11)

+(2(2J;7"f‘m\|x w2t >0

for all z € E. Using Lemma 1.3 with p=2+v, s = atVf(xtH) and w = 27" + 0,4,
we see that a sufficient condition for (3.11) is

1 24v 241
1+V > 1+ 1+v
Ao (527) T IVF@aIEE 2 S8 (=) @l IV F @15,
that is,
= (1+v) T 3
1 v v 1 Yo I+v
(3.12) Arr (W) Z @) (m) ™,

which is equivalent to

14+v . 1+v o0
2 A 2 A
o< () Smmtany = (3) 0 CuRt@cra)

1+v 1+v
Note that, (?_i—l’j) = ol+v (1 - T%) > 2¥. Therefore, by (3.4) we have

v 1I+v -0
= ST ey < (1)

Thus (3.7) is true for ¢ + 1, completing the induction argument.
Let us now estimate the growth of the coefficients A;. Recall that, by assumption,

0 < M; <yHg¢(v), Vt>0

for some constant y > 1. Thus, if o, = 0, it follows from (3.4) that a7t >
Lo e

2+V 3
(3.13) A — A = ap > (M—lf()) AT

Now, denoting B; = 2yH(v)A; for all t > 0, it follows from (3.13) that,

14
2+v
By — By > Bl
Then, by Lemma 1.4, with o = 3%, we have
174
140 24V

1 24v
By > (H%) By (t—1)>+v vt >2.
BTV 41

Note that A; Thus, B; > 1 and consequently

1
2 HH; )

(t—1)>tv.

14v 72+
(24v) :|

B2 oty (3
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2

Livq2+y
Therefore, for all t > 2, A; > W |:(2%1~1/) (%) 2+1/:| (t— 1)2+u.

On the other hand, if o, > 0, it follows from (3.4) that

v v 1+2y0'pAt v
(At+1 — At)2+ = a?-’r Z W(At + at)1+ .

Thus,
2o, AALTY < AT (1+2Y0,4)) < 29Hp(v)(Argr — A>T

= 2yHy(v) [At%ﬂ - At%rﬂ/ {AtJrl +Af rﬂ

< PPHp)AG [Af - AE]M
240 1 1724v
Therefore, 0,A4,2 < UpAtAt+1 < 8yH;(v) |:At2+1 - Af} . Consequently,
w1 1 1
(s2my) ™" A7 < Af -4
142
Hence, Ai1q > A [1 + (S’YHf( )) H"} . Since A; > %Hilf(y), it follows that
L ~2(t—1)
Az (o) 1+ ()|

and so, (3.8) holds.
Finally, by (3.7) and Lemma 3.1, for ¢t > 0, we have

Af(x) < W < Af(@) + gplla” — ol *H.

Hence, A;(f(z;) — f(z*)) < 2_~_V||x — x0||?*¥, and (3.9) follows immediately from
inequality (3.8). O
Algorithm 1 can be equipped with an implementable stopping criterion. Assume

that x* — zo||**” < D and that the constant D is known. Denote

(2+I/ ||
Z a; [f(iy1) + (Vf(@it1), 2 — zig1) + ¢(y)]

£ 1 . 1 _ 24+v
and f, = Iynelllﬁl{Atﬁt(y) Lyl — wollFT < D}. Then

fla) < +tof < i+ 2 < fl@)+ 2.

Thus, if £ - <€, then f(x:) — f(x*) <€, and we can use inequality

fze) = fi

€

IA

as a stopping criterion®.

3We emphasize that the use of this stopping criterion depends strongly on the knowledge of a good
upper bound D. Of course, if one takes D very large it is very likelly that ﬁ\\x* —xo|?tV <D

will be satisfied. However, with such a choice, the running time of the algorithm will be big.
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14
Note that the key point in Algorithm 1 is how to compute M; such that

(3.14) 0 < M; <~Hf(v)

for some constant v > 1 independent of ¢, and for which condition (3.2) is satisfied.
Let us look now at possible strategies for finding such values.

3.1. Constant H;(v) is known. If we assume that Hy(v) is known, then in

Algorithm 1 we can take

M=M= (1+v)Hs(v) forallt>0,

which gives (3.14) with v = (14 v). Therefore, in view of the estimate (3.9), the cor-
responding scheme can find d-solution of problem (2.1) in at most O(¢ 72+%) iterations
if 7, =0, and in at most O(log(6~1)) if o}, > 0.

Note that for o, = 0, the computation of a; and A;4; in Algorithm 1 can be
simplified. Indeed, note that in this method the equation (3.4) can be replaced by

condition

2+v 1 1+v

at+ S mAtj-_l .
Denoting B; = 2M;A;, we can see that the latter inequality is equivalent to the
following:

1

1+v
. PE=Y 2 1 2+v
Bt+1 By < Bt+1 <> 1 Boit < (Bt+1) .

24v
It is clear that this inequality is valid for B; = (%%) . Indeed, in this case
B 1)\ 24v i
t j— j—
Bty (1 o m) = t+1 1- (m)

2+v
Thus, we can take A; = %M (QJ%V) and define a; = Ay 11 — Ay.

Let us present now the corresponding version of Algorithm 1, which becomes a

generalization of scheme (4.8) in [12].
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Algorithm 2. Accelerated RNM with known H;(v) and o, = 0.
Initialization Choose z¢ € dom . Set vg = o and M = (1 + v)Hy(v).
Define A; = ﬁ (HLV)HV7 t>0.

Iteration ¢ > 0:

a) Compute

vy = Tom(yy) = argxergggw{f(yt)+<Vf(yt)7w—yt>

(3.15)
1 24y
+5 (V2 )@ = yo)w — ve) + FESHIEE + o(@) ],
where y; = vy + ——
b) Set
VYev1(z) = Yi(x) + (Aprr — Ae) [f (@e41) +(VF(@111), 7 — 241) + ()] -
and

V41 =arg min ; Yit1(T).

3.2. Adaptive estimate of H;(v). For real-life problems, usually we don’t
know the constant H¢(v). In this case, we can consider the following adaptive strategy
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for estimating the unknown constant H(v).

Algorithm 3. Accelerated RNM with adaptive estimate of H(v)

and Ay = 0.
Iteration ¢ > 0:

a) Find the smallest integer i; > 0 such that

24v

1
(316)  (Vf(@rr1i)s Yoie — Ter1iy) = (ﬁ) IV f(@esr)ll+"

where
(3.17)
Ti+1 = Tu,zit H, (y:) = arg xefélgg“p {f(yt,it) + <Vf(yt,it)7 T — yt,it>

1 2t H, ||o— vy 24
5 (V2 W) (@ = Wi )7 = gra) + Tt 4+ ()

At iy

Ai+ag, iy

and v, = (1—ou4, )Te+ou v, with ay 4, =

computed from the equation

v 1 2”0’;,141 v
(318) CL?}; = %(At + at’it)1+

Hypq =2""'H,y,
(3.19)  Yepa(z) = Yu(@) + ar [f(ze41) + (Vf(@e41), 7 — 211) + ()]
and

Vpp1 = arg min i (z).
zedom ¢

Initialization Choose zy € dom ¢ and Hy € (0, (1+v)H;(v)]. Set v = o

and coefficient a; ;, > 0

b) Set 411 = Tii14,, Yt = Yeips Ot = Qri,, ¢ = g4, Define Ay = Agtay,

REMARK 3.3. Although H¢(v) appears in the Initialization step of Algorithm 8,

in practice it is not used. In fact, even without knowing H¢(v), if we compute

Hy = ||V f(z) = V()|

for x,y € E with ||z —y|| = 1, then we have 0 < Hy < Hy(v) < (14+v)Hs(v).
The next result gives convergence rates for Algorithm 3.

THEOREM 3.4. Assume that Hf(v) < 4o00. Then, the scaling coefficients in

Algorithm 8 satisfy condition
(3.20) 0<2¢H, <2(14+v)Hs(v), t>0.

Consequently, we have
(3.21)
AL+ v)Hy(v) (4 + 2v) 7 ||a" — zo|*F

7 Fla®) < (= 1y 7 —2(t—1)
=12 s e e [, (w52 )]
(24+v) 16(1+ v)Hy(v) ’

Vt > 2 if op =0,

vt >0 if o, > 0.
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Furthermore, the total numbers Ny of calls of oracle* after t iterations of Algorithm
3 is bounded as follows:

(3:22) Ny < 2t+log2%§”(”).

Proof. The upper bound (3.20) follows from Lemma 2.1 and the backtracking
strategy of the algorithm. Therefore, the rate of convergence (3.21) can be obtained
by Theorem 3.2 with v = 2(1+v). Since i; = log, 21}{;j1 , we get the upper bound (3.22)
for the total number of calls of oracle. O

REMARK 3.5. From Theorem 3.3 we see that Algorithm 38 has the same rates
of convergence as Algorithms 1 and 2, which use the exact value of the Holder con-
stant Hy(v). However, by (3.22), Algorithm 8 needs on average twice the number of
computations of the oracle per iteration.

4. Universal accelerated scheme. As we saw, Algorithms 1-3 require the
knowledge of the Holder parameter v. In this section we describe a universal scheme
that works for any v € [0,1] without using it explicitly in the algorithm. The key
to this “universal property” is Lemma 2.3, which garantees that even if we use the
possible wrong value v = 1 in our regularized model for f , we still can obtain a descent
condition. Regarding the estimating functions, now we shall start from

ol@) = glle = ol

Given an accuracy € > 0, from Lemma 1.5 recall the function

(4.1) Rl = max {[e—a": f()< @) +eb.

zcdom ¢

4By calls of oracle we mean the joint computation of f(x), Vf(x) and V2f(x).
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1—v

2 1—v
Let us assume that R(e) < +o00. Denote v, (¢) = [%} o (RS)> "

Algorithm 4. Accelerated Universal CNM
Initialization Choose x¢ € dom ¢ and 0 < Hy < uei%f,u Yo (€).
Set vg = xg and Ay = 0.

Iteration ¢t > O:

a) Find the smallest integer 7; > 0 such that

- 1 - 3
42) (V@) Yo, — Teara) 2 (ﬁ) NV F@ea)l2

where
(4.3)
Teyrq, = Tioem, (yr) = arg mefglci)gw {f(yt,it) (VI (Wei)s T — Yei,)

1 Qith T—Yt,i 3
50V i) (@ = Yo )@ = yra) + Z D ()

At iy

Aitat iy

and y;;, = (1=, )i +ou 4,0, with oy, and coefficient a; ;, > 0

computed from the equation
(4.4) ai;, = 4(23Ht) (Ae +arq,)?,

b) Set T111 = Tei1,i,s Yt = Ytyips Gt = aq,. Define Ay = Ay + ay,
Hypq =2""'H,y,

(4.5)  Yer1(x) = V(@) + ar [f(@e41) + (VI (@141), 7 — e41) + 9(2)] -
and

Vt41 = arg min . Yry1 ().

To obtain convergence rates for Algorithm 4, we need the following corollary of Lemma
3.1.
LEMMA 4.1. For allt > 0 and x € dom ¢, we have

(4.6) di(2) < Af(a) + gl — ol

Proof. Tt can accomplished as the proof of Lemma 3.1 with v =1. 0

THEOREM 4.2. Assume that H;(v) < +oo for some v € [0,1]. Let the sequence
{a:t}tTZO be generated by Algorithm 4 and suppose that fori =0,...,i; andt =0,...,T
we have:

(4.7) J(Ty2im, (Ye,i) — f(x*) > €
Then, fort=2,...,T, we have H; < ~,(€) and

(4.8) fla) = f(a*) < 967, () lzo—™||*

t-1)7
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Therefore,

2
1—v 7 30150)
12H;(V)R(e) 2 r“* )

(4.9) T < 14 Ye—a*| inf [ HR)

velo,1]

Proof. Firstly, let us prove that the sequence {xt}z;o is well defined. In view
of Lemma 1.5, at any test point x of the algorithm the norm of the gradient is big
enough:

Vi@ = w5
Thus, by Lemma 2.3, the search procedure at each iteration of Algorithm 4 is finite. In
particular, we can guarantee that 2 H; < 2, (¢). Consequently, inequality H; < 7, (¢)
can be justified by induction.
Now, let us prove by induction that
(4.10) Af(e) < = min ().

redom ¢

For t = 0 this is evident: Agf(zo) = 0 = r(rilin o(x). Assume that (4.10) is true
redom ¢

for some ¢t > 0. Note that, for any = € dom ¢ we have

Yol@) = Yisgailf(@ier) + (VI(@ir1) @ = wip1) + o(@)] + o — ol

= (@) + 3llz — xo?

forallt =1,...,T. Note that ¢;(x) is a linear function. Moreover, by Lemma 4 in [12],
%Hx — x| is a uniformly convex function of degree p = 3 with parameter o, = %
Thus, ¥:(z) is also a uniformly convex function of degree p = 3 with parameter

op = % Therefore, Lemma 1.2 and the induction assumption imply that

(4.11) () > i+ Ll —ul® > Af(m) + o — vl
Therefore,
Yign = xerggﬁv{%(fﬂ) +ay [f(wi41) H(Vf(@41), 0 — 211) + o(2)]}
> min 9O{Atf(gct) + Ll — v

zedom

+ai [f(ze41) + (Vf(@e41), 2 — 2ep1) +0(2)]}

= min gO{Atf(aft) + Avp(y) + llo — ve?

r€dom

+ag [f(wer1) + (VI (@e11), 0 — 2e41) + ()]}

Now, using the convexity and differentiability of f and the fact that g,(xi41) €
Op(x¢11), we obtain

flx) > f(@i1) + (VF(@e41), 20 — T41),
o) > p(xes1) + (9p(Tet1), 26 — Tey1),

o(@) > e(@ig1) + (9o (@t41), T — Teg).
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Substituting these inequalities in the above relation, we get

¢f+1 > xerélggw{Atﬂf(xtH) + <Vf($t+1)714t$t — Ayziga)

+a(V f(zi1), T — 3e11) + 5l — ve]*}.

Note that y; = (1 — ay)xs + aqvy = T+ - Ot -Vt Hence A;xy = A1y — agvy and

Ay
A1

Yig 2 gggg {Avi1 f (@) + (VF(@e11), Avprye — arve — Asyin)

+ay (Vf(241), @ — T41) + 3]z — vl P}
Now, note that Asj12¢11 = A1 + apxeq1. Hence,

Vi 2 Telg;g {Avi1 f(@es1) + Aer 1 (VF(@e41), Y — Teg1)

+ay (Vf(@eg1), @ — ve) + o — v}

1
- : 2 1o F 2
A flaee) + min {Aver (g ) [V @)

Y

+ay (Vf(ze41), @ — ve) + S|z — v},

where the last inequality is due to (4.2). Thus, for proving that (4.10) is true for t+1,
it is enough to show that for all x € E we have

% r 2 r3 T—v¢ 3
(412) Ay (ﬁ) IV f(zer )12 + ae{VF(er1), — ve) + 122207 > o,

Using Lemma 1.3 with p =3, s = a;V f(2411), and w = %, we see that necessary and

sufficient condition for (4.10) is

% 3 3 ~ 3
At (5a2) IV F@a)lE 2 226 Vi @)l

1
That is Ay (ﬁ) C > 2‘3[at , which is equivalent to a} < mfl?ﬂ. There-
fore, (4.10) is true for ¢ + 1 due to (4.4), completing our proof by induction.
Let us now estimate the growth of the coefficients A;. By (4.4) and the bound

2 Hy < 27,(€), we have
3 2 2
ar = 4(2HH, A = 8%(6) Aty

Consequently,
5 2
(4.13) A4 = (535) Al
Now, denoting B; = %’yy(e)At it follows from (4.13) that By11 — By > BtJr1 for ¢t > 0.

As Ay = 0, we have By = 0, which in the previous inequality implies that B; > 1.
Then, by Lemma 1.4, with o = 2/3, we have

B> [ -0 =1
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3 (t=1)°% _ (t-1)3
Therefore, for all ¢t > 2, we have A; > S0 T8 — 88 Recall that from Lemma

4.1 and (4.10) it follows that

Afx) < o < Af(a®) + 3lla* — ol
Therefore, for t > 2 we have

*”3

(4.14) Fa) - flar) < ldlmetie
Finally, by (4.7) and (4.14) we have

v ~ /L‘—.’L‘*?’
e < fla) - flar) < Flleeell oo T,

Therefore,

2 1—v

96 { 12H; (v) } T+v (R(e)) 1+v e —33*||3

(T —1)°

IA

e | (14+v)(2+v) €

2
96 [ 25 ™ (4) 7 R oo — 27,
which implies (4.9). We can put inf there since the scheme of Algorithm 4 does not
depend on v. O

REMARK 4.3. From Theorem 4.1 it follows that Algorithm 4 can find an e-solution
of problem (2.1) in at most O (m) iterations, which is slightly worse than the
bound of O (61/(%“)) iterations obtained for Algorithms 1 to 8. This is a moderate
price to pay for the absence of perfect information about v.

COROLLARY 4.4. Let function f be uniformly convez of degree p with constant
op > 0. Then the number of iterations in Algorithm 4 is bounded as follows:

2
1-v ] 300+0) 2ptr—1
* . 12H (v 2p b o
(415) 7 < 14 Kz — 27| VéI[Bf,l] {(Hu)’(}(ﬁu) (a%) ] (2)e

Proof. Indeed, in view of Lemma 1.2, for any = € dom ¢ with f(x) — f(ac*) <e

we have € > %”1‘ — z*||?. Therefore, in this case R(e) < (%) ", Tt remains to use
the upper bound (4.9). O

4.1. Computational Issues. For starting Algorithm 4, it is necessary to ensure
the initial condition

0<Ho < 7i(e) € inf (e
ve(0,1]

Usually this is not difficult since typically the values 7, (¢) are big. However, we can
use a more sophisticated procedure.

1—v

Using (4.1), define D = R(f(z0) — f(z*)) and 4, (e) = [%} HV (2)=.
def

Let 4%(e) = Ueir[%)fl] 4, (€). This is an upper bound for 7 (¢e), which could be used in

the right-hand side of inequality (4.8). For that, we need to start Algorithm 4 with
Hy < Fi(e).
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Let us show how this can be done. Take a point yo # xg such that f(yo) < f(zo)
and V2 f(yo) # V2f(x0). Then, define

A = |[V2f(yo) = V2f(@o)ll, 7= llyo — ol

Now we can choose

— . 12A 1+v r D% Ak
Ho = min [W} (£)7 < 40(e).

Taking the logarithm of the objective function in this minimization problem, we get

5 [2(In(124) = In(1 4+ v) = In(2+v) —vinr) + (1 —v)In L],
This is a ratio of convex function and a positive linear function in v. Thus, it is quasi-
convex and its global minimum can be easily approximated by bisection algorithm.

Finally, as in Algorithm 1, we can also consider a proper stopping criterion in
Algorithm 4. Denote

Gly) = Yitgarf(zen) + (Vi(@i).w — zin) + o).

Assume that, §[lz* — 20|* < D and that constant D is known. Denote

y€edom ¢

Then, as in Section 2, we can see that
flae) < 497 < fet & < fla)+ 2

So, if A; > %, then f(xt) — f(x*) < ¢, and we can use inequality

flwe) —fr < e

as a stopping criterion for Algorithm 4.

5. Conclusion. In this paper, we presented accelerated versions of the regu-
larized Newton methods for solving convex composite minimization problems, where
the second part of the objective is a simple closed convex function. We assume that
the Hessian of the smooth part of the objective is Holder-continuous. For the case
in which the the Holder parameter v € [0,1] is known, we propose methods with
worst-case complexity of O (61/(%”)) iterations, generalizing the results in [12]. For
the general case, in which the v is not known, we propose a universal method which
ensures the same precision in at most O (pirmy7) iterations.

Our problem setting includes, for example, piece-wise linear norms used in regu-
larization techniques and also the indicator function of a closed convex set, making
our schemes suitable for several applications (see, for example, [10, 13]).
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