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Introduction

The present work revolves around the theme of algebraic groups, with
a special emphasis on semisimple algebraic groups over local fields. It
consists of three independent chapters. The first one aims for a structure
theorem for totally disconnected locally compact groups having a linear
open subgroup. The second chapter studies Chabauty limits of quasi-
split simple algebraic groups acting on trees. Finally, the last chapter
gives a condition for the group of semilinear automorphisms of a semisim-
ple group G to decompose as a semidirect product of the group of alge-

braic automorphisms and the group of field automorphisms preserving

G.

Algebraic groups over local fields

By an algebraic group over a scheme S, we mean a group object in the
category of smooth affine S-scheme of finite type, and an algebraic group
over a field kK means an algebraic group over Spec k. For a non-expert,
this definition might appear as overly dry and sophisticated. To motivate
it, we begin by discussing the historical development of algebraic group
theory. It is also good to keep in mind the various levels of difficulty
that arise when allowing various base schemes S, a fact which is well
illustrated by the history of the development of the theory.

Algebraic groups were first only considered over R or C, in which
case they are instances of Lie groups. It took a long time before starting
to vary the base scheme, so let us pause for a moment on this case and
take the opportunity to discuss the early motivations for the theory of

algebraic groups. A. Borel wrote a masterful account of the genesis of
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8 Introduction

algebraic groups in [Bor0Ol]. Relying on this reference, we quote the
various influences.

The ancestors of algebraic groups are the so called Lie groups, a
notion introduced in 1873 by S. Lie. His motivation was to develop a
Galois theory for differential equations. Note in passing that abstract
groups emerged from Galois theory. Lie groups started to play a leading
role in mathematics after the fundamental contributions of W. Killing,
E. Cartan and H. Weyl. Interestingly enough, H. Weyl came to study Lie
groups because of his interest (amongst others) for relativity theory. In
hindsight, his influence has been tremendous, since nowadays Lie groups
play a central role in physics.

From a modern point of view, a Lie group is a group object in the
category of smooth manifolds. This definition makes it clear that smooth
manifolds are not far from smooth group schemes of finite type over the
reals, the latter category being a subcategory of the former in which we
restrict our attention to polynomial functions. Hence, it is not surprising
that some works initiated by the theory of Lie groups dating from the
end of the 19th century were early contributions to the theory of alge-
braic groups. Amongst those early contributions, we can cite the work of
S. Lie and E. Study on projective representations of SL,,(C), the work of
E. Picard on linear differential equations, and the work of E. Cartan on
linear Lie groups that are algebraic. But, as A. Borel puts it in [Bor01,
Chapter 5|, those works did not appear to their authors as contributions
to the theory of algebraic groups, since they had other goals in mind.
From this period, the mathematician L. Maurer stands out as an excep-
tion. His main goal was to develop the theory of algebraic groups per se,
but his work fell into oblivion.

Algebraic groups had then to wait for forty years before being re-
vived by C. Chevalley and E. Kolchin. They had different motivations:
the former was trying to extend the work of L. Maurer, while the latter
was trying to develop a Galois theory of differential equations a la Pi-
card. This leads us to the golden age of algebraic groups. In the fifties,
C. Chevalley took the mathematical community by surprise by achiev-
ing a classification of simple algebraic groups over an algebraically closed

field in arbitrary characteristic. To quote P. Cartier in [Che05, Postface,
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25.2], “the announcement by C. Chevalley that the classification of sim-
ple algebraic groups over algebraically closed fields was independent of
the characteristic was a crash of thunder”. Soon afterwards, the needs
for a better understanding of the classification of finite simple groups led
mathematicians to push further Chevalley’s work and to work over per-
fect fields, aiming for a classification of simple algebraic groups over finite
fields. In retrospect, algebraic groups over finite fields indeed yields the
core of the list of finite simple groups. The assumption of perfectness
of the field was essential to make it possible to apply Galois-theoretic
techniques when descending from the algebraically closed field case to
the perfect field case.

Problems over local and global fields coming from number theory
motivated the elimination of the perfectness assumption. According to
[Conl4, Appendix A], the initial breakthrough allowing to work over
an arbitrary field came from a theorem of Grothendieck (namely The-
orem A.1.1 in [Conl4]), whose proof uses in an essential way scheme-
theoretic ideas. At approximately the same time, Grothendieck and
his school were developing the theory of schemes, and it was probably
then natural to recast the theory of algebraic groups in the language of
schemes, and to work over an arbitrary base. This notably led to the
classification of split simple algebraic groups over an arbitrary scheme,
massively generalising the classification achieved by Chevalley.

In our work, we mostly restrict our attention when the base scheme
S is the spectrum of a non-discrete locally compact topological field.
The classification of such fields is an early success of the development of
the theory of locally compact groups impulsed by Hilbert’s fifth problem.
Note again in passing the inspiring role of Lie groups. That classification
ensures that a non-discrete locally compact topological field is isomorphic
to either R, C, a finite extension of the field of p-adic numbers Q, or
the field of formal Laurent series F,((T')) over the finite field F,, where
q is a prime power. In this list, the disconnected ones, i.e. all of them
apart from R and C, are called (non-Archimedean) local fields.

To motivate in a few words the concept of a local field, let us mention
their relevance in number theory, which is not surprising if one thinks

of Q, as the completion of Q with respect to a prime p. What makes
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p-adic fields so useful in number theory is their historical use in the work
of Hasse on the classification of quadratic forms over Q, which was a
first instance of his profound and amazing local-global principle.

Now that we have introduced the concept of an algebraic group and
the concept of a local field, it remains to explain why considering alge-
braic groups over local fields is of interest. As we already pointed out,
they play a central role in number theory. For example, the Langlands
program is concerned with representation theory of algebraic groups over
local fields. Let us also outline another remarkable link: according to
[Buz|, Tamagawa numbers of algebraic groups over local fields played an
inspiring role in formulating the Birch and Swinnerton-Dyer conjecture,
which is considered as one of the most important problems in mathe-
matics.

The starting point of this thesis is to view the simple algebraic groups
over local fields as the most prominent examples in the class .7 of nondis-
crete compactly generated locally compact groups that are topologically
simple. The study of the class . as a whole is a new trend that emerged
in the past decade. However, its origins are to be traced within the his-
toric interest for locally compact groups. In his famous so-called “fifth
problem”, D. Hilbert asked whether the differential structure on a Lie
group can be reconstructed from the topological structure. In the fifties,
A. Gleason and H. Yamabe answered this question in the affirmative, in
a theorem nowadays deemed as “the solution to Hilbert’s fifth problem”.
Their fundamental theorem (see for example [Taol4, Theorem 1.1.17])
provides structural information on general locally compact groups. In
particular, it implies a first result on the class .%: if GG is a connected,
locally compact group which is topologically simple, then G is a Lie
group. It is to be noted that Lie groups were again the main concern in
those early developments.

But from the point of view of the classification of groups in ., the
result of A. Gleason and H. Yamabe is only a milestone, not the end of
the story. Note that given any topological group G, we always have a
short exact sequence of topological groups 1 — G® — G — G/G° — 1
where G is a connected closed normal subgroup of G, and G/GP is

totally disconnected. In particular, by a result of D. van Dantzig (see
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[CM11, Introduction] for a precise reference), G/G° has a basis of iden-
tity neighbourhood consisting of compact subgroups, so that the theo-
rem of A. Gleason and H. Yamabe does not bring any new information.
Hence, in order to attempt at a classification of groups in ., the totally
disconnected case and only this one remains open.

Before explaining how our results contribute to an exploration of the
class ., let us end this section by insisting on a technical difficulty.
While finite extensions of Q, are perfect fields since these are fields
of characteristic 0, Fy((T")) is not perfect. Indeed, using the valuation,
we directly see that T € F,((T")) has no n-th roots for n > 0. As we
said earlier, considering algebraic groups over nonperfect fields makes
it really necessary to use the schematic language. This is particularly
well illustrated by the following example: for any prime p, the map
SL, — PGL,, considered as a map of algebraic group over F,((T)), is a
purely inseparable isogeny, which makes this map wilder at the level of

rational points (see Example 1.13 for an illustration of this).

Presentation of the results

We refer to [Capl6] for a very well-written and informative survey of
results and problems pertaining to the class .. Let us just list the most
prominent examples of groups in the class .%: algebraic groups over local
fields, Kac—-Moody groups over finite fields, groups acting on trees and
groups almost acting on trees (see [Capl6, Section 2| for more details).
One of the main challenge that we now face is to find new examples of
groups belonging to .7, hoping to obtain guiding principles to develop
the general theory. This quest for new examples is the common theme
of the first two chapters.

Chapter 1, which is joint work with P.-E. Caprace, is concerned with
the structure of totally disconnected locally compact groups that are
locally linear. A locally compact group is called linear if it admits a
continuous faithful finite-dimensional linear representation over a local
field. It is called locally linear if it has an open subgroup which is
linear. The main motivation behind this work was a classification of

groups G in . that are locally linear, and we indeed achieved our goal.
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Theorem A (see Chapter 1, Corollary 1.4). Let G be a totally discon-
nected group in . If G is locally linear, there exists a local field k and
an absolutely stmple, simply connected, isotropic algebraic group H over
k such that G is isomorphic to H(k)/Z(H (k)) as a Hausdorff topological

group.

By a result of D. van Dantzig (see [CM11, Introduction| for a precise
reference), we can assume that the open subgroup U of G is compact.
We are thus reduced to look for information about compact subgroups
of GL, (k). This is provided by the far reaching results of R. Pink (see
[Pin98, Corollary 0.5]). But in order to use those results in the proof of
Theorem A, one needs to quotient the linear compact open subgroup U
of G by a normal soluble subgroup. An indication that the theory was
ripe for the classification of locally linear totally disconnected locally
compact groups in . is the result in [CRW14, Theorem 5.3] that U does
not possess any non-trivial soluble closed normal subgroup.

In fact, our method allows us to give a general structure theorem for
totally disconnected, locally compact groups having a linear open sub-
group wothout assuming that it is a member of .. We refer the reader
to the introduction of Chapter 1 for a thorough overview of the results
it contains. For now, we just highlight another corollary of our results,
which is striking in the sense that it provides a uniform framework for

three classical families of simple groups.

Theorem B. Let G be a compactly generated, topologically simple, lo-
cally compact group. Then G is linear over a (possibly Archimedean)

local field if and only if G belongs to one of the following class:
1. Finite stmple groups.
2. Simple Lie group.
3. Simple algebraic groups over local fields.

Chapter 1 has been published as a separate article, see [CS15]. Com-
pared to the article, we have added two appendices. One is concerned

with proving that the automorphism group of a simple algebraic group
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over a local field is simple-by-compact, while the other elucidates the
connection between algebraic and analytic varieties.

The work in Chapter 2 originates from the same quest for more ex-
amples of groups in .. As P.-E. Caprace and N. Radu show, one can
try to build a topologically simple group by approximating it with a

sequence of topologically simple groups.

Theorem ([CR16, Theorem 1.2|). let T be a locally finite tree whose
vertices are of degree > 3. The set of topologically simple closed subgroups
of Aut(T) acting 2-transitively on 0T is Chabauty-closed.

Recall that the Chabauty space Sub(G) of a locally compact group
G is the set of all closed subgroup of GG, endowed with the so called
Chabauty topology. We refer the reader to [dIHO8| for a survey of the
Chabauty space. For example, it follows directly from the definition
that Sub(R) is homeomorphic to a compact interval [0,00]. On the
other hand, it is already a non trivial result to prove that Sub(R?) is
homeomorphic to the 4-sphere, while a helpful description of Sub(R")
when n > 3 is not known.

For T}, 41 the (p + 1)-regular tree,
{SL2(K)/Z(SL2(K)) | K a totally ramified extension of Q,}

is an infinite family in Aut(7},41) of topologically simple closed subgroups
acting 2-transitively on 07},4+1. Furthermore, since the Chabauty space
is compact, this infinite family must accumulate. Hence the question of
knowing whether an accumulation would be a new kind of group in .%
becomes a pressing issue. But N. Radu soon computed that the only ac-
cumulation point of this family is actually SLa(F,,((T"))/Z(SL2(F,((T))))-
At first, this convergence of algebraic groups over fields of characteristic
0 to an algebraic groups over a field of positive characteristic was very
surprising. In retrospect, our work shows that this convergence is very
natural, since F,[T7 is the (projective) limit of Ok, /m} , where K, is
a totally ramified extension of Q, of degree n, with ring of integers Ok,
and maximal ideal mg,, .

Chapter 2 extends this result to cover the case of Chabauty limits

of groups of the form SLy(D) for D a division algebra over a local field,
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as well as quasi-split special unitary groups SUg/ K(K ). In essence, we
show that Chabauty limits of groups of this form are again groups of this
form.

In order to be more precise, for T a tree, let us define a topologi-
cally simple algebraic group acting on T to be a locally compact group
isomorphic to H(K)/Z, where K is a local field, H is an absolutely sim-
ple, simply connected, algebraic group over K of relative rank 1 whose
Bruhat—Tits tree is isomorphic to T, and Z is the center of H(K).

The first thing to observe is that, given a topologically simple alge-
braic group G acting on 7', the action homomorphism G — Aut(7) is not
canonical, but depends on some choices. There is however a natural way
to resolve this issue of canonicity, explained in [CR16|. Following that
paper, we shall denote by St the space of topological isomorphism classes
of topologically simple closed subgroups of Aut(T") acting 2-transitively
on the set of ends. According to [CR16, Theorem 1.2|, the space St
endowed with the quotient topology induced from the Chabauty space
Sub(Aut(7")) is compact Hausdorff.

Using this language, the main result of Chapter 2 goes as follows:

Theorem C (see Chapter 2, Theorem 2.1). Let T be a locally finite
leafless tree, and let S%s'alg be the set of isomorphism classes of topologi-

cally simple algebraic groups acting on T' that are furthermore quasi-split.
Then S%S'alg is closed in St.

We are actually able to explicitly describe the space S%S'alg, as well
as the convergences happening inside it. For an exhaustive description,
we refer the reader to the introduction of Chapter 2. We just highlight
here the case of the 3-regular tree, where more intricate convergences

happen, indicating that this kind of questions can be delicate.
Theorem D (see Chapter 2, Theorem 2.3). Let T be the 3-regular tree.

1. The space S%S'alg 18 homeomorphic to NQ, where N denotes the one
point compactification of N. The first Cantor-Bendizson deriva-
tive consists of groups in positive characteristic, while the second
Cantor—Bendizson derivatice consists of the group SLo(Fo(T))/Z,
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where Z is the center of SLo(Fa((T))) (see Theorem 2.3 for a more

precise formulation).

2. For eachn, let K = Fo((T)), let L, = K[X]/(X?-T"X +T), and
identify SU;"/K(K)/Z, 7 being the center of SU;"/K(K), with a
closed subgroup Gy, of Aut(T') (using Bruhat-Tits theory). Then
{Gpn}nen converges in the Chabauty space of Aut(T3) to (a closed
subgroup of Aut(T) isomorphic to) SLa(K)/Z(SLa(K)). In partic-

ular, the Tits index need not be preserved under Chabauty limits.

The main tool in proving those theorems is the so-called integral
model of a reductive group over a local field. Those integral models
are smooth group schemes over the ring of integers of the local field,
and they play an essential role in the monumental work of F. Bruhat
and J. Tits. Especially, we give a concrete description (via equations) of
various models of rank 1 quasi-split, absolutely simple, simply connected
groups over local fields. We believe that the explicit description of the
integral model for SUj3 in the so-called ramified and residue characteristic
2 case is also of interest in its own. See Subsection 2.4.2 for more on this
topic. This work also led us to consider more generally the description
of combinatorial balls in Bruhat—Tits buildings. We come back to this
in the next section.

The work in Chapter 2 has been submitted for publication as a sep-
arate article, and is available on the ArXiV (see [Stul6]).

The final chapter, on the contrary, is not motivated by questions
pertaining to the class .. In our work, we frequently encountered the
group of abstract automorphisms Aut(G(k)) of (the rational points of) a
semisimple algebraic group G. As we recall in Chapter 3, the celebrated
result of A. Borel and J. Tits provides conditions ensuring that it fits into
a short exact sequence 1 — (Aut G)(k) — Aut(G(k)) — Autg(k) — 1,
and the question of whether this sequence splits arises naturally. While
it was known from a long time that this sequence splits when G is a split
algebraic group (in which case Autg (k) = Aut(k)), the general case had
not been addressed. Of course, before attacking this question, one needs
in particular to be able to decide whether Autg (k) is trivial or not. We

are not aware of any results in the literature towards that direction.
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In fact, our results show that settling the question in general is rather
tricky, since it depends on the arithmetic of field extensions associated to
the algebraic groups. We obtain a necessary and sufficient criterion for
this sequence to split when G is quasi-split. Our criterion is independent
of the ground field.

Theorem E (Chapter 3, Theorem 3.2 and Proposition 3.29). Let G
be a quasi-split, absolutely simple, simply connected algebraic group of
type 2A,,, 2D,, or 2Eg over a field k, and let | be the separable quadratic
extension k defining G.

Let Auty(k)={a € Aut(k) | there exists an automorphism of | whose
restriction to k is a}, let Aut(l > k) = {a € Aut(l) | a(k) = k} and
Aut(l/k) = {a € Aut(l) | « acts trivially on k}.

1. The group Autg (k) is isomorphic to Auty(k).

2. The short exact sequence 1 — (Aut G)(k) = Aut(G(k)) — Autg(k)
— 1 splits if and only if the short exact sequence 1 — Aut(l/k) —
Aut(l > k) — Auty(k) — 1 splits.

We also have a similar result for quasi-split groups of type 3Dy or
6D,. We refer the reader to Proposition 3.29 for precise statements. Our
work shows that for quasi-split groups, the splitting question is actually
controlled by the scheme of Dynkin diagrams. This useful notion intro-
duced in [ABD 64, Exposé 24, section 3] is not so widely known, and we
discuss it in detail in Chapter 3. Schemes of Dynkin diagram allows us
to treat the case of quasi-split groups in an uniform way, and the main
result in Chapter 3 is formulated using this language (see Theorem 3.2).

Here is a concrete corollary of the main result in Chapter 3, providing
many examples where the aforementioned short exact sequence does not

split.

Corollary F (See Chapter 3, Corollary 3.32). Let K, L be finite Galois

extensions of Qp, with L a quadratic extension of K. Let G be the

quasi-split algebraic group SUﬁ/K over K. The short exact sequence
1 = (Aut G)(K) — Aut(G(K)) — Autq(K) — 1 splits if and only if

1 — Gal(L/K) — Gal(L/Q,) — Gal(K/Q,) — 1 splits.
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We also investigate the case of SL, (D) over a local field K, where
the results have a very different flavour. As mentioned above, before
attacking splitting question, we need to control the group Autgr,, (py(K).

Doing explicit computations, we obtain the following result.
Theorem G (see Chapter 3, Corollary 3.37). Autgy,, (p)(K) = Aut(K)

If & € Aut(K) is of finite order, the fact that o extends to an auto-
morphism of D was already known (see Remark 3.38). This implies that
a € Autgy,, (p)(K). Hence, Theorem G was already known in character-
istic 0, but we are not aware of such a result in the literature in positive
characteristic.

Now, concerning the splitting question for SL, (D), we did not com-
pletely settled it in the positive characteristic case (see Theorem 3.4 for
a precise statement of what we know). Here, we just quote the result in

characteristic 0.

Theorem H (see Chapter 3, Theorem 3.4). Let K be a local field of
characteristic 0, and let D be a finite dimensional central division algebra
of degree d over K. Let G = SLy,(D), and let K' be the fized field of
Aut(K) (so that K is a finite Galois extension of K'). Then Autg(K) =
Aut(K), and the short exact sequence 1 — (Aut G)(K) — Aut(G(K)) —
Autg(K) — 1 splits if and only if ged(nd, [K : K']) divides n.

Further directions of research

Our work in Chapter 2 is part of a more global project aiming to describe
and classify combinatorial balls in Bruhat—Tits buildings of arbitrary
rank.

Given an irreducible Bruhat-Tits building of rank n and of order g,
the combinatorial ball of radius r consists of a finite number (bounded by
a function of n, ¢ and r) of n-simplices glued together in a specific way.
On the other hand, there are infinitely many pairwise non-isomorphic
irreducible Bruhat—Tits building of rank n and of order ¢q. Hence the
question of when irreducible Bruhat—Tits buildings of a given rank and

order have isomorphic balls of radius r arises naturally.
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Another way to frame our investigation of balls in Bruhat—Tits build-
ings is to say that we study the metric space of all Bruhat-Tits buildings,
endowed with the Gromov-Hausdorff topology. In [dT15], the authors
show that the Gromov-Hausdorff space of buildings of type A, (with
n > 2) has accumulations points, which are precisely those of positive
characteristic. It is then natural to wonder what is the situation for
other types of buildings. Our [Stul6] is closely related to that question,
and indicates that buildings of type C' — BC,, accumulates on buildings
of type A,.

The question of classifying balls in buildings is already interesting
when r = 1, i.e. for residues in buildings. In their classical paper [BT84a],
F. Bruhat and J. Tits observed that reducing the integral model mod-
ulo the maximal ideal correspond geometrically to a localisation in the
building. Hence, over local fields, the description of residues is straight-
forward. For example, given two split simple algebraic groups G1 and
(G5, defined respectively over the local fields ki and ko, their residues
are isomorphic if and only if they have isomorphic Dynkin diagram and
the residue fields are isomorphic. However, describing residues in more
general situations can be more involved. For example, one of the main
focus in [MPW15] is to investigate residues of a euclidean building whose
building at infinity is Moufang.

In view of the r = 1 case, it is natural to conjecture that for r > 1,
reducing an integral model modulo the r-th power of the maximal ideal
correspond geometrically to a localisation of radius r in the building.
We implemented this idea in [Stul6], via an explicit description of the
equations defining an integral model. The main goal of this project is
to give a complete classification of isomorphism of balls in Bruhat—Tits
buildings in the quasi-split case, using the explicit commutation relations
in the quasi-split case (as given in [BT84a, Annexe]), together with the
Artin—Weil theorem extending uniquely birational group laws on schemes
(see [BLR90, § 6.6, Theorem 1]). It should then be possible to obtain
the general case from the quasi-split case by unramified descent.

The application we have in mind for this work is a proof of the follow-
ing conjecture, that we formulate in Chapter 2, where we use the same

language than in Theorem C.



Introduction 19

Conjecture. Let T be a locally finite leafless tree, and let S;lg be the
set of isomorphism classes of topologically simple algebraic groups acting
on T. Then S%Ig is closed in Sp.

It is also interesting to note that a complete characterisation of iso-
morphism classes of balls in Bruhat—Tits buildings involve questions
about abstract isomorphisms of algebraic groups over local rings modulo
power of their prime ideals. Indeed, let us for example try to show
that if SL, (k1) and SL,(k2) have isomorphic balls of radius r, then
Oy, /mp = Ok, /my . First, by a standard argument of J. Tits, an iso-
morphism of balls implies that PGLy, (O, /my, ) and PGLy, (O, /my, ) are
(abstractly) isomorphic. Then the desired result would follow from the
algebraicity of abstract isomorphisms of PGL over Oy, / my . This par-
ticular case has actually already been proved in [Pet89], and our goal is
to extend this result beyond the split case.

This project on balls in Bruhat—Tits might also give new points of
view for the representation theory of reductive groups over local fields,
since it is related with the Moy—Prasad filtration introduced in [MP94].

In the course of our research, we also got interested in the work of
P.-E. Caprace, C. Reid and G. Willis (see [CRW13]) on the so-called
structure lattice of a totally disconnected, locally compact (tdlc) group
G, which consists of locally normal subgroups. A main tool in this study
is the centraliser lattice LC(G), which is a boolean algebra extracted
from the lattice of locally normal subgroups. The authors then proceed
to describe various properties of the action of G on the Stone space
corresponding to the boolean algebra LC(G), which enables them to
prove structure theorems about G. Unfortunately, when LC(G) is trivial,
we get no information on G via this method.

We observed that it is actually possible to define a quotient H(G)
of the lattice of locally normal subgroups, such that H(G) is a Heyting
algebra whose associated boolean algebra is isomorphic to LC(G). Fur-
thermore, in situations where LC(G) is trivial, it can still happen that
H(G) is non-trivial. This is the case for some Kac-Moody groups. We
alm to characterise properties of the action of G on the Priestley space
associated to H(G). This approach could extend the results in [CRW13].






Chapter 1

Totally disconnected locally
compact groups with a linear

open subgroup

In this first chapter, we describe the global structure of totally discon-
nected locally compact groups having a linear open compact subgroup.
Among the applications, we show that if a nondiscrete, compactly gen-
erated, topologically simple, totally disconnected locally compact group
is locally linear, then it is a simple algebraic group over a local field. All

the work in this chapter is joint work with P.-E. Caprace.

1.1 Introduction

A locally compact group is called linear if it admits a continuous faith-
ful finite-dimensional linear representation over a local field. It is called
locally linear if it has an open subgroup which is linear. The goal of
this chapter is to study the class of totally disconnected locally com-
pact groups (t.d.l.c.) that are locally linear. Roughly speaking, our
main results ensure that such groups are built out of three kinds of el-
ementary pieces: discrete groups, compact groups, and simple algebraic
groups over local fields (note that abelian t.d.l.c. groups are compact-

by-discrete). In order to be more precise, let us define a topologically
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simple algebraic group over a local field to be a locally compact
group isomorphic to H(k)/Z, where k is a local field, H is an absolutely
simple, simply connected, isotropic algebraic group over k, and Z is the
center of H(k) (see Section 1.2.1 for more details on those groups). We
also say that a locally compact group is locally solvable (respectively,
locally abelian of finite exponent) if it has a solvable (respectively,
abelian of finite exponent) open subgroup.

We can now state our main result.

Theorem 1.1. Let G be a t.d.l.c. group having an open compact sub-
group which is linear over a local field k. Then G has a series of closed

normal subgroups:

{I1}9R<IG1 4Gy <G

enjoying the following properties.

The group R is a closed characteristic subgroup and is locally solvable.
The group Gq is an open characteristic subgroup of finite index in G, and
Go/G1 is locally abelian of finite exponent. Moreover, the quotient group
Hy = Gy/R, if nontrivial, has nontrivial closed normal subgroups, say

My, ..., My, satisfying the following properties.

(i) For somel <m and alli <1, the group M; is a topologically simple
algebraic group over a local field k;, of the same characteristic and
restdue characteristic as k. In particular, M; is compactly generated

and abstractly simple.

(it) For all j > I, the group Mj is compact, hereditarily just-infinite
(h.j.i.), and algebraic (in the sense of Definition 1.46) over a local

field kj, of the same characteristic and residue characteristic as k.

(iii) Every nontrivial closed normal subgroup N of Hy contains M; for

some © < 1, or contains an open subgroup of M; for some j > I.

(iv) The quotient group Hy = G1/R coincides with the direct product of
subgroups My ... M, = My X -+ X M,,, which is closed in Hy. In

particular, Hy is compactly generated.



1.1. Introduction 23

Note the apparent analogy with the structure of general Lie groups,
whose quotient by their solvable radical is semisimple. It should how-
ever be emphasized that the characteristic subgroup R afforded by The-
orem 1.1 is locally solvable, but not solvable in general: indeed, it can
contain discrete normal subgroups of G that are nonabelian free groups.

One nevertheless expects that the structure of the normal subgroup
R is not too mysterious. In order to make that statement precise, we
define the class of elementary groups as the smallest class of t.d.l.c.
groups that contains all discrete groups, all profinite groups, and is closed
under group extensions and directed unions of open subgroups. This
class was first defined and investigated by Wesolek in [Wesl5a| in the
second countable case, and then extended to the general t.d.l.c. case in

[Wes14]. We obtain the following consequence of Theorem 1.1.

Corollary 1.2. Let G be a t.d.l.c. group having a compact open sub-
group which is linear over a local field k. Then G has a series of closed

characteristic subgroups
{1}9A4G1 4G 2G

enjoying the following properties.

The group A is elementary, Gy is open of finite index in G, and the
quotient Go/G1 is locally abelian of finite exponent. In particular, Go/G1
is elementary. Moreover, the quotient group Hy = Go/A, if nontrivial,

satisfies the following.

(i) Ho has finitely many minimal closed normal subgroups, that we
call My,...,M;, and every nontrivial closed normal subgroup of

Hy contains some M;.

(i) Fach M; is a topologically simple algebraic group over a local field
k;, of the same characteristic and residue characteristic as k. In

particular, M; is compactly generated and abstractly simple.

(iii) The quotient group Hy = G1/A coincides with the product of sub-
groups My ... M; = My X --- X Mj, which is closed in Hy.
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We will see in due course that the characteristic subgroup A afforded
by Corollary 1.2 contains, as expected, the subgroup R afforded by The-
orem 1.1. As a byproduct of Theorem 1.1, we also deduce that a locally
linear t.d.l.c. group G is elementary if and only if the groups My, ..., My,
from the statement of Theorem 1.1 are all compact (equivalently the
subquotient G1/R is compact). This follows from the fact that topolog-
ically simple algebraic groups over local fields are not elementary (see
Claim 4 in the proof of Corollary 1.2) combined with the fact that lo-
cally solvable groups are all elementary (see Proposition 1.29(ii)). This
observation thus provides structural information on all locally linear ele-
mentary groups, and can be applied to the elementary group A appearing
in Corollary 1.2, since A is itself locally linear.

Note that when & is of characteristic 0, the hypotheses of Theorem 1.1
imply that G is a p-adic Lie group, where p is the residue character-
istic of k. The conclusions of Corollary 1.2 are then already known,
due to Ph. Wesolek: indeed, they follow from [Wes15b, Corollary 1.5.].
Moreover, in that special case, the elementary quotient Go/G1 is even
finite (the latter is however not true in positive characteristic, see Ex-
ample 1.13). The main novelty of our results is that they hold in all
characteristics. The key tool allowing for this uniformity is provided by
the far-reaching results of Pink [Pin98| on compact subgroups of linear
algebraic groups.

Another special case of particular interest is when G is assumed to
be topologically simple, that is, its only closed normal subgroups are

the trivial ones.

Corollary 1.3. Let G be a t.d.l.c. group having a compact open subgroup
which is linear over a local field k. If G is topologically simple, then one
of the following holds.

(a) G is discrete.
(b) G is nondiscrete, not compactly generated, and locally solvable.

(c) G is a topologically simple algebraic group over a local field k', of the
same characteristic and residue characteristic as k. In particular, G

is compactly generated and abstractly simple.



1.1. Introduction 25

It should be emphasized that examples of topologically simple t.d.l.c.
groups as in (b) of Corollary 1.3 do exist. Indeed, such examples can be
produced using the construction described by Willis [Wil07, Section 3].
Those examples can be made locally isomorphic to the additive group of
the field Fj,((¢)) (hence they are indeed locally linear and locally abelian)
and can be arranged to contain a copy of every finite group (hence they

are not globally linear).
The following consequence of Corollary 1.3 is immediate.

Corollary 1.4. Let G be a nondiscrete, compactly generated, topologi-
cally simple, t.d.l.c. group. If G is locally linear, then G is algebraic:

indeed G is a topologically simple algebraic group over a local field.

A systematic study of the class . of nondiscrete, compactly gener-
ated, topologically simple, t.d.l.c. groups has been initiated in [CRW14].
Corollary 1.4 implies that the locally linear members of . are precisely
the algebraic ones, and are thus all known since the latter algebraic
groups have been classified by Kneser and Bruhat—Tits. In particular,
within the class ., a group is locally linear if and only if it is globally
linear. This matter of fact has the following consequence on irreducible
complete Kac—-Moody groups over finite fields, which form a subclass of

7 (see [Marl4| and references therein).

Corollary 1.5. An irreducible complete Kac—Moody group over a finite
field which is not globally linear, is also not locally linear: none of its

compact open subgroups is linear.

This applies to all Kac-Moody groups of irreducible nonspherical,
nonaffine type which are either of rank at least 3 (by [CR09]) or of rank
2, and whose generalized Cartan matrix has —1 as an off-diagonal entry
(by [CR13|). Corollary 1.5 confirms [CR14, Conjecture 1|, except in
the case of generalized Cartan matrices of size 2 with both off-diagonal

entries different from —1.
Finally, we record the following application.

Corollary 1.6. Let G be a compactly generated, topologically simple,
locally compact group. Then G is linear over a (possibly Archimedean)

local field if and only if G belongs to one of the following classes:
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o Finite stmple groups.
o Simple Lie groups.

o Simple algebraic groups over local fields.

1.2 Algebraic t.d.l.c. groups

1.2.1 Linear algebraic groups

Let H be a linear algebraic k-group, where k is a field. By definition,
this means that H is a smooth affine group scheme of finite type over k.
Equivalently, H is (schematically) isomorphic to a smooth Zariski closed
subgroup of GL, ;. As all algebraic groups used in this thesis are linear,
we omit this adjective in the sequel.

For ¢: H — H; a morphism of algebraic k-groups, we denote the
evaluation of ¢ in a k-algebra A by wa: H(A) — H;i(A), or sometimes
by ¢: H(A) — Hy(A).

When k£ is a Hausdorff (i.e., not anti-discrete) topological field, the
group H (k) inherits a Hausdorff topology, which does not depend on the
embedding into GL,, j (for more details, see [PR94]). We adopt the con-
vention that any topological statement will refer to that topology, and
not to the Zariski topology, unless we explicitly add the prefix Zariski
(e.g., Zariski-connected or Zariski-dense). When k is a nondiscrete lo-
cally compact field, the group H (k) is a locally compact second countable
topological group.

A semisimple algebraic k-group H is called k-simple if it has no
nontrivial Zariski-connected normal algebraic k-subgroup. It is called
absolutely simple if for any field extension k — £/, the algebraic k’-
group H xj k' is k’-simple. Equivalently, H is absolutely simple if its
root system is irreducible.

The study of Zariski-connected semisimple algebraic groups reduces
for the most part to that of absolutely simple ones. Namely, a Zariski-
connected, semisimple, simply connected (respectively, adjoint) algebraic
k-group is the direct product of k-simple, simply connected (respectively,

adjoint) algebraic k-groups, and each factor is of the form R H for
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some absolutely simple, simply connected (respectively, adjoint) alge-
braic k’-group H, where k' is a finite separable extension of k. Here,
Ry H denotes the Weil restriction of H. For a proof of those facts, see
[Conl4, Proposition 6.4.4, Remark 6.4.5 and Example 6.4.6].

Let H be a Zariski-connected algebraic k-group. As in [BT73, Sec-
tion 6], we denote by H (k)" the normal subgroup of H (k) generated by
k-rational points of split unipotent k-subgroups of H.

In order to properly understand the definition of a topologically sim-
ple algebraic t.d.l.c. group, we need two results, that will also be invoked

later on.

Proposition 1.7. Let k be a local field, let H be a simply connected, k-
simple algebraic k-group. Any continuous homomorphism f: H(k) - G

to a locally compact group G is a closed map.

Proof. See |BM96, Lemma 5.3]. Note that the assumption there that

the target of the map should be second countable is superfluous. ]

Theorem 1.8. Let k be a local field and let H be a k-simple algebraic k-
group. Then any proper open subgroup of H (k)T is compact. Moreover,
H(k)" is compactly generated.

Proof. See |Pra82, Theorem (T)| for the first assertion. To prove the
compact generation, one can assume that H is isotropic and that H (k) =
H(k)* (see Theorem 2.4). In this case, we can find a semismple element
of norm greater than one in any nontrivial k-split torus, which thus gen-
erate an infinite discrete cyclic subgroup. So that this element together
with a compact open subgroup will generate the whole group, in view of
[Pra82, Theorem (T)]. O

Definition 1.9. Let G be a topologically simple t.d.l.c. group. We say
that G is algebraic if there exists a local field k and a k-simple algebraic
k-group H such that G is topologically isomorphic to H(k)*/Z(H(k)™).

Note that by the main result of [Tit64], the group H(k)*/Z(H(k)™)
is abstractly simple.
The following theorem (which is a collection of results borrowed from

[BT73, Section 6]) shows that in the above definition, one can assume
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that H is simply connected, absolutely simple and that H(k) = H(k)™.
This confirms that Definition 1.9 is consistent with the definition of a
topologically simple algebraic group over a local field given in the intro-

duction.

Theorem 1.10. Let k be a local field and H be a k-simple algebraic
k-group.

(i) H(k)" is trivial if and only if H is anisotropic over k.

(i) Assume that H is isotropic over k. Any central isogeny f: H — H;
induces an isomorphism H(k)t/Z(H(k)") — Hy(k)T/Z(H1(k)T).

(ii) If k is a finite separable extension of a subfield k', (Ryp H)(K')* =
H(k)*.

(i) If H is isotropic, simply connected, and absolutely simple, then we
have H (k) = H(k)*.

Proof. See |[BT73, Section 6]. O

1.2.2 Hereditarily just-infinite groups

An essential point in the proof of Theorem 1.47 is that the linearity of
the open compact subgroup, say U, implies that U has subquotients that

are hereditarily just-infinite.

Definition 1.11. A profinite group G is called just-infinite if it is
infinite and every nontrivial closed normal subgroup of G is of finite
index. A profinite group G is called hereditarily just-infinite (h.j.i.)

if every open subgroup of G is just-infinite.

Theorem 1.12. Let U be an open compact subgroup of H(k), where H
is a k-simple, simply connected algebraic k-group, and k is a local field
of residue characteristic p. Then U/Z(U) is a nonvirtually abelian h.j.i.
virtually pro-p group.

Proof. First note that U is Zariski-dense in H(k), hence U is infinite and
Z(U)=Z(H(k))NU. We want to show that if Uy < U/Z(U) is an open
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subgroup, then it is just-infinite. But the preimage of such a Uy is an
open compact subgroup of H (k) as well, which has the same center than
U. Hence, it suffices to prove that U/Z(U) is just-infinite and virtually
pro-p. Now, this follows directly from the main result of [Rie70a].

It remains to show that U/Z(U) is not virtually abelian. But if it
was, H (k) would have an open, hence Zariski-dense, abelian subgroup,
contradicting the fact that H is not abelian. O

We emphasize that when char(k) > 0, the hypothesis that H is sim-
ply connected is essential in Theorem 1.12. Indeed, as one immediately
deduces from [Rie70a], the above result does not hold if H is a k-simple
group whose universal cover 7 : H — H is inseparable. Here is an

explicit example.

Example 1.13. Consider the group H = PSLy over the local field
k = Fo(T)), and the open compact subgroup U = PSLy(F3[T]) in
PSLy(k). We insist that we consider PSLy as the quotient scheme
SLy/us (over SpecZ), and that PSLo(F2[T]) denotes the group of
F[T] rational points of PSLg, not to be confused with the quotient
group SLy(F2[T])/Z(SLy(F2[T])).

The universal cover is w : SLy — PS Lo, which is purely inseparable
over k. Now, H (k)" is a closed normal subgroup of H and is equal to
7, (SLa(k)) (see [BT73, Section 6]). Let us show explicitly that H (k)N

U is not open in U. It suffices to consider the sequence

1424
L (1T 0
) 0 (1+T1<§21)71

whose elements are in H (k) \ H (k)" and which converge to the identity.
Let us check that h; € H(k). If k[X11, X12, X21, Xo20]/ det denotes the

coordinate ring of SLs in its standard coordinates, then the coordinate
ring of PSLs is the subring of k[SLo] generated by all products X;; Xy,
where 4, j, k,l € {1,2}. This shows that h; is indeed in H (k).
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1.3 Locally normal subgroups

The interaction between the local and global structure of general t.d.l.c.
groups has become more and more apparent in recent works. In this
section, we review some tools from [CRW13] and [Wes15a] and use them

to establish subsidiary facts that will be needed in the sequel.

1.3.1 Locally C-stable groups
Let G be a t.d.l.c. group.

Definition 1.14. (1) The quasi-center of G, denoted by QZ(G), is
the characteristic subgroup of GG consisting of all elements whose
centralizer is open. More generally, given H < G, we define the
quasi-centralizer of H in G, denoted by QCq(H), to be the sub-
group of G consisting of those elements that centralize an open sub-

group of H.

(2) A subgroup K < G is called locally normal if it is compact and

normalized by an open subgroup of G.

(3) G is called locally C-stable if QZ(G) is trivial and there is no

nontrivial abelian locally normal subgroup.

Note that our definition of local C-stability is slightly less general
than in [CRW13, Definition 3.17|. The following property of locally C-

stable groups will be needed later.

Proposition 1.15. Let G be a locally C-stable t.d.l.c. group. Then every

locally normal subgroup of G has trivial quasi-center.

Proof. See [CRW13, Theorem 3.18]. O

The locally C-stable assumption is indeed a weakening of the hy-
potheses that G is a compactly generated and topologically simple group,

as asserted by the following.

Theorem 1.16. Let G be a nondiscrete topologically simple t.d.l.c. group
which is compactly generated. Then G is locally C'-stable.

Proof. See |[CRW14, Theorem 5.3]. O
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1.3.2 The structure lattice
Let G be a t.d.l.c. group.

Definition 1.17. Two subgroups H, K of G are locally equivalent
if there exists a compact open subgroup U of G such that H N U =
K NU. The set of all local equivalence classes having a locally normal

representative is called the structure lattice of GG, and is denoted by

LN(G).

LN(G) is a lattice in a natural way: the meet operation is the in-
tersection (of any representatives) and the join operation is the product
(of well-chosen representatives). Obviously, [{e}], the local equivalence
class of the trivial subgroup, is the minimum of LN (G) and we denote it
by 0. At the other extreme, the local equivalence class of compact open
subgroups of G is the maximum of LN(G) and we denote it by co. We
refer the reader to [CRW13, Section 2| for a more detailed discussion of
LN (G).

An atom of LN(G) is a minimal nonzero element. The following
lemma is a first elementary observation about the role of h.j.i. locally

normal subgroups in the structure lattice.

Lemma 1.18. Let G be a t.d.l.c. group and o € LN (G) have a locally

normal representative V. which is h.j.i. Then « is an atom of LN (G).

Proof. First note that by definition, V' is not discrete, hence a # 0.

Let 8 € LN(G), and assume that 8 < . We want to show that
either 8 = 0 or B = a. Let L be a locally normal representative of
(i.e., B =[L]), so that our assumption translates as [L N'V] = [L].

Consider an open compact subgroup W of Ng(L) N Ng(V). Now,
LNW NV is normal closed in W, hence also in W N V. But since the
latter is just-infinite, we obtain that L N W NV is either trivial, or open
in WNYV, as wanted. O

When G is a product of h.j.i. groups, we can refine the previous

lemma as follows.

Lemma 1.19. Let G ~ Vi x --- XV}, be a profinite group which splits as
the direct product of finitely many h.j.i. closed subgroups, none of which
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is virtually abelian. Then the structure lattice LN (G) is isomorphic to
the Boolean algebra of all subsets of {1,...,m}. Moreover, for a locally
normal representative K of an element of LN (G), there exist iy, ... i €
{1,...,m} such that U;, ... U, < K <V;, ... Vi, where Uj; is an open
subgroup of Vi, for all j.

Proof. Let a; = [V;] be the local equivalence class having representative
Vi. Obviously, {a;, V.-V, |1 <ip <---<ip<m,k=1,...,m}
are different elements in LN (G). We want to show that all elements of
LN (G) are of this form.

Let 8 € LN(G), let K be a locally normal representative of 3, and
consider the projection m;(K’) onto the i-th factor V;. Since K is normal-
ized by an open subgroup of G, it is normalized by an open subgroup of
Vi. Furthermore, m;(K) is compact, hence closed. But V; is h.j.i., so that
7;(K) is either trivial or open in V;. Reordering the V;’s if necessary, we
can assume that m;(K) is open in V; for i < k, and m;(K) is trivial for
1> k.

We obviously have that [K] < [V4] V -+ V [Vk], and we now prove
the reverse inequality. For this, consider K NV, for i < k (where V; is
seen as a subgroup of G via the natural injection). It is a locally normal
subgroup of V;, hence it is either trivial or open in V;. But if KNV, were
trivial, we would have [K, Ny, (K)] C K NV; = {e}, contradicting {e} #
[mi(K), m(K) N Ny, (K)] C [K,Ny,(K)]. We conclude that for i < k,
[VinK] = [V;], so that [Vi]V---V[V}] = [(Ny, (K)NK) ... (Ny, (K)NK)] <
[K], as wanted.

For the last assertion, note that if K is a locally normal representative
of an element in LN (G), then the second paragraph of this proof shows
that m;(K) is open in V; for ¢ € {iy,...,4} and is trivial otherwise, so
that K <V;, ...V, . But the third paragraph shows then that Ny, (K)N
K is open in Vj; for all j, and that (N, (K)NK)...(Ny, (K)NK) < K,

as wanted. O
We now consider profinite groups that are virtually a direct product
of h.j.i. groups.

Lemma 1.20. Let G be a profinite group without nontrivial finite normal

subgroup, and having an open subgroup Go = Vi X - - - x V,,, which splits as
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the direct product of finitely many h.j.i. closed subgroups, none of which
1s virtually abelian.

Then G has a characteristic open subgroup G1 >~ W1 X -+ X Wy,
contained in Gg, which splits as the direct product of finitely many h.j.i.

closed subgroups, where W; is an open subgroup of V;.

Proof. We first claim that G is locally C-stable. Indeed, every h.j.i.
group which is not virtually abelian has trivial quasi-center, by [BEW11,
Proposition 5.1|. Therefore, the quasi-center of G must be finite, hence
trivial by hypothesis. The fact that the only abelian locally normal
subgroup of G is the trivial one follows from Lemma 1.19, since LN (G) =
LN (Gp). The claim stands proved.

Let now a; = [Vi] € LN(G). Since the quasi-centralizer QCq(V;)
depends only on the local class «;, we denote it by QCq(«;), following
the convention adopted in [CRW13]. Next we set L; = QCq(QCq(v)).
Since G is locally C-stable, we may invoke [CRW13, Lemma 3.15(ii)]
which shows that L; = Cg(Cq(V;)). Thus, the subgroup L; is closed in
G. By Lemma 1.19, the automorphism group Aut(G) permutes the «;
and, hence, permutes the closed subgroups L;.

We now claim that [L;] = o; and that L; commutes with L; for all
i # j. Note that V; C L; = C(Cq(V;)), hence we just have to show that
Vi is open in L;. Set P;:= [[ V;. Then G > L;P; > V;P; = Gy. But Gy

#i
is open in G, so that the index of V; in L; is finite, as wanted. For the

second assertion of the claim, starting from V; C Cg(V;) (which is true
for all i # j), we get L; = Co(Ca(Vi)) € Co(Cal(CalVy) = CalVy).
So that finally, Cq(L;) 2 Cq(Ca(Vj)) = Lj, as was to be shown.
Therefore, the subgroup G < G generated by the L;’s is character-
istic, open, and isomorphic to the direct product Lj X -+ X L,,. Since
each L; is h.j.i., it has a basis of identity neighborhoods consisting of
characteristic subgroups. Therefore, the same is true for G, and there-
fore G has a characteristic subgroup G contained in G, which has the

desired form. O

Building upon Lemmas 1.18 and 1.19, we obtain the following more

technical fact.
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Lemma 1.21. Let G be a profinite group having a closed normal sub-
group I' >~ Vi x - - - x V,,, which splits as the direct product of finitely many
h.j.i. closed subgroups, none of which is virtually abelian. Assume fur-
ther that G contains no nontrivial abelian locally normal subgroup, and
that G /T is abelian.

Then for all 0 # B € LN(G), there exists i € {1,...,m} such that
[Vi] < B. In particular, the set of all the atoms of LN (G) is precisely

{ls-- [Vinl}-

Proof. We first have to check that V; has an open normalizer in GG. But
G acts on the atoms of LN(T"), which is a finite set by Lemma 1.19.
Also, in view of the last assertion of that lemma and the fact that I" is
normal, [gV;g~!] = [V;] if and only if g € Ng(V;). Hence, Ng(V;) is of
finite index in G. As it is also closed, because V; is, we conclude that it
is open, as wanted.

Now let 3 be a nontrivial element of LA (G) and set o; = [V;]. Recall
that by Lemma 1.18, the «;’s are atoms in LN(G). We want to show

that 8 > «; for some 7, and we now separate the proof into two cases.
Case 1. SA (a1 V- -V ay,)=0.

The assumption translates as K N (ViVy...V,,) = F, a finite sub-
group. Shrinking K again if necessary, we may and do assume that
Kn(WV,y...Vy) ={e}.

Hence, we have a continuous injective map K — G/(ViVa...V,,) —
G/I'. But since the latter is abelian, so is K. In view of the hypothesis,

we conclude that 8 = 0, a contradiction.
Case 2. SA (a1 V- -V ay) #0.

Using Lemma 1.19, we conclude that for some 4, we have a; < 8 A
(1 V- Van,) < B, as wanted. O

1.3.3 Radical theories

In this section, we review the definition and basic properties of two char-
acteristic subgroups of a general t.d.l.c. group. The first is the [A]-regular
radical Rj4(G), defined in [CRW13], and the second is the elementary
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radical Rg(G), defined in [Wesl5a| under the assumption that G is sec-

ond countable.

Definition 1.22. Let [A] be the smallest class of profinite groups, stable

under isomorphism, such that the following conditions hold:
(a) [A] contains all abelian profinite groups and all finite simple groups.

(b) If U € [A] and K is a closed normal subgroup of U, then K € [4]
and U/K € [A].

(c) Given a profinite group U that is a (not necessarily direct) product
of finitely many closed normal subgroups belonging to [A], then U €
[A].

Given a profinite group U, a subgroup K of U is called [A]-regular
in U if for every closed normal subgroup L of U not containing K, the
image of K in the quotient U/L contains a nontrivial locally normal
subgroup of U/L belonging to the class [A]. Given a t.d.l.c. group G
and a closed subgroup H, we say that H is [A]-regular in G if HNU is
[A]-regular in U for all open compact subgroups U of G.

Note that all groups in [A] are virtually nilpotent by Fitting’s theo-
rem. The [A]-regular radical of a t.d.l.c. group G is defined to be the
characteristic subgroup identified by the following result.

Theorem 1.23. Let G be a t.d.l.c. group. Then G has a closed charac-
teristic subgroup Ry 4(G), which is characterized by either of the following

properties:
(i) Rpa)(G) is the largest subgroup of G that is [A]-regular.

(i) Rya)(G) is the smallest closed normal subgroup N such that G /N
1s locally C-stable.

Proof. See [CRW13, Theorem 6.11]. O

We move on to elementary groups following [Wesl5a] and [Wes14].
We first restrict to t.d.l.c. groups that are second countable (t.d.l.c.s.c.
for short).
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Definition 1.24. The class & is defined as the smallest class of groups
that are t.d.l.c.s.c. and such that

(a) & contains all metrizable profinite groups and all countable discrete

groups.
(b) &sc is closed under taking group extensions.
(¢) &Esc is closed under countable directed unions of open subgroups.

A key feature, due to Wesolek, is the existence of a radical belonging

to the class &, asserted in the following.

Proposition 1.25. Let G be a t.d.l.c.s.c. group. Then G has a largest
closed normal subgroup Radg_ (G) which belongs to the class Esc.

Proof. See |Weslba, Proposition 7.4]. O

The relation between the two radicals introduced above is elucidated

by the following.

Proposition 1.26. Let G be a t.d.l.c.s.c. group. Then Riy(G) <
Rade, (G). In particular, G/ Radg, (G) is locally C-stable, and Ry (G)
belongs to Eg..

Proof. See [Weslb5a, Corollary 9.12 and 9.13]. O]

We now briefly explain how one can drop the second countability
assumption, following the work in [Wes14]|. This discussion was suggested
to us by Wesolek.

Definition 1.27. The class of elementary groups is the smallest class

& of t.d.l.c. groups such that
(a) & contains all profinite groups and all discrete groups.
(b) & is closed under taking group extensions.

(c) & is closed under directed unions of open subgroups.
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It should be stressed that our choice of terminology is slightly differ-
ent from Wesolek’s: what he called the class of elementary groups and
denoted by & in the references [Wesl5a| and [Wesl4] is denoted by &
in the present chapter. Moreover, the class denoted here by £ is denoted
by £* in [Wesl4]. We believe that our choice is natural in the present
context, and should not cause any confusion.

The inclusion &. C & is clear from the definitions. Conversely, we

have the following.
Lemma 1.28. Let G € £. If G is second countable, then G € Eg..
Proof. This is a particular case of [Wesl4, Proposition 4.3]. O

This lemma allows us to deduce that many properties of & generalize

to &, as follows (see also Theorem 1.31).
Proposition 1.29. Let G be a t.d.l.c. group.

(i) Let H be a t.d.l.c. group that maps continuously and injectively
onto a dense normal subgroup of G. If H € £, then G € £.

(ii) If G is locally solvable, then G € E.

Proof. Write G = |J O; as a directed union of compactly generated open
el

subgroups. By a result in [KK44], for each i € I, there exists a compact

normal subgroup K; < O; such that O;/K; is a t.d.l.c.s.c. group.

(i) Let now H be a t.d.l.c. group that maps continuously and injec-
tively onto a dense normal subgroup of G such that H € £. Then
(O, N H)K;/K; is a dense normal subgroup of O;/K;. Moreover,
by Lemma 1.28, it belongs to &.. In the second countable case,
the desired result is known, namely O;/K; € & by [Wesl5a, Theo-
rem 1.4]. Hence, for each i, the group O; is compact-by-elementary,

hence elementary. Therefore, G is itself elementary, as required.

(ii) For each 4, the groups O; and O;/K; are locally solvable. By
[Wes15a, Theorem 8.1] we have O;/K; € &.. Therefore, O; is

compact-by-elementary, and we conclude as in the proof of (i). O
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The elementary radical is defined to be the characteristic subgroup
identified by the following result, which is a straightforward adaptation
of [Wesl15a, Proposition 7.4].

Theorem 1.30. Let G be a t.d.l.c. group. Then G has a largest closed

normal subgroup Radg(G) which is elementary.

Proof. Let N; be an ascending chain of closed normal subgroups of G
that are elementary. Let U < G be a compact open subgroup. Then N;U
is elementary for each 4, hence so is the union O = |J; N;U. It follows
that m < O is elementary, since £ is closed under taking closed
subgroups in view of [Wesl4, Theorem 4.6(b)|. It follows from Zorn’s
lemma that the collection of elementary closed normal subgroups of G
has maximal elements. In fact, there is a unique such, since the closure
of the product of any two of them is itself elementary as a consequence
of Proposition 1.29(i). O

Finally, we extend Theorem 1.26 to the general case.

Theorem 1.31. Let G be a t.d.l.c. group. Then R 4(G) < Radg(G).
In particular, G/ Radg (G) is locally C-stable, and R4)(G) is elementary.

Proof. Write G = |J O; as a directed union of compactly generated open
subgroups. By a I‘é};]llt in [KK44|, for each i € I, there exists a compact
normal subgroup K; < O; such that O;/K; is a t.d.l.c.s.c. group.

In view of [CRW13, Proposition 6.15(ii)|, for each ¢ € I, we have O; N
R4)(G) = R4)(0;). Let m;: O; — O;/K; be the projection. Since [A]-
regularity is stable under quotients by closed normal subgroups, we have
R[A](OZ-) < Wi_l(R[A](OZ'/KZ-)). Note that R[A](OZ-/Ki) is elementary by
Theorem 1.26, hence so is ﬂi_l(R[A](Oi/KZ-)), and thus also Rj4)(0;) by
[Wes14, Theorem 4.6(b)]. We conclude that Rj4)(G) is a directed union

of open elementary subgroups, and is thus elementary, as required. [

1.4 The compact subgroups of a linear algebraic
group

As outlined in Section 1, Theorem 1.47 relies essentially on the results

obtained by Pink in [Pin98|. The goal of this section is to review those
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results and to adapt them to our needs.

1.4.1 The group of abstract commensurators

Another important object used in the local-to-global transfer lying be-
hind our main results is the group of abstract commensurators of a profi-
nite group, first defined and investigated by Barnea—FErshov—Weigel in
[BEW11].

Definition 1.32. Let U be a profinite group. The group of abstract
commensurators of U, denoted Comm(U), is defined as follows. Con-
sider the set E of isomorphisms « : Uy — Us, where the U;’s are open
compact subgroups of U and « is a topological isomorphism. Define an
equivalence relation ~ on E by a ~ ( if and only if they coincide on

some open subgroup of U. We set Comm(U) = E/ ~.

As explained in [BEW11], the group of abstract commensurators of
an open compact subgroup of a simple algebraic group is described by

Corollary 0.3 of Pink’s paper [Pin98]. Let us record that result explicitly.

Theorem 1.33 ([Pin98|, Corollary 0.3). Let G (respectively, G') be an
absolutely simple, simply connected algebraic group over a local field k
(respectively, k). Let U (respectively, U') be an open compact subgroup of
G (respectively, G'). Then for any topological isomorphism o : U — U’
there exists a unique isomorphism of algebraic groups G — G’ over a
unique isomorphism of topological fields k — k' such that the induced
morphism G(k) — G(k') extends «.

Given a topological group G, we denote by Aut(G) its group of bi-

continuous automorphisms.

Corollary 1.34. Let G be an absolutely simple, simply connected alge-
braic group over a local field k, and let U be an open compact subgroup of
G(k). Let Z denote the center of G(k). Then Comm(U) is canonically
isomorphic to Aut(G(k)/Z).

Proof. For any open compact subgroup V' < G(k), we have Comm(U) ~

Comm(V). Hence, since Z is finite, we can assume that U N Z = {1}.
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Now, we have a natural homomorphism ¢ : Aut(G(k)/Z) — Comm(U).
Pink’s result (see Theorem 1.33) directly implies that ¢ is surjective. For
the injectivity, observe that QZ(G(k)/Z) = {1}. Indeed, any element of
G (k) whose centralizer is open belongs to the center, by Zariski-density
of open subgroups. We finally conclude that ¢ is injective by [BEW11,
Proposition 2.5]. O

Remark 1.35. We have an exact sequence 1 — Hom(G(k),Z) —
Aut(G(k)) — Aut(G(k)/Z)). Once again by Pink’s result (see [Pin98,
Corollary 0.5]), Aut(G(k)) — Aut(G(k)/Z) is surjective. Note that if G
is isotropic, G(k)™ = G(k) by Theorem 1.10 (4) and G(k)/Z is abstractly
simple by the main result of [Tit64], so that Hom(G(k), Z) is trivial and
Aut(G(k)) =2 Aut(G(k)/Z) if G is isotropic. On the other hand, by the
classification of semisimple groups over local fields, G is anisotropic if
and only if it is of the form SL;(D) for some finite dimensional central
division algebra D over k. In this case, it is not hard to find non-trivial
homomorphisms from G(k) to its center (a way to do that is to use the
results in [Rie70b| describing the structure of SL;(D)).

A priori, the group Comm(U) is just an abstract group, but as dis-
cussed in [BEW11], there are several ways to endow it with a group
topology. The identification provided by Corollary 1.34 suggests that,
in our situation, the natural topology on Comm(U) should be the one
which coincides with the Braconnier topology on Aut(G(k)/Z). Let us
now address the details, following [BEW11, Section 7.

Definition 1.36. A profinite group U is called countably characteris-
tically based if it has a countable basis of neighborhood of the identity
consisting of characteristic subgroups. A profinite group is called hered-
itarily countably characteristically based (h.c.c.b.) if every open

subgroup of U is countably characteristically based.

Example 1.37. Let G be a k-simple, simply connected algebraic k-
group, where k is a local field, and let U be an open compact subgroup
of G(k). Then U is h.c.c.b. Indeed, U is a h.j.i. virtually pro-p group
(see Theorem 1.12), hence is finitely generated. And as explained in

[BEW11, Section 7.1], , every finitely generated profinite group is h.c.c.b.
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Another way to see that U is h.c.c.b. is to exhibit by hand a countable
characteristic neighborhood basis of any open subgroup by considering

intersections of maximal open normal subgroups.

Definition 1.38. Let U be an h.c.c.b. profinite group. For any open
subgroup V < U, let py : Aut(V) — Comm(U) be the natural homo-
morphism and endow Aut(V) with the compact open topology. The
Aut-topology on Comm(U) is defined by the following sub-base of
identity neighborhood :

By ={H < Comm(U) |
py (H) is open in Aut(V) for all open subgroups V of U}.

As explained in [BEW11, Proposition 7.3], this turns Comm(U) into a
topological group.

Definition 1.39. Let G be a locally compact group. The Bracon-
nier topology on Aut(G) is defined by the following sub-base of identity
neighborhood :

UK, U)={p € Aut(G) |Vz € K, () € zU and ¢~} () € zU},

where K C G is compact and U C G is an identity neighborhood (see
[CM11, Appendix I] for more comments on this topology).

Remark 1.40. The Braconnier topology is the natural one, in the sense
that it turns Aut(G) into a topological group, while the compact open
topology on Aut(G) does not in general. However it does in the special
case where GG is compact. Moreover, given any closed normal subgroup N
of G, the adjoint map Ad: G — Aut(NN) given by the conjugation action
is continuous for the Braconnier topology (see [HR79, Theorem (26.7)]).

In order to prove that the Aut-topology on Comm(U) coincides with
the Braconnier topology on Aut(G(k)/Z), we use the following result
due to Barnea—Ershov-Weigel.

Proposition 1.41. Let U be an h.c.c.b. profinite group. Assume that
Comm(U) with the Aut-topology is Hausdorff. Suppose that Comm(U) s
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a topological group with respect to some topology T and that there exists

an open subgroup V' of U such that
(i) The index [Comm(U) : Aut(V)] is countable.
(i1) Aut(V') is an open compact subgroup of (Comm(U),T).

(i1i) If N is an open subgroup of V and (fn)22 is a sequence in Aut(V)
such that fr, — 1 with respect to T, then f,(N) = N for sufficiently

large n.

Then (Comm(U),T) is locally compact, second countable, and T coin-

cides with the Aut-topology.

Proof. The fact that the topologies coincide and that Comm(U) is a
locally compact group is the exact content of [BEW11, Proposition 8.8|.
It just remains to prove the second countability of Comm(U). Since
U is h.c.c.b., it follows that Aut(V) is a compact metrizable group with
respect to the compact open topology. By definition of the Aut-topology,
the natural embedding Aut(V) — Comm(U) is continuous, and is thus
a homeomorphism onto its image. Therefore, Comm(U) is metrizable.
Moreover, it is o-compact since [Comm(U) : Aut(V')] is countable. This

confirms that Comm(U) is second countable. O

The following result is a straightforward adaptation of [BEW11, Ex-

ample 8.1 to our situation.

Proposition 1.42. Let H be an absolutely simple, simply connected al-
gebraic group over a local field k, let U be an open compact subgroup
of H(k), and let Z denote the center of H(k). Then the canonical iso-
morphism Comm(U) ~ Aut(H(k)/Z) of Corollary 1.34 is an isomor-
phism of topological groups, where Comm(U) has the Aut-topology and
Aut(H(k)/Z) has the Braconnier topology. In particular, Aut(H (k)/Z)

is a t.d.l.c.s.c. group.

Proof. As noted in Example 1.37, U is h.c.c.b. We next claim that
Comm(U) is Hausdorff. Indeed, Comm(U) = Comm(V') for some open
subgroup V having a trivial center, so that QZ(V) is trivial (to prove

this last assertion, one can argue as in [BEW11, Proposition 5.1]). Using
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[BEW11, Proposition 2.5 and Theorem 8.6], we deduce the claim. For
the rest of the proof, we can (and will) assume that U N Z = {1}.

The desired conclusion will follow from Proposition 1.41. In order to
check the three conditions, we first remark that, since every automor-
phism of U extends to the whole of H(k), we have

Auwt(U) = {p € Awt(H()/Z) | o(U) = U} = U(U, U). (1.1)

We now check the three conditions successively.

(i) The index of Aut(U) in Comm(U) is countable. Indeed, ¢, 9 €
Comm(U) are in the same coset modulo Aut(U) if and only if ¢(U) =
Y(U). Therefore, it suffices to check that U has a countable orbit under
Comm(U) = Aut(H(k)/Z). This is indeed the case, since H(k)/Z is sec-
ond countable, and thus has countably many compact open subgroups.

(ii) In view of (1.1), Aut(U) is open in Aut(H (k)/Z) by the definition
of the Braconnier topology.

(i) Let N be an open subgroup of U, and let (f,)22; be a se-
quence converging to 1 in Aut(H(k)/Z). Then, for n large enough,
fan €UN,N)={p e Aut(H(k)/Z) | ¢(N) = N}, as wanted. O

If U is an open compact subgroup of G, we have a canonical map

G — Comm(U); we end this section by verifying its continuity.

Lemma 1.43. Let U be an h.c.c.b. profinite group and let G be a topo-
logical group containing U as a locally normal subgroup. Assume that
G commensurates U. Then the canonical map ¢: G — Comm(U) s

continuous, where Comm(U) has the Aut-topology.

Proof. Let W = Ng(U), which is open by assumption. It suffices to
prove that the restriction of ¢ to W is continuous at the identity. Observe
that ¢ factors through py: Aut(U) — Comm(U), which is continuous
by definition of the Aut-topology. Moreover, the adjoint map W —
Aut(U) is continuous by Remark 1.40, so that the composed map W —
Aut(U) — Comm(U) is continuous as well. O
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1.4.2 Decomposition into h.j.i. factors

We now come to the heart of our toolbox, which consists of Pink’s results
from [Pin98]. We start by repeating one of the main theorems from
[Pings].

Theorem 1.44. Let k be a local field and let T' be a compact subgroup of
GL, (k). There exist closed normal subgroups Us < Uy < Uy of I such
that

(i) Uy is of finite index in T.
(ii) Uy /Uy is abelian of finite exponent.
(i1i) There exists a local field k' of the same characteristic and residue
characteristic as k, a Zariski-connected, semisimple adjoint alge-
braic group H over k', with universal covering w: H — H, and an

open compact subgroup A < H(K') such that Us/Us ~ mp(A) as

topological groups.
(iv) Us is solvable of derived length < n.

Proof. See [Pin98, Corollary 0.5]. O

It will be crucial for our purposes to arrange that the subquotient
Us/Us is the direct product of h.j.i. groups. This is achieved by the

following.

Theorem 1.45 (Extended version of [Pin98|, Corollary 0.5). Let k be a
local field and let T be a compact subgroup of GLy(k). There ezist closed
normal subgroups Us < Uy < Uy of I' such that :

(i) Uy is of finite index in T".
(11) U1 /Uy is abelian of finite exponent.

(iii) There exist local fields ki, ... k], of the same characteristic and
residue characteristic as k, Zariski-connected, absolutely simple ad-
joint algebraic ki-groups H;, with universal covering ;: H; — H;,

and open compact subgroups A; < fll(k;) such that

UQ/Ug = 7r1(A1) X - X Fm(Am)
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as topological groups. In particular, in view of Theorem 1.12, the
subquotient Uy /Us is a direct product of nonvirtually abelian h.j.i.

groups.

(iv) Us is solvable of derived length < n.

Proof. Retain the notation of Theorem 1.44. As recalled in Section 1.2.1,

we may and do decompose H as the direct product of Weil restrictions

m ~ ~
Ry /1w Hi, where each H; is an absolutely simple, simply connected
_1 3

1=
algebraic group over a finite separable extension k] of k'. Let G; =

Ry i Hi(K).

Now, the compact group A appearing in (iii) of Theorem 1.44 is an
open compact subgroup of Gy X - - - X G,,. Therefore, there exists an open
compact subgroup A; for G; such that A = A; x --- X A, is contained
in A. Thus, m(A) = (m1)g; (A1) X == X (T )iz, (Am) is an open subgroup
of Uy /Us. However, it is not clear a priori that it is normalized by I"/Us.
In order to ensure that, it suffices to apply Lemma 1.20 to the group
Us/Us (note that Uy /Us ~ 73/ (A) has indeed no nontrivial finite normal
subgroups, in view of Theorem 1.12). This shows that, upon replacing
each A; by a suitable open subgroup, the image 7w (A) is indeed an open
subgroup of Us/Us of the desired form, which is moreover normalized by
r'/Us.

Let U} denote the preimage of m(A). Now the quotient Uy /U is finite-
by-{abelian of finite exponent}. We may thus replace U; by a smaller
open normal subgroup U; of ' containing U to ensure that Uj/Uj is
indeed abelian of finite exponent. Now the normal chain Uz < Uj < Uj

of I" satisfies all the requested properties. O

To capture the properties of the compact factors appearing in (iii) of

Theorem 1.45, we introduce the following terminology.

Definition 1.46. A compact h.j.i. group I' is called algebraic if there
is a local field k£ and a Zariski-connected, absolutely simple, adjoint al-
gebraic k-group H with universal cover m: H — H, and a compact open
subgroup A of H (k) such that T' is isomorphic to 7(A).
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1.5 The global structure of locally linear groups

1.5.1 Proof of the main theorem

The following result is a reformulation of Theorem 1.1 from Section 1,

using the terminology introduced in Section 1.3.3.

Theorem 1.47. Let G be a t.d.l.c. group having an open compact sub-
group which is linear over a local field k. Then G has a series of closed

normal subgroups:

{1} <R<G1 <Gy 4G

enjoying the following properties.

The group R = Ri4)(G) is the [A]-regular radical of G and is locally
solvable. The group Gq is an open characteristic subgroup of finite index
in G, and Go/G1 1is locally abelian of finite exponent. Moreover, the
quotient group Hy = Go/R, if nontrivial, has nontrivial closed normal

subgroups, say My, ..., My, satisfying the following properties.

(i) For somel < m and alli <1, the group M; is a topologically simple
algebraic group over a local field k;, of the same characteristic and
restdue characteristic as k. In particular, M; is compactly generated

and abstractly simple.

(it) For all j > 1, the group Mj is compact, h.j.i., and algebraic (in the
sense of Definition 1.46) over a local field kj;, of the same charac-

teristic and residue characteristic as k.

(iii) Every nontrivial closed normal subgroup N of Hy contains M; for

some i < I, or contains an open subgroup of M; for some j > 1.

(iv) The quotient group Hy = G1/R coincides with the product of sub-
groups My ... M,, = My x --- X M,,, which is closed in Hy. In

particular, Hy 1s compactly generated.

Proof. Let U < G be a compact open subgroup which is linear over k.
Let also H = G/R and V denote the image of U in H. Theorem 1.45
applied to the group U yields closed normal subgroup Us < U; < Uy

satisfying the properties (i)-(iv) from that statement.
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Claim 1. Us is contained in R as an open subgroup. In particular, R is

locally solvable.

The image of Us in H is a solvable locally normal subgroup. It must
therefore be trivial, since H is locally C-stable by Theorem 1.23. Thus,
Us < R.

Assume now for a contradiction that Us is not open in R. Then
U N R contains Us as a closed normal subgroup of infinite index. Since
U N R is [A]-regular in U by Theorem 1.23, it follows that the image of
UNR in U/Us contains a nontrivial locally normal subgroup belonging to
[A]. However, by Lemma 1.21 and Theorem 1.45, every nontrivial locally
normal subgroup of U/Us contains a locally normal subgroup which is
h.j.i. and algebraic. Those subgroups do not belong to [A]. This is a

contradiction, and the claim stands proved.

Claim 2. There exist closed normal subgroups Vo < V1 of V' such that
(i) Vi is of finite index in V.
(ii) Vi/Va is abelian of finite exponent.

(i1i) There exist local fields K, ... k], of the same characteristic and
residue characteristic than k, Zariski-connected, absolutely simple
adjoint algebraic k.-group H;, with universal covering m;: H; — H;,
and open compact subgroups A; < H; (k) such that Vo ~ m (A1) X
<o X o (Ap) as topological groups. In particular, the group Vo is

a direct product of nonvirtually abelian h.j.i. groups.

We denote by V; the image of U; in V. Then V; is a closed normal
subgroup of V' (because U; is compact), and V3 is trivial by Claim 1.

Note that V; and V; satisfy conditions (i) and (ii) from the claim, in
view of the corresponding properties of U; and Us. It remains to check
that Vs satisfies (iii). Since Vi ~ UsR/R ~ Us/Us N R, it suffices to
show that Uz N R = Us in view of Theorem 1.45(iii). By Claim 1, the
group Uj is contained as an open subgroup of Us N R, so that the image
of Uy N R in Uy/Us is a finite normal subgroup, and is thus trivial by
Theorem 1.45(iii) and Lemma 1.19. This shows that Us N R = Us, so
that Vo ~ Uy /Us. The claim stands proved.
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Claim 3. The set of atoms of LN (H) coincides with the finite set
{[m1(A)], ..., [mm(AR)]}, and every nonzero element of LN (H) con-
tains an atom. In particular, H has an open characteristic subgroup Hy

containing Va, which commensurates m;(A;) for alli=1,...,m.

Since Vj is open in H, we have LN(H) = LN (V7). In view of
Claim 2, the hypotheses of Lemma 1.21 are satisfied by Vi. This proves
the desired assertions on LN (H).

Now the H-action on LN (H) permutes the atoms, and we define Hy
to be the kernel of that permutation action. Then Hj is indeed open,
characteristic and of finite index in H, and commensurates m;(A;) for all

i. Since Vo normalizes m;(A;) for all i, we have Vo < Hy, as claimed.

Claim 4. For each i € {1,...,m}, let p;: Hy — Comm(m;(4;)) be the

homomorphism induced by Claim 8. Then the product homomorphism
© =11 X+ X pm: Hy = Comm(m;(A1)) X -+ x Comm (7, (Ar))

s continuous and injective, where each factor is endowed with the Aut-

topology.

In view of Lemma 1.43, the map ¢ is a product of continuous homo-
morphisms, and is thus continuous. Let us now check its injectivity.

In view of Definition 1.14, we have Ker ¢ < QCHg,(V2), and it suffices
to check that V5 has trivial quasi-centralizer in Hy.

Recalling that H, and thus also Hy, is locally C-stable, we deduce
from [CRW13, Lemma 3.11 and Theorem 3.18] that QCr, (VaCh,(V2)) =
1. Since Vy isopen in H, 1 = QCp, (VaCp,(V2)) = QCH, ((VaCr,(V2))N
Vi) = QCh,(VaCly; (V2)). Therefore, it is enough to show that the cen-
tralizer Cy, (V2) is trivial. Now Cly; (Va)NVa < QZ(Va), which is trivial by
Proposition 1.15. Thus, Cy, (V) embeds into V;/Va, and is thus abelian
by Claim 2. But Cy, (V2) is also locally normal in H (see, e.g., [CRW13,

Lemma 2.1]), and must therefore be trivial because H is locally C-stable.

Claim 5. Leti € {1,...,m}, and let Z; = Z(H,(k})). Then there is an

isomorphism of topological groups

Comm(7;(A;)) ~ Aut(H;(k})/Z:),
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where Comm(7;(A;)) has the Aut-topology and Aut(H;(k})/Z;) has the

Braconnier topology.

By Corollary 1.34 and Proposition 1.42, we have an isomorphism of
topological groups Comm(A;) ~ Aut(H;(k})/Z;). Since Ker(;) is finite,
there is an open subgroup A} < A; which intersects Ker(m;) trivially.
Thus, 7; induces an isomorphism of profinite groups between A/ and its

image, so that
Comm(m;(4;)) = Comm(7;(A})) ~ Comm(A}) = Comm(A;).
The claim follows.

Claim 6. Leti € {1,...,m} and set

M; = o (Inn(H; (k) N (1) Ker (;),
J#
where Inn(H; (k%)) is viewed as a subgroup of Comm(m;(A;)) by means of
Claim 5. Then M; is a closed normal subgroup of Hp, and exactly one

of the following assertions holds:
(a) M; is a compact, h.j.i. group which is algebraic over k.

(b) M; ~ ﬁz(k;)/Zl, and H; is isotropic over kL. In particular, M; is a

topologically simple algebraic group over k.

We first check that the quotient group ﬁz(k:;) /Z; is isomorphic to
Inn(H;(k})) endowed with the Braconnier topology. Indeed, by Propo-
sition 1.42, the group Aut(f[l-(kg)/Zi) is locally compact, and by Re-
mark 1.40 the canonical embedding H;(k})/Z; — Aut(H;(k})/Z;) is con-
tinuous. From Proposition 1.7, we deduce that the latter embedding is a

homeomorphism onto its image, namely Inn(H;(k})), and that the latter

is closed in Aut(H;(k})/Z;). This also implies that M; is a closed normal
subgroup of Hy.

We next observe that the restriction of y; to M; is a homeomorphism
onto its image. Indeed (¢;)|ns is injective by Claim 4. Moreover, by

Claim 2, we have m;(A;) < M;, and ¢;(m;(4A;)) is open in Inn(H;(k})) ~
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H;(K.)/Z;. Thus, (¢;)|p, is a continuous isomorphism onto an open,
hence closed, subgroup of Inn(H;(k})).

Since Inn(H;(k})) is second countable (see Proposition 1.42) and
(pi)| s, 1s injective, we deduce that the compact group m;(4A;) is of count-
able index in M;. It follows that M; is o-compact. By the Open Map
Theorem (see [HR79, Theorem (5.29)]), we deduce that the map (¢;)|as;
is open, as requested.

Now if M; is compact, the desired claim follows by construction
(see Theorem 1.12 and Definition 1.46). If M; is noncompact, then
©i(M;) is a noncompact open subgroup of Inn(H;(k})) so that H;(k})
is noncompact. Hence, H; is isotropic by [Pra82, Theorem (BTR)|.
By Theorem 1.8, the only noncompact open subgroup of Inn(ﬂ}(kg)) ~
Hi(K))/Z; = H;(k})T/Z(H;(K})T) is the whole group (see Theorem 1.10
for the last equality). The claim follows.

Claim 7. We have [M;, M;] = 1 for i # j. Moreover, the product
Hy =M...M,, 2 My X --- X My, is closed in Hy, and the quotient
Go/G1 = Hy/H; is locally abelian of finite exponent.

The injectivity of ¢, established in Claim 4, ensures that the M;’s
commute pairwise, and that the canonical map from Mj X - - - x M,,, onto
the subgroup S = Mj ... M,, is a continuous isomorphism. To see that
H; is closed, consider the canonical projection Hy — Hy /m If
M; is compact, then it has closed image. If M; is not compact, then
Claim 6 and Proposition 1.7 ensure that M; has closed image as well.
Hence, the product MMy ... M,, is closed in Hy, and a straightforward
induction shows that Hj is closed as well.

Finally, since V5 < Hj, it follows from Claim 2 that Hy/H; is locally

abelian of finite exponent.

Claim 8. Fvery nontrivial closed normal subgroup N of Hgy contains

some noncompact M;, or an open subgroup of some compact M;.

The group V N N is a locally normal subgroup of Hy, and therefore
there is some 7 such that [m;(A;)] < [VNN] by Claim 3. If M; is compact,

this yields the desired assertion. Otherwise we see that NN M; is an open
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normal subgroup of M;, so that M; < N by Claim 6. The claim stands

proved.

To conclude the proof, we denote by G (respectively, G1) the preim-
age of Hy (respectively, H1) in G, and re-order the set { M, ..., My} so
that the noncompact elements come first. We see that all the requested
assertions have been established in the claims above: Assertion (iv) and
the fact that Gp/G; is locally abelian of finite exponent in Claim 7,

Assertions (i) and (ii) in Claim 6 and Assertion (iii) in Claim 8. O

Remark 1.48. We remark that the closedness of the product of the
M; in Hj asserted in Theorem 1.47(iv) is not an automatic property.
Clearly, the subgroup generated by two distinct minimal normal sub-
groups is abstractly isomorphic to their direct product, but it need not
be closed. This phenomenon naturally yields to the concept of quasi-

products. Further discussions and concrete examples may be found in
[CM11, Appendix II].

Remark 1.49. The subgroup R is also characterised as the maximal
closed normal locally solvable subgroup. Indeed, if N is a closed nor-
mal locally solvable subgroup, its image N in G /R is a locally solvable
group, so has a non-trivial quasi-center. But G/R is locally C-stable by
Theorem 1.23, hence N is trivial by 1.15.

Remark 1.50. Defining the discrete residual of a topological group
to be the intersection of all its open normal subgroups, we prove in
Section 1.A that, with the notation of Theorem 1.1, My x - - - x M; is the
discrete residual of Go/R.

1.5.2 Corollaries

Proof of Corollary 1.2. We apply Theorem 1.47, which yields subgroups
M; and Gg of G. Let A be the elementary radical of Gy, see Theo-
rem 1.30.

Claim 1. We have R < A. Moreover, A/R coincides with the elemen-
tary radical of Hy = Go/R.
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By Theorem 1.31, we have R < A and R is elementary. Therefore,
A/R contains the elementary radical of Hy. The claim follows, since the

quotient group A/R is elementary by [Wes14, Theorem 4.6(c)].

Claim 2. Set W = ﬂlizl Chu,(M;) < Hy, where 1 is as in Theorem 1.47.
Then W is compact-by-{locally abelian of finite exponent}. In particular,

it 1s elementary.

We have M; < W for all j > [ by Theorem 1.47(i). Thus, W =
Miyq... My, is a compact normal subgroup of W. Moreover, W N
(My...M;) = 1, since the latter product has trivial center in view of
Theorem 1.47(ii) and (iv). It follows that W/W embeds into Ho/Hj,
which is locally abelian of finite exponent. This implies that W is ele-

mentary by Proposition 1.29(ii).

Claim 3. FEvery nontrivial closed normal subgroup N of Hy which is not

contained in W contains some M; with i € {1,...,1}.

Assume that N does not contain any noncompact M;. Then 1 =
N N M; > [N, M;] since M; is topologically simple. Thus, N < W as

desired.
Claim 4. W coincides with the elementary radical of Hy.

That W is contained in the elementary radical follows from Claim 2.
If that inclusion were proper, then the elementary radical of Hy would
contain some noncompact M; by Claim 3. This is impossible because
every closed subgroup of an elementary group is elementary (see [Wes14,
Theorem 4.6(b)|), while nondiscrete compactly generated topologically

simple groups are not elementary (see [Wesl5a, Proposition 6.2]).

To conclude the proof, we remark that H' = Hy/W is isomorphic
to Go/A in view of Claims 1 and 4. Thus, it suffices to show all the
desired assertions for the quotient Hy/W. For each i € {1,...,l}, we
define a group M/ as the image of M; in the quotient H' = Hy/W. That
image is injective because M; is simple, and closed by Proposition 1.7.
Thus, each M/ is a topologically simple algebraic group over k,. The
assertions that the M/ are precisely the minimal normal subgroups of

Hy/W, and that every nontrivial closed normal subgroup contains one
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of them, follow from Claim 3. That H{ = M ... M is closed follows from
the same argument as in the proof of Claim 7 in Theorem 1.47. Finally,
that (Ho/W)/Hj is locally abelian of finite exponent follows from the
last assertion of Theorem 1.47. Therefore, that quotient is elementary
by Proposition 1.29(ii). O

Proof of Corollary 1.3. Assume that G is nondiscrete. Since it is topo-
logically simple, its [A]-regular radical R is either trivial or the whole of
G.

Assume that R = G. Then G is locally solvable by Theorem 1.47.
Moreover, [Wil07, Theorem 2.2| implies that G is not compactly gener-
ated.

Assume now that R = 1. By the definition of the [A]-regular radi-
cal, G is not locally abelian. Hence, the product My x --- x M,, from
Theorem 1.47 is nontrivial. Since G is topologically simple, we have
m =1 and G = M;. Since G is not compact (because a topologically
simple profinite group is finite, hence discrete), we obtain the desired

conclusion. ]
Proof of Corollary 1.4. Immediate from Corollary 1.3. O

Proof of Corollary 1.6. Each class of groups listed in the statement con-
sists of linear groups. Assume conversely that G is a compactly gener-
ated, topologically simple, locally compact group that is linear. If G is
connected, then it is a simple Lie group, as a consequence of the solution
to Hilbert’s fifth problem. Otherwise G is totally disconnected. If it is
nondiscrete, then it is algebraic by Corollary 1.4. If it is discrete, then it
is residually finite by a theorem of Mal’cev (see, e.g., [LS03, Window 7,

Proposition 8|), hence a finite simple group. O

1.5.3 Some examples

In this section, we describe a family of examples of t.d.l.c. groups sat-
isfying the hypotheses of Theorem 1.1, and illustrating some peculiar
properties that the quotient Hy = Gy/R can have in general. For the

construction, we use the Nottingham group.
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Definition 1.51. The Nottingham group, denoted by J(p%), is the
group of normalized continuous automorphisms of the ring F,;:[T"]. Oth-

erwise stated, an element g € J(p') is defined by its action on T and is
S .
of the form g(T) =T+ »_ a;T", a; € F.
i=2
We will use the universality of the Nottingham group, asserted in the

following.

Theorem 1.52 (Main result in [Cam97]). Every countably based pro-p

group can be embedded, as a closed subgroup, in the Nottingham group.

The following construction shows that the group Hp from Theo-
rem 1.1 need not be second countable, and that it need not have any

maximal compact normal subgroup.

Example 1.53. Consider the algebraic group SL, over the local field
F,((T)). Then, the quotient U = SL,(F,[T])/Z(SLn(Fp[T])) is a com-
pact linear group which is h.j.i. by Theorem 1.12. Let L be a t.d.l.c.
group admitting a continuous embedding into the Nottingham group

J(p). Then the semidirect product G = U x L is a t.d.l.c. group.

We claim that G is locally C-stable. Let us first check that QZ(G) is
trivial. First observe that QZ(U) is trivial by [BEW11, Proposition 5.1].
Hence, if ul € QZ(U x L), then | € L must be nontrivial. Since a
nontrivial element of J(p) acts by an outer automorphism on any open
subgroup V of U, we deduce that QZ(G) is trivial.

We now show that G has no nontrivial locally normal abelian sub-
group. Arguing by contradiction, let K be such a subgroup. Since U
is h.j.i. but not virtually abelian, the intersection Ny (K) N K must be
trivial. Thus, K commutes with Ny (K). This is impossible, because L
acts on Ny (K) by outer automorphisms. This confirms the claim.

The claim implies that R = 1, and that G = Gy = Hj in the notation
of Theorem 1.1. We now specialize this family of examples in two ways.

Taking L = J(p), endowed with the discrete topology, we see that G
is a metrizable, locally linear, t.d.l.c. group which is not second count-
able.
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Now consider L = @, Z/p"Z, with the discrete topology. It
embeds in the pro-p group [],.n Z/p"Z, which itself embeds in J(p)
by Theorem 1.52. In this situation, we see that G is a locally linear,

t.d.l.c.s.c. group, but has no maximal compact normal subgroup.

1.A Structure of the group of abstract automor-
phisms of an algebraic group over a local
field

Defining the discrete residual of a topological group to be the inter-
section of all its open normal subgroups, we aim to prove that, with the
notation of Theorem 1.1, Mj X --- x M is the discrete residual of Go/R.
We take this opportunity to elucidate related fundamental questions on
the structure of Aut(G(k)).

We begin by recalling the structure of Aut(k) for k a local field.

Lemma 1.54. Let k be a local field. Then Aut(k) is either finite or a
(topologically) finitely generated, locally pro-p group.

Proof. In [Sch33|, the author proves that if a field is complete with re-
spect to two inequivalent norms, then it is algebraically closed. Since
local fields are not algebraically closed, this implies that every automor-
phism of a local field is continuous.

Now, recalling that Q is dense in Q,,, we see that every automorphism
of Q, is trivial. But a local field k of characteristic 0 is a finite extension
of Q,, for some prime number p, and hence Aut(k) = Aut(k/Q,) is finite.

On the other hand, local fields of positive characteristic are isomor-
phic to (7). But Aut(F,:(T))) contains the Nottingham group J(p")
as an open finite index subgroup (see Definition 1.51 for the definition of
the Nottingham group). As explained in [Cam97, Preliminaries|, J(p?)
is a pro-p group. It i also known that J(p') is just-infinite: see [Cam00),
Proposition 2| when p # 2 and [Heg01, Theorem 7| for p = 2. The (topo-
logical) finite generation follows from the general fact that a just-infinite
pro-p group is (topologically) finitely generated. Indeed, it suffices to

note that the Frattini subgroup of such a group is closed and normal,



56 1. T.d.l.c. groups with a linear open subgroup

hence of finite index, so that this general fact follows from [DdSMS91,
Proposition 1.9]. O

We go on in our investigation of the automorphism group of algebraic

groups over local fields.

Definition 1.55. Let GG be an absolutely simple, simply connected al-
gebraic group over a local field k. By Pink’s result (see Theorem 1.33),
the group Aut(G(k)) of abstract automorphisms of G(k) fits inside the
exact sequence 1 — Aut G(k) — Aut(G(k)) — Aut(k). Let Autg(k) be
the image of Aut(G(k)) — Aut(k) (see Section 3.1 for more discussion
on this).

Proposition 1.56. Let G be an absolutely simple, simply connected al-
gebraic group over a local field k. If G is isotropic, the homomorphism
Aut(G(k)) — Autg (k) is continuous.

Proof. Given an (abstract) automorphism « € Aut(G(k)), we denote
the underlying field automorphism by ¢, € Aut(k). Let S be a maximal
k-split torus in G. We claim that «(S(k)) is (the group of rational points
of) a k-split torus of G of the same rank than S. Indeed, by Pink’s result
(see [Pin98, Corollary 0.5]), there exists a unique automorphism f of G
over a unique automorphism ¢, of k£ such that the induced automorphism
of G(k) is a (in Chapter 3, we call f a semilinear automorphism).

For ¢ an automorphism of k, let ¢, denotes the base change of a
scheme along ¢! (following the notation we introduce in Chapter 3).
We can reformulate Pink’s result as saying that there exists a k-algebraic
isomorphism of algebraic groups f: G — .G such that the induced
automorphism of G(k) is a (our discussion before Lemma 3.8 explain
this in more details). But f(S) is a split torus of the same rank than S
because f is injective and a closed immersion (see [DG70, Chap 2, §5,
n°5 Proposition 5.1]). Hence, a(S(k)) ~ (021 f(S))(k), as wanted.

Let {an }nen be a sequence in Aut(G(k)) converging to the identity.
Let Ag be the apartment of the Bruhat—Tits building of G corresponding
to S, let C' be a chamber of A and let U be the pointwise fixator of C. We
claim that there exists N € N such that for n > N, there exists g, € U
such that g,S(k)g,! = a,(S(k)). Indeed, since U is a compact open
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subgroup of G(k) and {ay,}nen converges to the identity, o, (U) = U
for n big enough. Hence, the apartment A, (s) corresponding to ay;(S)
contains C for n big enough. Now, since G(k) acts strongly transitively
on its building, there exists g, € G(k) fixing pointwise C' such that
gn-As = Aq,(s), or equivalently g,S(k)g, ! = o (S(k)), as wanted.

Hence, up to passing to a subsequence, we can and do assume that
an(S(k)) = gnS(k)g, !, where g, belongs to the compact (open) sub-
group U. Furthermore, passing again to a subsequence, we can as-
sume that {gn}nen converges to g. Let Int(g) be the interior auto-
morphism of G(k) induced by g. Defining 3, = Int(g,)a,, we have that
Bn(S(k)) = S(k) and {B,}nen converges to Int(g). Now the sequence
Bn = Int g o B, is such that B, (S(k)) = S(k), ¢5, = Pan and {By}nen
converges to the identity. Finally, since Aut(k) is compact, up to passing
to a subsequence, we can and do assume that g, converges to (.

Note that 3, restricts to a semilinear automorphism of S. Since
the k-split torus S is defined over Z, the group of semilinear auto-
morphims Aut(S — Speck) of S decomposes as the semidirect prod-
uct Aut(Sz) x Aut(k) (see Lemma 3.6). Note that by [DG70, II, §1,
n°2.11]), automorphisms of S as a Z-group can naturally be seen as
elements of Aut(Z",Z") (where r is the rank of S). Write the de-
composition of 3, in Aut(Sz) x Aut(k) as (fn,¢gs,). Since the section
Aut(k) — Aut(S — Speck) < Aut(S(k)) is continuous, {f,}nen con-

1

verges to ¢~ '. This readily implies that {f,},en eventually preserves

a chosen decomposition of S as G,;, X --- x G,,. But this forces f, to

1

eventually be the identity, so that ¢~ is trivial, as wanted. O

We do not know how to prove Proposition 1.56 in the anisotropic
case, i.e. for groups of the form SL;(D). But on the other hand, when
G is anisotropic, we have the following result on Aut(G(k)).

Proposition 1.57. For D a finite dimensional central division algebra
over a local field k, the group of abstract automorphism Aut(SLi(D)) is

compact.

Proof. By Lemma 1.12, SL;(D) is a non-abelian hereditarily just-infinite
virtually pro-p group.
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We claim that such a group G is (topologically) finitely generated.
Indeed, up to passing to an open finite index subgroup, we can assume
that G is pro-p. Then, its Frattini subgroup ®(G) is a closed normal
subgroup which is non-trivial (because the Frattini subgroup contains
the commutator subgroup and G is not virtually abelian). Hence, be-
cause G is just infinite, G/®(G) is finite, and any set of representatives

topologically generates G by [DdSMS91, Proposition 1.9], as was to be

shown.
Hence, according to [BEW11, Section 7.1], Aut(SL1 (D)) is a profinite
group, as wanted. O

We continue by proving that the group of inner automorphisms is

cocompact in the group of abstract automorphisms.

Proposition 1.58. Let G be an absolutely simple, simply connected al-
gebraic group over a local field k. Aut(G(k))/Inn(G(k)) is compact.

Proof. If G is anisotropic, Aut(G(k)) is compact by Proposition 1.57 and
Inn(G(k)) is a closed subgroup of it so that the result holds. We now
assume that G is isotropic and prove this cocompactness phenomenon
by looking at the action of G(k) on its Bruhat—Tits building X.

Let G(k) — Aut(X) be the map induced by the action of G(k) on its
building. We let Aut(X) be a topological group for the pointwise con-
vergence. Note that G(k) — Aut(X) is proper, so that G(k)/Z is iden-
tified with a closed subgroup of Aut(X). We claim that Aut(G(k)) =
Naw(x)(G(k)/Z). Indeed, let a be an abstract automorphism of G.
By Pink’s result (see [Pin98, Corollary 0.5]), there exists ¢, € Aut(k)
and an algebraic isomorphism fo: G = (¢a)«(G) inducing the automor-
phism «. But f preserves a maximal k-split torus and its associated
root groups. Furthermore, ¢, preserves the valuation on root groups,
since any automorphism of k is continuous. Hence, « preserves any val-
ued root group datum, so that it induces an automorphism a, of the
building. Furthermore, o normalizes G(k)/Z in Aut(X). Conversely,
consider the homomorphism Npu(x)(G(k)/Z) — Aut(G(k)) given by
conjugation. The kernel is in the centraliser of G(k)/Z, and hence is

trivial, because G(k) acts strongly transitively on X.
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Let A = Nay(x)(G(k)/Z) and let C' be a chamber of X. Since G/(k)
acts strongly transitively on X, Nau(x)(G(k)/Z) = G(k)/Z.Staba(C).
But Stab4(C) is compact, because X is locally finite. Hence, the quo-
tient Aut(G(k))/Inn(G(k)) is compact, which concludes the proof. [

Corollary 1.59. Let G be an absolutely simple, simply connected alge-
braic group over a local field k. Then Autg (k) is compact.

Proof. If G is anisotropic, this follows from the fact that Autg(k) =
Aut(k) (see Chapter 3, Theorem 3.3) and Lemma 1.54. In the isotropic
case, since Aut(G(k))/Inn(G(k)) is compact by Proposition 1.58, the

result follows directly from Proposition 1.56. O

Remark 1.60. For k a local field of characteristic p > 5 and for G an
isotropic, simply connected, absolutely simple algebraic group over k,
the index of Autg(k) in Aut(k) is finite. Indeed, ¢ € Aut(k) belongs to
Autg (k) if and only if ¢.G is k-isomorphic to G. But ¢,.G and G have
the same Tits index. Hence, according to the classification of algebraic
groups over local fields (see especially [Tit79, 4.5]), there only are a finite
number of isotropic, simply connected, absolutely simple algebraic group
over k (up to k-isomorphism) having the same Tits index than G.

When the characteristic is 2 or 3, we do not know if Autg(k) is
always of finite index. A computation seems to indicate that for an
absolutely simple, simply connected, quasi-split group G of type 2A,
over k = Fo((T)), this is the case.

We end this section with a slight improvement on Theorem 1.47
Go/R, which describes the discrete residual of Go/R.

Proposition 1.61. With the notations of Theorem 1.47, the product
Mi..... M; is the discrete residual of Go/R.

Proof. Recall that we have an injective map @1 X -+ X ¢, Go/R —
Aut(Hy(K})/Zy) % -+ x Aut(Hp (k') /Zm) (see Claim 4). For i < [
(respectively i > 1), M; = H;(k})/Z; (vespectively M; is an open normal
subgroup of H;(k!)/Z;) and ; restricted to M; maps an element to the

inner automorphism corresponding to this element.
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We claim that Aut(H;(k!)/Z;)/ Inn(H;(k})/Z;) is compact for all i €
{1,...m}. Indeed, as we observed in Remark 1.35, Aut(H;(k})) surjects
onto Aut(H;(k})/Z;). But by Proposition 1.58, Aut(H;(k}))/ Inn(H;(k}))
is compact for all 7 € {1,...m}.

This already proves that Mj..... M; is cocompact in Go/R, so that it
is indeed in the discrete residual of Go/R. On the other hand, M;..... M,
is a direct product of topologically simple groups by Theorem 1.47, and
hence M;..... M; is the discrete residual of Go/R. ]

1.B Analytificaton of a finite type k-scheme

We aim to prove that the Lie algebra of an algebraic group G over a local
field k is isomorphic to the Lie algebra of G(k) considered as an analytic
manifold. This fact is at the heart of the proof of Theorem 1.12. Indeed,
it is the crucial ingredient in the proof of the main theorem in [Rie70a].
However, when using this fact, C. Riehm does not provide explanations
about how to compare the analytic and the algebraic Lie algebra, and
despite a literature search, we could not find a comprehensive treatment
of the matter.

Let us first discuss what we found in the literature. In [PR94, Section
3.1], the authors explain in great details how to “analytify” a k-variety.
But when it comes to the comparison of the analytic tangent space versus
the algebraic tangent space, they only make the elliptic comment “the
proof follows easily from a comparison of the appropriate definitions”.
However, in view of the definitions involved (we recall them in Defini-
tion 1.67), this fact does not seem to be a formal consequence of the
definitions. On the contrary, our proof relies on explicit computations in
a chosen chart. Another issue that makes their treatment of the subject
incomplete for us is that they insist on the fact that they work only in
characteristic 0.

Another reference that touches the matter is [Mar91, Proposition
2.6.11]. But again, when comparing analytic and algebraic tangent space,
the author use a reference to (|[Bou72, Chapter 3, §3, n°11]) where the
result is not clearly stated. Hence, we decided to include a discussion

here. However, nothing is new in our treatment of the subject, and we
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essentially follow the presentation given in [PR94|.

Let us begin by discussing the “topologification” of the rational points
of a finite type k-scheme, when k is a topological field. The following
result is a mix of a question on the website MathOverflow (see [BCnl)
and [PR94, Section 3.1].

Proposition 1.62. Let k be a topological field. There exists a unique
(up to natural isomorphism) functor Top,, from the category of finite type

k-schemes to the category of topological spaces such that

1. Composing Top,, with the forgetful functor from the category of
topological spaces to the category of sets yields a functor naturally

isomorphic to the functor of taking k-points.
2. For Ay the affine line over k, Topy (A1) is homeomorphic to k.

3. (Compatibility with fiber products). For X — S and Y — S two
morphisms in the category of finite type k-schemes, Top, (X xgY)

is (naturally in all the variables) homeomorphic to the fiber product
Topy(X) Xop, (s) Topy(Y).

4. (Compatibility with closed immersions). If Z — X is a closed
immersion in the category of finite type k-scheme, then Top(Z) —
Topy (X) is a closed embedding in the category of topological space

(i.e. an injective continuous closed map).

5. (Compatibility with open immersions). If U — X is an open im-
mersion in the category of finite type k-scheme, then Top,(U) —
Topy(X) is a closed embedding in the category of topological space

(i.e. an injective continuous open map).

Proof. For X a finite type k-scheme, we define a collection of subsets of
X (k): for U an open subscheme of X, for f1,..., f, regular functions on
U and for V' a neighbourhood of 0 in k, consider X (U, fi1,..., fn,V) =
{re X(k) | ze€U(k) and fi(x) e V fori=1,...n}.

We define Top,(X) to be the set X (k) together with the topology
having for base the sets X(U, f1,..., fn,V). Note that for f: X —
Y a morphism in the category of finite type k-schemes, Top,(f) =
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f(k): X(k) = Top(X) — Top,(Y) = Y (k) is continuous, because it
is locally given by polynomial, so that it follows from the fact that the
field is topological. Furthermore, Top,, satisfies all the conditions of the
proposition.

Uniqueness is a direct consequence of the conditions we imposed on
the functor. Indeed, at the level of set, the functor has to be naturally
isomorphic to the functor of k-points. But a finite type k-scheme is
covered by finitely many open affine subschemes of finite type. Finally, an
affine scheme of finite type is a closed subscheme of a finite dimensional
affine space, i.e. a finite direct product of affine lines. Hence, the topology

is entirely determined by the remaining conditions. O

We can go further and also give the structure of an analytic manifold
to X (k) when X is smooth and k is a complete field. As pointed out in a
the MathOverflow question [BCn|, the natural tool to use is to cover X
by etale maps over affine space, and then use the inverse function theorem
for analytic manifolds. We first recall the implicit function theorem in

the analytic case.

Definition 1.63. Let k be a local field and let f: k" — k: x — > aqz®
be an analytic map around 0 (we use the multi-index notation as in
[Ser92, Chapter I1]). Let é; be the multi-index (0, ...,0,1,0,...,0), where
the 1 appears in the i-th position. We define the partial derivative of f
with respect to z; to be %: K" —k:z— Zazdi Qo (g)xo‘_‘si

Remark 1.64. In [Ser92, Chapter II], é% is denoted A%,

Theorem 1.65 (Analytic Implicit Function Theorem). Let k be a local
field and let g: k¢ x k™ — k€ be an analytic map around 0 such that
g(0) = 0. Assume that det(ng;(O))Me{lywc}. Then there exist V. C k",
W C k€, both neighbourhoods of 0, and an analytic map ®: k™ — k°
such that for allv € V and w € W, g(v,w) = 0 if and only if ®(v) = w.

Proof. The argument deducing the implicit function theorem from the
inverse function theorem is classical. See for example the proof of The-
orem C.40 in |Leel3| for how this argument works in the smooth case.

Note that this argument carries over verbatim in the analytic case, up
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to assuming the analytic inverse function theorem. For the proof of the
analytic inverse function theorem, we refer the reader to [Ser92, Chap-
ter II]. O

Proposition 1.66. Let k be a complete field with respect to a non-trivial
absolute value. We construct an “analytification functor” from the cat-
egory of smooth, finite type k-schemes to the category of analytic va-
rieties whose composition with the forgetful functor from analytic vari-
eties to topological space is the functor Top,, from Proposition 1.62. For
f: X =Y in the category of smooth, finite type k-schemes, we denote
by fan: Xan — Yan its image under this analytification functor.

Proof. Let X be a smooth finite type k-scheme. Let {U;}; ; be a cover
of X by affine open subschemes such that each U; is standard etale
over A}, the affine space over k of dimension n;. Such a cover exists
because X is smooth (see [Stal7, Tag 054L|). This implies that U;(k)
is the set of points in Aiﬁm(kz) where fi1,..., fic, vanish, for some
polynomials f;1,..., fi ¢ such that det(%)j,mE{l,--.,Ci} is a polynomial
that does not vanish on U;(k) (see [Stal7, Tag 00U9|). By the Analytic
Implicit Function Theorem (Theorem 1.65), U;(k) is locally the graph
of an analytic map. By gluing all those maps, we deduce that there
exists an open V; C k™ and an analytic map ®;: V; — k% such that
Ui(k) = {(v, ®s(v)) | v € Vi}.

Foreachi =1,...,[, let m; be the restriction to U;(k) of the projection
kit 5 kni o Tt follows from its definition that ®; is a continuous
inverse to m;, so that (U;(k),m;,n;) is a chart on X (k). We check the
compatibility of those charts. For i # j € {1,...,1}, let U;=U;N U; C
Ui, so that U;(k) is seen as a subset of U;(k) C k%t and let U; =
U; NU; C Uj, so that Uj(k) is seen as a subset of U;(k) C k%t It is
now readily seen that (Uj(k),m;,n;) and (U;(k), 7, n;) are compatible,
since the isomorphism U;(k) = U;(k) is algebraic, and hence given by
a rational map. Note that rational maps are analytic because inverse
of non-vanishing polynomials are analytic (see [Ser92, Chapter III, §7,
Lemmal). Furthermore, this argument shows that the analytic structure
we defined on X does not depend on the choice of the cover by affine

open subschemes that are etale over A}. We denote the corresponding
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analytic variety by X,,.
Finally, an algebraic map f: X — Y is locally given by polynomi-
als, so that fan = f(k): Xan — Yan is analytic. This concludes the

construction of the analytic functor. O

We now compare the analytic and the algebraic tangent space. We

begin by recalling the corresponding definitions.

Definition 1.67. 1. Let X be a k-scheme of finite type and let = €
X (k). Let Ox, be the stalk at x of the structure sheaf, and let
m, be its maximal ideal (we also denote it mzlg when we need to
distinguish if from its analytic counterpart). The algebraic tangent

space at x is defined to be the dual of the k-vector space m,/m?2
(see [Vak17, Definition 12.1.1])

2. Let X be an analytic variety over a local field k and let z € X. Let
H x ,, be the k-algebra of germs of analytic function at z, and let
m, be its maximal ideal (we also denote it m3" when we need to
distinguish if from its algebraic counterpart). The analytic tangent
space at z is defined to be the dual of the k-vector space m,/m2
(see [Ser92, Chapter III, §8]).

Theorem 1.68. Let X be a smooth k-scheme of finite type and let
x € X(k). Since every regular function is analytic, we have a homo-
such that 0,(m8) C man,

The induced map O, : ma2/(m>8)2 - ma® /(m2)2 is an isomorphism of

morphism of k-algebra 0,: Ox, — Hx,

,‘,1:;

k-vector space.

Proof. Let U be an affine (Zariski)-open neighbourhood of x which is
etale over Ajl. In particular, as we saw in Proposition 1.66, U is iso-

~

morphic (as a k-scheme) to a closed subscheme of A}, say U &
Speck[X1, ..., X, Xnit - Xpnir) /(f1,- -, fr) and det(agifﬂ)i,jzlwr
does not vanish on U. To simplify notations, we can and do assume that
z=0¢€ A} We then readily check that {Xj,...X,} is a basis of the
k-vector space m® /(mae)2,

Now, recall that the projection on the first n components AZ”(I{:) —
A7 (k) restricted to U(k) is a chart for X4y, by definition of the an-

alytification functor. Hence, using this chart, we get an isomorphism
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of m2"/(m2")? with the cotangent space at 0 of AP (k), that we de-
note md®/(m3")2. By [Ser92, Chapter III, §7, Lemma|, we deduce that
man /(m21)2 also has a basis given by { X7, ... X,,}. Furthermore, §(X;) =
X; forall i € {1,...,n+ r}, which concludes the proof. O

Recall that the Lie algebra of a Lie group is just the tangent space
at the identity, endowed with a bracket operation coming from the dif-

ferential of the commutator map.

Corollary 1.69. Let G be an algebraic group over a local field k, and
let g be its Lie algebra. Let Gan be the corresponding analytic group as
defined in Proposition 1.66, and let gan be the Lie algebra of Gan. The
dual @: of the map 0, defined in Theorem 1.68 gives an isomorphism of
Lie algebras gan = g.

Proof. Let ¢: G x G — G: (x,y) — zyr~1y~! be the commutator map.
By definition, the bracket operation [, | on g or ga, is the total derivative
of ¢ at the identity. So by definition, for X,Y in g = (m2'8/(m2')2)*

(respectively gan = (M2 /(m)2)*) and v € m2'8/(m2€)2? (respectively
v € m2"/(m2)2), we have [X,Y](v) = (X @ Y)(voc) (there are a few
abuse of notations in this formula, but the intended meaning should
be clear). We can now readily check that ?Z is an isomorphism of Lie

algebras:

For X,Y € gan, v € m¥8/(m?8)2,
O.[X, Y])(v) = [X,Y])(0c(v))
=(XaY)0.(v)oc
=(X@Y)@c(voc
= (0.(X)®0,(Y)(voo)

[00(X), 0. (Y)](v) O






Chapter 2

Chabauty limits of algebraic

groups acting on trees

Given a locally finite leafless tree T', various algebraic groups over local
fields might appear as closed subgroups of Aut(7"). We show that the set
of closed cocompact subgroups of Aut(7) that are isomorphic to a quasi-
split simple algebraic group is a closed subset of the Chabauty space of
Aut(T). This is done via a study of the integral Bruhat-Tits model of
SLs and SUg/ K, that we carry on over arbitrary local fields, without any
restriction on the (residue) characteristic. In particular, we show that in
residue characteristic 2, the Tits index of simple algebraic subgroups of

Aut(T) is not always preserved under Chabauty limits.

2.1 Introduction

Ta vague monte avec la rumeur d’un prodige
C’est ici ta limite. Arréte-toi, te dis-je.
(Victor Hugo, L’année terrible, 1872)

According to well-known rigidity results of J. Tits (see [Tit74, Theo-
rem 5.8|, together with [Tit86, Théoréme 2| or [Wei09, Theorem 27.6]),
a Bruhat—Tits building of rank > 2 determines uniquely the simple alge-
braic group and the underlying ground field to which it is associated. In
particular, two simply connected absolutely simple algebraic groups over

local fields of relative rank > 2 have isomorphic Bruhat—Tits buildings

67
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if and only if they are isomorphic as locally compact groups. This con-
trasts drastically with the rank 1 case, where infinitely many pairwise
non-isomorphic simple algebraic groups of relative rank 1 can have the
same Bruhat—Tits tree. Therefore, given a locally finite leafless tree T,
the set Sub(Aut(T")) of closed subgroups of the locally compact group
Aut(T) may contain infinitely many pairwise non-isomorphic algebraic
groups. For example, the Bruhat—Tits tree of the split group SLo(K) is
completely determined by the order of the residue field of K, while the
isomorphism type of SLy(K) depends on the isomorphism type of the
local field K. Since Sub(Aut(7)) carries a natural compact Hausdorff
topology, namely the Chabauty topology, we are naturally led to the
following question: what are the Chabauty limits of algebraic groups in
Sub(Aut(T"))? The goal of this chapter is to initiate the study of that
problem. In particular, we provide a complete solution in the case of
quasi-split groups.

In order to be more precise, for T a tree, let us define a topologi-
cally simple algebraic group acting on T to be a locally compact group
isomorphic to H(K)/Z, where K is a local field, H is an absolutely sim-
ple, simply connected, algebraic group over K of relative rank 1 whose
Bruhat-Tits tree is isomorphic to 7', and Z is the center of H(K).

The first thing to observe is that, given a topologically simple alge-
braic group G acting on 7', the action homomorphism G — Aut(7) is
not canonical, but depends on some choices. There is however a natural
way to resolve this issue of canonicity, explained in [CR16|. Following
that paper, we shall denote by Sy the space of (topological) isomor-
phism classes of topologically simple closed subgroups of Aut(7") acting
2-transitively on the set of ends. According to [CR16, Theorem 1.2]|, the
space St endowed with the quotient topology induced from the Chabauty
space Sub(Aut(7)) is compact Hausdorff.

We can therefore reformulate the question mentioned above as fol-
lows. Let S;ilg be the set of isomorphism classes of topologically simple
algebraic groups acting on T. What are the accumulation points in St
of the elements of S;lg ? It seems reasonable to conjecture that S%lg is

closed in Sy. Our main theorem is a partial result in this direction.
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Theorem 2.1. Let T be a locally finite leafless tree, and let S%S'alg be the
set of isomorphism classes of topologically simple algebraic groups acting

on T that are furthermore quasi-split. Then S%S'alg is closed in St.

As recalled in Section 2.2.1, the classification of the simple algebraic
groups over local fields implies that absolutely simple, simply connected,
quasi-split algebraic groups over K of relative rank 1 are of the form
SLa(K) or SU?K(K) (see Lemma 2.9). So that in effect, the main goal
of the chapter is only to dispose of those two “types” of groups.

Since the Bruhat-Tits tree of SLa(K) or SUé'/K(K) for L a ramified
extension of K (respectively SUg/ K(K ) for L an unramified extension of
K) is isomorphic to the (p"+1)-regular tree (respectively the semiregular
tree of bidegree (p™ + 1;p"™ + 1)), where p™ is the order of the residue
field of K, the space S%S'alg is empty unless 7" is one of those trees.

It should also be noted that for some trees T', every algebraic group
having T' as Bruhat-Tits tree is actually quasi-split. According to the
classification tables in [Tit79, 4.2 and 4.3], this is the case if and only if
T is the regular tree of degree p + 1 or the semiregular tree of bidegree
(p®™ + 1;p"™ + 1). Combining this observation with Theorem 2.1, we get

the following corollary.

Corollary 2.2. Let p be a prime number, and let T be the (p+1)-regular
tree, or the (p®" 4 1;p™ 4+ 1)-semiregular tree. Then the set S;lg coincides
with S%S'alg, so that it is closed in Sp.

In fact, we give an explicit description of the topological space S%S'alg.
To achieve it, we proceed in two steps. We first describe the space £
of quadratic pairs of local fields (as defined in Definition 2.62), and the
purpose of Section 2.5.1 is to give an explicit description of £, which
appears in Proposition 2.71. The process is a bit lengthy, but only uses
elementary facts about local fields. In a second step, we show in the

proof of Theorem 2.3 that the map
L—Sr: (K, L) — é(K,L)

is a homeomorphism onto its image (see Definition 2.74 and Proposi-

tion 2.77 for the definition of this map). Note that we make an abuse of
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notation: we represent a point in S, which is an isomorphism class, by a
representative of that class. This abuse should not cause any confusion,
and will simplify notations throughout the rest of the chapter.

To ease the statement of the explicit form of the main theorem, let
us introduce some terminology. Recall that a countable totally discon-
nected topological space X is classified by two invariants (see [MS20,
Théoréme 1]). More precisely, let N be the one point compactifica-
tion of N (or in other words, a topological space homeomorphic to
{1, %, %, ...,0} ¢ R). If X is the last non-empty Cantor-Bendixson
derivative of X, and if X®) has n connected components, then X is

homeomorphic to N* x {1,...,n}.
Theorem 2.3.

1. Let p be an odd prime number, and let T be the (p"™ + 1)-regular
tree. Then there exists a homeomorphism f: N x {1,2} — S%S'alg
such that

FN X {1}) = {SLy(K)/Z | K = Fyn}
f((00,1)) = SLy(Fpn (X)) /2
F(N x {2}) = {SU"(K)/2 | K = Fye
and L is (separable) quadratic ramified}

F((00,2)) = SUZ" " (®,. (X)) /2

where oo denotes the accumulation point of N, K denotes the
residue field of K, and Lo is any (separable) quadratic ramified
extension of Fpn((X)).

2. Let T be the (2" + 1)-regular tree. Then S%S'alg is homeomorphic
to NQ. More precisely,

SEE = (SLy(K)/Z | K 2 Fyn} U{SULX(K)/Z | K = Fon
and L is separable quadratic ramified}

The first Cantor-Bendizson derivative of S%S'alg 18

{SUg/FQ"((X)) (Fan((X))/Z | L is separable quadratic ramified}
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U{SLy(Fon (X)) /Z}

while its second Cantor-Bendizson derivative contains the single
element SLa(Fan (X)))/Z.

3. Let p be any prime number, and let T be the (p®" + 1;p" + 1)-
semireqular tree. Then S%S'alg 1s homeomorphic to N. More pre-

cisely,

SEe = (sUy/F(K)/Z | K 2 Fp

and L is (separable) quadratic unramified}

Furthermore, the accumulation point of S%S'alg 1s the quotient group
SUg/Fpn ) (Fpn((X))/Z, where L is the (separable) quadratic un-

ramified extension of Fpn ((X)).

As one can see from Theorem 2.3, we face a more complex situation
in residue characteristic 2. Indeed, that statement implies that the split
group SLs(Fon((X)))/Z is a limit of unitary groups, thereby illustrating
the fact that the Tits index need not be preserved under Chabauty limits
in residue characteristic 2. In other words, the map associating to an
isomorphism class in S;lg its Tits index is not continuous.

Since the map £ — St is a homeomorphism onto its image, the com-
plexity of the residue characteristic 2 case should already be visible at the
level of the space L of quadratic pairs of local fields. And indeed, Propo-
sition 2.71 reflects this fact. The specific features of Chabauty limits in
residue characteristic 2 highlight the complexity of the aforementioned
conjecture, which will be addressed in full generality in a forthcoming
paper, but with different methods.

The strategy to prove our results is the same for all algebraic groups
under consideration (i.e. SLy or SU3). Let us outline it in the SLo case
(our notational conventions for local fields are spelled out at the begin-

ning of Section 2.2.1).

1. In Definition 2.21, we recall the definition of the Bruhat—Tits tree:

T = SLy(K) x R/ ~
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2. In Definition 2.25, we define a pointed version (around 0) of the

Bruhat-Tits tree:
IQ = SLQ(OK) X R/ ~0

and in Lemma 2.27, we show that the homomorphism SLe(Ofg) —
SL2(K) induces an (SL2(Ok) — SLa(K))-equivariant bijection
IO — 7.

. In Definition 2.56, we define the ball around 0 of radius r:

Bo(r) = {l(g,2)lo € Zo | © € [~w(7k), w(7k)] C R, g € SL2(Ok)}

. In Definition 2.36, we define a local version (around 0 and of radius

r) of the Bruhat-Tits tree:
I%" = SLy (O /m) x [~w(mi), w(m)]/ ~or

and we show in Theorem 2.59 that the homomorphism SLo(Ok) —
SLa(Ok /m,) induces an (SLa(Ok) — SLa(Ok /m))-equivariant
bijection By(r) — 2.

. Following an idea dating back to M. Krasner (see [Del84]| for refer-

ences, this idea is also used in e.g. [Kaz86|), we define a metric d
on the space K of (isomorphism classes of) local fields by declaring
that for r € N and Ky, Ky € K, d(K;p; K3) < 2% if and only if
Ok, /Yy, = Ok, /m}, (see Lemma 2.66). We observe in Proposi-
tion 2.71 that the space Kpn of (isomorphism classes of) local fields

having residue field Fp» is homeomorphic to N.

. Points 1 to 4 imply that if K7 and K5 are close to each other in

ICpn, then SLy(Ok,) and SL2(Ok,) are close to each other in the
Chabauty space of Aut(Tpn11) (where Tpnyq is the (p™ +1)-regular
tree). Indeed, up to isomorphism, they act in the same way on
a large ball centred at 0. This is the key step in the proof of
Theorem 2.78.

7. We are then able to conclude effortlessly, using a rigidity argument,
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that the map Kpn — S%Lgnﬂ : K+ SLo(K)/Z is a homeomorphism

onto its image.

A key tool to implement our strategy is the existence of good func-
tors from Og-algebras (such as O /m}.) to groups (like SLo(Ok /m’)).
The integral model provided by Bruhat—Tits theory plays the role of this
good functor. In the SLo case, this is just the algebraic group SLs con-
sidered over Ok. But a description of the integral model is not always
so straightforward, and an important feature of this article is an explicit

/K

computation of Bruhat—Tits models for SU; , especially in the more

delicate case when the residue characteristic is 2 and L is ramified.

The complexity of the integral model of SU:?/ K \When the residue
characteristic is 2 and L is ramified also explains why we get a different
behaviour for regular trees of degree 2" + 1 in Theorem 2.3. As often in
the theory of algebraic groups, the characteristic 2 case is more involved
to work out (and in our situation, it is again because of the presence
of orthogonal groups in characteristic 2 lurking in the background, see
Remark 2.41), but as was strongly advocated by J. Tits, this case is
also of great interest. Our results seem to be another illustration of this
philosophy.

It also appears that studying convergence of groups isomorphic to
SLo(D)/Z (where D is a finite dimensional central division algebra over
a local field K') can be done in parallel to the SLy(K') case. Hence we
decided to treat this case as well in this chapter. We stress that this is
only an opportunistic choice, and that the other cases should be settled
by first considering similar questions in arbitrary rank for quasi-split
groups, and then by applying a descent method.

Nevertheless, thanks to this treatment, we get the following results

as well.

Theorem 2.4. LetT be a locally finite leafless tree, and let S;LQ(D) be the

set of isomorphism classes of topologically simple algebraic groups acting
on T that are furthermore isomorphic to SLa(D)/Z for some central

SIS“L2 (D)

division algebra D. Then 1s closed in Sp.

Hence, for the reasons explained before Corollary 2.2 and according
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to the tables in [Tit79, 4.2 and 4.3|, we obtain the following strengthening
of Corollary 2.2.

Corollary 2.5. Let p be a prime number, and let T be the (p"+1)-regular
tree where n is not divisible by 3, or the (p™ +1; p +1)-semiregular tree.
Then the set S%lg coincides with S%S'alg U S;LQ(D)
Sr.

, so that it is closed in

Again, just as for the quasi-split case, we are actually able to describe

(D)

explicitly the topological space S;I” and all the convergences in this

space.

Theorem 2.6. Let T be the (p™ + 1)-regular tree.
. SLo(D) . . .
1. The topological space Sy is homeomorphic to the Cartesian

product N x{1,..., 219}, The first Cantor-Bendizson derivative
SLa(D) .
of Sy 18

{SL2(D)/Z | D = Fyn and D is of characteristic p}

2. For i € N, let D; (respectively D) be a finite dimensional central
division algebra over K; (respectively K) having residue field of car-
dinality p"™. Let d; (respectively d) be the degree of D; (respectively
D), so that |K;|% = p" = |K|¢, where K; (respectively K) de-
notes the residue field of K; (respectively K). Let r; (respectively
r) be the Hasse invariant of D; (respectively D), as in Defini-
tion 2.90. If (SLa(D;))ien converges to SLa(D) in the Chabauty
space Sub(Aut(T")), then for all i large enough, r; = +r and
d; = d, so that |K;| = |K| as well.

We conclude this introduction by mentioning the recent work of M. de
la Salle and R. Tessera [dT15], who used independently closely related
ideas in their study of the space of Bruhat-Tits buildings of type A,
(with n > 2) endowed with the Gromov-Hausdorff topology.
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2.2 Definitions of the algebraic groups SL; and
SU3

For the rest of the chapter, K will denote a local field (all our local
fields are assumed to be non-archimedean), and D will denote a finite
dimensional central simple division algebra over K. Let us spell out our
notational conventions for the objects associated with K (respectively
D): the ring of integers is denoted O (respectively Op), its maximal
ideal by mg (respectively mp), a uniformiser by mx (respectively mp)
and K (respectively D) denotes the residue field. The valuation of K
(respectively D), and also its unique extension to any finite extension
of K, is denoted by w. We use the notation Q,» for the unique (up to
isomorphism) unramified extension of Q, of degree n.

Also, in order to avoid the repetition of long lists of adjectives, in this
section, by an algebraic group, we mean an absolutely simple, simply

connected algebraic group over a local field.

2.2.1 Quasi-split groups of relative rank 1

As mentioned in the introduction, the Bruhat—Tits building of an alge-
braic group G is a tree if and only if G is of relative rank 1. Instead
of giving the general definition of quasi-split algebraic groups, and then
specialising to those that are of relative rank 1, we take a practical ap-
proach and give an explicit description of those groups, the result being
that they are all of the form SLo or SUs. We begin by recalling the
definition of SUs5.

Definition 2.7. Let L be a separable quadratic extension of K, and let
be the nontrivial element of Aut(L/K), whose action by conjugation on
L is denoted = +— Z. Consider the transposition along the anti-diagonal
9(.): SL3(L) — SLs(L): g = ®g. More explicitly, (°g)—_j—; = gij, for
i,7 € {—1,0,1}. Then we define

SUSM(K) = {g € SLy(L) | 557" = g}

We denote SU§/ K (or simply SUs when the pair of field (K, L) is arbi-



76 2. Chabauty limits of algebraic groups acting on trees

trary or understood from the context) the corresponding algebraic group
over K. Note that the equations det(g) — 1 and “gg — Id (together with
the embedding L < Ms(K)) realise SU?E/K

affine space A% of dimension n = 4 x 32. Using this, it is readily seen

as a closed subspace of the

that SUj is an algebraic group over K.

Remark 2.8. The group SUj defined above is the special unitary group

with respect to the following hermitian form of L3:

((x—1,20,21), (Y=1,Y0,¥1)) = T_1Y1 + Toyo + T1y—1

The advantage of taking this peculiar hermitian form is that the as-
sociated involution preserves the group of upper triangular matrices.
As Lemma 2.9 shows, up to isomorphism, there is only one “type” of
non-split, quasi-split algebraic group of relative rank 1 over local fields.

Hence, choosing the above hermitian form is in fact not restrictive.

We can now describe quasi-split algebraic groups of relative rank 1
(recall that by the convention of this section, all our algebraic groups are

absolutely simple, simply connected, algebraic groups over a local field).

Lemma 2.9. Let K be a local field and let G be a quasi-split algebraic
group of relative rank 1 over K. Then G is one of the following group:

1. SLy over K.

2. SU?%/K, where L is as in Definition 2.7.

Proof. If G is quasi-split, then by definition, its anisotropic kernel is
trivial. Hence, by [Tit66, 2.7.1, Theorem 2|, G is entirely determined (up
to K-isomorphism) by its Dynkin diagram together with the *-action on
it (or in other words, G is determined by its index). Also note that the
number of orbit under this x-action is the relative rank, so that according
to [Tit66, Table II], the only possibilities for the index are

or (»

The first index is the index of SUé/ K

extension of K, while the second index is the index of SLs. [

, where L is any separable quadratic
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2.2.2 The algebraic group SLy(D)

As outlined in the introduction, treating the case of the group SLa(D)
(where D is a finite dimensional central division algebra) is very close to
treating the case of SLa(K), so that we decided to include this case as
well. Let us recall the definition of the group SLa(D).

Definition 2.10. Let D be a finite dimensional central division algebra
over K. We define the group SLa(D) = {u € Endp(D?) | Nrd(u) = 1},
where Nrd(u) stands for the reduced norm of u (we recall the definition
of the reduced norm in Definition 2.92), and D? is considered as a right

D-vector space.

Let us stress again that the case of main interest is the case of quasi-
split groups, i.e. the case D = K. We advice the reader to consider only
this case in a first reading.

When D = K, the group SLg(K) is the group of rational points of
a closed subspace SLy of the affine space A‘}( defined by the polynomial
equation det—1. It is then straightforward to check that SLy is indeed
an algebraic group over K.

For arbitrary D, it is well-known that SLy(D) can be seen as the
group of rational point of an algebraic group over K. We recall in Ap-
pendix 2.B the standard facts about division algebras, and we also discuss
in Appendix 2.C the representation of SLy(D) as an algebraic group over
K.

2.3 The Bruhat-Tits tree of SLy(D) and SUs

The aim of this section is to give a streamlined definition of the Bruhat—
Tits tree associated with SLa(D) and SUs, together with the action on
it. As outlined in the introduction, our definition of the Bruhat—Tits
tree follows [BT72, §7].

In order to be as efficient as possible, we only describe concretely
the objects needed, and give unmotivated definitions. Our description
is easily obtained from the explicit description given in [BT72, §10], and
we give in Appendix 2.A more details about the connection with [BT72].
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Recall from the introduction (or from general Bruhat-Tits theory)
that the Bruhat-Tits tree Z should be isomorphic to G(K) x R/ ~. For
x € R, we define a group P, < G(K) which will eventually turn out to
be the stabiliser of [(Id, z)] € Z (see Remark 2.22).

Definition 2.11. Let D be a finite dimensional central division algebra
over K and let g be a n X n matrix with coefficients in D. Given an xn
matrix m with coefficient in R, we say that g has a valuation greater
than m if w(g;;) > my; (for all 4,5 € {1,...,n}), and we denote it by
w(g) > m.

Definition 2.12. In the SLy(D) case, for = € R, we define

Py ={g €SLa(D) | w(g) > ( ")}

The definition of P, in the SUg case is less straightforward when the
residue characteristic is 2 and the extension L is ramified. Following

[BT84a, 4.3.3|, we define a parameter to handle the complication.

Lemma 2.13. Let L be a separable quadratic extension of K. There
exists t € L and o, 8 € K such that:

1. L=K][t] and t* —at + 3 = 0.

2. w(B) =0 when L is unramified, and [ is a uniformiser of K when
L is ramified.

3. a=0, or0=w(f) =wla) <w(2), or 0 <w(f) <w(a) <w(2).

Proof. See |[BT84a, Lemme 4.3.3, (ii)]. The fact that o can be chosen
so that w(a) = 0 in the unramified case is a direct consequence of the
theory of unramified extensions of local fields (see for example [FV02,
Chapter II, Section 3.2, Proposition|). With this in mind, the equivalence
with [BT84a, Lemme 4.3.3, (ii)] is clear. O

Remark 2.14. To make Lemma 2.13 possibly clearer, let us state what

is the valuation of o on a case-by-case analysis:

. ) a = 0 if the residue characteristic is not 2
1. If L is unramified,

w(a) = 0 if the residue characteristic is 2
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2. If L is ramified,

o = 0 if the residue characteristic is not 2

a=0or 0 < w(a) <w(2) if the residue characteristic is 2

The only difference between Remark 2.14 and Lemma 2.13 is that the
latter allows the possibility that o = 0 in the unramified residue charac-

teristic 2 case. But this clearly cannot happen.

Definition 2.15. Let L be a separable quadratic extension of K, and
let ¢, o, 8 be chosen as in Lemma 2.13. Let | = ta~! € L if a # 0, and
[l = % € Lif « = 0, where « is as in Lemma 2.13 (note that o = 0 implies
2 # 0 in K, since L is assumed to be a separable extension). We then
define v = —Iw(l) € R.

Remark 2.16. Note that v > 0. Furthermore, in view of Remark 2.14,
v > 0 if and only if the residue characteristic is 2 and L is a ramified

extension.

In fact, the parameter v associated with a quadratic separable ex-

tension L/K only depends on the normalisation of the valuation on K.

Proposition 2.17. Let L/K be a separable quadratic extensions of lo-
cal fields. Then the parameter v introduced in Definition 2.15 does not
depend on the choices of t,a and 3. We call v the parameter associated
with the extension L of K

Proof. This is a direct corollary of the work of Bruhat—Tits. Indeed,
according to [BT84a, Proposition 4.3.3, (ii)], the element [ appearing in
Definition 2.15 has a maximal valuation amongst elements of L of trace
1. O

Definition 2.18. In the SUL/¥

with the extension L of K as in Definition 2.15. For x € R, we define

case, let v be the parameter associated

0 -2 -z
Pﬂc_{gesug/K(K)Iw(g)z(”2”H 0 “£+7>}

The final ingredient in the definition of the Bruhat—Tits tree is the
definition of a subgroup IV, together with its affine action on R.



80 2. Chabauty limits of algebraic groups acting on trees

Definition 2.19. 1. In the SLy(D) case, consider the following sub-

sets

(a) T = {(Oz_l)\xeDX}<SL2( )
(b) M ={(,% %) | 2 € D*} € SLa(D)

2. In the SUg/ K case, consider the following subsets

1

(a) T = {(Ox%x o)\xeLX}<SUL/K( )

(b) M = {< 0 72 8) |z e L¥} ¢ SULK (k)

In both cases, let N =T L M.

Definition 2.20. In both cases, we define a map v: N — Aff(R)

as follows. In the SLg(D) case (respectively the SUs case), for m =
0 0

(:r91 _Om) € M (respectively m = ( 0 —x1£g> € M), v(m) is the
=1 0 0

N x 0

0z 1

0 0
t= (g a1z 01> e T), v(t) is the translation by —2w(z).
0 0

reflection through —w(z), while for ¢t = ( ) € T (respectively for

We finally arrive at the definition of the Bruhat—Tits tree.

Definition 2.21 ([BT72, 7.4.1 and 7.4.2]). Let G be either SLy(D) or
SU3(K). Define an equivalence relation on G x R as follows: (g,x) ~
(h,y) if and only if there exists n € N such that y = v(n)(z) and
g 'hn € P,. The Bruhat-Tits tree of G is Z = G x R/ ~, and [(g, )]
stands for the equivalence class of (g, x) in Z. The group G acts on Z by

multiplication on the first component.

Remark 2.22. We discuss in Appendix 2.A why our groups P, coin-
cide with the groups P, appearing in the definition of the Bruhat—Tits
building in [BT72, 7.4.1 and 7.4.2]. Since the definition of N together
with its action v on R also coincide with [BT72] (see also Appendix 2.A
for more details), the space Z of Definition 2.21 is really the Bruhat—Tits
building of G as defined in [BT72|. In particular, for g € G, the map
fo: R = Z: 2 — g¢.[(Id,z)] is injective (by the discussion in [BT72],
below Definition 7.4.2), an apartment of Z is a subset of the form f,(R)

for some g € GG, and we can endow Z with a metric which gives the usual
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metric on R when restricted to any apartment. Furthermore, in view of
[BT72, Proposition 7.4.4|, P, is in fact the stabiliser of [(Id, z)] € Z.

Remark 2.23. The metric space Z is indeed a tree, whose regularity
depends on G. If G = SLa(D) (respectively SU§/K(K) where L is ram-
ified), then Z is the regular tree of degree |D| + 1 (respectively |K|+ 1),
while if G = SUg/ K(K ) with L unramified, then 7 is the semiregular
tree of bidegree (|K|* + 1;|K| + 1). Indeed, this follows from the fact
that our definition of Z agrees with the one given in [BT72, 7.4.1 and

7.4.2|, and from the tables in [Tit79, 4.2 and 4.3].

Remark 2.24. Note that in Definition 2.21, it is equivalent to say that
(g,x) ~ (h,y) if and only if for all 7 € N such that v(n)(x) = y, we have
g 'hi € P,. Indeed, if there exists n € N such that v(n)(z) = y and
g 'hn € Py, let 2 be any element of N such that v(i)(z) = y. Then
g 'hi = g~ thnn~1h. But n~17 stabilises [(Id, z)], and hence belongs to

P, by Remark 2.22. Thus, g~ 'hnn~'7 belongs to P, as well, as wanted.

We pass to another equivalent definition of the Bruhat-Tits tree,

which can be thought of as a pointed version of Z around [(Id, 0)].

Definition 2.25. In the SLa(D) case or the SU3(K) case, we define an
equivalence relation on Py x R as follows: (g,x) ~o (h,y) if and only if
there exists n € N N Py such that y = v(n)(x) and g~ thn € P, N Ry.
The Bruhat-Tits tree of G centred at 0 is Zop = Py x R/ ~p, and [(g, z)]o
stands for the equivalence class of (g, z) in Zy. The group Py acts on Z

by multiplication on the first component.

To prove that Zy is naturally in equivariant bijection with Z, we need

the following observation.

Lemma 2.26. Let g,h € Py, and let z,y € R. If (g,x) ~ (h,y), there
exists n € N N Py such that v(n)(z) =y

Proof. Recall that Py is the stabiliser of [(Id,0)] € Z in G (see Re-
mark 2.22). Since G acts by isometries on Z, and since g,h € Py, we

have

|x‘ = dI([(Id7 JZ)], [(Id7 0)]) = dI([(Q? :L’)], [(Id7 0)])
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lyl = dz([(1d, »)], [(Id, 0)]) = dz([(h,y)], [(1d, 0)])

where dz denotes the distance in the metric space Z (see Remark 2.22).
But if (g,2) ~ (h,y), we have in particular dz([(g,)],[(Id,0)]) =
dz([(h,y)],[(Id,0)]), and hence |z| = |y|. Thus, the existence of n €
N N Py such that v(n)(z) =y follows from Definition 2.20, O

Lemma 2.27. Let G be either SLa(D) or SU3(K). The map Zyp —
Z: [(g,2)]o — [(g,2)] is a (Py — G)-equivariant bijection.

Proof. e Injectivity: assume (g, x) ~ (h,y), where g, h are in Py. By
Lemma 2.26, there exists n € N N Py such that y = v(n)(x) and
since (g,2) ~ (h,y), g~ *hn € P, by Remark 2.24. But g~ 'hn also
belongs to Py, so that (g,x) ~g (h,y), as wanted.

e Surjectivity: let [(g,x)] € Z. Since G acts strongly transitively on Z
(IBT72, Corollaire 7.4.9]), there exists h € Py such that h.[(g,z)] =
[(Id, y)], for some y € R.. Hence, [(g, x)] is the image of [(h™1,y)]o €
To.

e Equivariance: the image of h.[(g,x)]o is [(hg, x)] = h.[(g,z)]. O

2.4 Local description of the Bruhat—Tits tree

We now aim to give a local description of balls of the Bruhat—Tits tree,
together with the group action on it. Recall that the ball of radius 1
around [(Id,0)] € T (together with the action of Py on it), is in some
sense encoded in Py considered over the residue field, i.e. over Ok /my
(see [BT84a, Théoréme 4.6.33| for a precise meaning). It is then natural
to think that more generally, the ball of radius r around [(Id,0)] € Z
(together with the action of Py on it) is encoded in Py considered over

the ring Ok /m’.. We prove in this section that this is indeed true.

2.4.1 Local models for the Bruhat—Tits tree

We just mimic the definition of the Bruhat—Tits tree, except that the

coefficients of all groups under consideration are now taken in the ring
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Op/m}, (or Op/m’ in the SUs case). All groups defined in this section
are adorned by the superscript 0,7 to reflect the fact that they are local

version around 0 of radius 7.

Definition 2.28. In the SLa(D) case, let » € N U{oco}. We only need
to describe balls of radius rd, where d is the degree of D over its cen-
ter K. Let x € [~w(m1),w(n7)]. Note that the valuation w induces
a well-defined map on Op /mgi, that we still denote w. By conven-
tion, m¥ = (0). Mimicking Definition 2.12, we define prrd — {9 €
SLo(Op/m7$) | w(g) > (2 7*)} (see Definition 2.95 for the definition of
SL2(Op/m7d). When D = K, we obtain the group SLa(Of /m7) in its
usual meaning, i.e. the group of 2 x 2 matrices with coefficient in O /m7,

having determinant 1).

We also need the local version of the subgroup V.
Definition 2.29. In the SLa(D) case, we define

1. HOrd = {(g xgl) € SLy(Op/mTy) | w(z) = 0}

2. MOd = {( 0, ) € SLy(Op/m},) | w(z) = 0}

z=1 0

And then, we set NOd = gOrd | p0rd

In the SU3 case, some complications arise due to the fact that the
group Py of Definition 2.18 is not naturally described as living in SL3(Or,)
when the parameter v of Definition 2.15 is strictly positive, i.e. when the
residue characteristic is 2 and the extension L is ramified. This is related
to the fact that if one considers the algebraic group G = Sjé/ K over
Ok as in Definition 2.39 (which is possible since the equations det(g) —1
and °gg — Id only involve coefficients belonging to Ok), then it is not
smooth (as an Og-scheme) if and only if the residue characteristic is 2
and the extension L is ramified. Indeed, in this case, dimy Lie(G%) =
dimg Lie(Gf) + 3, while smoothness of Sjg/ K when y = 0 is proved in
Theorem 2.40.

By contrast, the correct definition of the local version of the Bruhat—

Tits tree in the SUs case when v = 0 is the “natural” one.
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Definition 2.30. In the SUs case when v = 0, let » € NU{oo}. Let
x € [—w(r]),w(n])]. Note that the valuation w induces a well-defined
map on Op/m}, that we still denote w. Also, the Galois action on
L induce an action on Op/m}, that we also denote by =z +— z. By
convention, m° = (0). Mimicking Definition 2.18, we define PY ={ge

SL3(Op/my) | Sgg = 1d,w(g) > ( o —fﬁ)}.

ISELNIL
NI OM

Again, we need the local version of the subgroup N.
0 0
Definition 2.31. 1. H" = {(Sflj 01> € SL3(Op/m}) | w(z) =
0 0 z
0} ’
0 0 T
2. MO = {( 0 —a 'z 0> € SL3(Or/m}) | w(z) =0}
0 0

71

And then, we set NO" = HO" J MO,

When v > 0 (i.e. when the residue characteristic is 2 and L is ram-
ified), we only need to give the local description for small radii. We
introduce a new parameter which controls the meaning of small in this

case.

Definition 2.32. Set ig = min{r € N | w(n}) > ~}. Equivalently, let
a be as in Lemma 2.13. If a = 0 (respectively if a # 0), ig is such that

w(Tl0) = w(2) (respectively w(m2) = w(a)).

Definition 2.33. In the SUs case when v > 0, let » € N be such
that r < 2ig. Let 2 € [—w(n}),w(n})]. Note that the valuation w

induces a well-defined map on Op,/m’ , that we still denote w. we define
Pp" = {g € SLo(O/m}) | w(g) = (9 7))}

We also need the local version of the subgroup N.
Definition 2.34. In the SUj3 case when v > 0 and for r < 2ig, we define

1 HO = {(% 9,) € SLy(Op/m}) | w(z) = 0}

0zt
2. MO = {( 0, ") € SLy(Op /m}) | w(z) = 0}

And then, we set NO" = HO" 1y pOr

We can also easily define an action of N°" by affine isometries on R.
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Definition 2.35. In all cases (SLy(D) and SU3 for v > 0), we let H*"
acts trivially on R, and we let all elements of M9 act as a reflection
through 0 € R. This gives an affine action of N%" on R, and we denote
again the resulting map N%" — Aff(R) by v.

We are now able to give a definition of the ball of radius r around
[(Id,0)] € Z which only depends on the ring O/m", and not on the whole
division algebra D or the field L.

Definition 2.36. Let r € NU{oo}. In the SLo(D) case (respectively
the SU3 case), let m = mp and d = +/[D : K] (respectively m = 7z, and
d = 1). Also assume that r < 2iy in the SUs case when v > 0. We
define an rd-local equivalence on Pé) T [—w(m™), w(r™)] as follows.

For g, h € Pg’m and z,y € [~w(7"), w(r")]

. 0,rd —
) T 9
(9,2) ~ord (h,y) & there exists n € N7 such that v(n)(z) =y
and ¢ 'hn € P:?’Td

The resulting space 707 = P(?’Td x [—w(r"),w(7"®)]/ ~orq is called the
local Bruhat-Tits tree of radius rd around 0, and [(g,z)]%"¢ stands for
the equivalence class of (g, z) in Z%™. The group Pg’rd acts on Z07? by

multiplication on the first component.

Remark 2.37. Note that as for Definition 2.21, it is equivalent to say
that (g,2) ~o.ra (h,y) if and only if for all i € N7 such that v(7)(z) =
y, we have ¢~ 1hn € P£”"d. Indeed, if there exists n € N%™ such that
v(n)(z) =y and g~ *hn € PI™, let fi be any element of N%" such that
v()(z) = y. We have g~ hi = g~ 'hnn~'7, and a case-by-case analysis
shows that n— 17 € PO, Hence g 'hnn~'7 belongs to P as well, as

wanted.

2.4.2 Integral models

We have just defined the space Z°7¢, where d is the degree of D in the
SL2(D) case, and is equal to one otherwise. In order to show that it
encodes the ball of radius rd together with the action of Py on it (as will

be done in Theorem 2.59), we need to prove that there exists a surjective
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homomorphism Py — Pg 4 In the SLa(D) case (respectively the SUj
case when v = 0), the homomorphism Py — P(? T i just the one induced
by the projection Op — C’)D/m’”Dd (respectively Op — Or/m}). But in
the SUs case when v > 0, even the existence of such a homomorphism
is not obvious at first sight.

We solve the question by defining (for each case separately) a smooth
Ok-scheme G, such that G(Ok) = Py and G(Ok /m;) = P(?’mi (where
¢ = 2 in the SUs case when L is ramified, and is equal to 1 otherwise).
Then the desired surjectivity follows by an application of Hensel’s lemma,
for smooth schemes (that we recall in Theorem 2.52).

The smooth Og-scheme G is in fact the Bruhat—Tits integral model
éiw associated with a standard valuation ¢ (see [BT84a, 4.6.26]). A
potential interest of this section is that we also give an explicit description
of this integral model in the more complicated case of SUs when v > 0.
But let us begin with the SLa(D) case and the SU3 case when v = 0.

Definition 2.38. Let SL, be the group SLy considered over Ok. Con-
cretely, this is the O-scheme associated with the Og-algebra O [SLy| =
Ok [X11, X12, Xo1, X22]/(X11 X292 — X12X91 — 1). In the case of a central
division algebra of degree d > 1 over K, the definition of an integral
model SLy , over Ok is a bit less straightforward to define. We give it
in the appendix (see Definition 2.96).

Definition 2.39. When the parameter ~ associated with L/K is 0,
let SiUg/ K be the group SUs considered over O. We often omit the
superscript L/ K. Concretely, SU; is the Ox-scheme associated with the
Og-algebra Ok [SU;| = (’)K[ijl]/f (i,7 € {1,2,3}, k,l € {1,2}), where

I is the ideal generated by the following equations
X1.2 — _ﬁXiZjl

For all 4,5 € {1,2,3}, i2]2 11 21

3
Z [(—1)%om(@) HXw(i)] —1
i=1

o€Sym(3)

X?B X23 X13 X11 X112 X3
X32 X22 X2 Xo1 Xo2 Xoz | — (

X1 Xo1 X11 X31 X32 X33

OO
oo

OO
N——
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Here o and B are as in Lemma 2.13, so that the first equations encode
the ring embedding O, — M2(Ok). Also, for a 2 x 2 matrix M =
(%; %;3), we denote M = <7MM2; _1\14%1112> (this operation reflects the
conjugation on Or). Finally note that a 1 (respectively a 0) in the above
equations denotes the 2 x 2 identity matrix (respectively the 2 x 2 zero

matrix), i.e. it corresponds to the 1 € L (respectively 0 € L).

Theorem 2.40. S7L27D and Sjg/K (when v = 0) are smooth Of-

scheme.

Proof. Smoothness of SL, over O (and in fact of SL,, over any ring) is
easily checked using the infinitesimal lifting criterion (see [Stal7, Tag
02H6]). The case of SL, p, is discussed in the appendix (see Theo-
rem 2.97).

We now prove the smoothness of SU;. It suffices to prove that it is
flat and that the fibres are smooth. The generic fibre is SUg/ K
form of SL3, hence is smooth over K. The closed fibre is the K-functor

,and is a

(SU3)7 which associates to any K-algebra R the group
(SUs)(R) = {g € SLs(R ®7 Or/my) | “gg = 1d}

where ¢ = 1 if L is unramified, and ¢ = 2 if L is ramified. When L is
unramified, this algebraic group becomes isomorphic to SL3 after base
change to L, and hence is smooth and connected. We now treat the
ramified case. Let SO3 be the special orthogonal group associated with
the quadratic form (x_1,zg,21) — z_121 —i—:v%, considered over K. More

explicitly, for a K-algebra R,
(SO3)(R) = {g € SL3(R) | gg = 1d}

Since by assumption v # 0, the characteristic of K is not 2, and it
is then well known that SOj3 is isomorphic to PGLy over K, hence is
smooth and connected of dimension 3. There exists a homomorphism of
algebraic groups f: (SUz)7 — (SO3)% induced by the homomorphism
of K-algebra Oy, /m% — K. The kernel of this map can be computed by
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hand, and we obtain that for any K-algebra R,

ker f(R) = {g € SL3(R @5 Op/m}) |
10 0 0 00
(it 1) (ayo) (aiso)
9= (at0) (2021 1) (10) [}
00 0 0 10
(10) (o) (211)
This description makes it clear that ker f is of dimension 5 and con-
nected. Hence, using [DG70, II, §5, Proposition 5.1] (note that it does

not use smoothness), we conclude that dim(SUs)% = 8. But we can also

easily compute that the Lie algebra of (SUj)z is
(sus)zz = {g € Ms(Or/ml) | °g+ g =0, trace(g) = 0}

This is readily seen to be of dimension 8 (recall that we are in the case
v = 0 and L ramified, so that the residue characteristic is not 2), and
hence, we conclude that (SUjz) is smooth, as wanted. Also note that
the homomorphism f: (SU3)7 — (SO3)7 is surjective onto a connected
algebraic group, with connected kernel, hence (SUz) is also connected.

It remains to prove flatness. Since Ok is a pruferian ring, flatness is
equivalent to being without torsion (see [BT84a, 2.2.2|). In other words,
to prove flatness, it suffices to prove that (SUs)k is dense in SU5. Since
we proved that (SUj)z is connected, one can argue as in the conclusion

of the proof of Lemma 2.49, when we show that Yx is dense in ). O

Remark 2.41. In passing, note that the group (Sjg/K)? is not a reduc-
tive group over K when L is ramified (as predicted by [BT84a, 4.6.31]).
In fact, we just showed in the above proof that its reductive quotient is
naturally described as the orthogonal group in 3 variables. Again, this
might be seen as a reason for the complication of the ramified, residue
characteristic 2, since philosophically, it involves orthogonal group in

characteristic 2.

Remark 2.42. There is also a more direct way to prove the smoothness
of SUs in the unramified case, since in this case (SU;3)p, is isomorphic
to SL3 over Op. But this does not work in the ramified case. Indeed,

if (SU3)p, were isomorphic to SLg over Op, in the ramified case, then



2.4. Local description of the Bruhat—Tits tree 89

its closed fibre (SUs)% would be isomorphic to SL3 over K =2 Op/my,

which is not true, as we have just seen in the above proof.

We now give the explicit equation of the integral model in the SUj3

case when v > 0.

Definition 2.43. Let K[SUé/K] be the standard representation of the
coordinate ring of SUé/K. More explicitly, K[SUé/K] = K[ijl]/l (1,7 €
{1,2,3}, k,l € {1,2}), where I is the ideal generated by the equations
displayed in Definition 2.39. We also use the ring O [A3¢] = OK[Xikjl}

(1,5 € {1,2,3}, k.l € {1,2}).
k41
Notation 2.44. We use the following notations: A; = <7Tf6 7:,1 ), v =
K

koo koo
(ﬂé( ,g;(ﬂ) and 1, = <ﬂ5< W,}v().

Recall the definition of iy in Definition 2.32, and let ng = L%OJ The
integral model depends on the parity of ig. If ig is odd, we define the
Ok-algebra map

X11 X12An X13

Y11 Yi2 Y3 0

LK 11 Y12 Vi3 - _ _

Pig - OK[A36] — K[SU3/ ]: <Y21 Yoo Y23> — >\nolX21 >\n01X22>\n0 >\n01X23
Y31 Y32 Y33 X31 X32Xn, X33

while if i¢ is even, we define the Og-algebra map

X1 Xie2Tng  Xi3
Z11 Zi2 Z13 0
Pig - OK[A36] — K[SUg/K]: <Zz1 Z22 Zz3> = g Xa1 Xoo g Xos
Z31 Z32 Z33 X331 XgzaTny, X33
Remark 2.45. The above notation for the map ¢;, means that (for
example in the ig odd case) p;, (Y11) = X11, @iy (Y21) = )\gongl, and so

O1l.

Definition 2.46. Let Sjg/K be the closed subscheme of A3 (over Ok)
defined by the ideal ker ¢;,. We often omit the superscript L/K when it

is not necessary to insist on the pair of field (K, L) under consideration.

Remark 2.47. Note that ¢;, is just the equation for a base change.
Also note that by definition, SU;3 is the schematic adherence of SU3 in
A3 (see [BT84a, 1.2.6] for the definition of the schematic adherence).
Actually, SUj is the integral model QA§¢, associated in the sense of [BT84a,
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4.6.26] to the standard valuation of SUs. The concrete description given
here was found following the concrete description given in [BT87], see
especially section 3.9 and the Theorem in section 5 in loc. cit. But
we provide a concrete proof that SUj; is a smooth Og-group scheme,
without referring to [BT87].

To not lengthen too much the chapter, we now make all arguments
when i is odd, the case iy even being similar, if not simpler. A first

important observation is that Py = SU3(Ok).

Lemma 2.48. The map @;, gives an isomorphism SUs — (SUs) g, and
the inverse image of (SU;)k(Ok) C {g € A0 | w(gfjl) > 0} s just

0—0
{g € SU3(K) | w(g) > <g o g) }. In view of Definition 2.18, we indeed
—
have that Py = SU3(Ok ).

Proof. By definition, for g € SU3(K), ¢i,(g) is equal to the prod-

ld 0 0 g11 912 913 Id 0 0
—1 .
uct [ 0 Ayy 0 (921 922 923> 0 Mg 0 ). For example, let us examine
0 0 Id 931 g32 933 0 0 Id
. gll  _pgi2 .
what we get for gio. The 2 x 2 matrix ( 2 12 ) is thus sent

913 913 +agis
W“0+1gl1 77rnoﬁg12 . ) )
to fo 15 o Koz ). All coefficients of this latter matrix are
TK 912 Tk (912+a912)

integral if and only if gls € (7") and ¢?} € (7™ '). We have
(71'[_("0) = (7-‘-;2”0) — (71-;(10*1)) and (7.[.[—(710—1) — (ﬂ_ZZno—Q) — (T‘_Z(ZoJrl))
(recall that we are just treating the case iy odd). But by Definition 2.32,

io is the smallest integer such that w(ﬂ?) > 7. Hence, all coeflicients

no+1 n, 12
of (K, 912 TP are integral if and only if w(g12) > —v. The
no+l 21 _ng, 11 21 g y 912 - ’y
T 912 Tk (912+a912)
other cases are similar. O

Lemma 2.49. The ideal defining SU; in A35 is generated by the follow-

g equations

1. If ig is odd

Y11 Y12 Yis Tip 0 0 Y33 Yo3 Vi3 Tip 0 0
<Y21Y22Y23)<0 1 0><Y32Y22Y12>:<0 1 0) (2.1)
Y31 Y32 Y33 0 07, Va1 Yor Y11 0 07
Y33 Yo3 Vi3 100 Y11 Y12 Yi3 1 0
<Y32 ?22 Y12> (0 Tig 0) <Y21 Yoo Y23> - (0 Tig 0) (22)
Y31 Yo1 Y11 001 Y31 Y32 Y33 001
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2 « —
T-O(Yzlllyllll + /Y5 Vi) + ﬁ(yﬁlyﬁl + YRS = —(YorYar) !

Tk K
(2.3)
2 «Q —
= (Vi3 Yag + BY (5 Yy ) + — (Vi3 Yag + Va5 Vig) = —(Va3Yas) "
TK TK
(2.4)
Y12 = —py?!
for (i,7) € {(1,1);(1,3);(3,1); (3,3)}, ’;2 . " ”
Yii" =Yy +aYj
(2.5)
Y12:_£Y21 lez_jyﬂ
21 T 121 23 T 123 (2.6)
Vi = mr Yy + oYy V3§ = mrYas +aYsy
Y12:_£Y21 lez_jyﬂ
12 T 112 32 T 132 (2.7)
TrY(s =Yy + oYy TrYis = Y3 +aY¥s
7TKY2122 = —%5/2221 (2.8)
Vg = Yoy + 25
AoYao g V11 Yoy + YiaVo3Va1 + Yi3V30 Yoy
— XoYa g 'Y51Y13 — Y11Y30Yo3 — V33ViaYo = 1 (2.9)
2. If ig is even
Z1 Zi2 Zis Tig 0 0 Z33 Zaz Z3 Tig 0 0
Z21 Zaz Zo3 010 Z3g Zog Z12 | = 010 (2.10)
Z31 Zs2 Zss 0 07 Z31 Zo1 Z11 0 0 7
233 ZQ:% ZIQS 1 00 Zh1 Z12 Z13 100
Z32 Zoo Z12 (0 Tig 0) Zo1 Zag Zaz | = (0 Tig 0) (2.11)
Za1 Zo1 Z11 001 Z31 Z32 Z33 001
2 « —
= (Z31 21 + BZHZ) + —- (Z31 211 + 231 Z51) = —(Zan Zon) ™
7TK 7TK
(2.12)
2 « —_
(213233 + BZHZ33) + —- (233 Z33 + Z33.213) = —(Z23 Zaz) "
K TR
(2.13)
z12 — _pz2l
for alli,j € {1,2,3},¢ ¥ b (2.14)

22 _ 711 21
ZZ-]- = Zij + aZij
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3
Yo O] Ziow) = 1 (2.15)
i=1

o€Sym(3)

Proof. Recall that we only write down the case ig odd. Let I be the
ideal in Ox[A3%] generated by those equations. We want to show that
I = ker p;, (see Definition 2.46).

Claim 1. I < kerp;,
Proof of the claim: This can easily be checked equation by equation. For

example, i, (An,Y21) = Xo1, hence @i (Ya1vp,) = Xo1. Hence, 901‘_01 of

the equalities

oo
==}

)

333 Xza Xliﬁ X11 X112 Xi3 1
X32 Xa2 X12 Xo1 Xoo Xo3 | = (8

X31 X21 X11 X351 X32 X33
in K[SUs] gives the equalities

Y3 Y 230n, Yis Y YiaAn, Yis 10
Vg Y32 Vg Y 22Ung Ung Y 12 AngYa1 AngY22Amg AngYos | = (8 (1)

Y1 Y210ng Yu Y31 Y32 ng Y33

{)
0
1

1 0 0 1 0 0
Now, multiplying with (0 A5 Trg+1 0) on the left and <0 Tro+1Vg | 0> on
0 0 1 0 0 1

. 255 2231’”0 213 Y11 Yo Y13 100
the I‘lght, we get Y39 Y221)n0 Y2 )\nOYQl >\7LOY22 >\n0 Yo3 = (0 Tig 0),
Ya1 Yorvn, Y11 Ya1 Y32 Ys3 001
which is Equation 2.2.

As another example, from Equation 2.2, we get in particular
Ys3Yis 4+ 7iyY23Yos + Yi3Ys3 = 0 (2.2,L1C3)
The 11 component of Equation 2.2, 1.L1C3 reads
VRV - YRVE - YEVE - YRVE = —r (VoY)

Now, using V¥ = Y34 + oV and Y, = —3Y3! (and similarly for Yi3),

we get

2(Yay Yig + BV Vig) + a(Yay Yig + Yiy Yag) = —7i (VaY23)
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But note that all coefficients in this equation have valuation greater
, . w2)ifa=0 ,
than or equal to w(m}?) (because w(m}2) = by Defini-
w(a)ifa#0

tion 2.32, and if @ # 0, w(a) < w(2) by Lemma 2.13). Hence we can
divide both sides by ﬂi@ and still have an equation with coefficients in
Ok . Checking the other equations is a similar task. |

Let ) be the closed O -subscheme of A3¢ defined by the the ideal I.
By Claim 1, SUjs is a closed subscheme of ), and we want to prove that
they are equal. The crux of the proof relies on investigating the closed
fibre of the O-scheme 9), or in other words, the scheme 97 over K. As

it will be needed later, we elucidate what 2) O /mi looks like, and then
K

deduce what we want about 2.

Claim 2. @OK/miO is the following OK/mi[%—algebmic group: for any
) K
Ok /m2-algebra R, EDOK/mf,?(R) =

(wﬂ —Bwﬂ) (0 0) <“’}§ _Bw%:%)

21 11 21 11

wiyp Wi 00 Wiz Wiz

11 B .21 11 B .21

Wa1 — 7o Wa1 10 Wo3 — 7 - Wa3 _
( T ) 1)\, o ™% wij € R, wiywsz — wizwzy = 1
Wi1 TKW Wi3 TKWa3

(wé% —ﬁw%) (00 (w%% —Bw§§>
21 11 00

21 11

w3y W3y w33 W3z
2 /11,11 21, 21 o (21, 11 20 11y 11
o (w3iwii + fwiiwiy) + =, (wiiwiy + wijwsy) = —(Wa1w21)
K K
2 /11,11 21, 21 a (21, 11 20, 11y _ (o 11
o (wizwgy + Puwizwys) + o (wizwgs + wizwiz) = —(Wazwa3)

(%)

where the group structure is the one coming from the representation of

elements as forming a 3 X 3 matriz.

Proof of the claim: We have to analyse our equations modulo ﬂﬁg, or in
other words, work in the ring (Ox /m}‘})[YZ’;l] /I. In particular, in view of
Definition 2.32 and Lemma 2.13, we are now working in characteristic 2.

From Equation 2.1, we get Y2:,Y 99 = 1, so that in particular, Yas
and Ygo are invertible matrices. Still from Equation 2.1, we also have
Y99Y39 = 0 = Y55Y 15. Hence, Y33 = 0 = Y9, so that also Yzs = 0 =
Y12. This implies that Equation 2.9 simplifies to

AoYao gt (Y11Y33 — V31 Vi3) = 1
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On the other hand, Equation 2.2 gives Y33Y7; + Y13Y3; = 1. But
Y33 = Y33 and Y13 = Yj3 (which follows from Equation 2.5 and the fact
that the characteristic is 2). Hence, we conclude that A\gYa2 Ay 1'—1, and
hence that Y32 = 1 (using Equation 2.8). Combining what we know so
far with Equations 2.5 and 2.6, we get the claim. |

Let R SLy be the Weil restriction from OL/m%iO to (’)K/m’;% of the

algebraic group SLs. In more concrete terms, for any Ok /mi‘%—algebra

R,
11 21 11 21
(wll _5“’11) (w13 _5“’13)
21 11 21 11
wy; Wiy wiz Wiz

11 21 11 21
wgy —Pwiy w3z —Pwiy
21 11 21 11

w31 W3y W33 Wiz

RSLQ(R) = { | Wi € R}

Claim 3. For any O /m'C-algebra R, there exists a (functorial in R)

group homomorphism

fR: QJOK/mZ}? (R) — RSLQ(R):

11 21 11 21
(wg _5’1”11> (0 O) (w%? _511”113)
1 1
wi; Wi 00 wiz  Wi3 1

21 11 21
11 B .21 11 B _,,21 11 7511}11) (wég’ 76w13)
War T 10y (W23 T W23 wip  Wij wiz  Wi3
21 11 01 21 11 = wll _szl wll —ﬁw21
W31 TKWay ( 31 31) ( 33 33)
11 21
wgy —Bwsz; (
21 11

W3y W3y

W33 TKWa3

0) (w%,é —ﬁw%)
0 21 11

W33 W3z

W3z W33

oo

Furthermore o 1S surjective.
) fOK/mEQ i

Proof of the claim: The map fr is readily seen to be a group homo-
morphism. Let us check that f(’)K /o is surjective. On the left hand
K

side, apart from a determinant-like equation, we have also equations like
11

2 011,11 21, 21 21, 11 21 — 11
— (wzywyy + Bwiiwiy) + Wofo (w3ywyy + wijwzy) = —(Warwar) . But

K K
note that (Wojwa ) = mr(wil)? + (w2)?2. Since squaring is a surjec-

tive map on Ok /mg, we see that for any x € (’)K/mig, there exists

w1, w3t € OK/mf% such that x = 7 (wih)? + (w3)2. The surjectivity
follows. [

Claim 4. The K -group D is smooth of dimension 8, and is connected.

Proof of the claim: Smoothness and the computation of the dimension

over K follows directly from Claim 2. Indeed, one can see directly that



2.4. Local description of the Bruhat—Tits tree 95

the dimension is in between 8 and 12. But the tangent space at the
identity is obviously of codimension 4 in A%, as wanted.

We now prove that )z is connected. We have a morphism

11 11
(wu 0 ) ( ) (w13 0 )
21 , 11 21 , 11
wy Wiy wi3z Wiz

u)11 w21 wll w2} ’LU11 ,wll
e s | () a9 (5479 |- ()

21
11 11

(wgl 01) ( ) (w33 0 )
1 1 1 11

W3y W3] W33 W33

which is surjective. The kernel is

(ev]en}
O OO

oo O
[e]e)

11 21 11
(b8 G (G s) || wit +ui=o0,
(wrro) (89 (ui?)
(w32 = Sudl, (w3 = i

which is clearly a product of connected schemes, hence is connected. So
[+ D% — (SLa)% is a surjective morphism, whose kernel and image are

connected. Hence, 97 is connected. |

Claim 5. We have (SU3)x =Dk, and (SUz);z = D%

Proof of the claim: Over K, we have a composition of closed embeddings
SUs — (SUz)x — Yr. But SUs — Y is clearly an isomorphism,
hence the claim. We now prove the equality of the closed fibre, i.e.
(SU3)%x = V%. Our argument is based on [Ele|]. By Claim 4, 9%
is a smooth irreducible affine K-scheme of dimension 8. But (SUs)z
is a closed subscheme of 97 of the same dimension. Hence (SUjz)% =
2+ Indeed, the K-group scheme )5 is connected (respectively smooth)
by Claim 4, thus irreducible (respectively reduced). Hence K[+ is a
domain. But the kernel of K[97] — K[(SUj)%] is contained in the
nilradical of K[9%] (by Krull's principal ideal theorem), which shows
that K9] — K[(SUs)7] is injective as well (because being a domain,
K[9+#] has in particular a trivial nilradical). |

We can now conclude the proof of Lemma 2.49. We have some closed
embeddings SU; <+ Q) < A3% and by Claim 5, SU; < 2) is an equality
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on fibres. Hence, since (SUs)k is dense in SUs = (SUj)x U (SU3z)%
(because SU; is a schematic adherence, see [BT84a, 1.2.6]), we conclude
that ) is dense in @ = Yx LY as well. In the terminology of [BT84a,
1.2.3], this precisely means that ) is without torsion. But there is a
1 — 1 correspondence between closed K-schemes of A3¢ and closed O-
schemes of A‘ng without torsion (|[BT84a, 1.2.6]). Since (SU3)x = Dk,
this concludes the proof. O

For G = SLy or SUj3, we have just defined an integral model G. We
now check that in each case, G(Ok) = Py.

Lemma 2.50. 1. SL, p(Ok) = R
2. When v =0, SU3(Ok) = Py
3. When v > 0, SU3(Ok) = Py

Proof. 1. When D = K, SL,(Ok) = Morp, (Ok[SL,], Ok) by def-
inition, which is clearly isomorphic to SLa(Ok). The case SL, 1
when [D : K] > 1 is done in the appendix (see Lemma 2.98).

2. Using the fact that Op = Ok @ t.Og (where t € Op, is as in
Lemma 2.13), one can check that Morp, (Ox[SUs],Ok) = {g €
SL3(01) | ®gg = 1d}, as wanted.

3. This has already been proved in Lemma 2.48. O

We now spell out what the group G(Og /m},) is, together with the
homomorphism p,: Py — P(? ™

Lemma 2.51. 1. SLy(Ok/m}) = Pg’r. Following the identifications

SiLQ(OK) %SLQ(OK) =P

l l

SLy(Ok /)= SLy(Ok /mi) = PO

the homomorphism p,.: Py — Pg’r 1s the one induced by the projec-
tion of the coefficients Og — O /m.
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2. More generally, for D a central division algebra of degree d over
K, SLy p(Ok /mY) = Pg’Td, Following the identifications

SL, p(Ok SLy(Op) = Py

l |

SLy (O /my3SLy (Op fmid) = RO

the homomorphism prq: Py — P(?’Td 1s the one induced by the pro-
jection of the coefficients Op — (’)D/m?)d.
1 if L is unramified
3. When v =0, let e = . SU3(Og /mi,) =
2 if L is ramified

Pg’ET. Following the identifications

SU5(Ok) =Py < SL3(Op)

L

SU,(Ok /mife)= PY" < SLy (O, /mS)

the homomorphism pe.: Py — Pg’er is the one induced by the pro-
jection of the coefficients O, — Or,/m{".

4. When v > 0, there exists a surjective homomorphism of groups
Sj;;,(@;dmi%) —» Pg’%o. For r < 2ig, we thus have the following

diagram

SU;(Ok) =Py < SL3(L)
[
SU, (O /mig )Py = SLa(Op, /m7")
¥
" = SLy(Op /mi)
where fo is induced by the ring homomorphism OL/m%io — Op/m7.
The resulting homomorphism p,: Py — PS’T 1s given by the follow-

g formula:

fao fi: Py < SL3(L) — SLa(Op/m})
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gi1 gi12 913
(921 922 923) — (p(g”) p(g13)>
931 932 933 p(931) p(933)

(where p: O, — O /m’ denotes the projection modulo m7).

Proof. 1. By definition, SLy (O /m}) = Morp, (Ok[SL,], Or /m}),
which is clearly isomorphic to SLa(Og /mf.), as wanted.

2. This is treated in the appendix (see Lemma 2.98).

3. Using the fact that if L is unramified (respectively L is ramified),
Or/m} = Ok /mh ®t.O /m} (respectively Or/m?" = O /mi @

t.Ok /mi.), one can check that

Moro, (Ok [SUs], Ok /m) = {g € SLs(Or/m) | “gg = 1d}

(respectively

Moro, (Ok[SUs], Ok /mf) = {g € SL3(Or/m7") | *gg =1d})
as wanted.

4. Recall the definition of the Weil restriction R SLs of SLo from
Or/ m%o to O /m2 that we discussed before Claim 3 in the proof
of Lemma 2.49. Note that R SLa(Of/m'2) 2 SLy (O, /m%b). Now,
the existence of a surjective homomorphism SU3(Og /m32) — Pg "

was proved in Claim 3. O

Our work on integral models, and especially the fact that they are
smooth schemes over Ok, allows us to deduce the surjectivity of Py —
Pg " For this, we use a well-known generalised version of Hensel’s lemma

for smooth schemes, that we now recall.

Theorem 2.52 (Hensel’s lemma for smooth scheme). Let X be a smooth
Ok-scheme and r1 > ro € NU{oo}. Then X (Og/m}) — X(Ok/m’2)

is surjective (where by convention, m = (0)).

Proof. It suffices to prove that for all » € N, X(Og) — X (O /mY) is
surjective. For r = 1, this is [Gro67, Théoréme 18.5.17]. In the general
case, note that as remarked below [Gro67, Définition 18.5.5], (S, Sp)

is a Henselian couple if and only if (Syeq, (S0)reqd) is so. We deduce
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that (Spec Ok, Spec Ok /m’;) is a Henselian couple. Thus the proof of
Théoréme 18.5.17 applies verbatim to our situation, upon making one
change: replace the reference to 18.5.11(b) to a reference to 18.5.4(b)
(taking S = Spec Ok and Sy = Spec O /m, in the notation of 18.5.4).

O

Corollary 2.53. 1. In the SLo(D) case, let d be the degree of D over
K. The map p,: Py — P(?’Td 1s surjective, for all r € N.

2. In the SUs case when v =0, the map per: Py — Pg’er s surjective,
for all v € N (where € = 1 if L is unramified, and ¢ = 2 if L is
ramified).

3. In the SUs case when v > 0, the map p,: Py — P(?’T 18 surjective,
for all r € N such that r < 2ig.

Proof. In each case, this is a direct consequence of the commutative
square involving Py — P(? " given in Lemma 2.51, together with the fact
that the integral model is smooth, so that Theorem 2.52 applies to the
left hand side of the diagram.

In the SUs case when v > 0, we furthermore have to argue that the
map fo appearing in Lemma 2.51 is surjective, but this is just another

instance of Hensel’s Lemma (Theorem 2.52) in the SLy case. O

Remark 2.54. In the SUj3 case when v = 0 and L is ramified, we did
not prove that the map p,: Py — PO0 " is surjective when r is odd. We
did not take the time to investigate further whether such a surjectivity

holds, since we do not need it.

Along with the surjectivity of the restriction map p,: Py — Pg " one
of the key result in our local description of the ball of radius r is that p,
is also somehow injective enough. This result can be seen as a natural
generalisation of [BT84a, Corollaire 4.6.8].

Lemma 2.55. Let r € N.

1. In the SLy(D) case, let x € [—w(ngg),w(ﬂ;g)]_ Then p;dl(PS,rd) c
P, (where d is the degree of D over K).



100 2. Chabauty limits of algebraic groups acting on trees

2. In the SUs case when v = 0, let € [—w(n{"),w(n])]. Then
p;}(PxO’GT) C P, (where € = 1 if L is unramified, and € = 2 if L is
ramified).

3. In the SU;3 case when ~v > 0, assume that r < 2ig, and let © €
[—w(}),w(nh)]. Then pyY(PY") C Py

Proof. In the SLy(D) case (respectively the SU3 case when v = 0), be-
longing to pr_dl(Pg(;)’rd) (taking d = 1 in the SUjs case) implies that the
valuation of the off diagonal entries are big enough. Hence, the result
follows directly from Definition 2.12 and Definition 2.18.

In the SU3 case when v > 0, let g € p;l(P;g’r). We want to show
that g € P,. We can assume that z € [0,w(n] )], the argument when x
is negative being similar.

By assumption, we know that w(gs1) > =, and we want to show that
this implies w(g21) > 5 + v and w(gsz) > § — . Since g € SU3(K),

©iy(g) € SU5(Ok). In particular, the coefficients of g satisfy

%(géigﬂ +Bgzigh) + %(gﬁgﬂ +o11g31) = — (@7, 2"

Note that (g9,921)'! = (g3} + ag3}) gt + B(g31)?, an that Tigl is just
multiplication by 7. Also recall that if o = 0, w(2) = w(7}) = 27,
while if @ # 0, w(a) = w(7) = 2y + w(rr) (see Definition 2.15 and
Definition 2.32). Furthermore, if @ # 0, w(a) < w(2) by Lemma 2.13.

Hence, we get
w((g21 + agat)gat + B(g31)?) = 2y + 2

But w((g31 + ag3i)gat + B(931)?) = min{w((g31)%);w(B(931))} =
2w(ga1), so that w(ge1) > v + 3, as wanted.

Finally, using again that g € SU3(K), we also find g21G33 + 922732 +
923931 = 0. By Claim 2 of Lemma 2.49, if iy is odd (respectively even)
)\;Ol g22)\n, (respectively goo) is equal to (4 9) modulo mi%. Thus g99 is in
particular of valuation 0. Hence, we get that g3, is of the same valuation
than ¢21G33 + 92375;. Since g € Py, w(gs3) > 0 < w(ga3), and we know

that w(gs1) > > § < w(go1). This concludes the proof. O
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We arrive finally at our main result, which is that the ball of radius
rd (respectively r), together with the action of SLa(Op) (respectively
SU3(Ok)), is encoded in Pg’rd (respectively PS’T). Let us first state our
definition of the ball of radius r.

Definition 2.56. Let G be SLa(D) (respectively SUg/K(K)). Let m =

mp and d = /[D : K] (respectively m = 7, and d = 1). The ball of

radius rd around 0 € R is
Bo(rd) = {{(g.2)]o € T | x € [~w(n"),w(x"?)] C R, g € Py}

Remark 2.57. Recall that the map By(rd) — Z: [(g,x)]o — [(g, )] is

an equivariant embedding by Lemma 2.27.

The following result explains why we call By(rd) the ball of radius
rd.

Lemma 2.58. In the SLa(D) case (respectively the SU3(K) case), let
m =7p and d = /[D : K] (respectively m = wr, and d = 1). Let us
identify Bo(rd) with its image in T under Zo — Z. Renormalise the
distance on R so that dg(0,w(m)) = 1, and put the metric dz on T
arising from the distance dgr (see Remark 2.22). Then By(rd) = {p €
T | dz([1d, 0], p) < rd}.

Proof. Looking at the embedding R — Z: x — [(Id,x)], it is easy to
identify which x € R are vertices of the tree Z. Indeed, x € R is a
vertex of Z if and only if P, strictly contains P,;. (where ¢ is a real
number such that |¢| < w(m)). From our description of Py, one readily
check that z € R is a vertex of Z if and only if x € Z .w(7) = w(7?).
Now, if [(g,z)] € Bo(rd), then dgr (0, z) < rd by our normalisation of the
distance on R, while if dz([(Id,0)],[(g,x)]) < rd, then (g,z) ~ (Id,y)
with dr(0,y) < rd, so that [(g,z)] € Bo(rd), as wanted. O

Theorem 2.59. Let r € N. Depending on cases, we assume the follow-

mng:

1. In the SUs case when v = 0 and L is ramified, we assume that r

1S even.
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2. In the SUs case when v > 0, we assume that r < 2ig.

Also, let d = \/[D : K] in the SLa(D) case (respectively d = 1 in the
SUs case). The map Bo(rd) — I%: [(g,2)]o = [(pra(g),2)]""™ is a
(pra: Po — Pg’rd)—equivam'ant bijection.

Proof. It is readily seen that the given map is well-defined.

e Injectivity: let [(g,2)]o, [(h,y)]o € Bo(rd) be such that they have
the same image in Z0"¢. By Remark 2.37, it means that for all
7 € NO such that v(7)(z) = y, pralg) ‘pra(h)i € PO So,
we can assume that n is either equal to Id, or is of the form
(% 3) (respectively <§ {))1 é)) in the SLg(D) case (respectively
the SU3 case). Hence, there exists n € N such that p,q(n) = n.
But v(n)(z) =y, and g~ thn € p;dl(P;g’rd) C P, by Lemma 2.55.
Hence, [(g,x)]o = [(h,y)]o, as wanted.

e Surjectivity: follows directly from the surjectivity of p.q: Py —
Py (Corollary 2.53).

e Equivariance:

h[(gv IE)]() - [(hgv x)]O = [(prd(hg)7 x)](),rd - prd(h>'[(prd(g)7 x)]O,rd
O

2.5 Convergences on the arithmetic side

2.5.1 The topological space of quadratic pairs of local
fields

Definition 2.60. Consider the set of pairs of local fields (K, L) where

either
1. K = L (equipped with the trivial conjugation action).
2. L is a separable quadratic extension of K.

We say that a pair (K, L) is trivial (respectively ramified, respectively

unramified) if L = K (respectively L is quadratic ramified, respectively
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L is quadratic unramified). We also use those adjectives for L, when the
pair under consideration is implicit. Furthermore, we freely amalgamate

the notions of local fields and trivial pair of local fields.

Remark 2.61. Strictly speaking, a trivial extension of a local field is
both ramified and unramified, but we nevertheless adopt the above vo-

cabulary to be able to easily differentiate the three kinds of pairs.

Definition 2.62. We say that two pairs (K7, L) and (K3, Ly) are iso-
morphic if there exists a conjugation equivariant isomorphism between
the two pairs. Let £ be the set of pairs of local fields as in Defini-

tion 2.60, up to isomorphism. For each prime p, let us also define
Ly ={(K,L) e L ||K|=p"}.

Following an idea dating back to Krasner (see [Del84]| for references,

this idea is also used in e.g. [Kaz86|), we define a metric on the space L.

Definition 2.63. Let (K1, L) and (K2, L2) be in £. The conjugation
induces an automorphism of Op, /mzi, for any » € N. We say that
(K1, Ly) is r-close to (K3, Ly) if and only if there exists a conjugation
equivariant isomorphism O, / my — O, / m7  inducing an isomorphism
Ok, /(m}, NOk,) = Ok, /(m7, N Ok,).

Remark 2.64. If L is unramified or if the residue characteristic is not
2, a conjugation equivariant isomorphism Op, /m} — Op,/m}  always
induces an isomorphism Of, /(m}, N Ok,) = Ok,/(m7, N Ok, ), since
in those cases, Ok, /(m7 N Of,) is the invariant subring of Of, /mf .

We do not know if it still holds in the ramiﬁgd and residue characteristic

mgg] if Ly is ramified

2 case. Also note that (m} NOk,) = !
oo . .

my if Ly is unramified

Remark 2.65. Note that being r-close is an equivalence relation, and

that if » > [ and (K7, L;) is r-close to (K3, L2), then (K7, L;) is I-close

to (KQ, LQ).

We now observe that this notion of closeness induces a metric which

is non-archimedean on £. Let d: £ x £ — R>¢ be defined by

1
d((Kl,Ll), (KQ,LQ)) = 1nf{27 | (Kl,Ll) is r-close to (KQ,LQ)}
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Lemma 2.66. d(.,.) is a non-archimedean metric on L.

Proof. 1t d((K1, L1), (K2, L)) = 0, then O, and Or, are equivariantly
isomorphic. But then, the pairs of field of fraction are isomorphic in £, as
wanted. The fact that this distance is non-archimedean is a consequence
of Remark 2.65. ]
Remark 2.67. With this definition, if d((K1,L1), (K2, L)) < 3, then
Ly is unramified if and only if Lo is unramified. In other words, un-
ramified pairs are always at distance 1 from other kind of pairs. This is
because L is unramified if and only if the conjugation action is non-trivial

on the residue field.

A crucial fact about the space L, (for a fixed prime power p”, as
in Definition 2.62) is that it is a compact space. As was outlined in the
introduction, this is one of the key observation to prove that S%S'alg is
closed in Sp. In fact, it is even possible to give an explicit description
of the metric space Lyn. It takes some time to establish this explicit
description, but it only uses basic facts from the theory of local fields.
The corner stone in this description is Theorem 2.68 which is certainly
well known to experts (this is for example used implicitly in [Kaz86]).
While working on this chapter, we learnt that it had also been obtained
and used independently in [dT15, Lemma 1.3]. Given its importance, we

decide nevertheless to include our own proof.

Theorem 2.68. Let K be a totally ramified extension of degree k of

Qpn. The distance between K and Fpn (X)) is 2% More explicitly, let

{az}zer,n C Qpn be a set of representative of K. Then the bijection
Ort O = Fpu[X]
o0 oo
Z A, T Z z; X'
i=0 i=0

(which depends on a choice of uniformiser of K) induces an isomorphism

of ring

Pret O /mic = Fipn [X]/(X*)
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Proof. Let {ax}xern be a set of representative of K. Since Qyn <
K, we can choose the a;’s so that they all lie in Q,n. Now, we have
(ag + ay) — g4y € (p) and (agay) — azy € (p). But also, since K
is totally ramified, (p) = m&.. Hence, this implies that the map @
(which is always a bijection, by the general theory of local fields) is a
homomorphism modulo m% and (X*).

To conclude that K and F,n((X)) are at distance 5%, it suffices to

2k
observe that Ok /m];;rl is not isomorphic to Fyn[X]/(X*!). But this
P
is clear, since p ¢ m"! hence 321 # 0 in O /mh. O
i=1

We need a series of variations on Theorem 2.68, that we now state

as corollaries.

Corollary 2.69. 1. Let K be a totally ramified extension of degree k
of Qpn, and let L be the unramified quadratic extension of K. The

distance between (K, L) and (Fyn (X)), Fp2n (X)) is 2%

2. Let K be a totally ramified extension of degree k of Qpn, where p
s an odd prime, and let L be a ramified quadratic extension of K.
The distance between (K, L) and (Fyn (X)), Fpr (VX)) is 2%

3. Let Fou(X)[T]/T? — T + X be a separable quadratic ramified ex-
tension of Fon (X)), with a € (X). Let K be a totally ramified
extension of degree k of Qan, and let pr,: O — Fan[X] be the
bijection defined in Theorem 2.68. Finally, let a = (p;; () € Ok.
Then (K,K[T]/T? — aT + 7k) is 2k-close to the ramified pair
(Fon (X)), Fon (X)[T]/T? — oT + X).

Proof. 1. As in the proof of Theorem 2.68, let {(Ix}xeppn be a set of
representative of K such that a, € Qpn, for all x € Fyn.

Since unramified extensions correspond to extensions of the residue
field, there exists a, 8 € F» such that

L= K[T)/T? - a,T +ag

Fyn (X)) = Fyn (X)[T]/T2 — aT + 3
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Observing furthermore that

C’)L/mlz = OK/m’;( @t.OK/m’}{

Fyon [X1/(X*) = Py [X]/(X*) & 0.Fyn [X]/(XP)

it is clear (in view of Theorem 2.68) that (K,L) is k-close to
(Fpn (X)), Fp2n (X))
To conclude that the distance is 2% it suffices to note that if (K, L)

and (Fpn((X)),Fp2n (X)) were r-close for » > k, then K and
F,» (X)) would be r-close as well, contradicting Theorem 2.68.

. First note that by Lemma 2.13, there exists a uniformiser 7 € K

such that L & K[T]/T? + 7k (since we avoid by assumption the
residue characteristic 2). Also note that for any uniformiser g €
Fyn (X)), the pair (Fyn (X)), Fpn (X))[T]/T? + B) is isomorphic to
the pair (Fyn (X)), Fpr (VX)) (so that despite appearances, there
is only one ramified pair on Fy»((X))).

Since

OL/m%k = OK/ITII;( EBt.OK/ml[C(

Fo [VX]/(VX ) 2 Fpu [X]/(X*) @ VX Fp [X]/(X")

it is clear (in view of Theorem 2.68) that (K, L) is 2k-close to
(Fpr (X)), Fpr (VX))).
To conclude that the distance is g it suffices to note that if (K, L)

and (Fyn (X)), Fpn (VX)) were r-close for r > 2k, then K and
F,n (X)) would be [5]-close as well, contradicting Theorem 2.68.

. The ingredients are similar than for the previous assertions: by

Theorem 2.68, Ok /mk. = Fou[X]/(X¥). Observing that for a
ramified quadratic extension L = K[t] of K, we have O /m%" =
Ok /my @ t.0Ok /mi., we directly obtain the conclusion. We could
also easily conclude that the distance is 2%, but we do not need

this information. O

We also need two further results in the residue characteristic 2 case.
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Lemma 2.70. 1. (Fon (X)), Fon(X)[T]/T? — X'T + X) is at dis-
tance % from Fan ((X)).

2. Any separable quadratic ramified extension of Fon (X)) is of the
form Fon(X)[T])/T? — T + X, for some non zero a € (X).
Also, given i € N, there are only finitely many extensions (up
to isomorphism) of the form Fon(X))[T]/T? — aT + X where a €
(XN (X,

Proof. 1. To simplify notations, let L = Fon (X))[T]/T? — X'T + X.
Observe that the conjugation action is trivial on Or/ m%, so that
Op/m% = Fou [X]/(X?) @ VX .Fau[X]/(X?), with trivial conju-
gation action. Hence, (Fan (X)), Fon(X)[T]/T? — X'T + X) is
2i-close from Fan ((X)). Now, the conjugation action is non-trivial

on OL/m%iH, so that the distance is #

2. By Lemma 2.13, any quadratic ramified extension is of the form
Fou (X)[T]/T? — aT + B, where 8 € (X) \ (X?) and a € (X).
Now, because Fan (X)) has many isomorphisms, such an extension
is always (equivariantly) isomorphic to an extension of the desired
form. For the last statement, mimicking the proof of [Lan94, Chap-
ter 11, §5, Proposition 14|, the finiteness follows directly from the
compactness of (X?)\ (X1). O

As in the introduction, let N denote the one point compactification
of N.

Proposition 2.71. Let p be an odd prime number. Then Ly» is home-

omorphic to N x {1,2,3}. On the other hand, Lon is homeomorphic
2

to N . Furthermore, in Lon, the set of unramified pairs form a clopen

subset homeomorphic to N.

Proof.

Claim 1. Let K be a local field. If |[K| = p", then K is a totally ramified

extension of Qpn, or it is isomorphic to Fpn (X)).

Proof of the claim: By the classification of local fields, K is either a

finite extension of Q,, or isomorphic to Fy»((X)) for some prime power
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p". Since Fyn((X)) = Fpn, the latter case is clear. For the first case,

K = Fpn if and only if the maximal unramified subextension of K is
Q. |

Claim 2. Let (K, Ly) and (Kj,L;) be trivial pairs (respectively un-
ramified, respectively ramified and of residue characteristic not 2). As-
sume that Ky, and K; are totally ramified extension of Qpn such that
[Ki : Qpr] = k < [K; : Qpn] = 1. Then the distance between (K, Ly)
and (Kj, Ly) is 2%

Proof of the claim: We observed in Lemma 2.66 that £ is a metric space
which is non-archimedean, and hence every triangle is isosceles. Thus,
the distance between (Kj, L) and (K7, L;) is either 2% or % (taking in
each case as a comparison point the corresponding pair in positive char-
acteristic, and using Theorem 2.68, or Corollary 2.69). But in the latter
case, since being [-close is an equivalence relation, we would conclude
that (K, Ly) is l-close to Fyn (X)), which would contradict Theorem 2.68

or Corollary 2.69. |

Claim 3. There are only finitely many totally ramified extension of de-

gree < k of a local field of characteristic 0.

Proof of the claim: This is just a well-known corollary of the so called
Krasner’s Lemma. A proof of Claim 3 can be found in [Lan94, Chapter II,
§5, Proposition 14]. |

Claim 4. Let (K,L) € Lyn. If K is of characteristic 0, the pair (K, L)

is isolated in Lyn.

Proof of the claim: Since unramified pairs are at distance 1 from other
kind of pairs, it follows from Claim 2 and Claim 3 that unramified pairs
of characteristic 0 are isolated in Lyn.

When p is an odd prime, ramified pairs are at distance % from trivial
pairs, and there are only 2 different quadratic ramified extension of a
given local field (since p is odd) hence the result follows again from

Claim 2 and Claim 3 in this case.
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Finally, when p = 2, let (K, L) be a trivial or ramified pair of charac-
teristic 0 belonging to La». By definition, if (K, L) is r-close to (K, L),
then K is [§]-close to K. Hence, by Claim 2 for trivial pairs, (K, L)
is isolated from pairs (K, L) where K is either of characteristic 2, or
[IE' : Qan] # [K : Qon]. But there are only finitely many pairs (K, L)
with [K : Qan] = k by Claim 3. Hence, the conclusion. |

Claim 5. L,» is a countable space.

Proof of the claim: By Claim 3, there are only countably many pairs
of characteristic 0. For pairs of positive characteristic, if p is odd, there
is only one pair of each type (recall that we consider pairs up to iso-
morphism). If p = 2, there is one trivial pair and one unramified
pair, and there are countably many ramified pairs of characteristic 2
by Lemma 2.70. |

We are now able to deduce the homeomorphism type of L,»: for p any
prime, the unramified pairs are isolated from other kind of pairs in Lyn.
Furthermore, unramified pairs of characteristic 0 are isolated by Claim 4,
and the unramified pair of positive characteristic is an accumulation
point by Corollary 2.69. Hence, by [MS20, Théoréme 1|, unramified

pairs account for one disjoint copy of N.

When p is odd, trivial pairs (respectively ramified pairs) are isolated
from ramified pairs (respectively trivial pairs), the characteristic 0 ones
are isolated by Claim 4, and the unique pair of positive characteristic is
an accumulation points by Theorem 2.68 and Corollary 2.69, so that we

obtain two more disjoint copies of N.

Finally, when p = 2, since pairs of characteristic 0 are isolated by
Claim 4, the first Cantor Bendixson derivative E;)

of positive characteristic, and L’g}) contains all of them by Corollary 2.69.

Also, by Lemma 2.70, ramified pairs are isolated in ES}, and the trivial

contains only pairs

pair Fan (X)) is an accumulation point in Eé}b). So that again by [MS20,
Théoréme 1], we get the result. O
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2.5.2 The topological space of division algebras

In Section 2.5.1, we studied convergence in the space L of pairs of local
fields. This subsequently allows us to conclude convergence in a corre-
sponding Chabauty space (see Theorem 2.78), in the case of quasi-split
(absolutely simple, simply connected) algebraic groups of rank 1 (i.e. in
the SLa(K) case and the SUj3 case). It turns out that groups of the form
SLo(D) with [D : K] > 1 do not converge to quasi-split groups in the
Chabauty space, and hence we can treat arithmetical convergence for
division algebras separately from arithmetical convergences of pairs of
local fields.

Definition 2.72. Let D be the set of finite dimensional division alge-
bras D over a local field K, up to isomorphism. Let also Dy» = {D €
D | ID| = p"}. As in Section 2.5.1, we say that D; is r-close to Dy if

and only if there exists an isomorphism Op, /m}, — Op,/mp, .

Again, this notion of closeness induces a non-archimedean metric on

D, by defining
gL .
d: DxD — Rxp: d(D1,Ds) = mf{y | Dy is r-close to Dy}

It is then quite straightforward to work out the homeomorphism type
of Dpn .

Proposition 2.73. Let p be a prime number. Then Dyn is homeomor-
phic to N x {1,...,n}.

Proof. Let D € Dyn. By Definition 2.89, D is isomorphic to the cyclic
algebra (E/K,o", 7k ), where [F : K| = d divides n, r € (Z/dZ)* and
K| = pd. Furthermore, it is easily seen that if D; = (E; /K, o TK,)
is 2-close to Dy = (E9/Ky,0"™, 7k, ), then [Ey : K| = [Ey : Ks| and
r1 = To.

Using Theorem 2.68 and the explicit description of central division
algebra given in Appendix 2.B, we see that a point in Dy~ is isolated if
and only if the corresponding division algebra is of characteristic 0 (see
also [dT15, Theorem 1.2|). Finally, Dy~ is a countable space, and it is

readily seen that the number of positive characteristic division algebras
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in Dpn is equal to ZI: |(Z/dZ)*| = n. Hence, the result follows from
d|n
[MS20, Théoréme 1]. O

2.6 Continuity from local fields to subgroups of
Aut(T)

Definition 2.74. Let (K,L) € L.
1. If (K, L) is trivial, we associate to it the group SLa(K).

2. if (K, L) is ramified or unramified, we associate to it the group

SULE (k).

The associated group is denoted G r). Similarly, we associate to D €
D the group Gp = SLa(D) (note that if D = K, the two definitions

coincide).

Proposition 2.75. Let (K1, L1) and (K2, L) be two elements in L that
are r-close, with r > 1. Let G; be the algebraic group associated with
(K;,L;). Then (Pg’r)gl = (Pg’r)GQ, and Ig’f is equivariantly in bijection
with Ig;, except when (K1, L1) is a ramified pair and (K2, Lo) is trivial.
In this latter case, (Pg’rfl)gl = (Pg’rfl)GQ, and Ig’ffl is equivariantly

i bijection with Ig’;_l

Proof. We prove it on a case by case analysis.

12

1. When the pair are both trivial, the isomorphism O, /m}“(1
Ok, /mf, induces an isomorphism ¢: (Pé)’T)G1 =8SLa(Ok, /my ) =
SLa(Ok, /my,) = (Pg’r)GQ. Define a linear map f: R - R: z —

:E:;if; It is clear that for all z € [—w(ﬂ’rKl);w(ﬂ‘;{I)], ¢ restricts

,T

to an isomorphism (P2")q, = (PJ?(x))GT Furthermore,

‘P(TO7T)G1 = <T07T>G2
(P(MOW)CH - (MO’T)Gz

and for all n € N7, f(n.z) = ¢(n).f(x). Thus, the map Ig’f —
Ig’;: [(9,2)]% = [(¢(9); f(2))]% is a p-equivariant bijection.
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2.

When the pair are both ramified of both unramified, the argument
is the same than for the previous case: the conjugation equivariant

isomorphism Op, /m} = Op,/m}  induces an isomorphism ¢

SL3(Or, /m},) = SL3(Or,/m},)
Vv v
(Py")a —5— (P )as

Define a linear map f: R - R: z — azzgi?; It is clear that for all
1

r € [~w(rp, );w(ny, )], ¢ restricts to an isomorphism (PP,

~

(PJ?&Z) )G, Furthermore,

‘P(Tom)Gl - (TO’T)Gz
(M*")g, = (M°")q,

and for all n € N%", f(n.z) = ¢(n).f(x). Hence, the map Igf: -
Ig;;"; [(9,2)]%" = [(¢(9); f(2))]° is a p-equivariant bijection.

. Recall that unramified pairs are isolated from pairs of other types,

and that ramified pairs in residue characteristic not 2 are at dis-
tance % from trivial pairs. Since we assume that r > 1, there
just remains to examine the case when a trivial pair is r-close to a

ramified pair in residue characteristic 2.

Without loss of generality, (K7, L;) is the ramified pair. Let t € L;
be such that t*> = at — 3, where t,a and 8 are as in Lemma 2.13.
Since (K1, L) is r-close to (K2, La) and (K2, L) is a trivial pair,
in particular the conjugation is trivial modulo m7 . Hence, if o # 0
(respectively if a = 0), w(2) > w(a) = w(72) > w(n}) (respec-
tively w(2) = w(m'%) > w(r7 1)), so that we have r — 1 < 2ig, as
needed to apply Definition 2.33 to r — 1.

That being said, we can proceed as for the other cases: the iso-
morphism Oy, / mgl =0,/ ngl induces in turn an isomorphism
o1 (Py" N, = SLa(Or, /miY) 2 SLy(Op, /mi ") = (B Ve
Define a linear map f: R — R: 2z — :z:w(mfg. It is clear that

w(my,

for all z € [—w(ﬂzzl);w(wgl)], ¢ restricts to an isomorphism
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(Pgm—l)Gl o (PJ?&;)_I)GT Furthermore,
(T N, = (T g,
P(M* N, = (M* g,

and for all n € N1 f(n.z) = ¢(n).f(x). Hence, the map
Ig’ffl — Igi;*l: [(g,2)]°" = [(©(9); f(2))]%" is a p-equivariant
bijection. O

Proposition 2.76. Let Dy and Dy be two elements in D that are rd;-
close, with v > 1 and with di = +/[D1 : K1]. We have \/|Dy : K1] =
V[D2 : K9] = d. Let G; be the algebraic group associated with D;. Then
(PY™Ng, = (PP, and Ig;:d is equivariantly in bijection with Ig:;d.

Proof. The proof is the same than the proof of Proposition 2.75. The

isomorphism Op, /mg’l1 = Op, /m"Dd2 induces in turn an isomorphism

P (P(?’Td)Gl = SL?(ODl/mgll) = SL2(0D2/m7512) = (P(?md)Gz' Define

ZE:E; It is clear that for all z €
rd

[—w(w”bdl); w(ﬂ'TDdl)],  restricts to an isomorphism (Pg?’rd)g1 = (P}J(x))GT

a linear map f: R - R:x — «x

Furthermore,

(P(Tomd)GH = (TO’Td)G2
(P(Mo,rd)cl _ (MO,rd)G2

and for all n € NO’Td, f(n.x) = o(n).f(x). Hence, the map Ig‘fd -
Ig;‘d: [(973;')]0’Td = [(e(9); f(a;))]o’rd is a w-equivariant bijection. O

We can finally go back to our original problem, which is to study
convergence of algebraic groups in the Chabauty space of Aut(7"). We
first discuss the homomorphism G — Aut(7") (for G equal to SLa(D) or
SUy/ " (K)).

Proposition 2.77. Let G be either SLy(D) or SUs(K), and let T be
its associated Bruhat-Tits tree (Definition 2.21). The induced homomor-
phism ~: G — Aut(Tg) is continuous with closed image, and the kernel

1s equal to the center of G.
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Proof. In each case, the group P, is really the stabiliser of [(Id,z)] € Z
(see Remark 2.22). Since a basic identity neighbourhood in Aut(T) is
given by intersecting finitely many vertices stabilisers, the continuity fol-
lows. The fact that the image is closed follows from the general argument
in [BM96, Lemma 5.3|. Finally, the kernel can also be seen directly from

the explicit description of P,. Indeed, if g is in the intersection () P,
zeR
then g is diagonal. But also, the conjugation action of g on root groups

needs to be trivial, so that g is in the center of G. Conversely, the center

of G clearly acts trivially on Z, which concludes the proof. O

The convergence is then a more or less direct consequence of Theo-
rem 2.59.

Theorem 2.78. Let ((K;, L;))ien be a sequence in L which converges
to (K,L). Let T =T 1y (respectively T; = Tk, .,)) be the Bruhat-Tits
tree of G = Gk, (respectively G; = Gk, 1,))- For N big enough and
for all i > N, there exist isomorphisms T; = T such that the induced
embeddings G; < Aut(T) make (G;)i>n converge to G in the Chabauty
topology of Aut(T).

Remark 2.79. The convergence depends on a choice of specific isomor-
phisms T; = T, or in other words it depends on choosing how G, sits
in Aut(7"). This dependence is not problematic since for two isomor-
phic closed subgroups H, H' of Aut(T') both acting 2-transitively on 9T,

I = H' where ¢ is

there exists ¢ in the fixator of eg such that gHg™
any edge of T' (see [Rad15, Proposition A.1], and recall also that H acts
transitively on the edges of T"). Hence, for other choices of embeddings,
the sequence converges to a conjugate of G in Aut(T). Recall also that
we introduced the space St in the introduction precisely to avoid this

dependence.

The main step of the proof is to establish that the sequence of sta-
bilisers ((Py)g,)i>n converges to the stabiliser (Py)g in Aut(T). From

there, we can conclude that (éz)zz N converges to G from general theory.

Proof. As we recall in the introduction, the Bruhat—Tits tree T is regular

of degree p"+1 (respectively semiregular of degree (p>*+1; p™+1)) if the
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pair (K, L) is trivial or ramified (respectively unramified) and belongs
to Lpn. This shows that there exists IV such that for all i > N, T; = T

Passing to a subsequence, we can assume that (K;, L;) is (2i 4+ 1)-
close to (K, L). We now define an explicit isomorphism f;: T; = Zg, —
I =T as follows: let Ig’?i = Igj% be the isomorphism given by Proposi-
tion 2.75. By Theorem 2.59, this gives an isomorphism on balls of radius
2i: I, D Bo(2i) = By(2i) C Zg (recall that by Lemma 2.58, By(2i)
is really the ball of radius 2i on the tree Zg). As Zg, is a semiregular
tree of the same bidegree than Zg, we can extend this isomorphism of
balls to an isomorphism f;: Zg, — Zg (this extension is of course not
unique, but we choose one such). By means of f;, we get an embedding
Gi — Aut(T).

We claim that ((Py)g,)ien converges to (Py)g. Proving this claim

amounts to prove two things (according to [CR16, Lemma 2.1]).

1. Let (h) be a sequence such that h; € (Py)q,, and assume that h;
converges to h in Aut(T’). We have to show that & € (Py)q. For all
i, let h; € (Py)q, be an inverse image of h; under” : G; — Aut(7T).
Let ki = pai(hi) € (Py*)a;. Let goi: (Py™)a, = (Py™)g be
the isomorphism given in Proposition 2.75. By Corollary 2.53,
there exists h; € (Py)g which is an inverse image of @9;(h;) un-
der po;: (Po)g — (P(? 2N a. Now, because all the identifications
were equivariant, the action of &; on the ball of radius 2i around
0 is the same than the action of h; on this ball. Hence, (l:zl) con-
verges to h as well. But (Py)¢ is a closed subgroup of Aut(T) (by
Proposition 2.77), hence h € (Fy)q, as wanted.

2. Conversely, given an element b € (Po)g, we have to find a sequence
(hi) of elements in (Py)q, such that h; converges to h € Aut(T).
It suffices to follow the path of identifications in reverse : let h be
an inverse image of h under " : G — Aut(T). Let h; = pai(h) €
(1’3(?722')5;7 and let po;: (P(?’%)G o (Pg’zi)gi be the isomorphism
given in Proposition 2.75. For all i, let h; be an inverse image
of woi(h;) under po; : (Py)g, — (P(?’Qi)g

lary 2.53. Now, because all the identifications were equivariant,

which exists by Corol-

7

the action of h; on the ball of radius ¢ around 0 is the same than
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the action of h on this ball. Hence, (iLZ) converges to h, as wanted.

Finally, from the convergence of ((150)6; )i>N to (P())G, we can formally

deduce the convergence of (G);>y to G. Indeed by [CR16, Theorem 1.2],
(éz)zz ~ subconverges to a topologically simple group H. But since
((Po)a,)i>n converges to (Py)a, H has an open compact subgroup iso-
morphic to (Py)q. Hence, by [CS15, Corollary 1.3, H is algebraic. And
hence, by [Pin98, Corollary 0.3], H = G. Since by the same argument,
any subsequence of (G;);>n subconverges to G, we conclude that (G;)i>n

converges to G. 0

Similarly, we can prove the corresponding statement for sequences in

D.

Theorem 2.80. Let (D;);en be a sequence in D which converges to D.
Let T'= Tp (respectively T; = Tp,) be the Bruhat-Tits tree of G = Gp
(respectively G; = Gp,). For N big enough and for alli > N, there exist
isomorphisms Ty = T such that the induced embeddings G; — Aut(T)
make (C:*Z-),-ZN converge to G in the Chabauty topology of Aut(T).

Proof. The Bruhat-Tits tree Tp, is the regular tree of degree p"™ + 1 if
and only if D; belongs to D,». Hence there exists N such that for all
1 >N, T, =T.

Passing to a subsequence, we can assume that D; is (di)-close to
D, where D is of degree d over its center. Hence, for ¢ > 1, D; is
also of degree d over its center. We now define an explicit isomorphism
fi:Ti =1g, = Ig =T as follows: let Ig’idi & Ig:di be the isomorphism
given by Proposition 2.76. By Theorem 2.59, this gives an isomorphism
on balls of radius di: Zg, D Bo(di) = By(di) C Zg (recall that by
Lemma 2.58, By(di) is really the ball of radius di on the tree Zg). As
I, is a regular tree of the same degree than Zg, we can extend this
isomorphism of balls to an isomorphism f;: Zg, — Z¢ (this extension is
of course not unique, but we choose one such). By means of f;, we get
an embedding G; < Aut(7T).

Now, the end of the proof is word for word the same than the corre-

sponding end of the proof of Theorem 2.78, upon replacing all 2’s with
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d’s, and upon replacing the reference to Proposition 2.75 with a reference
to Proposition 2.76. O

Proof of Theorem 2.3. Let T be a semiregular tree and L = {(K, L) €
L | the Bruhat-Tits tree of G g ) is isomorphic to T'}. By Remark 2.23
and Proposition 2.71, L7 is a compact space. Now, by Theorem 2.78,
the map Ly — Sp: (K,L) — G(K,L) is continuous. We claim that
it is injective as well. Indeed, if GA'(Kh L) s abstractly isomorphic to
CA;(K27L2), then by [BT73, Corollaire 8.13], the corresponding adjoint al-
gebraic groups Ad G; and Ad Go are algebraically isomorphic over an
isomorphism of fields K1 = K. Since Ad Gj (respectively Ad Ga) is
quasi-split, there exists a smallest extension splitting it (|[BT84a, 4.1.2]),
namely L; (respectively Ly). Hence, (K7, L1) = (K3, Ly), as wanted.
To summarise, L7 — Sp: (K, L) — é( &,1) is an injective continuous
map whose source is a compact space, hence it is a homeomorphism onto
its image. Now, the explicit description given in Theorem 2.3 follows
from Remark 2.23 and Proposition 2.71. O

Proof of Theorem 2.6. Let T be aregular tree and let Dy = {D € D | the
Bruhat—Tits tree of G p is isomorphic to T'}. By Remark 2.23 and Propo-
sition 2.73, Dr is a compact space. Now, by Theorem 2.80, the map
Dr — Sr: D — GD is continuous. Let Dy and Dy be central divi-
sion algebras over K; and K respectively, with respective degree di, do
and Hasse invariant r1, 72 (as defined in Definition 2.90). We claim that
Gp, = Gp, if and only if K| ~ Ky, d; = dy and r; = +ry. Indeed, if
Gp, is abstractly isomorphic to Gp,, then by [BT73, Corollaire 8.13],
the corresponding adjoint algebraic groups Ad G; and Ad Gs are al-
gebraically isomorphic over an isomorphism of fields K; = Ks. Now,
according to [KMRT98, Remark 26.11], this is only possible if D1 = Do
or Dy = D3P which is equivalent to the given condition.

To summarise, let D/ ~qp, be the space Dy modulo the equiva-
lence relation Dq ~gp, Do if and only if Dy = Dy or Dy = Do, We
proved that D/ ~pp— Sr: D — G p is an injective continuous map
whose source is a compact space, hence it is a homeomorphism onto its
image. Now, the explicit description given in Theorem 2.6 follows from
Remark 2.23 and Proposition 2.73.
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To be able to conclude that for T' the (p™ + 1)-regular tree, S;LQ(D)
is homeomorphic to N x {1,..., [24317}, one has to count the number

of division algebras in Dr/ ~gpp of characteristic p. But there is only
one such division algebra in Dr/ ~gp, of degree 1 over its center, one
such division algebra in Dy / ~gp, of degree 2 over its center if 2 divides
n, and for all 3 < d dividing n, there are @ such division algebras in
Dr/ ~opp of degree d over their center (where ¢ denotes Euler’s totient
function). Hence, if n is even (respectively odd), we have 243, ;~3 @
(respectively 1 + Zd|n,d23 @) division algebras of characteristic p in

Dr/ ~opp- Using that 3, ¢(d) = n, we readily get the conclusion. [

2.A Comparison with the original Bruhat—Tits

definitions

The purpose of this appendix is to show that our definition of the Bruhat—
Tits tree agrees with the one in [BT72, 7.4.1 and 7.4.2]. Since the relative
rank of SLo(D) and SUs is 1, it is already clear that the apartment A
is indeed isomorphic to R. The main task is to show that our group P,
is the same as the group P, used to define the equivalence relation in
[BT72, 7.4.1].

In the SLg(D) case, the explicit description of P, is given in [BT72,
Corollaire 10.2.9], that we take as a definition.

Definition 2.81 (|[BT72, Corollaire 10.2.9]). Let {a1, a2} be the canon-
ical basis of R?, and let a;; = a; —a; (i,j € {1,2}). We can see R as a
vector space V, dual of the vector space V* = R.a12. Now, for z € R,
P, = {g € SLo(K) | w(gi;) > aji(x), for all 1 <i,j < 2}.

Note that we can omit the factor (r + 1)714 appearing in loc. cit.
since by definition, 0 = w(det(g)) = w(1) = 0.

This description obviously depends on the identification of R as the
dual of V*. Now, if we furthermore impose the condition a1o = Id: R —
R, then P, is indeed equal to the group P, of Definition 2.12. To end
the comparison between [BT72, Définition 7.4.2] and our Definition 2.21,
one has to show that the maps v: N — Aff(R) are the same. This is
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easily obtained by comparing [BT72, Proposition 10.2.5 (ii)] with our
Definition 2.20.

In the SUjs case, as in Definition 2.7, we index the rows and the
columns of a 3-by-3 matrix by {—1,0,1}. Let a; be a non-trivial element
of R*, and set a_1 = —a; and a9 = 0. We now take some time to spell
out the definition of @;; as defined in [BT72, 10.1.27].

Definition 2.82. Recall the definition of the element [ € L we intro-

) . ta tifa#0
duced in Definition 2.15. Namely, [ = , where t and «
% ifa=0

are as in Lemma 2.13.

Lemma 2.83. Let L' = {x € L | v +2 = 1} and L., = {x €

max

L' | w(x) = sup{w(z) | z € L'}}. The element | € L in Definition 2.82

1
max

belongs to L

Proof. See |BT84a, 4.3.3 (ii)]. O

Definition 2.84 ([BT72, 10.1.20]). Let ¢ be the pseudo-quadratic form
associated with the hermitian form used to defined SU3 (see Remark 2.8).
Explicitly, for z € L3, q(z) = If(z,z) + LY, where L’ = {x € L | = +
z = 0} (see [BT72, 10.1.1 (7), (8)]). For x € L, we define wy(x) =
ssup{w(k) | k € ¢((0,,0))} = 1 sup{w(k) | k € lzz + L°}.

We can actually compute explicitly the value of wy.
Lemma 2.85.

1. wy() = w(x) + wy(1)

2. wy(1) = Lw(l)
Hence, wy(z) = w(z) + 3w(l)

Proof. The first property follows from the definition, and the second one
is Lemma 2.83. O

Definition 2.86 (|[BT72, 10.1.27]). Let {e_1,ep,e1} be the canonical
basis of L3. For g € End(L3), let (g;;) be the matrix of g in the basis
{e_1,e0,e1}. Fori,j € {—1,0,1}, we define w;;(g) = @i(gs5) — @;(1),

where w41 = w, while Wy = wy.
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Remark 2.87. The definition given in [BT72, 10.1.27| is readily checked
to agree with ours. Indeed, we can take advantage of the fact that
Xo is one dimensional. Let us identify Hom(X}, X;) with L, through
the basis {e_1,eg,e1}, and define w; as in [BT72, 10.1.27]. Then, for
x € L and a € Hom(X;, X;) = L, we have w;(a(zej)) — wj(zrej) =

wi(az)e;) — wj(re;) = wilar) — wj(r) = wi(a) —@;(1).

Definition 2.88 ([BT72, Corollaire 10.1.33]). With these notations,
By ={g € SU3(K) | wi5(g) > ai(w) — aj(x),4,5 € {~1,0,1}}.

Note that we can omit the factor %wc(g) appearing in loc. cit. since
by definition, ¢(g) is the similitude ratio (see [BT72, Definition 10.1.4|)
and is equal to 1 for g € SU3.

Again, this description depends on the choice of a non-trivial element
in R*. Now, if we choose a;: R — R: x — §, then for x € R, the group
P, of Definition 2.88 is indeed equal to the group P, of Definition 2.18.
To end the comparison between |[BT72, Definition 7.4.2] and our Defini-
tion 2.21, one has to show that the maps v: N — Aff(R) are the same.
This is easily obtained by comparing [BT72, Proposition 10.1.28 (iii)]
with our Definition 2.20.

2.B A review of the theory of CSA over local
fields

Let D be a central division algebra of degree d over a local field K (recall
that the degree of D over K is the square root of the dimension of the
K-vector space D). It is well known that such division algebras are
classified (up to isomorphism) by elements of (Z/dZ)*.

To be explicit, for r € (Z/dZ)*, the corresponding division algebra
is the cyclic algebra (E/K, 0", mx) where

e [ is the unramified extension of K of dimension d.

e 0 € Gal(E/K) is the element in Gal(F/K) inducing the Frobenius

automorphism on E.

For the reader’s convenience, we recall the definition of a cyclic algebra.
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Definition 2.89. Let K be a field and let E/K be a cyclic extension
of degree d. Let o be a generator of Gal(E/K), and let a € K*. The
cyclic algebra (E/K,0,a) is defined as follows:

-1
e (E/K,0,a)= @ u'E
=0

e ulzu=o(x), forallz € £

Definition 2.90. As in [dT15], for a finite central division algebra D of
degree d over K, we call the corresponding element r € (Z /dZ)* the

Hasse invariant of D.

An important fact about such a division algebra D is that it splits
over F. It is important for us to describe explicitly the embedding of D
inside My(F), the algebra of d x d matrices with coefficients in E.

Definition 2.91. Let D be a division algebra isomorphic to the cyclic
algebra (E/K,o",mk) of degree d over K. Consider the isomorphism of
(right) E-vector spaces

d—1
f: E" = D: v:(vl,...,vn)HZuiviH
1=0

Let o: D — My(E): 2+ (v f~Yx.f(v))). More explicitly,

v 7w (zg) T (zq—1) ... wro@TUT(zy)
d_1 X2 O’T(ajl) 7TKO'27"<33d) . WKU(dfl)T(mg)
90(2 wlzi) = |z3 0" (x2) o (1) o oD (2y)
7/70 . . .
zg 0" (xg—1) 0¥ (xgo1) ... oTH(2y)

We can now properly spell out the definition of the reduced norm.

Definition 2.92. Let D be a division algebra isomorphic to the cyclic
algebra (E/K,o",mk) of degree d over K. We define the reduced norm

Nrd as follows:

Nrd: M,(D) — K: g — det(¢(gi5))
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where ¢(g;;) is seen as a (dn)? matrix with coefficient in F.
We end this discussion by an analysis of the ring of integers D.

Lemma 2.93. Let D be a central division algebra over K of degree
d, and let r € N U {oco} (with the convention that m> = (0)). Since
E is unramified, Op/my, = Og/my @ --- & Og/my.. Furthermore,

d—1
Op/mid = G}OUZ.OE/mTE. Otherwise stated, Op/m’¢ is a free Op/mY;-
1=

module, and we can define a map @: Op/mid — My(Og/m?%,), which
is compatible with the map ¢ of Definition 2.91, in the sense that the

following diagram commutes

OD — Md(OE)

l |

Proof. This is straightforward from the definitions. O

2.C  An integral model of SLy(D)

Recall that the group SLa(D) consists of the 2 x 2 matrices with coeffi-
cient in D having reduced norm 1 (Definition 2.10). Recall the definition
of the embedding ¢: D — M, (F) given in Definition 2.91. In view of
the definition of the reduced norm (Definition 2.92), we arrive at the

following explicit definition of SLa(D).
Definition 2.94. SLy(D) = {(§: §:3) | gij € D, det(o(gi;)) = 1}
Mimicking this definition, we can define a similar group over Op/ mgl.

Definition 2.95. Let D be a central division algebra over K of degree
d, and let r € NU{oo}. Keeping the notations of Lemma 2.93, we define

SLy(Op/mig) = {(41 42) | g5 € Op/mig, det((Z1) 2020 )) =1}

Let us now discuss the underlying algebraic group of SLa(D). Let
Ms(D) be the algebra of 2 x 2 matrices with coefficient in D. Using
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the embedding D < My(FE), we can identify My(D) with a K-linear

subspace of Myg(E). Now, SLy(D) is the closed subspace of My(D) =
2

Agd) cut out by the polynomial equation Nrd = 1. We can now mimic

this situation over the ring of integers to define an integral model of
SLa(D).

Definition 2.96. Let D be a central division algebra of degree d over
K, and let M2(Op) be the Og-algebra of 2 x 2 matrices with coefficient
in Op. Using the embedding Op — My(Og), where E is the unramified
extension of K of degree d, we can identify Ms(Op) with a free Og-
submodule of M24(Op). We define the Ok-scheme SL, 1, to be the closed
subscheme of M»(Op) = Agi)Q
Nrd = 1.

cut out by the polynomial equation

Of course, the crucial point is to check that SLy p is in fact smooth.
Theorem 2.97. SL, j, is a smooth O -scheme.

Proof. This is one of the main results in [BT84b|. Let us explain how
to extract it from there. Let ¢ be the valuation of GLy(D) defined in
[BT84b, 2.2, display (4)]. The valuation ¢ is thus a point of the enlarged
apartment A;. The associated norm is defined as a,(e1x1 + eax2) =
inf{w(z1),w(x2)} (following the definition in [BT84b, 2.8, display (9)]).
The corresponding order .#,, of Ma(D) defined in [BT84b, 1.17] is
{(5 52) € My(D) | w(gi;) > 0} (this is easily computed using the
description of End a(u) in [BT84b, 1.11, display (17)]). Note that .,
is isomorphic to the affine space Agf?2 (being a free Og-module). Fi-
nally, following [BT84b, 3.6], let &, be the (principal) open subscheme of
the affine space .#,,, defined by the non-vanishing of the reduced norm
(see also [BT84b, 3.2|).

@, is actually an integral model for GLy(D), and in [BT84b, §5],
the SLy(D) case is then treated. Let ®; , be the schematic adherence of
SLy(D) in &, (following the definition in [BT84b, 5.3|). It is mentioned
in [BT84b, 5.5] that the group @, is the closed subgroup of &, defined
by the equation Nrd = 1, and hence it coincides with our group SL, p.
But by [BT84b, 5.5|, &, is smooth over O, concluding the proof.
Note that to apply [BT84b, 5.5, we should check that a finite unramified
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extension of a local field is étale in the sense of [BT84b|. But this is clear
in view of [BT84a, 1.6.1 (f) and Definition 1.6.2]. O

We conclude our study of the SLy(D) case by identifying the rational
points of SLs p.

Lemma 2.98. Let D be a central division algebra over K of degree d,
and let r € NU {oo}. Then SLy p(Ox/mY) = SLy(Op/mid) (where by

convention, m> = (0)).

Proof. Because the diagram appearing in Lemma 2.93 is commutative,

we have

SLy p(Oxc/mi) = {(§11 §82) € Ma(Op/mis) | Nrd(g) =1}
= (431 82) € Ma(Op/ms) | det((Z0) 22 )) — 1)

®(g21) P(922

as wanted. O



Chapter 3

On the semilinear
automorphism group of a

semisimple algebraic group

Let G be an algebraic group over a field k, and consider the group of semi-
linear automorphisms Aut(G — Spec k), which consists of algebraic au-
tomorphisms of G over automorphisms of k. We study the splitting of the
exact sequence 1 — (AutG)(k) — Aut(G — Speck) — Autg(k) — 1.
If G is a reductive group, we can consider another short exact sequence
1 — (AutDynG)(k) — Aut(DynG — Speck) — Autpyng(k) — 1 de-
scribing semilinear automorphisms of the scheme of Dynkin diagrams
DynG of G over automorphisms of k. We show that if G is semisimple,
simply connected and quasi-split, the former exact sequence splits if and
only if the latter exact sequence splits, and we explain why the splitting
of the latter exact sequence is easy to check in practice. As a corollary,
we get lots of examples of algebraic groups G over k whose group of
abstract automorphisms does not decompose as the semidirect product
of (Aut G)(k) with Autg(k). We also study the same question for inner
forms of SL,, restricting ourselves to the case when the ground field is a
local field.

125
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3.1 Introduction

In their famous article [BT73|, Armand Borel and Jacques Tits describe
the “abstract” automorphisms of the group of rational points of an ab-

solutely simple algebraic group. To wit, here is one of their results:

Theorem 3.1 ([BT73, Corollaire 8.13|). Let k be an infinite field, and
let G be an absolutely simple algebraic group over k. Assume that G is ei-
ther simply connected or adjoint, and that G(k) is generated by the groups
U(k), where U runs through the set of unipotent algebraic k-subgroups of
G that are split over k. Furthermore, if k is of characteristic 2 or 3, as-
sume that k is not perfect. Let o be an automorphism of G(k), considered
as an abstract group. Then there exists a unique automorphism ¢: k — k
and a unique semilinear automorphism f: G — G over ¢ such that for

g € G(k) = Homy_gchemes(Speck, G), we have a(g) = f, o g o Spec oL

By a semilinear automorphism f, of a k-group scheme G over an
automorphism ¢: k — k, we mean that we have the following commu-

tative diagram in the category of group schemes

e

G———(

l l

Spec
Speck p*;pSpec k

where the vertical arrows are the structural morphisms of the k-scheme
G. Let Aut(G — Spec k) denotes the group of semilinear automorphisms
of G. We can then rephrase Theorem 3.1 as saying that under the as-
sumptions of the theorem, the group of abstract automorphisms of G/(k)
is isomorphic to Aut(G — Speck).

Given a k-group scheme G, we have a homomorphism Aut(G —
Speck) — Aut(k): f, — ¢ !. Let Autg(k) denotes the image of this
homomorphism, and let (Aut G)(k) denotes the group of k-algebraic au-
tomorphisms of G, or in other words the kernel of Aut(G — Speck) —
Aut(k). Those groups fit in the short exact sequence 1 — (Aut G)(k) —
Aut(G — Speck) — Autg(k) — 1.

It is well-known that the short exact sequence 1 — (Aut G)(k) —
Aut(G — Speck) — Autg(k) — 1 splits when G is a split algebraic
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group (a statement already made in [Tit74, Corollary 5.10]), and it is
then natural to wonder if this remains the case in general. The aim of
this article is to show that this is not the case. Furthermore, examples of
non-splitting already occur when the algebraic group is quasi-split. Our
main theorem gives a necessary and sufficient condition for Aut(G —
Spec k) to be a split extension of Autg (k) when G is a semisimple, simply

connected (or adjoint) quasi-split algebraic group over a field k.

Theorem 3.2 (The bowtie theorem). Let G be a semisimple, simply
connected (or adjoint) quasi-split algebraic group over k, and let DynG

be the scheme of Dynkin diagrams of G. Then the short exact sequence
1 = (Aut G)(k) — Aut(G — Speck) — Autg(k) — 1
splits if and only if the short exact sequence
1 — (Aut DynG)(k) — Aut(DynG — Speck) — Autpyng(k) — 1

splits.

The bowtie theorem (whose name is due to the diagram appearing
in its proof) uses the notion of a scheme of Dynkin diagrams DynG (of
a reductive k-group G), which was introduced in [ABDT64]. In Sec-
tion 3.3, we discuss in detail the definition of DynG, and we state ex-
plicitly the classification of k-schemes isomorphic to a Dynkin’s scheme
DynG, for G an absolutely simple k-group. We also use the notation
Aut(DynG — Speck) for the group of semilinear automorphisms of
DynG, see Definition 3.12.

We can identify the short exact sequence 1 — (AutDynG)(k) —
Aut(DynG — Speck) — Autpyng(k) — 1 as a sequence involving vari-
ous automorphism groups of fields associated with G (see Corollary 3.29).
Using this description, we give in Corollary 3.32 many explicit examples
for which Aut(G — Speck) is not a split extension of Autg(k).

In the last section of the chapter, we also explore the question when G
is an inner form of SL,, over a field k. The first step in finding conditions
for non-splitting is to prove that Autg(k) is non-trivial. By exhibiting

explicitly automorphisms of a cyclic division algebra, we can prove that
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over a local field K, Autg(K) = Aut(K).

Theorem 3.3. Let K be a non-archimedean local field, let D be a divi-
ston algebra of degree d over K, and consider the algebraic group G =
SL, (D). Then Autg(K) = Aut(K).

We prove this theorem in Corollary 3.37. As we note in Remark 3.38,
this was essentially already known when K is of characteristic 0, but we
are not aware of such a result in positive characteristic.

By the theory of Galois descent, if & is a finite Galois extension of &/,
then giving a homomorphism Gal(k/k") — Aut(G — Spec k) whose com-
position with Aut(G — Spec k) — Autg(k) is the identity on Gal(k/k')
is equivalent to give a descent datum (from k to k) for G (we recall this
fact in Theorem 3.7). Hence, working with forms of algebraic groups, we

are able to deduce the following theorem:

Theorem 3.4. Let K be a non-archimedean local field, let D be a divi-
ston algebra of degree d over K, and consider the algebraic group G =
SL, (D).

1. The short exact sequence 1 — (Aut G)(K) — Aut(G — Spec K) —
Autg(K) — 1 does not split if there exists a subfield K' < K such
that K/K' is a finite Galois extension and ged(nd, [K : K'|) does

not divide n.

2. If K is of characteristic O, the converse holds, i.e. if for all subfields
K' < K such that K/K' is finite Galois, ged(nd, [K : K']) divides
n, then the short exact sequence 1 — (AutG)(K) — Aut(G —
Spec K) — Autg(K) — 1 splits.

3. If K is of characteristic p > 0, then K is isomorphic to F,:(T)).
Assume that for all subfields K' < K such that K/K' is finite Ga-
lois, we have that ged(nd, [K : K']) divides n. Further assume that
ged(d,i) = 1. Then the short exact sequence 1 — (Aut G)(K) —
Aut(G — Spec K) — Autg(K) — 1 splits.

As we prove in Proposition 3.58, for K = F,i((T)), the condition
“for all subfield K’ < K such that K/K' is finite Galois, we have that
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ged(nd, [K : K']) divides n” is equivalent to requiring that ged(d,p) =1
and that ged(nd,i(p® — 1)) divides n. Hence, in positive characteristic,
Theorem 3.4 leaves open the question of the existence of a splitting in a
few cases. We explain in Appendix 3.B why our strategy is not able to

cover those cases.

3.2 Semilinear automorphisms and descent

In this section, we work with a general (finite type, affine) group scheme
G defined over a field k. We already gave in the introduction the defi-
nition of a semilinear automorphism of G. The vocabulary “semilinear
automorphism” is already used in the literature (see for example [FSS98,
Section 1.2]). It has the same meaning than our usage, except that it
only applies when k is assumed to be the separable closure of a base
field kg, and when the underlying isomorphism acts trivially on ky. In
Section 3.6, we consider the case k = F,,((T')), which is a more general
situation.

The concept is also used in various later articles, see for examples
IBKLR12, Section 3.2] and references therein. In those references, the
notation SAut(Gy,) is used for the group of semilinear automorphisms.
We prefer to use the notation Aut(G — Speck) so that the ground field
explicitly appears in the notation. Let us continue by recalling some

standard vocabulary.
Definition 3.5. Let £’ be a subfield of k and let H be a k’-group scheme.

1. The group of automorphisms of k whose restriction to &’ is trivial

is denoted Aut(k/k’).

2. We denote by Hj, the base change of H along Speck — Speck’.
If Hj, is isomorphic to G (as a k-group scheme), we say that H
is a k/k'-form of G (or just a form of G if the field extension is
understood from the context). If there exists a k/k’-form of G, we
say that G is defined over k'

3. For [ a field and ¢: k — [ a field homomorphism, for G’ a k-group

scheme and f: G — G’ a homomorphism of k-group schemes, we
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denote by . f: 0«G — .G’ the base change of f along Spec .

The following elementary observation plays a fundamental role in this

chapter.

Lemma 3.6. Let k' be a subfield of k, and assume that G is defined over
K'. Then there exists a homomorphism Aut(k/k") — Aut(G — Speck)
whose composition with Aut(G — Speck) — Autg(k) is the identity on
Aut(k/K'). In particular, Autg(k) contains Aut(k/k').

Proof. Let H be a k/k'-form of G. For ¢ € Aut(k/k’), we define
Jo—1 =Idg x Spec oL H Xspeck Speck — H Xgpec i Speck.

The map Aut(k/k") — Aut(G — Speck): ¢ — f,-1 is a homomorphism.
Furthermore, its composition with Aut(G — Speck) — Autg(k) is the
identity on Aut(k/k’), as wanted. O

In fact, if the field extension k/k’ appearing in Lemma 3.6 is finite
Galois, then we have a converse to Lemma 3.6 by the theory of Galois

descent.

Theorem 3.7 (Galois descent). Let k' be a subfield of k such that k/k' is
a finite Galois extension. If there exists a homomorphism Aut(k/k") —
Aut(G — Speck) whose composition with Aut(G — Speck) — Autg (k)
is the identity on Aut(k/k'), then G is defined over k'.

Proof. This is a classical result from descent theory, see [Pool0, Sec-
tion 4.4]. Note that giving such a homomorphism is the same as giving
a descent datum on G by [Pool0, Proposition 4.4.2|, so that the result
holds by [Pool0, Corollary 4.4.6]. O

Note that for a field isomorphism ¢: k — k, giving a semilinear
automorphism f, of G over ¢ amounts to give an isomorphism of k-

group schemes G = ¢, G, as one can see from the following diagram:

G\ fo

0:G G

!

Speck — Speck
Spec
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Hence, the group Aut(G — Speck) can be described as

{Isomk—group Schemes(Ga SD*G) | S AUt(k)}

Let ks be a separable closure of k, and let G, be the base change of G
over Spec ks — Spec k. We go on to describe semilinear automorphisms
of Gi,, and give their relation to semilinear automorphisms of a ks/k-

form of Gy,.

Lemma 3.8. Let H be a ks/k-form of Gy, corresponding to the co-
cycle c: Gal(ks/k) — Aut(Gy,). Let 1 be a field with separable closure
ls, and let a: k — | be an isomorphism of fields. We choose an exten-
sion of a to ks — ls that we also denote a. Then o H is a lg/l-form
of ax(Gy,), whose corresponding cocycle is given by asc: Gal(ls/l) —
Aut(as(Gr,)): A= ax(ca-12a)-

Proof. Let f: Hp, — G}, be a chosen isomorphism of ks-group scheme.
In view of [Conl4, Lemma 7.1.1|, for v € Gal(ks/k), the automorphism
¢ arising from the choice of f is the following composition:

o
~/

~Y ~Y ff./
cy: Gr, = 7+(Gy,) Ve(Hy,) = Hy, = Gy, -

Now, we choose au f: o (H,) — ax(Gy,) as our isomorphism of [s-
group scheme. An element of Gal(ls/l) is of the form aya~! for some
v € Gal(ks/k). For such an element of Gal(ls/l), the automorphism

(@x€)aya—1 Of ax(Gy,) arising from the choice of ay f is:

~ ~1 (am)ef ™! -1
(C)ana—1: @x(Gr,) = (aya™ )u(au(Gy,)) = (aya™ )(ax(Hy,))

O(*f
= a*(Hks) = a*(Gks) Y

~

so that indeed, (ac)qya-1 = ax(cy). O

Lemma 3.9. Let H be a kg/k-form of Gy, corresponding to the cocycle
c: Gal(ks/k) — Aut(Gg,). Let a: k — k be an automorphism of k.
We choose an extension of o to ks — ks that we also denote a. Let
f: Gi, = oGy, be a morphism of ks-group scheme. For~y € Gal(ks/k),
let t: Gy, — 7:Gy, be the isomorphism coming from the k-structure G
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on Gi,. The morphism f descends to a morphism of H — a,H if and
only if v f = oz*(toé_lwc;}wa)fcvtgl for all v € Gal(ks/k), where v, f
is seen as a morphism from V.G, to (7a)«Gr, = a.(a™1ya).Gy, .

Proof. Let us treat the case of a general k-scheme. Let X (respectively
Y) be a k-scheme, and let X’ (respectively Y”) be a kg /k-form of Xy, (re-
spectively Y;.), with corresponding cocycle ¢X: Gal(ks/k) — Aut(Xg,)
(respectively ¢ : Gal(ks/k) — Aut(Xy,)). For v € Gal(ks/k), let
t,YX : Xk, — 7«Xg, (respectively t};: Yi. — 74Yk,) be the isomorphism
coming from the k-structure X (respectively Y) on Xy, (respectively
Yk.). From descend theory, we have that a morphism f: X, — Yj,
descends to X’ — Y if and only if v, f = X' (c)) "' fe (t5) 7! for all
v € Gal(ks/k). Hence the result follows from Lemma 3.8. O

3.3 Scheme of Dynkin diagrams

In [ABD 64, Exposé 24, section 3| (for which one can consult the won-
derful reissue [GP11]), the authors define what they call a “Dynkin’s
scheme” of a reductive group G. The strategy is to first define this
Dynkin’s scheme for split reductive groups, and then to use descent.
Since this notion is not so widely known, let us review its definition.
Recall that a Dynkin diagram of a root system ® is a graph (V, E)
whose vertices V' are labelled with {1,2,3}. The vertices are in 1 — 1
correspondence with a set of simple roots in ®. Two vertices are adjacent
if and only if the corresponding simple roots are not orthogonal. Finally,
the label of a vertex gives the square length of the corresponding root,
taking the shortest root in each irreducible component to be of length
1. This motivates the following definition, where for k a field and for a
set X, the notation X}, stands for the disjoint union [[ Speck (in the
category of schemes). e
Definition 3.10. Let D be a Dynkin diagram with underlying set of
vertices V. The split scheme of Dynkin diagrams corresponding
to D over a field k is a triple (A, E,\), where A = Vj, E is a closed
subscheme of A xj; A, and A is a k-morphism A: A — {1,2,3};. Fur-
thermore, the triple (A, E, \) satisfies the following properties:
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1. A pair in A x; A belongs to F if and only if the corresponding

vertices are adjacent in D.

2. Forve Aand i€ {1,2,3}, A(v) =1 if and only if the correspond-

ing vertex has label 7 in D.

A split scheme of Dynkin diagrams is a split scheme of Dynkin
diagrams corresponding to D for some Dynkin diagram D, and a scheme

of Dynkin diagrams is a form of a split scheme of Dynkin diagrams.

Remark 3.11. Let ks be a separable closure of a field k. It follows
from Definition 3.10 that a scheme of Dynkin diagrams over k split-
ting over ks consists of the spectrum of two etale algebras A and F,
together with a labelling map A. Hence, following [KMRT98, Theo-
rem 18.4], we can describe a scheme of Dynkin diagrams using the cat-
egory of Gal(ks/k)-sets. Under this correspondence, A corresponds to a
finite Gal(k,/k)-sets A, E corresponds to a Gal(k,/k) invariant subset
Eof Ax A (endowed with the diagonal action), and A correspond to a
Cal(k,/k)-equivariant map A — {1,2,3} (the latter set being endowed
with the trivial Gal(ks/k) action). We use this correspondence to give
an explicit description of scheme of Dynkin diagrams in the classification

appearing in Corollary 3.25.

Morphisms of schemes of Dynkin diagrams are defined in the obvi-
ous way. Let us spell out the definition of semilinear automorphisms of

schemes of Dynkin diagrams, mimicking our definition for group schemes.

Definition 3.12. Let k be a field and let Dyn be a scheme of Dynkin
diagrams over k. Let A be the underlying set of vertices of Dyn (i.e. A
is a form over k of {1,...,n}; for some field extension [/k). A semilin-
ear automorphism f, of Dyn over an automorphism ¢: k — k is an
automorphism f,: Dyn — Dyn in the category of schemes of Dynkin
diagrams such that the following diagram in the category of schemes

commutes

(ftp)lA
— A

A
l Spec ¢ l

Speck —— Speck
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We let Aut(Dyn — Speck) denotes the group of semilinear automor-
phisms of Dyn.

As in the case of k-group schemes, for Dyn a scheme of Dynkin
diagrams over k, we have a homomorphism Aut(Dyn — Speck) —
Aut(k): f, — ¢~ 1. We let Autpys(k) be the image of this homo-
morphism. Furthermore denoting the k-automorphisms of the Dynkin
diagram Dyn by (AutDyn)(k), we get a short exact sequence 1 —
(Aut Dyn)(k) — Aut(Dyn — Speck) — Autpy, (k) — 1.

We now discuss how to associate a canonical scheme of Dynkin dia-
grams over k to a given reductive group over k. The following account
follows closely [Conl4, Remark 7.1.2|. Recall that in the classical setting,
the Dynkin diagram is constructed after a choice of a maximal torus and
of a Borel subgroup containing it. In a sense, we would like to remember
that different choices are possible, but still have a canonical scheme of
Dynkin diagrams associated to a reductive group. We achieve this by

taking an inductive limit.

Definition 3.13. Let G be a split reductive group over k. For T a
maximal torus and B a borel subgroup containing T, let £ = (T, B)
and set A(E) to be the (split) scheme of Dynkin diagrams correspond-
ing to the classical Dynkin diagram associated to the pair (T, B). For
another pair & = (T, B), there exists g € G(k) such that g conjugates
T (respectively B) to T (respectively B), so that we get an isomor-
phism ag g: A(E) — A(E). Furthermore, the choice of g is unique up to
Ng(B)(k) N Ng(T)(k) = T(k) (see [ABD'64, Exposé 22, 5.6.1| for the
latter equality), and thus the isomorphism ag s: A(E) — A(€) does not
depend on g. Hence, the ag ¢ form an inductive system, and we denote
the limit by DynG (or also Dyn(G) if a parenthesis is needed) and call

it the (split) scheme of Dynkin diagrams of G.

When G is not split, there exists a finite Galois extension [ of k such
that G splits over I. Now, Aut(l//k) acts on Dyn(G;) in the following
way. For o € Aut(l/k), let f, be the induced automorphism of G; over
o. We have

Dyn(Gy) = lim A((T, B)) = lim A(f, (T), f+(B)) = Dyn(G))
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This action might be non-trivial because the isomorphism, induced
by o, A((T,B)) — A(f,(T), fs(B)) might not coincide with the effect
of conjugation by an element that carries (T, B) to (fo(T), fo(B)).

With this action, for all o € Aut(l/k), we get an automorphism f,
of Dyn(G)) over o, and the f,’s satisfy the condition to be a descent
datum. Furthermore, the descended k-scheme of Dynkin diagrams does

not depend on the choice of the splitting field.

Definition 3.14. Let G be a reductive group over k, and let [ be a
finite Galois extension splitting G. Then Dyn(G)) together with its de-
scent datum defines a scheme over k that we call the scheme of Dynkin
diagrams of G, and that we denote DynG (or also Dyn(G) if a paren-

thesis is needed).

Example 3.15. Here are examples of schemes of Dynkin diagrams. Con-

sider G = SUY | (h), where

[ is a quadratic separable extension of k

e n>1

o is the nontrivial element of Aut(l/k), whose action by conjuga-

tion on [ is denoted x — T

h is the hermitian form of {2n+!

given by
((x—na e 7xn)a (y—na e ayn)) = Z_pYn + ... + TnY—n

As is well-known, G is a form of SLoj,y1, and we now describe the cor-
responding action of o on SLyy,11. Consider the transposition along the
anti-diagonal S(.): SLon+1(L) — SLop+1(L): g — Sg. More explicitly,
(°9)—j—i = gij, for i,j € {-n,...,0,...,n}. Note that as for the trans-
position, g *h = 9(hg). In particular, inversion and the map g — g
commute. The automorphism f, over o given by f,(g) = ®(g~') has or-
der 2, and hence is a descent datum of SLoy, 11, which defines the k-form
SUY, 1 (h).

Let us now describe the corresponding schemes of Dynkin diagrams.

Let T be the torus in SLg,41 consisting of diagonal matrices having



136 3. Semilinear automorphisms of algebraic groups

determinant 1, and let B be the Borel subgroup of SLg,,+;1 consisting of
upper triangular matrices having determinant 1. Let As, be the classical
Dynkin diagram associated to the pair (T, B). The scheme of Dynkin
diagrams Dyn(SLap41) over [ is the triple (A, E, \), where

-1 n

L A= I z@+1) U [ z@-1); where for all i, z; ;1) = Spec; .

i=—n i=1

2. F = {(1)(1_1)’2, xi,(i_,_l)) or (x(i-i-l),i; xi,(i—l)) | = —-n + ]., cee,—
1} CAXxA

3. A A — {1,2,3}; is the projection on 1.

Now, the action of ¢ on this scheme of Dynkin diagrams is read-
ily seen to correspond to the inversion of As,. Hence, the scheme of
Dynkin diagrams Dyn(SUZQ/fH(h)) = (A’, E', \), which is by definition
the twisted form of the schematic Ay, along inversion, can be described

as follows

—1
1. A"= ] =;, where for all i, ; = Specy, |

2. E' = {(zi; 2(i41)) or (T(iq1);2i) | 1= —n,...,—2}U{(z_1;27)} C
A x A

3. N: A" — {1,2,3} is the projection on the first component.

Remark 3.16. In the above example, Specy, | denotes the scheme Spec!
considered as a k-scheme. Equivalently, if [ = k[X]/(f), then Spec; | =
Spec k[ X]/(f). It is worth to keep in mind that (Specy, {); is thus isomor-
phic to Specl[X]/(f). But [ contains the roots of f, hence I[X]/(f) =
[[X]/(X — a)(X — B), so that (Specy, 1); = Spec; [ [ [ Spec; [, with Galois

action exchanging the two points.

Remark 3.17. It is not hard to classify schemes of Dynkin diagram.
We do this in Corollary 3.25.

We end the section with an elementary observation.

Lemma 3.18. Let G be a reductive group over a field k and let [/k be a
field extension. Then Dyn(G;) = (DynG);
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Proof. This directly follows from the definition O

This result allows us to make an abuse of notation and to spare a
parenthesis in writing Dyn(Gj, since the way to place the parenthesis does

not matter. We freely use this abuse of notation in the next section.

3.4 Semilinear automorphisms of quasi-split al-

gebraic groups

Let G be a split reductive algebraic group over k. A pinning of G gives
rise to a splitting of the exact sequence 1 —» Inn G — Aut G — Ouwt G —
1. Furthermore, OutG is isomorphic to the (constant group scheme
associated to the) group of automorphisms of the based root datum given
by the pinning (see [Conl4, Theorem 7.1.9]). If we furthermore assume
that G is semisimple and simply connected (or adjoint), then this latter
group is just the automorphism group of the Dynkin diagram.

This decomposition of Aut G as the semidirect product Inn G x Out G
is preserved when G is quasi-split. On the other hand, as we outlined in
the introduction, the short exact sequence 1 — (Aut G)(k) — Aut(G —
Speck) — Autg(k) does not always split. The purpose of this section
is to show that we have another semidirect product decomposition for
the semilinear automorphism group when G is quasi-split, namely that
Aut(G — Speck) = InnG x Aut(DynG — Speck) (notice the strong
parallel with Aut G = Inn G x Out G).

We begin by recalling the classification of quasi-split groups. Our
description is based on [Conl4, Section 7|, but the result we give is
already present in [ABDT64, Exposé 24, Théoréme 3.10]. Let ks denote
a separable closure of k. Recall that k-forms of G are classified by the
Galois cohomology set H' (ks /k, Aut(Gy,)) (see [Conl4, Theorem 7.1.1]).

Lemma 3.19. Let G be a split semisimple simply connected (or adjoint)
group over k, and let ks denote a separable closure of k. Choosing a
pinning of G, let Aut(DynG) — Aut G be the corresponding embedding.
The induced map H'(ks/k, Aut(DynGy,)) — H'(ks/k, Aut(Gy,)) is in-
jective, and its image gives all the ks/k forms of Gy, that are quasi-split

over k.
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Proof. Since G is simply connected (or adjoint), the automorphism group
of the based root datum (corresponding to the chosen pinning of G)
is simply the automorphism group of the classical Dynkin diagram of
G, which in turn is the group Aut(DynGy,). In summary, Aut(Gy,) =
(G, /Za,, ) (ks) x Aut(DynGy, ). This directly implies that the map from
H'(ks/k, Aut(DynGy,)) to H'(ks/k, Aut(Gy,)) is injective, since it has
a right inverse.

By definition, automorphisms in Aut(Dyn Gi,) < Aut(Gy,) consists
of automorphisms preserving the Borel subgroup given by the pinning.
Hence, forms of G corresponding to classes in the image of the map
H'(ks/k, Aut(DynGy,)) — H'(ks/k, Aut(Gy,)) are quasi-split.

To conclude, we use the fact that given a set of classes that are in-
ner forms of each other in H'(ks/k, Aut(Gy,)), there is a unique quasi-
split groups among the corresponding k-forms of G, by [Conl4, Proposi-
tion 7.2.12]. But the fibres of H'(ks/k, Aut(Gy,)) — H'(ks/k, Out(Gy,))
are precisely the classes that are inner forms of each other, in view of
[Conl4, Theorem 7.2.2|, so that the theorem follows. O

The key result towards the proof of Theorem 3.2 is a semidirect

decomposition of the group of semilinear automorphisms of a quasi-split

group.

Theorem 3.20. Let G be a quasi-split semisimple simply connected
(or adjoint) group over k. The group Aut(G — Speck) decomposes
as G/Zg(k) x Aut(DynG — k). Furthermore, the projection Aut(G —
Speck) — Aut(DynG — k) preserves the underlying field automorphism,
so that Autg(k) = Autpyng (k).

Proof. Let ks be a separable closure of k. Recall that Gy, is a split
group, and let Gy be the split reductive Z-group scheme having same
root datum as Gy,. To ease the notations, we set (Go)g, = Go. Since
split groups are determined by their root datum, G is a ks /k-form of Gj.

Let c¢: Gal(ks/k) — Aut(DynGp) be the cocycle corresponding to
DynG. By Lemma 3.19, we can and do assume that the composition
Gal(ks/k) — Aut(DynGp) — ?O/Z?O(ks) x Aut(DynG)) is the cocycle

corresponding to G. We also denote this cocycle by c.
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In view of Lemma 3.9, we can study Aut(G — Speck) by studying
Aut(Gy — Speck;). But this latter group is isomorphic to Aut(ks) x
(Aut(DynGy) x (Gio/ZGfO)(k:s)), which is in turn isomorphic to the semi-
direct product Aut(DynGo — Spec k) x (Go/Zg;)(ks)-

Claim 1. Let f, be a semilinear automorphism of DynGq over an au-
tomorphism o € Aut(ks) such that a(k) =k, and let g € (Go/Zg:)(ks).
Then fog € Aut(Gy — Specks) descends to Aut(G — Speck) if and
only if fo descends to Aut(DynG — Spec k) and g descends to (G/Z¢g) (k).

Proof of the claim: We decompose Aut(DynGy — Spec k) as Aut (k) x
Aut(DynGy), using the Z-structure on DynGy. For 8 € Aut(ks), let
Idg € Aut(ks) < Aut(DynGo — Specks) be the semilinear automor-
phism over 3 given by the Z-structure of DynGy. With those nota-
tions, f, decomposes as Id, f € Aut(ks) x Aut(DynGp). By Lemma 3.9,
the element Id, fg descends to Aut(G — Speck) if and only if for all
~v € Gal(ks/k), we have v, (Id, fg) = a*(toﬁlmcgllw) Idg fgeyts?t.
Since the image of ¢ consists of automorphisms defined over Z, we
have ax (C;LW) Id, = Id, C;}l,ya. Furthermore, since f is also defined
over Z, we have tﬂ,c;lfyafcwt;l = fy*(c;}lwfcw). Thus,
a*(taflwcgilw) Id, fgcwt,;1

= ulta-140) Ida 5ty t fosty e gey !

= Y (Ida )« (C;L,yafc'y)% (C;1 (9))-

Now, in view of the decomposition of Aut(Gy — Spec ks) into Aut(ks)x
(Aut(DynGo) x Go/Zg;), w(da fg) = aulta-15a¢ 01, ,) 1da foe,ts!
holds if and only if v, (Id, f) is equal to v, (Idq )7y« (c;flwfcy) and v, (g) =
Yy 1(g)). Going through the displayed equalities in reverse order, this
is indeed equivalent to requiring that Id, f descends to Aut(DynG —
Speck) and that g descends to (G/Zq)(k), as wanted. [

The conclusion of the theorem readily follows. Indeed, in view of

Claim 1, we have

Aut(G — Speck) = {(g, fa) € (?O/Z?O)(ks) x Aut(DynGoy — Specks)|
g€ (G/Zg)(k) and fo € Aut(DynG — Speck)} O
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Remark 3.21. For G a simple group which is not quasi-split, the de-
composition of Aut GG as a semidirect product is usually destroyed. Sim-
ilarly, one should not expect to obtain a semidirect decomposition of
Aut(G — Speck) for a general simple algebraic group. Investigating a
possible semidirect decomposition of the group of semilinear automor-
phisms of simple algebraic groups is an entirely different matter when G
is not quasi-split, as is illustrated by our treatment of the SL, (D) case

in Section 3.6.

As a corollary of Theorem 3.20, we obtain a proof of Theorem 3.2.

Proof of Theorem 3.2. Aut(G — Speck) = (InnG)(k) x Aut(DynG —
Spec k) by Theorem 3.20. This shows in particular that Autpyng(k) =
Autg (k). We thus obtain the following commutative diagram:

1 1 1 1
L o
(Inn G) (k) Autpync(k)

~ /
Aut(G — Speck),_ ,
e

(Aut G) (k) Aut(DynG — Speck)
1 T
1 /('Out Q) (k) (Aut DynG)(k)\ 1
A T
1 1

where all diagonal lines and vertical lines are exact. Here, mo denotes
the projection of (InnG)(k) x Aut(DynG — Speck) onto its second
component, and ¢ is a section of 7.

We thus conclude that the short exact sequence 1 — (Aut G)(k) —
Aut(G — Speck) — Autg(k) — 1 splits if and only if the short exact
sequence involving schemes of Dynkin diagrams 1 — (Aut DynG)(k) —
Aut(DynG — Speck) — Autpyng(k) — 1 does, as was to be shown. [J
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3.5 Semilinear automorphisms of the scheme of

Dynkin diagrams

We aim to give an explicit description of the group of semilinear au-
tomorphisms of Dynkin diagrams. One way to do that is to first base
change to a separable closure, and then push a little further the com-
putation appearing in the proof of Theorem 3.20. Instead, we prefer to
do it in a more down-to-earth manner, by looking explicitly at forms of
schemes of Dynkin diagrams.

Note that for Dyn a split scheme of Dynkin diagrams, the Gal(ks/k)-
action on Aut(Dyn,, ) is trivial, so that H'(ks/k, Aut(Dyny, )) is isomor-
phic to the set of continuous homomorphisms Hom(Gal(ks/k), Aut(D))
modulo conjugation (where D is the corresponding classical Dynkin di-

agram).

Definition 3.22. Let Dyn be a split scheme of Dynkin diagrams over
k corresponding to the Dynkin diagram D, and let Dyn’ be a kg /k form
of Dyn,_ . Let N < Gal(ks/k) be the kernel of Gal(ks/k) — Aut(D)
classifying the form Dyn’, and let [ be the Galois extension of k fixed by
N. We call [ the classifying field of Dyn’. Once a separable closure of
k has been fixed, the classifying field of Dyn’ is uniquely determined by

!

Dyn'.

We say that a split scheme of Dynkin diagrams is connected if the cor-
responding Dynkin diagram is connected, and that a scheme of Dynkin
diagrams is connected if it is a form of a connected split scheme of
Dynkin diagrams (so connected really means “geometrically connected”
or “absolutely connected”). For the rest of the section, we focus on con-
nected schemes of Dynkin diagrams. At the level of algebraic groups,

this amounts to require G to be absolutely simple.

Lemma 3.23. Let Dyn be a split scheme of Dynkin diagrams over k
corresponding to a connected Dynkin diagram D. Let ks be a separable
closure of k. The map which associates to a ks/k-form of Dyn,_ its
classifying field is a bijection between scheme of Dynkin diagrams over k
(up to k-isomorphism) and subfields | < ks such that (I is Galois over k
and) Gal(l/k) is isomorphic to a subgroup of Aut(D).
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Proof. Since D is connected, Aut(D) is either trivial, Z /2Z or Ss.
Hence, if two subgroups of Aut(D) are isomorphic, they are actually
conjugate. The result follows from the fact that the Galois action on
Aut(Dyny, ) is trivial, and hence H'(k,/k, Aut(Dyny, )) is isomorphic to
the set of continuous homomorphisms Hom(Gal(ks/k), Aut(D)) modulo

conjugation. [

Definition 3.24. Let Dyn be a connected scheme of Dynkin diagrams
over k, and let ks be a separable closure of k. We define the index of
Dyn to be 9X,,; where

1. I < kg is the classifying field of Dyn (and hence, a finite Galois

extension of k).
2. X, is the label of the Dynkin diagram associated to (Dyn);.
3. g is the order of the Galois group Gal(l/k).

As explained in Remark 3.11, we can describe a scheme of Dynkin
diagrams using the category of Gal(ks/k)-sets. Under this correspon-
dence, a scheme of Dynkin diagram (A, E, \) becomes a triple (A, E, 5\),
where A is a finite Gal(ks/k)-sets, E is a Gal(k,/k)-invariant subset of
AxA (this latter product being endowed with the diagonal action), and
A: A — {1,2,3} is a Gal(ks/k)-equivariant map ({1, 2, 3} being endowed
with the trivial Gal(ks/k) action). We do so to ease the description of

scheme of Dynkin diagrams in the following classification.

Corollary 3.25. In view of Lemma 3.23, once we fix a field k together
with a separable closure ks, a connected scheme of Dynkin diagrams over
k is entirely determined by its index. Here is a description of all possible

connected scheme of Dynkin diagrams over a field k.

1. I = k. Hence the scheme of Dynkin diagrams is split, and split
schemes of Dynkin diagrams were described explicitly in Defini-
tion 3.10.

2. 2Ag,; (n > 1). The triple (A, E, \) in the category of Gal(ks/k)-
sets corresponding to this scheme of Dynkin diagrams can be de-

scribed as follows:
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R R o O/
.f .;' : -;' (2n vertices)
X X L X X

The presence of an edge linking nodes © and j indicates that the
pairs (i,§) and (j,1) belong to E. Here, the Gal(ks/k) action fac-
tors through the action of Gal(l/k) = Z /2Z depicted by the dotted

arrows. Finally, X is the projection onto 1.

. 2Agn 117 (n > 0). The triple (A, E, ) in the category of Gal(ks/k)-

sets corresponding to this scheme of Dynkin diagrams can be de-

scribed as follows:

(2n + 1 vertices)

The presence of an edge linking nodes i and j indicates that the
pairs (i,7) and (j,7) belong to E. Here, the Gal(ks/k) action fac-
tors through the action of Gal(l/k) = Z /2Z depicted by the dotted

arrows. Finally, \ is the projection onto 1.

. 2Dy (n > 4). The triple (A, E,\) in the category of Gal(ks/k)-

sets corresponding to this scheme of Dynkin diagrams can be de-

scribed as follows:

(n vertices)

The presence of an edge linking nodes i and j indicates that the
pairs (i,§) and (j,7) belong to E. Here, the Gal(ks/k) action fac-
tors through the action of Gal(l/k) = Z /2Z depicted by the dotted

arrows. Finally, X is the projection onto 1.

. 2Eg,. The triple (A, E, ) in the category of Gal(ks/k)-sets cor-

responding to this scheme of Dynkin diagrams can be described as

follows:
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The presence of an edge linking nodes i and j indicates that the
pairs (i,7) and (j,7) belong to E. Here, the Gal(ks/k) action fac-
tors through the action of Gal(l/k) = Z /2Z depicted by the dotted

arrows. Finally, X is the projection onto 1.

3Dyy. The triple (A, E,\) in the category of Gal(ks/k)-sets cor-

responding to this scheme of Dynkin diagrams can be described as

<3

The presence of an edge linking nodes i and j indicates that the
pairs (i,§) and (j,i) belong to E. Here, the Gal(ks/k) action fac-
tors through the action of Gal(l/k) = Z /37Z acting cyclically on
the three rightmost nodes. Finally, X is the projection onto 1.

follows:

SDyy. The triple (A,E,S\) in the category of Gal(ks/k)-sets cor-

responding to this scheme of Dynkin diagrams can be described as

<3

The presence of an edge linking nodes © and j indicates that the
pairs (i,§) and (j,i) belong to E. Here, the Gal(ks/k) action fac-
tors through the action of Gal(l/k) = Sym3 acting freely on the

three rightmost nodes. Finally, X is the projection onto 1.

follows:

Lemma 3.26. Let Dyn be a connected scheme of Dynkin diagrams over

k with index 9X, ;. For H a group, we denote its opposite group by HP.

1.

If g =1, Aut(Dyn — Speck) = Aut(k)®? x Aut(D) (where D
is the Dynkin diagram labelled by X,,). Furthermore, Aut(D) is
identified with (Aut Dyn)(k).
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2. If g =2 or g =3, Aut(Dyn — Speck) = {a € Aut(l) | a(k) =
k}°P, while (Aut Dyn)(k) = Gal(l/k).

3. If g =6, Aut(Dyn — Speck) = {a € Aut(l3) | a(k) = k}°P, where

I3 is any non-normal cubic subextension of 1/k.

Proof. 1. The case ¢ = 1 means that Dyn is a split scheme of Dynkin
diagrams. Since D is connected, (AutDyn)(k) = Aut(D). Fur-
thermore Autpy, (k) = Aut(k) and the short exact sequence 1 —
Aut(D) — Aut(Dyn — Speck) — Aut(k) — 1 introduced be-
low Definition 3.12 splits. Furthermore Aut(k) acts trivially on
Aut(D), so that the result follows.

2. An isomorphism of Dyn = (A, E, \) over an isomorphism of & is in
particular an edge preserving bijection ¢ of the set of points of the
topological space underlying the scheme A. In Corollary 3.25, the
scheme A has been described as a Gal(k,/k)-set A. Recall that A
is just the spectrum of the etale algebra corresponding to A, and
that for example, the points of the topological space underlying
the scheme A are in bijection with the orbits of A.

A case-by-case analysis of Corollary 3.25 readily reveals that the
bijection ¢ must be the identity. Hence, we are left with a set of
automorphisms of Specl over an automorphism of k. But since
Dyn is connected, an element of Aut(Dyn — Speck) is actually
determined by one automorphism of Specl over an automorphism
of k. The description of Aut(Dyn — Speck) follows. Finally, the
algebraic automorphisms are just the ones which act trivially on

k, so that (Aut Dyn)(k) is indeed isomorphic to Aut(l/k).

3. Again, the result is clear from the picture given in Corollary 3.25.
O

Corollary 3.27. Let Dyn be a connected scheme of Dynkin diagrams
over k with classifying field 1. If Aut(l/k) 2 S3, then Autpy, (k) = {a €
Aut(k) | there exists & € Aut(l) extending a}. While if Aut(l/k) = Ss,
then Autpyn(k) = {o € Aut(k) | there exists & € Aut(l3) extending o},

where l3 is a chosen non-normal cubic subextension of l/k.
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Proof. This follows from the surjectivity of Aut(Dyn — Speck) —
Autpy, (k) and from the description of Aut(Dyn — Speck) contained
in Lemma 3.26. O

In view of Lemma 3.26 and Corollary 3.27, it is useful to introduce

the following notations.

Definition 3.28. Let k be a field, and let [ be a field extension of k.
We denote by Aut(l > k) the group of automorphisms of [ preserving k,
ie. Aut(l > k) = {a € Aut(l) | a(k) = k}. Also, we denote by Aut;(k)
the group of automorphisms of k that extends to an automorphism of [,
i.e. Auty(k) = {a € Aut(k) | there exists & € Aut(l) extending a}.

Using the identifications we made in Lemma 3.26 and Corollary 3.27,
we can rewrite in a very explicit form the short exact sequence 1 —
(Aut DynG)(k) — Aut(DynG — Speck) — Autpyng(k) — 1.

Proposition 3.29. Let Dyn be a connected scheme of Dynkin diagrams

over k with index X, ;.

1. If g = 1, let D be the Dynkin diagram labelled by X,,. The short
exact sequence 1 — (AutDynG)(k) — Aut(DynG — Speck) —
Autpync(k) — 1 is isomorphic to the short exact sequence 1 —
Aut(D) — Aut(D) x Aut(k)? — Aut(k) — 1. In particular, it

always splits.

2. If g =2 or g = 3, the short exact sequence 1 — (Aut DynG)(k) —
Aut(DynG — Speck) — Autpyng(k) — 1 is isomorphic to 1 —
Gal(l/k)°P — Aut(l > k)P — Auty(k) — 1.

3. If g = 6, let I3 be a (non normal) cubic subextension of 1/k.
The short exact sequence 1 — (Aut DynG)(k) — Aut(DynG —
Speck) — Autpyng(k) — 1 is isomorphic to 1 — 1 — Aut(l3 >
k)P — Auty, (k) — 1. In particular, it always splits.

Proof. This is a direct consequence of Lemma 3.26 and Corollary 3.27.
Note that in each case, the map Aut(l > k)? — Aut;(k) is given by
restriction to k followed by inversion. Also note that when g = 6, and
since l3 is a non normal cubic extension of k, the group Aut(l3/k) is
trivial, and Aut(ls > k) = Auty, (k). O
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Remark 3.30. Note that for example, the short exact sequence 1 —
Gal(l/k)°? — Aut(l > k) — Aut;(k) — 1 appearing in Proposi-
tion 3.29 is also isomorphic to 1 — Gal(l/k) — Aut(l > k) — Auty(k) —
1. We use this simpler form in Corollary 3.32.

We end this discussion with examples where the short exact sequence
1 = (Aut DynG)(k) — Aut(DynG — Speck) — Autpyng(k) — 1 does
not split.

Definition 3.31. A field & is called rigid if every automorphism of &
is trivial, and strongly rigid if for any finite extension [ of k, every

automorphisms of [ acts trivially on k.

Examples of strongly rigid fields include finite fields of prime order,
the field Q and p-adic fields Q,, for any prime p. On the other hand, R

is an example of a rigid field which is not strongly rigid.

Corollary 3.32. Let k be a finite Galois extension of a strongly rigid
field ko. Let G be an absolutely simple, simply connected (or adjoint)
quasi-split k-group such that DynG has index 9X,, ;, with g = 2 or g = 3.
Further assume that | is a Galois extension of ko. Then the short exact
sequence 1 — (Aut G)(k) — Aut(G — Speck) — Autg(k) — 1 splits if
and only if 1 — Gal(l/k) — Gal(l/ko) — Gal(k/ko) — 1 splits.

Proof. In view of Theorem 3.2, Proposition 3.29 and Remark 3.30, the
short exact sequence 1 — (Aut G)(k) — Aut(G — Speck) — Autg(k) —
1 splits if and only if the short exact sequence 1 — Gal(l/k) — Aut(l >
k) — Aut;(k) — 1 splits. Since kg is strongly rigid and k is a normal
extension, Aut(l > k) = Gal(l/kg). Furthermore, Aut(k) = Gal(k/ko),
and since [/ kg is Galois, every element of Gal(k/ko) extends to Gal(l/ko).
Hence Aut;(k) = Gal(k/kg), and we get the result. O

3.6 The SL,(D) case

3.6.1 Outer automorphisms of finite dimensional central
simple algebras over local fields

We now explore the same question for algebraic groups of the form
SL, (D). We will restrict ourselves to the case of a local field. Let us
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begin by recalling the classification of central simple algebras over local
fields.

Definition 3.33. Let K be alocal field and let d,r € N with d > 1. Let
K, be the unramified extension of K of degree d, let o € Gal(Ky/K)
be the Frobenius automorphism (i.e. the automorphism inducing the
Frobenius automorphism on Gal(K4/K)), and let  be a uniformiser of
K. We define A(d,r) to be the central simple algebra isomorphic to

the cyclic algebra (K4/K,o,n"). More explicitly, A(d,r) is described as
-1

@ u' K4, with the relations u~'au = o(a) for all a € Ky, and u? = 77.
i=0

Note that up to isomorphism, A(d,r) does not depend on the choice

of m (in fact, given two uniformisers 7 and 7, an explicit isomorphism
(Kq/K,o,m") = (Kq/K,o,7") having the same form as the one appear-

ing in Lemma 3.34 can be given).

Lemma 3.34. Let K be a local field. Let A = A(d,r) and Kg,0,7
be as in Definition 3.33. Let o be an automorphism of K4 such that

a(K) = K, and assume that there exists an element x in Ky such

r d—1 .
that N,k () = % Then the map ¢(a,z): A — A: Z‘au’ai >

d—1 ,
> (ux)'a(a;) is a ring automorphism of A.
1=0

Proof. We view A as a quotient of the twisted polynomial ring Kylu; o]
(see [Jac96, Section 1.1] for the definition of a twisted polynomial ring)

d

modulo the relation u® = 7". Given an automorphism « in Aut(Ky), we

U — ux
can define a map f,: Kq[u; 0] = Kgu;0]:

a— afa) for all a € Ky
By [Jac96, Proposition 4.6.20|, f, is a ring automorphism as soon as

looa™t

ac = oa. Recall that by assumption, a(K) = K. Hence o~
belongs to Gal(Ky/K), and its induced automorphism on the residue
field K, is a commutator in Aut(Ky), thus trivial (note that since every
automorphism of a local field is continuous, it always induces an auto-
morphism of the residue field). We conclude that o~ taca™! itself was
trivial, by [Ser79, Chapter III, §5, Theorem 3|. Hence, f, is indeed a

ring automorphism.
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Furthermore, if it passes to the quotient, f, induces the automor-
phism ¢(a, z). Hence it suffices to check that f, preserves the relation.

But we have fy(ué —7") = (uz)? — a(n") = udNKd/K(x) —a(n") =
d _ 7.1.7“)04(777')

T )

(u as wanted. O

For a an automorphism of a (non-necessarily commutative) ring R,
we denote by @ the corresponding automorphism of M, (R) (the algebra
of n x n matrices with coefficient in R) obtained by applying « coefficient
by coefficient. Also, for A a finite dimensional central simple algebra over
a field k, we denote by Nrd: A — k its reduced norm.

Lemma 3.35. Let k be a field and let A be a central simple k-algebra
of degree d. Let 1 be a field extension of k splitting A. Let a be a ring
automorphism of A such that a(k) = k and a(l) = 1. For x € A,
Nrd(a(z)) = a(Nrd(x)).

Proof. Let f: A — My(l) be the representation of A given by the fact
that [ splits A. Let a: My(l) — My(l) be the automorphism correspond-

ing to a: I — I. We consider the following non commutative diagram

AT mgy 2

al al la
AT ) et

In the above diagram, the square on the left does not commute, but the
square on the right does commute. By definition, for x € A, Nrd(z) =
(detof)(x). Also note that since & o f o a~! is another representation
of A, we have detod o f o a™! = detof, by [Pie82, Chapter 16, §1,
Corollary a]. Hence Nrd(a(z)) = (detof o a)(x) = (detoa o f)(z) =
(aodetof)(x) = a(Nrd(z)), as wanted. O

We set some notations that we use for the rest of the chapter.

Definition 3.36. Let K be a local field. Let A(d,r) and Kg4,0,7 be
as in Definition 3.33. Let a be an automorphism of K; such that

a(K) = K, and assume that there exists an element z in K, such that
Ni, k() = 2m") " The map (e, z): Myp(A) — M,(A), corresponding

T
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to the automorphism ¢(a,z): A — A from Lemma 3.34, preserves ele-
ments of reduced norm 1 by Lemma 3.35. We again denote its restriction
to SL,(A) by ¢(a, z).

Corollary 3.37. Let A be a finite dimensional central simple algebra
over a local field K. Every automorphism of K extends to an automor-
phism of A. Furthermore, Autgr,, (4)(K) = Aut(K).

Proof. By Theorem 3.59, the central simple algebra A is an algebra of
the form A(d,r), i.e. a cyclic algebra of the form (K;/K,o,7") with
K4, 0,7 as in Definition 3.33.

Let o € Aut(K). Since Ky/K is Galois, there exists @ € Aut(Ky)
whose restriction to K is a. On the other hand, by [Ser79, Chapter
V.82, Corollary|, Ng, /i is surjective on Oj;. Furthermore, as we recall
in the proof of Lemma 1.54, any automorphism of a local field preserves

the valuation. Hence there exists z € Ky such that N,/ (z) = O‘S:.T).

Then the automorphism ¢(a, z) defined in Lemma 3.34 is an extension
of a to A. Furthermore, (5(04, x) from Definition 3.36 is defined over a™?,

so that the last claim follows. O

Remark 3.38. If @ € Aut(K) is of finite order, the result in Corol-
lary 3.37 asserting that a extends to an automorphism of D can be
found in the literature. Indeed, using Lemma 3.63, it is a direct conse-
quence of [EM48, Corollary 7.3|. See also [Han07, Theorem 5.6]. This
already settle the question in characteristic 0, but we are not aware of

such a result in positive characteristic.

3.6.2 Sufficient condition for the exact sequence not to
split

Let us introduce another notation for a subgroup of the group of semi-

linear automorphisms, which allow us to introduce a “ground field”.

Definition 3.39. Let k be a field and let G be a (finite type, affine) re-
ductive group over k. Let k' be a subfield of k. We denote by Aut(G —
Speck/k") the subgroup of Aut(G — Speck) consisting of semilinear
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automorphisms over an automorphism « belonging to Aut(k/k’). Fur-
thermore, we denote by Autg(k/k") the image of Aut(G — Speck/k’)
under the map Aut(G — Speck) — Autg (k).

Theorem 3.40. Let D be a division algebra of degree d over a lo-
cal field K and let G = SL,(D). Let K' be a subfield of K such
that K/K' is a finite Galois extension. Then the short exact sequence
1= (AutG)(K) — Aut(G — Spec K/K') — Autq(K/K') — 1 splits if
and only if ged(nd, [K : K']) divides n.

Proof. By Corollary 3.37, Autq(K) = Aut(K). Hence, since Gal(K/K')
is contained in Autg(K), the short exact sequence splits if and only if G
is defined over K’ (see Theorem 3.7). Let H be this hypothetical form
of G over K.

The case d = 1 being obviously true, let us assume that d > 2. Now,
by the classification of simple groups over local fields (see [Tit79, Sec-
tion 4.2 and 4.3]), the Tits index of H is of the form *A(@) or 2A() since
these are the only groups of type A over local fields. Note that a distin-
guished orbit has to remain distinguished after scalar extension, because
a non-trivial root remains non-trivial after scalar extension. Hence H
cannot be of type 241, because groups of type 240 have extremal
roots that are distinguished, whereas G has undistinguished extremal
roots when d > 2. But the only groups of type *A(@) are groups of the
form SL,/(D’) where n’ > 1 and D’ is a division algebra over K’. So we
conclude that H is of this form.

We use the notation inv for the map classifying division algebras over
local fields (see Theorem 3.59 for a precise definition of inv). Let d’ be
the degree of D' over K’, and let r’ be such that [2—:] = inv([D']) in Q/Z.
Also, let a = ged(d/, [K : K']). The base change of SL,/(D’) from K’
to K is the algebraic group SLg, (A(%, @r’)) by Proposition 3.64.
Since H is isomorphic to G over K, an’ = n and ad = d’. Hence,
a = ged(ad, [K : K']), which implies that ged(adn/,[K : K']) divides
an’. Now, the equation an’ = n already proves that if H exists, then
ged(nd, [K : K']) divides n.

Conversely, let a = ged(nd, [K : K']), and assume that a divides n.

We then set n’ = 2, d = ad and r’ such that @r’ — 1 € dZ (such
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[K:K']

an r’ exists because is prime to d). With those parameters, the

algebraic group SL,/(A(d',7")) is a form of G over K', as wanted. O

Remark 3.41. The condition that ged(nd, [K : K']) divides n is equiv-
alent to require that for all primes p dividing d, the p-adic valuation of

[K : K'] is less than or equal to the p-adic valuation of n.

Corollary 3.42. Let D be a division algebra of degree d over a local field
K and let G = SL,,(D). The short exact sequence 1 — (Aut G)(K) —
Aut(G — SpecK) — Autg(K) — 1 does not split if there exists a
subfield K' < K such that K/K' is finite Galois and ged(nd, [K : K'])

does not divide n.

Proof. 1 = (Aut G)(K) — Aut(G — Spec K/K') — Autg(K/K') — 1
does not split by Theorem 3.40, hence neither does 1 — (Aut G)(K) —
Aut(G — Spec K) — Autg(K) — 1. O

3.6.3 Sufficient condition for the exact sequence to split

In characteristic 0, it is actually straightforward to prove the converse to
Corollary 3.42.

Theorem 3.43. Let D be a division algebra of degree d over a local field
K of characteristic 0 and let G = SL,(D). The short exact sequence
1 = (AutG)(K) — Aut(G — Spec K) — Autq(K) — 1 does not split
only if there exists a subfield K' < K such that K/K' is finite Galois
and ged(nd, [K : K']) does not divide n.

Proof. By Corollary 3.37, Autq(K) = Aut(K). Since K is of charac-
teristic 0, it is a finite extension of Q, for some prime p. But every
automorphism of K is continuous and fixes Q < K, so that every au-
tomorphism acts trivially on Q,. Hence, by Galois theory, Aut(K) is a
finite group. Furthermore, letting KA"(5) be the subfield of K fixed by
Aut(K), the extension K/KA"X) is Galois with Galois group Aut(K).

Let a = ged(nd, [K : KA")]), Assuming that there does not ex-
ist a subfield K’ < K such that K/K’ is finite Galois and such that
ged(nd, [K : K']) does not divide n, we have in particular that a divides
n. Also, let r € N be such that [5] = inv([D]). Since w is prime
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1 L Aut(K)
to d, there exists v’ € N such that %7«/

Proposition 3.64, the algebraic group SLx (A(ad, ') is a form of G over
KAME) hecause ged(ad, [K @ KA"™K)]) = q. But in view of Lemma, 3.6,
this implies that the homomorphism Aut(G — Spec K) — Aut(K) =
Gal(K/K2"X)) has a section, as wanted. O

—r € dZ. Hence, by

We now aim to prove an analogue of Theorem 3.43 but in posi-
tive characteristic. When K is of positive characteristic, the fixed field
KA s finite and K/K*"() is not Galois. Thus we cannot use the
same method than in characteristic 0.

Instead, the strategy goes as follows: we decompose Aut(K) in var-
ious pieces, we give a section of Aut(SL,(D) — Spec K) — Aut(K)
separately for each pieces and then we check that everything can be

glued. Let us begin by decomposing Aut(K).

Lemma 3.44. Let K = Fi(T)). Since F, is the algebraic closure of
the prime field in K, ¥ is preserved by any automorphism of K. Let
N(K) = {a € Aut(K) | « acts trivially on Fi}. We have Aut(K) =
N(K) x Gal(K/F,(T))).

Proof. We want to show that the short exact sequence 1 — N(K) —
Aut(K) ERN Gal(F,: /Fy) — 1 splits. But by [Ser79, Chapter III, §5,
Theorem 3|, f maps Gal(K/F,((T))) isomorphically onto Gal(F,:/Fy),
hence the result. O

We furthermore decompose the group N(K). Since automorphisms

of K are continuous, an element o of N(K) is therefore defined by its

0 .
action on 7', and is of the form o(T) = ) a;T7, where a; € F .
j=1

0 .
Definition 3.45. Let J(K) ={a € N |a(T) =T+ }_ a;17, aj € F):}
=2
and let Cpi_y = {a € N | a(T) = aT, a € F;}. With those notations,
p

the group N(K) is isomorphic to J(K) x Ci_y. For a € F;i, we denote
by ev(aT) the corresponding element of Aut(K).

In summary, we have decomposed Aut(K) as the group (J(K) x
Cpi_1)xGal(K/F,(T))). We go on by giving a section to Aut(SLy (D) —
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Spec K) — Aut(K) for each component of Aut(K), one at a time. Let

us first set some notations.

Definition 3.46. Let K = F,i((T)) and let £ be a finite unramified
extension of K. For a € N(K) we define its extension ag to Aut(E)
as follows: ap acts trivially on the residue field, while ag(T) = (7).
We thus get an injective homomorphism N(K) — N(E): a — ag.
In Proposition 3.47 and Proposition 3.50, we abuse notations and also

denote ag as «a.

Proposition 3.47. Let K = F,:(T)) and let D be a division algebra of
degree d over K. Using the notations of Definition 3.33, D 1is the cyclic
algebra (Kq/K,o,n") for some r € N. Assume that ged(p,d) = 1. For
o € J(K), there exists a unique xq in 1+TF;[T] such that z& = “g?f).
Let G = SL, (D) and recall the notation introduced in Definition 3.36.

The map

frky: J(K) — Aut(G — Spec K)

o qg(a,a:a)

is a homomorphism whose composition with the map Aut(G — Spec K) —
Autg(K) is the identity on J(K).

Proof. For a € J(K), the uniqueness of z4 in 1+TF ,;[T] such that 24 =
(T7)

(XTT

that for o, 8 € J(K), £goq = z5.6(2o). By uniqueness, this equation

holds if and only if 22T — (25 5(z,)]%. But the right hand side is

equal to %.B (%), which is indeed equal to ('Bo%w Chef:king that
fJ(x) is a homomorphism is now straightforward: ¢(3,zg) o ¢(a, 74) =

(B o Oéaxﬁ-/@(xa)) = é(ﬁ © 0475550a)~ O

follows directly from Hensel’s lemma, since ged(d, p) = 1. We claim

We can also prove a converse to Proposition 3.47.

Proposition 3.48. Let K = F,i(T)), let D be a division algebra of de-
gree d over K and let G = SL, (D). If ged(p,d) # 1, there does not exist
a homomorphism f;gy: J(K) — Aut(G — Spec K) whose composition
with Aut(G — Spec K) = Autg(K) is the identity on J(K).
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Proof. By Theorem 3.40, it suffices to prove that for all n € N, there
exists K’ < K such that K/K’ is finite Galois with Gal(K/K') < J(K)
and ged(nd, [K : K']) does not divide n. Let G be a group of order p™.
By [Cam97, Theorem 3|, there exists an injective homomorphism G <
J(F,((T)). Also note that J(F,((T))) can be seen as a subgroup of J(K)
in a natural way, so that J(K') has a subgroup of order p", that we again
denote by G. Now, let K' = K¢ = {r € K | a(z) = z for all @ € G}.
Hence, K/K' is a Galois extension with Gal(K/K’') = G < J(K) and
ged(nd, [K : K']) = ged(nd, p™) does not divide n because ged(p, d) # 1,

as wanted. O

We now construct a section of Aut(G — Spec K) — Aut(K) for
Cpi_1- In fact, using the same line of argument as for Theorem 3.40, we
know that a section for Ci_; exists if and only if ged(nd, p* — 1) divides
n (where d and n appear in the form of G = SL,(D), d denoting as
usual the degree of D). But we need to have an explicit formula, since
we want to ensure that it glues well with the map f;) constructed in
Proposition 3.47. Let us furthermore decompose C)i_; according to the

degree of the division algebra.

Definition 3.49. Let d € N (in practice, d is the degree of the division
algebra appearing in G = SL,(D)). Let k(d),l(d) € N be such that
k(d).I(d) = p — 1, with ged(dF' 1, p' — 1) = ged(d¥ D, k(d)) = k(d) and
ged(d,l(d)) = 1. Hence, ged(l(d), k(d)) = 1, so that Ci_1 = Clg) X
Cia)-

Proposition 3.50. Let K = F,:(T)), let D be a division algebra of
degree d over K, and let Cyg) < Cpi_q = F;i be as in Definition 3.49.
Every element a in F;,ﬂC’l(d) has a unique d-th root ¥/a in F;iﬂCl(d). Us-
ing the notations of Definition 3.33, D is the cyclic algebra (Kq/K,o,n")
for some r € N. Let G = SL,(D) and recall the notation introduced in
Definition 3.36. The map

fCl(d): Cl(d) — Aut(G — Spec K)
ev(aT) — d(ev(al), Var)
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is a homomorphism whose composition with the map Aut(G — Spec K) —
Autg(K) is the identity on Cyg).

Proof. The existence and uniqueness of {/a € Cj) follows from the fact
that ged(d,(d)) = 1. Note that %Z(Tr) =a" = Ng,/k(Va’), so that
we can indeed use Definition 3.36. Furthermore, by uniqueness of d-th

root, fcl( o 18 indeed a group homomorphism. O

Before going on and defining a section for Cyg), we need more nota-

tions.

Definition 3.51. 1. Let Fglg be the algebraic closure of F),. We de-
note by F), (or simply F' when p is clear from the context) the Frobe-
nius automorphism of F&8((T)). For any finite extension (respec-
tively finite unramified) extension E of F, (respectively F, (1)),

we also denote by F' the restriction of F' to E.

2. For G a group and g € G, we denote by int(g) the automorphism

by conjugation of g on G, i.e. int(g): G — G: x + gzg~!.

Proposition 3.52. Let K = F,i(T)), let D be a division algebra of
degree d over K.Using the notations of Definition 3.33, D is the cyclic
algebra (Kq/K,0,7") for some r € N. Let G = SL,(D) and let Cyqy <
Cpio1 = F;i be as in Definition 5.49. Let ¢ be a generator of Cg)-
id
There exists an element x € F ianw) such that FT(x) = (". Choosing
a Fpia-basis of Fpian, we obtain an embedding ¢: Fpian — My (Fia).
Assume that k(d) divides n. Thus F k) is a subfield of Fian, and let
g be the image of =1 under the embedding ¢. Recalling the notation

introduced in Definition 3.36, the map

ka(d) : Cr(a) — Aut(G — SpecK)
eV(CjT) —> int(gj) o &(GV(CjT>, (Fi(x)x—l)j)

is a homomorphism whose composition with the map Aut(G — Spec K) —
Autg(K) is the identity on Cig)-

Proof. Since d is fixed for the rest of the proof, let us denote k(d) simply

id
by k. We begin by proving the existence of x € Fiax such that @)

T
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¢". Since ¢ belongs to Cj, ¢("¥ = 1. In other words, Ng anJF 2 (C7) = 1.
P P ]

Also note that the extension F ik /F i is Galois cyclic, and that Fid

generates its Galois group. Hence, by Hilbert’s Theorem 90, there indeed

id
exists x € Fiar such that FT(:E) = (". For the rest of the proof, we choose
such an z.
id .
From FT(LE) = (", it readily follows that F*(x)z~" and 2* belongs to

F 4, since they are both invariant under ¥ i Note that MCJTT# =
(" = Ng, /i ((F'(z)z~1)7), so that we can indeed use Definition 3.36.
It remains to check that fe, is a homomorphism. Note that int(g’) o
P(ev(IT), (Fi(z)z=1)7) followed by int(g7) o ¢p(ev(¢I'T), (Fi(x)z)7)
is just int(g?*7) o ¢(ev(¢I'HIT), (Fi(x)z=1)7"+7). Hence, it suffices to
check that int(g¥) o ¢(ev(¢HT), (Fi(z)z1)*) is the identity on SL, (D).
But since zF € F i, g* is diagonal and by definition of g, z %g=F = 1.
Furthermore, since o (respectively F) is the Frobenius element of F: (7"))
(respectively Fglg((T))), o = F' so that for u € D as in Definition 3.33,

ug®u=! = F(g¥). This concludes the proof. O

Remark 3.53. The automorphism int(g7) o ¢(ev(¢IT), (Fi(x)z~1)7) of
Proposition 3.52 does not depend on the choice of x. This can be seen
by a direct computation, similar to the one we carry out in the proof of
Theorem 3.57, Item 5.

As before, we can also prove a converse to Proposition 3.52.

Proposition 3.54. Let K = Fi(T)), let D be a division algebra of de-
gree d over K and let G = SLy, (D). If k(d) does not divide n, there does
not exist a homomorphism fc, . Cray — Aut(G — Spec K) whose
composition with Aut(G — SpecK) — Autg(K) is the identity on
J(K).

Proof. By Theorem 3.40, it suffices to prove that there exists K/ < K
such that K/K' is finite Galois with Gal(K/K') < Cjq) and such that
ged(nd, [K : K']) does not divide n. Recall from Definition 3.49 that
I(d) is prime to k(d) with k(d)i(d) = p' — 1. Hence K has a k(d)-th
primitive root of unity ¢. Hence, K' = F; (T*4)) is such that K/K' is
Galois of degree k(d), and Gal(K/K') is generated by the automorphism
of K sending T" to (T, so that Gal(K/K') < Cyq). Finally, ged(nd, [K :
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K']) = ged(nd, k(d)) does not divide n because by definition k(d) =
ged(d¥ D k(d)) and k(d) does not divide n. O

Finally, we construct a section to Aut(G — Spec K) — Aut(K) for

Gal(F i (T)/Fp(T)-

Proposition 3.55. Let K = F,:(T)) and let D be a division algebra of
degree d over K. Assume that ged(d,i) = 1. Let m € Z be such that
mi+ 1 € dZ. Let G = SLy,(D) and recall the notation introduced in
Definition 3.36. The map

fear: Gal(F,i(T)/F,(T) — Aut(G — Spec K)
FI s g(FImi+1) )

is a homomorphism. Furthermore, its composition with the map Aut(G —
Spec K') — Autg(K) is the identity on Gal(F:((T))/F,(T)).

Proof. First, note that m exists because ged(d,i) = 1. Since F/™ acts
trivially on F (1), FJ (mit+1) is indeed an extension of F7 (seen as re-
stricted to F,i (1)) to Fa((T)). Furthermore, I i(mitl) acts trivially on
F (1)), because i(mi + 1) € idZ by definition of m. Hence, fga is
indeed a homomorphism. O

Remark 3.56. A section fga: Gal(F:(T)/F,(T) — Aut(G —
Spec K) exists if and only if ged(nd,?) divides n. In Proposition 3.65,
we give an explicit formula for fa, assuming only that ged(nd, i) divides
n. Unfortunately, this formula does not glue well with the formula for

f1(x) (given in Proposition 3.47) when ged(d, i) is not equal to 1.

We can finally glue all the previous constructions to obtain a global

splitting of the initial short exact sequence.

Theorem 3.57. Let D be a division algebra of degree d over the local
field K = Fi(T) and let G = SL, (D). Assume that for all subfields
K' < K such that K/K' is finite Galois, ged(nd, [K : K']) divides n.
Also assume that ged(d,i) = 1. Then the short exact sequence 1 —
(Aut G)(K) — Aut(G — Spec K) — Autg(K) — 1 splits.
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Proof. In view of Proposition 3.58, the hypotheses imply that ged(d, p) =
1, ged(nd,p’ — 1) divides n and ged(d,i) = 1. Hence we can apply
Propositions 3.47, 3.50, 3.52 and 3.55. For the rest of the proof, we
strictly adhere to the notations that are introduced in the statements of
those propositions.

Recall that Autg(K) = Aut(K) (Corollary 3.37). Also recall that we
decompose Aut(K) as (J(K) x (Cyay X Ciay)) x Gal(F,: (1)) /Fp(T))-
We define a map

[ (J(K) % (Cyay X Cray)) x Gal(F,: (1) /F,(T))) — Aut(G — Spec K)
(a7 eV(aT)v eV(CjT)v Fjl) = fJ(K) (a)fcl(d) (ev(aT))ka(d) (ev(ng))fGal(Fj,)

We claim that f is a homomorphism. To prove this claim, it suffices to

compute various commutators in Aut(G — Spec K).

1. The images of fc,, and fc,, commute. Indeed, p(ev(al), V/ar)
readily commutes with int(g?)(ev(¢IT), (F(z)z~1)9).

2. We claim that fc,,, (ev(a_lT))fJ(K)(Ol)fCl(d) (ev(aT)) is equal to
fry(ev(a™T) o aoev(al)).

Indeed, 3(ev(a=1T), Ya=)d(a, za)d(ev(aT), YaT) = dlev(a=1T) o
aoev(al),ev(a™'T)(xy)). Butev(a™'T)(z,) = Tey(a—1T)oaoev(aT)
because ev(a™'T)(zq) belongs to 1 4+ TF,[T], and

a(TT)

ev(a 1 T) (2a)? = ev(a 1 T)( )

TT‘
ev(a™T)oaoev(al)(T")
TT

The claimed equality follows.

3. [y (eV(CIT)) frx) (@) foy 0 (ev(TIT)) = fyux)(ev(C7T) o ao
ev(¢’T)). This follows from the same kind of computation than in

the previous case.

4. fea(F79) f10)(0) faal (FT) = fyie) (F~9 aF7").
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Indeed, 7'+ (z,) belongs to 1 + TF,[T], and furthermore
oo o - F*j’(miJrl)aFj’(miJrl) (Tr)
—i — T
i (mit1) (xa)d —FJ (mz—&—l)(oé(TT )) — T )
Hence
S(F D 1), o) (K 1) =
( —j mz—i—l)aFj (mi+1) JEF j (mz+1)( a))
— ( 3 (mit1) | gy’ (mit1) s T et (mit1) g i (mid1) )
:(FJO‘F y L p—j FJ))
as wanted.
5. We readily check the equality fGal(Fjl)fl(d)(ev(aT))fGal(F_j/) =

fl(d)(Fj/ ev(aT)F*j/). Let us prove that
faat(F7) firay (ev(TT)) foal(F ") = fya)(F7 ev(JT)F).
The left hand side is equal to
S(F UMD 1) int(g7)@(ev(¢IT), (F'(z)x~ ) )g(F 7 (™Y, 1),
which in turn is equal to the automorphism f; =
int (P74 (g7)) g (ev (F D ()T, FI D (F ()t ))
We claim that the automorphism f; is equal to

fa = int(F7 (g7))p(ev(F (¢)T), 7' (F'(x)z ™))

To prove the claim, we write an element of M, (D) as i u' M,
7=

with M; € My(F,a(T))). Recall that the action of F' on F i is

just given by y ~— yP, and that for M € M, (Fua((T)), v 'Mu =

o(M) = F'(M). Hence,

fi(u) = wFJ (mH‘l)-H(gJ)F] (mz+1)(FZ( ) —1)ij’(mz‘+1)(g—j)
=l D (F (g )( ) D7)
= 9 (MiAD) () 0 =1) — o i (mit D) () R(@Ud) —

(
)
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where for the last equality, we used the fact that zF(®gh(@ = 1.
Doing the same computation for fo, we find that fo(u) = u as well.
There just remains to show that for M € M, (F (7)), f1(M) =
fo(M). Since ¢ € F i, FI'(mH(¢7) = FI'(¢7). On the other hand,
FI'mit1) (i) = gjpj/(m“rm = gjpj/gjpj/(pj/mi_l). Recalling that k(d)
divides p* — 1 and that gk(d) is a scalar matrix, this shows that
FI'(mit1) (g7} is equal to F7'(¢7) up to a scalar matrix, so that
F1(M) = int(F9 0D (g9)) (M) = int(F7 (7)) (M) = fo(M).

We conclude that f is indeed a homomorphism. The fact that f is a
splitting of the short exact sequence in the statement of the proposition
follows from the fact that the restriction of f to each component is locally
a section of Aut(G — Spec K) — Autg(K). O

Since existence of Galois subfield plays a crucial role, we end this
section by characterising the existence of a Galois subfield K’ of K whose

degree is divisible by a prime power.

Proposition 3.58. Let K = Fi((T)), let q be a prime number and let
a € N. There exists a subfield K' such that K/K' is finite Galois and
q® divides [K : K'] if and only if ¢ = p or ¢® divides i(p* — 1).

Proof. Assume that such a K’ exists. Since K/K' is Galois and ¢ divides
[K : K], there exists K such that K/K is Galois and [K : K] = ¢® Up
to replacing K’ by K, we can thus assume that [K : K] = ¢%. Let also
K], be the maximal unramified extension of K’ inside K.

Note that K’ and K/, are local fields, so that in particular K’ =
F,.(T)) and K7, = F,i((T)). Since [K,, : K'] divides ¢°, there exists a;
such that ¢** = . Letting a2 = a —ay, we have that K/K,, is a totally
ramified extension of degree ¢*2.

If p = ¢, the proposition is proved, hence there just remains to in-
vestigate the case p # ¢. In this case, K is a tamely totally ramified
extension of K/, . Thus, K is isomorphic to K/, [X]/(X9"* — ) for some
uniformiser 7 € F,i((T)). But K is a Galois extension, and hence this
implies that F,:((T) has a primitive ¢“2-th root of unity, so that ¢*?

divides p* — 1, as wanted.
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To prove the converse, we use a classical fact from local class field
theory: there exists an extension K, of K which is Galois and totally
ramified, and such that Gal(K;/K) is isomorphic to the group of invert-
ible elements F ;i [T]* of F,:[T] (see for example [Iwa86, Section 5.3]).
Note that the degree of F; + T*HF i [T] in Fi[T]* is equal to p®. Let
L; be the Galois extension of K corresponding to F;i + T, [T7].
Let also Ly be the splitting field of X?'~! — T over F,((T)). For k =1
or 2, Lj is totally ramified of finite degree over K, so that there ex-
ists an isomorphism ¢p: K — Lj. Hence K; = ¢ (K) (respectively
Ky = ¢5 ' (F,(T))) is such that K/K; (respectively K/K>) is Galois,
and [K : K1] = p® (respectively [K : K] = i(p* — 1)), which concludes
the proof. O

3.A Base change of the algebraic group SL, (D)

We begin by recalling some classical facts about finite dimensional central

simple algebras over local fields.

Theorem 3.59. Let K be a local field. Every central simple algebra over
K is isomorphic to an algebra of the form A(d,r) as in Definition 3.33.
Furthermore, the map inv: Br(K) — Q/Z: [A(d,r)] — [§] is an iso-

morphism of groups.

Proof. See for example [Mor97, Theorem 8| for the first assertion, while
the second is precisely the content of [Pie82, Chapter 17, §10, Theorem].
O

Corollary 3.60. Let K be a local field and let d,r € N with d > 1. Let
a = ged(d,r). Then A(d,r) is a division algebra if and only if a = 1,
and A(d,r) = M,(A(4,1)).

a’a

Proof. The central simple algebra A(d,r) is a division algebra if and
only if all central simple algebras over K in the same Brauer class have
a higher degree. In view of Theorem 3.59, it readily implies that A(d,r)
is a division algebra if and only if a = 1. Furthermore, by Wedderburn’s
theorem, A(d,r) is isomorphic to M, (D) for some division algebra D

and some 1 < n € N, and by definition of the Brauer group, [D] =
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[A(d,r)]. Hence, using the first part of the Theorem, D = A(%,g).
Now, comparing degrees readily imply that n = a, and the result is

proved. ]
We now study the base change of the algebraic group SL,(A).

Lemma 3.61. Let A be a central simple algebra over a field k, and let
SLi A be the algebraic group over k defined as the kernel of the reduced
norm, so that SLy a(k) = {z € A | Nrd(z) = 1} = SL1(A). For k' a
field extension of k, (SLi a)r = SL1 Ag. k-

Proof. Let k' be the algebraic closure of k’. Since &/ splits A, the reduced
norm is the map f: A — Ak’ = M, (K) 90 T Let © denotes the iso-
morphism A®y k' = M, (k). If we take a k-basis of A to get coordinates
on A®; K/, the map det oy is actually a polynomial map on A ®y, &k’ with
coefficients in k, by [Bou73, Chapitre VIII, §12, Proposition 11]. Hence,
[z = det op. This implies that f: A®; k" — K is just the composition
ARk — Ay k' = M, (k) det, k', i.e. fis is the reduced norm map of

the algebra A ® k', as wanted. O

Remark 3.62. To avoid having too many subscripts, we denote the
algebraic group SLq 4 by its group of rational points, i.e. SL1(A). Recall
also that by definition, SLy 57, (4) = SLn,a. We also denote this equality
at the level of rational points, i.e. SLy(M,,(A4)) = SL,,(A4).

Before giving the formula for a base change of SL,(A), we recall the

effect of extending scalars for central simple algebras over local fields.

Lemma 3.63. Let K be a local field and let A(d,r) be the central simple
algebra over K defined in Definition 3.33. Let L be a finite extension of
K. Then A(d,r) ®kx L= A(d,r[L : K]).

Proof. By Wedderburn’s theorem, a central simple algebra over a field
is uniquely determined by its degree and its Brauer class. By [Pie82,
Chapter 17, Section 17.10, Proposition|, we have inv([A(d,r) @k L]) =
[L : K].inv([A(d,r)]. Hence A(d,r[L : K]) and A(d,r) ® L are in
the same Brauer class. Since they have the same degree as well, this

concludes the proof. ]
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Proposition 3.64. Let A(d',r') be a division algebra over a local field
K’ as in Definition 3.33. Let K/K' be a finite field extension and let
a = ged(d,[K, K']). Then the base change of SL/(A(d',r")) to K is
isomorphic to SLgn (A(L M7“’)),

a’ a

Proof. The base change of SL,/(A(d',r")) = SLi(Mu(A(d',7"))) to K
is isomorphic to SLi (M, (A(d',r")) @k K) = SLy (A(d',7") @k K) by
Lemma 3.61. But by Corollary 3.60 and Lemma 3.63, A(d',r") Qg
K = M, (A% LS P )). To conclude, note that for any central simple

a’ a

algebra A, SL,/(My(A)) =2 SLau (A). O

3.B  More automorphisms of SL,(D)

The following proposition gives explicitly a “partial splitting” of the ho-
momorphism Aut(SL,(D) — Spec K) — Autg(K) for the subgroup
Gal(F,: (7)) /Fp((T))) when ged(nd,i) divides n (d being as usual the
degree of D over K). Unfortunately, we were not able to include this
case in Theorem 3.57 because the formula we found does not glue well
with the map fjx) constructed in Proposition 3.47. Yet, this explicit

formula could be of interest, so that we include it here.

Proposition 3.65. Let K = F,:(T)), let D be a division algebra of
degree d over K and let G = SL,(D). There exists a homomorphism
faar: Gal(F,:(T)/Fp(T)) — Aut(G — Spec K) whose composition
with Aut(G — SpecK) — Autg(K) is the identity on the subgroup
Gal(F,: (7)) /Fp((T) if and only if gcd(nd, i) divides n.

Proof. First assume that ged(nd, i) divides n. We begin by setting some
notations. Let » € N be such that inv([D]) = [5]. By Corollary 3.60, r
is prime to d and D is the cyclic algebra (E/K,o,n").

Recall that Gal(F: (1) /Fp((T))) is just (isomorphic to) Gal(F i /F),
which is isomorphic to the cyclic group C; of order i. Let k,I € N be
such that kl = 4, with ged(d’,i) = ged(d*, k) = k and ged(d,l) = 1.
Note that since ged(nd, ) divides n, it follows that ged(d, i) = k divides
n as well. Furthermore, ged(l, k) = 1, so that

Gal(Fi (1) /Fp(T)) = C; = Cr x C
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= Gal(Fpi (T) /F, (T) x Gal(Fy: (T)/F e (7))

For the rest of the proof, v denotes the Frobenius automorphism on
F,:(T)), while ¥ denotes the Frobenius automorphism on F,q: (7). In
particular, v* generates C; = Gal(F i (T))/F (1)), while ' generates
Cr = Gal(F,:(T))/F,(T)). Furthermore, 3° extends ~* if and only if

s—teid.

We are going to define fga on C) and Cj, separately, beginning with
C). Let m € Z be such that ml+1 € dZ (which exists since ged(d, 1) = 1).
Recall that v* generates C;. For j € Z, and using the notation introduced
in Definition 3.36, we define the map

fer: Cr = Aut(SLy (D) — Spec K): 7% — @(570MFR) 1),

It follows from the definition of m that fc,(7'¥) is the identity, so that

fc, is indeed a homomorphism.

We now define a homomorphism f¢, : Cj, — Aut(SL, (D) — Spec K).
Recall that ~' generates Cj. Since k divides n, let a € N be such
that ak = n. Let also b € N be such that bk = d’, which exist since
ged(d', i) = k. Recall that Kg is the field Fa(T)). We define an auto-

morphism &(v!) of K7 as follows:

&) Kjf = K7t (esatt)sefo,..k-1) = (Tsatt)sefo,.. k1)

te{l,...,a} te{l,...,a}
. B :Vbi—H(e(sfl)ath) if s> 1
sa+t — .
’?(b_l)zﬂ(@(k—l)aﬂ) ifs=0

We claim that &(7')* is the identity on K - Indeed, after k iterations
of @(4}), a coefficient is shifted by ka = n places modulo n, hence is fixed.
Furthermore, each coefficient is hit by 4¢itD(E=D+0b-1)i+l — Jbik+lk—i _
(’yid)diil, which is the identity on Ky, so that the claim holds.

-1
We denote an element of D as ) u'e; with ¢; € K. Let w be the
=0
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following element of M, (D):

00 0 0 u
100 00
01 0 00

“=1lo o0 1 0 0
000 ...10

Let us also identify K} with the algebra of n x n diagonal matrices

with coefficient in K4 via the embedding

€1 0 0 0
0 €2 0o ... 0
K] — M,(Ky): (e1,ez,e3,...,ep)— | 0 0 e ... 0
0 0 0 ... ey

With those notations, an element x in M, (D) is written uniquely in
nd—1
the form ) w'z;, for x; € KJ}. We define the following map on M, (D):
1=0

nd—1 nd—1
fo,(71): M(D) — M, (D): Z wha; Z wia () ().
i=0 i=0

Claim 2. The map fc, (") is a ring automorphism which preserves el-

ements of reduced norm 1.

Proof of the claim: The proof is a straightforward adaptation of the
proof of Lemma 3.34. Let us do it for the ease of the reader.

Let K7 [w;¢] be a twisted polynomial ring (see [Jac96, Section 1.1]
for the definition of a twisted polynomial ring), where ¢: K} — K] is
the ring automorphism sending (ei,...,e,) to (071 (en),€1,. .., €n1).
The algebra M, (D) is isomorphic to KJ}[w;¢| modulo the relations
w"® = 7", Given an automorphism « in Aut(Ky), we can define a map
fo: KNwid] — Klfwigl: 4 " . By [Jac96,

x— a(x) for all z € KJ}
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Proposition 4.6.20], f, is a ring automorphism as soon as a¢ = ¢a.
For a = &(4!), this readily follows from the definition of &(+), recalling
that o is the Frobenius element of Gal(Ky/K), and hence is equal to 7.
Hence, f4(y) is indeed a ring automorphism of Kj[w; ¢].

Furthermore, if it passes to the quotient, fd(’yl) induces the automor-
phism fc,. Hence it suffices to check that fz(,) preserves the relation.

nd d _ 77 so that the claim is proved.

But we have fz(,)(w"" —7") = w"

It remains to check that fo, (7') preserves elements of reduced norm
1. In fact, we prove that for g € M, (D), Nrd(fc,(7")(g)) = 7' (Nrd(g)).
Let f: M, (D) — M, 4 (K) be a representation of M, (D). Furthermore,
let A': M, 42(K) — M,z (K) be the automorphism defined by applying

7! coefficient by coefficient. Let us look at the non-commutative diagram

Mo(D) —L s 0 () — 2
fo. (M| ; ol et 1

M,(D) —— M, p(K) ——— K

In the above diagram, the square on the left does not commute, but

the square on the right does commute. By [Pie82, Chapter 16, §1,

Corollary a], for g € M,(D), Nrd(g) = {/(detof)(g). Also note that
since 7o f o fe, (7))
fofo,(")™! = detof, again by [Pie82, Chapter 16, §1, Corollary aj.
Hence Nrd(fe, (1)(9)) = (detof o fo,(1))(g) = (detoil o f)(g) =
(7' o det of)(g) = 7' (Nrd(g)), as wanted. |

We also denote by fc, (7!)) the restriction of fc, (%)) to SLn(D).
The homomorphism faa1: Gal(F:(T))/F (1)) — Aut(G — Spec K)
is then obtained by glueing fc, and fc,. Namely,

is another representation of D, we have det 07! o

faa: Cp x C, — Aut(G — Spec K): (a1,a2) — fc,(a1) o fo, (az2)

Since the images of fo, and fo, commute, this is indeed a homomor-
phism. Finally, the fact that the composition of fga with Aut(G —
Spec K) — Aut(K) is the identity follows directly from the construc-
tion.

For the converse, assume that ged(nd, i) does not divide n. By Theo-
rem 3.40, it suffices to prove that there exists K/ < K such that K/K’ is



168 3. Semilinear automorphisms of algebraic groups

finite Galois and ged(nd, [K : K']) does not divide n. But K" = F,((T)
is such a subfield. O
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