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Abstract

Steady vortices for the three-dimensional Euler equation for inviscid incom-
pressible flows and for the shallow water equation are constructed and showed to
tend asymptotically to singular vortex filaments. The construction is based on a
study of solutions to the semilinear elliptic problem

. /Vu 1 .
7le< bg):?bf(ueflogéq) in Q,

ue =0 on dQ,

for small values of € > 0.
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1. Introduction and main results

1.1. Statement of the problem

In an inviscid incompressible flow, the velocity field v and static pressure field
p are governed by the Euler equations

divv =0,
v+ (v-V)v=—-Vp.

The conservation of momentum equation can be rewritten in terms of the vorticity
o = curlv as

[v[?
atV—I—a)XV: —V(p+ T)

The quantities # and p+ @ are called dynamic pressure and total pressure. In
regions where the vorticity vanishes @ = 0, the flow is called irrotational and the
equations reduce to the Bernoulli equation. In other cases, one can study flows
which are irrotational outside of a vortex core.

In 1858, Helmoltz has studied the motion of vortex rings, which are toroidal
regions in which the vorticity is concentrated [29]. The circulation k of a vortex
is the circulation integral [i-v -t for any oriented curve I" with tangent vector field
t that encircles the vorticity region once. Kelvin and Hick have showed that if the
vortex ring has radius r,, if its cross-section € is small and if its circulation is k,
then the vortex ring moves at the velocity [31, art. 163 (7), p. 241; 45, 67]

K (10g%—1). (1)

Amr, € 4

In this initial study of vortex motion, the flows were not steady flows; as the veloc-
ity is merely asymptotically constant in the vortex, one does not expect the vortex
ring to preserve its shape. After the works of Helmholtz, Kelvin [45] interested
himself in this problem and stated a variational principle for steady vortex flows.
In 1894, Hill has given an explicit translating flow of the Euler equation whose
vorticity is concentrated inside a ball [30].

These works bring the question whether it is possible to construct flows whose
vorticity is supported in an arbitrarily small toroidal region. Fraenkel has given a
first positive answer by constructing for small € > 0 a family of steady flows whose
vortex cross section is of the order of € and whose velocity satisfy asymptotically
(1) [21,22]. His approach consists in first noting that since the flow is incompress-
ible in the whole space, it is possible to write v = curl  where y is a velocity
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vector potential. Moreover, since the flow should be axisymmetric, the vector po-
tential Y can be written in terms of the Stokes stream function y in cylindrical

coordinates (r,0,z),

€
Y(r0.2) = w(ra) -

the associated velocity field is

1, d d
V(r, 9,2) = ; (—&;ger + &—li/ez)

and the associated vorticity is

w9 -~(3(15)+ 2 (5o

The key point is to note that if @ = rf(y)eg for some function f : R — R and
F' = f, then
oxv=-V(F(y)),

that is, v is a stationary solution of the incompressible Euler equation with p =

2
F(y)— % The problem is thus reduced to a study of the semilinear elliptic prob-

lem
(GO0

Given r,, W > 0 and x > 0, Fraenkel has constructed for € > 0 small enougha
steady vortex ring such that the area of the vortex cross-section is 7(r.€)?(1+

O((elog¥)?), its circulation is 7Wr, and the velocity at infinity is (log% —1+

%E*) , with E, denoting the kinetic energy inside the vortex of the limiting planar

vortex profile. His proof is based on a variant of the implicit function theorems and
relies on a study of the asymptotics of the relevant Green function.

We call this construction the stream-function method in contrast with the vor-
ticity method developed by Friedman and Turkington in which the vorticity @
instead of the stream function is a solution of a variational problem [25] (see
also [6, 8,12-15,24]). The stream function method together with an implicit func-
tion argument was used to construct vortex rings close to Hill’s spherical vortex
[11,37,38].

Afterwards, vortex rings were constructed with the stream function method by
constructing solutions to (2) by minimization under constraint; their asymptotics
could not be studied precisely because of the presence of a Lagrange multiplier in
the nonlinearity f [9, 10]. The asymptotics could be studied precisely by letting
the flux diverge [44]. By using the mountain pass theorem of Ambrosetti and Ra-
binowitz [2], Ambrosetti and Mancini, Ni, and Ambrosetti and Struwe have con-
structed solutions for a given f [1,3,36]. The asymptotics of a family () of these
solutions have been studied by Ambrosetti and Yang for a family f¢(s) = E%(s)i
[49]. However, their result did not prevent the circulation of the vortex to go to 0
and, according to our present work, it does go to 0 so that the limiting object are
degenerate vortex rings with vanishing radius and vanishing circulation. Finally,
we would like to mention that it is possible to study the asymptotics of the motion
of vortices in the nonsteady case [7].
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1.2. Vortex rings for the Euler equation
Our first result is a desingularization of vortices in the whole space.

Theorem 1. For every W > 0 and x > 0, there exists a family of steady flows
(Ve, pe) € CL(R3) for the Euler equations in R? that are axisymmetric around e,
and such that the vortex core suppcurl v is a topological torus, the circulation of
the vortex ring is Ke and for every € € (0,1),

ve - —Wlog %ez at .
Moreover, one has

lim Kz = K,
£—0

lim distc, (suppcurlve) =0,
£—0 *
ce < o(suppceurlve) < Ce,

for some constants 0 < ¢ < C and

K

" aw

Here, the cross-section of a set A C R? axisymmetric around e, is
c(A) = sup{5z(x,y) tX,y € A},
where the axisymmetric distance is defined by
8.(x,y) = inf{|x—R(y)| : R is a rotation around e},

C, is a circle of radius r in a plane perpendicular to e, and the asymmetric distance
is
distc,(A) = sup inf |x —y|.
xeA YECr

Compared to the work of Fraenkel [21], we construct a flow for every € > 0,
and then we study the asymptotics of those flows. Our result provides thus a con-
tinuum transition between a Hill-like spread out vortex (¢ = 1) and a concentrated
vortex ring. It will also appear that our method is quite flexible.

Our solutions are constructed by solving the semilinear elliptic problem

0 0 0 d .
G203 o o
Ve

1
% —>10g5 at 0,

3)

where yp : Ri — R is a Stokes stream function of an irrotational flow and studying
the asymptotic behaviour of its solutions.

The idea of solving 3 with this form of &€ dependence comes from the corre-
sponding problem in vortex pairs for the two-dimensional Euler equation. Indeed,
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all the desingularization results that we have mentioned above have counterparts in
the study of vortex pairs for the two-dimensional Euler equation [4,10,32,39,48].
In particular, Smets and Van Schaftingen have showed that in order to obtain non-
vanishing asymptotic circulation one could, instead of imposing fixed boundary
conditions ¥, = yp + o(1) at infinity, impose boundary conditions depending on
€ Ye = Yo — £ 1log L +0(1) at infinity [43]. Physically, this takes into account
that the total flow between the two vortices should blow up as the logarithm of
the diameter of the vortex core. They have obtained a desingularization result for
solutions constructed by variational methods; solutions to the same problem where
also obtained by Lyapunov—Schmidt reduction argument [18, 19].

Even if the semilinear elliptic problem (3) is similar to its counterpart for the
two-dimensional desingularization problem, the asymptotics of the solutions are
quite different. For instance, whereas in [43] the localization of concentration
points is governed by a renormalized enery which appears as a second term in
the asymptotics, in the present work the solution concentrates at minimizers of the
leading term.

As we do not expand the Green function, we have more flexibility in the con-
struction of flows and the study of their asymptotics. For example, we can study
vortex rings in a cylinder.

Theorem 2. For every W > 0 and x > 0, there exists a family of steady flows
(Ve,pe) € C'(By x R) for the Euler equations in By x R that are axisymmetric
around e; and such that
Ve -n=0, on 0B; x R?,
ve = —Wlog éez at oo,
the vortex core suppcurl ve is a topological torus, the circulation of the vortex is

Ke. Moreover, one has

lim k¢ = K,
£—0

lim distc, (suppcurl ve) = 0,
£—0

lim log o (suppcurl ve ) 1,
£—0 loge
and
K ik <dnw
Ty = 4w ’
1 if k> 4nWw.

Burton has constructed similar vortex rings in a cylinder, but he did not study
their asymptotics [12].

If k > 4nW, the velocity Wlogé of the vortex ring is less than predicted by
the Kelvin—Hick formula (1). We do not study in detail this phenomenon in the
present work, but we think that it might be explained by an interaction with the
boundary that reduces the velocity by

K

4rdist(suppcurlve,dB(0,1) x R)’




6 SEBASTIEN DE VALERIOLA, JEAN VAN SCHAFTINGEN

similar to the contribution of the boundary for the two-dimensional Euler equation
[43]. This could also explain why the asymptotics of o (suppcurlv,) are less sharp
than those of theorem 1.

Similarly we can study vortex rings outside a ball.

Theorem 3. For every W > 0 and x > 0, there exists a family of steady flows
(Ve, pe) € C'(R?\ By) for the Euler equations in R? that are axisymmetric around
e, and such that the vortex core suppcurl vg is a topological torus, the circulation
of the vortex ring is Ke and

Ve-n=0 on 0By,
ve - —Wlog %ez at o,
Moreover, one has
lim x; = K,

=0

lim distc, (suppcurlvg) =0,
£—-0 *

logo(suppcurlve)
loge -
for r, such that
K
*aO p—" g
v(r+,0) 4w &

where vy : R3 \ B| is the irrotational flow outside By with velocity W at infinity:

divvyg =0 inR3\ By,
curlvg =0 in R? \ By,
VO.n:O on (QB]7

vo — —We, atoo.

The main difference in the proof of theorem 3 is that the existence relies on a
concentration-compactness argument [34,41].

It is moreover possible to extend these results in some sense to a general out-
side domain.

Theorem 4. Let K C R? be compact, connected and symmetric under rotations
around e,. For every W > 0 and for every y : R — (—o0,0) such that vo =
curl(yeg/r) solves

divvg =0 inR3\ K,
curlvg =0 inR*\K,
vo-n=20 on dK,

vo —+ —We, at oo,
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there exists a family of steady flows (Ve, pe) € C'(R3\ By) for the Euler equations
in R? that are axisymmetric around e, and such that the vortex core suppcurl ve is
a topological torus, the circulation of the vortex ring is Ke and

ve — —We, at oo,

Ve-n=0 on dBy,

Moreover, if (ag)e>0 = ((re,z¢))e>0 is a family such that curl ve(ag) # 0,
. e
lim ————
€0 Y(re, Z¢)

2
i Yreze)”
e—0 re (r,9,z)R3\K r

lim log o (suppcurl vg)

=1.
£-0 loge

Note that given W > 0, there are infinitely many y that satisfy the equation and
the sign assumption (see lemma 14), so that there are several families concentrating
at different points with different asymptotic circulations.

2
In the case where (r,z) — M achieves its maximum at a unique interior

point (ry,7«), one has (re,z¢) — (r«,2+), and

1 L w(re,zs)
logévo(r*,z*) = 7VW(”*aZ*) X €, = 5T 2

1
1 .
e - Xeg=—log-——limk.e
27 & qmr, o0 O

“)

in accordance with (1).

1.3. Vortices for the shallow water equation

The same technique allows us to desingularize vortices for the shallow water
equation with vanishing Froude number Fr in the so-called lake model. The hor-
izontal velocity v, the height & and the depth b depend on the two-dimensional
position variable and satisfy the system [16, 17]:

div(bv) =0 )
Ov+v-Vv=—-Vh

in a two-dimensional domain. Richardson has computed by the method of matched
asymptotics the velocity of a vortex of circulation K at x, to be formally [42, (5.1)]
1

(Vlogh(x,)) x %1ogg+0(1); 6)

in particular, a vortex follows an isobath (level set of the depth).

1 Richardson writes the asymptotics in terms of I" = % [42, (2.19)]
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We want to exhibit this in the asymptotics of families of steady flows. As pre-
viously, setting @ = curlv, the second equation becomes

IV mXV= —V(g +h).

Taking a stream function y, one can write v = (curl y) /b and observe that if @ =

2
f(y), then v is a stationary solution with h = F(y) — % We are thus interested
in studying the asymptotics of solutions of

b,
?(W€)+ an7 (7)

Ve :logél,l/() on dQ.

.1
—div EVl;lg =

Theorem 5. Let Q C R? be bounded and open and let b € C(Q)NCH*(Q) for
some & € (0,1). Ifinfq b > 0, then there exists a family of solutions ve € C' (2;R?)
and he € C1(Q) of

div(bve) =0 in Q,
Ve -Vve=—-Vh, inQ,
ve-n=0 ondQ.

Moreover if ke = [ curlve and curlve(xg) # O, then

lim k¢ = K,
£—0

£—0

lim b(x) = supb,
Q

logdi 1
iy (08 diam suppcurl v

=0.
£-0 loge

In particular, if lim, e Xg, = X4 € Q for some sequence (€&,)en, then x, is a
maximum point of b on Q. If x, € Q, then V(logh)(x.) = 0 and the velocity given
by (6) vanishes. If x. € dQ, then V(logb) is normal to the boundary so that the
velocity given by (6) is tangential to the boundary and would lead the vortex to
circulate around d€2 in the orientation opposite to the vortex’s orientation; there
should however be, as for the two-dimensional Euler equation [43], an interaction
of the vortex with the boundary that should give a compensating term

K 1
—1 .
am 8 dist(suppcurlvg, 0Q)

If b is constant, theorem 5 does not locate the vortex; the refined asymptotics for

the Euler equation locate them at maxima of the Robin function of Q2 [43].
theorem 5 constructs vortices at stationary points. We can also desingularize

vortices at other points by prescribing the boundary condition. First we note that

if yp satisfies
(VW
(%) <0
iv b
then vy = curl yy is an irrotational stationary solution of (5).
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Theorem 6. Let Q C R? be bounded and open, let b € C(Q) NC1*(Q) for some
a € (0,1), let yy € C*(Q)NC'(Q) be such that

(Vo
()
iv(—
and let vo = curl yp. If supg Yo < 0 and infq b > 0, then there exists a family of
solutions ve € C'(Q;R?) and he € C'(Q) of
div(bve) =0 inQ,
Ve -Vve = —Vihg in Q,
Ve-n:vo-nlogé on dQ,
such that if ke = [ curlve and curlv(xg) # 0,

m blxe) Ke = —2T,
£—0 l[/o(xg)

. b(xe)

m 2 p R
£-50 Yo (xe) o Yo
logdiamsuppcurlve 0

lim
£-0 loge

In particular, if xg, — x. € , then x,. is a maximum point of b/ wg on £ and

Vl[/o(x*) B 1 Vb(x*)
) 2 by YO00)

so that, similarly to (4),

(V(log b) (x*)) "
4r

which is consistent with Richardson’s formula (6).

The sequel of the paper is organized as follows. In section 2 we give sufficient
conditions for the existence of solutions to (7) that include (3) as particular cases.
Next we study in section 3 the asymptotics of families of least energy solutions
to those equations. Finally, we show in section 2 how the sufficient conditions
for existence and the asymptotics can be combined to prove the theorems of the
present section.

log %Vo(x*) == IOgé (21_1{(1) Ke ez)a

2. Construction of solutions

2.1. Preliminaries

In order to have homogeneous boundary conditions, we rewrite problem (3)
and (7) by defining ¢ = —yp, g = (log é)q and ug = We + g¢. We are thus inter-
ested in solving

. (Vu b .
—le( b€>:?(u8—q8)i in Q,
ue =0 ondQ,

(2)
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for Q C R? open, b: 2 — R and ¢ : 2 — R measurable functions and for some
fixed p > 1.
Solutions to () are critical points of the functional

1 1 1
PR I S

defined for u € C°(R2) = {u € C*(Q) : suppu is compact in 2}. A natural space
for this functional is the completion H} (€2, b) of C(£2) with respect to the norm
defined for u € C°(Q) by

2
Hu||H8(Q7h) Jo b

In general Hg (2,b) needs not to be a space of distributions; but whenever the
functional &; has a well-defined extension to H} (€2,b), this space will be a well-
defined space of locally integrable functions.

If & is continuously Fréchet—differentiable on H] (22,b), we have the useful
computation:

Lemma 1. Let € € (0,1). If & € C'(H} (2,b);R) and q > 0, then for every u €

H}(Q,b), u
1 1 Vu 1
- < -— (& .
(2 p+1) o b \58(“) p+1<gs(u)vu>

Proof. For u € H}(Q,b), we compute

1 / 1 1 3 |V |2
@@g(“) 7D+1 <éa£("‘)»"‘> (72 T+1> Jo b
Jr(i p—‘y-ll)'ﬁ‘z/Q l ((”*qe)iﬂ - (”*6]3)11 )

The bound follows as . > 0 and thus (u — g¢)+ < u.
The Nehari manifold associated to the problem (&) is defined as
Ne = {u € Hy (2.5)\ {0} : (& (u),u) =0}
and the infimum of the energy on this manifold is

= inf &:(u).
Ce ulen% (1)

It can be characterized as follows:

Lemma 2. Let € € (0,1). If & € C'(H}(2,b);R), ¢ > 0 and

| w=ar!

JQ 0000000 _O

u—0 |Vu|2 ’
o b
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then

ce = inf & (u) = inf sup &¢ (tu) = inf max & (v(¢)),
£ uek e(w) ueH3<g,b)\{0},>g e(1u) yelz 1€f0,1] (1)

where
L= {ye C ([0, 1;HY(2,5)) : 7(0) = 0 and & (1(1)) < 0}.

Moreover there exists a sequence (u"),cn such that & (u") — ce and &L (u") — 0
in (H} (2,b)) asn — oo.

A sequence (u"),en such that & (u") — ce and &.(u") — 0 in (H} (2,b)) as
n — oo is called a Palais-Smale sequence at the level c.

The equivalence between the different critical levels goes back to Rabinowitz
[41, proposition 3.11; 47, theorem 4.2]. The assumptions of lemma 2 do not fit
into the existing results, but existing arguments still work.

Proof of lemma 2. For u € ¢, and 7 € [0, ), observe that

Ee(u) = 8 (tu) +

L= [ |Vu? 1 +1 1
b((tu—gqe) — (u—gqe)t
2 Ja b +(p+1)82/£2 (e —ge)t (u=ge)i)
p+1

—12)(u—qe)u u—qe) ™ — (u—gqe
:5’8(tu)+;12/9b((1 t)(2 qe)yu | (t q)+p+]( qe)’ )

from which one deduces since p > 1 that &; (tu) > &¢(u). This proves that

inf sup&e(tu) < inf & (u).
uEHd(Q,b)\{O}t}g e (tu) ueNg e(u)

It is clear that

inf max & (y(t)) < inf sup & (tu).
yelz te[0.1] (1) ueH&(.Q.,b)\{O}t}g =(1u)

Let us now prove that

inf &, < inf & .
Jnf. e (1) jnf max = (v(1)) (8)

Let y € I and define i € C([0, 1];R) for ¢ € [0, 1] by h(r) = (&4(y(¢)), y(¢)). Since
p =1, foreveryu € H(}(.Q,b),

-1 2 e\ P+l
/Qb(u—qg)ﬁug/Qb(u—qg){)F (u—%”:) g/ﬂb(u—%)+ ,
we have

lim ,
t—0

h(t)
/ VY@
Q b



12 SEBASTIEN DE VALERIOLA, JEAN VAN SCHAFTINGEN

and thus A(¢) > 0 for ¢ > 0 close to 0. On the other hand, by lemma 1, since p > 1,

1
Ee(u) > ——(&;
) > s (82000
Hence, one has h(1) < (p+1)&(¥(1)) < 0. By the intermediate value theorem,
there exists ¢, € [0, 1] such that A(z,) = 0 and thus ¥(z.) € 4. Therefore,

1nf Se(u) < ge(?’(’*)) < max ge(?’(’))’

ucNe 1€(0,1]

and (8) follows.
The existence of the Palais-Smale sequence comes from a consequence of the
quantitative deformation lemma [47, theorem 2.9].

2.2. Existence in bounded domains

In the case where Q and b are bounded, the existence of solutions to (&) is
quite standard.

Proposition 1. If Q C R? is bounded and b and b’ are bounded, then for every
€ (0,1), there exists a weak solution ug € H}(R%,b) of problem () such that
Cgog(ug) = Cg¢.

Proof. Define forx € Q ands € R

1) = 22 (s gel)

and

s b(x)(s—qge(x Pt
F(x,s):/of(x,t)dt: ()((pjl)<£§)+ .

The function f is a Carathédory function and for every s € R and x € 2, since
q=0,

supp b
)] < 22225,

0< (p+1)F(x,s) <sf(x,s).
Hence, the problem has a weak solution by the mountain pass theorem [40, theo-

rem 2.15].

2.3. Existence in unbounded domains

In unbounded domains, we prove the existence following the ideas of the
concentration-compactness method of P.-L. Lions [34,41]. The existence will de-
pend on the geometry of €2, b and q.
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2.3.1. Sobolev inequalities for truncated functions in unbounded domains In
order to show that the functional &; is well-defined on H(% (R",b) and admits crit-
ical points, we first study its nonlinear term. We begin by proving a weighted
Sobolev inequality.

Lemma3.Letg>2, a>—land B eR. If

p-2_«

q 2’

then there exists C > 0 such that for every u € H(} (Ri,xl_a),

ux u\x 2 %
RISy

2 2
Tox 2

This inequality should be known but we could not find it in the litterature. It is
a limiting case of a known family of weighted Sobolev inequalities [35, §2.1.7].

Proof of lemma 3. By the classical Sobolev inequality, there exists C > 0 such
that for every u € H} (R%,x; %),

u(x " u(x)? u(x)|? i
[, <>ffdxgc(/< VP | [P 1

o oa+2
J(1,2)xR X1 Xy

Since % = &, the inequality is homogeneous, so that we have for every k € Z,

q
2

/ I 4 < C(/ [Vu(x)[? n Ju(x)|? dx)
(@2 )xR AP S\ peryr X x+2 '

Summing over k, we obtain since g > 2,

q 2 2 9
JRC e LZCINTCIINE
RY xlf ez N (L2 xR Xy gt

Vu()? () | V4
<c / + )’
( ]RZ+ x? x‘lx+2 )

We conclude using the Hardy inequality that states that for @ # —1,

[ () [, e
R2 Xt a+1/ Jr2  xf

2
T

The crucial tool to show that the functional &; is well-defined is a weighted
Sobolev inequality for truncations.
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Lemmad. Letr >0, a > —1land B € R. If
B<(r—1)(a+1)+1 and B<—+2,
then there exists C > 0 such that for all u € H} (R%,x; %),

(u(x)—Wx‘f‘“)i b C ( Vu(x) dx)w
R2 (B-2) \ ’

= ro—2 o
X? o X1

re—s\p—<) 2
2 RY

Moreover, the map

r

x) — Wx‘f‘“)+

lm2 ,—« (u(
Hy (R%,x; )—>R:u»—>/R2 B
+ xl

s continuous.

Similar inequalities were proved by a variational argument and scaling for
a=1,=—1andr>1[9, lemma IIIA; 49, lemma I.1 (1)]. Similar inequalities
were proved when o = 1 and B = 3 and r = 0 with an isometry with H'(R%) [5,
lemma 2.1] and when & = 8 = 0 with an isometry with H'(R*) [48, lemma 2.5].
(See [46] for a general explanation of those isometries.) In the latter case Smets
and Van Schaftingen have given a proof of the inequality based directly on the
classical Hardy and Sobolev inequalities [43, proposition 4.2].

Proof of lemma 4. For every ¢ > r and for every x = (x,x;) € Ri,

B S G @B
X7 Wa Xy

Set now

rla+1)—(B—-2)

o+2 '
After having observed that by our assumptions ¢ > max(2,r), we conclude by
applying lemma 3. The continuity follows from the same bound and Lebesgue’s
dominated convergence theorem.

q=2

We also want to have an inequality that relates the local behaviour of a function
with its global behaviour. Such results originate in the work of P.-L. Lions [34, II,
lemma I.1] (see also [47, lemma 1.21]).

Lemmas. If & > —1 and r > 0, then there exists C > 0 such that for all u €
HY(R2 ,x; %) and W > 0,

/ (u(x) — Wxi”l)l "
e

X
Vu(x)|? 1 Vux)?  \tan
g ra—CZ‘(B—Z) (/ | u((f)| d‘x+ 4 (/ ‘ u((f)| dx) Jr2)
Wz VR X Waz VRL X
NS
acRJR x(a—1,a+1) X?
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Proof. Chosse 1 € C*(R) such that n =1 on [—1,1] and suppn C [ 2,2]. For
every a € Rand x = (x1,x,) € R2, define 6,(x) = n(xz —a). IfveH} (Ri, 9,
we have by lemma 4,

Ry x(a—la+1) h
o [, )BT
= B
R2 X1
c ‘ V@) P e
S ra—2(p-2) ( « T @ dx)
Wiz Ry x(a—2,a+2) X1 Xy
This implies that
Ry x(a—1,a+1) xll3
C \V/ 2 2
<C—a+z</ | V(;C)I +IV(J;)I dx)
WZ*W Ry x(a—2,a+2) X| X1
w 1 a
(/ (v(x) zlex+ )+ )lfr(a+l)t2<ﬁ—2)
X — " dx .
JRy x(a—1,a+1) xf
For u € H} (R2,x;%), set now
v(x) = (ulx) = Faph) |
We apply the previous inequality, noting that by lemma 4
Vi( Vu(
[ e, P
RZ
\Y
2 - mg e s,
R R

and

2 C Vux)|? 1+
/ PP o € (/ ALCIPR RS
RL X Wae VR X

+

As a consequence of the previous lemmas, we have

Lemma 6. Let Q CR2, o > 0, b(x) = xi,, and q : R* — [0,0) be measurable. If
1

q(x)

inf
xeQ x?‘“

>0,
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then for every € € (0,1), the functional &; is well-defined and continuously Fré-
chet-differentiable. Moreover

& (u)
m [ —
u—0 |Vu|2
o b

(x)

and there exists a constant ¢ > 0 depending only on p, o, infycg x‘{"% and € such
1
that for every u € H} (R?.,b),

max & (tu) > c.
t>0

Proof. The well-definitess, the smoothness and the asymptotic behaviour around
0 follow from lemma 4. By the same lemma, we have

r Vy)? 1 +1

Ee(tv) = = - /b(”’—qe)]jr

2 Jr2 b (p+1)e? Jr2

>f |VV|2_C</ tzIVV\Z)”(PH)%;
2 R2 b R b

2
1
by maximizing the right-hand side over ¢ > 0, we reach the conclusion.

A more precise analysis shows that the conclusion of lemma 6 still holds for
o € (0, 1) under some additional restriction on p.

2.3.2. The translation-invariant case We now show that problem (&) has at
least a nontrivial solution when for a translation invariant problem. We say that
a set Q C R? is translation-invariant, if for every (x1,x;) € Q, (x1,x +5) € Q
and that a function g : 2 — R is translation-invariant if for every (x,x2) € 2 and
seR,

g(x1,x2) = g(x1,%2+5).

Proposition 2. Let o > 0 and let € € (0,1). If @ C R% is open and translation-
invariant, if for every x € Q, b(x) =x{, if g : Q — R is measurable and translation-
invariant and if

q(x)

a+1
1

inf
xX€EQ x

>0,

then there exists a solution ug € H& (2,b) of problem () such that & (ug) = ce.

When Q2 = Ri, the result is due to Ambrosetti and Yang for o = 1 [4, theorem
1; 48, theorem 1] and to Yang for & = 0 [49, theorem 1].
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Lemma 7. Let o > 0 and € € (0,1). If @ C R? is open and translation-invariant,
if for every x € Q, b(x) =x{, if ¢ : Q = Rand q" : Q — R are measurable and
translation-invariant and if

for every x € Q li_r>n q"(x) = q(x), (a)
n—oo

oo g (x)
f inf b
;nglg.Q x‘lx“ >0, ®)

: : n n
lllglol;lfgg ") >0, (©)
limsup &7 (u") < oo, (d)

n—soo

EM(U") —0 in (Hé(Q,b))/ asn—o, ()

where &} denotes the functional associated to q", then there exists u € Hé (R2,b)
such that &(u) = 0 and

& (u) < liminf &7 (u”).

n—yoo

In the proof of lemma 7, we follow the strategy of Rabinowitz [41, theorem
3.21].

Proof. By our assumption (e) and by lemma 1, we have as n — oo,

1 1 |Vu'|? 1
- <@@n ny _ éan/ n7 n
(5 p—l—l)/ﬂ R e
1

:éag’(u”)—ko(l)(/g %)7.

By the assumption (d), the sequence (#"),en is thus bounded in H} (22,b). Apply-
ing again (e), we have, as n — oo,

vu'? 1
/Q| b| :g/gb(u”—qg)iun—ko(l).

By (b), we have W = inf ey infico L&) > 0. Setting for x € Q,

x(])HrI

w
4,(x) = (log}) T4,

we have since p > 1,

1 1
= bl =gt < 5 [ b —2g,)
1 p—1 2 2
:?/Qb(u"—qu)+ ((u"—gg) —qg)
1 p+l
< ?/Qb(u” g8)+
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On the other hand, by lemma 4, there exists C > 0 such that

vu ‘2 1+(p+1) &3

bl — p+1 |

Jype =)

Hence, since 1+ (p+1) gié > 1 and (c) holds, we deduce by lemma 6 that
C. n p+1
liminf b(u —gs)Jr > 0.

n—o  Jo

Since the sequence (#"),cy is bounded in Hl (£2,b), this implies by lemma 5 that

liminfsup b(u —-q )pH > 0;
n—e cRJQN(Rx(a—1,a+1))

hence there exists a sequence (a"),cn in R such that
liminf b(u —q )p+1 > 0.
n—e JON(Rx (a—1,a1+1))
Define now for n € N and x = (x1,x2) € Q,V"(x) = u"(x1,a" + x2). It is clear that
V' € HY(Q,b),
ENV) = and  EM(V') =0 in (HJ(2,b)) asn— .

Since the sequence (v"),cy is bounded in H] (€2,b), up to a subsequence, one
can thus assume that v* — u weakly in Hg (2,b). By Rellich’s compactness theo-
rem, since & > 0,

b(u—q )" = liminf b —q )" >0,
/_QO(IRX(—LI)) (u Q£)+ s QN(Rx(=1,1)) v q)

so that u # 0. By the weak convergence in H(} (2,b), the Rellich compactness
theorem and by (a) and (b), for every ¢ € C°(Q),

1 VvV 1
0= lim Ei/QT—*/Qb(V"—qZ)M

n—oo 82

1 Vu-Vo 1 Y

So, u is a weak solution of (&) and u € ;.
As u satisfies the Nehari constraint, by (a) and by Fatou’s lemma, we can write

W P+1
n 1 7 _
fim ) = i g [ 00— = [ o
1 (u ‘]8)p+1
— [ bu—ge)” ——/bi_@@ .
82/9 (u=ge)iu= 5 o p+l e(w)

As a first application of lemma 7, we prove proposition 2.
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Proof of proposition 2. By lemma 2, there exists a sequence Palais-Smale se-
quence (u"),en associated to the critical level cg, that is

Ee(u") = ce and L") — 0 in (H)(Q,b)) asn— .

By lemma 7 with &7 = &, there exists u € H} (R3,b) \ {0} such that &(u) = 0
and &; (u) < ce. Since u # 0 and &7 (u) = 0, we have u € A; and thus & (1) > ce.

We shall also need to know that ¢ depends continuously on g.
Lemma 8. Let o > 0 and € € (0,1). If @ C R? is open and translation-invariant,

if for every x € Q, b(x) =x¥, if ¢ : Q = Rand q" : Q — R are measurable and
translation-invariant and if

for every x € Q lim ¢"(x) = g(x),
n—soo
and
g ()
inf inf >0,
neNxeQ x‘lirl
then
lim ¢} = c,.

n—soo

where ¢ denotes the critical level of the functional associated to q".

Proof. By proposition 2, there exists u € H}(Q,b) such that & (u) = c¢ and
&} (u) = 0. Choose 1, > 0 such that

1}1518(6";‘0»;) = & (tyu).
One has lim;,_,..#, = 1 and thus

limsupcy < Him &7 (thu) = E¢(tu) = ce.
n—soo n—eo

On the other hand, by lemma 2 and a diagonal argument, there exists a se-
quence (u"),cy in H} (€2,b) such that

ENu")—ct =0 and  EY(W") =0 in (Hi(2,b)) asn — oo,
By lemma 7, there exists u € H} (2,b)\ {0} such that and &.(u) = 0,
lilggiorgfc’g = lilggigfge"(u") > & (u).

Since &/ (u) = 0 we have
Ee(u) = ce.
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2.3.3. Existence by strict inequalities We turn now to the study of the problem
in an unbounded subset of Ri that needs not to be invariant under translations.

Proposition 3. Let Q2 C R2 be open and translation-invariant, o > 0 and € €
(0,1). Assume that for every x € , b(x) = x{ and if g € Q — and € > 0,

q(x)
nf X0+ >0,
and that
iminf 4%

xmee g=(x) ~

where ¢~ : Q — R is measurable and translation-invariant and infc g ZT‘ > 0. If
1
ce < g,

where ¢ is the critical level defined by the functional associated to g, then there
exists a solution ug € H& (2,b) of (L) such that & (ug) = ce.

This kind of results goes back to the concentration-compactness method of P.-
L. Lions [34]. The presentation and the proof that we are giving are inspired by
Rabinowitz [41] (see also [43]).

Proof of proposition 3. In view of lemma 2, there exists a Palais-Smale sequence
(u")nen at level ce. As in the proof of proposition 2, by lemma 1, the sequence
is bounded in H(; (2,b) and we can thus assume without loss of generality that
u" — uin H}(£2,b) as n — o. One has by Rellich’s theorem for every ¢ € C2*(2)

1 [ Vu-Vo Vu'-Vo 1 n
E/g b /b q”‘p_,}ﬂ‘clz/g b _?/gb(”

:O7

so that u solves ().
If u # 0, then u € A% and &; (u) > c¢. Moreover, by Fatou’s lemma,

1 /1 1 .
Gl = [ 5o gl

1 1
1 f n__ p.n__ _ p+l1
cops [ St

= Cg.

Hence we have &; (1) = c¢ and the result follows.
If u =0 on Q, for every § > 0, define the energy functional &2 on HJ (R2 ,b)
by
v "
2 o b ( p+ 1 82 /

K W) = —(1-8)¢p),
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where g3 = log éq"" and the corresponding critical level

g = inf sup &S (tv).

veH} (R ,6)\{0} >0

Choose now T, such that max;~o &2 (tu") = &2 (t,u"). We claim that the sequence
(Tn)nen is bounded. One has

Va1 -
0 [, =g L, b 0 81t

1
> max(5,,1)7! /R2 b — (1— 8)q) ",
T

Choosing R > 0 such that ¢ > (1 —8)¢™ in Q \ B(0,R), note that by Rellich’s
compactness theorem, since o > 0,

1 . n n
ll}glorolf?/ b(u"—(1—8)qy) u hglgf?/gw(omb(u —qe)hu
hmmf—/ b(u e)hu”,
—e g2
and that |
o [, b = ge )l > 26 )~ (Gl ),
therefore,
hmgf?/ bty — (1= 8)g=)" u" > 2¢¢ > 0,

so that the sequence (7,),en is bounded.
‘We compute

) 1 1
Gelt) = 88t + o [ bl (1)) bl o)t
Choosing R as previously,
/ bt — (1— 8)g2) ™ — bty — )™ >0
Q\B(0,R)
and by Rellich’s theorem, since & > 0 and the sequence (7, ),cN is bounded

. n_ (1 _ p+1 _ p+1 _
r}gl}g QnB(O,R)b(Tnu (1=90)gz)" —b(tu" —qe)i =0.

We have thus
lim & (t,u) > limsup &2 (t,u")
n—eo n—oo
and because (u"),cy is a Palais-Smale sequence we conclude that
Ce = c‘g.
Since by lemma 8, limg_, cfss = ¢y, we conclude that
Ce 2 Cogoa

a contradiction with the assumed strict inequality.
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3. Asymptotics of solutions

In this section we study the asymptotics of solutions to (£?). We make the
following assumptions on 2, b and g:

(¢7)) forevery n > 0, there exists § > 0 such for each x,y € Q such that |x —y| <
ddist(x,0Q),

X

—‘ém and ‘logggy;‘ém

(%) there exists C € R such that for every x € Q,

2dist(x, 9.Q)b(x) P+ /2 q(x)?
log(1+ o172 ) SC—+

(%) g € H. (Q),infg g > 0and
—div— =0

weakly in Q,
() the set R?\ Q is unbounded and connected,
(o#5) the functional & is well-defined and differentiable on HJ (Q,b).

The assumption (7)) is equivalent with the uniform continuity with respect to
the distance-ratio metric on €2 of logb and logqg. When £ is a uniform domain,
this is equivalent with the uniform continuity with respect to the quasi-hyperbolic
metric on €. Those metrics are equivalent to the Poincaré metric on the ball and
on the half-plane [26,27,33]. Assumption () is satisfied under the assumptions
of proposition 1 or of lemma 6.

An important consequence of (.o7;) is the following identity:

Lemma 9. For every u € H} (2,b),

/ Vul? _/‘ qj‘v(z)f
Jo b Jabl \g/l’

2 . .
Proof. Take ”; as a test function in (£?) and observe that

2 2
2Vq«V(u—) = |Vu|2—q2’V(E)) .
q q
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3.1. Upper bound on the energy

As a first step, we prove an upper bound on cg.

Proposition 4. One has

e
limsup 7t1nf =
e—0 log < b

Proof. Choose U € C*(RR?) such that U(x) = logﬁ if [x| > 1 and U(x) > 0 if
|x| < 1, choose p > 0 such that B(%,2p) C Q and choose a cut-off function ¢ €
C(B(0,2p)) such that ¢ = 1 in B(%,p). Consider, for 7 € R, the function v €
CZ () defined for x € Q2 by

ve() = () (U(*F) +log £) o (5)

and define the function g, : R — R for# € R by

er|2
EWY), ‘ /b
g (EE0EE) = 1og ~ae)17E).

8e(T) =

We are going to show that for every € small enough, there exists 7, such that

8°(7) =0.
By lemma 9, we have

T2 2 T
L= [ 2e(CE):

First one observes that there exists C > 0 such that for every 7 > 0

Ty 5 GO <cttgh a0

B(2.2p)\B(£,p) b q

and that if € < p,

2 N . 5
q Ve _/ q(X+ey) 5
IV ) = LT VU ()P dy,
2 T\ 2 22
1 q Ve q('x) / 2
: 21V ) = VU7, 11
€20 B(se) b ’ (q)‘ b(%) B<0’1)| | (11)

uniformly in 7 > 0.
Finally, since U (x) = log‘xi| if x| > 1, we have if e < 6 < p,

: / ’q q(X)z‘ll &

Ve |2
/ o8 <E)’< b(x) | =3P

<2n(w(p)log +w(0)log 8)

and thus

61(
b(%
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where

W q(®)° gl
00)= s 15 ae Tl

We have thus for every 8 > 0,

£\2 1 2
lim sup ZEq(xA) - 1/ q—‘V<v£>‘ ’ 2ww(8).
£0 b(£)  logy JB(t.p)\B(te) b

By continuity of ¢ and b, limg_,q @(8) = 0 and thus we have proved

[Vvif? q(%)?
=2, (12)
/ B(%p)\B(te) b b(x)

lim
£—0 log

uniformly in 7 > 0. Gathering (9), (10), (11) and (12), we have proved that

1 \vA% 2 2\2
lim / [Vel” _ ppal®)” (13)
£—0 log b b(x)

uniformly in T > 0 in compact subsets.
Now note that

> [ p0E—a0i= o [ p0E-aoai+ 5 [ p0E—a ) a4

If et < p, one has for every x € Q,
(VE(x) —ge(x))+ = (U (") +1ogT) .
Hence we have since b and ¢ are continuous

] b(v b b(R+y)PHg(% U(y)+1log7)’™d
glg(l)gz/ 5 Js0.0 (&+y)P g +y) (U(y) +loge)| " dy

— b(#)g(®)""! / (U+logr)""!
B(0.7)

,T

5)

and similarly

1 g
1m7/b —b f’“/ U+logt)’: (16
Py log 2 ( ‘]s)JJIs (X)q(%) (071)( g )Jr (16)
the convergences are uniform on compact subsets.

In view of (14), (15) and (16), we have thus proved that for every 7 > 0,

limg_,0g:(7) = g(7), where

g(7) = 27;‘?)(3) ~b(®)q(@)" [ (U+log)”.

Choose now T > 0 and 7 > 0 such that g(z) > 0 and g(7) > 0. Then, for € >
0 sufficiently small, g¢(7) < 0 < g¢(7) and there exists a T, € (,7) such that

ge(1e) =0.
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One has then v¥ € .4z We can now compute the energy of v with the help of
(13) and (15), keeping in mind that the limits are uniform on compact subsets and
that the family (|log T¢|)e>0 is bounded:

Vi§ 11 —ge)P!
lim —— & (vE) = lim ; / [Vve lim - b(ve 9e )%
e—0 log : £0 log 2 saO log € p+1
_ 4@’
b(%) -

The result follows by taking the infimum over X € Q.

Proposition 5. Under the assumption of the previous proposition, if there exists

X € Q such that
2

~

q(x
b(%)

2
.o 4q
=inf—
Qb
2
and % is Dini-continuous in a neighbourhood of X, then

C (.Q) <rmlo finferO(l)
€ XX g /
as € — 0.

Recall that f : 2 — R is Dini-continuous in a neighbourhood of % if there exists
0 > 0 and a nondecreasing function @ : [0,8) — R such that

1
/ wdt<oo
0 1

and for every x,y € B(%,8),

[f(x) = FI < o(lx—y)).

Remark that in order to have the improved bound the infimum should be
2
achieved in the interior of Q and % should satisfy some improved continuity as-
sumption at the minimum point. This is the case if q—: is coercive and continuously
differentiable. Also note that by the classical regularity theory of De Giorgi [20;
28, Chapter 8], since b is locally bounded and bounded away from 0, ¢ is locally
Dini-continuous. The condition is thus that b should be locally Dini-continuous.

Proof of proposition 5. The proof goes as the proof of proposition 4, except that
when studying & (v&® ), we note that our assumption allows us, by estimating (12),

to obtain
[VvE[? q(%)*
=2nlogl +0(1),
/ € b(x)

as € — 0, uniformly in 7 > 0 over compact sets instead of (13).

lim
e—0 ]og
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3.2. Asymptotic behaviour and lower bound on the energy

We are now going to study the asymptotics of a family of groundstates. Thus,
we assume that for every € > 0, problem (£?) possesses a nontrivial solution ug €
H{ (2,b) such that & (ue) = ce.

We define the vortex core to be the set

Ae = {x € 2 :ug(x) > ge(x) }.

Note that as u, is continuous inside €2 by classical regularity theory [28, theorem
8.22], A¢ is an open subset of Q.
We first give some integral identities involving the vortex core:

Lemma 10. If u; is a solution of (?) then

1 P, |V”e|2 |V(”e_61£)|2
?[(2(”8_48)+48—/!2 b _/Ae b (@)
1
= [ Ge=ae) = [ V(e —ge) . ®

Such integral identities go back to Berger and Fraenkel [9, lemma 5.A].

Proof of lemma 10. The proof goes by taking (us — ¢¢ )+ and min(ug,qe) as test
functions in the equation.

We now study the properties of the vortex core.

Lemma 11. For every € > 0, the set A¢ is connected and simply connected and
diam(Ag)

m ————

e—0 dist(Ag,dQ)

The proof of the connectedness will require the next techical lemma:

Lemma 12. Let u € H} (Q,b). Ifu € C(Q), if U C Q is open,
{xeQ:ulx)>0}\U

=0.

is open and U C Q is compact, then uy Yy € H} (Q,b).

Note that we are not assuming that u is continuous on d£2; this makes the proof
and the assumptions delicate but will relieve us later of studying the regularity of
u near 9.

Proof of lemma 12. Let 6 > 0 and define
K® ={xeU:u(x)>§}.

By our assumptions on the function u and on the sets U, the set K% is compact.
Hence there exists ¢ € C*(£;[0,1]) such that @® = 1 on F? and ¢® =0 on
suppu\U. One has (u— &), xu = (¢%u— &) € H}(2,b). Since for every § >0,

/ V(u—8) </ [Vul*
U b SJuob

we conclude by letting § — 0 that u; yy € H}(2,b).
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For the connectedness, we rely on an argument that goes back to Berger and
Fraenkel [10, theorem 4.3] (see also [8, appendix; 32]).

Proof of lemma 11. Since u; > g¢ on A¢, we have by definition of capacity, by
lemma 9 and by lemma 1

2 Vug|? 1
% eiae o)< [ Ev(t)f < [ Tl 2t g,

QA b

Let A’ be a connected component of A¢. Since R?\ © is connected and unbounded,
by estimates on the capacity [43, proposition A.3] (see also [23]),

2r

log 16(1 + 72“;‘&;‘29)) '

cap(A3, ) >

In particular A} is a compact subset of £ and by proposition 4,

diam(A})

£—>O dist(Az, a.Q) =0

It is thus sufficient to prove that A = A,.
By lemma 12, since u, is continuous and A} is a compact subset of €2,

Ve = (Ue — e )+ Xax € H(% (2,b).

Also define we = min(ug,qe). By testing the equation against (ue — g¢ )+ and ve
we have

Ve —ae) = [ (el and [ V(e —ae)P =

3
Jvuel = [ [vwel+ [ V(e qe) P,
Q Q Ag

and for every t € R,

/|V(wg+tvg)\2:/ |Vw£|2+t2/ IV (e — ge) -
Q Q Az

We first claim that there exists 7, > 1 such that wg +t.ue € A%. Indeed, one
has for every r € R,

(’48 _Cls)pH-
JAg
(I7)

Also note that

<£é(w8 +tv8),Wg +th> :<gé(Wg +tv8),W8 +[Vg> — <(’)@8/(Mg), ug>

=% [ V(e —ge) - [ 1¥0ue -

_/*tp(”e_%) (ge +1t(ue — ge) +/ —qe)’ue.
t
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By (17), we have

<é"£/(wg +tué)aws +tué> = / (ue —qe)Pqe — (tpH _tz)/ (ue — ‘is)pJrl
Ag\A} H

G 1)/A* (ue —qe)"qe.

€

By the intermediate value theorem, there exists #, > 1 such that wg +t,ue € A%.
Now we compute the energy and we obtain

2 !

1
Ee(We +tutg) = 5/9\ng|2+ (2 p+1) /A*(Ms—qe)p+1

1 1
<& —ge)PtL.
e (ue) — (2 Dt 1) /Ag\Az(ue qe)

Since u, is a minimal energy solution and ue > g, in A¢, we conclude that A = A}
and the set A¢ is thus connected.

We now show that A¢ is simply connected. Let E be the connected component
of 2\ A¢ such that dQ C E. The set  \ E is open and one has —div(“5%) >0
in Q\E and uz —ge > 0 in Q \ E, so that by the strong maximum prmmple

—ge >0in Q\ E. Hence A, = Q \ E and A, is simply connected.

The next lemma shows that the kinetic energy remains bounded inside the
vortex core.

Proposition 6. There exists a constant C > 0 independent of € such that if as € Ag,

1 |V(“s*qe)\2 b(ae)
b P :/ <C .
€2 Ja, (ue —de)s Ae b q(ac)?

Proof. Let a; € A¢. By lemma 10 (b), lemma 11 and (] ), one has

IV(ue —qe)* 1 / P+l
P\Ve—qe)l _ — [
[45 b 82 Ae ( 615)

<Chlae); [ (e —ge)t"

S

2
<Chlae) s [ (we—aelt ([ tue—a0?) "
<C"blae)' P [ btue—ae)? ([ Wite =) E;qg)‘z)%,

using the the classical Gagliardo—Nlrenberg inequality. One obtains thus

/As |V(Mel;er)| < (C"b(ag < / b(u > .

Now by lemma 11 and by lemma 10 (a),

1 Vu,|?
glae) / b(u p <C'— / b(ug*q‘g)iqgcmil/ |Vig| :
Ae logzJa b

and we conclude by lemma 1 and proposition 4.
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Finally, we have a lower bound on the diameter of the vortex core:

Lemma 13. There exists a constant C > 0 such that if az € Ag,

Ceq(ag) '

p+1

b(ag) >

diam(Ag) >

Proof. One has, by lemma 11 and and (%),

1

1
e I, (ue —qe)’y (ag) As(ue qge )Y

£2
By the Hlder and Sobolev inequalities

(p+1)/2
[ we=aet <ciael([ Viwe—ae?) "
Age Ag

Hence we obtain, by lemma 1 and lemma 11 together with () again,

82

W(”s—%”z " (p+3)/2 12l |Ae| / |V(us_61£)|2 (p+1)/2
AR RS P e Tl .
/Ae b <C b( ) ( Ag b )

Therefore,

3 |A V(e — 2, pol
1iminfb(a£)”%’@(/ M) T o,
e—0 £ Ae

By proposition 6, this implies that

Al b p+1
liminf| el blae)""

> 0.
e—0 €2 g(ag)P~!

and the result follows from the isodiametric inequality |A¢| < 7(diamAg)? /4.

The main result of this section is:

Proposition 7. One has, if az € Ag,

& 1 Vite|? 2P
tim 220) _ iy /' iy COY
=0 2mlog

£—0 n]og% e—0 b(ag) Q b’
lim ke —= blac) _ =2,
£—0 ( )
dist(A¢,0Q) o b(ag)Pt1)/2
. Cdiam(Ae) .. diam(A¢)g(ae)P—1/2
lim li =1.
e—0 1 e—0 1

log — log —
ogg ogg

29

(a)

(b)

(©
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Proof. By definition of &; and by proposition 10, we have

! Vel |V (e —ge) |
. € e — (e
?/fzb(us_Qe)+Qe—'/Q b _~/As b

_ p—11 p+1
_2gg(u£)—m?Asb(ug—q8)+ .

Hence, by proposition 6,
28:(u 1
€

as € — 0. Define for 6,7 € (0,1) with T < o,

(ue —qo)+ ’ 1).

o,T .
We’ :mln(
4t — 4o

By testing the equation against wg'*g, in view of lemma 9

2
o q ot 1 p
IOg?'/_Q?WWS | _?/Q(MS_QE)-}—Q'

In particular, setting
Af={x€Q :ue(x) >qe(x)},

2
q 1,
/Q ;'VWSTF

i
b

we have

cap(Ag, Q) <
inf
Q

and thus by capacity estimates [43, proposition A.3] (see also [23]), since R?\ Q
is unbounded and connected,

1
27 - ?/Q b(”e—%)f-q
2dist(AL, 9Q)N 2
| 16(1 75) LintL
08 + diamAZ logfl?zf b

By (18) and by proposition 4, we have

2dist(AZ,09)

1
2 1 ) 1
diamAg ) 987 (19)

liminflog 16 (l +
£—0

and thus, by (&), for every 8 > 0, there exists p > 0 and & > 0 such that for
every x,y € A? with € € (0, &),

q(x)?* _ q(y)?
0 (1+3).



Desingularization of vortex rings and shallow water vortices 31

‘We have thus
q 1 / p
1 — . (20
1+5 /| / [Vw 10g£82 (e CIS)+CI (20)
By capacity estimates, we have thus that for every € € (0, &),

2n

log 16(1 + 721;?;5;‘5’9)‘2))

| 1wEP > cape, @) >
Q

and hence

qlae)? 2z _ 1+5/(
Q

2dist(Ag,0Q = 2
b(ae) 10gl6(1+%) ‘

Ue _418){:-‘]-

In view of lemma 13, we have
2 log £ 2
9(ae) %8 <(1+8)intL.
Cdist(ag,8Q)b(a8)(”+1)/2) Qb
gq(as)@*l)/z

limsu
£—-0 P b(ae)

10g16<1+

Now, note that

Cdist(ag,aﬂ)b(ag)(pH)/z)

10g16(1+ eq(ag)(l’*l)ﬂ

dist(ag,0Q)b(ag) P/ )

C
< —
\10g16(1+£)+log(1+ 4(ae) 7172

By assumption (%), we have thus

li Q(as)Z 10g§
i ~ G2
es0  blae) 2dist(ag,dQ)b(a)
tog16(1+ )
eq(ag)\?
log %
log16(1+ € 2
> limsup 0g 16( 8,) > limsup a(ae) :
e—0  blae) c e—0  Dlag)

q(ae)*  logl6(1+ %)
Hence, we conclude that

7
< (146)inf—.

2
limsup 9(ae) nf-

es0 b (as)

Since & > 0 is arbitrary, we have (a).
To obtain (c), we note that

o dist(Ag,dQ)
g diam(A;)

1
log —
g

limsup
£—0

N
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and that by lemma 13,

blag)T
log d ias) p—1
=
liminf — diAmAe)alae) 7
£—0 log l
We conclude since by (.2%)
ptl
dist(Ag,0Q) log b(ae) 2 1
T . P—
limsup dlani(AE) ~ diam(A, )lq(ag) P
£—0 log = log =
og og
. il
log dist(ae, 8.(2)b(a83_12 o qlag)?
m(A p—1
= limsup diam( g)lq(%) ~ <lim sup 7b(al€) =0.
£—0 log - e—0 log z
€

To obtain (b), note that by (3.2) and by lemma 6, we have
lim— [ b( )P q = 2minf <
£—0 €2 Ae Ue = qe)+4= Qb
and by lemma 11, we have
lim [ b(ug —qe)’ qg— (I(ae)/A (e —ge)". = 0.

e—0JA, e

2 . . . . . . . .
If % is Dini-continuous and if the solutions concentrate around an interior
point, we have the following improvement.

2
Proposition 8. If lim:;_ga. = a € Q and % is Dini-continuous in a neighbour-
hood of G, then

Eelue) _ 1 [ |Vuel qlac)® | L
:E/QT_H)(U: logg—i—O(l):lgf;logg-i-O(l),

T b(ag)
diamA diamA
0 < liminf 1am7e < limsup 1am7e
e—0 £—0 4

Proof of proposition 8. Beginning as in the proof of proposition 7, we have, as
proposition 5 is applicable in place of (19), that there exists ¢ > 0 such that
: T
(1+ 2dlsF(A€,8.Q)) S <
diamAg T
Since limg_0ae = d € 2, there exists p > 0 such that for every ¢ > p and x € AZ,
|x —ag| < Co. This implies that

(10g%>2/9(u€fq8){;q< (log%) i(él);(ler(CT));/Q(”eQS)iQ-
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Taking now € = 7] < 0] = T < 03 < ... < 0 = p and summing the previous
inequality over j € {1,...,k}, we obtain

2 k
P 2/ e < (100 P Voe L/ o)
(log 8) . Q|ng |” < (log . —&—j; o(Co;)log o ) 2 Q(u8 qe)iq.

q(a)
b(a)

By taking the limit of Riemann sums, we conclude that

9(a)® / p.£2 ( 1 1 /P o(CT) 1
N vwh’ < -+ df[)i/ Ue — p ,
b(a) 9' el log2 " (log22Je 1 2 Q( e—qe)iq

which improves (20) and allows to continue the proof.

4. Construction and asymptotics of vortices

In this section we go back to the axisymmetric Euler equation and the shallow
water equation and prove our main results.
4.1. Vortex rings for the Euler equation

For the Euler equation, the solutions of the previous sections gives us a suitable
Stokes stream functions.

4.1.1. Vortex ring in the whole space The first case is the construction of a
vortex ring in the whole space.

Proof of theorem 1. Define for every r € (0,00) and z € R, b(r,z) = r and

2
r 3 /K2
e
42 =W+ gw 2z
One computes directly that % achieves its minimum at (7, 0) and that

Q(r*’o) —
b(r.,0)

By proposition 2, the problem has a solution for every € € (0, 1). Define

ve(r.2) = curl((ue +¢) =)

r

and +1 2
_ (ue — gqe)? |Ve|
pe(rz) = p+1 2
One computes that
lim v= log
wloe  dmrr CE

and that
curl ve(r,2) = (ue(r,2) — qe(r,2))} eq.

The conclusion follows by the asymptotics of propositions 7 and 8.
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4.1.2. Vortex ring in a cylinder The proof of theorem 2 is very similar.
Proof of theorem 2. If k < 47W, one defines b and g as in the proof of theorem 1.
Otherwise one sets
(r. )_YrZ_i_(ﬁ_K)
K ) YA

2 . . . . .
One checks that % achieves its minimum at (1,0). Since 5= — %5 > 0, we can then

w
.. . . 27[ 7
use proposition 7 in the asymptotics.

4.1.3. Vortex ring outside a ball For the construction of a vortex ring outside a
ball, we use the strict inequality of proposition 3.

Proof of theorem 3. If k > 67W, let r, be the unique number such that

2ry + L = L
r2  2nW
Define now
W/, r W, 1
q(r,z) = E(r —m> —|—7(r*+f*).
Observe that if z # 0,

q(r,z) > 4(r,0).
If the function r € [1,00) — g(r,z) achieves its maximum at 7 € (1,0), by Fermat’s
theorem,

P a1y,
r r

[NSRRON)

*

from which we deduce that 7 = r,. Define
oy W, 3W i/, o]
W= ()

and observe that

qlx) _
e g (x)
and that ) ) )
@) 070" q(7,0)
Q b b(rz,0) b(rz,0)
with
1

(re)? :V£+Z~

In particular, since r, > 1, (r7,0) € Ri \ Bj. By proposition 4, we have

2 oo (0o 2
< inf £ < gL U07
R2\31 b b(}":’,O)

Ce

limsup

g0 log L

€

and by proposition 7,
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By proposition 3, the problem (£?) has a solution. One constructs the flow and
studies its asymptotics by proposition 7 as in the proof of theorem 1.
If k < 6W, define

and

2
and observe that % achieves its maximum at (1,0) and that

int L (ﬁ)z
Ri\Bl b 2n

and

> 2 2
of 4 (r,2) _ 16 /6xW (£> . (ﬁ)
(rz)eR2\B, T 92 K \27 21

since Kk < 6xW. The rest of the proof is similar to the case k > 6xW.

4.1.4. Vortex ring outside a compact set In order to construct solutions outside
an arbitrary compact set, we first construct and study the irrotational flow.

Lemma 14. Let o > —1, k > 0 and K C R?. Define b: R% — Rand ¢ :R%2 — R
be defined for x = (x1,x2) € R% by

b(x) = x¥ and g~ (x) = aLfolHl +k.

IfK is compact and satisfies an interior cone condition at every point of JK NR%,
then there exists a unique solution q € H\ .(R% \ K)NC(R2 \ K) such that

v
—div% —0 inR2\K,

g=k ond(RI\K),
q(x)

lim =
x| o0 oo (X)

Moreover q € C*(R%),
Vq(x)

[x[=eo X7

:(W70)7
and, ifKﬁRz+ #£ 0, for every x € Ri\K,

q(x) < 4q"(x).
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Proof. Since K is compact there exists R > 0 such that K C B(0,R). Choose ¢ €
C~(R?) so that ¢ = 1 on B(0,R) and ¢ = 0in R?\ B(0,2R) and define g : R — R
forx e Ri by

g(x) Q(x)xf .

- a+1
Observe that since ot > —1,

Vsl® W 2/ 2 042 2 2 a
1A2-{ ) v 1 dx < oo,
/Rg b (a+1> R3| P+ (@4 Do) xt dr <

Construct the function v € H} (R% \ K) by minimizing the Dirichlet energy

1 |V / Vg Vv

2Jo b Q b
over H} (2,b) and set
4= qe—g+V.
One has clearly v € H (R2 \ K) and
N
div— =0
v

weakly in R2 \ K. By the classical interior regularity theory, v € C*(R2 \ K).
Since KN Ri satisfies an interior cone condition at every point of dK NR2, v is
continous on Ri \ intK [28, Corollary 8.28].

Now we claim that v < g. Indeed, by taking (v — g); € HJ(2,b) as a test
function in the equation, we have

Lo YO8 P= [ (Ve Vi -g) =0,
+ =

so that v < g. In particular, we have ¢ < go. Similarly, one has that v > k+ g — e,
so that we have proved that

k+g—g-<v<g; (1)

in particular, v is continuous on dR?2 \ intK. By the strong maximum principle, we
have v > k+ g — g in R2 \ K.
Moreover, we have by (21) for every x € R \ B(0,2R),

w

2 " o+l .

V() PR

Define >
(2R)“

One checks that div % =0and w < v on dB(0,2R). By a comparison argument,
we have thus that w < vin R2 \ B(0,2R). In particular,

v(x)

1im
|0 g™ (x)
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Finally, note that if x € R2 \ B(0,2R), by combining a classical estimate [28, Corol-
lary 6.3] with (22):

W) _ C , RO
< sup ()| < Cigzs
x(l)C h x?+1 YEB(x,x1/2) h ‘x|a+2
and thus v
A Col vy
[x[—e0 X7

Proof of theorem 4. Since K is simply connected d(R2 \ K) is connected and
y(r,z) = kon d(R? \ K) for some k < 0. Defining ¢ = —y and ¢~ (x) = %x} +k,
we observe that ¢ is also the solution given by lemma 14. We are going to apply
proposition 3. We observe that by proposition 2 and proposition 4, we have

lim 5 — g T2
-0 log 5 (nZ)GRi r

(=)

By a direct computation,

inf (q°°)2 — qoo(r*vz)z
R2 b Fx '

Since K is compact, there exists z, € R such that (r.,z.) ¢ K. By proposition 4,
lemma 14 and proposition 7

o N2 o

. C ry,2 .

limsup 81 < EQ( — ) < limsup ——.
g0 108 ¢ T g0 108 2

By proposition 3, a solution u, exists if € is small enough. One defines the associ-
ated flow and studies its asymptotics as in the proof of theorem 1.

The question of where the vortex concentrates gives rise to a result depending
on the geometry of the compact set D:

Proposition 9. If k is sufficiently large and o > 0, then

2 2
inf 107 407

x€d(RI\K) X xeRI\K X

Proof. First one has
2

1
i 1O gy L
xed(RI\K) X x€d(R2\K) X

Since K is compact, there exists R > 0 such that K C B(0,R). Take a € R such that
|a] > R. One has

2
. X .
< inf —q(a) < inf a
x€R+ xl X€R+ .xl

inf q(x(;z)
xeRZ\K X

oo \2 at2
q”(x) 74(ka+l)a+1wa%].
200+1
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4.2. Vortices for the shallow water equation
We finish by sketching the proofs for the shallow water equation:

Proof of theorem 5. Set for x € 2, g(x) = 5 supg b. By proposition 1, () has
a solution ug. Define for x € Q

Ve (x) = curlug (x)
and 1
1 (@ —ge@)T ()
T g2 p+1 2

One checks directly that this is a steady flow of the shallow water equation (5) and
that

h(x)

curl ve (x) = é(ue () —ge(x))",

and that s

. .q K \2
f D ( o ) b’
' b 2 Sgp
so that curl v has the required asymptotic properties by proposition 7.

Proof of theorem 6. Set for x € Q, g(x) = —yy(x). By proposition 1, (£?) has a
solution ug. Define for x € Q

ve(x) = curl(ug — g )

and

1 () e @) e
e p+1 2

One checks directly that this is a steady flow of the shallow water equation (5) and
that curl v¢ has the required asymptotic properties.

h(x)
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