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Introduction

The needs of the industries or laboratories to quickly assess the quality of
products or samples leads to the development and improvement of new mea-
surement methods or devices sometimes faster, easier to handle, less expensive
or more accurate than the reference method. These alternative methods should
ideally lead to results comparable to those obtained by a standard method [1].
This means that there is no bias between these methods (the measurements
provided by two devices or methods only differ because of the random mea-
surement errors) or that these measurement methods could be interchangeable
(the differences between the measurements provided by two devices are not
meaningful in practice).
It is then essential for the chemical or clinical laboratories to assess the uncer-
tainties of the measures and to control the reliability of measurements. The
quality of the measures is also crucial for the customers (patients, researchers,
therapists, doctors, industries,...) in order to carry out the right decisions and
to properly interpret the analyzes.

To monitor and inspect the analytical methods or devices, four different method-
ologies coexist.
First, the validation of analytical methods which is the final step in the de-
velopment of a new method. The goal of the validation is to attest that the
analytical procedure will provide results as close as possible (according to given
criteria) to the true but unknown quantities for its whole range of measurabil-
ity. The linearity of the method is also assessed with the validation.
Second, the transfert of analytical methods attests that the results between an
analytical method used in routine by a laboratory are similar to those obtained
by the same procedure applied in a new laboratory or transferred to another
one.
Third, the interlaboratories studies consists to compare the analytical measures
provided by different laboratories on the same samples. It is obviously essential
to proof that the decision carried out by analytical measures does not rely to
the chosen laboratory. Indeed, different analytical laboratories must provide
measures as close as possible to each other.
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2 INTRODUCTION

Four, the method comparison studies, also called the equivalence of ana-
lytical methods, focus on the comparison of different analytical methods. When
several new measurement methods are developed, each pair can be compared
or each new measurement method can potentially be compared to the reference
method.
These four methodologies, based on continuous variables, are quite common in
the following fields: pharmaceutical, chemistry, biology, medicine, agronomy or
engineering. They have several similarities but they are nearly always discussed
separately in the literature. This thesis deals with the fourth methodology, the
method comparison studies (or equivalence), and more precisely the compari-
son of two measurement devices.
The literature does not provide a clear and unique definition of the equivalence
concept. Statistical equivalence approach will, in priority in this thesis, test
whether two devices are equivalent notwithstanding the errors of measurement
or whether there is a bias between them. Additionally, a statistical test can be
performed to compare the accuracies of the two methods.
Practical equivalence approach will not focus on statistical parameters (bias
and variance) but will consider two methods equivalent when one device can
be substituted by the other one without affecting the decision taken from the
measurement result.

Statistical approaches in method comparison studies

Different approaches are proposed in the literature to deal with method com-
parison studies and equivalence:

1. Correlation coefficients or t-test for paired data
Some authors [2,3] assess the equivalence between two measurement meth-
ods by computing the well-known Pearson correlation coefficient r (or its
square: the coefficient of determination) or a t-test for paired data. Un-
fortunately, the correlation coefficient is not useful to test the equivalence.
It is, indeed, usually close to 1 in method comparison studies. More ap-
propriate coefficients exist in the literature [4–6] and will be described
briefly in Chapter 1 after the presentation of the general model with
standardized notations. The uselessness of paired t-tests (or Wilcoxon
signed rank test) will also be described in Chapter 1.

2. Errors-in-variables regressions
The approach based on a regression analysis (a linear functional relation-
ship [7]) on the measures provided by both devices is widely applied and
focuses on the parameter estimators and their confidence intervals [8].
This approach compares the measures by estimating a regression line in
a classical (X,Y ) plot by taking into account the measurement errors in
both axes. Different regression techniques are compared in Chapter 2
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(comparison of bias, coverage probabilities under equivalence or not, ...).
New diagrams are also proposed to assess the equivalence between two
devices under homoscedasticity. These diagrams are very useful when
the measurement errors are unknown. The comparison of the different
regressions and these new diagrams are also discussed by Francq and Go-
vaerts [9]. Hyperbolic confidence bands are also proposed and shown to
be equivalent to the simultaneous confidence interval for the regression
parameters in Chapter 3. These hyperbolic confidence bands are also dis-
cussed under homoscedasticity or heteroscedasticity by Francq and Go-
vaerts [10]. Under heteroscedasticity, the estimated variances (point by
point) can be modeled (variances profiles) in order to improve the cover-
age probabilities. This improvement will also be discussed in Chapter 3,
as well as the robustness of the regressions.

3. Bland and Altman approach
The most known and widely used approach is certainly the one proposed
by Bland and Altman which focuses directly on the differences between
two measurement methods [11–13]. This method was initially proposed
by Tukey with a Tukey mean-difference plot and popularized in medical
statistics by J. Martin Bland and Douglas G. Altman [14]. Usually, an
agreement interval is computed on the differences and compared to an ac-
ceptance interval to assess whether the differences are clinically important
or not (acceptable or not). If the differences are not clinically important,
then the two measurement methods can be considered as interchangeable.
Chapter 4 presents the coverage probabilities under equivalence of the
agreement interval. Additionally, β expectation and β − γ content toler-
ance intervals are also introduced as a better alternative to the agreement
interval. A robust estimator of the variance of the single differences will
also be given. Usually, these intervals are computed and displayed hori-
zontally in a Bland and Altman plot. Ideally, as a proportional bias can
exist between the two devices, these intervals should be computed around
a regression line. By default, Bland and Altman propose to estimate a
regression line by OLS [11]. A new asymptotic unbiased regression line is
proposed in Chapter 4 by using a correlated-errors-in-variables regression
based on existing errors-in-variables regressions and the coverage proba-
bilities are provided under homoscedasticity. New predictive intervals are
also proposed in Chapter 4 in order to predict a single measure or a single
difference. The main results of Chapter 4 were published by Francq and
Govaerts [15].

The general goal of this thesis is to improve and compare the errors-in-variables
regressions approach and the Bland and Altman approach. As the first one
focuses on confidence intervals while the second focuses on agreement or pre-
dictive intervals, they are not easily comparable. Indeed, the main difference
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is that a confidence interval collapses to itself when the sample size increases
while agreement or tolerance (predictive) intervals move closer to the concerned
quantiles. In order to confront these two approaches, it is then compulsory to
develop confidence intervals within a Bland and Altman plot and predictive
intervals in a (X,Y ) plot. The last chapter of this thesis will, then, compare
both approaches and will conclude whether it is better to regress in a Bland
and Altman plot or in a (X,Y ) plot. It will also conclude whether it is better
to apply an agreement interval or predictive interval in a Bland and Altman
plot or in a (X,Y ) plot.

Examples of data set in method comparison studies
Many data sets dealing with method comparison studies can be found in the
literature. Moreover, the statistical consulting service (SMCS) of the Univer-
sité Catholique de Louvain (UCL) is regularly consulted in this context. This
section presents a list of examples from these sources, with their design and ref-
erences when available. Note that the measurement errors are usually unknown
in practice. The two first examples are analyzed in this thesis.

• Systolic Blood Pressure data (SBP data)
In the systolic blood pressure data presented and analyzed by Bland and
Altman [11], simultaneous measurements were performed using a sphyg-
momanometer by two observers (denoted J and R) and a semi-automatic
blood pressure monitor (denoted S). The design is quite simple: three
sets of readings were made in quick succession by both devices (and both
observers) on each patient (85 patients, 9 measures per patient). This
data set will be a leitmotiv in this thesis. This data set is characterized
by the presence of many outliers (mainly vertical outliers) and possible
heteroscedasticity.
Other data sets are also provided by Bland and Altman [11] (but will not
be analyzed in this thesis):

- Measurements of plasma volume expressed as a percentage of nor-
mal in 99 subjects (unreplicated data), using two alternative sets of
normal values due to Nadler and Hurley

- Fat content of human milk (45 samples, unreplicated data) deter-
mined by enzymic procedure for the determination of triglycerides
and measured by the Standard Gerber method

- Cardiac data provided by two methods, radionuclide ventriculogra-
phy (RV) and impedance cardiography (IS), for 12 subjects with
unequal numbers of replicates

• Arsenate ion in natural river water (AsO4 data)
In the arsenate ion in natural river water data [16], 30 pairs of measures
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are provided by 2 methods: firstly, a continuous selective reduction and
atomic absorption spectrometry and secondly, a non-selective reduction,
cold trapping and atomic emission spectrometry. The mean measures
with their standard errors of the mean are given and analyzed in the
literature [16,17] (the detailed data are not given in the literature). Lower
concentrations are more frequent than higher concentrations. This data
set is characterized by measurement errors that increase with measured
concentrations for both devices (this is common in chemistry) and some
good leverage points (without a logarithmic transformation).

• Bone cyst fluid volume
In the bone cyst fluid volume data [18], 29 bone cysts are measured by
an usual manual method (manual contour tracing) and by a semiauto-
matic segmentation method designed to easily measure the volume of
a bone cyst from magnetic resonance imaging (MRI). Two independent
and trained observers performed each two manual segmentations retro-
spectively for each cyst and also two semiautomatic segmentations (2
measures per cyst per observer). This data set was provided by the ’Clin-
iques universitaires Saint-Luc’ for a statistical consultation through the
SMCS and analyzed by B. Francq. This data set is characterized by the
heteroscedasticity.

• Pigmentation of skin
This data set was provided by a physiotherapist at UCL. The skin pig-
mentation of 11 patients was measured after healing of a scar by two
colorimeters: the Minolta CR-300 and the Gardner SpectroGuide. These
data were analyzed in the advanced master thesis of Francq [19] and is
characterized by unknown measurement errors and the absence of repli-
cated data (actually, the devices measure three times in quick succession
but display only the average of the three measures).

• Compressive force on the concrete
This data set was provided in the context of a thesis in engineering at
UCL. The compressive force on 17 samples of concrete was measured
in two different laboratories: LEMSC and CEPESI. These data were
analyzed by Francq and the results described briefly in a consultation
report. This data set is characterized by unknown measurement errors
with unreplicated data and two outliers (good leverage points).

• Blood analysis by the red-cross
The red-cross provided to the SMCS several data sets and some of them
were analyzed by Francq and described briefly in a consultation report.

- Comparison of the concentration of antibody ANTI-HBs in 29 pos-
itives blood samples (the negatives results are not compared) pro-
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vided by two devices (with one or two days delays): Axsym (routine
device) and Architect (new device). This data set is characterized by
unknown measurement errors with unreplicated data and log-normal
distributions for X and Y .

- Comparison of three hematology devices: Cell-Dyn (routine device)
and two new and identical devices (located in different cities) Sys-
mex (A1609 and A1615) to measure white blood cell (WBC), red
blood cell (RBC), platelets (PLT), hemoglobin (HGB), percentage
of hematocrit and mean corpuscular volume in 119 blood samples.
This data set is characterized by unknown measurement errors and
unreplicated data.

- Comparison of two new devices (Sysmex) to the same device in the
main laboratory of the red-cross to measure and assess the equiva-
lence with the previously listed variables. There are 20 blood sam-
ples, unknown measurement errors and unreplicated data.

- Comparison of 34 new portable devices (Hemocue) to the fixed lab-
oratory of the red-cross: each portable device is compared to the
laboratory one (34 comparisons) for a total of 1211 blood samples
but the sample sizes varies from a portable device to another one
(from 3 to 89). Replicated data are available. This data set is ob-
viously characterized by the number of equivalence test to perform
and the need for multiple testing adjustments. However, this thesis
deals with the equivalence of two measurement methods.

Design in method comparison studies

In the above examples, measurements are performed using (at least) two mea-
surement methods in order to study whether these two devices are equivalent
or not. This thesis will not deal in detail with the design of experiments in
method comparison studies although there are few articles on this topic [20].
However, the most classical design consists of measuring each sample (or sub-
ject) once by both devices. Unfortunately, whith unreplicated data, it is not
possible to estimate the measurement error variances if needed and a design
with replicated data is more suitable. If the accuracy of a reference measure-
ment method (gold standard) is known, each sample (or subject) can, more
simply, be measured only once by this method and several times by the new
method. Different observers or operators can, sometimes, perform the mea-
surements for both devices (i.e. Bone cyst fluid volume data) or for one device
(i.e. SBP data). In the first case, the observers could be compared like two
different devices. In both cases, the design structure can be taken into account
with an ANOVA analysis in order to better estimate the measurement error
variances to finally compare the devices. In the systolic blood pressure data,
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the design is quite simple: three sets of readings were made by both devices
(and both observers for the manual device) on each patient.





Chapter 1

Model and goal of methods
equivalence testing

Contents
1.1 The general model . . . . . . . . . . . . . . . . . . . 9
1.2 The homoscedastic model . . . . . . . . . . . . . . 10
1.3 How to test the equivalence? . . . . . . . . . . . . 11

1.3.1 Correlation coefficients or t-test paired data . . . . 11
1.3.2 Strict versus flexible equivalence . . . . . . . . . . 13
1.3.3 Statistical equivalence . . . . . . . . . . . . . . . . 14
1.3.4 Practical equivalence . . . . . . . . . . . . . . . . . 15

1.1 The general model

To compare two measurement methods, we suppose that a parameter of interest
is measured on N samples (i = 1, 2, ..., N) or subjects by both methods [21–23]:

Xij = ξi + τij , Yik = ηi + νik (1.1)

Xij(j = 1, 2, ..., nXi) and Yik(k = 1, 2, ..., nYi) are the repeated measures for
sample i by methods X and Y respectively. nXi and nYi are the number of
repeated measures of sample i by each method. ξi and ηi are the true but
unobservable value of the parameter of interest for both methods, assumed to
be linked by a linear regression [21–23]:

ηi = α+ βξi (1.2)

9
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Note that a lack of fit test can be realized in practice to assess this assumption
[24,25]. τij and νik are the measurement errors supposed independent and
normally distributed (with constant variances under homoscedasticity):(

τij
νik

)
∼ iN

((
0
0

)
,

(
σ2
τi 0
0 σ2

νi

))
(1.3)

Xi and Yi are the means of the repeated measures for a given sample:

Xi =
1

nXi

nXi∑
j=1

Xij and Yi =
1

nYi

nYi∑
k=1

Yik (1.4)

These means are also normally distributed around ξi or ηi:

(
Xi

Yi

)
∼ N

(ξi
ηi

)
,

 σ2
τi

nXi
0

0
σ2
νi

nYi

 (1.5)

If the variances σ2
τi and σ2

νi are unknown, they can be estimated if repeated
measures are available, otherwise, these variances are inestimable. The estima-
tors of σ2

τi and σ
2
νi are given by S2

τi and S
2
νi :

S2
τi =

1

nXi − 1

nXi∑
j=1

(Xij −Xi)
2 and S2

νi =
1

nYi − 1

nYi∑
k=1

(Yik − Yi)2 (1.6)

In further sections, the following notations will also be used:

X =
1

N

N∑
i=1

Xi and Y =
1

N

N∑
i=1

Yi,

Sxx =

N∑
i=1

(Xi −X)2, Syy =

N∑
i=1

(Yi − Y )2 and Sxy =

N∑
i=1

(Xi −X)(Yi − Y ).

1.2 The homoscedastic model

In the homoscedastic model, we will consider that both measurement methods
have a constant accuracy through the domain of interest (σ2

τi = σ2
τ and σ2

νi = σ2
ν

∀i). Moreover, as the regression will be applied to the mean measures Yi with
respect to Xi, the number of replicates is, here, constant (nXi = nX and
nYi = nY ∀i) in order to prevent the model to become heteroscedastic even if
the accuracies of measurement methods are constant.
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In the case of homoscedasticity, the variances S2
τi and S

2
νi are estimates of σ2

τ

and σ2
ν and we can define global estimates for σ2

τ and σ2
ν by S2

τ and S2
ν :

S2
τ =

∑N
i=1(nXi − 1)S2

τi

(
∑N
i=1 nXi)−N

and S2
ν =

∑N
i=1(nYi − 1)S2

νi

(
∑N
i=1 nYi)−N

or with constant number of repeated measures (nXi = nX and nYi = nY ∀i),
we have :

S2
τ =

∑N
i=1 S

2
τi

N
and S2

ν =

∑N
i=1 S

2
νi

N
(1.7)

1.3 How to test the equivalence?

1.3.1 Correlation coefficients or t-test paired data
As mentioned in the introduction, some authors [3] assess the equivalence be-
tween two measurement methods by computing the well-known Pearson correla-
tion coefficient R (or its square: the determination coefficient). Unfortunately,
the estimated correlation coefficient r is not appropriate to assess the equiva-
lence [2,26], as well as the intraclass correlation coefficient [27]. Recall that the
Pearson correlation coefficient is estimated by the following formula:

r =
Sxy√
SxxSyy

(1.8)

It is wrong to believe that the higher is this coefficient the better is the equiva-
lence. Moreover, as reminded by Bland and Altman [11], r is often much higher
than 0.9 or even close to 1 when comparing the measures provided by two de-
vices on the same samples (or patients). To illustrate the inadequacy of the
correlation coefficient, we designed three small and fictive data sets for which
five samples were measured once by device X and once by device Y . These
data are given in Table 1.1 and displayed in Figure 1.1 with the equivalence
line Y = X.
Data set 1 was created with the following X-values: 10, 12, 14, 16, 18 and the
Y-values were created by adding 2 to the X-values. It is, then, obvious that
r = 1 but X and Y are not equivalent as there is a systematic bias equal to
two. It is also obvious that the PValue of a t-test paired data (or Wilcoxon
signed rank test) is equal to 0 (or not computable).
Data set 2 was created with the following X-values: 11, 13, 15, 17, 19 and the
Y-values are the reverse of these values. It is, then, obvious that r = −1 but
X and Y are not equivalent as they ’cross’ (this is a didactic example). It is
also obvious that the PValue of a t-test paired data (or Wilcoxon signed rank
test) is equal to 1.
Data set 3 was created under equivalence as explained later in Section 1.3.3
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Data set 1 Data set 2 Data set 3
X Y X Y X Y

1 10 12 11 19 9.8 10.4
2 12 14 13 17 12.2 12.3
3 14 16 15 15 14.1 13.5
4 16 18 17 13 15.9 16.2
5 18 20 19 11 18.2 17.9

PVal 0 1 0.930
r 1 -1 0.991
rc 0.8 -1 0.988

Table 1.1: Three fictive data sets to illustrate the uselessness of correlation
coefficients or t-test paired data

and r = 0.991 and the PValue of a t-test paired data is equal to 0.930.
Actually, a t-test for paired data (or Wilcoxon signed rank test) is not useful as
it does not test the right hypothesis (hypothesis (1.9) given in further section).
Indeed, this t-test assesses the following null hypothesis: H0 : µX = µY where
µX and µY are the means of X and Y and have usually no interest in method
comparison studies. More appropriate correlation coefficients exist in the lit-
erature but are rarely applied like the concordance correlation coefficient given
by Lin [4,5] or the gold-standard correlation coefficient (which is related to the
intraclass correlation coefficient) given by St. Laurent [6]. These coefficients
will not be detailed in this thesis, except the concordance correlation coefficient
that we computed for the three fictive data sets. This coefficient is defined as:

ρc = r
2σνστ

σ2
ν + σ2

τ + (µX − µY )2

and the corresponding estimator is given by:

rc =
2(Sxy/N)

Sxx/N + Syy/N + (X − Y )2

Additionally to r, rc takes into account the distance of the estimated line to
the identity line Y = X (how far is the estimated line to the identity line).
In data set 1, rc = 0.8: indeed, r = 1 but we translated the line two units
upper to the identity line and this translation penalizes the concordance corre-
lation coefficient which decreases up to 20% in comparison to r. In data set 2,
rc = −1: the estimated line is, indeed, orthogonal to the identity line. In data
set 3, rc = 0.988 which is nearly equal to r: the estimated line is, indeed, very
close to the identity line.
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Figure 1.1: Scatterplot of the three fictive data sets in Table 1.1 with the equiv-
alence line Y = X

Unfortunately, these coefficients are not appropriate as they often provide val-
ues too close to 1 and it is not clear to define a threshold to assess the equiva-
lence. Moreover, statistical tests and confidence intervals are not easy to build
on such correlation coefficients.

1.3.2 Strict versus flexible equivalence

When two measurement methods are equivalent, we can expect that they pro-
vide (on average) the same measure for a given sample notwithstanding the
errors of measurement. Or, we can expect that the differences between the
measures provided by both devices are not higher than a practical threshold of
equivalence.
These two points of views are not exactly the same. Actually, the first point
of view focuses directly on a strict equivalence between the devices. The sec-
ond point of view, popularized by Bland and Altman [11], focuses directly on
the differences between the measures with a flexible equivalence. With the first
point of view, errors-in-variables regressions are applied in the (X,Y ) space and
confidence intervals computed on the regression coefficients while the Bland and
Altman’s approach focuses directly on the Y −X differences and predictive or
agreement intervals are applied.
Confidence intervals and predictive intervals are two different concepts in statis-
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tics. Both intervals are computed, usually, with a 95% confidence level and 95%
predictive level. But, when the sample size increases, a confidence interval col-
lapses to itself such that the null hypothesis will always be rejected, while a
predictive interval moves closer to population distribution quantiles: the lower
bound moves closer to the 2,5% quantile (q0,025) and the upper bound moves
closer to the 97,5% quantile (q0,975). Confidence intervals are usually applied
to assess the uncertainties of estimated parameters or to carry out a hypothesis
test. Predictive intervals are usually applied to known in which interval will lie
a future value or a future measurement.

1.3.3 Statistical equivalence

If the two measurement methods are equivalent, they should give the same
results for a given sample notwithstanding the measurement errors. In the
model notations, method equivalence means then [8,28]:

ξi = ηi ∀i (1.9)

In practice, due to the measurement errors, these parameters are unobservable
and the equivalence test will be based on the following regression model:

Yi = α+ βXi + εi with εi ∼ N(0, σ2
εi) and σ2

εi =
σ2
νi

nYi
+ β2 σ

2
τi

nXi
, (1.10)

or under homoscedasticity:

Yi = α+ βXi + εi with εi ∼ N(0, σ2
ε ) and σ2

ε =
σ2
ν

nY
+ β2 σ

2
τ

nX
, (1.11)

where α, the intercept and β, the slope are estimated respectively by α̂ and β̂.
This regression model is applied on the averages of repeated measures because
individual measures cannot be paired. A lot of practitioners wonder which
measurement method to put on the X-axis or on the Y-axis. But, actually, the
variables X and Y ’play similar roles’ [29] and when the regression line is esti-
mated adequately (by taking into account errors in both axis), the coordinate
system should not matter [30].
The estimated parameters α̂ and β̂ provide the information to assess the strict
equivalence. Indeed, an intercept significantly different from 0 means that
there is a constant bias between the two measurement methods and a slope
significantly different from 1 means that there is a proportional bias between
the two measurement methods [8]. So, the following two-sided hypotheses will
be used to test method equivalence:

Hα
0 : α = 0, Hα

1 : α 6= 0 and Hβ
0 : β = 1, Hβ

1 : β 6= 1 (1.12)
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The null hypothesis Hα
0 : α = 0 is rejected if 0 is not included inside a con-

fidence interval (CI) for α and the null hypothesis Hβ
0 : β = 1 is rejected if

1 is not included inside a CI for β. The two measurement methods can be
called ’average equivalent’ if the hypotheses Hβ

0 : β = 1 and Hα
0 : α = 0 are

not rejected [28]. However, these tests can also be applied jointly by check-
ing whether the point (1, 0) is included or not in a joint-CI for the regression
coefficients θ = (α, β)′ which is, classically, a confidence ellipse:

H0 : θ = (0, 1)′ and H1 : θ 6= (0, 1)′ (1.13)

The separated CI will be firstly investigated, followed by the joint-CI.

1.3.4 Practical equivalence
Usually, in practice, the practitioners want to know whether the measurements
methods are interchangeable without affecting the decision based on the mea-
sures. This means that the devices are allowed to be not strictly equivalent:
they can differ up to a given threshold called, in this thesis, an acceptance
interval: [−∆,∆].
For example, with the systolic blood pressure data, differences up to 10 mmHg
can be considered not meaningful or not clinically important [11]. As Bland and
Altman focus directly on the observed differences between the measurements
methods, the goal of testing the equivalence is to check that:

|Yi −Xi| < ∆, ∀i (i = 1, ..., N) (1.14)

In a Bland and Altman’s plot, the differences Di are plotted on the Y-axis with
respect to the averages Mi on the X-axis (under homoscedasticity and equal
number of replicates):

Di = Yi −Xi and Mi =
Xi + Yi

2
(1.15)

The choice to compute the differences Yi−Xi or Xi−Yi does not really matter.
The mean and the variance of the differences can also be computed:

D =
1

N

N∑
i=1

Di and S2
D =

1

N − 1

N∑
i=1

(
Di −D

)
(1.16)

Horizontal agreement or tolerance intervals (formulae given in a further chap-
ter) can be computed around D and ideally such intervals are included inside
the acceptance interval [−∆,∆]. In that case, it can be concluded that the
differences between the two devices are likely to be not clinically important
and both methods are interchangeable. Otherwise, the differences can exceed
the acceptable threshold and the devices cannot be interchangeable. If the
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differences Di increase or decrease with respect to Mi, then a regression line
must be estimated and predictive or agreement intervals computed around the
regression line.
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Various types of regression exist to deal with method comparison prob-
lem [31] and many papers were published these last decades with some by
well-known statisticians as Bartlett, Wald,... [29–35]. A historical overview of
the dedicated literature is given by Gillard and Iles [36]. However, the papers
dealing with replicated data are rarer [21,22].
In this chapter, we propose to review, standardize the notations and summa-
rize the equations for estimating the regression line of the homoscedastic model
(1.11) Yi = α+βXi+εi. We consider the usual parametric regressions (the OLS
lines, the Orthogonal Regression, the geometric Mean Regression, the Deming
Regression and the BLS regression) with a clear criterion of minimization as
shown in Figure 2.1. Additionally, the non-parametric regression given by Pass-
ing and Bablok [24] will also be considered as this regression was specifically
designed to deal with method comparison studies and its statistical hypotheses.
The goal of this chapter is to describe these regressions under homoscedastic-
ity, to summarize the relationships, to compare the biases of the parameter
estimates of model (1.11) and the coverage probabilities with simulations. The
results of the simulations are displayed in charts, instead of large data sets,
according to λ which is the ratio of the measurement errors variances. Finally,
the regression’s techniques will be applied to real data and diagrams will be
proposed and described in order to summarize the information needed to assess
a strict equivalence.

2.1 Presentation of seven regression approaches
under homoscedasticity

2.1.1 Vertical Ordinary Least Squares regression - OLSv
The easiest way to estimate the parameters α and β of model (1.11) under
homoscedasticity is to use the very well known, widely applied and old technique
of Ordinary Least Squares [37,38]: OLS. The OLSv regression minimizes the
sum of squares of the vertical distances (residuals) between each point and the
line as shown in Figure 2.1. OLSv regression minimizes the following criterion:

COLSv =

N∑
i=1

(Yi − α̂− β̂Xi)
2

Another way to understand this criterion is to consider that it minimizes the
sum of area of squares (or circles) for which the sides (or radius) are the vertical
distances between each point and the line (Figure 2.1).
The corresponding estimators for α and β are given by:

β̂OLSv =
Sxy
Sxx

and α̂OLSv = Y − β̂OLSvX (2.1)
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Figure 2.1: The regression criteria (left) and relationships between them (right)

Unfortunately, OLSv minimization criterion does not take into account the
errors in the independent variable X [39]. In other words, the OLSv supposes
that there is no error on the measurement method in the X-axis i.e., the τij are
supposed to be equal to zero or negligible (a rule to decide when these errors can
be considered as negligible, will be given in Section 2.3). The corresponding
estimates are therefore obviously biased [39] and the bias are related to the
variance ratio: σ2

τ/σ
2
ξ [40]. For large sample sizes, the estimated parameters

provided by OLSv converge, as mentioned by Draper and Smith [40] or by
Hartmann et al. [41], to:

β̂OLSv
N→∞−−−−→ 1

1 + (σ2
τ/nX)/σ2

ξ

β (2.2)

α̂OLSv
N→∞−−−−→ α+

(σ2
τ/nX)/σ2

ξ

1 + (σ2
τ/nX)/σ2

ξ

Xβ (2.3)

2.1.2 Horizontal Ordinary Least Squares regression - OLSh
Instead of minimizing the sum of the squares of the distances between each
point and the line in a vertical direction like the OLSv, these distances can
be horizontally minimized (Figure 2.1) [39]. We will call this technique OLSh
by analogy to the OLSv. Actually, OLSh is exactly equivalent to the OLSv
when the X-axis and the Y-axis are reversed [42]. So, OLSh estimators can be
computed by applying OLSv to the ’inverse’ model:

Xi = α∗ + β∗Yi + ε∗i with α∗ = −α/β and β∗ = 1/β (2.4)
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The corresponding OLSv estimators for α∗ and β∗ are:

β̂∗OLSv =
Sxy
Syy

and α̂∗OLSv = X − β̂∗OLSvY

And the OLSh estimators for α and β become [40]:

β̂OLSh =
1

β̂∗OLSv
=
Syy
Sxy

and α̂OLSh = − α̂
∗
OLSv

β̂∗OLSv
= Y − β̂OLShX (2.5)

By analogy to OLSv, another way to understand this criterion is to consider
that it minimizes the sum of areas of squares (or circles) for which the sides
(or radius) are the horizontal distances between each point and the line (Figure
2.1).
Note that the well-known coefficient of determination R2 (the square of the
Pearson correlation coefficient) can be related to the two estimated slopes given
by OLSv and OLSh [42]:

R2 = β̂OLSvβ̂
∗
OLSv =

β̂OLSv

β̂OLSh

It is obvious that, if all points are aligned, there is only one line passing through
these points such that β̂OLSv = β̂OLSh and R2 = 1 and, at the opposite, these
two lines are perpendicular when R2 = 0 [42]. Unfortunately, by analogy to
OLSv, OLSh does not take into account the errors in the dependent variable Y .
In other words, the OLSh supposes that there is no error on the measurement
method in the Y-axis [39], the νik are supposed to be equal to zero or negligible.
α̂OLSh and β̂OLSh are therefore also biased estimators for α and β [39].

2.1.3 The geometric Mean Regression: MR
As OLS regressions cannot tackle the problem of the errors in both axes, an-
other regression consists of minimizing the criterion CMR: the sum of area of
rectangles (or ellipses) built from the projections (half-axes of ellipses) of the
points to the line in parallel to the axes as shown in Figure 2.1.

CMR =

N∑
i=1

|Xi −X(Yi)| |Yi − Y (Xi)| =
N∑
i=1

∣∣∣∣Xi −
Yi

β̂
+
α̂

β̂

∣∣∣∣ ∣∣∣Yi − α̂− β̂Xi

∣∣∣
Sprent and Dolby call this regression the geometric Mean Regression [43] (MR)
because it can be easily proved that its slope is the geometric mean of the slopes
given by the two OLS regressions. The MR estimators are [43]:

β̂MR =

√
Syy
Sxx

sign(Sxy) =

√
β̂OLSvβ̂OLSh and α̂MR = Y − β̂MRX (2.6)
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The most common name of this regression in French is ’régression des moin-
dres rectangles’ [44] but it seems that there is no consensus in English for its
name. The following names can be found in the literature: ’least triangles’ [45],
’standardized principal component analysis regression’ [46], ’standard major
axis’ [47], ’reduced major axis regression’ [47], ’allometry relationship’ [47] or
’ordinary least products’ [48]. We will come back to the reasons of these differ-
ent names. The MR was first introduced to tackle the problem of estimating a
regression line between two variables when it is not clear which is the depen-
dent and independent variable. The MR can be applied when both variables
are ’interdependent’ [44] which is the case in our context. The results of two
measurement methods are, indeed, compared, so neither of these two methods
can be considered as the response of the other. Instead of estimating the slope
by the geometric mean of the two OLS slopes, some authors propose to estimate
the slope by the arithmetic mean of the two OLS slopes or their bisectrix [49].
These solutions are only compromises without a clear criterion of minimization
and will not be discussed in this thesis.

2.1.4 Orthogonal Regression: OR

ORminimizes the criterion COR: the sum of the squares of orthogonal distances
between each point and the line (instead of a parallel direction to an axis like
in OLS) [50], which is the same than minimizing the sum of area of squares (or
circles) tangent to the line (Figure 2.1):

COR =

N∑
i=1

(Xi −
Yi +Xi/β̂ − α̂

β̂ + 1/β̂

)2

+

(
Yi − α̂−

β̂Yi +Xi − α̂β̂
β̂ + 1/β̂

)2


This criterion is derived from the Pythagorean theorem. The corresponding
OR estimators are [50]:

β̂OR =
Syy − Sxx +

√
(Syy − Sxx)2 + 4S2

xy

2Sxy
and α̂OR = Y − β̂ORX (2.7)

The OR is probably the most applied regression in the context of (linear-)
errors-in-variables regressions as it is a good compromise when OLS fail because
of the errors in both axes. Unfortunately, OR is only valid when variability
of errors in both axes are equal [28], in other words, when σ2

τ = σ2
ν with

unreplicated data or σ2
τ/nX = σ2

ν/nY with replicated data as we regress the
averages of measures for each given sample and measurement method. The OR
is also called in the literature ’total least square regression’ [50] or ’principal
component analysis regression’ [46].
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2.1.5 Deming Regression: DR
MR and OR take into account errors in both axes but not the values of their
variances. Actually, only the ratio between the two error variances is needed
to improve the methodology. This ratio can be defined as follows:

λXY =
σ2
ν/nY
σ2
τ/nX

(2.8)

By default, we choose to compute the ratio of the variance in the Y-axis by
the variance in the X-axis because this is the most common way to compute it
(Linnet computes it inversely [51–54]). Usually, in the literature, the problem
of replicated data is not presented in detail, so that λ is merely defined by
λ = σ2

ν/σ
2
τ as a precision ratio as mentioned by Tan and Iglewicz [28].

The Deming regression DR is the Maximum Likelihood (ML) solution of model
(1.11) when λXY is known as explained by Fuller [23] or Ripley and Thompson
[16]. In practice, if λXY is unknown because σ2

τ or/and σ2
ν is/are unknown,

they can be estimated from replicated data and replaced by S2
τ or/and S2

ν . We
will denote the estimators of λ by λ̂ and λXY by λ̂XY .
The DR minimizes the criterion CDR: the sum of the square of oblique distances
between each point to the line [28,51]. The angle of the direction is related to
λXY and given by −λXY /β̂ [28]:

CDR =

N∑
i=1

(Xi −
Yi + λXYXi/β̂ − α̂

β̂ + λXY /β̂

)2

+

(
Yi − α̂−

β̂Yi + λXYXi − α̂β̂
β̂ + λXY /β̂

)2


The DR estimators are [28]:

β̂DR =
Syy − λXY Sxx +

√
(Syy − λXY Sxx)2 + 4λXY S2

xy

2Sxy
and α̂DR = Y−β̂DRX

(2.9)
λXY is supposed constant in DR, an assumption fulfilled in this section since
we suppose homoscedasticity. It can also be the case with heteroscedasticity
if this one is identical in both axes such that the ratios of variances computed
point by point are constant [52]:

λXYi = (σ2
νi/nYi)/(σ

2
τi/nXi) = λXY ∀i (2.10)

The DR is also called Constant Variances Ratio regression [31].
Some other comments are interesting to provide about DR:

1. In the literature, the model is called functional when the terms ξi and ηi
are constant and structural when these terms are random, full details are
given by Fuller [23]. But, ’Any distinction between the linear functional
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and structural relationships is mostly a theoretical one’ as argued by Tan
and Iglewicz [28]. Moreover, Jones confirms that ’both models provide
the same estimates of α and β under the assumptions of normality and λ
known’ [42]. This is why we did not make the distinction between these
two cases in Chapter 1.

2. The maximum likelihood estimation method provides five equations with
six unknown parameters and therefore one of the parameters must be
assumed to be known to get a solution [42]. However, the most useful
(for practical or theoretical reasons [28]) situation is to consider λXY
known but other cases are discussed in the literature [23,55].

3. Fuller [23] gives another formula to compute β̂DR but this formula is
equivalent to the one given here. The formula given by Linnet [51–54]
looks also different but actually is exactly the same than ours, this is
because he defines λ as σ2

τ/σ
2
ν .

4. Mandel proposes a regression to apply in the context of inter-laboratories
studies [56]. His regression is equivalent to DR but additionally it can
take into account the correlation between the errors term. In the context
of measurement methods, Francq [19] proved that when errors τij and νik
are uncorrelated (and so the correlation term set to zero), his regression
is equivalent to DR (see further section).

2.1.6 Bivariate Least Square regression: BLS

Bivariate Least Square regression, BLS, is a generic name but this thesis refers
to the papers published firstly by Lisý et al. [57] and later by other authors
[58–60]. BLS takes into account errors and heteroscedasticity in both axes and
is written usually in matrix notation. We present here its formula in the case of
homoscedasticity and with replicated data. BLS minimizes the criterion CBLS :
the sum of weighted residuals:

CBLS =
1

WBLS

N∑
i=1

(Yi − α̂− β̂Xi)
2 = (N − 2)S2

BLS

with

WBLS = σ2
ε =

σ2
ν

nY
+ β̂2 σ

2
τ

nX

Practically, the estimators of the parameters (the b vector) are computed by
iterations with the following formula:

b =

(
α̂BLS
β̂BLS

)
= R−1g (2.11)
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where

R =
1

WBLS

(
N

∑N
i=1Xi∑N

i=1Xi

∑N
i=1X

2
i

)
and

g =
1

WBLS

( ∑N
i=1 Yi∑N

i=1

(
XiYi + β̂BLS

σ2
τ

nX

(Yi−α̂BLS−β̂BLSXi)2
WBLS

))

If σ2
τ or/and σ2

ν is/are unknown, they can be estimated with replicated data and
replaced by S2

τ or/and S2
ν . Moreover, even if the terms σ2

τ and σ2
ν are present

separately in the formula, only the ratio λXY matters (in other words, the BLS
line is the same for different values of σ2

τ and σ2
ν when λXY is constant).

2.1.7 Passing and Bablok regression: PB

Passing and Bablok propose a non-parametric regression specifically designed
to deal with method comparison studies [24] where the slopes, βPBij , of the
straight lines between any two points, (Xi, Yi) and (Xj , Yj), are computed:

βPBij =
Yi − Yj
Xi −Xj

for 1 ≤ i < j ≤ n (2.12)

Identical pairs of measurements with Xi = Xj and Yi = Yj dot not contribute
to the estimation of the slope β. Any βPBij with a value of -1 is also disregarded
(for reasons of symmetry) as those with a value of 0 or ±∞ [24]. However, the
occurrence of these special cases has a probability of zero (in theory) since X
and Y are continuous variables (these cases must be discarded in practice). It
follows that there are NPB slopes βPBij with NPB ≤ C2

N = N(N − 1)/2. After
sorting the βPBij , the ranked sequence is obtained:

βPB(1) ≤ ... ≤ β
PB
(s) ≤ ... ≤ β

PB
(NPB)

The values of βPBij are not independent, therefore, Passing and Bablok propose
to compute the number of values of βPBij lower than -1:

K = #{s|βPB(s) < −1}

and to use K as an offset. The Passing and Bablok estimator for the slope, β,
is then given by β̂PB , the shifted median of the slopes βPBij :

β̂PB =

{
βPB((NPB+1)/2+K) if NPB is odd,

0.5
(
βPB(NPB/2+K) + βPB(NPB/2+1+K)

)
if NPB is even.

(2.13)
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The estimation of α requires that at least one half of the points is located above
or on the regression line (and at least one half below or on the line). Therefore,
the estimator of the intercept is given by α̂PB [24]:

α̂PB = median{Yi − β̂PBXi} (2.14)

This non-parametric regression given by Passing and Bablok assumes that the
random error terms come from the same type of distribution, so not necessarily
normal distributions. The variances, σ2

τi and σ2
νi , do not need to be constant

within the sampling range but should remain proportional [24].

2.2 Relationships between the seven regressions
All six parametric regressions are closely linked and this section summarizes
the existing relationships. Figure 2.1 (right) illustrates some of them.

The non-parametric regression given by Passing and Bablok has weaker as-
sumptions than the parametric ones. However, these assumptions are ’sufficient
for reliable parameter estimations and hypothesis testing when the slope, β, is
close to 1’ [24].
All six parametric regressions pass through the mean point (X,Y ). BLS is
the most general regression and includes the five others parametric regressions.
Indeed, under normality and homoscedasticity, BLS is equivalent to DR to
estimate the parameters [17]. Actually, under homoscedasticity, the BLS it-
erative formula estimation leads to the DR solution (see the proof given by
Francq [19]).
It is obvious that DR is equivalent to OR when λXY = 1 (both measurement
methods have the same accuracy and nX = nY [28] or when σ2

τ/nX = σ2
ν/nY )

for the estimation of α and β. It can also be proved that the DR is equivalent
to OLSv when λXY =∞ (σ2

τ = 0, no errors in the X-axis) and to OLSh when
λXY = 0 (σ2

ν = 0, no error in the Y-axis) [28]. The OR and MR are identical
when the data are standardized and, in this case, their estimated slopes are
equal to 1. It is also obvious that OR is the major axis of a PCA analysis [46]
as the goal of a PCA is to find a (first) axis (a line) which maximizes the vari-
ance of orthogonal projections of the points to this axis.
Note that the OLSv (OLSh) is also the maximum likelihood solution of model
1.11 when the measurement error variance in the X-axis (Y-axis) is equal to
zero. Likewise, PCA can be considered to be the maximum likelihood solution
when the measurement error variances have the same normal distribution (inde-
pendent and identically distributed) [61]. PCA and OR are, then, equivalent in
the bivariate case (for a zero intercept). However, Wentzell et al. proposed an
errors-in-variables modeling method, called the maximum likelihood principal
component analysis (MLPCA) [61], based on a generalization of the classical
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PCA and singular value decomposition. In MLPCA, the measurement error
structure is also assumed to be known in theory (OR assumes λXY to be equal
to 1) or estimable in practice. The variances can have different normal distri-
bution and an intercept can be added to the model if needed. Actually, the
random errors in MLPCA are assumed to be normally distributed around the
true measurements with known variances and covariance structure in virtually
any form. These error terms can, then, be correlated but the error covariance
matrix must be estimable [61,62]. Therefore, MLPCA ’includes’ the classi-
cal PCA and DR. As explained in Section 2.1.6, BLS regression can take into
account the heteroscedasticity in both axes. Moreover, it will be explained
in a further chapter of this thesis that BLS regression can take into account
the correlation between the error terms if needed. It is, then, expected that
MLPCA and BLS give identical estimated parameters. Nevertheless, BLS is
based on a least square estimation method while MLPCA is based on max-
imum likelihood estimation. However, ’it has been recognized that the least
squares estimation method of fitting the best straight line to data points’ (with
normally distributed errors) ’yields identical results for the slope and intercept
as does the method of maximum likelihood’ [63]. These two methodologies can
also give identical results for the standard errors in slope and intercept [63].
Schuermans et al. discuss in detail the equivalence between orthogonal regres-
sion and MLPCA [64]. Note that the weighted total least square (WTLS) is a
generalization of the total least square regression where appropriate diagonal
scaling matrices can be considered in order to maintain consistency when the
errors are independent but unequally sized [64]. Many other type of orthogonal
regression (or ’total least square’ (TLS) regression) are available in the liter-
ature such as the generalized TLS when the errors are also correlated, or the
restricted TLS to allow the incorporation of equality constraints, the mixed LS-
TLS when some of the variables are measured without error or the regularized
TLS method to improve the robustness of the TLS [64]. Finally, despite the fact
that PCA and linear regression are closely related or sometimes equivalent [65]
as explained above, the regressions usually focus on the parameters and their
CI and/or on predictive intervals while the (ML)PCA usually highlights the
subspace defined by the model and the relationships among several variables.
Furthermore, note that OLS regressions, MR and OR are equivalent if the es-
timated line is Y = X. This line is, indeed, the bisectrix with a 45◦ angle and
in that case: the vertical distances built for the OLSv between each point and
this line have the same length than the horizontal distances of the OLSh and
the sides of the rectangles built with the MR (which are squares in this case),
and equal (at a constant) to the squares of the OR.
We explained in section 1.3.3 that there is sometimes confusion about which
measurement method to put on the X-axis or Y-axis. This choice is impor-
tant for OLS regressions because they are not invariant to axes switching (be-
cause OLS takes into account the errors in only one axis). At the opposite,
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for OR and MR, this choice is not important because the estimated line is
exactly the same whatever the coordinate system is. Indeed, the estimated
slopes β̂OR,(X,Y ) or β̂MR,(X,Y ) computed in a (X,Y ) axes are mathematically
equal to their analogues in a (Y,X) axes such as β̂OR,(X,Y ) = 1/β̂OR,(Y,X) or
β̂MR,(X,Y ) = 1/β̂MR,(Y,X). Like OR and MR, DR and BLS regressions can
also take into account axes switching by adapting the value of λXY . It is also
irrelevant for PB regression ’which one of the two methods is denoted X or
Y ’ [24].

2.3 Comparison of bias estimators under equiv-
alence

In order to compare the estimators α̂ and β̂ given by the seven regressions, we
simulated 100000 samples:

- with N = 10, 20 and 50
- with unreplicated data: nX = nY = 1 (λ = λXY )
- under equivalence: α = 0, β = 1, ηi = ξi
- the ηi were fixed at equally spaced points between 10 and 20 in order to
allow the comparison of the different values of N (this comparison would be
difficult with random values of ηi)

- for values of λXY given in Table 2.1 (where σ2
ν varies from 0.1 to 2 and σ2

τ

inversely from 2 to 0.1 providing 13 values of λ from 0.05 to 20)

For each simulated data set, α̂ and β̂ were computed for the seven regressions
according to formulae given in Section 2.1, with λ known (σ2

ν and σ2
τ known).

Thereafter, the mean of the 100000 values of α̂ and β̂ were computed per value
λXY and regression techniques and displayed with smoothed lines in Figure 2.2
with respect to λXY in logarithmic scale.

We also simulated replicated data in such a way that the λXY values are iden-
tical to those of the unreplicated case:

- with equal number of repetitions: nX = nY = 2 and nX = nY = 3 (λ = λXY ,
see Table 2.1)

- with unequal number of repetitions: nX = 4, nY = 2 (λXY = 2λ, see λXY
in Table 2.1)

λ is assumed unknown and estimated with the replicated data. The results
obtained by replicated data are displayed in Figure 2.3 for nX = nY = 2,
Figure 2.4 for nX = nY = 3, Figure 2.5 for nX = 4, nY = 2.
Dotted-lines correspond to the true parameters (β = 1 or α = 0), λXY=1 and
the theoretical bias for the OLS computed by formulae (2.2) and (2.3).
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Figure 2.2: Bias of the slope β (left) and intercept α (right) with respect to
λXY , for N=10 (top), N=20 (middle) and N=50 (bottom), nX = nY = 1
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Figure 2.3: Bias of the slope β (left) and intercept α (right) with respect to
λXY , for N=10 (top), N=20 (middle) and N=50 (bottom), nX = nY = 2
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Figure 2.4: Bias of the slope β (left) and intercept α (right) with respect to
λXY , for N=10 (top), N=20 (middle) and N=50 (bottom), nX = nY = 3
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Figure 2.5: Bias of the slope β (left) and intercept α (right) with respect to
λXY , for N=10 (top), N=20 (middle) and N=50 (bottom), nX = 4, nY = 2
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σ2
ν 0.1 0.175 0.25 0.375 0.5 0.625
σ2
τ 2 1.75 1.5 1.25 1 0.875

λ = λXY 0.05 0.1 0.167 0.3 0.5 0.714
0.75 0.875 1 1.25 1.5 1.75 2 σ2

ν

0.75 0.625 0.5 0.375 0.25 0.175 0.1 σ2
τ

1 1.4 2 3.333 6 10 20 λ = λXY

Table 2.1: Values of σ2
ν and σ2

τ for the simulations with nX = nY and the
corresponding values of λ and λXY

We can observe in Figure 2.2 that:

- OLSv’s curves move closer to the theoretical horizontal lines β = 1 or α = 0
(the true slope or the true intercept) when λXY increases. Indeed, the bias
obviously decreases for OLSv estimators when λXY → ∞ because σ2

τ → 0
and therefore, σ2

τ moves closer to the assumption σ2
τ = 0 of OLSv. When

the sample size increases, the bias increases when the OLSv assumption is
violated (the lowest values of λXY ), otherwise the bias decreases when its
assumption is slightly violated (the highest values of λXY ). For OLSh, by
analogy, the same interpretation can be provided with a symmetric effect:
when λXY decreases, the OLSh assumption, σ2

ν = 0, is violated and the bias
decreases. The bias for the OLSv (OLSh) becomes negligible for λXY higher
than 20 (lower than 1/20). The observed bias for the OLSv (and OLSh)
move closer to the theoretical bias given by formulae (2.2) and (2.3) when N
increases.

- the biases of OR and MR regressions are close to each other and are not
biased for λXY = 1, as well as PB regression. Otherwise their biases are
lower than those of OLS regressions. That’s the reason why the OR (or MR)
are sometimes used as a compromise instead of OLS.

- the DR and BLS estimators are identical and asymptotically unbiased (these
estimators are consistent) whatever λXY (the red lines move closer to the
theoretical lines when N increases) but the biases are lower for λXY > 1.
That’s the reason why we recommend to assign methods to both axes in
such a way that λXY is higher than 1.

- when λXY is unknown and inestimable (unreplicated data), MR should be
preferred to OR because it is less biased. Otherwise, DR or BLS regressions
are the most suitable regressions.

With replicated data (Figure 2.3, Figure 2.4 and 2.5), all these findings are still
valid: the shapes of the lines and their respective positions are identical but the
value of λXY must be adapted. Moreover, when the data are replicated, as we
regress the mean measures, R2 is closer to 1 and so all the bias are reduced (the
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range of the Y-axis is narrower). In the case of replicated data with nX 6= nY ,
the values of σ2

ν and σ2
τ were selected in such a way that the values of λXY

are identical to those given in Table 2.1, that’s the reason why Figure 2.5 is
analogous to Figure 2.2.

2.4 Confidence intervals for the regression pa-
rameters

This section proposes, for each regression method presented in Section 2.1,
separated and joint confidence intervals for the regression parameters α and
β. These confidence intervals may be used separately or jointly to test the
equivalence hypotheses (1.12) (Hα

0 : α = 0 and Hβ
0 : β = 1). As for parameter’s

estimators, most intervals proposed here are exact or derived as faithfully as
possible from existing literature. Their coverage probabilities in equivalence
testing will depend of measurement errors of the two measuring devices.

2.4.1 Confidence intervals for the slope β

Confidence intervals for β are well developed in the literature and we give the
formulas for the different regressions in the following sections. These CI are
useful to test the null hypothesis Hβ

0 : β = 1 to check whether there is a
proportional bias or not between the two devices.

CI for β in OLSv

The classical 100(1− γ)% CI for βOLSv is symmetric around β̂OLSv and given
by [44]:

CI(βOLSv) : β̂OLSv ± t1− γ2 ,N−2Sβ̂OLSv (2.15)

with Sβ̂OLSv =

√
S2
OLSv

Sxx
and S2

OLSv =
1

N − 2

N∑
i=1

(
Yi − α̂OLSv − β̂OLSvXi

)2
where t1−γ/2,N−2 is the 100(1−γ/2)% percentile of a t-distribution with N −2
df. This CI is exact under the OLSv assumptions, i.e. model (1.11) with σ2

τ = 0.

CI for β in OLSh

The CI for βOLSh is asymmetric around β̂OLSh and can be computed from the
symmetrical OLSv CI around β̂∗OLSv:

CI(βOLSh) : 1/
(
β̂∗OLSv ∓ t1− γ2 ,N−2Sβ̂∗OLSv

)
(2.16)
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with Sβ̂∗OLSv =

√
S2∗
OLSv

Syy
and S2∗

OLSv =
1

N − 2

N∑
i=1

(
Xi − α̂∗OLSv − β̂∗OLSvYi

)2
This CI is exact under the OLSh assumptions, i.e. model (1.11) with σ2

ν = 0.

CI for β in MR

An approximate CI for βMR is proposed in Dagnelie [44] and is asymmetric
around βMR:

CI(βMR) : β̂MR

√
1 + 2kMR ±

√
(1 + 2kMR)2 − 1 (2.17)

where

kMR = t21−γ/2,N−2
1−R2

N − 2

Note that the estimated standard error of the slope Sβ̂MR does not appear in this
formula but can be computed approximately, if needed, as: Sβ̂MR ≈ Sβ̂OLSv [66].
Moreover, it can be noticed that this CI collapses to β̂MR when R2 = 1 (like
for other regressions).

CI for β in OR

An approximate CI for βOR is asymmetric around β̂OR and provided by Sokal
and Rohlf [66]:

CI(βOR) :
β̂OR ±A
1∓ β̂ORA

where A =
√
H/(1−H), H =

F1−γ,1,N−2(
λ1

λ2
+ λ2

λ1
− 2
)

(N − 2)

(2.18)
with

λ1 =
Sxx + Syy +D

2
, λ2 =

Sxx + Syy −D
2

and D =
√

(Syy − Sxx)2 + 4S2
xy

where F1−γ,1,N−2 is the 100(1−γ)% percentile of the F-distribution with 1 and
N−2 df. This CI can sometimes not be computable, especially for small sample
sizes (H can be higher than 1 and A not computable). More details about this
problem and the length of the CI can be found in Tan and Iglewicz [28]. The
exact distribution of β̂OR and the corresponding CI are also proposed in the
literature [28,67,68] but will not give it in this section as it is a particular case
of the results given in the next section.
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CI for β in DR

The CI for βDR can always be computed approximately with a symmetric CI
or it can be computed exactly with an asymmetric CI. An estimator for the
variance of β̂DR can be derived by the moment method and is proposed by
Gillard and Iles [69]:

S2
β̂DR

=
SxxSyy − S2

xy

N
(
Sxy

β̂DR

)2 (2.19)

Gillard and Iles do not provide a CI for βDR but an approximate and symmetric
CI for βDR can then simply be defined by associating a t-distribution to the
standard error of β̂DR as the estimators provided by the maximum likelihood
are asymptotically normally distributed (replacing the normal distribution by
a t-distribution prevents to get CI too narrow for small sample sizes):

Approximate-CI(βDR) : β̂DR ± t1−γ/2,N−2Sβ̂DR (2.20)

The exact and asymmetric CI for βDR can be computed from a generalization
of the exact CI for βOR as explained by Tan and Iglewicz [28]:

Exact-CI(βDR) :
√
λXY tan(θ̂S ± φ) with θ̂S = arctan(β̂DR/

√
λXY ) (2.21)

where φ =
1

2
arcsin

(
t1− γ2 ,N−2

2√
N − 2

√
λXY (SxxSyy − S2

xy)

(Syy − λXY Sxx)2 + 4λXY S2
xy

)
This exact CI is not always computable as the argument of the arcsine can,
sometimes, be higher than 1 (see Tan and Iglewicz for more details [28]).

CI for β in BLS

The symmetric and approximate CI for βBLS can be computed by using the
variance-covariance matrix of the parameters proposed by Martinez et al. [8]:
V̂ (b) = S2

BLSR
−1 where the diagonal contains the estimated variances of the

parameters. The CI for β is given by the following formula:

CI(βBLS) : β̂BLS ± t1−γ/2,N−2Sβ̂BLS (2.22)

CI for β in PB

The 100(1−γ)% CI for βPB proposed by Passing and Bablok is computed from
the ranked sequence of the slopes, βPBij , and is given by the following formulae:

CI(βPB) : βPBM1+K ≤ β ≤ β
PB
M2+K (2.23)

with
M1 = (NPB − Cγ)/2, M2 = NPB −M1 + 1
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and

Cγ = z1−γ/2

√
N(N − 1)(2N + 5)

18

where z1−γ/2 is the 100(1 − γ/2)% percentile of the standardized normal dis-
tribution.

2.4.2 Confidence intervals for the intercept α

The confidence interval for the intercept α is often neglected in the literature.
We then only consider, in this section, the regressions OLS, OR, DR, BLS and
PB. The CI on the intercept is useful to test the null hypothesis Hα

0 : α = 0 to
check whether there is a constant bias or not between the two devices.

CI for α in OLSv

The classical CI for αOLSv is symmetric around α̂OLSv and defined as [44]:

CI(αOLSv) : α̂OLSv ± t1−γ/2,N−2Sα̂OLSv (2.24)

where

Sα̂OLSv =

√√√√S2
OLSv

(
1

N
+
X

2

Sxx

)

This CI is exact under the OLSv assumptions, i.e. model (1.11) with σ2
τ = 0.

CI for α in OLSh

The CI for α is asymmetric around α̂OLSh and can be computed from the
symmetrical CI around α̂∗OLSv:

CI(αOLSh) :
−(α̂∗OLSv ± t1−γ/2,N−2Sα̂∗OLSv )

β̂∗OLSv
(2.25)

with Sα̂∗OLSv =

√√√√S2∗
OLSv

(
1

N
+
Y

2

Syy

)

This CI is exact under the OLSh assumptions, i.e. model (1.11) with σ2
ν = 0.

CI for α in OR

The CI for αOR proposed in this paper is based on the Mandel’s procedure
[56]. His procedure, developed in the context of inter-laboratories studies, can
take into account the correlation between the error terms. Under assumption
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(1.3), Mandel’s regression is equivalent to DR. Mandel’s procedure consists in
transforming the (Xi, Yi) data into (Ui = Xi + kYi, Vi = Yi − β̂MandelXi) data
such that U has a very small error. The OLSv regression is then applied to the
(U, V ) data and transformed back into the (X,Y ) axis to finally get a regression
line which takes into account errors in both axis. By using λXY = 1 instead of
λ in the Mandel’s procedure (with uncorrelated errors), the formulas are:

β̂Mandel =
Sxy + kSyy
Sxx + kSxy

and α̂Mandel = Y − β̂MandelX (2.26)

with k =
β̂Mandel

λXY
= β̂Mandel = β̂OR

By analogy, these notations are also applied:

U =
1

N

N∑
i=1

Ui and V =
1

N

N∑
i=1

Vi

Suu =

N∑
i=1

(Ui − U)2, Svv =

N∑
i=1

(Vi − V )2 and Suv =

N∑
i=1

(Ui − U)(Vi − V ) = 0

The regression line in the (U, V ) axis can be estimated with the OLSv’s tech-
nique:

β̂UVOLSv =
Suv
Suu

and α̂UVOLSv = V − β̂UVOLSvU

Then, it can be proved that β̂UVOLSv = 0 and α̂UVOLSv = α̂Mandel = α̂OR. The
approximate CI for αOR can then be computed symmetrically around α̂OR with
the following formulas:

CI(αOR) : α̂OR ± t1−γ/2,N−2Sα̂OR (2.27)

with Sα̂OR = SUVα̂OLSv =

√√√√S2UV
OLSv

(
1

N
+

U
2

Suu

)
where S2UV

OLSv =
Svv
N − 2

CI for α in DR

The CI for αDR could be computed with the Mandel’s procedure as explained
in the previous section but we propose to compute an approximate and sym-
metrical CI based on the ML property of the estimators. The variance of α̂DR
can be derived by the method of moments [69] and by taking into account the
replicated data as:

S2
α̂DR = X

2
S2
β̂DR

+
β̂2
DRσ

2
τ/nX + σ2

ν/nY
N

(2.28)
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By analogy to Section 2.4.1, the following approximate CI is then proposed:

Approximate-CI(αDR) : α̂DR ± t1−γ/2,N−2Sα̂DR (2.29)

If not available, the variance(s) σ2
τ and/or σ2

ν can be replaced by S2
τ and/or S2

ν .

CI for α in BLS

By analogy to Section 2.4.1, the CI for αBLS is given by the following formula
[8]:

CI(αBLS) : α̂BLS ± t1−γ/2,N−2Sα̂BLS (2.30)

At the opposite of the approximate CI for α given by the DR, this one is related
to λXY and not directly to σ2

τ and σ2
ν individually.

CI for α in PB

The CI for αPB proposed by Passing and Bablok is computed from the CI of
the slopes and is computed as follows [24]:

CI(αPB) : median{Yi − βPBM2+KXi} ≤ α ≤ median{Yi − βPBM1+KXi} (2.31)

2.4.3 Joint Confidence Interval for the intercept α and
the slope β

The covariance matrix Σ̂ of the estimators θ̂ = (α̂, β̂)′ of the regression coeffi-
cients θ = (α, β)′ is often neglected in the literature. This section considers it
for the OLS, OR, DR and BLS regressions in order to compute confidence re-
gion for θ. Passing and Bablok do not propose a joint CI based on a covariance
matrix. They do not reject the null hypothesis H0 : θ = (0, 1)′ whether the
two separated hypotheses Hα

0 and Hβ
0 are both not rejected. This suggestion

is actually based on a confidence rectangle and it will not be considered in
this thesis as confidence rectangles are not suitable in simultaneous hypotheses
tests (especially when the parameters are dependent). The confidence region
is useful to test the null hypothesis (1.13) (H0 : θ = (0, 1)′) to check jointly
whether there is a bias (constant and/or proportional) or not between the two
devices. This hypothesis is rejected if the point (α = 0, β = 1) lies outside
the confidence region. The confidence regions proposed in this section are all
confidence ellipses (before possible transformation) centered on θ̂ and can be
computed with the following formula:

(θ̂ − θ)′Σ̂−1(θ̂ − θ) < 2F1−γ,2,N−2 where Σ̂ =

(
S2
α̂ Sα̂β̂

Sα̂β̂ S2
β̂

)
(2.32)

This common formula, derived from OLSv literature, is not exact in most
situations but provides a practical solution with good coverage probabilities
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as explained in further sections. S2
α̂ and S2

β̂
are provided in Sections 2.4.1 and

2.4.2 for each method. This section provides only Sα̂β̂ .

Joint-CI for θ in OLSv

The covariance Sα̂β̂OLSv is given by the following formula [44]:

Sα̂β̂OLSv = −XS2
OLSv

Sxx
= −XS2

β̂OLSv
(2.33)

The corresponding confidence ellipse is exact under the OLSv assumptions, i.e.
model (1.11) with σ2

τ = 0.

Joint-CI for θ in OLSh

Based on the inverse model (2.4), the covariance Sα̂∗β̂∗OLSv is given by the
following formula:

Sα̂∗β̂∗OLSv
= −Y S

2∗
OLSv

Syy
= −Y S2

β̂∗OLSv
(2.34)

In the (Y,X) coordinate system, the null hypothesis H0 : θ = (0, 1)′ becomes
H∗0 : θ∗ = (0, 1)′ and the confidence ellipse becomes (θ̂∗ − θ∗)′Σ̂−1∗ (θ̂∗ − θ∗) <
2F1−γ,2,N−2. This confidence region is exact under the OLSh assumptions, i.e.
model (1.11) with σ2

ν = 0.

Joint-CI for θ in OR

The confidence region is based on the Mandel’s procedure [56] by applying the
OLSv’s technique in the (U, V ) axes. The confidence region built with the
(U, V ) axes can be moved back to the (X,Y ) axes [41] but this section tests
the joint hypothesis in the (U, V ) axes. The null hypothesis H0 : θ = (0, 1)′

becomes HUV
0 : θUV = (0, (1 − β̂OR)/(1 + β̂OR))′ in the (U, V ) space and the

confidence ellipse becomes (θ̂UV − θUV )′Σ̂−1UV (θ̂UV − θUV ) < 2F1−γ,2,N−2. The
variances of the parameters can be computed with the OLSv’s technique, see
Section 2.4.2, and additionally:

S2UV
β̂OLSv

=
S2UV
OLSv

Suu
and S2UV

α̂β̂OLSv
= −US2UV

β̂OLSv
(2.35)

Joint-CI for θ in DR

The covariance Sα̂β̂DR can be derived by the method of moments [69] and is
given by the following formula [69]:

Sα̂β̂DR = −XS2
β̂DR

(2.36)

This corresponding confidence region is approximate.
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Joint-CI for θ in BLS

By analogy to Sections 2.4.1 and 2.4.2, the covariance Sα̂β̂BLS can be extracted
from the covariance matrix Σ̂BLS = V̂ (b) = S2

BLSR
−1 [8] in order to get the

confidence ellipse around θ̂. Martinez et al. [60] propose to display the confi-
dence ellipse around the hypothesized values (α = 0, β = 1) to slightly improve
the coverage probabilities. Galea-Rojas et al. [17] discuss the disadvantages of
this approximate ellipse and propose a better alternative in the case of het-
eroscedasticity that will be detailed in a further section.

2.4.4 Estimation and CI for λ and λXY

A CI for λ is useful to test the null hypothesis that both devices have the same
precision (see the Introduction):

H0 : σ2
ν = σ2

τ ≡ Hλ
0 : λ = 1 (2.37)

A CI on λXY is also useful to test the null hypothesis that the variances on the
regression variables X and Y axes are equal or not:

H0 :
σ2
ν

nY
=

σ2
τ

nX
≡ HλXY

0 : λXY = 1 (2.38)

It is also important to assess the impact of the uncertainty of λ̂XY on β̂DR since
λXY must be known in the DR and is, in practice, replaced by λ̂XY if needed
(Section 2.1.5). Moreover, one must then evaluate the impact of supposing
λXY = 1 or known in choosing a given regression approach.
This section focuses on the two-sided CI on λ but the formulas can be easily
adapted for λXY and for one-sided CI. λ is unknown when at least one of the
variances σ2

ν or σ2
τ is unknown.

Estimation and CI for λ when σ2
τ is known and σ2

ν unknown

When σ2
τ is known (for instance when measures of a gold-standard with known

precision are provided in the X-axis) and σ2
ν estimated by S2

ν (see (1.7)), λ can
be estimated by:

λ̂Sσ =
S2
ν

σ2
τ

(2.39)

As S2
ν is an unbiased estimator of σ2

ν (whatever the sample size) and appears on
the numerator of the ratio, λ̂Sσ is also an unbiased estimator of λ. By adapting
the well-known exact CI for a simple variance, the CI for σ2

ν and for λ are:

CI(σ2
ν) :

[
N(nY − 1)S2

ν

χ2
N(nY −1),1−γ/2

,
N(nY − 1)S2

ν

χ2
N(nY −1),γ/2

]
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and

CI(λ) :

[
N(nY − 1)S2

ν

σ2
τχ

2
N(nY −1),1−γ/2

,
N(nY − 1)S2

ν

σ2
τχ

2
N(nY −1),γ/2

]
(2.40)

where χ2
N(nY −1),1−γ/2 is the 100(1−γ/2)% percentile of a χ2 distribution with

N(nY − 1) df.

Estimation and CI for λ when σ2
τ and σ2

ν are unknown

When both variances σ2
τ and σ2

ν are unknown (for instance with two new mea-
surement methods) and estimated by S2

τ and S2
ν , the estimator of λ is usually

given by the ratio of the estimates S2
τ and S2

ν [42]:

λ̂ =
S2
ν

S2
τ

(2.41)

Unfortunately, this estimator is biased (but consistent) like the simple ratio of
two independent variances [70,71]. Indeed, the expectation of λ̂ can easily be
computed (with nXi = nX and nYi = nY ∀i):

E
(
S2
ν

S2
τ

)
= E

(∑N
i=1 S

2
νi
/N∑N

i=1 S
2
τi
/N

)
= E

(∑N
i=1 χ

2
N(nY −1)σ

2
ν/(N(nY −1))∑N

i=1 χ
2
N(nX−1)

σ2
τ/(N(nX−1))

)
=

σ2
ν

σ2
τ
E

(
χ2
N(nY −1)/(N(nY −1))

χ2
N(nX−1)

/(N(nX−1))

)
=

σ2
ν

σ2
τ
E
(
FN(nY −1),N(nX−1)

)
=

σ2
ν

σ2
τ

N(nX−1)
N(nX−1)−2

So, we propose the following unbiased estimator:

λ̂Unb =
S2
ν

S2
τ

kX with kX =
N(nX − 1)− 2

N(nX − 1)
(2.42)

where kX → 1 when N and/or nX increase(s) as shown in Figure 2.6. From
the CI of a ratio of two variances [72], the exact CI for λ is:

CI(λ) :
[
λ̂/F1−γ/2,N(nY −1),N(nX−1), λ̂/Fγ/2,N(nY −1),N(nX−1)

]
(2.43)

As mentioned in Section 2.1.5, DR supposes that λXY is known and, in practice,
it is replaced by its estimate if needed. In order to compare the impact of
estimators λ̂ (Formula (2.41)) or λ̂Unb (Formula (2.42)), on the estimator of β̂DR
(and α̂DR) (Formula (2.9)), we simulated 100000 samples under equivalence
with nX = nY = 2 as described in Section 2.3. For each simulated data set,
β̂DR and α̂DR were computing according to DR formulas (2.9) with λXY known
and also by replacing λXY by λ̂ or λ̂Unb. The obtained averages of estimated
slopes β̂DR and estimated intercepts α̂DR are displayed in Figure 2.7.
We can notice that replacing λXY by λ̂ provides a better estimation of β̂DR and
α̂DR as they are closer to the true parameters. When N increases, obviously,
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Figure 2.6: Effect of sample size N and number of replicates nX on kX

λ̂Unb → λ̂ and when they are plugged into formulas (2.9), they then provide
nearly equal estimates of β̂DR and α̂DR (the two curves move closer to each
other when N increases). Moreover, remind that estimators (2.9) are consistent
and, therefore, move closer to βDR and αDR.
However, λ̂Unb remains a better estimator than λ̂ in order to simply estimate
the precision ratio of two devices.

Estimation and CI for λ when σ2
ν is known and σ2

τ unknown

When σ2
ν is known and σ2

τ estimated by S2
τ (Section 1.2), we propose to estimate

λ with the following unbiased estimator (the proof is analogous to the one of
previous section, with the expectation of an Inverse Chi-square distribution):

λ̂σS =
σ2
ν

S2
τ

kX (2.44)

The exact CI for σ2
τ and λ are:

CI(σ2
τ ) :

[
N(nX − 1)S2

τ

χ2
N(nX−1),1−γ/2

,
N(nX − 1)S2

τ

χ2
N(nX−1),γ/2

]
and

CI(λ) :

[
σ2
νχ

2
N(nX−1),γ/2

N(nX − 1)S2
τ

,
σ2
νχ

2
N(nX−1),1−γ/2

N(nX − 1)S2
τ

]
(2.45)
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Figure 2.7: Bias of the slope βDR (left) and intercept αDR (right) with respect
to λXY , for N=10 (top), N=20 (middle) and N=50 (bottom), nX = nY = 2,
with λXY known or when replacing λXY by λ̂ or λ̂Unb



44 CHAPTER 2. E-I-V REGRESSIONS IN A (X,Y ) PLOT

λXY unknown and inestimable because of unreplicated data

We explained in Section 2.3 that MR should be applied when λXY is unknown
and inestimable but, unfortunately, we did not find in the literature a confidence
interval for α or a confidence region. To tackle this problem and find these CI
for the MR, we can use the property that the BLS is the most general regression
(Section 2.2) and includes DR. Therefore, the estimated slope given by the MR
β̂MR can be plugged into formulas (2.9), the slope given by DR, to find the
corresponding value of λXY called, here, λMR. In other words, λMR is the
value of λXY such that β̂MR = β̂DR (and α̂MR = α̂DR) and is estimated by
λ̂MR:

λ̂MR =
β̂MR

(
Syy − β̂MRSxy

)
β̂MRSxx − Sxy

(2.46)

Then, λ̂MR can be plugged into formula (2.11), the BLS estimators (with, for
instance, σ2

νMR = λ̂MR and σ2
τMR = 1) to compute the CI according to the BLS

formulas.
However, in Section 2.6, we will give some guidelines and describe charts, which
are more useful to assess equivalence with λXY unknown and inestimable.

2.5 Comparison of the coverage probabilities of
the different CI

2.5.1 Coverage probabilities of the different CI under equiv-
alence, H0

In order to compare the separated and joint confidence intervals for α and
β provided by the different regressions, we simulated 100000 samples under
equivalence with unreplicated data (and λXY supposed known) as described
in section 2.3. However, the N values of ηi are, here, selected randomly in a
Uniform distribution U(10, 20) for each simulated sample. The coverage prob-
abilities were computed (at a nominal level = 95%) per value of λXY and
displayed in Figure 2.8 for nX = nY = 1.
The coverage probabilities obtained by replicated data (with λXY unknown)
are displayed in Figure 2.9 for nX = nY = 2, Figure 2.10 for nX = nY = 4 and
Figure 2.11 for nX = 4, nY = 2 (where the values of σ2

τ and σ2
ν were chosen in

such a way that the values of λXY are identical to those of the unreplicated
case).

We can notice in Figure 2.8 that the coverage’s probabilities (for α, β and
their confidence region) for the OLSv move closer to 95% when λXY increases
which is obvious because we move closer to the OLSv assumption. For OLSh, it
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is exactly the same with a symmetric effect: the coverage’s probabilities move
closer to 95% when λXY decreases.
For the slope, we can observe that the coverage’s probabilities for OR and MR
are close to each other and close to 95% when λXY is close to 1, otherwise the
coverage’s probabilities collapse, as well for PB. Obviously, the exact CI for β
provided by the DR is excellent whatever λXY . Unfortunately, we did not find
in the literature exact formulas for the CI for α and the joint-CI. The approx-
imate CI given for DR have nearly constant coverage probabilities whatever
λXY is and outperforms BLS when N increases (N = 50). Otherwise, BLS
is better for small N (N = 10) or middle N (N = 20) with λXY > 1. The
coverage’s probabilities of BLS (α, β and their joint-CI) are close to 93% when
λXY < 1 and close to 95% when λXY > 1.
In the case of replicated data, all these findings are still valid but the value of
λXY must be adapted.

2.5.2 Coverage probabilities of the different CI under non-
equivalence, H1

In order to assess the power of the hypotheses tests, based on confidence in-
tervals for α and β provided by the consistent regressions DR and BLS, we
simulated 10000 samples under non-equivalence with unreplicated or replicated
data with nX = nY = 2, as described in Section 2.5.1. However, λXY was set
to 1 (see λXY = 1 in Table 2.1) by default. To simulate the non-equivalence,
firstly, α was set to 0 (no constant bias) but β ranged from 0.5 to 1.5 (by 0.1)
and secondly β was set to 1 (no proportional bias) but α ranged from -5 to 5
(by 1). Figure 2.12 displays the powers of the hypotheses tests Hβ

0 and Hα
0 for

N = 10, 20, 50 and nX = nY = 1 with respect to, respectively, β and α for the
consistent regressions DR and BLS. The powers obtained by replicated data,
nX = nY = 2, are displayed in Figure 2.13. The power of the joint confidence
interval will be assessed in detail in Chapter 3.

We can notice in Figure 2.12 that the powers are very close to each other
between the DR (with or without exact confidence for the slope) and BLS re-
gressions. Obviously, the powers increase when we move away from the equiva-
lence, H0, and when the sample size, N , increases. With replicated data, these
findings are similar (Figure 2.13).

2.6 Practical recommendations

In this section, we provide some guidelines for the practitioners.
To estimate the regression line, when the variances σ2

τ and σ2
ν are known or can

be estimated by (1.7), we recommend to put on the X-axis the measurement
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Figure 2.8: Coverage probabilities of the CI for β (left), α (middle) and the
joint-CI (right) related to λXY in a logarithmic scale, for N=10 (top), N=20
(middle) and N=50 (bottom), nX = nY = 1
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Figure 2.9: Coverage probabilities of the CI for β (left), α (middle) and the
joint-CI (right) related to λXY in a logarithmic scale, for N=10 (top), N=20
(middle) and N=50 (bottom), nX = nY = 2
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Figure 2.10: Coverage probabilities of the CI for β (left), α (middle) and the
joint-CI (right) related to λXY in a logarithmic scale, for N=10 (top), N=20
(middle) and N=50 (bottom), nX = nY = 4
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Figure 2.11: Coverage probabilities of the CI for β (left), α (middle) and the
joint-CI (right) related to λXY in a logarithmic scale, for N=10 (top), N=20
(middle) and N=50 (bottom), nX = 4, nY = 2
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Figure 2.12: Power of the hypotheses tests (based on CI) for β (left) and α
(right), for N=10 (top), N=20 (middle) and N=50 (bottom), nX = nY = 1
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Figure 2.13: Power of the hypotheses tests (based on CI) for β (left) and α
(right), for N=10 (top), N=20 (middle) and N=50 (bottom), nX = nY = 2
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method with the lower variance. Indeed, the biases of DR or BLS regressions
(DR and BLS provide identical regression lines under homoscedasticity) are
lower for λXY > 1 and the coverage probabilities better (Sections 2.3 and
2.5.1). If needed, λ can be estimated by λ̂ (Formula (2.41)). To compare the
precision of both measurement methods, we recommend to estimate λ by λ̂Unb
(estimator (2.42)). To assess the equivalence, the confidence intervals for α, β
and θ can then be computed by DR or BLS (remind that DR provides an exact
CI for β). The equivalence is then assessed by:

- checking whether 0 lies into the CI for the intercept α or not (no constant
bias or constant bias),

- and checking whether 1 lies into the CI for the slope β or not (no pro-
portional bias or proportional bias),

- or, ideally, checking whether (0,1) lies into the confidence region for the
parameters θ or not (no bias or bias).

When λXY is unknown and inestimable, we recommend to display on a chart,
for a given nominal level, the confidence intervals for α or β according to λXY
in the X-axis (logarithmic scale) from OLSh to OLSv with the intermediate
values of λXY , see example in Figure 2.14 (bottom left and top right). In
practice, the CI provided by the OLSh can be displayed at λXY = 0.02 (instead
of λXY = 0) and the one provided by the OLSv can be displayed at λXY = 50
(instead of λXY =∞). The confidence regions can also be displayed on a chart
from OLSh to OLSv with intermediate values of λXY . The lower and upper
bounds of the intermediate separated confidence intervals can be displayed
with smoothed lines and the intermediate confidence region (ellipses) can be
displayed in dotted-lines or grey lines like in Figure 2.14-bottom right.
Then, such charts provide the full information about the CI and sometimes the
equivalence hypothesis can be rejected (or not rejected) whatever λXY . This
is very useful when λXY is unknown and inestimable because of no replicated
data. When λXY is known or estimated, such charts can also be useful to
provide additional information but a ’full’ chart is not compulsory, it may be
restricted from λXY = 1 to λXY =∞ (50 in practice). Even in the case of λXY
unknown, the chart can be restricted, for instance, from λXY = 1/3 to λXY = 3
if the practitioner knows that a device is not three times more precise than the
other. To sum-up, these charts, given and explained in the next section with
real data, are useful to generalize the conclusions whatever the measurement
errors.
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2.7 Applications

2.7.1 The systolic blood pressure - replicated data

In the systolic blood pressure data [11], simultaneous measurements were made
by each of two observers (denoted J and R) using a sphygmomanometer and by
a semi-automatic blood pressure monitor (denoted S). Measurements made by
observer J with the manual device and those made by the semi-automatic mon-
itor S will only be considered. The systolic blood pressure was, so, measured
three times per patient (85 patients) by the semi-automatic device S and three
times per patient by the observer J with the manual device. If we decide to put
on the Y-axis the mean measures given by S and on the X-axis those given by J
(the reason will be explained few lines below), we have: N = 85 (i = 1, ..., 85),
nXi = nX = nYi = nY = 3 ∀i, λ = λXY . The variances σ2

τi and σ2
νi are un-

known but can be estimated with S2
τi and S

2
νi : S

2
τ1 = 14.333, ..., S2

τ85 = 33.333
and S2

ν1 = 9.333, ..., S2
ν85 = 13.

Under homoscedasticity, the ’global’ estimates S2
τ and S2

ν can be derived:
S2
τ = 37.408 and S2

ν = 83.141 and λ (=λXY as nX = nY ) is estimated by
λ̂ = 2.223 or λ̂Unb = 2.196. λ is higher than one, so we put on the Y-
axis the mean measures given by S and on the X-axis those given by J. We
have also: X = 127.408, Y = 143.027, Sxx = 79598.750, Syy = 84916.269,
Sxy = 67200.826 and R2 = 0.67.
The estimated coefficients for the different regression’s lines are given in Table
2.2.

The different regression’s lines are displayed in Figure 2.14-top left with the
equivalence line Y = X. Some points are outliers but they are not removed in
didactic purposes to better distinguish the different regression lines (obviously,
the most the R2 is close to 1, the most the regression lines are close to each
other). Moreover, it is not recommended to remove outliers [24] without clear
and justified reasons. We can observe that the two OLS regression lines are the
’extremes’ or ’outside’ lines (for parametric regressions) because they assume
errors in only one axis. All the parametric regression lines pass through the
mean point (X,Y ) and PB’s line is very close to this point. All the parametric
errors-in-variable regressions are ’inside’ the two OLS lines. The OR and MR
are very close to each other and the BLS or the DR (confounded under ho-
moscedasticity) are the best estimated lines because the errors in both axes are
taken into account the best with λXY 6= 1. PB’s regression line is very close to
DR or BLS lines.
In Figure 2.14-top right, the CI for β of the two OLS regressions are exact (un-
der OLS assumptions) and the one given by the OLSh is asymmetric. We can
observe that the CI given by the DR for β would coincide to the CI given by
the two OLS if we extend the DR’s curve on the chart until the CI of the OLS.
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β̂ α̂
OLSv 0.844 35.464
OLSh 1.264 -17.968
MR 1.033 11.433
OR 1.040 10.479
DR 0.956 21.230BLS
PB 0.994 14.631

Table 2.2: SBP data (nX = nY = 3), values of β̂ and α̂ for the seven regressions

This is because the CI given by DR is also exact and includes those of the OLS.
The CI given by BLS is symmetric and approximate but this approximation
is close to the exact CI given by the DR when λXY > 1 while it is less and
less reliable for small λXY . We also display on the chart the horizontal line
β = 1 corresponding to the null hypothesis Hβ

0 : β = 1 and a vertical line at
the estimated value λ̂ of λXY with the corresponding 95% CI in wheat color:
CI(λ) = CI(λXY ) (as nX = nY ) : [2.223F0.025,170,170, 2.223F0.975,170,170] =
[1.644, 3.005].
Note that the CI for λ is, in practice, more useful than the one for λXY but

both CI are equivalent when nX = nY . When nX 6= nY , the CI for λ cannot
be displayed on such chart as the X-axis refers to λXY .
As the lines β = 1 and λ̂ = 2.196 cross inside the curves of DR or BLS con-
fidence intervals, the null hypothesis of no proportional bias is not rejected
meaning that the slope β̂DR = β̂BLS = 0.956 is not significantly different of 1.
This is still valid from the lower to the upper bounds of the CI for λXY .
The null hypothesis that both devices have the same accuracy is rejected be-
cause 1 is not included inside the CI for λ.

Similarly, on Figure 2.14-bottom left, the null hypothesis of no constant bias,
Hα

0 : α = 0, is rejected at λ̂XY but is borderline on the lower bound of its CI.

Figure 2.14-bottom right shows the confidence region from the OLSv to OLSh.
The confidence ellipse is exact for OLSv. The other ellipses are computed
approximately by BLS for different values of λXY (we could also display the
ellipses computed approximately by DR). Obviously, the approximation is bet-
ter when we move closer to the OLSv, so when λXY > 1. As the ’equivalence
point’ (α = 0, β = 1) is outside the approximate red ellipse given by BLS at
λ̂XY , the null hypothesis (1.13) (no bias between the two devices) is rejected.
In other words, the manual and the semi-automatic devices are not equivalent
according to the joint hypothesis given in Section 1.3.3.
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Moreover, the advantages of such charts is that the conclusion can be general-
ized whatever the value of λXY . Indeed, in this case, the equivalence point is
outside all the ellipses from OLSv to OLSh meaning that the null hypothesis
is rejected whatever the measurement errors.
Remind that BLS includes the other regressions as explained in Section 2.2 to
estimate the regression parameters of model (1.11) which encourages to choose
it in priority. The confidence intervals are, otherwise, computed differently even
if the confidence region presented in Section 2.4.3 are all ellipses. In particu-
lar, the exact confidence region given by OLSh (under OLSh assumptions, i.e.
model (1.11) with σ2

ν = 0) is an ellipse based on the inverse model (2.4). But,
when this confidence ellipse is moved back into the initial (X,Y ) coordinate
system, his shape is slightly distorted while the BLS confidence region is always
a confidence ellipse.

Figure 2.15-right is a zoom of Figure 2.14-bottom right where the exact OLSh
confidence region with a distorted shape is superposed to the approximate confi-
dence ellipse computed by BLS under OLSh assumption, σ2

ν = 0 (σ2
ν = 0.000001

for instance in practice to avoid that BLS formulas are not computable). Al-
though the exact distorted ellipse of OLSh and the approximate confidence
ellipse of BLS are not, obviously, identical, we can notice that they are very
similar.
Remind that the coverage probabilities provided by BLS are better when λXY >
1 but even for λXY < 1 they are still good by being close to 93% as mentioned
in Section 2.5.1. Figure 2.15-left is a zoom of Figure 2.14-bottom right where
the exact OLSv confidence ellipse is superposed to the confidence ellipse com-
puted by BLS under OLSv assumption (σ2

τ = 0). We can notice, obviously,
that the confidence ellipse provided by BLS under OLSv assumption super-
poses perfectly well the exact confidence ellipse given by OLSv.
To sum-up, the confidence region is exactly an ellipse under OLSv assumptions,
while this confidence ellipse slightly distorts with errors in both axes to get a
’maximal distortion’ under OLSh assumptions. But, the approximate confi-
dence ellipse given by BLS still coincides very well with the exact distorted
ellipse given by OLSh.

2.7.2 The systolic blood pressure - unreplicated data with
λ unknown

To deal with unreplicated data, the systolic blood pressure data is used for
didactic purposes by considering only the two first measurements given by the
sphygmomanometer (in order to get an example without outlier). In other
words, the systolic blood pressure is supposed to be measured two times per
patient with the sphygmomanometer (observer J) and the equivalence between
the first measurements and the second measurements from the same device is



56 CHAPTER 2. E-I-V REGRESSIONS IN A (X,Y ) PLOT

● ●

●

●
●

●

●

●

●

●

●

●
●

●
●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
● ●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●●

●

●

●
●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

100 120 140 160 180 200

10
0

12
0

14
0

16
0

18
0

20
0

Y
 (

S
)

X (J)

OLS
MR
OR
PB
DR−BLS

Y=X

−
40

−
20

0
20

40

.05 .1 .2 .5 1 2 5 10 20

_

_

_

_

_

_

OLSh

OLSv

λ̂XY

H0: α = 0

BLS

α

λXY

0.
8

1.
0

1.
2

1.
4

.05 .1 .2 .5 1 2 5 10 20

_

_

_

_

_

_

OLSh

OLSv

λ̂XY

H0: β = 1

DR
BLS

β

λXY

0.8 1.0 1.2 1.4

−
40

−
20

0
20

40
60

α

β

OLSv

OLSh

λ̂XY
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left) and their CI for the parameters (Top-right for β, Bottom-left for α and
Bottom-right for the joint-CI)
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Figure 2.15: The OLS confidence ellipses superimposed to the BLS ellipses
under OLSv assumption on the left and OLSh assumption on the right

tested. If we decide to put on the X-axis the first measures and on the Y-axis the
second measures, we have: N = 85 (i = 1, ..., 85), nXi = nX = nYi = nY = 1
∀i. Since measures are taken with the same device, we expect of course not to
reject the equivalence.
The variances σ2

τi and σ
2
νi are unknown and cannot be estimated because of no

replicated data (but we still suppose the homoscedasticity), so λXY is also un-
known and inestimable. We have: X = 128.541, Y = 127.294, Sxx = 83179.11,
Syy = 83557.65, Sxy = 80428.47 and R2 = 0.93.
The estimated coefficients for the different regression’s lines are given in Table
2.3. Because of rounded numbers (and unreplicated data, no average is com-
puted), many slopes βPBij have the same value and are equal, in this example,
to 1 in the middle of their sorted sequence.

The regressions DR and BLS cannot be applied because σ2
τ , σ2

ν and λXY are
unknown and inestimable. But, we can compute the value of λXY such that
βMR = βDR and αMR = αDR (for nX = nY = 1): λ̂MR = 1.005. Figure 2.16
is analogue to Figure 2.14. The OR and MR lines are very close to each other,
such that it is not possible to distinguish them on the plot (the most the true
slope is equal to one and the most the OR and MR are close to each other).
The MR is the best estimated line by default (Sections 2.3 and 2.5.1).
The CI for α or β are displayed from OLSv to OLSh as explained in Section
2.7.1. The separated null hypotheses (1.12) Hα

0 : α = 0 and Hβ
0 : β = 1 are

not rejected whatever λXY , so whatever the applied regression. When these
two hypotheses are tested jointly, it can be noticed that the ’equivalence point’
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β̂ α̂
OLSv 0.967 3.004
OLSh 1.039 -6.248
MR 1.002 -1.539
OR 1.002 -1.550
PB 1 0

Table 2.3: SBP data (nX = nY = 1), values of β̂ and α̂ for the seven regressions

(α = 0, β = 1) is inside all the ellipses from OLSv to OLSh, which means that
the joint hypothesis (1.13) is also not rejected whatever λXY . In other words,
we do not reject the hypothesis that the first measures are equivalent to the
second (according to the null hypotheses given in Section 1.3.3).
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This chapter studies in detail the joint confidence interval of the param-
eters of errors-in-variables regression lines under homoscedasticity (with four
methodologies) or heteroscedasticity (with two methodologies). The size and
the shape of the confidence ellipses are compared and the corresponding hy-
perbolic confidence bands are provided. This comparison between confidence
ellipses and confidence bands under homoscedasticity or heteroscedasticity has
been published by Francq and Govaerts [10]. Additionally, a tip is given to
improve the coverage probabilities of the joint confidence interval under het-
eroscedasticity with unknown variances by modeling the locally estimated vari-
ances. The robustness of these confidence ellipses or confidence bands are then
assessed with the presence of outliers under homoscedasticity or heteroscedas-
ticity.

3.1 Hyperbolic confidence bands of errors- in-
variables regression lines

This section studies further the joint-CI presented in Section (2.4.3) where ap-
proximate confidence ellipses for regression parameters can be computed, for
given values of λXY , for DR or BLS. We propose here two additional pro-
cedures to test the equivalence hypothesis (1.13) with a joint-CI. The four
methodologies are then compared in detail with coverage probabilities and their
properties and advantages discussed. Moreover, we propose to transform these
confidence ellipses into hyperbolic confidence bands (CB) for the regression line
Y = α+ βX = x′θ over X ∈ (−∞,∞) where x = (1, X)′ which are equivalent
to the confidence ellipses but easier to display and to interpret. The hypothesis
(1.13) H0 : θ = (0, 1)′ is rejected if the line Y = X intercepts the CB and not
rejected if the line lies inside the CB.
The joint-CI and the confidence bands of the very well-known OLS regression
will be first reviewed, explained and compared. Then, four different approaches
to compute a joint-CI for errors-in-variables regression parameters will be pre-
sented. Afterwards, these ellipses (in the (β, α) space) will be transformed into
confidence bands (in the (X,Y ) space).
Non-parametric and bootstrap confidence bands for errors-in-variables regres-
sions are available in the literature [73] but according to our knowledge, the
(parametric) confidence bands given in this section are novel.
Confidence bands of other shapes [74,75] like two straight lines around the es-
timated line will not be considered, as the hyperbolic curve is the only correct
way to fit the distribution of estimated lines.
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3.1.1 The confidence bands for the OLSv line
This section reviews results on the classical estimation of a regression line by
OLSv. It will be crucial in the development in further sections on errors-in-
variables models. In particular, the not well known concept of confidence bands
(CB) around a regression line is reviewed. It is shown that it is equivalent to
the joint confidence interval for the regression parameters and that they can
both be used for equivalence testing.

Recall that the equivalence between two measurements methods (under OLSv
assumption) is rejected if:

(
α̂OLSv − 0 β̂OLSv − 1

)( S2
α̂OLSv

Sα̂β̂OLSv
Sα̂β̂OLSv S2

β̂OLSv

)−1(
α̂OLSv − 0

β̂OLSv − 1

)
> 2F1−γ,2,N−2

Note that when |Sα̂β̂OLSv | increases, the ellipse becomes narrower and collapses
to a line, otherwise when |Sα̂β̂OLSv | → 0 the ellipse becomes wider until its
major and minor axes become parallel to the β-axis and α-axis.

The confidence bands vs confidence intervals

The confidence bands for the OLSv line is a concept not very well-known by
non-statisticians despite many papers already published. Indeed, the confidence
band for a line is often not available in classical software. The confidence bands
is the confidence interval for the regression line and should not be confused with
the CI for the conditional mean E(Ŷ0|X0) given by the following well-known
formula [44]:

Ŷ0 ± t1− γ2 ,N−2SŶ0
(3.1)

where Ŷ0 = α̂OLSv + β̂OLSvX0

and S2
Ŷ0

= S2
α̂OLSv +X2

0S
2
β̂OLSv

+ 2X0Sα̂β̂OLSv = S2
OLSv

(
1

N
+

(X0 −X)2

Sxx

)
This formula is computed ’point by point’ but can, of course, be displayed on
a graph for all possible values of X0 and has a hyperbolic shape. The CI for
the line Y = α + βX over X ∈ (−∞,∞) (and not for a given X0) relies on
the bivariate dimension of a line as we have to take into account jointly the
uncertainties of both parameters (α and β). The confidence bands (CB) of the
line Y = α+βX under OLS assumptions is given by the following formula [22]:

(
α̂OLSv + β̂OLSvX

)
±
√

2F1−γ,2,N−2

√
S2
OLSv

(
1

N
+

(X −X)2

Sxx

)
(3.2)

Both formulas (3.1 and 3.2) are similar but a F-distribution is used for the
confidence bands based on the work of Working and Hotelling [76].
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Figure 3.1: Mathematical equivalence between the joint-CI on (β, α) (ellipse on
the left) and the CB (hyperbolic band on the right) computed around the line

Comparison of the joint-CI and the confidence bands

Actually, the joint-CI on the regression coefficients and the confidence bands
of the regression line are mathematically equivalent. In other words, to test
the equivalence between two measurement methods, we can check whether the
point (β = 1, α = 0) lies inside the ellipse or check whether the identity line
(Y = X) lies inside the confidence bands. Figure 3.1 displays a simulated data
set (N = 10, Xi=1,...,10, Yi = Xi + εi and εi ∼ N(0, 1)) on the right with the
OLSv line and the 95% CB. We can notice that the identity line (the dashed
line) lies inside the CB which means that the equivalence is not rejected. On the
left, the 95% joint-CI on (β, α) is displayed as an ellipse and the ’equivalence
point’ (β = 1, α = 0) lies inside the ellipse.
More generally, if a given point (β, α) lies inside the ellipse, the corresponding
line (Y = α + βX) lies inside the CB and vice-versa. On the other hand, if a
given point (β, α) lies outside the ellipse, the corresponding line intercepts the
CB. For a given point (β, α) on the edge of the ellipse, the corresponding line
is tangent to the CB.
The equivalence between the joint-CI (ellipse) and the confidence band can be
justified as follows:
If we consider all the lines which lie inside the CB, it is easy to understand that
the two extreme slopes correspond to the oblique asymptotes of the hyperbolic
CB (red lines in Figure 3.1-right). These two extreme slopes correspond to the
domain of the ellipse (red arrow on Figure 3.1-left) and it is easy to check that
these slopes are:

β̂OLSv ±
√

2F1−γ,2,N−2Sβ̂OLSv (3.3)
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From the CB, the slopes of the oblique asymptotes can be easily computed:

lim
X→∞

(α̂OLSv + β̂OLSvX)±
√

2F1−γ,2,N−2

√
S2
OLSv

(
1
N + (X−X)2

Sxx

)
X

= lim
X→∞

β̂OLSv ±
√

2F1−γ,2,N−2

√√√√S2
OLSv

(
1
N + (X−X)2

Sxx

)
X2

= β̂OLSv ±
√

2F1−γ,2,N−2Sβ̂OLSv

By analogy, it is easy to check that the image of the ellipse gives the two extreme
intercepts (green arrow in Figure 3.1-left):

α̂OLSv ±
√

2F1−γ,2,N−2Sα̂OLSv , (3.4)

and correspond to the two intercepts of the CB (when X = 0). Finally, for any
slope β0 in the domain of the ellipse (3.3), there exists two lines tangent to the
hyperbolic CB with slope β0 and intercepts α1

0 and α2
0 which correspond on the

ellipse, to the two points α1
0 and α2

0 where the vertical line β = β0 intercepts
the ellipse (details not given).

3.1.2 Joint-CI and CB of errors-in-variables regressions
under homoscedasticity

This section presents and compares the joint-CI ellipses and the correspond-
ing confidence bands for the general model (1.11) Yi = α + βXi + εi for four
different methodologies. Their approximate covariance matrix Σ̂ of estimators
θ̂ = (α̂, β̂)′ of θ are, then, compared.

We consider four methodologies available in the literature:

- DR already presented in sections 2.1 and 2.4
- BLS already presented in sections 2.1 and 2.4
- the Mandel’s procedure presented in sections 2.4.2 and 2.4.3 under OR
assumption (λXY = 1) but considered in this section in a more general
context for any λXY

- the Galea-Rojas et al. procedure (GR) developed to tackle the het-
eroscedasticity and presented in this Section under homoscedasticity and
heteroscedasticity

The formulas are written with the notations presented in Section 1. Under
homoscedasticity, these four methodologies provide identical estimations of the
regression line but the associated variance-covariance matrix of the parameters
are different and lead to different CI.



66 CHAPTER 3. FOCUS ON THE JOINT CONFIDENCE INTERVAL

Remind that the confidence ellipse for θ = (α, β)′ can be computed with the
following formula:

(θ̂ − θ)′Σ̂−1(θ̂ − θ) < c (3.5)

where the critical constant c is chosen suitably depending on whether χ2
1−γ,2

or 2F1−γ,2,N−2 is used as the approximate distribution. This confidence ellipse
can be represented equivalently as confidence bands:

x′θ ∈ x′θ̂ ±
√
c
√
x′Σ̂−1x (3.6)

Estimator of θ, covariance matrix Σ̂ and CB by DR

The DR estimator of θ were provided in Section 2.1, and the covariance matrix
Σ̂ and the joint-CI in Section 2.4 (we consider here the estimators of the vari-
ances and covariance given by the method of moments).
The hyperbolic CB for Deming regression line (DR) is given by the following
formula:

(α̂DR + β̂DRX)±
√

2F1−γ,2,N−2

√
S2
β̂DR

(X −X)2 +
β̂2
DRσ

2
τ/nX + σ2

ν/nY
N

(3.7)
where it can be easily noticed that the slopes of the oblique asymptotes are
β̂DR ±

√
2F1−γ,2,N−2Sβ̂DR and the intercepts are α̂DR ±

√
2F1−γ,2,N−2Sα̂DR .

Estimator of θ, covariance matrix Σ̂ and CB by Galea-Rojas et al.

Galea-Rojas et al. [17] (GR) propose a regression model based on a paper pre-
viously published by Ripley and Thompson [16] where maximum likelihood is
applied to take into account the errors and heteroscedasticity in both axes.
GR and DR regressions are both maximum likelihood procedures, but, respec-
tively, derived under heteroscedasticity or homoscedasticity. Then, it can be
verified that β̂GR = β̂DR and α̂GR = α̂DR (as the GR procedure is more gen-
eral than the DR). We present in this section the GR formulas in the case of
homoscedasticity (and with replicated data). The estimators of the parameters
are:

β̂GR =

∑N
i=1WGRx̂i(Yi − Y )∑N
i=1WGRx̂i(Xi −X)

=

∑N
i=1 x̂i(Yi − Y )∑N
i=1 x̂i(Xi −X)

and α̂GR = Y − β̂GRX

(3.8)
where

WGR =
1

σ2
ν

nY
+ β̂2

GR
σ2
τ

nX
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and

x̂i =

σ2
ν

nY
Xi + β̂GR

σ2
τ

nX
(Yi − α̂GR)

σ2
ν

nY
+ β̂2

GR
σ2
τ

nX

x̂i is the abscissa of the projection of the ith point to the line in the oblique
direction previously defined in Section 2.1.5. In practice, if σ2

τ and σ2
ν are

unknown, they can be estimated with replicated data and replaced by S2
τ and

S2
ν respectively.

Galea-Rojas et al. [17] provide the asymptotic variance-covariance matrix of the
parameters derived by ML. In the case of homoscedasticity and with replicated
data, this asymptotic variance-covariance matrix of the parameters is given by:

ΣGR = W−1N VNW
−1
N /N, (3.9)

where

WN =
WGR

N

(
N

∑N
i=1 ξi∑N

i=1 ξi
∑N
i=1 ξ

2
i

)
and VN = WN +

(
0 0
0 kGR

)
with

kGR =
WGR

C
and C =

1

σ2
τ/nX

+
β2

σ2
ν/nY

In practice, to get a consistent estimator of the variance-covariance matrix, β2

can be replaced by β̂2
GR, ξi by x̂i and ξ

2
i by x̂2i−1/Ĉ [17]. Ĉ is not clearly defined

by Galea-Rojas et al. [17]. In this thesis, Ĉ = 1/(σ2
τ/nX)+β̂2

GR/(σ
2
ν/nY ) where

σ2
τ and σ2

ν can be replaced, respectively, by S2
τ and S2

ν if needed. From the Wald
statistic given in the literature [17], the critical threshold is c = χ2

1−γ,2. The
variances of the parameters can also be computed with the following equivalent
formulas [17]:

σ2
β̂GR

=
1

SSW

(
1 +

NkGR
SSW

)
, σ2

α̂GR =
1

NWGR
+ ξ

2
σ2
β̂GR

and σα̂β̂GR = −ξσ2
β̂GR

(3.10)
with SSW = WGR

∑N
i=1(ξi − ξ)2 and ξ =

∑N
i=1 ξi
N .

In practice, σ2
β̂GR

, σ2
α̂GR

and σα̂β̂GR can be estimated by replacing ξ by X, and

SSW by WGR

∑N
i=1(x̂2i − Ĉ−1 − 2x̂iX +X

2
).

The hyperbolic CB of the Galea-Rojas et al. procedure can be calculated by
the following formula:

(α̂GR + β̂GRX)±
√
χ2
1−γ,2

√
S2
β̂GR

(X −X)2 +
1

NWGR
(3.11)

where the slopes of the oblique asymptotes are β̂GR ±
√
χ2
1−γ,2Sβ̂GR and the

intercepts are α̂GR ±
√
χ2
1−γ,2Sα̂GR .
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Estimator of θ, covariance matrix Σ̂ and CB by BLS

The BLS estimator of θ were provided in Section 2.1, and the covariance matrix
Σ̂ and the joint-CI in Section 2.4.
The corresponding hyperbolic CB is given by the following formula:

(α̂BLS + β̂BLSX)±

√
2F1−γ,2,N−2

√√√√ WBLS

N
∑N
i=1X

2
i − (

∑N
i=1Xi)2

(

N∑
i=1

X2
i − 2X

N∑
i=1

Xi +NX2)s2BLS

(3.12)
where the slopes of the oblique asymptotes are β̂BLS ±

√
2F1−γ,2,N−2Sβ̂BLS

and the intercepts are α̂BLS ±
√

2F1−γ,2,N−2Sα̂BLS .

Estimator of θ, covariance matrix Σ̂ and CB by Mandel

This section considers the Mandel’s procedure presented in Sections 2.4.2 and
2.4.3 under OR assumption (λXY = 1), generalized here for any values of λXY .
Recall that Mandel’s procedure consists in transforming the (X,Y ) data into
(U, V ) data where Ui = Xi + kYi and Vi = Yi − β̂MandelXi. The OLSv is
then applied to the (U, V ) data and transformed back into the (X,Y ) axis to
finally get a regression line which takes into account errors in both axis and
their correlation. By using λXY instead of λ in the Mandel’s procedure (with
uncorrelated errors), the formulas are:

β̂Mandel =
Sxy + kSyy
Sxx + kSxy

and α̂Mandel = Y − β̂MandelX (3.13)

with

k =
β̂Mandel

λXY

β̂Mandel can be computed by iterations or by solving a 2nd degree equation and
it is easy to check that β̂Mandel = β̂DR = β̂GR = β̂BLS and α̂Mandel = α̂DR =
α̂GR = α̂BLS .
The variances of the parameters β̂Mandel and α̂Mandel are derived by the general
formula for the propagation of errors from the reconversion to (X,Y ) scales:

S2
β̂Mandel

=
(1 + kβ̂Mandel)

2

Suu
S2
eMandel

(3.14)

and

S2
α̂Mandel

=

(
1

N
+
X

2
(1 + kβ̂Mandel)

2

Suu

)
S2
eMandel

(3.15)
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with
S2
eMandel

=
Svv
N − 2

The covariance and the joint-CI are not provided by Mandel but the covariance
can be also easily computed by the formula for the propagation of errors:

Sα̂β̂Mandel = −XS2
β̂Mandel

(3.16)

We propose to use a F-distribution with c = 2F1−γ,2,N−2 as the Mandel’s
procedure is based on the OLS technique.
The hyperbolic CB of the Mandel’s procedure is given by the following formula:

(α̂Mandel + β̂MandelX)±

√
2F1−γ,2,N−2

√√√√S2
eMandel

(
(1 + kβ̂Mandel)2

Suu
(X −X)2 +

1

N

)
(3.17)

The CB could be also computed with the OLS technique in the (U, V ) axes
and transform back in (X,Y ) axes but this approach is not considered in this
thesis.

3.1.3 Comparison of the coverage probabilities of the joint
CI or CB under homoscedasticity

Coverage probabilities of the joint CI or CB under equivalence, H0

In order to compare the coverage probabilities of the joint-CI or CB provided
by the four methodologies presented in the previous sections, we simulated 100
000 samples as described in Section 2.5.1:

- under equivalence (α = 0, β = 1, ηi = ξi)
- for the values of λXY given in Table 2.1
- with unreplicated data (nX = nY = 1, λ = λXY known)
- with replicated data to allow the estimation of σ2

ν and σ2
τ :

# with equal number of replicates (nX = nY = 2 and λ = λXY or nX =
nY = 4 and λ = λXY )

# with unequal number of replicates (nX = 4, nY = 2 and λXY = 2λ)
(in such a way that the values of λXY are identical to those of the
unreplicated case)

The joint-CI or CB were computed for each simulated sample and the coverage
probabilities (at a nominal level = 95%) computed per value of λXY .
To study in more details the effect of the sample size, we also run simulations:

- with λXY = 0.33, 1, 3,
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- with N from 10 to 100 (10, 12, 14, 16, 20, 30, 50, 75, 100)
- with or without replicated data as shown in Table 3.1

The coverage probabilities are displayed for λXY known in Figure 3.2 with
respect to λXY (left, on a logarithmic scale) and to N (right). Figures 3.3,
3.4, 3.5 display the coverage probabilities corresponding to replicated data and
estimated λXY .
When the variances are known, all the coverage probabilities are between 93%
and 96% and closer to 95% when λXY > 1 for the GR, BLS and Mandel proce-
dures. As already mentioned, the coordinate system should, indeed, be chosen
such that λXY > 1. When N increases, the GR and DR are closer to 95% while
the BLS and Mandel procedures provide slightly lower coverage probabilities.
When the variances are estimated with replicated data, the coverage proba-
bilities provided by the DR are slightly lower but are the closest to 95%. On
the other hand, the coverage probabilities provided by the GR’s procedure drop
because of the uncertainties on the estimated variances but these coverage prob-
abilities increase with N . For instance, when nX = nY = 2 with λXY = 1, the
GR outperforms the BLS with N > 30 (approximately). The BLS and Mandel
methodologies provide similar coverage probabilities with known or unknown
variances. In practice, the accuracy of one measurement method is rarely three
times higher than the other such that λXY often lies between 0.33 and 3. In
this interval, the DR and GR are always slightly more suitable with known
variances while the DR is always more suitable with unknown variances.

Coverage probabilities of the joint CI or CB under non-equivalence,
H1

In order to assess the power of the hypothesis test based on the confidence region
for θ provided by the four methodologies presented in the previous sections, we
simulated 10000 samples under non-equivalence with unreplicated or replicated
data with nX = nY = 2, as described in Section 2.5.1. However, λXY was set
to 1 (see λXY = 1 in Table 2.1) by default.
It is well known that the higher is the correlation between the parameters
estimates and the more powerful the joint confidence interval is, in comparison
to the separated confidence intervals. Indeed, the powers reach fastly 100%
with the values of α and β described in Section 2.5.2. The non-equivalence is,
then, simulated closer to H0:

- with β ranged from 0.9 to 1.1 (by 0.025)
- with the corresponding values of α:

# ranged from -1 to 1 (by 0.25) in order to move away H0 in the direction
of the minor axis of the confidence ellipse under equivalence,

# ranged from 1 to -1 (by 0.25) in order to move away H0 in the direction
of the major axis of the confidence ellipse under equivalence.
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Figure 3.6 displays the powers of the hypothesis test H0 : θ = (0, 1)′ for N =
10, 20, 50 and nX = nY = 1 with respect to β and the corresponding values of
α. The powers obtained by replicated data, nX = nY = 2, are displayed in
Figure 3.7.
We can notice in Figure 3.6 that the powers are very close to each other between
the four methodologies. Obviously, the powers increase when we move away
from the equivalence, H0, and when the sample size, N , increases. It can also
be noticed that the powers are higher when we move away H0 in the direction
of the minor axis of the confidence ellipse (right) in comparison to the major
axis (left). Indeed, β̂ and α̂ are negatively correlated. With replicated data,
these findings are similar (Figure 3.7).

nX = nY = 1 nX = nY = 2 nX = 4, nY = 2 nX = nY = 4
σ2
ν 0.25 0.75 0.75 0.5 1.5 1.5 0.5 1.5 1.5 1 3 3
σ2
τ 0.75 0.75 0.25 1.5 1.5 0.5 3 3 1 3 3 1
λ 0.33 1 3 0.33 1 3 0.17 0.5 1.5 0.33 1 3

λXY 0.33 1 3 0.33 1 3 0.33 1 3 0.33 1 3

Table 3.1: Values of σ2
ν and σ2

τ for the simulations with or without replicated
data and the corresponding values of λ and λXY

3.1.4 Joint-CI and CB of errors-in-variables regressions
under heteroscedasticity

This section presents the formulas of the regression estimators of model (1.10)
when the (heteroscedastic) variances σ2

τi and σ
2
νi are known or estimated with

replicates.
Different types of heteroscedasticity profiles can be encountered in method
comparison studies as shown in Figure 3.8. On top-left, measurement errors
are equal on both axes but increase with respect to ξ or η (this is common
in chemistry for instance). On top-right, measurement errors increase on the
X-axis and are constant on the Y-axis while it is the opposite on bottom-left.
On bottom-right, the measurement errors increase linearly on the X-axis while
the errors increase on the extreme of the Y-axis (when η moves closer to 10 or
20) and is minimal on the middle range of the Y-axis.
The Mandel’s regression and the DR are not considered anymore as they are
not suitable in the case of heteroscedasticity. Note that a weighted Deming
regression is available in the literature [77] but it will not be considered anymore
in this thesis (as the BLS is more suitable). The GR procedure and the BLS
can take into account the heteroscedasticity and are identical for estimating
the regression line but the variance-covariance matrix of the parameters are
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Figure 3.2: Coverage probabilities of the joint-CI or CB related to λXY in a
logarithmic scale with N = 10, 20, 50 (left) and related to N for λXY = 0.33,
1, 3 (right), nX = nY = 1
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Figure 3.3: Coverage probabilities of the joint-CI or CB related to λXY in a
logarithmic scale with N = 10, 20, 50 (left) and related to N for λXY = 0.33,
1, 3 (right), nX = nY = 2
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Figure 3.4: Coverage probabilities of the joint-CI or CB related to λXY in a
logarithmic scale with N = 10, 20, 50 (left) and related to N for λXY = 0.33,
1, 3 (right), nX = nY = 4
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Figure 3.5: Coverage probabilities of the joint-CI or CB related to λXY in a
logarithmic scale with N = 10, 20, 50 (left) and related to N for λXY = 0.33,
1, 3 (right), nX = 4, nY = 2
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Figure 3.6: Power of the hypothesis test (based on a joint-CI) for θ related to
β from 0.9 to 1.1 and α from 1 to -1 (left) or -1 to 1 (right), for N=10 (top),
N=20 (middle) and N=50 (bottom), nX = nY = 1
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Figure 3.7: Power of the hypothesis test (based on a joint-CI) for θ related to
β from 0.9 to 1.1 and α from 1 to -1 (left) or -1 to 1 (right), for N=10 (top),
N=20 (middle) and N=50 (bottom), nX = nY = 2
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parison studies
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computed differently. The covariance matrix Σ̂ of the estimates θ̂ = (α̂, β̂)′

given in this section can be plugged in (θ̂−θ)′Σ̂−1(θ̂−θ) < c (formula (3.5)) or
in x′θ ∈ x′θ̂±

√
c
√
x′Σ̂−1x (formula (3.6)) to get respectively the corresponding

confidence ellipse or confidence bands (with the same critical constant c given
in Section 3.1.2).

The Galea-Rojas et al. procedure

Based on a paper published previously by Ripley and Thompson [16], the ML
parameters estimators are:

β̂GR =

∑N
i=1WiGR x̂i(Yi − Y )∑N
i=1WiGR x̂i(Xi −X)

and α̂GR = YW − β̂GRXW , (3.18)

where

WiGR =
1

σ2
νi

nYi
+ β̂2

GR

σ2
τi

nXi

and x̂i =

σ2
νi

nYi
Xi + β̂GR

σ2
τi

nXi
(Yi − α̂GR)

σ2
νi

nYi
+ β̂2

GR

σ2
τi

nXi

,

XW =

∑N
i=1WiGRXi∑N
i=1WiGR

and YW =

∑N
i=1WiGRYi∑N
i=1WiGR

In practice, if σ2
τi and σ

2
νi are unknown, they can be estimated with replicated

data and replaced by S2
τi and S

2
νi . The asymptotic variance-covariance matrix

of the parameters derived by ML is given by Galea-Rojas et al. [17]:

ΣGR = W−1N VNW
−1
N /N, (3.19)

where

WN =
1

N

( ∑N
i=1WiGR

∑N
i=1WiGRξi∑N

i=1WiGRξi
∑N
i=1WiGRξ

2
i

)
and VN = WN +

(
0 0
0 kGR

)
with

kGR =
1

N

N∑
i=1

WiGR

Ci
and Ci =

1

σ2
τi/nXi

+
β2

σ2
νi/nYi

In practice, to get a consistent estimator of the variance-covariance matrix,
β2 can be replaced by β̂2

GR, ξi by x̂i and ξ2i by x̂i
2 − 1/Ĉi [17]. Ĉ is not

clearly defined by Galea-Rojas et al. [17]. In this thesis, Ĉ = 1/(σ2
τi/nXi) +

β̂2
GR/(σ

2
νi/nYi) where σ2

τi and σ
2
νi can be replaced, respectively, by S2

τi and S
2
νi

if needed. The variances of the parameters can also be computed with the
following equivalent formulas [17]:

σ2
β̂GR

=
1

SSW

(
1 +

NkGR
SSW

)
, σ2

α̂GR =
1∑N

i=1WiGR

+ ξ
2

Wσ
2
β̂GR

(3.20)
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and
σα̂β̂GR = −ξWσ2

β̂GR
(3.21)

with SSW =
∑N
i=1WiGR(ξi − ξW )2 and ξW =

∑N
i=1WiGR

ξi∑N
i=1WiGR

.

In practice, σ2
β̂GR

, σ2
α̂GR

and σα̂β̂GR can be estimated by replacing ξW by XW ,

and SSW by
∑N
i=1WiGR(x̂2i − Ĉ

−1
i − 2x̂iXW +X

2

W ).
The hyperbolic CB is given in practice by the following formula:

αGR + βGRX ∈

(α̂GR + β̂GRX)±
√
χ2
1−γ,2

√
1

SSW

(
1 +

NkGR
SSW

)
(X −XW )2 +

1∑N
i=1WiGR

(3.22)

The Bivariate Least Square regression: BLS

The BLS regression line minimizes the criterion CBLS [58–60]:

CBLS =

N∑
i=1

1

WiBLS

(Yi − α̂− β̂Xi)
2 = (N − 2)s2BLS

with

WiBLS = σ2
εi =

σ2
νi

nYi
+ β̂2 σ

2
τi

nXi

The parameters are estimated by iterations with the following formula:

b = R−1g (3.23)

where

R =

∑N
i=1

1
WiBLS

∑N
i=1

Xi
WiBLS∑N

i=1
Xi

WiBLS

∑N
i=1

X2
i

WiBLS


and

g =

 ∑N
i=1

Yi
WiBLS∑N

i=1

(
XiYi
WiBLS

+ β̂BLS
σ2
τi

nXi

(Yi−α̂BLS−β̂BLSXi)2
W 2
iBLS

)
In practice, if σ2

τi and σ
2
νi are unknown, they can be estimated with replicated

data and replaced by S2
τi and S2

νi . It can be proven (after some algebraic
manipulations) that β̂BLS = β̂GR and α̂BLS = α̂GR under heteroscedasticity.
The variance-covariance matrix of the parameters provided by Riu and Rius [59]
is given by:

Σ̂BLS = s2BLSR
−1 (3.24)
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or can be computed with the following formulas:

S2
β̂BLS

=
s2BLS

∑N
i=1

1
WiBLS

D
, S2

α̂BLS =
s2BLS

∑N
i=1

X2
i

WiBLS

D
(3.25)

and

Sα̂β̂BLS =
s2BLS

∑N
i=1

Xi
WiBLS

D
(3.26)

with D =
∑N
i=1

1
WiBLS

∑N
i=1

X2
i

WiBLS
−
(∑N

i=1
Xi

WiBLS

)2
.

The hyperbolic CB is, then, given by the following formula:

αBLS + βBLSX ∈ (α̂BLS + β̂BLSX)±

√
2F1−γ,2,N−2

√√√√s2BLS
D

(

N∑
i=1

X2
i

WiBLS

− 2X

N∑
i=1

Xi

WiBLS

+X2

N∑
i=1

1

WiBLS

) (3.27)

3.1.5 Coverage probabilities of the joint CI or CB under
heteroscedasticity

The coverage probabilities of the joint-CI provided by GR and BLS have already
been compared in the literature but only in the case of known variances [17].
Since in practice, the variances are never known but always estimated, we
propose to study in more details the coverage probabilities with known and,
chiefly, unknown variances. We simulated 10000 samples:

- with N = 10, 12, 15, 20, 30, 50, 75, 100
- with replicated data (nX = nY = 5)
- under equivalence (α = 0, β = 1, ηi = ξi)
- the ξi were drawn randomly from an Uniform distribution U(10,20) for each
simulated sample

The variances are simulated:

- firslty, according to the design given in Figure 3.8 (top left) with the following
functions:

σ2
τi = 0.45ξi − 4 and σ2

νi = 0.45ξi − 4, (3.28)

where the variances σ2
τi and σ2

νi increase with ξi and are equal for a given
ξi (it is common in practice that the precision of a measurement method
decreases when ξi increases) and such that σ2

τi = σ2
νi = 0.5 when ξi = 10 and

σ2
τi = σ2

νi = 5 when ξi = 20,

- secondly, the variances were chosen independently and randomly (’random
heteroscedasticity’) from an Uniform distribution U(0.5,5).
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The coverage probabilities were computed at a nominal level = 95%. To study
in more details the effect of the replicates when the variances are estimated,
simulations were also launched:

- with N = 20 and nX = nY = 2, 4, 6, 8, 10, 12, 15, 20.

Figure 3.9 displays the coverage probabilities, which are close to 95% when
the variances are known but closer to 95% for GR. The coverage probabilities
collapse drastically when the variances have to be estimated (the number of
replicates, nX = nY = 5, is too low to estimate a variance) and drop more
for GR and especially when N increases or with a random heteroscedasticity.
Obviously, when the number of replicates increases, the coverage probabilities
increase but BLS still outperforms for nX = nY = 20. Actually, the uncertain-
ties on the estimated variances are not taken into account with BLS or GR’s
methodologies and work is in progress to estimate such regression’s lines by
taking into account additionally the variances uncertainties.

3.2 Local variances versus variance functions

In Section 3.1.5, we highlighted that the coverage probabilities collapse un-
der heteroscedasticity when the variances are estimated locally. Therefore, we
propose two practical solutions to tackle this problem:

- a mathematical transformation can sometimes transform the heteroscedas-
tic variances into homoscedastic variances

- the locally estimated variances can be replaced by predicted variances
and plugged into the formulas of the regression line

3.2.1 Data transformation

The design of experiments is a very important step in measurement methods
studies. Indeed, the quality of the statistical analysis is related to the design:
the standard errors of the estimates, the power of the hypotheses tests,... Al-
though this thesis does not deal in detail with the design of experiments in
equivalence, we propose in Figure 3.10 a theoretical example where the design
is chosen adequately to tackle the heteroscedasticity by a mathematical trans-
formation of the data.

Figure 3.10-left shows fictive data with N = 7 and X = Y = 1, 2, 4, 8,
16, 32, 64 (such as successive dilutions in chemistry). The measurement error
variances are equal in both axes but increase with respect to X or Y , following
the function: σ2

τ = σ2
ν = X2/10, such that the standard deviations increase
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Figure 3.9: Coverage probabilities of the joint-CI or CB with respect to N (top)
or nX = nY (bottom) under heteroscedasticity and known (top) or unknown
variances (top and bottom), simulated with a function (left) or randomly (right)
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Figure 3.10: Theoretical example of data set with heteroscedastic errors in a
classical (X,Y ) plot on the left and the corresponding data on the right with
logarithmic scales where the errors become homoscedastic

linearly with respect to X or Y . It is, then, obvious that the measurement
error variances are heteroscedastic. In practice, since the variances are never
known, they must be estimated locally with replicated data, point by point,
as the variances are heteroscedastic. Unfortunately, as explained in Section
3.1.5, the coverage probabilities collapse because of the uncertainties on the
locally estimated variances. But, when a logarithmic transformation is applied
on both axes, the measurement error variances can become homoscedastic as
shown in Figure 3.10-right. Then, a regression analysis can be performed under
homoscedasticity. Other transformations can be considered in practice like the
square root, inverse function,...

3.2.2 Predicted variances

The uncertainties of locally estimated variances lead to lower coverage prob-
abilities as explained in Section 3.1.5. We propose then a practical solution
to tackle this problem. The theoretical background of this practical solution
is not rigorous but it will allow to better estimate the regression line under
heteroscedasticity by improving the coverage probabilities of the joint-CI.
In practice, the measurement error variances in the X-axis (Y-axis) can some-
times be related to ξ (η). Since ξi and ηi are unobservable, we will consider
that the variances σ2

τi and σ
2
νi are function of, respectively, Xi and Yi, like the
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four examples in Figure 3.8:

σ2
τi = f(ξi, θ) ≈ f(Xi, θ)

σ2
νi = f(ηi, θ) ≈ f(Yi, θ)

For instance, in Section 3.1.5, we simulated the heteroscedasticity under equiv-
alence with the following functions: σ2

τi = 0.45ξi − 4 and σ2
νi = 0.45ξi − 4 or,

more generally:
σ2
τi = ϑτ0 + ϑτ1ξi and σ

2
νi = ϑν0 + ϑν1ηi

Therefore, we propose to model the locally estimated variances S2
τi and S

2
νi ac-

cording, respectively, to the observed measures Xi and Yi. Then, the unknown
variances σ2

τi and σ2
νi can be replaced by the predicted variances Ŝ2

τi and Ŝ2
νi

instead of locally estimated variances. Such variance functions are common in
science, but we did not find any papers dealing with this in method comparison
studies. By approximation and simplicity, we propose to model the variances
on the X-axis and on the Y-axis, respectively, by the OLSv technique:

Ŝ2
τi = ϑ̂τ0 + ϑ̂τ1Xi and Ŝ2

νi = ϑ̂ν0 + ϑ̂ν1Yi, (3.29)

where ϑ̂τ0 , ϑ̂τ1 , ϑ̂ν0 and ϑ̂ν1 are, respectively, the OLSv estimators of ϑτ0 , ϑτ1 , ϑν0
and ϑν1 . Here are some remarks about variance modeling:

1. In practice, we recommend to plot the locally estimated variances on the
X-axis (Y-axis) with respect to theXi (Yi) in order to known which model
to apply to predict, at best, the variances.

2. As already mentioned, the OLSv is applied by simplicity to predict the
variances. Indeed, the Xi and Yi are observed with error and the response
variables, S2

τi and S
2
νi , of such regressions (3.29) follow χ2 distribution and

not a normal distribution. Note that the standard deviation Sτi and Sνi
can be modeled instead of the variances but they do not follow either
normal distributions but χ distribution.

3. In the case of ’random heteroscedasticity’, the locally estimated variances
cannot be modeled by a regression. However, it can be supposed that
this randomness is sometimes due to an unobserved variable (e.g. in the
systolic blood pressure data, the heteroscedasticity could be due to the
nervosity of the patients which is not measured).

To assess the improvement of replacing the unknown variances σ2
τi and σ

2
νi by

predicted variances instead of locally estimated variances, we simulated 10000
samples:

- under equivalence as described in Section 3.1.5 (with equally spaced values
of ξi)
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- under heteroscedasticity as defined by formulas (3.28) where ϑτ1 = ϑν1 = 0.45
and ϑτ0 = ϑν0 = −4

The regression line is estimated for each simulated data set by BLS and GR.
σ2
τi and σ

2
νi supposed unknown are replaced, respectively, by S2

τi and S
2
νi or by

Ŝ2
τi and Ŝ

2
νi . Note that sometimes, Ŝ2

τi or Ŝ
2
νi can be lower than 0, in this case

they can be set to 0 or 0.00001 in practice but by this way, the weight of the
concerned point is infinity and the model does not reach the convergence. Dur-
ing the ten thousand simulations per value of N , this problem occurred only
some dozens of times. It is obvious that this problem is rarer when σ2

τi and
σ2
νi increase (as their probabilities to be predicted negative decrease) or when
N , nX and/or nY increase as the variances are then estimated more precisely
locally.

Figure 3.11 shows the coverage probabilities given by BLS or GR with respect
to N and nX = nY = 5 (top-left) or with respect to nX = nY and N = 20
(top-right) when the variances are replaced by locally estimated variances or
predicted variances. The expectations of the corresponding slopes are also dis-
played (bottom left and bottom right).
As already mentioned in Section 3.1.5, the coverage probabilities of the joint-CI
or CB collapse drastically when the unknown variances are replaced by locally
estimated variances S2

τi and S
2
νi (especially for GR) but we can notice in Figure

3.11 that these coverage probabilities are close to the nominal level by plugging
predicted variances Ŝ2

τi and Ŝ
2
νi instead of S2

τi and S
2
νi into the regression’s es-

timator. However, we can notice in Figure 3.11-bottom that the expectations
of the simulated slopes are nearly similar, except for small number of replicates
with N = 20 (Figure 3.11-bottom right).

To sum-up, replacing the unknown variances by predicted variances
instead of locally estimated variances improves the coverage prob-
abilities while the estimated parameters are nearly similar. But,
finding a suitable variance function is not always easy in practice.

3.2.3 Choice of variance functions

In this section, different variance functions are applied on the same simulated
data set in order to assess the influence of a misspecified variance function
on the coverage probabilities. We simulated 10000 samples as described in
the previous section. However, the heteroscedasticity is, here, defined with a
quadratic function or an exponential function, respectively, as follows:

# σ2
τi = 0.18ξ2i − 5.4ξi + 41 and σ2

νi = 0.18η2i − 5.4ηi + 41
# σ2

τi = 0.02 e0.3ξi and σ2
νi = 0.02 e0.3ηi
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Figure 3.11: Coverage probabilities (top) of the joint-CI or CB by BLS or GR,
with respect to N (left) or nX = nY (right) with heteroscedasticity and locally
estimated variances or predicted variances and the biais of the slope β (bottom)
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These variance functions are displayed in Figure 3.12. For each simulated data
set, four different variance profiles are, then, applied:

1. none variance profile: the locally estimated variances are not modeled
2. a line where it can be noticed in Figure 3.12 that a line fits approximately

well the exponential but not the parabola (on average, the estimated line
is horizontal when applied to a parabola)

3. a quadratic function (parabola)
4. an exponential function

Therefore, for each data set, two variances profiles are (maybe) not suitable
and one is the true. Figure 3.13 shows the coverage probabilities when the true
variance function is quadratic (top) or exponential (bottom) with respect to N
(nX = nY = 5) (left) or nX = nY (N = 20) (right).

When the true variance function is quadratic (Figure 3.13 - top), better cover-
age probabilities are, evidently, provided when the locally estimated variances
are modeled by a quadratic function. Variance functions such as the exponen-
tial or the line provide similar coverage probabilities for the BLS and slightly
higher to those obtained without modeling the locally estimated variances, ex-
cept when nX = nY increases (Figure 3.13 - top-right). On the other side, GR
provides, curiously, lower coverage probabilities when an exponential function
is applied instead of a quadratic, whatever N or nX = nY .
When the true variance function is exponential (Figure 3.13 - bottom), bet-
ter coverage probabilities are, evidently, provided when the locally estimated
variances are modeled by an exponential function for the BLS. It can also be
noticed that the quadratic and the exponential functions provide very similar
results for the BLS. On the other side, GR provides, curiously, slightly bet-
ter coverage probabilities when a quadratic function is applied instead of an
exponential.

3.2.4 Simulated data set under heteroscedasticity

In order to illustrate the dissimilarities between ellipses or hyperbolic confidence
bands computed with locally estimated variances or predicted variances, a data
set was simulated under equivalence and heteroscedasticity as described in Sec-
tion 3.2.2 with N = 20 and nX = nY = 5. The locally estimated variances are
modeled by OLSv as explained in Section 3.2.2. Figure 3.14 shows the scatter-
plot of the simulated data set with the regression line under heteroscedasticity
(and locally estimated variances) and standard errors of the means. Figure 3.15
shows the confidence ellipses provided by BLS and GR with heteroscedasticity
and the corresponding CB, computed with locally estimated variances or pre-
dicted variances. Note that the confidence ellipses provided by BLS or GR are
very close to each other but the ones computed with predicted variances are
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Figure 3.12: Variance functions applied for the simulations: quadratic or expo-
nential functions, where the dashed lines are the corresponding ’erroneous lines’
when a line is estimating instead of the right function

larger. Indeed, as explained in Section 3.2.2, with locally estimated variances,
the coverage probabilities collapse which leads to too narrow joint-CI (these
dissimilarities are not easy to visualize with the hyperbolic confidence bands).

3.3 Robustness of the joint-CI to outliers

Some papers, in the literature, deal with robust errors-in-variables regressions
[78–80] but not, specifically, with the influence of outliers in method comparison
studies. This section compares the bias, the width of confidence ellipses and
coverage probabilities of the four different methodologies proposed in Section
3.1.2, in the presence of an outlier.

3.3.1 Outlier under homoscedasticity

There are four types of points in a simple regression [81]:

1. the regular observations
2. the vertical outliers: (Xi, Yi) points which are not outlying regarding

the X-axis but whose Yi is outlying conditionally to X (the residual is
outlying)
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Figure 3.13: Coverage probabilities of the joint-CI or CB by BLS or GR, with
respect to N (left) or nX = nY (right) with heteroscedasticity and locally esti-
mated variances (none variance function) or predicted variances with a line,
a quadratic or an exponential function where the true variance function is
quadratic (top) or exponential (bottom)
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Figure 3.14: Simulated data set, scatterplot with the regression line under het-
eroscedasticity (and locally estimated variances) and standard errors of the
means
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3. the good leverage points: (Xi, Yi) points that follow the linear pattern
but whose Xi are outlying regarding the X-axis

4. the bad leverage points: (Xi, Yi) points that do not follow the linear
pattern and whose Xi are outlying from the majority in X-axis

Vertical outliers and good leverage points will be considered in this section.

Vertical outlier

The ellipses previously presented in Section 3.1.2 are centered on the same
point estimator but have different sizes. Moreover, in the presence of outliers,
the dissimilarities between the variance-covariance matrices increase which can
lead to very different ellipses or hyperbolic CB. In this section, the areas of the
ellipses provided by the DR, GR, BLS and Mandel’s procedure are compared
with or without a vertical outlier. We simulated 10000 samples withN = 10, 20,
50 with unreplicated data (nX = nY = 1, λ = λXY = 1 known) as described
in the previous section. For each simulated sample, the variance-covariance
matrix is computed by the 4 methodologies presented in section 3.1.2 and the
two eigenvalues are also computed for each matrix:

λDR1 , λDR2 , λGR1 , λGR2 , λBLS1 , λBLS2 , λMandel
1 , λMandel

2

where, for instance, λDR1 is the larger eigenvalue of the variance-covariance
matrix given by the DR. For each simulated sample and for a given regression
technique, the product of the square roots of the 2 eigenvalues is computed (as
the area of the ellipse is related to this product). Finally, the ratios of these
products are computed relatively to the GR’s regression:

λDR1 λDR2

λGR1 λGR2

,
λBLS1 λBLS2

λGR1 λGR2

and
λMandel
1 λMandel

2

λGR1 λGR2

To ’simulate’ a vertical outlier, each simulated sample is modified by translating
upwardly the first point (the point with the lowest abscissa) with a distance δ
as shown in Figure 3.16. Figure 3.17-left shows the relative areas of the ellipses
of the DR, BLS and Mandel’s regressions in comparison to the GR with respect
to δ from 0 (no outlier) to 10. Figure 3.17-right shows the coverage probabili-
ties of the joint-CI or CB, under equivalence, computed by the 4 methodologies
with (δ > 0) or without (δ = 0) a vertical outlier.

Without an outlier, the areas of the ellipses are similar as the ratios are nearly
equal to 1 (Figure 3.17-left). Moreover, their coverage probabilities were very
similar in Section 3.1.2 and confirmed, here, in Figure 3.17-right for δ = 0.
However, with a vertical outlier, the areas of the ellipses differ increasingly with
δ. When δ = 10 and N = 10, the Mandel’s procedure provides, on average, an
ellipse nearly eight times larger than the GR, the BLS nearly six times larger
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Figure 3.16: Example of a vertical outlier

and the DR nearly five times larger than the GR. Indeed, a vertical outlier
influence the covariance, Sxy, by increasing its value (when the distance from
the outlier to the line increases). The variance-covariance matrix given by the
DR is, then, modified as it is related to Sxy (but it is also related to β̂DR which
is also modified as the line becomes biased with the outlier). The variance-
covariance matrix provided by the BLS is related to the sum of the weighted
residuals and obviously this sum increases when a point moves away from the
line. On the contrary, the variance-covariance matrix provided by the GR is
not related to Sxy or the residuals but it is related to WGR and x̂i which are
not modified by the presence of outliers. This effect of one outlier is obviously
mitigated when N increases. Figure 3.17-right shows the coverage probabilities
under equivalence (N = 20 has been discarded for more clarity) where it can
be noticed that they drop drastically for the GR’s procedure. On the other
side, the coverage probabilities provided by the BLS and Mandel’s procedure
seem to be not affected by the outlier as their joint-CI or CB expand to still
cover the null hypothesis.

Good leverage point

Additionally to the previous section, we propose now to study the effect of a
good leverage point on the different covariance matrices as previously described.
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Figure 3.17: The relative area of ellipses (left) with respect to δ with N = 10,
20, 50 and the corresponding coverage probabilities for N = 10 and 50 (right)

To ’simulate’ a good leverage point, each simulated sample is modified by trans-
lating the last point (the point with the highest abscissa) with a distance δ to
the direction of the linear pattern (the direction of the equivalence line) as
shown in Figure 3.18. Figure 3.19-left shows the relative areas of the ellipses of
the DR, BLS and Mandel’s regressions in comparison to the GR with respect to
δ from 0 (no outlier) to 10. Figure 3.19-right shows the coverage probabilities
of the joint-CI or CB, under equivalence, computed by the 4 methodologies
with (δ > 0) or without (δ = 0) a good leverage point.

The DR provides the smallest confidence ellipse for small sample sizes (N = 10)
whatever δ, so whatever the presence or absence of a good leverage point (Fig-
ure 3.19-left). Otherwise, the ellipses have nearly the same areas as their ratios
are between 0.9 and 1 in comparison to the GR ellipses. This means that the
ellipses are not 1.1 times larger than other ellipses, whatever δ.
The coverage probabilities are very close to each other and to 95% (Figure
3.19-right) whatever δ. But, these coverage probabilities decrease slightly for,
approximately, δ > 5 and reach 93% for δ = 10 (the maximal value of δ in our
simulations) with N = 50. For small sample sizes, i.e. N = 10, the coverage
probabilities seem not to be affected by the outlier.

3.3.2 Outlier under heteroscedasticity

This section considers the presence of a vertical outlier under heteroscedasticity
and its influence on the coverage probabilities and on the bias of the slope.
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Figure 3.19: The relative area of ellipses (left) with respect to δ with N = 10,
20, 50 and the corresponding coverage probabilities for N = 10 and 50 (right)
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Vertical outlier

In this section, the effect of a vertical outlier with model (1.10) is assessed. We
simulated 10000 samples under equivalence with ξi and ηi values as described
in Section 2.3, with N = 10, 20 and 50.

1. The variances are supposed known with σ2
νi = σ2

τi = 1 and nXi = nYi =
1 ∀i. The coverage probabilities of the joint-CI were, then, computed by
BLS and GR regressions under homoscedasticity.

2. The first point, X(1), Y(1), of each simulated sample was moved upwardly
with δ = 10 as described in Section 3.3.1. The variance of the measure-
ment error of this outlier was set then:

- from 0.75 to 4.75 in both axes (σ2
ν(1)

= σ2
τ(1)

from 0.75 to 4.75),
- or one axis (σ2

ν(1)
from 0.75 to 4.75 and σ2

τ(1)
= 4.75 or σ2

τ(1)
from

0.75 to 4.75 and σ2
ν(1)

= 4.75) in order to simulate a precise outlier
or imprecise outlier,

and the coverage probabilities were computed under heteroscedasticity.

Figure 3.20-left shows the coverage probabilities provided by GR and BLS
for N = 10 with or without a vertical outlier. Figure 3.20-right shows the
expectation of the corresponding slopes β̂ (recall that β̂GR = β̂BLS). In Figure
3.20-top, the precision of the outlier varies in both axes while in Figure 3.20-
middle, the precision of the outlier varies only in the X-axis with σ2

ν(1)
= 4.75

constant in the Y-axis, and in Figure 3.20-bottom, the precision of the outlier
varies only in the Y-axis with σ2

τ(1)
= 4.75 constant in the X-axis. Figure 3.21

and Figure 3.22 are similar, for respectively, N = 20 and N = 50.

The coverage probabilities are:

- without an outlier, close to 95% (Figure 3.20-left) as already mentioned in
Section 3.1.5 with known variances.

- with a vertical outlier, nearly constant for BLS and higher than 95% whatever
the outlier is precise in one or both axes. On the other hand, the coverage
probabilities for GR drop drastically: firstly, when the outlier is precise in
both axes (small variances in both axes, Figure 3.20-top left) and secondly,
when the outlier is precise in the X-axis (small values of σ2

τ(1)
, Figure 3.20-

middle left). However, the coverage probabilities for GR seem to be not
influenced by an outlier precise only on the Y-axis (Figure 3.20-bottom left)
by being closer to the nominal level.

- when the precision of the outlier decreases (the variance(s) increase(s)), move
closer to the nominal level for GR as the weight of the outlier decreases.

- when the sample size N increases and with the presence of a vertical outlier,
move closer to the nominal level as the weight of the outlier decreases in
comparison the N (Figures 3.21-3.22).
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Figure 3.20: Coverage probabilities for N = 10 provided by GR and BLS with or
without an outlier (left) and the expectation of the corresponding slopes (right),
when the precision of the outlier varies in both axes (top) or only in X-axis
(middle) or only in Y-axis (bottom)
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Figure 3.21: Coverage probabilities for N = 20 provided by GR and BLS with or
without an outlier (left) and the expectation of the corresponding slopes (right),
when the precision of the outlier varies in both axes (top) or only in X-axis
(middle) or only in Y-axis (bottom)
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Figure 3.22: Coverage probabilities for N = 50 provided by GR and BLS with or
without an outlier (left) and the expectation of the corresponding slopes (right),
when the precision of the outlier varies in both axes (top) or only in X-axis
(middle) or only in Y-axis (bottom)
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The slopes of the regression lines are:

- biased with an outlier (Figure 3.20-right).
- obviously, underestimated with an outlier precise in both axes (small vari-
ances in both axes, Figure 3.20-top right). This bias increases with an outlier
precise only in the X-axis (Figure 3.20-middle right).

- overestimated with an outlier precise in the Y-axis (Figure 3.20-bottom
right).

These biases, of course, decrease when the sample size N increases (Figures
3.21-3.22).

In order to illustrate these findings, we simulated a data set under homoscedas-
ticity and equivalence with N = 10, nX = nY = 1 and known variances as
previously described (σ2

νi = σ2
τi = 1 ∀i). Firstly, the regression line is esti-

mated by BLS and GR under homoscedasticity. Secondly, the first point (the
smallest abscissa), (X(1), Y(1)), was moved upwardly (with δ = 10) as previously
described. The variance of the measurement error of this outlier was set then
to 0.75 in both axes (precise outlier in both axes) or one axis (precise outlier
in one axis, with the variance of the measurement error in the other axis set
to 4.75) and the regression line was estimated under heteroscedasticity by BLS
and GR.
Figure 3.23-left shows the simulated data set (with standard errors) and the es-
timated regression line under homoscedasticity without the outlier (continuous
line). The dashed line is the regression line estimated under heteroscedasticity
by taking into account the outlier (with standard errors in dashed lines):

- with a precise outlier in both axes (Figure 3.23-top left), the estimated line
moves closer to the outlier by underestimating the slope β of the regression
line (as explained in the previous section).

- with an outlier precise in X-axis (Figure 3.23-middle left), the estimated
line moves also closer to the outlier by underestimating β but this observed
bias is lower than the one with a precise outlier in both axes. Nevertheless,
on average, we showed with the simulations that the regression line moves
closer to the outlier by underestimating β much more with an outlier precise
in X-axis rather than an outlier precise in both axes.

- with an outlier precise in Y-axis (Figure 3.23-bottom left), the estimated line
moves closer to the outlier by overestimating β.

Figure 3.23-right shows the confidence ellipses provided by BLS and GR under
heteroscedasticity by taking into account the outlier. The BLS ellipses are
larger than the ones given by GR (we also explained in Section 3.3.1 that BLS
provides larger ellipses with an outlier), firstly with an outlier precise in both
axes, secondly with an outlier precise in X-axis and thirdly with an outlier
precise in Y-axis. Finally, without the outlier, the regression line is estimated
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more precisely and the ellipses are narrower than the ones estimated with an
outlier (and superimposed on the plot).

3.4 Applications

The systolic blood pressure data have already been analyzed under homoscedas-
ticity in Chapter 2. This section proposes to compare in more details the con-
fidence ellipses and the corresponding confidence bands provided by the four
methodologies presented in this chapter: DR, Mandel, BLS and GR proce-
dure. Additionally, the systolic blood pressure data are here analyzed under
heteroscedasticity together with the arsenate ion in natural water data.

3.4.1 The systolic blood pressure (replicated data) under
homoscedasticity

Figure 3.24 displays the scatterplot of the data with standard errors of the
mean (Sτ/

√
nX and Sν/

√
nY ). Figure 3.25-right displays the 95% hyperbolic

confidence bands computed by the four methodologies (Mandel, DR, BLS, GR)
and one can see that the equivalence line (Y = X) is not inside the confidence
bands which means that the manual device and the semi-automatic one are not
equivalent: the null hypothesis is rejected, the estimated line is significantly
different from the equivalence line. The confidence bands provided by Mandel
and BLS are very close to each other (nearly superimposed on the graph) and
close to DR when we move away from X̄ while the GR is the narrowest. In
fact, there are many vertical outliers which leads to ellipses (or CB) with larger
areas for the Mandel, BLS or DR in comparison to GR, as explained in Section
3.3.1. This can also be noticed in Figure 3.25-left where the equivalence point
(β = 1 and α = 0) is outside all the ellipses and the one provided by GR is the
smallest. The minor axes of the GR and DR ellipses are equal and by analogy,
the widths of their hyperbolic CB are equal at (X,Y ). The Mandel and BLS’s
ellipses are nearly 9 times larger than the GR’s ellipse and the DR’s ellipse
nearly 3 times larger than the GR’s ellipse.

3.4.2 The systolic blood pressure (replicated data) under
heteroscedasticity

If we suppose heteroscedasticity in the systolic blood pressure data, the vari-
ances σ2

τi and σ2
νi are unknown but can be estimated with S2

τi and S2
νi from

the replicates for each patient and both devices (nXi = nX = nYi = nY = 3

∀i). The estimates GR and BLS regression lines are: β̂GR = β̂BLS = 0.960 and
α̂GR = α̂BLS = 18.913.
Figure 3.26 displays the scatterplot of the data with local standard errors of the
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Figure 3.24: SBP data, scatterplot with the regression line under homoscedas-
ticity and standard errors of the mean
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Figure 3.26: SBP data, scatterplot with the regression’s lines under het-
eroscedasticity and standard errors of the mean

means. The estimated line is close to the one estimated under homoscedasticity
assumption (the parameters are very close to each other). The 95% hyperbolic
CB provided by the BLS and GR under heteroscedasticity are displayed in Fig-
ure 3.27-right with the ones under homoscedasticity (for comparative purpose).
It can be noticed that the CB are narrower under heteroscedasticity. Actually,
some of the outliers have lower weights and are less taken into account in the
heteroscedasticity analysis which leads to lower variances of the parameters as
explained in Section 3.3.2. Like in the previous section, the equivalence line
(Y = X) is not inside the CB: the equivalence between both devices is rejected.
This is confirmed in Figure 3.27-left where the equivalence point (β = 1 and
α = 0) is outside all the ellipses and the ones provided by the GR are the
narrowest (under homoscedasticity and heteroscedasticity).

3.4.3 Arsenate ion in natural river water under heteroscedas-
ticity

In the arsenate ion in natural river water data [16], 30 pairs of measures are
provided by 2 methods: firstly, a continuous selective reduction and atomic
absorption spectrometry and secondly, a non-selective reduction, cold trapping
and atomic emission spectrometry. The mean measures (Xi, Yi) with their
standard errors of the mean are given and analyzed in the literature [16,17].
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Figure 3.27: SBP data, confidence ellipses provided by BLS and GR with or
without heteroscedasticity (left) and the corresponding CB under heteroscedas-
ticity (right)

Figure 3.28 shows the scatterplot of the data. We can observe that lower
concentrations are frequent while higher concentrations are rarer (logarithmic
scales could be tested). The errors increase with concentration for both devices
(like our simulations in Section 3.1.5). Figure 3.29 shows the scatterplot of
the locally estimated standard errors of the means Xi (Yi) with respect to Xi

(Yi) and their estimated regression OLSv line. We can notice that the OLSv
regression line fits very well the data as the points are very close to it with
R2 = 0.9999872 (R2 = 0.9999874). This means that the predicted variances by
the OLSv technique are very close to the locally estimated variances.
Figure 3.30 shows the confidence ellipses for the parameters (left) and the
corresponding confidence bands (right). The estimated line is close to the
equivalence line (Figure 3.28) and is inside the hyperbolic confidence bands
(Figure 3.30-right) provided by BLS or GR. Obviously, the equivalence point
is inside both ellipses (Figure 3.30-left). Both CB and both ellipses are very
close to each other at the opposite of the systolic blood pressure example. This
is because there is no vertical outlier in this data set.
Ideally, the data should be transformed into logarithm but the detailed data
are not provided in the related papers where they are analyzed without such
transformation [16,17]. We can finally notice, that the ellipses or hyperbolic
CB computed by predicting the variances (the standard errors of the means)
are very close to the ones computed with locally estimated variances, for both
regressions (BLS and GR).
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Figure 3.28: AsO4 data, scatterplot with the regression line under heteroscedas-
ticity and standard errors of the means
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The most known and widely applied approach in method comparison studies
is certainly the one proposed by Bland and Altman which focuses directly on
the differences between the two measurement methods of interest [11–13] (their
main paper have been cited more than ten thousand times [82]). This chapter
reviews the Bland and Altman approach and proposes some improvements.
Then, the (X,Y ) plot and the Bland and Altman approach will be compared.

4.1 Practical equivalence without replicates

Remind that the goal of practical equivalence is to assess whether the differ-
ences observed between two measurement methods, D = Y −X, are clinically
meaningful or not. In practice, an agreement interval where, for instance, 95%
of the future differences are expected to lie, is computed and compared to an
acceptance interval [−∆,∆]. If the agreement interval is included inside the
acceptance interval, the differences are not clinically important and the two
measurement methods are interchangeable in practice. Although the ’agree-
ment intervals’ popularized by Bland and Altman [11] are widely applied in
practice, it will be explained in this chapter that predictive or tolerance inter-
vals are a better alternative.
In this section, we suppose that Xi and Yi correspond each to a single measure
(there is no replicates).

4.1.1 Horizontal agreement interval

Instead of plotting the Y values with respect to theX values, Bland and Altman
propose to plot the differences (on the Y-axis) with respect to the averages (on
the X-axis):

Di = Yi −Xi and Mi =
Xi + Yi

2
(4.1)

We have also:

D =
1

N

N∑
i=1

Di and S2
D =

1

N − 1

N∑
i=1

(
Di −D

)2
, (4.2)

where D and S2
D are the estimators of, respectively, µD and σ2

D.
Bland and Altman propose to compute an agreement interval (AI, or agreement
limits LoA) [11] such that (100−ψ)% of the future differences are expected to
lie into this interval:

AI: D ± z1−ψ/2SD (4.3)

where z1−ψ/2 is the 100(1 − ψ/2)% percentile of the standardized normal dis-
tribution.
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This interval, very easy to compute, is widely applied in the literature. In prac-
tice, the equivalence is not rejected when the acceptance interval is included
inside the agreement interval, in other words, the differences between the two
measurement methods are then not clinically important and both measurement
methods can be interchangeable.
Unfortunately, this interval is computed with the estimated mean difference D
and standard deviation of the differences SD and the uncertainty of SD is not
taken into account (as the normal distribution is applied). To improve their
approach, Bland and Altman propose then to compute a confidence interval on
each limit of the agreement interval [11]. However, the goal of these confidence
intervals is not well-argued in their papers (is it used to take into account the
uncertainty of SD or to test that the acceptance interval is significantly inside
the agreement interval?) and they are less often applied in practice than the
simple agreement interval.
Computing confidence intervals on each limit of an interval may be viewed as
absurd but the agreement interval can be interpreted as a predictive interval.
So, each limit of the agreement interval can be considered as an estimated
quantile: the lower limit of AI is the estimated quantile qψ/2 of the distribu-
tion of the differences Di and the upper limit of AI is the estimated quantile
q1−ψ/2. Therefore, a confidence interval can be computed on each limit of the
agreement interval to assess the uncertainties on the estimated quantiles. In
other words, it is analogous to compute confidence intervals for two quantiles.
The variance of the limits of the AI is given by the approximate following
formula [11]:

V ar(AIunreplicated) = S2
D

(
1

N
+

z21−ψ/2

2(N − 1)

)
(4.4)

The 100(1 − γ)% confidence intervals on the agreement limits were initially
proposed by Bland and Altman [13] by adding or subtracting the quantity√

3S2
D/N to, respectively, the upper or lower agreement limit. However, this

solution was an approximation and they proposed later to compute the 100(1−
γ)% confidence intervals on each limit of the agreement interval by the following
formula [11]:

CI(AI): (AI)± t1−γ/2,N−1SD

√
1

N
+

z21−ψ/2

2(N − 1)
(4.5)

The agreement interval can then be replaced by an interval from the lower
bound of the lower agreement limit to the upper bound of the upper limit.
This interval will be called, in this thesis, the XL-AI.
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4.1.2 Horizontal β-expectation and β−γ content tolerance
intervals

Tolerance intervals are a better alternative than agreement interval. The con-
cept of tolerance interval is not new and some of very well-known statisticians,
like Wald or Wolfowitz [83–85], already published papers in the forties dealing
with tolerance intervals under normal distribution [86] and later with improve-
ments [87] or under other assumptions.

The 100(1 − ψ)% β-expectation tolerance interval (β-TI) is a predictive in-
terval where 100(1 − ψ)% of the future differences will lie on average into
it:

ED,SDs
(
P
(
D − keSDs < D < D + keSDs

))
= 1− ψ

where ke is a constant. The 100(1− ψ)% β-TI is given by [88]:

D ± t1−ψ/2,N−1SD

√
1 +

1

N
(4.6)

This interval is exact whatever N .

The 100(1− ψ)% β − γ content tolerance interval (βγ-TI) is an interval where
at least 100(1−ψ)% of the future differences will lie into it with a 100(1−γ)%
confidence level (the βγ-TI contains at least 100(1 − ψ)% of the future differ-
ences in 100(1− γ)% of cases):

PD,SDs
(
P
(
D − kcSDs < D < D + kcSDs

)
≥ 1− ψ

)
= 1− γ

where kc is a constant. The formula of the 100(1−ψ)% βγ-TI is quite complex
but it can be computed easily by the following formula:

D ± kcSD

where kc is given in tables in literature [88]. However, an approximate formula
for the 100(1− ψ)% βγ-TI is given by [87]:

D ± z1−ψ/2SD

√
1 +

1

N

√
N − 1

χ2
γ,N−1

(4.7)

where the normal distribution, z, is related to the predictive level while the Chi
square distribution, χ2, is related to the desired confidence level.

4.1.3 Comparison and coverage probabilities of the agree-
ment and tolerance intervals

We did not find in the literature a detailed comparison of the agreement in-
tervals (there is no simulations in the papers published by Bland and Altman)
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with the tolerance intervals. In this section, we propose to compare them with
simulations.

First, as explained previously, the agreement interval or predictive intervals
can be interpreted as quantiles estimators. Let’s define the 100(ψ)% quantile
of the differences by qDψ . Then, it is easy to check that the (100 − ψ)% agree-
ment interval moves closer to the quantiles qDψ/2 and qD1−ψ/2 when N → ∞ as
t → z, D → µD and SD → σD. Moreover, the confidence intervals on the
agreement interval collapse on themselves when N →∞.

To sum-up, when the sample size increases, the agreement inter-
val and the tolerance intervals move closer to each other and to the
quantiles qDψ/2 and qD1−ψ/2.

In order to compare the coverage probabilities of these intervals, we run 100000
simulations per value of N (from 5 to 100: 5, 6, 7, 8, 9, 10, 12, 15, 20, 25, 30,
50, 75, 100) under equivalence with ξi values as described in Section 2.5.1 with
σ2
D = σ2

τ = σ2
ν = 0.75 (and therefore λXY = 1) unknown and nX = nY = 1 (ac-

tually, the choice of σ2
τ and σ2

ν does not matter in this Section). Note that the
variances are supposed unknown and the data are not replicated but the vari-
ance σ2

D can still be estimated by S2
D. For each simulated data, the agreement

interval with its confidence intervals and the tolerance intervals are computed.
The predictive level, 1 − ψ, is fixed to 95% and the confidence level for the
confidence intervals on the agreement interval or the βγ-TI is set to 50, 60, 70,
80 or 90%. So, for each simulated data set, 12 intervals are computed:

- 1 agreement interval with 95% predictive level
- 5 XL-AI with 95% predictive level and confidence levels from 50 to 90%
- 1 β tolerance interval with 95% predictive level
- 5 βγ tolerance intervals with 95% predictive level and confidence levels
from 50 to 90%

The coverage probabilities of each interval are computed with the normal dis-
tribution where the mean equals 0 (as the data sets are simulated under equiv-
alence) and the variance equals σ2

τ + σ2
ν = 1.5. The confidence level of the

upper bound of the agreement interval is also assessed by checking how many
times the true quantile qD0.975 of the normal distribution N(0, σ2

D = σ2
τ + σ2

ν)
lies into the confidence interval of the upper bound of the agreement interval
(since the confidence level is assessed on the upper bound, it is unnecessary
to check the coverage probabilities of the lower bound). The confidence levels
of the βγ tolerance interval can be computed in two different but equivalent
ways: by creating a binary variable during the simulation to indicate whether
the proportion covered by the βγ tolerance interval is higher or not the predic-
tive level or by computing the quantile qψ of the computed proportions covered
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by the βγ tolerance interval. We chose the first solution.

Figure 4.1 shows the coverage probabilities of the different intervals. We can
notice that the agreement interval is too narrow, as expected, with coverage
probabilities too low for small sample sizes (Figure 4.1-top) while its coverage
probabilities move closer to the predictive level when N increases.
The coverage probabilities of the β-TI are excellent whatever N (the green
curve is nearly superimposed to the horizontal line representing the predictive
level).
The coverage probabilities of the XL-AI are all higher than the predictive level,
except for small sample sizes with small confidence level, i.e. the lowest red-
dashed curve (the lowest curve is given by the lowest confidence level (50%)
and the highest curve by the highest confidence level (90%)). Moreover, the
coverage probabilities of the XL-AI are, obviously, all higher than those given
by the AI. Indeed, the XL-AI is always larger than the AI since it is expanded
from the AI (by increasing the confidence level). We can notice that the cov-
erage probabilities of the CI on each bound of the agreement interval are close
to their nominal levels (Figure 4.1-middle), except for small sample sizes.
The coverage probabilities of the βγ-TI with 50% confidence level (the lowest
blue curve on Figure 4.1-top) are lower than the predictive level but move closer
to it when N increases. But, its coverage probabilities are close to the nominal
level 50% (4.1-middle). This result is interesting:
it means that the χ2 approximation in formula (4.7) works perfectly well as
in 50% of cases (half of the simulations) the true proportion recovered by the
βγ-TI is higher than 95% (the predictive level defined by z in formula (4.7)).
But, on average, this proportion is lower than 95% (and moves closer to 95%
when N increases). This is because the distribution of a proportion does not
follow a symmetric distribution (especially for small sample sizes and extreme
proportion as 95%). Note also that the βγ-TI with 50% confidence level is
analog, but mathematically not identical, to the β-TI with the same predictive
levels (the median of the simulated proportion is not equal to their average).
We can notice on Figure 4.1-top that the coverage probabilities of the βγ-TI
increase and move away from the nominal level 95% when the confidence level
increases. This is obvious as by increasing the confidence level 1−γ, the βγ-TI
must expand to provide intervals which contain at least 95% of the data in
more and more cases.
Even if the confidence level of the βγ-TI and the confidence level of the CI
computed on each bound of the agreement interval are two different concepts,
we can notice on Figure 4.1-middle that for small sample sizes, the confidence
level of the βγ-TI is slightly lower than the nominal level.
Finally, it can be noticed that all the coverage probabilities move closer to each
other when N increases. Thus, all the intervals (whatever the confidence level
for the CI on the AI or the βγ-TI) move closer to each other and to the true
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quantile of the differences qD0.975 as we can see on Figure 4.1-bottom with the
upper limits of the intervals.

4.2 Practical equivalence with replicates

In Section 4.1, the practical equivalence was assessed by comparing directly the
differences between the two measurement methods as there were no replicates.
In this section, we consider that replicates are available with nXi = nX and
nYi = nY ∀i but the goal is to find an interval where, for instance, 95% of the
future single differences are expected to lie.

4.2.1 Horizontal agreement interval by Bland and Altman

When replicates are available, the Xij and Yik values can be averaged to Xi

and Yi as explained in Chapter 1. The differences Di and averages Mi can
still be computed with formulas (4.1). Therefore, the mean of the differences
and their variance can also still be computed by formulas (4.2). However, the
agreement interval cannot be anymore computed by formula (4.3). Indeed, the
goal of the agreement interval is to find an interval where 100(1 − ψ)% of the
singles future differences between the two measurement methods will lie (and
not an interval where 100(1− ψ)% of the averages future differences will lie).

With unreplicated data, the differences Di are single differences while the dif-
ferences Di are averages differences when the data are replicated. So, with
replicated data, the variance of the differences in Formula (4.2) must be modi-
fied in order to estimate the variance of singles differences instead of averages
differences. The variance of the single differences, σ2

Ds = σ2
τ + σ2

ν , was first
estimated by Bland and Altman [12] (wrongly) by NS2

D and they propose later
a better estimator with the following formula [11] (with our notation):

σ̂2
Ds = S2

D +

(
1− 1

nX

)
S2
τ +

(
1− 1

nY

)
S2
ν (4.8)

Note that this formula is a generalization of the variance estimator in (4.2)
as S2

D = S2
Ds when nX = nY = 1 (unreplicated data). The variance of this

estimator is given by [11]:

Var
(
σ̂2
Ds

)
=

2σ4
D

N − 1
+

2(nX − 1)σ4
τ

n2XN
+

2(nY − 1)σ4
ν

n2YN
(4.9)

The agreement interval is then given by the following formula [11]:

AIreplicated : D ± z1−ψ/2σ̂Ds (4.10)
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Figure 4.1: Coverage probabilities of the agreement interval with or without its
confidence interval and the tolerance intervals. Predictive level = 95% (top)
and confidence level from 50 to 90% (middle), expectation of the upper limits
of the intervals (bottom) with respect to N
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The variance of this agreement interval is given by the approximate following
formula [11]:

V ar(AIreplicated)=̂
σ̂2
Ds

N
+
z21−ψ/2

2σ̂2
Ds

(
S4
D

N − 1
+

(nX − 1)S4
τ

n2XN
+

(nY − 1)S4
ν

n2YN

)
(4.11)

This formula is a generalization of formula (4.4) (both formulas are identical
with unreplicated data).
The 100(1 − γ)% confidence intervals on each limit of this agreement interval
is then computed as follows:

CI(AIreplicated) : (AIreplicated)± z1−γ/2
√
V ar(AIreplicated) (4.12)

Note that, curiously, Bland and Altman use a normal distribution to compute
these confidence intervals while they use the t-distribution with unreplicated
data. Actually, it will be shown with simulations in a further section that the
coverage probabilities of formula 4.12 are too high whatever N . Therefore, if a
t-distribution was applied, these coverage probabilities would be worst (as the
CI would be larger).

4.2.2 Horizontal tolerance interval
Variance of singles differences estimators

We did not find in the literature tolerance intervals with replicates in order
to get an interval for singles measures. We propose in this section to modify
formulae (4.6) and (4.7) to take into account the variance of singles differences
instead of the variance of mean differences.
While Bland and Altman propose to estimate σ2

Ds by σ̂2
Ds (formula (4.8)),

we propose to estimate this variance simply and more easily by the following
estimator:

S2
Ds = S2

τ + S2
ν (4.13)

Under normal and independent measurement errors, we have:

Var
(
S2
Ds

)
=

2σ4
τ

N(nX − 1)
+

2σ4
ν

N(nY − 1)
(4.14)

To simplify the notation, we can also define the following variance:

σ2
κ = σ2

τ/nX + σ2
ν/nY (4.15)

Without proportional bias, it is easy to check that σ2
D = σ2

κ and so the vari-
ance of the differences, σ2

D, can then be estimated by S2
D or by the following

estimator:
S2
κ = S2

τ/nX + S2
ν/nY (4.16)
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Both estimators, S2
D and S2

κ are unbiased.

The properties of estimator σ̂2
Ds (4.8) are not discussed by Bland and Alt-

man but note that both estimators, σ̂2
Ds and S2

Ds, are unbiased. Indeed,
E
(
σ̂2
Ds

)
= E

(
S2
D

)
+
(

1− 1
nX

)
E
(
S2
τ

)
+
(

1− 1
nY

)
E
(
S2
ν

)
= σ2

D +
(

1− 1
nX

)
σ2
τ +

(
1− 1

nY

)
σ2
ν

=
σ2
ν

nY
+

σ2
τ

nX
+
(

1− 1
nX

)
σ2
τ +

(
1− 1

nY

)
σ2
ν

= σ2
τ + σ2

ν

while it is obvious that: E
(
S2
Ds

)
= E

(
S2
τ

)
+ E

(
S2
ν

)
= σ2

τ + σ2
ν .

The variance of estimator σ̂2
Ds (4.8), is lower than the variance of estima-

tor S2
Ds (4.13), except for high number of replicates as shown in Figure 4.2

where Var(S2
Ds)/Var(σ̂

2
Ds) is displayed with respect to nX = nY for N = 10 or

N = 20.
Indeed, we can notice that for N = 10, the variance of S2

Ds is lower than the
variance of σ̂2

Ds for nX = nY ≥ 6 as the curve is lower than 1. For N = 20,
the variance of estimator (4.13) is not lower than the variance of estimator
(4.8) until nX = nY = 10 but they move closer each other when the num-
ber of replicates increases (for N = 20 and nX = nY = 10, the variances of
the estimators are nearly equal such that the ratio between these variances ≈ 1).

Moreover, our estimator S2
Ds is completely robust to points outlying the dis-

tributions of the differences Di. While, the estimator σ̂2
Ds is not robust as it is

computed from the variance of the differences (S2
D).

β-expectation tolerance interval

In order to develop a β-expectation tolerance interval (β-TI), let’s take a look
at the distributions of D and the future single difference DN+1 (without pro-
portional bias). The distribution of D is given by the following expression:

D ∼ N
(
µD,

σ2
D

N
=
σ2
κ

N

)
while the distribution of DN+1, is given by the following expression:

DN+1 ∼ N
(
µD, σ

2
Ds

)
Then, it follows that:

DN+1 −D ∼ N
(

0, σ2
ω = σ2

Ds +
σ2
D

N
= σ2

Ds +
σ2
κ

N

)
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where σ2
ω can be estimated by S2

ω or σ̂2
ω as follows:

S2
ω = S2

Ds + S2
κ/N (4.17)

σ̂2
ω = S2

Ds + S2
D/N (4.18)

Note that:

S2
ω = S2

τ + S2
ν +

S2
τ

nXN
+

S2
ν

nYN
= n′XS

2
τ + n′Y S

2
ν

where

n′X =

(
1 +

1

nXN

)
and n′Y =

(
1 +

1

nYN

)
and

σ̂2
ω = S2

τ + S2
ν + S2

D/N

The distributions and the degrees of freedom of both estimators, S2
ω and σ̂2

ω

can be computed by the well-known Welch-Satterthwaite equation to get an
approximation of the effective degrees of freedom of a linear combination of in-
dependent sample variances. For n sample variances S2

j (j = 1, ..., n), each re-
spectively having rj degrees of freedom, the linear combination Sk =

∑p
j=1 kjS

2
j

follows approximately a Chi square distribution where the degrees of freedom,
r, is given by the following formula:

r ≈

(∑p
j=1 kjS

2
j

)2
∑p
j=1

(kjS2
j )

2

rj

Then, both estimators, S2
ω and σ̂2

ω follow Chi square distributions with, re-
spectively, rS and rσ degrees of freedom given by the following approximate
formulae:

rS ≈
(
n′XS

2
τ + n′Y S

2
ν

)2
(n′XS2

τ)
2

(nX−1)N +
(n′Y S2

ν)
2

(nY −1)N

=
S4
ω

(n′XS2
τ)

2

NX
+

(n′Y S2
ν)

2

NY

(4.19)

rσ ≈
(
S2
τ + S2

ν + S2
D/N

)2
S4
τ

(nX−1)N +
S4
ν

(nY −1)N +
S4
D/N

2

N−1

=
σ̂4
ω

S4
τ

NX
+

S4
ν

NY
+

S4
D/N

2

N−1

(4.20)

where
NX = (nX − 1)N and NY = (nY − 1)N

It follows that:

DN+1 −D
Sω

∼
N
(
0, σ2

ω

)√
χ2
rS
σ2
ω

rS

=
N (0, 1)√

χ2
rS

rS

= trS
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Figure 4.2: Difference between the variances of the estimators (4.8) and (4.13)
with respect to nX = nY for N = 10 and N = 20

and
DN+1 −D

σ̂ω
∼
N
(
0, σ2

ω

)√
χ2
rσ
σ2
ω

rσ

=
N (0, 1)√

χ2
rσ

rσ

= trσ

Therefore, we propose to compute the 100(1 − ψ)% β-expectation tolerance
interval (β-TI) by one of the two following formulae:

D ± t1−ψ/2,rSSω (4.21)

or
D ± t1−ψ/2,rσ σ̂ω (4.22)

βγ-content tolerance interval

Based on the paper of Graybill [89], a βγ-content tolerance interval (βγ-TI)
where the variance, S2

k, is a linear combination of other variances S2
j (j =

1, ..., p), can be computed by the following formula:

D ± z1−ψ/2Sk
√

1 +
1

Ne

√√√√√1 +
1

S2
k

√√√√ p∑
j=1

kjH2
j S

4
j
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where
Hj =

1

Fγ,rj ,∞
− 1

and Ne is the effective sample size.
As rjFγ,rj ,∞ = χ2

γ,rj and based on the theoretical development described for
the β-TI, we propose to compute the 100(1 − ψ)% βγ-TI by one of the two
following formulae:

D ± z1−ψ/2Sω

√
1 +

1

S2
Ds

√
n′XH

2
τS

4
τ + n′YH

2
νS

4
ν (4.23)

or

D ± z1−ψ/2σ̂ω

√
1 +

1

S2
Ds

√
H2
τS

4
τ +H2

νS
4
ν +H2

DS
4
D/N (4.24)

where

Hτ =
NX
χγ,NX

− 1, Hν =
NY
χγ,NY

− 1 and HD =
N − 1

χγ,N−1
− 1

4.2.3 Comparison and coverage probabilities of the agree-
ment and tolerance intervals

In order to assess coverage probabilities of the agreement and tolerance inter-
vals, we run 10000 simulations as described in Section 4.1.3 with σ2

τ = 1.25nX
and σ2

ν = 0.375nY unknown and nX = nY = 2 or nX = nY = 4 or nX = 4,
nY = 2. For each simulated data set, 18 intervals are, then, computed as ex-
plained in Section 4.1.3 where additionally the TI are computed with Sω or
σ̂ω. The coverage probabilities of each interval under the normal distribution
with mean equal to 0 and variance equal to σ2

τ +σ2
ν = 1.625 are then computed.

Figure 4.3 shows the coverage probabilities of the different agreement inter-
vals with two replicates per sample and measurement method, where it can be
noticed that:

- the agreement interval is too narrow, as expected, with coverage probabilities
too low for small sample sizes (Figure 4.3-top), while its coverage probabilities
move closer to the predictive level when N increases.

- the coverage probabilities of the XL-AI are all higher than the predictive
level, even for small sample sizes (they are higher than those obtained with
unreplicated data). As already mentioned in Section 4.1.3, the coverage
probabilities of the XL-AI are, obviously, all higher than those given by the
AI. But, the coverage probabilities of the CI on each bound of the agreement
interval are, here, not anymore close to their nominal levels (Figure 4.3-
bottom), as they are all higher than their nominal level.
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Figure 4.4 and 4.5 are analogous with, respectively, nX = nY = 4 or nX = 4
and nY = 2. When the variance σ2

Ds is estimated more precisely by increasing
N or the number of replicates:

- the coverage probabilities of the agreement interval move closer to the pre-
dictive level

- the coverage probabilities of the CI on the bounds of the agreement interval
move away to their nominal level

To sum-up, the coverage probabilities of the agreement interval is improved by
increasing N or/and the number of replicates but unfortunalety, by increasing
nX or nY , the coverage probabilities of the CI of the agreement intervals are
too wide.

Figures 4.6, 4.7 and 4.8 display the coverage probabilities of the tolerance in-
tervals for, respectively, nX = nY = 2, nX = nY = 4 and nX = 4, nY = 2:

- the β-TI provide excellent coverage probabilities whatever N and nX or nY
and the two green curves for Sω or σ̂ω are superimposed on the charts (the
coverage probabilities are different but very similar)

- the coverage probabilities of the βγ-TI with 50% confidence level (the low-
est blue curve on Figures 4.6-top, 4.7-top and 4.8-top) are lower than the
predictive level but move closer to it when N increases

- the coverage probabilities of the βγ-TI increase and move away from the
nominal level 95% when the confidence level increases as already mentioned
in Section 4.1.3

- the coverage probabilities of the confidence level of the βγ-TI are excellent ex-
cept for small sample sizes where the βγ-TI obtained with Sω are better than
those obtained with σ̂ω (Figures 4.6-bottom, 4.7-bottom and 4.8-bottom).

4.3 How to regress in a Bland and Altman plot?
In Sections 4.1 and 4.2, the different intervals are horizontal lines around the
mean difference but these intervals are restrictive as they assume that there is no
proportional bias between the two measurement methods. In order to get better
intervals, a regression line must be estimated and the intervals computed around
the regression line. This section compares different regression techniques to
directly estimate a regression line in a Bland and Altman coordinate system
(M,D) under homoscedasticity. The bias and coverage probabilities of some
errors-in-variables regressions presented in Chapter 2 will be analyzed in a
(M,D) space. Additionally, we will show how to regress adequately in a (M,D)
space with the Mandel procedure and we will modify the formulae of the BLS
regression in order to get a regression line consistent in a (M,D) space. These
modifications are, according to our knowledge, novel.
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Figure 4.3: Coverage probabilities of the agreement interval with or without its
confidence interval. Predictive level = 95% (top) and confidence level from 50
to 90% (bottom), nX = nY = 2 with respect to N
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Figure 4.4: Coverage probabilities of the agreement interval with or without its
confidence interval. Predictive level = 95% (top) and confidence level from 50
to 90% (bottom), nX = nY = 4 with respect to N
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Figure 4.5: Coverage probabilities of the agreement interval with or without its
confidence interval. Predictive level = 95% (top) and confidence level from 50
to 90% (bottom), nX = 4, nY = 2 with respect to N
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Figure 4.6: Coverage probabilities of the tolerance intervals. Predictive level
= 95% (top) and confidence level from 50 to 90% (bottom), nX = nY = 2 with
respect to N
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Figure 4.7: Coverage probabilities of the tolerance intervals. Predictive level
= 95% (top) and confidence level from 50 to 90% (bottom), nX = nY = 4 with
respect to N
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Figure 4.8: Coverage probabilities of the tolerance intervals. Predictive level
= 95% (top) and confidence level from 50 to 90% (bottom), nX = 4, nY = 2
with respect to N
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4.3.1 Bland and Altman model versus (X, Y ) model

Remind that the model in a (X,Y ) plot is given by the following formulae:

Xij = ξi + τij , Yik = ηi + νik (4.25)

or with the means of the repeated measures:

Xi = ξi + τi, Yi = ηi + νi (4.26)

The literature about Bland and Altman approach does not present any clear
model for the data represented in a (M,D) space. We propose here a model
which takes into account the specificities of the (M,D) coordinate system,
according to the formulae and notations given in Chapter 1. The formulae are,
according to our knowledge, novel.
In a Bland and Altman plot, we have:

Di = Yi −Xi = ηi − ξi + νi − τi, Mi =
Xi + Yi

2
=
ξi + ηi

2
+
τi + νi

2
(4.27)

In further sections, the following notations will be used:

D =
1

N

N∑
i=1

Di and M =
1

N

N∑
i=1

Mi,

Smm =

N∑
i=1

(Mi −M)2, Sdd =

N∑
i=1

(Di −D)2 and Smd =

N∑
i=1

(Mi −M)(Di −D).

In a (X,Y ) plot, the ratio between the two error variances in both axes was
defined as λXY (2.8), while in a (M,D) plot, this ratio becomes:

λBA =
σ2
τ/nX + σ2

ν/nY
(σ2
τ/nX + σ2

ν/nY ) /4
=

σ2
κ

σ2
κ/4

= 4 (4.28)

This result can be surprising as this ratio is an important parameter in a (X,Y )
plot, sometimes unknown, while it is simply equal to 4 in a (M,D) space.
But, this result is actually, obvious, since it is well known that Var(X ± Y ) =
Var(X) + Var(Y ) and Var(aX) = a2Var(X).

So, in a (X,Y ) plot, the ratio of the two error variances, λXY , can
vary from 0 to ∞ and it is known when the variances σ2

τ and σ2
ν are

known, otherwise it is unknown. In a (M,D) plot, the ratio between
the two error variances on both axes, λBA is always known and equal
to 4.
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Unfortunately, while the measurement errors on both axes are uncorrelated
in a (X,Y ) plot (the measurement errors are independent (1.3): ρXY = 0), the
measurement errors on both axes in a (M,D) plot can be correlated. Indeed,
it is easy to check that:

ρBA

(
τi + νi

2
, νi − τi

)
=
λXY − 1

λXY + 1
(4.29)

where ρBA is the correlation between the measurement errors on both axes
for a given sample in a (M,D) space. Figure 4.9 shows the correlation ρBA
with respect to λXY . We can notice in Figure 4.9 or in formula (4.29) that
the measurement errors in a (M,D) plot are uncorrelated when λXY = 1 (i.e.
σ2
τ/nX = σ2

ν/nY ). Otherwise, these measurement errors are correlated, as
defined in (4.29), positively for λXY > 1 and negatively for λXY < 1 (the op-
posite would have been observed if we had defined the differences Di inversely
like Di = Xi − Yi). Note that the correlation ρBA, is not insignificant in prac-
tice as, for instance, ρBA = 0.5 for λXY = 3 (a measurement method three
times more precise than the other, with nX = nY ).
Figure 4.10 shows three examples of measurement errors where the (true) 95%
ellipses are displayed in a (X,Y ) plot on the left and in a (M,D) plot on the
right. We can notice that whatever the value of λXY , the axes of the ellipses
are parallel to the X and Y-axes in a (X,Y ) plot as ρXY = 0. In a (M,D) plot,
the ratio of the lengths between the axes of the ellipses is constant as λBA = 4
but the ellipses can be tilted on the right or on the left as ρBA 6= 0 for λXY 6= 1.

While the true but unobservable measures, ξi and ηi, are linked by the lin-
ear regression ηi = αXY + βXY ξi in a (X,Y ) plot, we have in a (M,D) plot:

ηi − ξi = αBA + βBA (ξi + ηi) /2 (4.30)

and while the regression is applied in a (X,Y ) plot with the model (under
homoscedasticity) Yi = αXY + βXYXi + εXYi , the model in a (M,D) plot
becomes:

Di = αBA + βBAMi + εBAi (4.31)

where αBA, the intercept and βBA, the slope are estimated respectively by α̂BA
and β̂BA.
The two regression models are actually equivalent and the relationships between
the parameters are given by the following formulae:

αBA =
2αXY

1 + βXY
and βBA =

2βXY − 2

1 + βXY
(4.32)

or inversely:

αXY =
2αBA

2− βBA
and βXY =

βBA + 2

2− βBA
(4.33)
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Figure 4.9: The correlation between the measurement errors in a (M,D) plot,
ρBA, with respect to λXY

So, the equivalence test based on the hypotheses Hα
0 : αXY = 0 and Hβ

0 :

βXY = 1 in a (X,Y ) plot becomes Hα
0 : αBA = 0 and Hβ

0 : βBA = 0 in a
(M,D) plot.
The comparison of both models, (X,Y ) plot or (M,D) plot is summarized in
Table 4.1.

4.3.2 Classical regressions

Bland and Altman propose simply to estimate a regression line in a (M,D) plot
by the OLSv technique [11]. Ludbrook [48,82,90,91] proposes also the OLSv
technique (or the MR in a (X,Y ) plot or a weighted MR). Carstensen [92]
proposes also an OLSv approach by converting the estimated line in a (X,Y )
to (M,D) plot and vice-versa. We did not find in the literature papers dealing
with other regressions than OLSv in a (M,D) plot (except the weighted OLSv
technique).

We explained in Chapter 2 that DR and BLS regressions are consistent in
order to estimate model (1.11). The easiest solution to estimate a regression
line in a (M,D) space is then probably to convert the DR and BLS estimates
computed in the (X,Y ) plot, α̂XYDR = α̂XYBLS and β̂XYDR = β̂XYBLS , to the corre-
sponding estimates in the (M,D) plot by using the conversion formulae (4.32).
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Figure 4.10: Three examples of measurement errors in a (X,Y ) plot (left) and
the corresponding measurement errors in a (M,D) plot (right)

(X,Y ) (M,D)

Errors Both axes Both axes

Ratio Variances Errors λXY ∈ [0,∞] λBA = 4

known or unknown

Correlation
ρXY = 0

ρBA ∈ [−1, 1]

between errors known or unknown

Proportional bias HβXY

0 : βXY = 1 HβBA

0 : βBA = 0

Constant bias HαXY

0 : αXY = 0 HαBA

0 : αBA = 0

Bias H0 : θXY = (0, 1)′ H0 : θBA = (0, 0)′

Table 4.1: Comparison of (X,Y ) and (M,D) models
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However, the existing Bland and Altman literature does not use this approach.
This section proposes to compare different regression techniques to estimate
the regression line directly in the (M,D) space.

Figure 4.11-left shows the different regression techniques given in Chapter 2
in a (X,Y ) plot and in a (M,D) plot in Figure 4.11-right, under equivalence.
Actually, the OLSh is the worst regression in a (M,D) plot. Indeed, without
proportional bias, the slope is equal to zero: βBA = 0 and the OLSh slope
is then equal to infinity: βBAOLSh = ∞ as it minimizes the horizontal distances
between the points to the line which is horizontal in that case (the distances be-
tween the points and the line are, then, equal to infinity). Without proportional
bias, the expectation of OLSh slope estimator, is then undefined (and follow a
Cauchy distribution). Note that without proportional bias, the variables D and
M are independent and βBA = 0. The OLSh will not be considered anymore
in order to estimate a regression line in a (M,D) plot.
As explained in Chapter 2, the slope given by MR is the geometric mean of
the two OLS slopes. As the OLSh is the worst regression in a (M,D) plot, it
can be expected that the MR is not suitable to estimate a regression line in a
(M,D) plot. Moreover, we can notice in Figure 4.11-right that the areas of the
MR rectangles are equal to infinity without proportional bias. The MR will
not be considered anymore in order to estimate a regression line in a (M,D)
plot.
Without proportional bias, the OR and OLSv should provide similar param-
eters estimates as the orthogonal distances from the points to the line are
vertical.
The DR and BLS regressions can still be considered, replacing λXY by λBA = 4
and note that the oblique direction given by −λBA/β̂ is, then, here equal to
infinity and therefore, DR (and BLS) should also provide similar parameters
estimates than OR and OLSv.

4.3.3 Correlated-errors-in-variables regressions

As explained in Section 4.3.1, the errors in both axes in a (M,D) are correlated
(for λXY 6= 1). This correlation, ρBA must be taken into account in order to
estimate a regression line in a (M,D) plot. Indeed, ignoring the correlation in
the errors (in a given point) in a regression can affect the regression estimates
and predictions as shown in Schaalje and Butts (in the framework of the Dem-
ing regression in a (X,Y ) plot where they add a correlation) [93].

In order to estimate a regression line in a (M,D) plot, we propose two correlated-
errors-in-variables regression (CEIV) based on two existing regressions modified
to get a suitable and consistent estimated regression line in a (M,D) coordinate
system by taking into account its assumptions. These formulae are, according
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Figure 4.11: The different regressions in a (X,Y ) plot (left) or (M,D) plot
(right)

to our knowledge, novel.

CEIV regression based on Mandel procedure

In order to estimate a regression line in a (M,D) space, we propose a CEIV
regression based on the Mandel procedure [56] described in Chapters 2 and
3. Remind that the Mandel procedure was proposed in the context of inter-
laboratories studies and can take into account the errors and their correla-
tion on both axes. This procedure consists in transforming the (Xi, Yi) data
into (Ui, Vi) data, or in the Bland and Altman context: (Mi, Di) data into
(Ui = Mi + kDi, Vi = Di − β̂MandelMi) data.
The parameters are given by the following formulae:

β̂BAMandel =
Smd + kSdd
Smm + kSmd

and α̂BAMandel = D − β̂MandelM

with

k =
β̂BAMandel − ρ

√
λ

λ− β̂BAMandelρ
√
λ

where λ can be replaced by λBA = 4 and ρ by ρBA:

k =
β̂BAMandel − 2ρBA

4− 2β̂BAMandelρBA
(4.34)

After some algebraic manipulations, the parameters β̂BACEIV = β̂BAMandel and
α̂BACEIV = α̂BAMandel are then given by:
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β̂BACEIV

=
Sdd − 4Smm +

√
(Sdd − 4Smm)2 − 4(Smd − 2ρBASmm)(2ρBASdd − 4Smd)

2(Smd − 2ρBASmm)

and α̂BACEIV = D − β̂BACEIVM (4.35)

In practice, if λXY is unknown, ρBA is therefore also unknown as σ2
τ or/and σ2

ν

is/are unknown, they can be estimated from replicated data and replaced by
S2
τ or/and S2

ν . The estimator of ρBA is given by ρ̂BA.

The CI for αBA, βBA and θBA can then be computed by formulae given in
Section 3.1.2 where k can be replaced by formula (4.34) and the X and Y
variables by, respectively M and D (the CI for βBA can be computed by a
t-distribution like the CI for αBA). The confidence bands can be derived as
explained in Chapter 3.
The null hypothesisHCEIV

0 : θBA = (0, 0)′ becomesHUV−BA−CEIV
0 : θUV−BA =

(0,−β̂BACEIV )′ in the (U, V ) axis. Remind that the Mandel procedure is also ap-
plied to compute the joint-CI for OR, and the null hypothesis HOR

0 : θBA =

(0, 0)′ becomes HUV−BA−OR
0 : θUV−BA = (0,−β̂BAOR)′ in the (U, V ) axis.

CEIV regression based on BLS procedure

In order to estimate a regression line in a (M,D) plot, we propose in this sec-
tion a CEIV regression based on the BLS regression described in Chapters 2
and 3. The BLS formulae (2.11) presented in Chapters 2 and 3 do not contain
a term related to the correlation between the errors. Actually, the original
papers dealing with the BLS regression present its full formulae with a term
related to the covariance between the errors in both axes but this term is always
set to zero to simplify the notations and to fulfill the assumptions (1.3) of a
(X,Y ) plot. Moreover, there is a confusion in the literature as this covariance
term is, erroneously, written as cov(Xi, Yi) [58] while this covariance term is
related to the errors. We propose in this section to write properly the BLS
formulae according to the Bland and Altman model and its assumptions under
homoscedasticity.

The covariance between the errors is given by the following formula:

ιBA = Cov

(
τi + νi

2
, νi − τi

)
= ρBA

√(
σ2
κ

4

)√
(σ2
κ) = ρBA

σ2
κ

2
(4.36)
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CBLS (Correlated-BLS) minimizes the criterion CCBLS : the sum of weighted
residuals:

CCBLS =
1

WCBLS

N∑
i=1

(Di − α̂BA − β̂BAMi)
2 = (N − 2)S2

CBLS

with
WCBLS = σ2

ε = σ2
κ + β̂2BAσ2

κ/4− 2β̂BAιBA

The CBLS regression is, then, given by the following formulae:

b =

(
α̂BACBLS
β̂BACBLS

)
= R−1g (4.37)

where

R =
1

WCBLS

(
N

∑N
i=1Mi∑N

i=1Mi

∑N
i=1M

2
i

)
and

g =
1

WCBLS

( ∑N
i=1Di∑N

i=1

(
MiDi +

(
β̂BACBLSσ

2
κ − ι

)
(Di−α̂BACBLS−β̂

BA
CBLSMi)

2

WCBLS

))

If σ2
κ is unknown, it can be estimated with replicated data (with S2

τ and S2
ν).

The CI for αBACBLS , β
BA
CBLS and θBACBLS can then be computed as explained

in Chapters 2 and 3: the variance-covariance matrix of the parameters is com-
puted by V̂ (b) = S2

CBLSR
−1 and the separated confidence intervals computed,

by default, with a t distribution. The confidence bands can be derived as
explained in Chapter 3.

Relationships between the two CEIV and EIV regressions

Firstly, it can be proved that both CEIV regressions (based on the Mandel
or BLS procedures) previously described are mathematically equivalent to es-
timate the regression line but the variances of the parameters are computed
differently:

β̂BACEIV = β̂BACBLS and α̂BACEIV = α̂BACBLS

Secondly, by using the conversion formulae (4.32), it can be proved that es-
timating the regression line directly in a (X,Y ) plot by β̂XYDR = β̂XYBLS and
α̂XYDR = α̂XYBLS is mathematically equivalent to estimating the regression line
directly in a (M,D) plot by β̂BACEIV = β̂BACBLS and α̂BACEIV = α̂BACBLS :

β̂XYDR = β̂XYBLS ≡ β̂BACEIV = β̂BACBLS and α̂XYDR = α̂XYBLS ≡ α̂BACEIV = α̂BACBLS
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While λXY is the ’key’ parameter in a (X,Y ), ρBA is the ’key’ param-
eter in a (M,D) space.
As DR and BLS regressions are consistent in a (X,Y ) plot (under homoscedas-
ticity), the two CEIV regressions proposed in this section are, then, also con-
sistent in a (M,D) plot.
However, as the separated or joint confidence intervals are computed approxi-
mately in each coordinate system, a confidence interval computed in a (X,Y )
plot is not exactly equivalent to the corresponding one computed in a (M,D)
space and vice-versa.
Figure 4.12 shows the relationships between the CEIV and EIV regressions.
Our formula (4.37) which comes from BLS regression, takes into account a
constant correlation but it can be generalized to a CEIV regression where the
correlation can change from point to point. On the contrary, the Mandel proce-
dure cannot be generalized. That’s why, we consider in Figure 4.12 that CBLS
includes the Mandel regression.
Such regression where the correlation is not constant must be applied to esti-
mate a regression line in a (M,D) plot under heteroscedasticity. Such regression
exists in the literature (and the BLS formulae could also be modified to deal
with such model structure) but we think that it is easier to estimate the re-
gression line in a (X,Y ) plot under heteroscedasticity as explained in Chapter
3 and to convert it into the (X,Y ) plot with the conversion formulae (4.32).
Finally, for a given coordinate system, the CEIV regressions (based on Mandel
or BLS procedures) includes the EIV regressions when there is no correlation
between the errors as illustrated in Figure 4.12.

The exact CI for the slope in CEIV regression

In order to assess whether there is a proportional bias or not between the two
measurement methods, we think that the easiest solution consists to compute
the exact confidence interval for the slope with the Deming regression in (X,Y )
plot (as described in Chapter 2) since both models, (X,Y ) plot and (M,D)

space, are equivalent. If the null hypothesis Hβ
0 : βXY = 1 is not rejected, it

does not mean that there is no proportional bias but horizontal intervals can
be computed by simplicity in a (M,D) space.
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Figure 4.12: Relationships between correlated-errors-in-variables regressions
and errors-in-variables regressions

4.4 Comparison of bias estimators under equiv-
alence

4.4.1 Comparison of the OLSv estimators in a (X, Y ) plot
or (M,D) space

As already mentioned in Section 4.3.2, Bland and Altman propose to estimate
the regression line in a (M,D) plot by the OLSv technique. Unfortunately, as
explained in Section 4.3.3, to get a suitable regression line in a (M,D) plot, the
errors in both axes must be taken into account together with their correlation.
OLSv estimators are then obviously biased in a (M,D) plot. In order to assess
and compare the OLSv biases in the two coordinate systems, each data set
simulated in Section 2.3 in a (X,Y ) plot were moved into a (M,D) space and
then the OLSv technique were applied. The OLSv regression line computed
in the (M,D) space is, then, moved back into the (X,Y ) plot with the con-
version formulae. Figure 4.13 is identical to Figure 2.2 but the means of the
computed values of α̂BAOLSv and β̂

BA
OLSv converted into the (X,Y ) plot, are added.

We can notice in Figure 4.13 (where nX = nY = 1) that the OLSv estimates
computed in a (M,D) space are obviously biased, except for λXY = 1. More-
over, when the OLSv estimates in a (M,D) plot are moved back into a (X,Y )
plot, it can be observed that the obtained biases (magenta curves) are between
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those of the MR and OR (the magenta curves are between the blue curves
(OR) and the dashed-blue curves (MR)). This is still valid with replicated data
(charts not given).
To sum-up, the OLSv applied in a (M,D) space, as proposed by Bland and
Altman, provides biased estimates (between MR and OR) and, by comparison,
MR provides slightly better estimates in a (X,Y ) plot.

4.4.2 Bias estimators in a (M,D) space with classical and
CEIV regressions

In order to compare the estimators α̂BA and β̂BA given by three classical re-
gressions (OLSv, OR, DR with λXY = 4) and two equivalent correlated-errors-
in-variables regressions (Mandel and Correlated-BLS), each data set simulated
in Section 2.3 in a (X,Y ) plot were moved into a (M,D) space and then the
different regression techniques were applied.
For each converted data set, α̂BA and β̂BA were computed for the five regres-
sions (three classical and two CEIV regressions). Thereafter, the mean of the
100000 values of α̂BA and β̂BA were computed per value λXY and regression
techniques and displayed in Figure 4.14 (which is then analogous to Figure 2.2
in Chapter 2) with respect to λXY or equivalently with respect to ρBA. For the
replicated data, the results are displayed in Figure 4.15 (analogous to Figure 2.3
for nX = nY = 2), in Figure 4.16 (analogous to Figure 2.4 for nX = nY = 3)
and in Figure 4.17 (analogous to Figure 2.5 for nX = 4, nY = 2).
Dotted-lines correspond to the true parameters (βBA = 0 or αBA = 0), λXY=1
or equivalently ρBA = 0.

We can observe on Figure 4.14 that the biases of the classical regressions (OLSv,
OR and DR with λXY = 4) are very similar (the curves are nearly superim-
posed on the chart) but OLSv is slightly less biased. Actually, as explained in
Section 4.3.2, the minimization criteria of the classical regressions OLSv, OR
and DR are similar without proportional bias in a (M,D) space. These clas-
sical regressions provide unbiased estimates for λXY = 1, otherwise the biases
increase when λXY moves away from 1. Actually, when λXY = 1, the measure-
ment errors are uncorrelated as ρBA = 0 but for λXY 6= 1, the measurements
errors are correlated according to formula (4.29). Ignoring this correlation,
leads, then, to biased estimated parameters.
Both correlated-errors-in-variables regressions, Mandel and Correlated-BLS re-
gressions, are identical and asymptotically not biased (their estimators are con-
sistent) whatever λXY , so whatever the correlation ρBA (the orange lines move
closer to the theoretical lines when N increases) but the biases are lower when
λXY moves closer to 1, so when ρBA moves closer to 0.
In the case of replicated data (Figure 4.15, Figure 4.16 and 4.17), all these
findings are still valid: the shapes of the lines and their respective positions are
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identical but the value of λXY or ρBA must be adapted.

4.5 Comparison of the coverage probabilities of
the different CI under equivalence

In order to compare the separated and joint confidence intervals for αBA and
βBA provided by the different regressions (OLS, OR, DR with λXY = 4, Man-
del and correlated-BLS), each data set simulated in Section 2.5.1 in a (X,Y )
plot were moved into a (M,D) space and then the different regression tech-
niques were applied. The coverage probabilities were computed (at a nominal
level = 95%) per value of λXY and displayed in Figure 4.18 for nX = nY = 1
(which is then analogous to Figure 2.8 in Chapter 2).
The coverage probabilities obtained by replicated data (with λXY unknown)
are displayed in Figure 4.19 (analogous to Figure 2.9) for nX = nY = 2, Figure
4.20 (analogous to Figure 2.10) for nX = nY = 4 and Figure 4.21 (analogous
to Figure 2.11) for nX = 4, nY = 2.

We can notice in Figure 4.18 that the coverage’s probabilities (for αBA, βBA
and their confidence region) collapse drastically when λXY moves away from
1, or equivalently when ρBA moves away from 0, and when the sample size,
N , increases, for the classical regressions (OLSv, OR, DR with λXY = 4).
On the contrary, the coverage probabilities are slightly lower but close to the
nominal level for the two correlated-errors-in-variables regressions (Mandel and
Correlated-BLS) whatever λXY , or equivalently whatever ρBA, and their cov-
erage probabilities are very close to each other. With replicated data, all these
findings are still valid but the value of λXY must be adapted.

4.6 Applications
The systolic blood pressure data have already been analyzed under homoscedas-
ticity in Chapter 2 and under heteroscedasticity in Chapter 3. This section
proposes to analyze this data set under homoscedasticity in a (M,D) space
and to compare the results given by both models, the (X,Y ) plot and (M,D)
space.

4.6.1 Systolic blood pressure (replicated data) under ho-
moscedasticity

Horizontal intervals

The systolic blood pressure data has been analyzed in a (X,Y ) plot in Section
2.7.1 where the hypothesis Hβ

0 , no proportional bias, was not rejected. We
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Figure 4.14: Bias of the slope βBA (left) and intercept αBA (right) with respect
to λXY or ρBA, for N=10 (top), N=20 (middle) and N=50 (bottom), nX =
nY = 1, see also by analogy Figure 2.2
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Figure 4.15: Bias of the slope βBA (left) and intercept αBA (right) with respect
to λXY or ρBA, for N=10 (top), N=20 (middle) and N=50 (bottom), nX =
nY = 2, see also by analogy Figure 2.3
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Figure 4.16: Bias of the slope βBA (left) and intercept αBA (right) with respect
to λXY or ρBA, for N=10 (top), N=20 (middle) and N=50 (bottom), nX =
nY = 3, see also by analogy Figure 2.4
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Figure 4.17: Bias of the slope βBA (left) and intercept αBA (right) with respect
to λXY or ρBA, for N=10 (top), N=20 (middle) and N=50 (bottom), nX =
4, nY = 2, see also by analogy Figure 2.5
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Figure 4.18: Coverage probabilities of the CI for β (left), α (middle) and the
joint-CI (right) with respect to λXY or ρBA in a logarithmic scale, for N=10
(top), N=20 (middle) and N=50 (bottom), nX = nY = 1, see also by analogy
Figure 2.8
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Figure 4.19: Coverage probabilities of the CI for β (left), α (middle) and the
joint-CI (right) with respect to λXY or ρBA in a logarithmic scale, for N=10
(top), N=20 (middle) and N=50 (bottom), nX = nY = 2, see also by analogy
Figure 2.9
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Figure 4.20: Coverage probabilities of the CI for β (left), α (middle) and the
joint-CI (right) with respect to λXY or ρBA in a logarithmic scale, for N=10
(top), N=20 (middle) and N=50 (bottom), nX = nY = 4, see also by analogy
Figure 2.10
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Figure 4.21: Coverage probabilities of the CI for β (left), α (middle) and the
joint-CI (right) with respect to λXY or ρBA in a logarithmic scale, for N=10
(top), N=20 (middle) and N=50 (bottom), nX = 4, nY = 2, see also by analogy
Figure 2.11
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propose then to compute the horizontal agreement and tolerance intervals in
a (M,D) plot. These intervals are displayed in Figure 4.22. We suppose that
differences up to 10 mmHg are not meaningful in a clinical point of view, and
then, the acceptance interval is: [−10, 10]. The predictive level is set to 95%:
1− ψ = 0.95 and the confidence level to 80%: 1− γ = 0.80.
According to formulae given in the previous sections, we have:
D = 15.620, S2

D = 358.493, σ̂2
Ds = 438.859 and S2

Ds = 120.549.
We can notice that the estimates σ̂2

Ds and S2
Ds are greatly different. Actually,

as explained in Chapter 2, there are many outliers in SBP data set, and these
outliers increase the variance of the differences, and so increase the value of S2

D

and by the way leads to an overestimated value of σ2
Ds provided by the estima-

tor σ̂2
Ds. In contrast, the estimator S2

Ds is not influenced by such outliers as its
formula does not depend of S2

D.
The agreement limits are: [−25.440, 56.679] and the XL-AI: [−29.871, 61.110],
the β tolerance interval is: [−6.030, 37.269] with Sω and [−6.357, 37.596] with
σ̂ω, the βγ tolerance interval is: [−6.757, 37.996] with Sω and [−7.248, 38.488]
with σ̂ω.

We can notice in Figure 4.22 that the agreement intervals (and the XL-AI)
are much larger than the tolerance intervals. Indeed, as explained in the pre-
vious paragraph, σ2

Ds is overestimated by σ̂2
Ds because of the outliers while S2

ω

is not influenced by such outliers and σ̂2
ω is less influenced by outliers than σ̂2

Ds

as S2
D is divided by N in the formula of σ̂2

ω. The tolerance intervals are close
to each other when computing with Sω or σ̂ω. As the sample size is large, the
β-TI and βγ-TI (with 80% confidence level) are close to each other.
Finally, it can be noticed that none of these intervals are inside the acceptance
interval. This means that it can be expected that the future single differences
between the measurement methods can be higher than 10 mmHg in absolute
values. So, the measurement methods are not interchangeable.

Regression analysis

As explained in Section 2.7.1, in the SBP data, λ (=λXY as nX = nY ) is es-
timated by λ̂ = 2.223 and therefore the correlation between the measurement
errors in a (M,D) space is estimated by ρ̂BA = 0.380.
For the different regression’s lines in the (M,D) space, the estimated coeffi-
cients are: β̂OLSv = 0.036 and α̂OLSv = 10.809, β̂OR = 0.059 and α̂OR = 7.590,
β̂DR = 0.040 and α̂DR = 10.272 with λ=4, β̂Mandel = β̂CBLS = −0.045 and
α̂Mandel = α̂CBLS = 21.708

The different regression’s lines are displayed in Figure 4.23-top left with the
equivalence line D = 0. We can observe that the OLSv and DR with λ=4 are
very close to each other (superimposed in the chart) while the OR is also close
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Figure 4.22: SBP data (nX = nY = 3) in a (M,D) space with horizontal agree-
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to the OLSv and DR. The two black lines are the ’extremes’ or ’outside’ lines
and correspond to the correlated-errors-in-variables regressions with λBA = 4
and ρ = 1 or ρ = −1. It is easy to check that these two lines are the analogous
of the two OLS lines in the (X,Y ) plot:

θ̂XYOLSv ≡ θ̂BACEIV with ρ = 1

θ̂XYOLSh ≡ θ̂BACEIV with ρ = −1

The Mandel and the correlated-BLS regressions confounded (under homoscedas-
ticity) are, obviously, inside the two extreme lines and are the best estimated
lines because the measurement errors in both axes with their correlation are
taken into account the best.

By analogy to Figure 2.14, Figure 4.23 shows the full information about the
separated or joint confidence intervals for α and β whatever ρBA. In Figure
4.23-top right, we can observe that the CI given by Mandel or correlated-BLS
regressions for β are very close to each other. We also display on the chart the
horizontal line β = 0 corresponding to the null hypothesis Hβ

0 : βBA = 0 and
a vertical line at the estimated value ρ̂BA with the corresponding 95% CI in
wheat color (the confidence interval for ρ is derived from the one for λ).

As the lines β = 0 and ρ̂BA cross inside the curves of Mandel or Correlated-
BLS confidence intervals, the null hypothesis of no proportional bias is not
rejected. This is still valid from the lower to the upper bounds of the CI for
ρBA. Similarly, on Figure 4.23-bottom left, the null hypothesis of no constant
bias, Hα

0 : αBA = 0, is not rejected at ρ̂BA, except on the lower bound of its
CI.
Figure 4.23-bottom right shows the approximate confidence ellipses from ρ =
−1 to ρ = 1. As the ’equivalence point’ (α = 0, β = 0) is outside the ap-
proximate orange ellipse given by Mandel or Correlated-BLS at ρ̂BA, the null
hypothesis H0 : θBA = (0, 0)′ (no bias between the two devices) is rejected.
Moreover, this null hypothesis is rejected whatever the measurement errors
correlation.

To sup-up, these full charts with the separated or joint confidence intervals
are equivalent for the estimated parameters as θ̂XY ≡ θ̂BA and very similar for
the confidence intervals (the confidence intervals are computed approximately,
so they are not equivalent but very similar between the (X,Y ) plot or the
(M,D) space).

The hyperbolic confidence bands can be derived from the confidence ellipse
as explained in Section 3.1.2, according to the following formula:

x′θ ∈ x′θ̂ ±
√
c
√
x′Σ̂−1x
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Figure 4.24-top displays the scatterplot of the SBP data in a (M,D) space
with the Mandel and Correlated-BLS regressions (confounded) and with their
confidence bands which are very close to each other (superimposed in the chart).
The confidence ellipses provided by Mandel or Correlated-BLS are equivalently
very similar and superimposed in the chart (Figure 4.24-bottom). It can be
noticed that the equivalence line D = 0 is not inside the confidence bands or
equivalently that the equivalence point θBA = (0, 0)′ is outside the confidence
ellipses.

4.6.2 Systolic blood pressure (unreplicated data) under
homoscedasticity

Horizontal intervals

The systolic blood pressure data with unreplicated data has been analyzed in a
(X,Y ) plot in Section 2.7.2 where the hypothesis Hβ

0 , no proportional bias, was
not rejected. We propose then to compute the horizontal agreement and toler-
ance intervals in a (M,D) plot. These intervals are displayed in Figure 4.25.
The acceptance interval, the confidence and the predictive levels are identical
to those of Section 4.6.1.
We can notice in Figure 4.25 that the agreement and tolerance intervals are
close to each other. Indeed, in this example, there is no outlier. The βγ tol-
erance interval is, obviously slightly larger than the β tolerance interval which
is, obviously, slightly larger than the agreement interval.
Finally, it can be noticed that the acceptance interval is inside all these in-
tervals. This means that it can be expected that the future single differences
between the measurement methods can be higher than 10 mmHg in absolute
values. So, the measurement methods (remind that in this example, we do not
compare two measurement methods but two set of measures provided by the
same device) are not interchangeable. However, it can be noticed that both
measurement methods would be interchangeable whether the acceptance was
equal to [−20, 20].

Regression analysis

As explained in Section 2.7.2, to deal with unreplicated data, we consider only
the two first sets of measures given by the manual device. The measurement er-
rors and their correlation are therefore unknown. For the different regression’s
lines, the estimated coefficients are: β̂OLSv = 0.002 and α̂OLSv = −1.543,
β̂OR = 0.002 and α̂OR = −1.566, β̂DR = 0.002 and α̂DR = −1.548 with λ=4

The correlated-errors-in-variables regressions Mandel and Correlated-BLS can-
not be applied because ρBA is unknown and inestimable.
Figure 4.26 is analogue to Figure 2.16. The OLSv, OR and DR (with λ = 4)
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Figure 4.23: SBP data (nX = nY = 3), the different regressions lines in
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lines are very close to each other, such that it is not possible to distinguish
them on the plot.
The CI for α or β are displayed from ρBA = −1 to ρBA = 1 as previously ex-
plained. The separated null hypotheses (1.12) Hα

0 : αBA = 0 and Hβ
0 : βBA = 0

are not rejected whatever ρBA. When these two hypotheses are tested jointly,
it can be noticed that the ’equivalence point’ (αBA = 0, βBA = 0) is inside all
the ellipses from ρBA = −1 to ρBA = 1, which means that the joint hypothesis
is also not rejected whatever ρBA. In other words, we do not reject the hypoth-
esis that the first measures are equivalent to the second, as already mentioned
in Section 2.7.2.

4.7 Prediction Intervals in a (X, Y ) plot and (M,D)
space

4.7.1 Prediction Intervals for single measurements

Papers dealing with prediction intervals are rarer. Carstensen [92] proposes ap-
proximate prediction intervals based on OLSv procedure (or bayesian method-
ology) but he neglects the usual curvature term (X − X)2 of the prediction.
Moreover, to deal with replicate data and be able to predict single measures, he
proposes to plot all the pairs (Xij , Yik) and regress them. Unfortunately, these
pairs of points are correlated and he proposes to neglect this correlation. Note
that Francq [19] shows that estimating the regression with the means (Xi, Yi)
or all the pairs (Xij , Yik) provides the same estimated line, the confidence in-
tervals on the parameters are different but with similar coverage probabilities.
Unfortunately, a problem of effective sample size occurs when regressing all the
pairs with nX 6= nY [19]. Bland and Altman [11] propose straight lines by ap-
proximation based on OLSv. All these approaches will, then, not be analyzed
in this thesis.
Del Rio and al. [58] give formulae to compute the prediction interval or the
confidence interval for a given value X0. Unfortunately, the theoretical devel-
opment is not clear (it is based on the OLSv), the concept of the prediction
is not well-argued and their formulae cannot be generalized to predict singles
measures. Mandel [56] gives the formula to compute the variance of the ex-
pectation of the predicted value Ŷ0 for a given value X0. Unfortunately, his
formula cannot be generalized and none interval is given.

We propose in this section hyperbolic predictive intervals to predict single mea-
sures for nX = nY or nX 6= nY for an observed value X0. In other words, when
a single measure is observed by the measurement method X, the single mea-
sure that will be provided by the measurement method Y is expected to lie in
that interval. The following development is based on the BLS regression and
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is, according to our knowledge, novel.

The regression model is given by:

Yi = αBLS + βBLSXi + εi

For an observed measure X0, the corresponding predicted value is given by:

Ŷ0 = α̂BLS + β̂BLSX0 (4.38)

Under OLSv assumption, the variance of the expectation of a prediction is given
by: Var(E(Ŷ0)) = S2

α̂BLS
+ S2

β̂BLS
X2

0 + 2X0Sα̂,β̂BLS .
But, to take into account the error associated with the observed measurement
X0, the square of the slope must be introduced [58]. In this section, as the
goal is to predict a future single measure by the measurement method Y , the
measurement error variance of the Y device can, also, be added to the variance
of the expectation of a prediction, to get:

V ar(Ŷ0) = S2
Ŷ0
≈ β̂2

BLSσ
2
τ + S2

ζ + σ2
ν (4.39)

with
S2
ζ = S2

α̂BLS + S2
β̂BLS

X2
0 + 2X0Sα̂,β̂BLS (4.40)

where σ2
τ and σ2

ν can be replaced by S2
τ and S2

ν if needed.

The prediction interval (PI) is then given by the following formulae:

- with σ2
τ and σ2

ν known:
PI : Ŷ0 ± z1−γ/2SŶ0

(4.41)

- when σ2
τ and σ2

ν are replaced, respectively, by S2
τ and S2

ν :

PI : Ŷ0 ± t1−γ/2,NP SŶ0
(4.42)

where the degrees of freedom, NP , are computed with theWelch-Satterthwaite
equation (see Section 4.2.2, where β̂BLS is, here, considered constant):

NP =
(S2
ζ + S2

ν + β̂2
BLSS

2
τ )2

S4
ζ

N−2 +
S4
ν

NY
+

β̂4
BLSS

4
τ

NX

These formulae can easily be adapted to a (M,D) space according to the for-
mulae of the correlated-BLS regression.
A prediction in a (M,D) space for an observed mean M0 is given by the fol-
lowing formula:

D̂0 = α̂BACBLS + β̂BACBLSM0 (4.43)
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and the variance of the prediction is given by:

V ar(D̂0) = S2
D̂0
≈ β̂2BA

CBLS(σ2
τ + σ2

ν)/4 + S2BA
ζ + (σ2

ν + σ2
τ ) (4.44)

with
S2BA
ζ = S2

α̂CBLS + S2
β̂CBLS

M2
0 + 2M0Sα̂,β̂CBLS (4.45)

where σ2
τ and σ2

ν can be replaced by S2
τ and S2

ν if needed.

The prediction interval (PI) is then given by the following formulae:

- with σ2
τ and σ2

ν known:

PI : D̂0 ± z1−γ/2SD̂0
(4.46)

- when σ2
τ and σ2

ν are replaced, respectively, by S2
τ and S2

ν :

PI : D̂0 ± t1−γ/2,NBAP SD̂0
(4.47)

where the degrees of freedom, NBA
P , are computed with theWelch-Satterthwaite

equation (see Section 4.2.2, where β̂BACBLS is, here, considered constant):

NBA
P =

(S2BA
ζ + (1 + β̂2BA

CBLS/4)S2
ν + (1 + β̂2BA

CBLS/4)S2
τ )2

S4BA
ζ

N−2 +
(1+β̂2BA

CBLS/4)
2S4
ν

NY
+

(1+β̂2BA
CBLS/4)

2S4
τ

NX

4.7.2 Coverage probabilities of the prediction intervals
In order to assess the coverage probabilities, 100000 simulations were run as
described in Section 2.3:

- with σ2
τ = 0.5, 0.5, 0.75 and the corresponding value of σ2

ν = 0.75, 0.5, 0.5,
- with nX = nY = 1, nX = nY = 2, nX = nY = 4 and nX = 4, nY = 2,
- the ξi values were fixed from 10 to 20 by step 2 (6 values of ξi, under equiv-
alence: ξi = ηi) and, then, 6 Xi values are simulated (Xi = ξi + τi),

- the corresponding predicted values, Ŷi are computed with formula 4.38 and
the prediction interval computed with formula 4.41 or 4.42,

- then, it is checked whether ηi lies into the corresponding prediction interval
or not.

This simulation scheme is synthesized as follows:

ξi and ηi
ξi+τi−−−−→
ηi+νi

Xi and Yi
α̂BLS+β̂BLSXi−−−−−−−−−−→ Ŷi

4.41 or 4.42−−−−−−−→ PI(Ŷi)→ Yi ∈?PI

Each simulated data set is also converted into a (M,D) space and the predic-
tion interval computed with formula 4.46 or 4.47.
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Figure 4.27 displays the coverage probabilities of the prediction intervals with
respect to ξ (from 10 to 20) for nX = nY = 1 into a (X,Y ) plot (left) or with
respect to (ξ + η)/2 into a (M,D) space (right). Figure 4.28, Figure 4.29 and
Figure 4.30 are the analogous for, respectively, nX = nY = 2, nX = nY = 4
and nX = 4, nY = 2.
It can be noticed that the coverage probabilities of the approximate prediction
intervals are very close to each other for the different values of λ and close
to the nominal level. They are slightly better when the sample size increases.
The coverage probabilities obtained in a (X,Y ) plot are very similar to those
obtained into a (M,D) space.

4.7.3 Application: prediction intervals for single measure-
ments in SBP data - replicated data

Figure 4.31 displays the prediction intervals computed for the systolic blood
pressure (with nX = nY = 3) in the (X,Y ) plot or (M,D) space with, respec-
tively, the DR-BLS regressions line or the correlated-BLS regression line.
It can be noticed that the prediction intervals are not inside the acceptance
interval (where the acceptance interval is Y = X±10 in the (X,Y ) plot) which
means that both measurement methods are not interchangeable. The predic-
tion intervals are very similar between both models, the (X,Y ) plot or the
(M,D) space. As the null hypothesis of no proportional bias was not rejected,
the horizontal β tolerance interval (previously computed) is also displayed in
the (M,D) space for didactic purposes, as the prediction interval is the anal-
ogous of the β tolerance interval. We can notice that, indeed, the prediction
interval and the β tolerance interval coincide very well.
For instance, if a measurement is taken for a new patient with the manual de-
vice (X (J)) and equal to 100 mmHg, then the prediction for a measurement
taken with the semi-automatic device is:
Ŷ (S) = 21.230 + 0.956 · 100 = 116.827 mmHg and the 95% prediction interval
is: [94.850,138.803] (see the arrow in Figure 4.31-top).
The interpretation is less easy in a (M,D) plot, but for the mean measurements
between 100 and 200 mmHg, the maximum of the differences (in absolute val-
ues) is equal to 39.721 mmHg. This means that the two devices can differ at
most up to 39.721 mmHg in this range (see the arrows in Figure 4.31-bottom).

4.8 Practical recommendations

In this section, we provide some guidelines for the practitioners.
As the (X,Y ) plot and (M,D) space are analogous, we recommend to test
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Figure 4.27: Coverage probabilities of the prediction intervals for nX = nY = 1
and N = 10 (top), N = 20 (middle) and N = 50 (bottom), with respect to ξ
(left) into a (X,Y ) plot or with respect to (ξ+ η)/2 into a (M,D) space (right)
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Figure 4.28: Coverage probabilities of the prediction intervals for nX = nY = 2
and N = 10 (top), N = 20 (middle) and N = 50 (bottom), with respect to ξ
(left) into a (X,Y ) plot or with respect to (ξ+ η)/2 into a (M,D) space (right)
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Figure 4.29: Coverage probabilities of the prediction intervals for nX = nY = 4
and N = 10 (top), N = 20 (middle) and N = 50 (bottom), with respect to ξ
(left) into a (X,Y ) plot or with respect to (ξ+ η)/2 into a (M,D) space (right)
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Figure 4.30: Coverage probabilities of the prediction intervals for nX = 4, nY =
2 and N = 10 (top), N = 20 (middle) and N = 50 (bottom), with respect to ξ
(left) into a (X,Y ) plot or with respect to (ξ+ η)/2 into a (M,D) space (right)
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Figure 4.31: SBP data (nX = nY = 3), in a (X,Y ) plot (top) or (M,D) space
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the prediction intervals
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the null hypothesis Hβ
0 : βXY = 1 with the exact confidence interval given by

Tan and Iglewicz [28]. If this hypothesis is not rejected, we recommend, by
simplicity, to compute and display in the (M,D) space the horizontal tolerance
intervals (β or βγ) and to compare the tolerance interval to the acceptance in-
terval [−∆,∆]. If the tolerance interval is inside the acceptance interval, then
the two measurement methods are interchangeable.
If the null hypothesis Hβ

0 : βXY = 1 is rejected, a regression line must be esti-
mated:
DR or BLS regression lines in a (X,Y ) plot (to take into account the measure-
ment errors) or Mandel or correlated-BLS regression lines in a (M,D) space
(to take into account the measurement errors and their correlation).
Then, the prediction interval can be computed and compared to the acceptance
interval: Y = X ± ∆ in a (X,Y ) plot or [−∆,∆] in a (M,D) space. If the
prediction interval is inside the acceptance interval (for a given range of val-
ues of X where it is expected that the future measures will lie in practice, i.e.
[80, 200] mmHg for the SBP data), then the two measurement methods can be
considered interchangeable.
To assess the strict equivalence, full charts can be displayed in a (X,Y ) plot or
equivalently, in a (M,D) space as described in Sections 2.7 and 4.6.



Chapter 5

Conclusion

Concluding remarks

The main goal of this thesis was to compare two methodologies available in the
literature to assess the equivalence of two measurement methods: the errors-
in-variables regressions in a classical (X,Y ) measures space or the Bland and
Altman procedure based on a plot of the measurement differences with respect
to their averages in a (M,D) space. While the first one focuses on confidence
intervals to test statistically the equivalence with strict hypotheses, the sec-
ond one focuses on predictive (or agreement) intervals to test practically the
equivalence with flexible hypotheses. These two methodologies are, very often,
presented separately in the literature. However, this thesis reconciles the two
methodologies and shows that they are inseparable and complement each other.
Indeed, it is essential to deal with (correlated)-errors-in-variables regression in
the (M,D) space in order to develop predictive intervals which are not hori-
zontal while the predictive intervals can also be computed and displayed in a
(X,Y ) plot.
Therefore, the main message of this thesis is that, errors-in-variables can (un-
fortunately) not be avoided in method comparison studies, although the Bland
and Altman plot was, initially, applied to avert the complexity of errors-in-
variables regressions.
The theoretical background of the Bland and Altman model is, actually, of-
ten neglected in the literature. However, when the model is properly written,
the regressions are equivalent for the two methodologies and the approximate
confidence intervals very similar, as well as the predictive intervals. Indeed,
both models are, actually, equivalent: the coordinate system (X,Y ) plot can
be moved into a (M,D) space and vice-versa.

In Chapter 2, the relationships between seven well-known regressions applied
in the context of measurement methods comparison are summarized and com-

169
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pared, with or without replicated data in a (X,Y ) plot: the Ordinary Least
Square regressions (OLSv and OLSh), the geometric Mean regression (MR),
the Orthogonal Regression (OR), the Deming Regression (DR), the Bivariate
Least Square regression (BLS) and the non-parametric regression of Passing
and Bablok (PB). The ratio of the measurement errors variances in both axes,
λ or λXY (when taking into account the number of replicates), is a very im-
portant parameter. It has been used as a leitmotiv in order to compare the
different regressions and to display the results of the simulations. An unbiased
estimator of λXY is proposed in order to compare the precisions of both de-
vices. OLSv, OLSh, MR, OR and PB regressions provide biased estimated lines
when their respective assumption are violated and consequently, their coverage
probabilities collapse. DR or BLS regressions (confounded under homoscedas-
ticity) are the most general regressions and provide (asymptotically) unbiased
estimated lines whatever λXY . However, their small sample biases are lower
for λXY > 1. The exact confidence interval for the slope in the DR is excel-
lent whatever λXY while BLS provides slightly better coverage probabilities for
λXY > 1. Full diagrams with the regression parameters confidence intervals
from OLSh to OLSv are very useful in practice. Indeed, the hypothesis of equiv-
alence can sometimes be generalized by being rejected or not rejected whatever
λXY . This is very useful when λXY is unknown and inestimable because no
repeated measures are available and the measurement errors are then unknown.

Chapter 3 focuses on the joint regression parameters confidence intervals given
by DR and BLS regressions, and additionally, the Mandel and the Galea-Rojas
et al. procedures. The confidence ellipses are expressed equivalently, as confi-
dence bands. These four methodologies provide very close coverage probabil-
ities but the ellipses (or confidence bands) can be different in the presence of
outliers. We eventually recommend the BLS for its advantages: it can be gen-
eralized to a correlated-BLS regression if needed, its formulae are quite simple
without the need to convert the data into another coordinate system (as Man-
del does), and its confidence intervals are computed very easily with analogies
to OLSv. Under heteroscedasticity, the coverage probabilities of DR and BLS
collapse when the variances are unknown. These coverage probabilities can,
then, be improved by modeling the locally estimated variances with suitable
variance functions.

Chapter 4 deals with the Bland and Altman method. The advantages of work-
ing in the (M,D) space are, firstly, to focus directly on the differences which
are obviously emphasized in a (M,D) space and secondly, to be able to com-
pute horizontal intervals if one can assume that there is no proportional bias.
The horizontal agreement intervals are, first, compared to horizontal tolerance
intervals. Tolerance intervals are interesting alternatives to the agreement in-
tervals of Bland and Altman as they provide coverage probabilities closer to
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the nominal level. Moreover, this chapter gives a robust estimator, S2
Ds, of the

future single differences (σ2
Ds), while the one given by Bland and Altman, σ̂2

Ds,
is influenced by outliers. When a proportional bias is observed, a regression line
must be estimated in the (M,D) space. Unfortunately, the classical regressions
are biased and their coverage probabilities collapse for λXY 6= 1. Indeed, the
disadvantage of the (M,D) space is the complexity of the model where the cor-
relation between the error terms must be taken into account in order to estimate
a consistent regression line. This chapter proposes two consistent regressions
(confounded under homoscedasticity) based on the BLS or Mandel procedures,
with coverage probabilities close to each other and close to the nominal level
whatever λXY . These two new regressions take into account the errors in both
axes and also their correlation. These correlated-errors-in-variables regressions
are, indeed, equivalent to DR or BLS regressions in a (X,Y ) plot. Finally, this
chapter gives the formulae to compute prediction intervals in a (X,Y ) plot or in
a (M,D) space in order to predict a single measurement or a single difference.
The coverage probabilities of these prediction intervals are very close to each
other and close to the nominal level.

Guidelines

This thesis is not only intended to develop theoretical models but also offers
to the practitioners tools to investigate method comparison studies. Figure 5.1
synthesizes this thesis by providing some rules and guidelines for the practi-
tioners. The R code can be provided on request by the author and a R package
is in preparation.
The choice between strict or flexible equivalence must be discussed between
the practitioners and the statistician. When comparing different measurement
methods, flexible hypotheses can be preferred when the differences are not clin-
ically important up to a given threshold. On the other hand, when comparing
measures provided by two observers or raters with the same device, or two
identical devices, strict hypotheses could be preferred.
With strict hypotheses and under heteroscedasticity, the equivalence can be as-
sessed in a classical (X,Y ) plot with BLS regression. The equivalence is rejected
if the equivalence point (β = 1, α = 0) lies outside the confidence ellipse for the
parameters of the BLS regression. The confidence ellipses can equivalently be
represented by confidence bands around the regression line. These confidence
bands are easier to display and to interpret, and the equivalence is rejected if
the equivalence line Y = X intercepts the hyperbolic confidence bands. Under
heteroscedasticity, we strongly recommend to model the variances by variance
functions if possible.
With strict hypotheses and under homoscedasticity, the equivalence can be as-
sessed as well with confidence ellipses for the parameters or equivalently the
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confidence bands by either:

- the BLS regression line for λXY known or λ̂XY with its confidence interval.
We also recommend to display full charts with confidence intervals for the
parameters from OLSv to OLSh in order to assess the hypothesesH0 : αXY =
0 and βXY = 1.

- or the correlated-BLS regression line for λBA = 4 and ρBA known or ρ̂BA
with its confidence interval. We also recommend to display full charts with
confidence intervals for the parameters from ρBA = −1 to ρBA = 1 in order
to assess the hypotheses H0 : αBA = 0 and βBA = 0.

These charts are especially useful when there is no replicate. The conclusions
can, then, be usually generalized whatever the measurement errors.
With flexible equivalence, we recommend to test the presence of proportional
bias by the exact confidence interval for the slope with the (X,Y ) data. Hori-
zontal intervals can, then, be computed and displayed in a (M,D) space when
the hypothesis of no proportional bias is not rejected. We recommend tolerance
intervals which are a better alternative than agreement intervals. Both devices
are, then, interchangeable when the tolerance interval is inside the acceptance
interval [−∆,∆].
When the assumption of no proportional bias cannot be fulfilled, a regression
line must be estimated: the BLS regression in a (X,Y ) plot or equivalently the
correlated-BLS regression in a (M,D) space. The predictive interval can, then,
be computed and displayed around the regression line. The equivalence is,
then, assessed by comparing the predictive interval to the acceptance interval:
Y = X±∆ in a (X,Y ) plor, or ±∆ in a (M,D) space. The measurement meth-
ods are then interchangeable if the predictive interval lies inside the acceptance
interval.

Future research

Some challenges remain, of course, to be overcome. Two main issues are first,
developing β − γ content tolerance interval around an errors-in-variable re-
gression line and more generally predictive intervals under heteroscedasticity
in order to predict single measure. The variance functions are essential to
deal with heteroscedasticity in order to get predictive intervals which are not
’over-fitted’ with locally estimated variances as those sometimes given in the
literature [58]. Note that the predictive intervals given in this thesis are com-
puted, by default, point by point (for a given X0 orM0). Predictive bands can,
then, be investigated in order to cover with a given probability the values of one
or more future observations. Secondly, there is, obviously, a need to develop
statistical methods to compare more than two measurement methods. Some
papers already exist in the literature [94] but the theoretical backgrounds are
not always clear and the methodologies can still be improved.
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Furthermore, as explained in the introductory chapter, four different method-
ologies coexist in order to monitor and inspect the analytical methods or devices
in the laboratories: the validation, the transfert, the interlaboratories studies
and the method comparison studies investigated in detail in this thesis. There
is, then, a need, to step back and to investigate the relationships between these
four methodologies to get an ’overall picture’. Indeed, the method comparison
studies and the interlaboratories are, for instance, closely linked.
More complicated designs of experiments for method comparison studies should
also be investigated. It is, indeed, essential to take into account the sampling
effect, repeated measures, different observers,... Such model will include addi-
tional random effects and become more complex to estimate. Bayesian statis-
tical modeling [92] can, therefore, be promising.
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