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1 Introduction

Let m and n be positive integers, M = {1,...,m}, My = M U {0} and
N = {1,...,n}. The parameters a; for i € M, ¢; < ... < ¢, and b are
positive integers. The multi-item continuous >-knapsack set is

yZ = {(y,l‘) S Zi X RT-H : Zijj + Z x> ba; < agi € M},
JEN 1€Moo

the multi-item continuous <-knapsack set is

yS = {(y,$) S Zi XRT—H : Zijj <b+ Z Tiy Ti < Q4,1 € M}
JEN 1€ Mo

and the unbounded single item continuous knapsack sets are

Q> ={(y,z) € Z} xR : Z cjyj+x > byand Q< = {(y,7) € ZT xRL : Z cjy; < b+a}.
JEN JEN

These sets arise as relaxations of many mixed-integer programming prob-
lems and consequently strong valid inequalities for these sets can be used in
solving more complicated problems. Indeed, many strong inequalities used
in the literature can be obtained using such knapsack relaxations. For books
and inequalities on general knapsack sets, see among others [2] [6l, 12, 14} [17].

Here we consider a case in which there is special structure, specifically
the coefficients of the integer variables are divisible 1|c1|- - |¢,. Generalizing
results of Pochet and Wolsey [16] for the >-knapsack set, we show that
Q> and Q< can be described by two closely related families of “partition”
inequalities. This in turn leads to complete polyhedral descriptions of V>
and Y<. Specifically we show that

conv(Y>) = ﬂSgMconv(Qg) N{(y,z) : 2; < a;,i € M}

where
0% = {(y,x) € Z x R™™ : x(SU{0}) +cy > b—a(M\ S),z(SU{0}) > 0}

with a similar result for Y< (where v(A) = > 4 v for a vector v and a set
A).

For )2, this generalizes a result of Magnanti et al. [I0] concerning the
“single arc flow set” in which they show (modulo complementation of the
continuous variables) that when n = 1, the convex hull of V> N {(y,x) :



xo = 0} is completely described by adding the “residual capacity” or mixed
integer rounding (MIR) inequalities one for each of the relaxations

ayr +(S) >b—a(M\ S),z(S) >0,y € ZL,

where S C M. Atamtiirk and Rajan [3] give a polynomial time separation
algorithm for the residual capacity inequalities. Magnanti et al. [II] gener-
alize the residual capacity inequalities for the two facility splittable flow arc
set when n = 2, ¢; = 1 and state without proof that addition of the two
MIR inequalities arising for each choice of S C M suffices to give the convex
hull.

Other work on divisible knapsack sets includes a convex hull descrip-
tion of the integer <-knapsack set {y € Z% : > ;. ycjy; < b} consisting
of n Chvatal-Gomory rounding inequalities by Marcotte [I3] and a study
of Pochet and Weismantel [I5] of the case with bounded variables. Other
(continuous) knapsack sets with special structure whose polyhedral struc-
ture has been studied include the set Q< with n = 2 and ¢y, cp arbitrary
positive integers (Agra and Constantino [I] and Dash et al. [4]), as well as 0-
1 knapsack sets with super-increasing coefficients (Laurent and Sassano [§])
and more recently a generalization with bounded integer variables (Gupta
5]).

The rest of the paper is organized as follows. In Section[2] we review some
results on knapsack sets with divisible capacities. In Section B we study the
convex hull of the multi-item continuous >-knapsack set and prove that the
original constraints and the so-called “partition inequalities” are sufficient
to describe the convex hull when the capacities are divisible. A result on the
convex hull of the two-sided integer knapsack is an immediate corollary. In
Section 4] we show that a new, but related, family of partition inequalities
are valid for the continuous <-knapsack set with one unbounded continu-
ous variable Q<. We also give a polynomial size extended formulation for
Q<. In Section Bl we provide a convex hull description for the case of m
bounded continuous variables and one unbounded continuous variable V<.
We conclude in Section [6l

2 The >-knapsack set and partition inequalities

Throughout the paper, we assume that the capacities are divisible. We use
the notation cy = Zje N CjYj- Below we present results from Pochet and
Wolsey [16] that will be used in Section 3.



Consider the integer >-knapsack set
C={yeZl:cy>b}

with ¢; = 1. Let (b) be the index with ¢, < b < cy)41 if such an index
exists and be n otherwise.

Let {i1 =1,...,51},...,{ip,. .., Jp = n} be apartition of {1,...,n} such
that 4, < ~(b) and iy = j;—1 + 1 for t = 2,...,p. Compute

Bp =10, kg = [f—t-‘ , i = (kg — 1)¢j, and By = By — py for t = p,..., L.

The partition inequality is

t—1 Jt ] P
ZHmZmin{CC—],/{t}yj>H/{t (1)
t=11=1 j=i i t=1

Pochet and Wolsey [16] establish the following:

Theorem 2.1. i) The partition inequality ({l) is valid for the integer >-
knapsack set C.

i) If c,y divides b, then the convex hull of C is {y € RY : ](b% ¢y +
by; > b}. Otherwise, the convex hull is descmbed by the
J =y(b)+1 777
nonnegativity constraints and the partition inequalities ().

iii) Let g € R™ and {i1,...,j1}, {i2,...,752}, .-, {ip,. .., Jp} be a parti-
tion of {1,...,n} such that i, < ~(b). If g > 0, ‘z—j is constant
for j =iz, ..., 5 and g’t > Z”“ fort =1,....,p—1, ‘Z”’ =L for

Ciy i1 ip €

J=rip,---,Y(b) and gypy4+1 = gj for j =~(b) +1,...,n, then

a. all optimal solutions of miH{Z?:1 95y = cy > by € Z} satisfy
@ at equality,

b. all optimal solutions of min{» ;1:2-2 TS ;1:2-2 cjy; > {—Cl_’ w CiysY €
2
7} satisfy

at equality ([16)], Theorem §),



c. all optimal solutions ofmi]a{Z;L:i2 9jY; Z?:Zé cjyj = LCLJ CiyyY €
2
7%} satisfy

at equality ([16], proof of Theorem 16).

3 The multi-item continuous >-knapsack set

In this section, we study the convex hull of the multi-item continuous >-
knapsack set J> when the capacities are divisible.
Our goal now is to show that

conv(Y>) = Nscm COHV(Q;) N{(y,x) : z; < a;i € M}
where
Q*; = {(y7;17) c Zi x R™HL . 33(50) +cy>b— a(M \ 5)7517(50) > 0}’

where Sp = SU{0}.

We first use the results of Section 2 to obtain valid inequalities for set
Q>. Then we prove that these valid inequalities and the original constraints
are sufficient to describe the convex hull of the continuous >-knapsack set
with divisible capacities.

Given S C M, consider the relaxation

{(y0,y,x) € ]R}r X 21 x R™ g+ cy > b — a(M\ S),yo = z(So)}

As the data is integral, yg takes an integer value in every extreme point of
the convex hull of the above set. Setting y( integer, we obtain the divisible
capacity knapsack cover set

{(o,y, ) € ZT x R™ 2 >~ ¢jy; > B(S), yo = 2(So)}
J€No

where No = NU{0}, ¢ =1 and B(S) =b—a(M \9).

Proposition 3.1. Let {i; =0,...,j51},...,{ip,...,Jp = n} be a partition of
{0,1,...,n} such that i, < y(B(S)) and iy = ji—1 + 1 fort =2,...,p. Let



5]) :B(S)a Rt = ’7%—‘; Ht = (’{t _]‘)Cit andﬁt—l :ﬁt — Mt fOTt:p,...,l.
Then the partition inequality

J1 p t-1 Jt 2
. . Cj
x(So) + E min{c;, k1 }y; + E H/il g mln{c%,mt} yj > H/ﬁlt (2)
' t=1

j=1 t=21=1 j=it
is valid for J>.

Note that in the extreme points of conv(Ys), xo takes integer values.
We give the convex hull proof for Y4 = ¥> N {(y,x) : o = 0} since xo can
be considered an integer variable with coefficient 1.

Theorem 3.2. conv(y’z) 1s described by the initial constraints and the par-
tition inequalities (2I).

Proof. We use the technique of Lovész [9]. Suppose that we minimize
Y icar hiwi + ZJEN gjy; over y’z. We need g > 0 for the problem to be
bounded. Suppose that g > 0 and let (h, g) be the set of optimal solutions.
If h; < 0 for some i € M, then Q(h,g) C {(y,z) : z; = a;}.
If g; = 0 and gj > 0 for some pair j, j’ € N, Q(h,g) € {(y,z) : y;» = 0}.
Thus we are left with A > 0 and g > 0. We will investigate this in two cases:

Case 1 h # 0: Let S ={i € M : h; >0} #0. If B(S) < 0, then
Q(h,g) C{(y,z) :x; =0} for all i € S.

Now suppose that B(S) > 0. If 2—?9)'1 < gj, for j1 < jo < ~(B(S)), then
yj, = 0 for all (y,z) € Q(h,g). If g;, < gj, for ji and jo in {y(B(S5)) +
1,...,n}, then y;, = 0 for all (y,z) € Q(h,g).

Now we have S # (), h; > 0 for all i € S, B(S) > 0, g—i > ... > hEG)

— Cy(B(S
0 and gy(B(s))+1 = --- = gn > 0. One possibility is that (h, g) QWJE(](J,):)E) :
x(M) + cy = b}.

The last case to be considered is that in which there exists an optimal so-
lution (y, z) with x(M)+cy > b. Let g be the smallest index such that there
exists an optimal solution (z*,y*) at which the knapsack cover constraint is
not tight and y; > 0. Then we know the following:

e z; =0foralli € S in any optimal solution (y, ) at which the knapsack
cover constraint is not tight.

9q—1 9q

Cq—1 cq’

9a—1 __ Ya

Cg—1  ¢q’
* % Cq . . C . o

then (z*,y* —eq+ Eeq_l) is also optimal, contradicting the definition

For j € N, define e; to be the j-th unit vector of size n. If

of q.



e ¢, does not divide B(S).

Suppose on the contrary that ¢, divides B(S). We have 37 c;y; >
B(S). As }0_ cjy; is a multiple of ¢, it follows that >0 cjy; >
B(S) + ¢4. But now (z*,y* — e,) is feasible and cheaper since g, > 0,
contradicting the optimality of (z*,y*).

o cy> {BC(CIS)J ¢q in any optimal solution.

Define ¢(0) = min{) ;g hiz; : 2(S) > B(S) — 0,0 <z < a;i € S}.
Optimality of (z*,y*) implies g; < ¢(c(y* — e4)) — ¢(cy*) and the
fact that the knapsack cover constraint is not tight implies that cy* >
LBC(;Q)J ¢q + ¢q. Suppose that (2/,y') is a feasible solution with ¢y’ <
B(S)

for 0 < B(s) and ¢(o) = 0 for o > B(S). It is strictly decreasing on
the interval [0, B(S)]. Therefore, as cy’ < c(y*—e,) < B(S) and cy* >
B(S), one has ¢(cy’) — d(c(y +eq)) > dlc(y* —eq)) — d(cy™). It follows
that ¢(cy’) — d(c(y’ +eq)) > gq and thus g(y' + eq) + dc(y’ +¢4)) <
gy’ + ¢(cy’). So increasing y, by 1 and picking the best x improves
the objective function value. Hence (z,%') cannot be optimal.

J ¢q- Now ¢ is a piecewise linear convex function with ¢(o) > 0

Now let yp = (S) and ¢ be as defined above. Let {i1,..., 71}, {i2,...,j2},-
be a partition of {0,...,n} such that i; =0, j1 = ¢ — 1, i, < ¥(B(S)), Z is

7 ¢y

. gi
constant for j = is,...,J; and g’t > Ct“ fort=2,...,p—1, 2% :‘Z? for
1t+1 ip J

J=1lp,...,v(B(5)) and 97(B(S))+1 = g; for j = v(B(S))+1,...,n. We claim
that all optimal solutions satisfy the corresponding partition inequality @)
at equality.

Take an arbitrary point (y,z) € Q(h, g). If the knapsack cover constraint
is not tight at (y,x), then z; =0 forallie S, y; =0forj=1,...,¢—1
and the restriction of y to entries ¢,...,n is optimal for the problem of

minimizing Z?:q gjy; subject to Z?:q ciyj = {%f)—‘ cq and y € Z". Then

(- f;% K1 th:zt min {CC—J, Ht} yj = [[V_, k¢ using (iii b) of Theorem 211
it
Hence (y, z) satisfies (@) at equality.

Now suppose that the knapsack cover constraint is tight at (y,x). There are
two subcases.

a) (M \S) <a(M\S).
Then x; = 0 for all i € S and cy > B(S). Now the set of optimal points
have the same y values as in the above case, completed by x; = 0 for
i€ S and z; for i € M\ S satisfying 0 < x; < a;, z(M \ S) =b— cy.

A

7jp}



b) z; =a; forie M\ S.
Since B(S) is not a multiple of ¢;, we have Z;‘:q cjy; < LB(S)J Cq-
)

Cq
Then the fact that iZ—j > *Z—Z together with E?:l cjy; > {Bc(f J Cq

implies that Z;—L:q cjy; = LBc(f)J ¢q, and yo + Z?;i min{c;, K1}y; =

B(S) — LB(S)J ¢q = k1. Using (iii ¢) of Theorem 2.1} any optimal so-

Cq

lution to the problem of minimizing »>"_, g;y; subject to % c;jy; =

{B(S)J cq and y € Z7 satisfies >}, f;; kS min {%,K}t} y; =

Cq J=it

[T7-5 5t — 1. Now

P Jt c
t—1 : J

E I, — ki E mm{—,/—it}yj
Ciy

t=1 j=is

q—1

p t—1 Jt )
=z(S) + Zmin{cj,m}yj + ZH/@ Z min {CC—'),/@} Yj

j=1 =2 1=1 j=i v

q—1

p t—1 Jt
. . Cj
=xz(5) + E min{c;, k1 }y; + K1 E Ky min {C—J, lﬁ:t} Yj

j=1 t=21=2  j=iy v

P P
=K1+ K1 (H/{t—1> :Hmt.

t=2 t=1

Thus all optimal solutions satisfy this partition inequality (2)) at equality.
Case 2 S = (): The argument is the same setting 1o = 0. [J

As conv(Q2) is described by the trivial inequalities and the partition
inequalities, we get conv(YVs) = Ngcar conv(Q2) N {(y,z) : z; < a;,i € M}.

As a corollary, one obtains a simple result concerning the intersection of
two parallel divisible knapsack sets.

Theorem 3.3. conv({y € Z% :b—a <cy <b}) =conv({y € ZT} : b—a <
cy}) Nconv({y € Z% : cy < b}).



Proof. Consider the case of Theorem when m = 1, i.e., when there
is a single continuous variable. Then we have

conv(YL) = conv({(y,z) € Z} xR : ¢y > b—a})Nconv({(y,z) € Z} xRy : x+cy > b})

N{(y,z) e R"™ .z < a}.

The intersection of the set on the right hand side with the set {(y, z) € R**! :
z =b—cy} is equal to conv({(y,z) € ZT xR : cy > b—a})N{(y,x) € R"*1:
x=cy—bfNconv({(y,z) € Z x R:cy < b}). If we project this onto the
y space, we obtain conv(y € Z : cy > b —a}) Nconv(y € Z7} : cy < b}).

If we intersect the set on the left hand side with {(y,z) € R"*! : 2 =
b—cy} and project onto the y space, we get conv({y € Z} : b—a < cy < b}).
The claim follows. [J

4 The continuous <-knapsack set

Now we study the convex hull of the continuous <-knapsack set, namely the
set

n
Q< ={(y.w) €2} xRL: Y cjy; <b+al,
j=1
where again the data are integer and ¢p|---|c,. Initially we suppose that
c1 does not divide b. Below we will define a new family of “<-partition”
inequalities.
Given a partition {i1,...,j1}, -, {ip,...,Jp} of {1,...,n} into intervals,
let B, = b,k = Mfﬂ e = (ke — 1)ciy, Bro1 = By — pe and s¢ = ¢, — B
fort=mp,..., 1
We first consider the partition into singletons ({1},--- ,{n}).
Observation 4.1. The following n + 1 points

2= (yF %) =(0,0,...,0, ks kpe1 — Lo kn—1,8,) k=1,....n
P =(ki—1,... Kk — 1L, Kpge1 —1..., Ky —1,0)
are in Q< and are linearly independent.

Observation 4.2. The ({1}, -+ ,{n}) <-partition inequality

n
Zﬁjyj§7T0+33 (3)
=1

passes through these n + 1 points, where Ty = s1, mj = Kj_1mj—1 + (5 —
sj—1) forj=2,....,n and my = KTy — Sp.

10



Proof. Let e; be the jth unit vector of size n+1. z' —2°

=€ +s1e),,, and
thus 7 = s1. For j =2,...,n, 27 — 271 = e — Kj—1€j_1 + (85 — 8j-1)€511
and thus m; = kj_1mj—1 + (s; — sj—1). Finally ny" = my + s, implies

Ty = KpTp — Sy U

Observation 4.3. Let >, a;jy; > ag denote the ({1},{2},--- ,{n}) par-
tition inequality (1) for the >-knapsack set C. Then the <-partition inequal-
ity [3) for Q< can also be viewed as a lifting of this inequality, and can be
written in the form

n

D (e = (er = s1)a)y; < (b= (e1 = s1)ag) + .
j=1

Proof. The points y* are precisely the roots of the facet ay > o of
C, and ¢y* = b+ s;. So the points z* satisfy @) at equality. In addition
W=y —e,s0c) =cy! —c1 =b+5; —c;and ay’ = ay' —a; =ag — 1.
So 20 also lies on the inequality and the inequalities must be identical. O

4.1 Validity of partition inequalities

We need a refinement of the notation in this subsection. We denote the
continuous <-knapsack set with n integer variables by Q” and the set with
the first n — 1 integer variables by QZ‘I. Similarly 7§ is the right hand
side of the partition inequality for Q% and 718_1 for Q’z—l. In particular we
will use validity of E;:ll Ty < gt 4 @ for Q’%‘l to show the validity of
> i1 miy; < mp 4@ for QL.

We first establish some basic properties. We still assume that ¢; does
not divide b. First note that

b
5j:b— \‘—J Cjt+1 fOl“jZl,...,TL—l

Cj+1
and
Sj .
Sj — Sj—-1 = L cj_lfor]:2,...,n.
.
7—1
Lemma 4.1. i) mp <c¢j forj=1,...,n,
Loy T Ti—1 .
i1) #Zc;jforj:2,...,n,

iti) 7l =my "+ (K — 1) (ﬂn - Wn—lc,f’il) )

11



i) 7§ =b— (cn — Tn)kn.

Proof. We use induction to prove part (i). For j = 1, we have m
s1 < c¢1. Suppose that mj_1 < ¢j_;. Then m; = mj_1Kj_1 + 55 — 5j_1
o,
’ LJ‘JC”

Cj—1

IA I

¢j—1Kj—1+8; —sj—1. The right hand side is equal to ¢;_; +cj—

-1+ L J %~ L%J ¢j—1 = ¢;. Hence m; < ¢;.
To prove (11),

Cj — S5 Cj Sj
Uy :/ij_lﬂ'j_l—l-Sj—Sj_l: ‘ 7Tj_1+8j—8j_1 = %Wj_l— - 7Tj_1+8j
Ci_1 Ci_1 Ci_1
J J J
Cj Sj Cj
Z—ﬂ' -1 — | — Cj_1+8] Sj— 1——71'] 1,
Cj—1 Cj—1 Cj—1

where the inequality is obtained using (i) and the last equality is obtained

; . R T .
using s; — s;_1 = chqJ cj-1.

Next we prove part (iii). First, 7 = mpk, — s, and

_ b c
7Tg b= Tn—1 ’V —‘ — Sn—1 = Tn—1 <Hn—1 + (/fn —1) . > — Sn—1-

Cn—1 Cn—1
Now
n n—1 Cn Cn
g — 7wy = (knp — 1)(my — )+ T — Tp1Kn—1 — Sp + Sn—1 = (kn — 1) (7, — )

Cn—1 Cn—1

using the definition of m,.
Finally, since 7} = k,m, — s, and s, = ¢, — Bp—1 = kncyp — b, we have
7§ = b— (¢ — ™) kn, which proves part (iv). O

Lemma 4.2. IfZ 1 Ty <y Y4 2 is valid for Q;L_l, then

Z?T]y]—i-ﬂ'n 1 yngﬂ —i—a;

is valid for Q;L.

Proof. If (y1, ..., Yn, ) € QZ, then E? 1cjyj = 27_12 CjY;+Cn— 1(yn 1+
o) < b—l—a: Hence (y1,...,Yn—2, x) € Q" 1 andz 1 ij]—i-

Cn—1

Tn—1(Yn—1 + 2 yn) < Wg_ + x as clalmed. D

12



Theorem 4.3. The ({1},--- ,{n}) partition inequality is valid for Q% .

Proof. The proof is by induction.
For n =1, the MIR inequality is:

en(1- fy < H e(l—f) +e,

where (1 — f) = {i—‘ — b — 5 This is precisely the ({1}) partition

c1 c1 c1’

inequality sjy1 < (k151 — s1) + 2.

Now suppose that Z;L;ll miy; < 716’_1 + x is valid for Qz_l. We consider
two cases:
Case 1. y, > Ky,.
Suppose that (y, z) € Q%, so that 2?21 cjyj < b+, or rewriting Z;L;ll ciyi+
Cn(Yn — Kn) + cpkin < b+ 2. As ¢j > m; by Lemma EIi), y; > 0 for j =
1,...,n—1and y, — Kk, > 0, we have Z;L:_ll Y5 +Tn(Yn — Kn) +Cnkn < b+x,
or equivalently Z;:ll Y+ TnYn < b—(cp—mp)kn+2. Using LemmalI(iv),
we obtain 2?21 Ty < T+ .
Case 2. y, < K, — 1.
From Lemma 2] (y,z) satisfies Z?;ll TjYj + Tn—15 = Yn < 7r6’_1 + .

Adding 7, — mp—1=22~ > 0 (from Lemma [TIii)) times y, < k, — 1 gives

Cn—1

D i1 Yy < 0+ (i — 1) (0 — Tn-1g.2-) + 2 = 7y + = where the last

equality is obtained using Lemma [.T(iii).
Therefore by a disjunctive argument, the inequality is valid for Q2. [

Example 4.1. Consider the continuous <-knapsack set defined by the con-
straints
5y1 + 10ys +30ys <72+ z, y € Z3, v € RL.

The coefficients of the ({1}{2}{3}) partition inequality are given by
t ‘ B Kk u s

3172 3 60 18
2112 2 10 8
1172 1 0 3

Then 73 =3, 1 =1x3+(8—3) =8, 13 =8 x2+ (18 —8) = 26 and
mo = 26 X 3 — 18 = 60 giving the inequality

3y1 + 8y + 26y3 < 60 + .
Note that the ({1}{2}{3}) >-partition inequality for

5y1 + 10y2 + 30ys > 72, y € Z%

13



is the inequality
Y1 +y2 + 2y3 > 6.

Now by1 + 10ys + 30y3 < 72 + z plus ¢; — s1 = 2 times the latter inequality
again gives 3y + 8ys + 26y3 < 60 + .

Now we describe the inequality associated with an arbitrary partition
and we drop the assumption that ¢; does not divide b. Thus we suppose
that ¢,_1|b, but ¢, does not divide b.

For the partition {i1,..., 51}, ..., {ip,...,Jp} of {r,...,n}, we construct
the partition inequality

p
Zﬂ—’ityit S 0 +x
t=1
for the set ,
Zcityit <b+w yell, xzc Rfr.
t=1
Proposition 4.4. The {i1,...,j1},..., {ip,...,Jp} partition inequality
P Jt c
Z iy Z —Ly; < mo + . (4)
=1 — Ciy
J=u
is valid for Q<.

The set of points of Q< that are tight for such inequalities is the union

of the sets

Jk Jt
cj cj
ZF = y,z) € ZV xR 1y =05 < iy, Ly = Ky, Ly =ki—1 t=k+1,...
(o) e ZIXR 1y Xt =) =

Jt
Zoz{(y,a:)EZZL_XRI:yj:0j<r—1,zc—]yj:/£t—1 t=1,...,p,x =0}
— Cj;
j=it
r—1
W/=2"+{(y,x) € Z} xR": ) ey =0d,y; =05 >r, x=0}
j=1
where § =b— Y1 ¢, (ke — 1).

The proof that the inequality is valid for Z?:T ciy; < b,y € Z’}F_TH, x €
Rﬁr is as in Lemma The structure of the tight points follows from that
of the tight points {zF}F_ in Observation L0

It is easily seen that some partition inequalities are not facet defining.

14
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4.2 Decomposition and Extended Formulation for Q<

Here we show how the set Q< can be decomposed allowing one to derive
a polynomial size extended formulation for conv(Q<). First we look at the
simple cases.

Observation 4.4. If ¢1|---|cy|b, the polyhedron

J

is integral and describes conv(Q<).

Observation 4.5. If ¢;|b for j <r and c; > b for j > r, then conv(Q<) is
described by the original constraints cy < b+ x,y,x > 0 and one additional

constraint
n

Z(Cj —-b)t <.

J=1

4.2.1 Decomposition of conv(Q<)

Let t be the index with ¢; < b and ¢;41 > b. To avoid the case covered in
Observation 5], we assume r < ¢.
Let

t n
U=A{(y,x) €Z xRL: > cjyi+ > (¢ — py; <b—p+a}
j=1 j=t+1

where p = L%J Ct.

Let R be the set of vectors (y, z,«,~,d) that satisfy

t n
chozj+,u Z a5 <
j=1

J=t+1
(7,70) € conv(U)

Yj = o+ j=1,...,t
yj =+ 95, v =qj forj=t+1,...,n
n
x>+ Z cjdj
j=t+1
a,v,0 € RY.
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Proposition 4.5. proj, ;R = conv(Q<).

Proof. The extreme rays (ej,c;) for j = 1,...,t and (0,1) of conv ()
also become extreme rays of proj, ,R. The variables J; provide additional
rays (ej,c;) for j > t. Thus the rays of the two sets are the same. In addition
it is straightforward to check that the points (0,0) and the maximal points
for the partition inequalities given in Proposition d.4llie in proj, ,R.

To show that proj, R C conv(Q<), consider a point (y,x) € proj, .R.
Thus there exist (a,7,0) such that (y,z,a,7,0) € R. Let I be the set of
extreme points of conv(U) with >27_, ;7; = 0. As (v,70) € conv(U), we
can write

(v:70) = Z(’Yia’Yé))‘i+ Z (ej,c;—b 6J+Z €j,¢;)d;+ Z (€5, ¢i—r)d;+(0,1)do
el j=t+1 j=t+1

where >, A + Z?:H_l e; =1, A\,6,¢,8 > 0 with (y%,1§) for i € I and
(ej,¢; — b) for j >t the extreme points of conv(U).

Also
n n
o :Zoﬂyj,zyj =1,v>0,
Jj=0 J=0
where o/ for j =0,...,n are the extreme points of {a € R : Z;':1 cja +
,uE;-L:tHaj <uy (@® =0, d = cﬁjej for j = 1,...,t and o/ = ¢; for
j=t+1,...,n).
Then

(,2) =Y (V' A0N+D_ (0, 00w+ Y (e5,¢5=be+ > (e, ci—pmdi+ Y _(e5,¢)05+(0, 1),
0

el j= Jj=t+1 Jj=t+1 7j=1

Let p=3 ;c;ANiand o = Zz':o vj. For j =t+1,...,n,since y; = o, we
have e;+¢; = vj. Also >0, ;= >0 (Vj—€) = 1—0—(1-2 e \i) =
p—o.

Let (y9,y7) = (v/, %) + (@/,0) for i € T and j = 0,...,t. Clearly
(yij,yéj) € Q<. Also let (2 u z”) (v, 7) + (ej,cj — ) for ¢ € I and
j=t+1.n. Ascey' <b— p+78, we have ¢z = ey'+c¢; < b+ (i +cj—p)
and thus ( i z 1) e Q<. Also (ej,¢c; —b) € Q< for j > t.

Nowsmce
t
—Z’y )N Za’Ouj ZZ’y’yo + (a?,0)) )\1/] ZZy yo )\1/]
zEI =0 iel j=0 iel j=0
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and

PrIN mihi+ Y (e —mdi =S S (7 7) + (ejr¢j — u))%wj

P el J=t+1 el j=t+1
z ZJ
= g g J y 20 Z¢J7

i€l j=t+1

we can rewrite (y, z) as a convex combination of extreme points plus extreme
rays

t
Zz(yij% /\VJ+Z Z 2¥ zw Z¢J+ Z (¢j,¢; —b)ej

iel j=0 iel j=t+1 Jj=t+1

+ Z(ej, Cj)(Sj + (0, 1)¢0,

j=1

as ) ieq z;':o %)‘iyj‘i_ZieI Dt SAidj+3 € = o+ (p—0)+(1-p) =
1 and all multipliers are nonnegative. Thus (y,x) lies in conv(Q<).0]

4.2.2 An Extended Formulation for conv(Q<)

As before, we assume that ¢;|b for j < r, ¢, does not divide b, ¢; < b and
c; > b for j > t. Repeating the decomposition a maximum of ¢ — r times,
one terminates with a set I of the form

r—1
{(y,x) € 2% x RL : Zc]y]—i-Zc]y]gb—L jcr—kx}
7=1 j=r

where ¢;|(b— L%jcr) for j < randé; > (b— L%jcr) for j > r, so Observation
gives conv(U) completing the polynomial size extended formulation.

Example 4.2. Consider a set Q< with n = 5, ¢ = (3,6,18,90,180) and
b="737.

This decomposes into

3a11+6a12+18a13+90a14+180a15 < 720 and 31 +6v2+18v3+907v4 41805 <
17 + 7p.

The latter decomposes into

3ag1 + 6age + 12a93 + 12a94 + 12a95 < 12 and 371 + 672 + (18 — 12)ags +
T8agq + 168a25 < 5+ 7p.

The latter decomposes into
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3as1 + 3ass + 3ag3 + 3ag4 + 3azs < 3 and 31 + (6 — 3)&32 + (6 — 3)&23 +
75a24 + 165a25 < 2 + .
To complete the convex hull of the latter, we add

(3 —2)aq1 + lage + lagz + 73ag4 + 163a2s < 7o.

The complete formulation is:
3a11 + 6a12 + 18a13 + 90ay4 + 180a15 < 720
3ag1 + 6asz + 12a03 + 12a24 + 12a95 < 12
3az1 + 3azz + 3ag3 + 3agg + 3azs < 3
3a41 + 3asz + 3assz + 7hagy + 165a95 < 2 + .
lag1 + lage + laog + 73as4 + 163a25 < Yo
Y1 = a11 + az1 +azr + aq; + 01
Y2 = a12 + a +azz + o
Y3 = a13 + as3 + 3
Y4 = Q14 + a4 + 04
Ys = a1 + azs + 05
T >y + 301 + 652 + 1863 + 9004 + 18065
aiJ-ZOVi,j, 520

5 The multi-item continuous <-knapsack set

Finally, we study the multi-item continuous <-knapsack set
yS = {(y,$) S Z:L_ X RT—H : Zijj <b+ Z Tiy Ti < Q4,0 € M}
JEN i€ Mo

Proposition 5.1. Let S C M, B(S) = b+ a(M \ S) and r(S) be the
smallest index j such that c; does not divide B(S). Let ¢ € {r(S),...,n}
and {i1,....j1},- ,{ip,...,Jp} be a partition of {q,...,n}. Define B, =

B(S), ke = Lﬁ—ﬂ e = (ke — ey, Beo1 = Br — e and sy = ¢, — P
fort = p,...,1. Also let mp = sq, m = Kp—1m—1 + (St — s¢—1) fort =
2,...,p and my = kpmp — Sp. The partition inequality

D Jt

Z rn C_'jy] <7y + Z Ty (5)

t=1  j=i " i€S50

is valid for V<.
Proof. Let



The partition inequality is valid for the set Qi and this set is a relaxation
Of yS. [l B

Theorem 5.2. conv(Y<) is described by the initial constraints and the par-
tition inequalities ({). Equivalently,

conv(Y<) = Nscm conV(Q*g) N{(y,z) :z; <a; i€ M}.

Proof. Let Q(g,h) be the set of optimal solutions to the problem of
maximizing Y 7 gjy; — > hiw; over V<.

If hg < 0 or if there exists j € N with g; > c;jhg, then the problem is
unbounded. If h; < 0 for some ¢ € M, then all optimal solutions satisfy
z; = a;. If g; < 0 or if there exists i < j with = =9i > gj, then Qg,h) C
{(y,z) 1 y; =0}

Now suppose that hg > 2= > ... > 2 >0 and h > 0. If hg = 0 then
g=0and Q(g,h) C {(y,z) : xZ—O}fOTZGMWIthh > 0. If hg > 0 and
hi = 0 for all i € M, then (y,x) € (g, h) implies that (y,zo) is optimal for
max{gy —hoxo : cy < b+xo+a(M),xo >0,y € ZT }. Note that the feasible
set of the latter optimization problem is Qg.

In the remaining case, we have h >0, hg >0, S = {i € M : h; > 0} # ()
and hg > 2% > .. >91>0

Suppose that there exists jeA{l,...,r(S) — 1} with g; > 0. Take the
smallest such j. Suppose that there eX1stS an optimal solution (y,z) with
cy < b+ xz(My). Now consider the point (y',z) where y, = 0 for k < j,
y; =yj+1land y, =y, for k> j. As c(y’ —e;) < cy < B(S) and ¢; divides
B(S)—c(y' —e;), it follows that c(y’' —e;) < B(S)—¢;. Thus (v, x) is feasible
and its objective value exceeds that of (y,x) by ¢; > 0. Hence when there
exists j € {1,...,r(S)—1} with g; > 0, Q(g,h) C {(y,x) : cy = b+ (M)}
From now on, we take g; =0 for j € {1,...,7(S5) — 1}.

We look at three cases. In one case, Q(g,h) C {(y,z) : ©(Sp) = 0}. In
the second case, Q(g,h) C {(y,x) : cy = b+ x(Mp)}. In the third case,
there exists an optimal solution (y,x) with xz(Sp) > 0 and there exists an
alternative optimal solution with cy < b+ x(Mp). Let g be the smallest
index for which there exists such an optimal solution (y,z) with z(Sy) > 0
and y, > 0. This implies that ¢ > r(S) and g—z > *ZZ—: or else ¢ = r(S) and
9q > 0.

Define ¢(0) = min{} ;g hiwi : 2(So) > 0 — B(5),z € Rfol,a:,- <ai,i €
S}. If o < B(S), then ¢(0) = 0. For B(S) < o, ¢(0) is piecewise linear,
strictly increasing and convex. Let (y*,2*) be an an optimal solution with
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x*(Sp) > 0 and Yy > 0. Then since cy” is divisible by ¢;, we have cy* >

{Bc(qs )1 ¢q- In addition, optimality of (y*, ") implies that g, > ¢(cy”) —

Pc(y” — €q))-
Suppose that (y,z) € V< and cy < L%?J cq- Let ¥ =y + e, Then

cf =cy+e < {B(S)J cqteqg= {B(S)w ¢q (since ¢, does not divide B(S5)).

Cq Cq

Now as cy* > {%qs)—‘ ¢q, we have ¢y’ < cy*. Then g, > ¢(cy*) — ¢(c(y* —

eq)) > d(cy') — d(e(y’ — eq)) where the strict inequality follows from the
form of the function ¢ and the fact that cy* > B(S). Hence (y, x) cannot be

optimal. As a result, every optimal solution (y,x) satisfies cy > L%?J Cq-

Now consider the partition {i1,...,j1}, ..., {ip,...,Jp} of {q,...,n} with

g . , . 9i,  Jig_
g—J:jfOI‘t:L...,pandjE{Zt,...,jt} andc—iz>ﬁf0rt:2,...,p.

<
We first consider optimal solutions with z(Sp) = 0 and then optimal
solutions with z(Sp) > 0. In an optimal solution with x(Sy) = 0, we have

Z;’:chyj = {B(S)J cg as & > gq—:i or else ¢ = r(S) and g, > 0, and

Cq Cq Cq
q-1 | B(S) : [ iy _
ZJ:ZI cjy; < B(S) { o J cq- Since Ci: > o for t = 2,...,p, we have
;t:it cc—,jyj =kt — 1 fort = 1,...,p. So the point lies on the partition
1t
inequality.

Now we consider an optimal solution (y,z) with x(Sp) > 0. Note that
if (v/,2') is an optimal solution with ¢y’ < b+ 2/(M)), then 2/(Sp) = 0 and
cy’ < B(S). Suppose that there exists j with y; > 0 and c(y — e;) > B(S).
Then as c¢(y — e;) > cy’, we have g; < ¢(c(y + ¢;)) — d(cy') < d(cy) —
¢(c(y—e;)). This contradicts the optimality of (y, ). Hence, in any optimal
solution (y, x) with 2(Sp) > 0, we have ¢(y—e;) < B(S) for all j with y; > 0.

Then for (y,z) € Q(g, h) with 2(Sp) > 0, we have ", cjy; = {B(S)w Ci,

Cik

for some k € {1,...,p}, y; =0 for j € {1,...,i — 1}, at cjtyj:/-it—l

J=it ¢;

fort =k+1,...,p, S 4 y; = ki and x(Sp) = si. So again the point

J=ik Ciy,
lies on the partition inequality. [J

6 Conclusion

In this paper, we have studied the polyhedra associated with knapsack sets
with integer and continuous variables and divisible capacities.

In particular, we have studied the continuous >-knapsack set (equiva-
lently the splittable flow arc set) with multiple capacities (facilities) and
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given a description of the convex hull when the capacities are divisible. We
have shown that conv(Ys) = Ngcarconv(QL) N {(y, ) : * < a} where Q3
is a continuous >-knapsack set for each S C M. -

Consider the optimization problem min{} ., hi!Ei-i'zjeN 95y; : (y, ) €
Y>}. If h; <0, x; = a; in every optimal solution and it suffices to solve
a smaller problem. Thus we can assume that 0 < hy < ... < h;;,. Now
there exists an optimal solution (x,y) with z; = a; for j < i and z; = a;
for ; = 0 for j > 4 for some 7. Thus it suffices to solve the m problems
z; = Zj:j<ipjaj + min{p;z; + ZjeNgjyj cxi ey >b— Zj:j<i a;,0 <x; <
a;,y € Z7 } and take the best solution. Each of these can be represented by
a polynomial size linear program so the optimization problem is in P. Thus
separation of conv()’>) is polynomial using the ellipsoid algorithm.

Though polynomial time combinatorial separation algorithms are known
both for the partition inequalities for the integer >-knapsack set and the
residual capacity inequalities for the single facility splittable flow arc set
(see Pochet and Wolsey [16] and Atamtiirk and Rajan [3], respectively),
we do not know such an efficient combinatorial algorithm to separate the
exponential family of partition inequalities ([2). As a corollary it follows that,
in any non-trivial facet-defining inequality for conv()), the coefficients of
the continuous variables all take the values 0 or 1 (after scaling).

We have shown in Theorem that a result similar to that of Theorem
holds for the corresponding multi-item continuous <-knapsack set V<.
It is natural to ask if similar results hold for other continuous knapsack sets
with some special structure. Recently Dash et al. have shown that such
results hold when there are just n = 2 integer variables [4].

Kianfar [7] has shown how the partition inequalities for the integer >-
knapsack set with divisible capacities can be viewed as a special case of
n-step MIR inequalities and thus generalized. It seems likely that a similar
approach can be taken for the <-knapsack set.
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