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ABSTRACT

Positioning an unknown location node can be performed either directly from
the signals received at/from the reference nodes, or by estimating some position-
related parameters in a first step, and then combining them in an optimal way
to get the desired position in a second step. In two-step positioning strategies,
different types of parameters can be considered such as the time of arrival (TOA)
and the angle of arrival (AOA). On the other hand, Impulse radio (IR) ultra
wideband (UWB) signals are characterized by their pulses shorter than 2 ns
(bandwidth larger than 500 MHz). Such signals represent an excellent candidate
for highly accurate positioning when the TOA technique is employed.

In this thesis we consider the problem of parameter estimation for positioning
using IR-UWB signals.

We treat the general setting of non-linear estimation, study the threshold
and ambiguity phenomena, propose some approximations of the statistics of the
maximum likelihood estimator (MLE), and derive some approximate upper and
lower bounds of the mean squared error (MSE). The obtained results are applied
in the context of TOA estimation using IR-UWB signals, and exploited in the
design of the pulses that achieve the lowest attainable MSE.

We deal with TOA estimation in multiuser time-hopping IR-UWB systems.
We introduce a new receiver that we call “delaying-and-multiplying” receiver,
and propose a new estimator based on that receiver and named it “maximum
delaying-and-multiplying estimator”. We compute the asymptotic, local and
global performances of the proposed estimator and compare it with some ex-
isting benchmark estimators. We study the potential of the proposed estimator
in the presence of deterministic and random multiuser interference. We also pro-
pose a family of TOA estimators based on the discrete Fourier transform of the
received signal for both AWGN and multipath channels.

We derive the Cramer-Rao lower bounds (CRLB) for joint TOA and AOA
estimation, for AOA based positioning, and for hybrid TOA-AOA based posi-
tioning, in UWB multipath channels. We investigate the impact of the over-
lapping between the different multipath components (MPC) on the joint es-
timation of the MPCs gains and TOAs. We also derive the CRLBs for the
joint estimation of the TOA and the AOA in single-input-single-output (SISO),
single-input-multiple-output (SIMO), multiple-input-single-output (MISO) and
multiple-input-multiple-output (MIMO) systems.

We present a testbed that we realized at Université catholique de Louvain
(UCL) for ranging and positioning by using IR-UWB signals based and employ-

xxi



xxii ABSTRACT

ing the TOA technique. Two TOA estimators are considered: the MLE and a
threshold-based estimator. We have studied from measurement data the impact
of the multipath aspect of the channel and that of the shape of the transmitted
pulses on the positioning performances. The obtained results are compared with
the theoretical limits.
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CHAPTER 1

INTRODUCTION

THE unlicensed use of the ultra wideband (UWB) spectrum has been allowed
in May 2002 by the U.S. federal communications commission (FCC) [1].

A signal is considered as UWB if its fractional bandwidth (i.e. bandwidth to
central frequency ratio) is larger than 0.2 or its bandwidth is greater than 500
MHz. For most UWB applications (see [1] for more details), emission is allowed
in the band between 3.1 and 10.6 GHz at a very low power spectral density (PSD)
level of -41.3 dBm/MHz. For example, the FCC emission masks for indoor UWB
systems are depicted in Fig. 1.1.

Five years later (in February 2007), the unlicensed use of the UWB spectrum
has been allowed in Europe by the commission of the European communities
(EC) at the same PSD level as by the FCC but in the frequency band between
6 and 8.5 GHz [2, 3].

1.1 UWB-BASED POSITIONING

Thanks to the ultra wideband and/or the ultra short pulses (shorter than 2 ns)
used in UWRB signals, UWB technology can serve for highly accurate position-
ing by employing the time of arrival (TOA) technique [4]. From the different
advantages of UWB-based positioning it will suffice to mention [5-7]:



2 INTRODUCTION

EIRP emission level in dBm/MHz

Indoor UWB systems |
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Fig. 1.1.: FCC emission masks for indoor UWB systems.

Accurate positioning.

e Secure communication.

Penetrability through obstacles.
e Low cost, low power, and low size chips.

For a very nice introduction on positioning using UWB signals, we refer the
reader to [5].

1.1.1 UWSB signals

UWB signals can be divided into two main categories [4, 6-8:
e Multi-band UWB signals.
e Impulse radio (IR) UWB signals.

IR-UWRB signals consist of trains of ultra short pulses modulated using pulse am-
plitude modulation (PAM) and/or pulse position modulation (PPM). Thanks to
their very low duty cycle, and because it is easier to estimate the TOA with
pulsed signals, IR-UWB signals are preferred in positioning applications. Ac-
cording to the method used to make the spectrum of the transmitted UWB
pulses falling in the target band (form 3.1 to 10.6 GHz in U.S.A and from 6 to
8.5 GHz in Europe), we distinguish:

e Pure IR-UWB signals.
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Fig. 1.2.: Pure IR-UWB; p,(t): rectangular pulse shaped by the circuit low-pass
filtering effects applied to an UWB transmit antenna; p,(t): transmitted pulse.

e Carrier-based IR-UWB signals.

With carrier-based IR-UWB, the generated baseband pulse (e.g, Gaussian pulse,
root raised cosine, etc.) is modulated by a carrier in order to move its spectrum to
the target band. However, with pure IR-UWB, the spectrum of the transmitted
pulse naturally falls in the band of interest. Thanks to the constant shape of their
pulses (i.e. there is no carrier phase uncertainty due to the mixing stage like with
carrier-based IR-UWB), pure IR-UWB signals can easily benefit from the super
accuracy on TOA estimation furnished by the passband frequency components.

A simple example for transmitting a pure IR-UWB pulse consists on generat-
ing a very short rectangular pulse then applying it directly to an UWB transmit
antenna. In fact, due to the low-pass filtering effects of the circuit, the rectan-
gular pulse becomes a Gaussian-like pulse, then once applied to the transmit
antenna the generated pulse will be shaped by the antenna frequency response.
Fig. 1.2 illustrates the Gaussian-like pulse p,(t) (generated by a digital circuit,
see more details in Chap. 6) at the input of an UWB transmit antenna, and the
corresponding transmitted pulse p;(t).

Both spread-spectrum and multiple-user-access can be ensured with IR-UWB
signals by using direct sequence (DS) and/or time-hopping (TH) codes. The
generic DS/TH-PAM /PPM-IR-UWB signal transmitted by the kth user can be



4 INTRODUCTION

A

Al 51
| - -

Fig. 1.3.: Impulse response of an UWB channel: The MPCs arrive grouped in
consecutive clusters (A~!: average cluster rate of arrival, ~!: average MPC
rate of arrival within a cluster, I': cluster exponential decay constant, v: MPC
exponential decay constant within a cluster).

written as:
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(1.1)
where p(t) denotes the IR-UWB pulse, Ts and T, = Ts/N. the symbol and

chip periods respectively (N, chips/pulses per symbol), a PP PAM and o PPM

(k),DS ! (k) TH

the PAM and PPM modulating symbols, (¢, € {+1,-1}) and (cn €
{0,---,Nj, — 1}) the DS and TH codes of length N, T}, = T../N}, the time-hop
(N}, time-hops per chip), and e the PPM time shift.

i1=—00 n=0

1.1.2 UWB channels

UWRB channels are characterized by their multipath (MP) aspect. According to
the TEEE802.15.3a [7] and IEEE802.15.4a [9] UWB statistical channel models,
the MP components (MPC) of an UWB channel arrive grouped in consecutive
clusters.

Both the cluster TOA and the MPC TOA within a cluster follow Poisson
processes, and both the average power per cluster and the average power per
MPC within a cluster vanish with time according to an exponential decay. The
general allure of an UWB channel impulse response is illustrated in Fig. 1.3.

UWRB statistical channel models are considered in more details in Chap. 5.
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1.1.3 Positioning systems

Depending on whether the unknown location nodes are locating themselves, po-
sitioning systems can be divided into three categories [10-12]:

e Network-based positioning (called “remote-positioning” in [5]) (e.g, cellular
networks): where the network (e.g, base stations) locates the unknown
location nodes (e.g, mobiles); the unknown location nodes are not involved
in the positioning process.

e Mobile-based positioning (called “self-positioning” in [5]) (e.g, global po-
sitioning system, GPS): where the unknown location nodes are locating
themselves.

e Mobile-assisted positioning: where the unknown location nodes cooperate
with the network to estimate their positions (e.g, cooperative localization
networks).

According to the strategy adopted to estimate the position from the received
signals, positioning techniques can be divided into two types [5, 13]:

e Direct positioning: where the position of the unknown location node is
directly estimated from the signals received at (or from) the different ref-
erence nodes.

e Two-step positioning: in the first step we estimate some parameters related
to the unknown position; then in the second step, called sometimes “data
fusion” [11], we combine in an optimal way the parameters gathered in
the first step in order to find the desired position. In geometric positioning
techniques [5], the position related parameters are the TOA, the angle of
arrival (AOA), the time difference of arrival (TDOA) and the received sig-
nal strength (RSS). Hybrid techniques where various types of information
are merged together (e.g, TOA with AOA) can also be employed.

We can also consider anchor-based and anchor-free positioning systems relying
on the availability of reference nodes in the network. More classes of positioning
techniques (e.g, geometric, statistical, and mapping/fingerprinting techniques)
counting on the type of the dependency between the useful observation and the
unknown position, and on the availability of statistical information about the
noise corrupting the useful observation are investigated in [5].

Both the TOA and the RSS determine the distance between the node to
locate and the reference nodes, so three reference nodes are sufficient to find
a two-dimensional (2D) position without ambiguity (the intersection of three
circles). Two nodes are sufficient using the AOA information (intersection of two
rays, see more details about the required number of reference nodes for 2D AOA-
based positioning in 5.1.8.2), whereas three nodes are not always sufficient using
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Fig. 1.4.: (a) Uniform linear array (ULA) of M elements for AOA estimation (b)
Hyperbola corresponding to the TDOA between two reference nodes (Ref; and
Refy); when Unk is very far from Ref; and Refy, the TDOA measure determines
the AOA with ambiguity (two branches).

the TDOA [5] (intersection of hyperbolas). Note that with AOA, every reference
node should be equipped with an antenna array (see Fig. 1.4(a)).

In practice, the lines (i.e. the circles, rays and hyperbolas) obtained from the
estimated parameters do not intersect at one point due to the estimation errors.
Therefore, the data fusion step consists on estimating the position by minimizing
a given error function. As example, the unknown position can be estimated using
the TOA technique as:

(Z,9) = argmin zI: M

(z,y) i=1

where (z,y) and (x;, y;) denote the positions of the unknown location node (Unk)
and ith reference node (Ref;) respectively, di(z,y) = /(x —2;)% + (y — y;)?

the distance between Unk and Ref;, (&, ) and d; = c#; the estimated position
and distance (¢ denotes the speed of the light, and 7; and 7; the true and the
estimated time of flight between Unk and Ref;), and 03_ the variance of d;
(assumed unbiased). Note that Unk and Ref; should be éynchronized for the
estimation of 7; (TOA technique). However, with TDOA only the reference nodes

should be synchronized, and with AOA the elements of each antenna array.

When positioning is performed by way of UWB signals, TOA technique is
much more accurate than both RSS [5] and AOA (see the comments on Fig. 5.6(a)
and Fig. 5.6(b) in Sec. 5.1.8.3) techniques. Furthermore, TOA is more accurate
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than TDOA. For setups where Unk is surrounded by the different Ref;, the
accuracy achieved by TDOA is comparable to that achieved by TOA. However
if Unk moves away from all Ref;, then TDOA becomes unable to estimate the
position, whereas TOA will be still able to do it; TDOA will be only able to
provide the AOA (see Fig. 1.4(b)) of Unk with respect to the array composed
from the different Ref;; in that case, the estimated position accuracy achieved
by TOA will be equal to that achieved by hybrid TOA-AOA technique based on
the array just mentioned (see Sec. 5.1.8.3 for the accuracy achieved by one array
using hybrid TOA-AOA). Finally, we can deduce TOA then TDOA are the most
promising techniques for highly accurate positioning via UWB signals.

1.1.4 TOA estimation via UWB signals

Depending on whether the transmitter and receiver clocks are synchronized, two
approaches can be considered for the estimation of the TOA [14, 15]:

e One-way delay: where the receiver finds from the transmission time, as-
sumed known, and the estimated TOA, the time of flight corresponding
to the distance. With this approach both the transmitter and the receiver
should have the same time reference.

e Two-way delay: where the transmitter sends a signal at a given time;
when the receiver receives the signal, it waits for a duration known by the
transmitter, then resend a reply signal to the transmitter; finally, from
the time of transmission of the first signal, the waited duration at the
receiver side, and the estimated TOA of the reply signal, the transmitter
can estimate the duration of the round-trip flight. This approach suffers
from the errors introduced by the time drift at the receiver side if the
waited duration is very long.

TOA estimation suffers from many undesirable effects, mainly [5, 11, 14]:
e Low signal to noise ratios (SNR).

e MP aspect of the channel.

Multiuser interference (MUTI).

e Non-line of sight (NLOS) conditions.

The very high sampling frequency required in “all digital” receivers.

In additive white Gaussian noise (AWGN) channels, the maximum likelihood
estimator (MLE) (which is the optimal estimator) consists on maximizing either
the output of the filter matched to the transmitted signal (see Fig. 1.5(a)) or
the crosscorrelation (CCR) of the received signal and a delayed template of the
transmitted signal. The main challenge facing the realization of this estimator
is the need of either sampling the matched filter (MF) output at an ultra high
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Fig. 1.5.: (a) Filter matched to the transmitted pulse p(—t) (b) Energy receiver
(¢c) DT receiver (t,, — t,—1 is the relative delay between two consecutive pulses).

rate (greater than or equal to the Nyquist rate equal to 2 x 10.6 GHz for a signal
fulfilling the FCC band), or implementing a huge number of correlation (CR)
branches (due to the spectrum and the very low duty cycle of IR-UWB signals).

As analog analog-to-digital converters (ADC) operating at the required rate do
not exist [5], various solutions such as frequency-domain channelization [16, 17]
and subsampling techniques [18, 19] have been considered. Another solution for
this problem consists on using threshold-based estimators; the main two benefits
of this approach are the high achievable accuracy (when CR or MF receivers are
used) and the possible analog implementation [14, 15]. Thresholding can also
be performed with non-coherent receivers (as done in [20-22] with an energy
receiver). Simple estimators can be implemented using low-complexity receivers
(i.e. relatively low sampling rate can be considered), such as the energy [20, 21,
23-26] and the dirty-template (DT) [27-31] receivers. However, these estimators
are less accurate than CR/MF based estimators because non-coherent receivers
are employed. As depicted in Fig. 1.5(b) and Fig. 1.5(c), respectively, an energy
receiver consists on passing the received signal through a band-pass filter (BPF),
applying the squaring operator, then integrating over a window of fixed length
T, whereas a DT receiver consists on applying the BPF, multiplying each symbol
[28] or pulse [27, 29-31] by the previous one, then integrating. Both receiver types
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can be employed in MP channels in order to capture the maximum useful energy
carried by the MPCs. The DT receiver has the advantage of benefiting from the
total energy of the distorted pulse if the used delay lines are sufficiently accurate
(a challenge of the DT receivers). The integration time 7" should be optimized
to obtain the maximum SNR (tradeoff between the integrated noise and MPC
energies); in [27], the optimal T in a DT receiver is calculated for both AWGN
and MP channels. In [23], the TOA is estimated in AWGN and MP channels by
considering parallel energy integrators starting at different moments. By making
use of low-complexity receivers (e.g, threshold, energy, DT) we can realize the
MLE by proceeding in two steps; in the first step we find a coarse estimate of
the TOA by employing one of the receivers just mentioned; then in the second
step, a fine estimate is obtained based on the CR receiver; such an estimator is
optimal and easy to implement.

In MP channels, the MLE of the first MPC consists on maximizing the CCR of
the received signal and a delayed version of the MP useful signal (the transmitted
signal filtered by the channel impulse response); as the channel is itself unknown,
this estimator is impossible to compute. In such a case the optimal estimator
consists on jointly estimating, using the joint MLE, the number L of MPC,
and the gains and the delays of all MPCs; this estimator is very complex to
realize because it consists on varying the candidate number of MPCs L', and
minimizing for each considered L’ an objective function in a 2L’ dimensional
space. In channels with resolvable (i.e. non-overlapping) MPCs, a search over a
2L/ dimensional space is no longer required and the estimation process becomes
much easier; as the first MPC is not necessarily the strongest one now, the main
task consists on detecting the portion of the observation (e.g, MF, energy and
DT signals) corresponding to the first MPC.

An algorithm to estimate the TOA 7(1) of the first MPC based on the joint
approach is proposed in [32]; it detects the strongest MPC, and then the earlier
MPCs one by one; this algorithm requires to set, based on the statistics of
the channel, two thresholds determining the search-space of 7(1) and a lower
bound of o)) (gain of the first MPC), respectively. Two other estimators called
“Search and subtract” and “Search subtract and readjust” are proposed in [33]
based on the joint approach. Both estimators assume that the first MPC belongs
to the set of the N strongest MPCs, where N has to be fixed before running
the algorithms. Obviously, the choice of N is very crucial; bad values of N
can cause large errors due to early/late detections; in [33], the optimal N is
computed based on measurement data. When the MPCs are resolvable, the last
two mentioned algorithms give the same result as the “Single search” algorithm
(very simple) also proposed in [33]. The fourth algorithm proposed in [33] (two-
step algorithm) finds a coarse estimation of (1) by comparing the output of the
MF to a fixed threshold, then finds a fine estimate by maximizing the output of
the MF within a window of length equal to the pulse width; in turn, the choice of
the threshold is very critical. In [33], the optimal threshold has been computed
based on measurement data; However, it is calculated in [22] from the statistics
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of the channel for both MF and energy receivers. The main drawback of the
estimators proposed in [32, 33] (except the thresholding one) is the very high
required sampling rate.

In [20], two algorithms called (in [15]) “Jump Back and Search Forward”
(JBSF) and “Serial Backward Search” (SBS) are proposed for the detection of
the first MPC. They both use an energy receiver, start by detecting the strongest
MPC, then compare the observation to a threshold to identify the first MPC. An
improved version of JBSF named (in [15]) “Serial Backward Search for Multiple
Clusters” (SBSMC) is proposed in [21] to take into account the clustered aspect
of the UWB channels (see Sec. 1.1.2 and Fig. 1.3); in fact, the use of SBS may
cause large errors due to false cluster detection when the first and the strongest
MPCs do not fall in the same cluster.

In [25, 26, 34], three two-step estimators are proposed. They all use the energy
receiver in the first step. However in the second step, the fine estimate is obtained
in [26] by comparing the MF output to a threshold. In [34], the received signal is
correlated with a set of delayed versions of the transmitted signal corresponding
to the number Nj, of time-hops (of length assumed equal to the pulse width)
per chip (the so-called here “time-hop” and “chip” are named in [34] “chip” and
“frame” respectively, see Eq. 1.1); then, the optimal time-hop is obtained using
the method of moments. In [25], the second step is also based on the energy
receiver. We have already mentioned that a two-step TOA estimator based on
the MF is proposed in [33]; it consists on performing thresholding in the first
step, and a maximum search in the second step. In [35, 36], we have proposed
a two-step TOA estimator for MP channels. In the first step, we find coarse
estimates of the TOAs of the different MPCs by using a threshold estimator
based on the baseband CR receiver; then in the second step, we find the fine
estimates by employing the discrete Fourier transform (DFT) of the received
signal. This estimator is the scope of Sec. 3.3 in Chap. 3.

We have already mentioned that MUI is one of the most challenging prob-
lems for TOA estimation via IR-UWB signals. According to [15], relatively few
publications address this problem [37, 38]. However, MUI in IR-UWB systems
is widely investigated in the literature for demodulation and symbol detection
under the assumption of perfect synchronization [39-43]. In [39] the MUI is
modeled as an AWGN and the N, pulses composing a given symbol (see Eq. 1.1)
are equally weighted like in the case of single user (i.e. the receiver depicted in
Fig. 3.1(b) in Chap. 3). The effect of MUI is mitigated in [40] by keeping the
pulses crossing a given threshold and discarding the other pulses, and in [41]
by keeping the pulses non-colliding with the interfering user pulses. The perfor-
mance of the latter approach depends on the useful energy received by /from the
user of interest and the probability of collision. In [42], a weighted combining
scheme of the different pulses is proposed in order to maximize the signal-to-
interference-plus-noise ratio (SINR). The latter method is improved in [43] to
perform optimal combining of the received MPCs as well. Some other materials
on time-hopping-multiple-access (THMA) and MUI can be found in [44-47].
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Regarding the estimation of the TOA in MP channels in the presence of MUI,
an iterative joint estimator based on successive cancellation is derived in [48];
it has been shown from simulation that the proposed estimator achieves the
Cramer-Rao lower bound (CRLB) at high SNRs. In [37], the proposed estimator
employs an energy receiver; the row vector containing the N.N,,, samples per
symbol (Nggpm is the number of samples per chip) is converted into a N. X Nggm
matrix (the nth row contains the N, samples of the nth chip, see Eq. 1.1);
a non-linear transformation is applied to each column in order to mitigate the
MUI components; the matrix is then converted into a 1 X N4, vector by adding
the different rows; the TOA is estimated from the latter vector like in the case of
single-user. This method is improved later in [38] by applying a differential filter
to each row before adding the rows to each other; the goal of this operation is
to emphasize the beginning of the different clusters (see Fig. 1.3).

All estimators described above are based on the time-domain (except the one
in [35, 36] which is based on both the time-domain and the frequency-domain).
Some other estimators for either electromagnetic or acoustic signals are employ-
ing the DFT of the received signal [35, 36, 49-56]. In [56], a “super-resolution”
TOA estimator is proposed; first, an estimate of the frequency response of the
MP channel is obtained from the DFT of the received signal; then the mutiple
signal classification (MUSIC) algorithm is employed to estimate the TOAs of the
different MPCs. The MUSIC algorithm assumes that the number of the sources
(MP scatterers in our case) is known, and that the corresponding signals are
uncorrelated (not applicable if the MPCs are overlapping); the determination of
the number of MPCs is also investigated in [56]. Note that in the case of un-
resolvable MPCs (correlated signals) the estimates obtained from the algorithm
in [56] can be considered as coarse estimates; the fine estimates can be obtained
from another algorithm that approximates the joint MLE like the successive
cancellation [48], the alternating maximization and the gradient algorithms (see
[57] for the problem of AOA estimation). We have already mentioned that our
estimator proposed in [35, 36] will be considered in Sec. 3.3; therein, we briefly
compare it to the other DFT-based estimators.

1.2 ORGANIZATION OF THE THESIS

We present here the organization of our thesis.

In Chap. 2, we consider the general case of non-linear estimation of determinis-
tic parameters. We study the impacts of the threshold and ambiguity phenomena
on the performances of the estimation. We derive some approximations of the
statistics of the MLE based on the so-called “subdomain method”, and some
approximate upper and lower bounds for the mean squared error (MSE). We
apply the derived approximations and approximate bounds on the problem of
TOA estimation based on IR-UWB signals. Using the derived MSE approxima-
tions we compute, with respect to some features of the transmitted signal, the
SNR required to achieve the CRLB. These results are employed to optimize the
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spectrum of the transmitted signal with respect to the available SNR in order
to achieve the lowest attainable MSE.

In Chap. 3, we propose a new receiver for TH-IR-IWB signals, and a new
TOA estimator based on that receiver. We compute some statistics related to
the proposed receiver. We calculate the asymptotic MSE achieved by the new
TOA estimator, and derive some approximations of the local MSE and two
approximate lower bounds. The new estimator is compared with the MLE. We
also propose some TOA estimators based on the DFT of the received signal. We
compute the statistics of the proposed estimators.

In Chap. 4, we deal with TOA estimation in multiuser (MU) TH-IR-UWB
systems. We consider the new estimator introduced in Chap. 3 and another es-
timator based on the CR receiver. For both estimators, we derive some approxi-
mations of the global MSE and some approximate lower bounds. We investigate
the cases of single-user and multiuser. We analyze the performances of the two
estimators by considering deterministic MUI and random MUI.

In Chap. 5, we derive the CRLBs for the joint estimation of the TOA and the
AOA, and for the estimation of the position based on the AOA technique and
based on the hybrid TOA-AOA technique. UWB signals and MP channels have
been considered. Then, we calculate the CRLBs for the joint estimation of the
TOA and the AOA in multiple-input-single-output (MISO) and multiple-input-
multiple-output (MIMO) systems. We compare with single-input-single-output
(SISO) and single-input-multiple-output (SIMO) systems. Wideband signals and
AWGN channels have been considered. Finally, we consider the estimation of
UWB channels. We derive the CRLBs for the joint estimation of the gains and
the TOAs of the different MPCs. We study the impact of the overlapping among
the different MPCs on the estimation performance. Average CRLBs have benn
computed.

In Chap. 6, we present a testbed realized at Université catholique de Louvain
(UCL) for IR-UWB based ranging and positioning. We describe a TH-IR-UWB
generator based on a field-programmable gate array (FPGA) with high-speed
serial module. Two methods for IR-UWB pulse shaping are proposed and dis-
cussed. For our experiments, we consider one setup for ranging and another
for positioning. Ranging and positioning are performed by employing the TOA
technique. The MLE and a threshold-based estimator are investigated. We study
the impacts of the MP channel and the shape of the transmitted pulse on the
performances of both estimators.

In Chap. 7, we summarize the contributions of this thesis and draw out some
interesting problems for future investigation.



CHAPTER 2

NON-LINEAR ESTIMATION: STATISTICS
OF THE MLE, APPROXIMATE UPPER
AND LOWER BOUNDS, AND OPTIMAL
SIGNAL DESIGN

ONLINEAR estimation problems, like position estimation, TOA estimation,
AOA estimation and many other estimation problems, suffer from the
threshold effect which means that for a SNR above a given threshold, estimation
can achieve the CRLB (minimum mean square error achievable by an unbiased
estimator), whereas for SNRs lower than that threshold, estimation deteriorates
drastically until the estimator becomes uniformly distributed in the a priori
domain of the unknown parameter. The behavior of the threshold effect is deter-
mined by the shape of the autocorrelation (ACR) of the observation carrying the
information on the unknown parameter. It also depends on another phenomenon,
that is the ambiguity phenomenon. Due to the threshold effect, the exact eval-
uation of the statistics of most estimators like the MLE has been considered as
a prohibitive task. In order to be used as benchmarks, and to judge the perfor-
mances of the estimators proposed for the different estimation problems, many
lower and upper bounds have been derived in literature.

In Sec. 2.1 we study the threshold and ambiguity phenomena for a general
deterministic nonlinear estimation problem. We approximate the statistics of
the MLE. We propose some approximate upper bounds and lower bounds for
the MSE. Some approximate lower bounds are based on the binary detection
principle, which has been firstly used by Ziv and Zakai [58] to derive lower
bounds for Bayesian estimation. We apply the derived approximations of the

13
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MSE and the approximate upper and lower bounds on the problem of TOA
estimation using UWB signals.

In Sec. 2.2 we consider TOA estimation based UWB signals. We use the MSE
approximations and the approximate upper and lower bounds derived in Sec. 2.1
to compute the SNR thresholds of the regions, where the estimation is useless,
where it achieves an intermediate accuracy, and where it achieves the CRLB.
The thresholds are computed with respect to some features of the transmitted
signal, and analytic expressions are also obtained.

Based on the results obtained about the thresholds, we consider in Sec. 2.2
the optimization, with respect to the available SNR, of the spectrum of the
transmitted signal in order to attain the minimum achievable MSE. We consider
the cases of signals with spectrum falling in a given frequency band, and of signals
with spectrum falling in a given frequency band and having a given bandwidth.

2.1 STATISTICS OF THE MLE AND APPROXIMATE UPPER AND
LOWER BOUNDS

Nonlinear estimation suffers from the threshold effect [58-67]. In deterministic
estimation (i.e. the unknown parameter has one deterministic value which is un-
known), this effect means that for a SNR above a given threshold, the estimation
can achieve the CRLB, whereas for SNRs below that threshold, the estimation
deteriorates remarkably until the estimator becomes uniformly distributed in the
a priori domain of the unknown parameter. In Bayesian estimation (i.e. the un-
known parameter follows a given a priori distribution), the Bayesian CRLB is
achieved at sufficiently high SNRs, and the estimator follows the a priori dis-
tribution at low SNRs. In this work we only consider the case of deterministic
estimation.

As depicted in Fig. 2.1(a), the SNR axis can be in general split into three
regions according to the achieved MSE:

1. A priori region: the region where the estimation becomes uniformly dis-
tributed in the a priori domain of the unknown parameter (region of low
SNRs). In this region, the estimation becomes useless.

2. Threshold region: the region of transition between the a priori and the
asymptotic regions (region of medium SNRs).

3. Asymptotic region: the region where the CRLB can be achieved (region of
high SNR).

As illustrated in Fig. 2.1(a), these regions are delimited by the a priori pp, and
asymptotic p,s thresholds.

If the ACR of the signal carrying the information on the unknown parameter is
oscillating, then the estimation will be affected by the ambiguity phenomenon.
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Fig. 2.1.: SNR regions (a) A priori, threshold and asymptotic regions for non-
oscillating ACR, (b) A priori, ambiguity and asymptotic regions for oscillating
ACR (¢: CRLB, ey: MSE of uniform distribution in the a priori domain, e:
achievable MSE, ppr, pam1, Pam2, Pas: @ priori, begin-ambiguity, end-ambiguity
and asymptotic thresholds).

Due to this phenomenon a new region (the ambiguity region) appears in the
threshold region. The MSE achieved in this region is determined by the curvature
of the envelope of the ACR. Accordingly, the SNR axis can be split into five
regions as depicted in Fig. 2.1(b):

1. A priori region.

2. A priori-ambiguity transition region: the region of transition between the
a priori and the ambiguity regions.

3. Ambiguity region.

4. Ambiguity-asymptotic transition region: the region of transition between
the ambiguity and the asymptotic regions.

5. Asymptotic region.

As shown in Fig. 2.1(b), these regions are delimited by the a priori p,,, begin-
ambiguity pgm1, end-ambiguity psm2 and asymptotic p,s thresholds.

The exact evaluation of the statistics, in the threshold region, of some es-
timators like the MLE has been considered as a prohibitive task. Many lower
bounds have been derived for both deterministic and Bayesian estimation in
order to be used as benchmarks and to describe the behavior of the MSE in
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the threshold region [68] (very nice survey in French on the different families of
deterministic and Bayesian lower bounds). Some upper bounds have been also
derived like the Seidman [69] and McAulay [70] bounds. It will suffice to men-
tion here the CRLB, Bhattacharyya, Chapman-Robbins, Barankin (BLB) and
Abel lower bounds for deterministic estimation, the Bayesian Cramer-Rao [71],
Bayesian Bhattacharyya [71], Bobrovsky-Zakai [72], Bobrovsky-MayerWolf-Zakai
[73], and Weiss-Weinstein [74] lower bounds for Bayesian estimation, and the Ziv-
Zakai lower bound (ZZLB) [58] with its improved versions: Bellini-Tartara [60],
Chazan-Ziv-Zakai [75], Weinstein [76] (approximation of Bellini-Tartara), and
Bell-Steinberg-Ephraim-VanTrees [77] (generalization of Ziv-Zakai and Bellini-
Tartara) lower bounds for Bayesian estimation too, and finally the Reuven-
Messer lower bound for simultaneously deterministic and Bayesian estimation.
It has been shown in [68] that the deterministic bounds mentioned above can be
seen as different versions of one unified bound, similarly for the ZZLB and its
improved versions, and as well as for the Bayesian Cramer-Rao, Bayesian Bhat-
tacharyya, Bobrovsky-MayerWolf-Zakai, Bobrovsky-Zakai, and Weiss-Weinstein
lower bounds.

The CRLB [78, pp. 53-56] gives the minimum MSE achievable by an unbiased
estimator. However, it is very optimistic for low and moderate SNRs and does
not indicate the presence of threshold and ambiguity regions. The BLB [79]
gives the greatest lower bound of an unbiased estimator. However, its general
form is not easy to compute for most interesting problems. A useful form of
this bound, which is much tighter than the CRLB, and which shows clearly the
threshold and ambiguity regions, is derived by McAulay and Seidman in [80] and
generalized to vector cases in [81]. Still, the bound in [80] is too optimistic so the
threshold, ambiguity and asymptotic regions (see Fig. 2.1(a) and Fig. 2.1(b)) are
detected much earlier (i.e. at lower SNRs) than the corresponding regions given
by the MSE truly achieved in practice. Some applications to BLB can be found
in [59, 61, 64, 65, 82, 83].

The Bayesian Ziv-Zakai lower bound family [58, 60, 75-77] is based on the
minimum probability of error of a binary detection problem (i.e. detection prob-
lem with two hypotheses). The Ziv-Zakai bounds are very tight, show clearly the
presence of the threshold and the ambiguity regions and detect accurately the
asymptotic region. Some applications to the Ziv-Zakai bounds, discussions and
comparison to other bounds can be found in [14, 15, 22, 66, 67, 84-88].

In [89, pp. 627-637], a method is proposed by Wozencraft to approximate the
MSE of the MLE, applied therein on TOA estimation using particular waveforms
(Cardinal sine), and used in [59] as reference to judge some upper and lower
bounds. The same method is used by McAulay in [70] to derive an approximate
upper bound that can be used with any type of waveforms. As shown in [84],
the proposed bound is very tight and can be used to accurately estimate the
threshold of the asymptotic region. Wozencraft method consists on splitting the
a priori domain of the unknown parameter into subdomains and computing the
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probability of each subdomain and the statistics of the MLE in each subdomain.
Some applications to this method can be found in [90-92].

In this work employ the method of Wozencraft [89] and the approach of
McAulay [70] to propose different approximations of the statistics (probability
density function, mean and MSE) of the MLE, and to derive two approximate
upper bounds. We derive an approximate lower bound tighter than the CRLB
using Taylor series expansion of noise limited to second order. The derived ap-
proximations of the MSE are highly accurate (tighter than the Ziv-Zakai and
the approximate McAulay [70] bounds) and follow closely the truly achieved
MSE. By making use of the method proposed by Ziv and Zakai [58] to derive
lower bounds for Bayesian estimation, we get some approximate lower bounds
for deterministic estimation. We discuss the precision and the tightness of the
derived approximations of the MSE and the obtained approximate upper and
lower bounds by applying them to the problem of TOA estimation based on
UWB waveforms.

In Sec. 2.1.1 we describe the system model. In Sec. 2.1.2 we discuss the thresh-
old and ambiguity phenomena. In Sec. 2.1.3 we derive the first approximation
of the MLE statistics. In Sec. 2.1.4 we propose some approximate lower bounds
using the method of Ziv and Zakai. In Sec. 2.1.5 we derive two other approxima-
tions of the MLE statistics, two approximate upper bounds, and an approximate
lower bound. In Sec. 2.1.6 we apply the approximations of the MSE and the ap-
proximate upper and lower bounds on TOA estimation using UWB waveforms
and discuss the obtained results.

2.1.1 System model

In this subsection we describe our system model. In Sec. 2.1.1.1 we consider a
general deterministic nonlinear estimation problem and in Sec. 2.1.1.2 we con-
sider the particular case of TOA estimation.

2.1.1.1 Deterministic nonlinear estimation

We describe now the system model of a general deterministic nonlinear es-
timation problem. Denote by © the unknown parameter to estimate with
Do = [01,03] being its a priori domain. We can write the observed signal
as:

r(t) = as(t; ©) + w(t) (2.1)
where s(t;©) is the signal carrying the information on 0, « a known gain, and
w(t) an AWGN of two-sided PSD of 22.

From Eq. 2.1 we can write the log-likelihood function of © as:

A(9) = *Nio /m {r(t) — as(t; 0)}2dt (2.2)

— 3 { B+ 0EL(0) - 20X.0(0)} (23)
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where 6 € Dg denotes a variable associated with the unknown parameter ©,
E, = fjoooo r2(t)dt and E(0) = fj;o s2(t;0)dt the energies of r(t) and s(t;0)
respectively, and

+o0o
X,.(0) = / s(t: 0)r(t)dt = aR, (0, 0) + w(6) (2.4)

)
—00

the CCR of s(t;0) and r(t) with respect to 0, with

R(0,0') = /+oo s(t: 0)s(t: 0')dt (2.5)

— 00

the ACR of s(t; 0) with respect to (0,6’) and

+o00o
w(®) = / s(t: 0)(t)dt (2.6)

— 00

a colored zero-mean Gaussian noise of covariance given by (€{-} denotes the
expectation operator):

Cu(6,6') = € {w(B)u(®')} = =

R4(6,0"). (2.7)
By assuming Es(0) = Fs Eq. 2.3 independent of 6 (true for most estimation
problems) we can write the MLE of O as:

© = argmax {X,,(60)} (2.8)
0
and the CRLB of O from Eq. 2.2 and Eq. 2.3 as [78, pp. 39]:

B ~1 _ No/2 . —NoJ2
o(®) = E{AB) =0} 2Ei(©)  a2R,(0,0) 2

where 5(t;0) denotes the first derivative of s(t;0) with respect to 6, A(f) and
R,(0,©) the second derivatives of A(f) and R (6, ©) respectively, and E;(0) =
fjoos §%(t;0)dt the energy of §(t;0). Unlike E,(©), E¢(©) = —R,(0,0) may
depend on © for many estimation problems (e.g. angle estimation [93]).

The CRLB in Eq. 2.9 is inversely proportional to the curvature of the ACR
function R,(6,0) at § = O. Sometimes R4(6,0) is oscillating with respect to
0. Then, if the SNR is sufficiently high (resp. relatively low) the maximum of
the CCR function X ,(¢) Eq. 2.4 will fall around the global maximum (resp.
the local maxima) of R,(6,©) and the MLE © Eq. 2.8 of © will (resp. will not)
achieve the CRLB. We will see later in Sec. 2.1.6 that the MSE achieved at
relatively low (i.e. medium) SNRs is inversely proportional to the curvature of
the envelope of the ACR instead of the curvature of the ACR itself. To be able
to characterize this phenomenon, known as ambiguity phenomenon, we define



STATISTICS OF THE MLE AND APPROXIMATE UPPER AND LOWER BOUNDS 19

the envelope CRLB (ECRLB, not necessarily a CRLB of an existing estimation

problem) as:

_ N()/2
a?R{ér,(0,0)}

where R{-} denotes the real part operator, eg_(6,0) the complex envelope of

R4(0,0) with respect to its mean frequency ¢.(0) in the frequency domain
relative to 6 (dimension of §), and ég, (6, ©) its second derivative. We can write:

c(©) = (2.10)

R,(0,0) = R{e2 00Oy (9,0)}
+oo
eR{ TR, (¢)}dp
pc(©) = fom i (2.11)
fo R{Fr.()}dp
(S}
Fale) = [ R(0.0)e 7O
[SH

with Fg, (¢) the Fourier transform of Rs(6,0) with respect to § — ©. In
Appendix A we show that we can write the curvature of Rs(6,©) with respect
to that of its envelope as:

— Ry(0,0) = —R{ér,(0,0)} +41°¢7(0) E;. (2.12)

Finally, we write the CRLB and the ECRLB of © from Eq. 2.9, Eq. 2.10 and
Eq. 2.12 as:

(®) = m (2.13)
(©) = @ (2.14)
where
p = ?‘\Z% (2.15)
ey - BO)_ o) oo
ge) = _%ﬁh@)} (2.17)

denote the SNR, and the normalized curvatures of Rs(6,0) and eg, (6,0) re-
spectively. We have from Eq. 2.12:

32(0) = B2() + 4*p(O). (2.18)

Consider now the BLB derived by McAulay and Seidmanin in [80]. It can be
written as:

s =(©-0)"D 'O -0) (2.19)
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where
O = (Bn,---011+0 91...9n2)T
D = (dij)lij=ni, no
OézEg(@) 1
doo = =
N0/2 C(@)
a2 . .
do; = dio= W[Rs((_)vei) — Ry(0,0)]
2
o
where 0., ,0n, (00 = ©, ny <0, ng >0) denote N = ny — ny + 1 testpoints

to be chosen in the a priori domain of ©, and R, (6, ©) the derivative of R,(6, ©)
with respect to 6. The term dy o is equal to the inverse of the CRLB ¢(©) Eq. 2.9.
Note that the testpoint 0y is equal to © and that 4,5 # 0 in the expressions of
dO,i and diJ.

Similarly to [15, 85] we assume that the maximum MSE is achieved when the
estimator becomes uniformly distributed in the a priori domain Dg = [©1, O2].
We can write:

ey = ob+(0—uy)? (2.20)
. O + 69
pu = 9
s (O2—0y)?
O—U = 712 .

where ey, pp and o denote the MSE, mean and variance of a uniform distri-
bution in Dg respectively. For more information on maximum variance, we refer
the reader to [94, 95].

2.1.1.2 TOA estimation

We consider here the special case of TOA estimation. The signal s(¢; 0) Eq. 2.1
carrying the information on © is given by:

s(t;0) = s(t — 9)

where a Eq. 2.1 and © denote now the gain and delay introduced by the channel
respectively, and s(t) the transmitted signal. Accordingly, we can write R, (6,0")
Eq. 2.5, X, »(6) Eq. 2.4 and C\,(0,0") Eq. 2.7 as:

R,(6,0") = Ry (0-16")
Xsr(0) = aRs(0—0)+w() (2.21)

Co(0.0) = %Rs(e—e/pcw(e—a/)
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where
+oo
R, (0) = / s(t+ 0)s(t)dt
denotes the ACR of s(t). The CRLB Eq. 2.13, ECRLB Eq. 2.14, mean frequency
©.(0) Eq. 2.11 (denoted here by f.), and F;(0), R,(©,0), 52(0) Eq. 2.16,
¢r.(0,0) and 32(©) Eq. 2.17 become now independent of O:

. - p; (2.22)

Ce = p% (2.23)

, B —R0) 24w fPIE()Pdf

ST BT TR ) 2df 224
J23 am? 2 F, ()1Pdf

2 _ [e’e}

N N (22

B2 = B2+4n?f? (2.26)
+oo

oF\F (f)|2df

where f denotes the frequency relative to time, and F,(f) and F_(f) the Fourier
transforms of s(t) and its envelope e4(t) given by s(t) = R{e/?"Fte (¢)}. In the
special case of TOA estimation, the envelope of the ACR of a given signal is
equal to ACR of its envelope. Furthermore, 32 and (2 denote now the mean
quadratic bandwidth (MQBW) of s(¢) and that of its envelope (EMQBW).

We have already mentioned TOA estimation will be performed using UWB
signals. We have already mentioned as well that the unlicensed use of the UWB
spectrum from 3.1 to 10.6 GHz at a PSD level of -41.3 dBm/MHz has been
authorized by the FCC in May 2002 [1], and in Europe by the EC in February
2007 from 6 to 8.5 GHz at the same PSD level [2, 3]. In both the FCC and the
EC bands, the CRLB ¢ Eq. 2.22 is much smaller than the ECRLB ¢, Eq. 2.23
because the MQBW 32 Eq. 2.26 is much larger than the EMQBW 32 Eq. 2.25. In
fact, for a signal occupying the whole FFC band (f. = 6.85 GHz and bandwidth

B = 7.5 GHz), we obtain 32 = T ~ 185 GHz? (largest (32), 4w>f2 ~ 1042,
(2~ 1162 and ¢ ~ 5. Therefore, estimation seriously deteriorates at relatively
low SNR when the ECRLB is achieved instead of the CRLB due to ambiguity.
As 32 << 47%f2, the super accuracy provided by c is mainly due to the mean

frequency f.. Accordingly, 32 Eq. 2.26 can be approximated by:
B2 = B2 +4n® [ ~ 4n? f2. (2.28)

Note that to benefit from this super accuracy at sufficiently high SNR, the suf-
ficient condition to satisfy is that the phase of the transmitted signal should not
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be modified across the communication channel (e.g. due to fading), regardless
whether the signal is pure impulse-radio UWB (carrier-less), carrier-modulated
with known phase (e.g. in monostatic radar), or carrier-modulated with unknown
phase (e.g. in most communication systems). In fact, with the latter (worse case
with non arbitrary signals) the phase can be jointly estimated with the TOA
(from the carrier and the envelope) in order to obtain a finer estimate of the
latter.

2.1.2 Threshold and ambiguity phenomena

In this section we explain the physical origin of threshold and ambiguity phe-
nomena by considering TOA estimation with UWB waveforms. The transmitted
waveform s(t) is a Gaussian pulse of width T, modulated by carrier f,:

s(t) = es(t)cos(2mfet) (2.29)

t2
es(t) o e 7T (2.30)
where eg(t) is the envelope of s(t) with respect to f. equal to the mean frequency
in Eq. 2.27.

We recall that the MLE © Eq. 2.8 of © is the abscissa of the CCR X, ,.(6)
Eq. 2.21 of the received signal r(t) Eq. 2.1 and the candidate signal s(t — 6). In
our simulation, we consider three values of the carrier (f. = 0, 4 and 8 GHz)
and three values of the SNR (p = 10, 15 and 20 dB) per considered f.. We take
© =0, T, = 0.6 ns, and Dg = [—1.5,1.5|T,,. In Fig. 2.2(a), Fig. 2.2(b) and
Fig. 2.2(c) we show the normalized ACR Eq. 2.21:

Rs(e — @)

R(6—0) = ==

for f. = 0 (unmodulated pulse), 4 and 8 GHz respectively, and 1000 realizations
(called M samples) per SNR of the maximum:

M[©,X(0)]
of the normalized CCR Eq. 2.21:
Xs.r(0)
X — s
(0) oF.

Denote by N,,, n = ni,ns (ng < 0, ns > 0, n = 0 corresponds to the global
maximum) the number of M samples falling around the nth local maximum of
R(0 — O) (i.e. between the two local minima adjacent to that maximum). In
Table 2.1, we show the CRLB ¢ Eq. 2.22 of ©, the variance a% obtained by
simulation, the variance to CRLB ratio 0%/c, and the number (Ny and Nj) of
M samples falling around the maxima number 0 and 1, with respect to f. and

p-
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Fig. 2.2.: Normalized ACR R(0 — ©) and 1000 realizations of M[©, X (0)] per
SNR (p = 10, 15 and 20 dB); Gaussian pulse modulated by f., © 0
T = 0.6 18, Do = [~1.5,1.5|T, (a) f. = 0 GHz (b) f. = 4 GHz (c) f. = 8 GHz.

Consider first the unmodulated pulse. We can see in Fig. 2.2(a) that the M
samples are very close to the maximum of R(6 — ©) for p = 20 dB, and start to
spread progressively along it for p = 15 and 10 dB. We can see from Table 2.1
that the CRLB is approximately achieved for p = 20 and 15 dB (0% = 1.03¢ and
1.1c respectively), and not for p = 10 dB (0% = 2.6¢). From this experience we
can describe the threshold phenomenon as follows. For sufficiently high SNR, the
maximum of the CCR always falls in the vicinity of the maximum of the ACR
so the CRLB is achieved, whereas for moderate and low SNRs it spreads along
the ACR so the CRLB is not achieved. We will see in Sec. 2.2 that the CRLB is
achieved when the SNR crosses a given threshold which is only function of the
shape of the ACR regardless other parameters like the pulse width T,,.
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[Jel ol e | o [of/c| No | M|

10 762 1232 2.6 1000
0] 15 432 462 1.2 1000
20 242 242 1.03 1000

0
0
0
10 122 1962 250 e 59
8
0

4 1 15 72 312 20 985
20 42 42 1.03 1000

10 6.3 1982 996 481 199
8 | 15 3.52 502 206 838 75
20 22 142 o1 987 7

Table 2.1.: CRLB c¢ (ps?), simulated variance 0% (ps?), CRLB to variance ratio
0% /c, and the numbers Ny, N; of the M samples falling around the maxima
number 0 and 1 with respect to f. =0, 4 and 8 GHz, and p = 10, 15 and 20 dB.

Consider now the waveform with f. = 4 GHz. We can see from Fig. 2.2(b) and
Table 2.1 that for p = 20 dB all M samples (Ny = 1000) fall around the global
maximum of R(—©) and the CRLB is achieved (0% ~ 1.03c), whereas for p = 15
and 10 dB they spread along the local maxima of R(6 —©) (resp. only Ny = 985
and 773 samples around the global maximum) and the achieved variance is much
larger than the CRLB (resp. 0% ~ 20c and 250c). Unlike the case of unmodulated
waveform where the M samples spread in continuous way along the ACR, they
spread here in discrete way along its local maxima. From this experience we
can describe the ambiguity phenomenon as follows. For sufficiently high SNR
(resp. relatively low) the noise w(t) in the CCR X, ,.(6) Eq. 2.21 cannot (resp.
can) cross the gap between the global maximum and the local maxima of the
ACR R(0— ©). Consequently, for sufficiently high SNR (resp. relatively low) the
maximum of the CCR always falls around the global maximum (resp. spreads
along the local maxima) of the ACR so the CRLB is (resp. is not) achieved.
Obviously, the ambiguity phenomenon affects the threshold phenomenon because
the SNR required to achieve the CRLB depends on the gap between the global
and the local maxima of the ACR.

Consider now the waveform with f. = 8 GHz. We can see that the variance
achieved with p = 20 dB is 51 times larger than the CRLB. In fact, only 987 from
1000 M samples are falling around the global maximum of R(f# — ©) because
the gap between the global and the local maxima is smaller with f. = 8 GHz
so it can be crossed by weaker noise. Consequently, a higher SNR is required
to achieve the CRLB. We will see in Sec. 2.2 that the SNR required to achieve
the CRLB increases as the inverse fractional bandwidth ¢ increases. However,

B
the most unexpected result is that the variance achieved at p = 20 dB is 12.25
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times smaller with f. = 4 GHz than with f. = 8 GHz whereas the CRLB is 4
times smaller with the latter. This result exhibits the significant loss in terms
of accuracy if the CRLB is not achieved due to ambiguity. This fact has been
discussed in [96] based on experimental results for TOA-based positioning.

2.1.3 Approximation of the MLE statistics

In this section we use the method of Wozencraft [89] and the work of McAulay
[70] to propose new approximations of the statistics of the MLE.

We have seen in Sec. 2.1.2 that threshold phenomenon is due to the spreading
of the maximum likelihood (ML) estimates along the ACR of the signal carrying
the information on the unknown parameter ©. To characterize this phenomenon
we split the a priori domain Dg = [©1, O3] of © into N = ny —ny +1 subdomains
D, = [dn,dny1), (n =nq1, - ,n2), (n1 <0, ny > 0) and write the probability
density function (PDF), mean and MSE of the MLE © as:

o) = S Panl®)

©s n2

we= Op(0)df = > Papin
Oy n2

¢ = / (0-0p0)d0 = 3 PO —p)+02  (231)
(SR

n=mniy

where
P,=P{© € D,} = P{3¢ € Dy; X, (&) > X;,(0),VY0 € Uprzn D} (2.32)

denotes the subdomain probability (i.e. probability that O falls in D), and
Pn(0), pn and o2 the PDF, mean and variance of the subdomain MLE (© given
©€D,):

6, =06|6eD,. (2.33)
We can approximate P,, Eq. 2.32 by:

Py = P{3¢ € Dy Xy, (€) > X.1(6),0 € UprnDyps}
~ P{X, > X,,,Vn' #n}

—+o0 Ty Tn T Tn
/ darn/ dxy, / dxn_1/ dmn+1~~-/ px (x)dy,
b,

_ (2.34)
where
Xn = Xs,(0n) = aRs(0,,0) + w(b,) = aR, + wy,

)
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denotes the value taken by the CCR X ,.(6) Eq. 2.4 at a testpoint 6,, arbitrarily
chosen in D,, and

() 1 eomocgleo”
px(®) = o Ea 3¢ 2
(2m) % |Cx|2
px = a(Ry, - an)T
Ny
Cx = ?[Rn,n’}"»”/:””" 2

the joint PDF, mean and covariance matrix of the vector X = (X, -+ X,,,)7
given from Eq. 2.4 and Eq. 2.7 with R,, = Rs(0,,,0) and R,, v = Rs(0,,0,/).
The precision of the approximation in Eq. 2.34 depends on the number of sub-
domains N, and the choice of the subdomains and the corresponding testpoints.
For oscillating ACR we consider a subdomain around each local maximum (i.e.
between the two local minima adjacent to it) and choose the corresponding test-
point as the abscissa of the local maximum, whereas for non-oscillating ACR we
split the a priori domain into N equal subdomains and choose the centers of
subdomains 6,, = % as testpoints. For both oscillating and non-oscillating
ACRs the subdomain number zero Dy contains the global maximum, and the
corresponding testpoint g is equal to the unknown parameter ©. Wozencraft
[89] has considered Cardinal sine waveforms and chosen © and the roots of the
ACR as testpoints, whereas McAulay [70] has considered modulated waveforms
and chosen the abscissa of the ACR extrema as testpoints.

Next, we consider in Sec. 2.1.3.1 the approximation of the subdomain prob-
ability and in Sec. 2.1.3.2 the approximation of the statistics of the subdomain
MLE.

2.1.3.1 Computation of the subdomain probability

We consider here the computation of the subdomain probability approximation
P, Eq. 2.34.

Up to our knowledge, there is no closed form for the integral in Eq. 2.34
for correlated X,, (non-diagonal Cx). However, it can be computed numerically
using one of the MATLAB functions QSCMVNV and QSCLATMVNYV (written
by Genz based on [97-100]) which compute the multivariate normal probability
with integration region specified by a set of linear inequalities in the form a; <
B(X — px) < as. Using QSCMVNV, P, Eq. 2.34 can be approximated by:

P = QSCMVNV(N,, Cx, a1, B, az) (2.35)
where N, is the number of points used by the algorithm (e.g. N, = 3000), a1 =
(o0 —o00)T and az = pix, — (Hx,, ** HX,oy HX 0y fiX,, )T tWO (N — 1)-
Bs By ) a (N — 1) x N matrix with

By Bs
By = I(n—ny), By = zeros(N +n; —n —1,n —ny), By = —ones(N — 1,1),

column vectors, and B = (
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By =0(N —nas+n—1,ny —n) and Bs = I(ny —n) (we denote by I(k) the
identity matrix of rank k, and zeros(ki, k) and ones(ki,ks) the zero and one
matrices of dimension ki X ko).

Denote by Q(y) = —&= [,” ¢~ d¢ the Q function and R(6, ©) = 29 the
normalized ACR. As P{A; N Ay} < P{A}, we can upper bound P, Eq. 2.34 by
[70]:

00,01) n=0
p@ _ { Q(bo, 01 536
" me@O) n 7é 0 ( )
where

A AR BR(9/7@) —R(e,@)
Q(6,0) = P{X,..(0) >Xs,r(9)}Q< 5 .0 ) (2.37)

because we can show from Eq. 2.4 and Eq. 2.7 that X, ,(0) — X,,.(0) ~
N(a[Rs(6,0) — Ry(0',0)], Ng[Es — R4(0,6)]). In [70], P, is upper bounded by
1. If N approaches infinity, then both 222:"1 PT(LZ) and the MSE approximation
in Eq. 2.31 based on Eq. 2.36 will approach infinity. To solve this problem we
propose the following approximation of P, Eq. 2.34:

P

@) _ -
P’n - Zni P7(L2) :

(2.38)

Finally the subdomain probability P, Eq. 2.32 can be approximated by Py(Ll)
Eq. 2.35 and P,(L3) Eq. 2.38, and approximately upper bounded by Pr(lz) Eq. 2.36
[70].

To evaluate the subdomain probability approximations P,(ll) and P,(LZ) given in
Eq. 2.35 and Eq. 2.38 respectively, we consider an unmodulated Gaussian pulse
Eq. 2.30 with T, = 2 ns, © = 0 and Dg = [-2, 1.5|T, (a priori domain), and the
same pulse modulated Eq. 2.29 by f. = 6.85 GHz. We split Dg to N = 9 equal
subdomains with the unmodulated pulse, and we have N = 48 local maxima
inside Dg with the modulated one.

Let us first consider the unmodulated pulse. In Fig. 2.3(a) and Fig. 2.3(b)
we show the subdomain probability P,ss) obtained by simulation based on 10000
trials, the subdomain probability approximation Pr(bl) Eq. 2.35 based on the
Genz’s algorithm [97-100], the approximate upper bound P1§2) Eq. 2.36 derived
by McAulay [70], and the approximation PP Eq. 2.38 based on P,(f), all versus
the SNR, for the subdomains number 0 (subdomain containing the maximum of
the ACR) and 1 respectively. We can observe that:

e The subdomain probability P2 obtained by simulation converges to % at
low SNRs Vn, and to 1 (resp. 0) at high SNRs for n =0 (resp. n # 0). We
have Py = 0.99 and 0.999 at p ~ 16 and 18 dB respectively.
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Fig. 2.3.: Subdomain probability obtained by simulation R(IS)7 approximate sub-
domain probability upper bound Pf), and the subdomain probability approxi-
mations P,(Ll) and Pflg) versus the SNR p = —5: 20 dB (unmodulated Gaussian
pulse, T, =2 ns, © =0, Dg = [-2,1.5]T,,) () n=0 (b) n = 1.

e Both P,gl) and Pr({n)) are very accurate and closely follow P;? . However, P,Sl)

is more accurate than Pq([g) because it takes into account the correlation

between the testpoints of all subdomains.

e The approximate upper bound P,SQ) is not tight at low SNRs. It converges
to 0.5 Vn instead of % This result could be predicted from the expression

Eq. 2.36 of P{?. However, it converges to 1 (resp. 0) for n = 0 (resp. n # 0)
at high SNRs, simultaneously with Pr(LS) so it can be used to accurately

approximate the threshold of the asymptotic region as we will see later in
Sec. 2.2.

Consider now the modulated pulse. In Fig. 2.4(a) and Fig. 2.4(b) we again

show P,(LS), Pfll), P7(l2) and P,(L?’) versus the SNR, for the subdomains number 0
and 1 respectively. We can now observe that for n = 0 (subdomain containing
the global maximum of the ACR) the subdomain probability PO(S) (probability
of non-ambiguity) converges to 0.99 and 0.999 at p ~ 30 and 32 dB respectively
instead of 16 and 18 dB obtained in the case of the unmodulated pulse. In fact,
we have now 48 subdomains instead of 9 which makes the ACR gap between the
different testpoints smaller so it can be more easily crossed by the noise. We can
deduce that the convergence speed depends on the shape of the ACR of the used
signal. The convergence is faster for signals with higher fractional bandwidth
because the gap between the local maxima of the ACR will be larger.



STATISTICS OF THE MLE AND APPROXIMATE UPPER AND LOWER BOUNDS 29

U T
[=37)]

o

=

9
°8

U
°%
P1

)

Fig. 2.4.: Subdomain probability obtained by simulation P,&S , approximate sub-
domain probability upper bound PT(L2), and the subdomain probability approx-
imations P,(Ll) and PS’) versus the SNR p = =5 : 40 dB (modulated Gaussian

pulse, Ty, =2 ns, f. = 6.85 GHz, © =0, Dg = [-2,1.5]T},) (a) n=0 (b) n = 1.

2.1.3.2 Statistics of the subdomain MLE

We approximate here the statistics of the subdomain MLE 6, = é|@ e D,
Eq. 2.33. We have already mentioned in Sec. 2.1.3 that for an oscillating (resp.
non-oscillating) ACR we consider a subdomain around each local maximum
(resp. split the a priori domain into equal subdomains). The global maximum is
always contained in subdomain Dgy. Accordingly, the ACR inside a given subdo-
main is either increasing then decreasing (i.e. subdomain with local maximum)
or monotone (i.e. increasing, decreasing or constant).

As the distribution of ©,, should follow the shape of the ACR in the consid-
ered subdomain, the subdomain variance is upper bounded by the variance of
uniform distribution in D,, = [d,, d,+1]. Accordingly, the subdomain mean pu,

and variance o2 can be approximated by:

d, +dy,
iy = % (2.39)
2 (dn+1 B dn)2
= — 2.4

Note that for a subdomain with decreasing then increasing ACR (i.e. subdomain

with local minimum, not considered here), o2 is upper bounded by the variance

of a Bernoulli distribution with two atoms of equal probability:

g2
o2 = (ns1 = dn)” >0l . (2.41)

n,max 4
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It has been assumed in [70] that o2 is upper bounded by O'Z v Edq. 2.40 for
both subdomains with local maximum and minimum. See [94, 95] for further
information on maximum variance.

We can approximate the CCR X, () Eq. 2.4 in D,, by its Taylor series
expansion limited to second order about 6,,:

Xs.r(0) = aRs(0,0) + w(0)

~ (0 + 1)+ (b + 1,)(0 = 0,) + (it + 5, E= 0L

(2.42)
where w, = w(0,), b, = W(0y,), Wn = W(0y), Ry = Ry(0n,0), Ry = Ry(0,,,0)
and R,, = R4(0,,0). From Eq. 2.6, we can show that (v,, denotes the coefficient
of correlation between w,, and ,,):

W, ~ N(0,03 ) (2.43)
Wy~ N(0,0%)
with
2 NO Foo .2 NO
Ti = o 8°(t:0n)dt = —~E;(0) (2.44)
2 NO Hoo ) NO
oy = — §°(t;0,)dt = — FE3(0,,)
n 2 oo 2
L i) _ [25(t;0,)5(8; 0, dt
" Oy O, Ei(0,)Es(6,)

Let us first consider a subdomain with monotone ACR function. By neglecting
W, and R, in Eq. 2.42 (linear approximation), we can approximate the subdo-
main MLE by:

dn aR, + i, <0
0O, = argmax {X; . (0)} = dnt1 aR, +w, >0 . (2.45)
0eD,, dn,lgdng aRn + wn _ 0

As P{aRn + 1, = 0} = 0, the latter approximation follows a Bernoulli distri-
bution with two atoms of probabilities, mean and variance given from Eq. 2.15,
Eq. 2.43 and Eq. 2.44 by:

P{d} = 1= Pldun} = P{-t, > alty) = Q(407)
— pR2
= W(G)) (2.46)
Unp = dpP{d,}+dpi1P{dyni1}
O'Z,B = P{d,}P{dni1}(dni1 —dy)?
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where UTQL’B is upper bounded by o2 Eq. 2.41 and reaches it for P{d,,} = 0.5.

n,max

As P{d,,} = 0.5 just means that 0, is uniformly distributed in D,, (because 6.,
can fall anywhere inside D,,), p,, and o2 should be approximated by:

Hnlec = HMn,B (247)
072171)0 = min{ai)U,ath}. (2.48)

By neglecting w,, in Eq. 2.42 and Eq. 2.45 we obtain the following approximation:

dn R, <0

Hn2,c = dd_"r_zg—i Rn >0 (249)
n 27’1 1 Rn — 0

U?L,Q,c = 0. (250)

Consider now a subdomain with local maximum. By neglecting ,, in Eq. 2.42,
and taking into account that R,, = 0 (local maximum), ©,, can be approximated
by: '

6,, = argmax { X, (0)} ~ 0, — —= (2.51)
0eD, aR,
which follows a normal distribution whose PDF, mean and variance can be ob-

tained from Eq. 2.9, Eq. 2.43, Eq. 2.44 and Eq. 2.51:

1 7(9—;L;,,N>2
wnl) = —¢  hn 2.52
e e 2
fnn = On (2.53)
o2 Nop.(6, —RoE4(
0'721 N = w" ] ( ) =C 0.. 6( n) . (254)
' o’R? a’R? R2

For n = 0 (around the global maximum), 037 n is equal to the CRLB Eq. 2.9
because —Ry = E:(0p). To take into account that subdomain D,, is finite, we
propose from Eq. 2.53 and Eq. 2.54 the following PDF, mean and variance ap-
proximation:

Pn N(e)
D1, (0) — o FmVANT
n,1,0 fj:Jrl pn,N(G)dH
dn+1
Pnlo = / Opn.1,0(0)d0 ~ 0, (2.55)
d’!L
dn+1
oo = [ O i P01 % minod o} (256)

n

By neglecting w(f) in Eq. 2.42 and Eq. 2.51, we obtain the following mean and
variance approximation:

Hn,2,0 — 671, (257)
0r0o = O (2.58)
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For both oscillating and non-oscillating ACR, subdomain Dy falls around the
global maximum, and the testpoint 6y is equal to ©. To guarantee the conver-
gence of the MSE approximation in Eq. 2.31 to the CRLB ¢ Eq. 2.9, uo and o2
should always be approximated using Eq. 2.55 and Eq. 2.56 by:

poo = © (2.59)
050 = min{c, 0]y} (2.60)
Finally, the subdomain mean and variance can be approximated by:

e 10,0 Eq. 2.59 and 0§ ;, Eq. 2.60 for n = 0.

o inu Eq. 2.39 and UTQL,U Eq. 2.40, pp1,c Eq. 2.47 and o2 Eq. 2.48, or

n,l,c

pn2.c Eq. 2.49 and o2 , . Eq. 2.50 for subdomain with monotone ACR.

n,2,c

® 1, Eq. 2.39 and JiU Eq. 2.40, /11,0 Eq. 2.55 and 02, , Eq. 2.56, or

n,l,0
2

7.2,0 Eq. 2.58 for subdomain with local maximum.

tn,2,0 Eq. 2.57 and o

Note that 07217U Eq. 2.40 overestimates o2 whereas 027216 Eq. 2.50 and O’?L’Q?O

Eq. 2.58 underestimate it. In [70], McAulay approximates j, and 02 by fi, 2
Eq. 2.55 and O'Z’U Eq. 2.40 respectively.

As for TOA estimation, F;(0) Eq. 2.24 is independent of 6, we can then write
P{d,} Eq. 2.46 and o7,  Eq. 2.54 as:

B pR2 N\ R,
Pldn} = Q( ESES-(Hn)) = Q(\/EES@)
L .
o2y = CR(J%("”) _ c%.

. . . . 2 2
To evaluate the subdomain variance approximations oy, ;; Eq. 2.40, o7, ; .

Eq. 2.48 and 0%71,0 Eq. 2.56, we consider an unmodulated Gaussian pulse and a
modulated Gaussian pulse with T, = 0.6 ns, f. = 8 GHz, Dg = [—1.5,1.5|T},
and p = 10 dB. For the unmodulated pulse we split Dg to N = 15 equal subdo-

mains, and for the modulated pulse we have N = 15 local maxima.

Consider first the unmodulated pulse. In Fig. 2.5(a) we show the subdomain
variance obtained by simulation 07217 g based on 50000 trials, and the subdomain
variance approximations O’Z’U Eq. 2.40 and 03’1’0 Eq. 2.48 with respect to the
subdomain number n = —6,---,6. We can see that O’Z’S is upper bounded
by U,ZyU as expected. We can also see that 07217 g is close to 027U which means
that for subdomains with monotone ACR we can approximate the subdomain
MLE 6,, by a random variable uniformly distributed in D,, because the ACR
is approximately constant in D,,. The subdomain variance approximation o2 1,
Eq. 2.48 does not follow O'EL,S closely. For n = 2 (resp. -2), we have U,QL’LC/

2.703,5 (resp. 2.80%75). In fact, the subdomain MLE is approximated for U%_yl’c

o
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Fig. 2.5.: (a) Subdomain variance obtained by simulation 0,2% g, and approximate
subdomain variances o2 v and an 1,c with respect to the subdomain number
n=—6,-- ,6 (unmodulated Gaussian pulse, T,, = 0.6 ns, N = 15, p = 10 dB)
(b) 07 ¢, 07 iy and the approximate subdomain variance o7, ; , with respect to
n = —6,-- ,6 (modulated Gaussian pulse, Ty, = 0.6 ns, f. = 8 GHz, p = 10
dB).

by a Bernoulli variable with two atoms while in practice the ML estimate may
fall anywhere in D,,.

Consider now the modulated pulse In Fig. 2.5(b) we show o7, g, 07, ;; and the
subdomain Variance approximation on Lo Eq 2.56 with respect ton = —6,--- , 6.
We can see that O'n g is upper bounded by o2 v as expected and that o2, , closely
follows o2 s Unlike the case of subdomains with monotone ACR, the subdomain
MLE cannot be approximated now by a uniform variable in D,, because the
magnitude of the ACR varies widely in D,, (between the local maximum and
the two local minima). The smallest variance corresponds to n = 0 (subdomain

with global maximum) because the curvature of R,(f, ©) reaches its maximum
at § = 0.

n,l,0

We did not show numerical results for the proposed subdomain mean approx-
imations because they are all very close to the mean obtained by simulation.

2.1.4 Approximate lower bounds based on Ziv and Zakai method

In this section we use the principle of binary detection to derive approximate
lower bounds for deterministic estimation. This principle was initiated by Ziv
and Zakai [58] to derive exact lower bounds for Bayesian estimation. The lower
bound obtained in [58] has been later improved by Bellini and Tartara in [60],
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Chazan, Ziv and Zakai in [75], and generalized by Bell, Steinberg, Ephraim and
VanTrees in [77].

Before presenting our approximate lower bound that is derived for determin-
istic estimation problems, we will present the generalized forms of the ZZLB and
the Bellini-Tartara lower bound (BTLB) obtained in [77] for Bayesian estimation
problems.

Denote by pe () the a priori distribution of ©, {¢]d} = {O[r(t)] — ole =6}
the local error (error when © is deterministic and equal to 6) and e = O[r(t)] — ©
the global error (error when © is random). In order to find the global MSE we
have to perform the expectation of €2 with respect to both © (because it is
random) and the noisy observation r(¢), while in order to find the local MSE
we have to perform the expectation only with respect to r(¢) (because O is
deterministic). According to [101], we can write the global MSE as:

e=Eo,rm{€}
[SPECH
- /0 E2py (€)de

0276 ©,-0
= 2/0 EP>ed€ — {2 Pepseto ™"

1

2(@27@1)
= 5/ EP 5 gdE (2.61)
0

where p|(§) = fgf p‘6‘|0(§)p@(9)d9 (resp. p|6\|9(£)) is the PDF of the absolute
global (resp. local) error, and Pjjs¢ = fgf 1D|@7@|>€|9p@(9)d9 (resp. P‘®7@|>£|0)
the probability that the absolute global (resp. local) error is greater than €.

In order to find a lower bound of the global MSE e Eq. 2.61, we first search
for a lower bound of the probability of error P\e\> ¢

@2 @2 @2
P|€\>% :/@ PIE‘>%‘0p@(9)d9: . PE>§|9p@(9)d9+/@ P€<7%‘9p@(9)d9

(SP} ©2—¢

_ / P po(6)d0 + / P i epol6+€)db
(SH ©:-¢
[SPES [SP)

= [ 0ol +pe(0+ ) Punc(0,6 + )00 + | Pengupol0)d0
(S

+/ P6<_§‘9+§p@(9+§)d0
©,—¢
[SPEIS

> / 06(8) + po(8 + &)] Pacar (6,6 + €)d6
[Sh1
[SPEIS

> [ o)+ pol0 + O] Puin(6.6 + )0 (2.62)
[Sh1
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where
pe(f) pe (0 +¢)
Pnear 97 0+ = P g1 T P _&
) = @ 9@+ 6 50" o8] +po(9 ) <80
(2.63)
is the probability of error of the nearest decision rule:
g H i 10-0<|6—(0+9)
near Hy, if [©—-0]>]0—-(0+¢)]
of the decision problem with two hypotheses:
O — _ po(0)
H— { H1 10 =40 PH1 - p@(g)_?gig_;,{) (2.64)
. — — pre
Hy:©=0+& P, = 55 pe (078
and
Pmin(G, 0+ f) = ]DH1 Pﬁmin:H2|Hl + PH?Pﬁmin:HﬂHz (265)

the minimum probability of error of the same decision problem Eq. 2.64 obtained
by the optimum decision rule based on the likelihood ratio test [89, pp. 30]:

2.66
Hy if A(0) = A(0+€) < Inpl2 (2.66)

. {Hl if A(&)—A(0+§)>1n§—’:

where A(0) Eq. 2.2, Eq. 2.3 is the log-likelihood function.
From Eq. 2.61 and Eq. 2.62 we can write the generalized ZZLB cz; as:

1 2(@27@1)
=y [ Rge
0

1 02—-0; [SPESS

5 [ e[ () + pol6 + )R8, + €)dode
2 0 [Ch

=Czz (2.67)

where the upper integration limit is set to O — ©1 instead of 2(0 —©1) because
the two-hypothesis decision problem in Eq. 2.62 cannot be formulated if |e| >
©2 — 07 because at least one of the two hypotheses (6 and 0 + &) will then fall
outside the a priori domain Dg.

As P\e|>§ Eq. 2.62 is a decreasing function, tighter lower bounds of P‘el>% and
e can be obtained by filling the valleys of the lower bound of P|6|>§ in Eq. 2.62

as proposed by Bellini and Tartara in [60] so that the generalized BTLB cpr
can be written as:

[SPECH ©2—¢
. % /O ev{ / [po(6) + P (6 + )] Pain (6,0 + €)d0 }d

O1
= CBT (268)
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where
vy ={ el 2 o §50 =10
is the valley-filling function.

If Poin(0,0 + &) is independent of 0 (i.e. Pyin(0,0 + &) = Puin(§), V0) (e.g.
time delay estimation), then the bounds in Eq. 2.67 and Eq. 2.68 can be written
as:

@27@1 92*5
Crz = % /0 & Punin(€) /@ [pe () + pe (6 + &)ldOdE
1 ©2—0; 1 ©2—-¢
Cop — 5/0 €V{Pmin(§)/@ [p@(G)er@(GJrﬁ)]d@}d&.

In Eq. 2.62 it is possible to find a lower bound of the probability of error P|6\>§
using the minimum probability of error Py, (6, 0+&) because both 6 and 0+¢ are
possible values of the unknown parameter © thanks to the a priori distribution
po(0) of the latter. Accordingly, it is possible to formulate a decision problem
with two hypotheses Eq. 2.64 and to find the corresponding nearest-decision-rule
probability of error Pear(6,0 + £) Eq. 2.63 and minimum probability of error
Prin(0,0 + &) Eq. 2.65. In deterministic estimation problems only one value of
the unknown parameter is possible (© = 6y and pe(0) = 6(0 —0y)). Hence, there
is no decision problem with two hypotheses that can be formulated in order to
find the corresponding nearest-decision-rule probability of error Pe. (6,0 + &)
and minimum probability of error Py, (6,60 + £). To overcome this problem we
assume that the probabilities P, <10 and P___ £ obtained by the estimator
achieving the minimum local MSE are independent of 6 (i.e. P

e>%|0
VO and PE<ig|0 = Pe<7%\60’

5100
V). Therefore, we can write:

el = [ &, (€16

o Crmax L qe2 €max
B 2/ & >e]0, % {€ P|€|>§|90}|0

0

1 2€max
- 5/0 P g% (2.69)
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Fig. 2.6.: Decision problem with two equiprobable hypotheses: H; : © = 6y and
Hy;:©=0p+¢.
where
P, =2 1P 1P
lel>§100 = 2 |57 e>4100 T 5 <160
1 1
PEO = ?P€>%‘90*% +1§P€<*%|90+%
~2¢ P = EPe>§\90—g + §Pe<—g|00
_ 1 1
P€2 - §Pe>%\00 + §Pe<f§|00+.£
Pmin(oo - 557 00 + %)
2 2 Pmin<90 - 55 00) (270)

Prin(60,00 + &)

with €max = max{©y — 60y, 0y — O1}. We denote by

P,

€0

P., and P., the probabil-

ities of error of the nearest decision rule of the following two-hypothesis decision

problems (decision problem in Eq.

H,y

H =
{Hz
_ H,
.
_ H,y
Ho— {HZ

2.72 is illustrated in Fig. 2.6):

:0=0—5 Pum =3
@:90+% PHz_%
O=00—& Py =1
0=0, Py =1 271)
:@:90 Plel
O=Oy+& Py =1 (2.72)

and by Pin (60— %, 0o+ %), Prin(00—&,00) and Pupin (0o, 0p+&) the corresponding
minimum probabilities of error obtained by the optimum decision rule based on

the likelihood ratio test.

From Eq. 2.69 and Eq. 2.70 we obtain the following approximate lower bounds:

§ §

20 = /0 mein(ao — 5, 00 + i)df (273)
- /O P00 — €,00)d< (2.74)
w0 = [ €Pumn(60,60 + €)de (2.75)

0
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where g = min{2(0p—01),2(02—0y)}, &1 = min{lp—O1, €9} and €3 = min{O2—
0o, €0 }- The integration limits are set to €g, €; and €5 because at least P€>%|00 or
Pe<—§\eo Eq. 2.70 is equal to zero for £ > ¢y, and because 0y — £ Eq. 2.71 and
0o + & Eq. 2.72 fall outside Dg for & > (g — ©1) and £ > (02 — b)) respectively.

Similarly to the BTLB for Bayesian estimation, tighter bounds can be ob-
tained by filling the valleys of Puin(fo — 5,00 + 5), Pumin(f0 — & 6p) and
Prin (60,00 + €):

Y & 3
by = /0 €V {PrinlB — 5,600 + 5} (2.76)
b = /0 VP (B0 — £, 60)}de (2.77)
by = /062§V{Pmm(60,90+§)}d§. (2.78)

When Ppin(6,6") is a function of 6/ — 6 (e.g. TOA estimation) we can write
the bounds in Eq. 2.73, Eq. 2.74, Eq. 2.75, Eq. 2.76, Eq. 2.77 and Eq. 2.78 as
(i=0,1,2):

Zi = /067’ mem(g)dg (279)
b, = /Q EV{ Puin (&) }d¢ (2.80)
0

where 2y and by are the tightest given that €y > €1, €s.

As the probability of error of an arbitrary detector H is given by:
Pe=Pu,Py_y i, + P Py_p, 1, (2.81)

we can write the minimum probability of error from Eq. 2.3, Eq. 2.37, Eq. 2.66
and Eq. 2.81 as:
Pain(0,8") = = [Pagory>a(0)j0=0 + Pr(o)>a(07)j0=0']

[Q(0',0)|e=o + Q(0,0")|o=o]

L NN

( gu — R0, a/)]) (2.82)

where it has been taken into account that Rs(6,60") = Rs(¢’',0) Eq. 2.5.

2.1.5 Alternate MSE approximations and approximate bounds

In this this section we derive two approximate upper bounds and two approx-
imations of the statistics of the MLE based on the subdomain probability ap-
proximation PT(LS) Eq. 2.38, as well as an approximate lower bound based on the
Taylor series expansion of the CCR to second order Eq. 2.42.
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As P{?) Eq. 2.38 is an approximation of P, = P{© € D,,} Eq. 2.32 (probabil-
ity that the MLE O falls in subdomain D,,), we can approximate the PDF 6 by
the limit of P,(Lg) as N approaches infinity (so that the width of D,, approaches
zero). As such, we can write the approximate PDF, mean and MSE as:

pu(0) = 1im PO = A0O) (2.83)
N—oo o, Q(6,0)dd
©2
Uy = o HpM(H)dG (284)
o
e = / (0 — ©)?pyr(0)do. (2.85)
©1

We will see from the numerical results in Sec. 2.1.6 that e); acts as an upper
bound and converges to a multiple of the CRLB at high SNR. In fact, pas(6)
overestimates the true PDF of © in the vicinity of ©. To force ey to converge
to the CRLB, we approximate the PDF of 6 by a mixture of pys(#) and the
normal distribution pg v (0) Eq. 2.52 (of mean equal to © and variance equal to
the CRLB):

puc(0) = (1 —2Pux)po.n(0) +2Pupa(0) (2.86)
Uve = (1 — QPM)@ + 2Py pins (2.87)
ey = (1 — QPM)C(@) + 2Pyren (2.88)

where 2Py is the probability that © does not fall in the vicinity of © (i.e.
probability of threshold effect). To compute Py; we choose a testpoint s, the
closest to © but not in its vicinity, and compute Py as Pyy = V{Qo(0rr)}. The
factor 2 is due to the symmetry of the ACR around ©. With oscillating ACR,
O should not be farther than the first local maximum (whose abscissa 6, is the
best testpoint) after the global one. We use the valley-filling function V{-} to
force Py to give a good indication on the threshold effect if ,, falls in the valley
between the global and the first local maximum. By doing so, Py; becomes the
same at 0y, and 6;. We intuitively assume that the vicinity of © corresponds to
half the positive mainlobe of R4(6,0) so we can set Oy at 0y = © + 45%(@).
In fact, as can be seen in Fig. 2.2(b) the half positive mainlobe width can be
approximated by m that can be approximated in turn from Eq. 2.18 by

3.(0)"
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As with oscillating ACR, 6 only falls around the local maxima, more approx-
imations can be obtained using the valley-filling function:

_ V{Q(®,9)}

O = TEgwenm (25

©2
ny = o 9])\/(9)6[9 (290)

[SP
- / (0 — ©)2py (0)d6 (2.91)

(CF

pvn(0) = (1 —2Py)po,n(0) + 2Pupy(0) (2.92)
pvn = (1=2Py)O + 2Py py (2.93)
ECyN — (1 — 2PM)C(@) + 2PM6V- (294)

Consider now the approximation of the statistics of 6 Eq. 2.8 using the Taylor
series in Eq. 2.42 about 6y = O (global maximum). As Ry = 0, we can write:

~ o

6 = argmax {X,,(0)} x Oc =0 — ————— (2.95)
9 aRy + g

where = R'wiw is a ratio of two normal variables. Statistics of normal variable
0 0

ratio are studied in [102-104]. We can show from [103] that O is distributed as:

Oc~0+a+ X (2.96)

a3z

with a; = v Z‘jg, ap = T2, h = sign(vo)ou, /1 — 13, sign(§) = 1 (resp. -1) for
& >0 (resp. £ <0), and:

e~ 5 (a3+al)

px(f) = W

{1 b V2rge’ B -Q (q)} } (2.97)

where p, (§) is the PDF of x, ¢ = asétas oo — 041?0% and aq = =2 — \/ﬁ%

V1+er’ Tibo

with §%(0) = EE—@ From Eq. 2.97 we can approximate the PDF, mean, variance
and MSE of O by:

pc(0) = sign(vy)aspyfaz(d — O —ay)] (2.98)
(S

po = . Opc(0)do (2.99)
o,

st = [ 0= nerpco)mn (2.100)

ec = (uc—r1)*+0k. (2.101)
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Note that the moments ffooo E'py (6)dg, i =1,2,--- (infinite domain) are infinite
like with Cauchy distribution [103]. We will see in Sec. 2.1.6 that ec Eq. 2.101
behaves as a lower bound of the MSE of the MLE. This result could be proved
using the Taylor series expansion in Eq. 2.42. As we do not provide here an
explicit proof, we will consider ec as an approximate lower bound.

2.1.6 Numerical results and discussion

In this section we show and discuss some numerical results of the derived MSE
approximations and approximate upper and lower bounds for TOA estimation
using UWB waveforms.

We consider an unmodulated Gaussian pulse with T,, = 2 ns, ©® = 0 and
Do = [-2,1.5]T,, and the same pulse modulated by f. = 6.85 GHz. With the
former we consider N = 9 equal subdomains and with the latter a subdomain
around each local maximum (N = 48).

Denote by:

no

eije= Y PO = pnja)+02 ] (2.102)

n=ni

the MSE approximation based on Eq. 2.31 and using the subdomain probability
approximation P (1 € {1,2,3}, see Eq. 2.35, Eq. 2.36, Eq. 2.38) and subdomain
mean and variance approximations fi, ;, and afb%y ((j,x) = U in Eq. 2.39,

Eq. 2.40, and (j,z) € {1,2} x {c¢,0} in Eq. 2.47-Eq. 2.50, Eq. 2.55-Eq. 2.58).
The approximate upper bound derived in [70] corresponds to ez,y.

The results about the unmodulated pulse are shown and discussed in
Sec. 2.1.6.1 and those about the modulated pulse in Sec. 2.1.6.2

2.1.6.1 Unmodulated Gaussian pulse

Here we show and discuss the numerical results obtained for the unmodulated
pulse.

In Fig. 2.7(a) we show the MSE eg obtained by simulation based on 10000
trials, five MSE approximations: ej i, €1,1,c, €1,2,¢; €3,1,c Eq. 2.102 and eprn
Eq. 2.88 (equal to epry Eq. 2.94 because of the non-oscillating ACR), the CRLB
¢ Eq. 2.22 (equal to the ECRLB ¢, Eq. 2.23 because unmodulated pulse) and
the maximum MSE ey Eq. 2.20, versus the SNR.

In Fig. 2.7(b) we show eg, ¢, ey and two approximate upper bounds es ¢/
Eq. 2.102 and ey Eq. 2.85 (equal to ey Eq. 2.91 because of the non-oscillating
ACR).

In Fig. 2.7(c) we show eg, ¢, the BLB ¢ Eq. 2.19, two approximate lower
bounds: ec Eq. 2.101 and zy Eq. 2.79 (equal to by Eq. 2.80 because non-
oscillating ACR), and ey .
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Fig. 2.7.: MSE approximations and approximate upper and lower bounds ob-
tained with the unmodulated Gaussian pulse with respect to the SNR p (T3, = 2
ns, © =0, Do = [—2,1.5]T},) (a) Simulated MSE eg, MSE approximations ey v,
€1.1.c, €1,2,c, €31,c and epry, CRLB ¢, maximum MSE ey (b) eg, ¢, ey, approx-
imate upper bounds ez y and eps (c) es, ¢, BLB c¢p, approximate lower bounds
co and zg, ey.

We can see from eg that, as mentioned in the introduction of Sec. 2.1, the
SNR axis can be divided into three regions:

1. A priori region: where the maximum MSE ey is achieved (estimator uni-
formly distributed in the a priori domain).

2. Threshold region: the region of transition between the a priori and asymp-
totic regions.
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3. Asymptotic region: where the CRLB is achieved.
Denote by:

por = p;e(p)=0.5ey (2.103)
pes = pielp) =1l (2.104)

the a priori and asymptotic thresholds delimiting the a priori, threshold and
asymptotic regions (see Fig. 2.1(a)). From eg, we have p,, = 4 dB and p,s = 16
dB.

The MSE approximations e1 7, €1,1,¢, €1,2,¢; €3,1,c derived in Sec. 2.1.3 using
the subdomain method are very accurate and closely follow eg; e, is more
accurate than es ;. which slightly overestimates eg, because e; 1, uses the sub-

domain probability approximation Py(ll) Eq. 2.35 which considers all testpoints
during the computation of the probability, whereas e3 1 . uses the approximation

PT(LB) Eq. 2.38 based on the approximate upper bound P,(f) Eq. 2.36 which only
consider the Oth and the nth testpoints; e 1 . is more accurate than e; ; which
slightly overestimates eg, and than e; s . which slightly underestimates eg, be-
cause e 1. uses the subdomain mean and variance approximations p, 1, Eq. 2.47
and o7 ; . Eq. 2.48 obtained from the Taylor approximation of the noise w(f) in
Eq. 2.4 to first order, whereas e ;7 uses i, v Eq. 2.39 and 02 ; Eq. 2.40 assuming
the subdomain MLE uniformly distributed in the subdomain D,, (overestimation
of the noise), and e 5. uses fin 2. Eq. 2.49 and 0721,2’6 Eq. 2.50 neglecting the
noise.

The MSE approximation e n derived in Sec. 2.1.5 based on the mixture of
two distributions is very accurate as well.

The approximate upper bound ez ; derived by McAulay [70] converges to the
CRLB simultaneously with eg so it can be used to accurately compute the asymp-
totic threshold. However, it is less tight in the a priori and a priori-asymptotic
transition regions because it uses the approximate subdomain probability upper
bound P7§,2) Eq. 2.36 which is not tight in these regions as already shown and
discussed in Fig. 2.3(a) and Fig. 2.3(b). Moreover, it approaches infinity when
N — oo as already mentioned in Sec. 2.1.3.1.

The approximate upper bound e;; derived in Sec. 2.1.5 is quite tight. It con-
verges to a multiple of the CRLB (2.68¢) at high SNR. In fact, it is obtained
from the PDF approximation pas(0) Eq. 2.83 which is more flat in the vicinity
of © than the true PDF since it is obtained from the approximate upper bound
P7(L2) Eq. 2.36. Nevertheless, it can be used to accurately calculate the asymptotic
threshold because it converges to its asymptotic regime simultaneously with eg.
This fact will be more apparent in Fig. 2.8(b) with the modulated pulse.

Both the BLB ¢p and the approximate lower bound e¢ derived in Sec. 2.1.5
outperform the CRLB. Unlike the case of modulated pulse considered later, ec
is much better than cp which converges much earlier to the CRLB.
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Fig. 2.8.: MSE approximations and approximate upper and lower bounds ob-
tained with the modulated Gaussian pulse with respect to the SNR p (T, = 2
ns, f. = 6.85 GHz, © = 0, Do = [—2,1.5]T},) (a) MSE obtained by simulation
es, four MSE approximations ej 1, €3,1,0, emn and ey, CRLB ¢, ECRLB c.,
maximum MSE ey (b) eg, ¢, ¢, ey, approximate upper bounds ez 7, ear and ey
(c) es, ¢, ce, BLB cp, approximate lower bounds cc, 2o and by, ey (c) es, es.e
(es,e is the MSE obtained by simulation with the unmodulated pulse considered
in Sec. 2.1.6.2), ¢, c., and ey.

The approximate lower bound zy derived in Sec. 2.1.4 is sufficiently tight and
converges to the CRLB simultaneously with eg.

2.1.6.2 Modulated Gaussian pulse

Here we show and discuss the numerical results obtained for the modulated pulse.
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In Fig. 2.8(a) we show the MSE obtained by simulation eg, four MSE approx-
imations: eq.1,0, €3,1,0 Eq. 2.102, eprny Eq. 2.88 and ey v Eq. 2.94, the CRLB
¢ Eq. 2.22, the ECRLB ¢, Eq. 2.23 (equal to CRLB of the unmodulated pulse)
and the maximum MSE ey Eq. 2.20, versus the SNR.

In Fig. 2.8(b) we show eg, ¢, c., ey and three approximate upper bounds e 7
Eq. 2.102, eps Eq. 2.85 and ey Eq. 2.91.

In Fig. 2.8(c) we show eg, ¢, c., the BLB ¢p Eq. 2.19, three approximate
lower bounds: ec Eq. 2.101, 2y Eq. 2.79 and by Eq. 2.80, and ey .

In Fig. 2.8(d) we show the MSE obtained by simulation for the modulated
pulse es (p = —5,---,40 dB) and that for the unmodulated pulse eg. (p =
—5,---,20 dB) (eg,e is equal to eg shown in Sec. 2.1.6.1), ¢, and ey, versus the
SNR.

From eg we can see that the SNR axis can be divided into five regions as
already mentioned in the introduction of Sec. 2.1:

1. A priori region.

2. A priori-ambiguity transition region.

3. Ambiguity region: where the ECRLB is achieved.
4. Ambiguity-asymptotic transition region.

5. Asymptotic region.

As shown in Fig. 2.1(b), these regions are delimited by the a priori pp,. and
asymptotic pgs thresholds defined in Eq. 2.103 and Eq. 2.104 and the begin-
ambiguity and end-ambiguity thresholds defined as:

Pami = p; e(p)=2ce (2.105)
Pam2 = p; e(p) =0.5ce. (2.106)

From eg we have pp,, =7 dB, pam1 = 15 dB, pam2 = 28 dB and pgs = 33 dB.

The MSE approximations ej;, and es;, obtained using the subdomain
method are very accurate and closely follow eg.

The MSE approximations ey and ey y Eq. 2.94 (version of epy using the
valley-filling function) are very accurate too but less accurate than e; 1, and
€3.1,0- They converge to the CRLB a bit earlier than eg; ey is more accurate
than epsn thanks to the valley-filling function.

The approximate upper bound e 7 [70] is very tight above the a priori region.

The approximate upper bounds ej; and ey are sufficiently tight (tighter than
2o based on the binary detection method); eps (resp. ey ) is tighter than ey (resp.
enr) at high (resp. low) SNR. They both converge to a multiple of the CRLB
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(1.75¢) in the asymptotic region. This is due to the overestimation of the PDF
of the MLE in the vicinity of the global maximum. This problem is solved in
Sec. 2.1.5 by approximating the PDF of the MLE by a mixture of two PDF
which leads to the MSE approximations ep;y and ey y already examined. The
main advantage of eps, ey, epry and ey is that they are very easy to compute
(no need of testpoints).

The BLB c¢p clearly indicates the presence of the ambiguity and asymptotic
regions. However, it detects them very early so it cannot be used correctly cal-
culate the begin-ambiguity, end-ambiguity and asymptotic thresholds (pgm1 = 5
dB, pam2 = 20 dB and p,s = 26 dB instead of 15, 28 and 33 dB). Furthermore,
it does not describe correctly the behavior of the MSE in the a priori region.

The approximate lower bound ex outperforms the CRLB, but is outperformed
by the BLB ¢p (unlike the case of unmodulated pulse). It is very optimistic and
does not indicate the presence of the ambiguity region.

The approximate lower bound zj is sufficiently tight, but by Eq. 2.80 is much
tighter thanks to the valley-filling function. They both can be used to accu-
rately calculate the asymptotic threshold and to roughly detect the a priori and
ambiguity regions.

Let us now compare the MSE eg achieved by the modulated pulse with eg .
achieved by the unmodulated one. Both pulses approximately achieve the same
MSE below the end-ambiguity threshold of the modulated pulse (pgme = 28
dB) and achieve the ECRLB between the begin-ambiguity and end-ambiguity
thresholds. The MSE achieved with the unmodulated pulse is slightly smaller
than that achieved with the modulated one because with the former the ML es-
timates spread in continuous manner along the ACR whereas with the latter they
just spread around the local maxima. The asymptotic threshold of the unmodu-
lated pulse (16 dB) is approximately equal to the begin-ambiguity threshold of
the modulated pulse (15 dB). Above the end-ambiguity threshold, the MSE of
the modulated pulse rapidly converges to the CRLB while that of the unmodu-
lated one remains equal to the ECRLB.

To summarize we can say that, for a given nonlinear estimation problem with
oscillating ACR, the MSE achieved by the ACR is the same as that achieved by
its envelope below the end-ambiguity threshold. They both achieve the ECRLB
between the begin-ambiguity and end-ambiguity thresholds. Above the latter
threshold, the MSE achieved by the ACR converges to the CRLB whereas that
achieved by its envelope remains equal to the ECRLB.

In the next section we will consider the problem of TOA estimation based
on UWB signals and compute the thresholds of the different SNR regions with
respect to some features of the transmitted signal. We will then exploit the
obtained results to design, according to the available SNR, the spectrum of the
transmitted signal that minimizes the achievable MSE.
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2.2 THRESHOLD COMPUTATION

In Sec. 2.1, we have studied the threshold and ambiguity phenomena. We have
seen that due to the threshold phenomenon, the SNR axis can be in general split
into three regions (see Fig. 2.1(a)): 1) the a priori region where the estimator
becomes uniformly distributed in the a priori domain, 2) the threshold region
where an intermediate accuracy is achieved, and 3) the asymptotic region where
the CRLB is achieved. In the special case of oscillating ACRs, the SNR axis can
be split into five regions (see Fig. 2.1(b)): 1) the a priori region, 2) the a pri-
ori-ambiguity transition region, 3) the ambiguity region where an intermediate
accuracy (the ECRLB) determined by the curvature of the envelope of the ACR
is achieved, 4) the ambiguity-asymptotic transition region, and finally 5) the
asymptotic region. As depicted in Fig. 2.1(a) and Fig. 2.1(b), we have denoted
by ppr, Pami, Pam2 and p.s the a priori, begin-ambiguity, end-ambiguity and
asymptotic thresholds delimiting the different regions.

We have derived some approximations of the MSE of the MLE by splitting
the a priori domain of the unknown parameter into subdomains and then com-
puting the probability of each subdomain and the statistics of the MLE in each
subdomain. As already mentioned in Sec. 2.1, this method has been firstly pro-
posed by Wozencraft [89] and improved by McAulay [70] in order to derive an
approximate upper bound for TOA estimation. As shown in Sec. 2.1, the pro-
posed approximations of the MSE are highly accurate and closely follow the truly
achieved MSE in practice.

We have also derived some approximate lower bounds for deterministic esti-
mation using the principle of binary detection, which has been firstly used by
Ziv and Zakai [58] to derive exact lower bounds for Bayesian estimation. The
derived approximate bounds are very tight.

In order to better understand the threshold and ambiguity phenomena, we
consider in this section the problem of TOA estimation based on UWB signals.
We compute the thresholds of the SNR regions mentioned above with respect
to some features of the transmitted signal. The thresholds are computed using
the MSE approximations and approximate lower bounds derived in Sec. 2.1, and
Analytic expressions of the thresholds have been obtained based on the approxi-
mate upper bound derived by McAulay [70]. Both modulated and unmodulated
waveforms have been considered. The features of the transmitted signal that we
have considered are a priori time bandwidth product (ATBW) and the inverse
fractional bandwidth (IFBW).

We will show that the a priori threshold depends on both the a priori domain
and the shape of the envelope of the ACR of the transmitted signal. Regarding
the begin-ambiguity threshold (beginning of the ambiguity region), it only de-
pends on the shape of the envelope of the ACR. However, the end-ambiguity (end
of the ambiguity region) and asymptotic (beginning of the asymptotic region)
thresholds only depend on the shape of the ACR, or equivalently on any set of
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parameters determining this shape, like the shape of the envelope with the IFBW
feature, regardless the values taken by other parameters like the bandwidth and
the carrier.

In Sec. 2.2.1 we recall the system model for TOA estimation based on UWB
signals, the MSE approximations, the lower bounds and the approximate lower
bounds what we will use in this section. In Sec. 2.2.2 we compute the thresh-
olds of the SNR regions with respect to the features of the transmitted signal
for both modulated and unmodulated UWB signals. In Sec. 2.2.3 we show and
discuss some numerical results about the thresholds for both modulated and
unmodulated Gaussian pulses.

2.2.1 System model, MSE approximations, and approximate lower bounds

As mentioned before, we recall here the system model, the MSE approximations,
the lower bounds and the approximate lower bounds that will be used in Sec. 2.2.
2.2.1.1 System model

We can write the received signal as:
r(t) = as(t — ©) + w(t) (2.107)

where s(t) denotes the transmitted signal, & and © the gain and the time delay
introduced by the channel, and w(¢t) the AWGN of two-sided power spectral
density (PSD) of £&. The deterministic unknown parameter to estimate is ©,
and Dg = [0©1, O3] denotes its a priori domain.

We can write the MLE © of © as:

6 = argmax {X,.(0)} (2.108)
X,o(0) = aRJ(O—0)+w(d) =aE,R(O—O)+w®)  (2.109)
ro) = 0 (2.110)

Es

where X, () is the CCR r(t) of s(t), Rs(#) the ACR of s(t), R(#) the normalized
ACR, and w(f) = Xy 5(0) (CCR w(t) of s(t)) a colored zero-mean Gaussian noise
of covariance C,,(0) = 22 E,R(6).

We can write the CRLB, ECRLB (envelope CRLB) and maximum MSE of ©
as:

No/2  —No/2 1

_ _ —Do/E 2.111
¢ @?E;  o2R,(0)  pB? ( )
No/2 1
A (/R 2.112
‘ R, O] o (2112)
(O —0y)? O + 0372
e = [@ - T] (2.113)
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where
o?E,
N> (2.114)
. ; T ur 2 F(f) 2
P % _ _RJSE(O) _ L°°+: f2l ((;f)l If (2.115)
s s ffoo |-7:9(f)| df
+oo 4 2 2 2
g LSRRy o)

JENFL(F)2df

denote the SNR, the MQBW of s(¢) and the envelope EMQBW (equal to the
MQBW of the envelope), with

82 = B2 +4n? f2 ~ 4n 2. (2.117)

We have already mentioned in Sec. 2.1 that the CRLB ¢ Eq. 2.111 is much
smaller than the ECRLB ¢, Eq. 2.112 because the MQBW 32 Eq. 2.117 is much
larger than the EMQBW (32 Eq. 2.116 so the estimation seriously deteriorates if
the ECRLB is achieved instead of the CRLB due to ambiguity. We recall that to
benefit from this super accuracy at sufficiently high SNR, the sufficient condition
to satisfy is that the phase of the transmitted signal should not be modified across
the communication channel (e.g. due to fading), regardless whether the signal
is pure impulse-radio UWB (carrier-less), carrier-modulated with known phase
(e.g. in monostatic radar), or carrier-modulated with unknown phase (e.g. in
most communication systems).

2.2.1.2 MSE approximations obtained from the subdomain method

We have seen in Sec. 2.1 that by splitting the a priori domain Dg = [01, O3] of
© into N = ng —ny + 1 subdomains D, = [dn,dnt1), (n=n1,-++ ,n2), (n1 <0,
ng > 0), we can write the MSE of © as:

= 3 PO ) + 2 (.11

n=niy

where P, = P{é) € D, } denotes the subdomain probability (i.e. probability
tAhat @A faﬁlls in D,), p, and o2 the mean and variance of the subdomain MLE
0, =0|0 € D,.

According to Sec. 2.1, the subdomain probability P, in Eq. 2.118 can be

approximately upper bounded by P [70] and approximated by P

@ _ Q(0y,01)or1 n=0
S { Q(6n, 60) n#0 (2.119)
(2)
P
B0 = s pl® (2.120)
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where 0,,,, - ,0,, denote N testpoints chosen in the subdomains D,,,, -, Dy,
respectively, and

Q(e’ 9/) = P{Xr,s(e) > Xr,s(el)} = Q (\/ER(QI _1 (:)>R_(9R_(99; ®)> (2'121)

with Q(y) = \/% fyoo e~ d¢ being the Q function.

We have seen in Sec. 2.1 that for oscillating ACR R4(6). we consider a subdo-
main around each local maximum (i.e. between the two local minima adjacent to
it) and choose the corresponding testpoint as the abscissa of the local maximum.
Whereas for non-oscillating ACR, we split the a priori domain of © into N equal
subdomains and choose the centers of subdomains 6,, = Lg"“ as testpoints.
For both oscillating and non-oscillating ACR, the subdomain Dy contains the
global maximum, and the corresponding testpoint 6y is equal to the unknown
parameter O. As such, the ACR inside a given subdomain is either increasing
then decreasing (i.e. subdomain with local maximum) or purely monotone (i.e.

increasing, decreasing or constant).

As shown in Sec. 2.1, we can approximate the subdomain mean pu,, and vari-
ance o2 in Eq. 2.118 by:

* 1o, and of  for n = 0.

® iy and ai’U, fin,1,c and 0,21,170, Or fin 2. and 0721)270 for subdomain with
monotone ACR.

2

7100 OF fin 2,0 and o7 5 , for subdomain with

2
® jinu and o, 17, fin,1,0 and o
local maximum.

where

pny = Bt g2 (e da)? (2.122)
finle=PnB ; Onie=min{o) ;00 g} (2.123)

dp R, <0
pnze =14 dog1 Ry>0 5 0, =0 (2.124)

il p g
fingo=0n ; op 1, =min{o} v, 00} (2.125)
fin2.0="0n ; 0py,=0 (2.126)

too =600 =0 ; 0(2)70 = min{c, U&U} (2.127)
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with R,, = Rs(0,, — ©) and

png = dnP{dn} + dni1P{dni1} (2.128)
onp = Pld}P{dnii}(dnsr —dp)? (2.129)
R,
P{d,} = 1-P{dna}= Q(\/EE 5 ) (2.130)
—~RoE;(6,, R2
N = 601‘?'%()_0}%2' (2.131)

Finally we can write the MSE approximation based on Eq. 2.118 as:

na
€ija= Y PO = pnju)’ +0n ;] (2.132)

n=ni

where i = 2 or 3 (see Eq. 2.119 and Eq. 2.120), and (j,x) = U (see Eq. 2.122)
or (j,z) € {1,2} x {c,0} (see Eq. 2.123, Eq. 2.124, Eq. 2.125, Eq. 2.126).

We have seen in Sec. 2.1 that all combinations of e; ; , are highly accurate and
closely follow the truly achieved MSE in practice except for i = 2 which gives a
very tight upper bound at medium and high SNRs.

2.2.1.3 approximate lower bounds based on the Ziv and Zakai method

Using the binary detection principle proposed by Ziv and Zakai [58] we have
derived in Sec. 2.1 the following approximate lower bounds:

20 = /Oofpmin(f)df (2.133)

bo

Amgvu%m@n% (2.134)

where €g = min{2(0y — 01),2(02 —bp) }, V{f(£)} denotes the valley-filling func-
tion, and
Puin(€) = Q(1/ 211 - R())). (2.135)
We have seen in Sec. 2.1 that both zy and by are sufficiently tight, but by is
much tighter than zy with oscillating ACR.

2.2.2 Threshold computation

In order to better understand the threshold and ambiguity phenomena, we com-
pute in this section the thresholds separating the different SNR regions with
respect to some features of the transmitted signal. The obtained results will be
later used in Sec. 2.3 in the design of the transmitted signal.
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The a priori, begin-ambiguity, end-ambiguity and asymptotic thresholds can
be defined as:

ppr = p;e(p) = oprey (2.136)
Pam1i = p; e(p) = Qamice (2.137)
Pam2 = p; e(p) = adamace (2.138)

Pas = p; e(p) = aqsc (2.139)

where we take, like in Sec. 2.1, apr = 0.5, agm1 = 2, Qgma2 = 0.5 and a,s = 1.1.

The aim is to compute theses thresholds with respect to the a priori time
bandwidth product (ATBW), and inverse fractional bandwidth (IFBW) of the
transmitted signal, defined as:

v = TB (2.140)
= % (2.141)

where T' = O3 — O (a priori time) denotes the width of the a priori domain of
O and B the bandwidth of the transmitted signal. To realize this aim, we vary -
(resp. A) by either fixing T' (resp. f.) and varying B, or vice versa, and compute
the thresholds for each considered value, using one of the MSE approximations
or approximate upper and lower bounds presented in Sec. 2.2.1.

2.2.2.1 Expressions of the begin-ambiguity, end-ambiguity and asymptotic
thresholds

We have just seen that the threshold computation should be performed nu-
merically based on a given MSE approximation or an approximate upper or
lower bound. Here we present a simpler method to derive the expressions of the
begin-ambiguity, end-ambiguity and asymptotic thresholds based on the MSE
approximation in Eq. 2.132 with ¢ = 2, Péz) =1 (see Eq. 2.119), j = 2, x = ¢ for
non-oscillating ACR,, and = = o for oscillating ACR. The resulting expressions
are highly accurate.

Assume that the CRLB is achieved for a given SNR. Then, this SNR falls in
the asymptotic region and all the ML estimates of the unknown parameter fall
in the vicinity of the maximum (resp. global maximum) of the non-oscillating
(resp. oscillating) ACR. In the course of decreasing the SNR, the threshold region
(resp. ambiguity region) of the non-oscillating (resp. oscillating) ACR begins
when the ML estimates start to spread along the ACR (resp. the local maxima
of the ACR) instead of falling only in the vicinity of the maximum (resp. global
maximum). Therefore, the ML estimates only fall, at the beginning (if we start
from high SNRs) of the threshold (resp. ambiguity) region, in the subdomain Dy
containing the maximum (resp. global maximum) and the subdomains D_; and
Dy at the left and the right of Dy respectively. It follows that, the MSE can be
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approximated from Eq. 2.132 and Eq. 2.127 by taking i = 2, P{* =1, j = 2,
x = ¢ for non-oscillating ACR, and z = o for oscillating ACR by:

1
e222= Y PO = pinza)’ +00,,]

n=—1
=Pt + D2 PPN~ o)
n=—1,1
=c+2(0-61)?Q(6:,0)
—c+ 2b§Q( g[l - R(bz)]); by =0, — O (2.142)
where we have assumed for non-oscillating ACR (z = ¢) that D_; and D are
sufficiently narrow so that p_1 .~ 6_1 and p1 . ~ 01 (see Eq. 2.124).

For non-oscillating ACR we take §_; = © — & and #; = O + ﬁ Note that
the latter 0, is equal to the testpoint #,; considered in Eq. 2.88 and Eq. 2.94
in Sec. 2.1 and assumed there as the closest point to the maximum of the non-
oscillating ACR, not in its vicinity. Hence, we get:

™
48,
For oscillating ACR (2 = 0) we have §_; ~ © — i, 01 ~ 0O+ i (abscissa of
the two local maxima around the global one) so:
1 2

bp=01 — 0~ — ~ — 2.144
! fo = B (2-144)
27

where the approximation 3 is obtained using Eq. 2.117.

Consider first the case of non-oscillating ACR. From Eq. 2.111, Eq. 2.139,
Eq. 2.142 and Eq. 2.143 we can write the constraint of the asymptotic threshold
(right side equality in Eq. 2.139) as:

ags — 1 8(ags — 1)

G(p,be) = WE a2 = Gs,c (2.145)

be =0, — O = (2.143)

where
Gp,0) = pQ(1/ 511~ R(0)]). (2.146)

Consider now the case of oscillating ACR. From Eq. 2.111, Eq. 2.112,
Eq. 2.138, Eq. 2.139, Eq. 2.142 and Eq. 2.144 we can write the constraints of the
end-ambiguity and asymptotic thresholds (right side equalities in Eq. 2.138 and
Eq. 2.139) as:

1 Qam?2 1 QXam?2 fc2 aamQﬂg
G(p7 bo) - 2b2( 52 - @) ~ 252 ~ 87‘(‘2ﬁ2 = Gam270 (2147)
s — 1 s — 1
Glpby) = o= - 202 G (2.148)

20232 82
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To compute the begin-ambiguity threshold for oscillating ACR using Eq. 2.142
we cannot take #; ~ © + = because the ML estimates fall now, not only around
the local maxima numbers —1, 0 and 1, but around all local maxima in the
vicinity of the maximum of the envelope of the ACR. Accordingly, we choose
similarly to the case of non-oscillating ACR 6, ~ © + 47’@ (B Eq. 2.116 instead
of Bs Eq. 2.115, Eq. 2.117) so:

™
bam1,o =01 — 0 = 2.149
1o =6 17 (2.149)
and use the normalized ACR envelope:
R 0
er(f) = 7{?5( i (2.150)
€R,

in the computation of the @ function in Eq. 2.142. We can then write the con-
straint of the begin-ambiguity threshold (right side equality in Eq. 2.137) from
Eq. 2.137, Eq. 2.142, Eq. 2.149 and Eq. 2.150 as:

1 Qgml 1 ~ 8aam1

Ge(pa baml,o) = W( 52 - @) ~ 2 = Gaml,o (2151)
where
Gelp0) = pQ(1/ 511 = en(0)]). (2.152)

Note that G.(p,6) Eq. 2.152 can be used instead of G(p,0) Eq. 2.146 in both
Eq. 2.147 and Eq. 2.148 to compute the end-ambiguity and asymptotic thresholds
since:
R(Omax) local maximum of R(6)
(i (2.153)
R(emax) ~ eR(emax)

which extremely simplifies the threshold computation. In fact, if we want to
compute the end-ambiguity and asymptotic thresholds of a modulated pulse
with respect to the IFBW X Eq. 2.141, then instead of computing the normalized
ACR R(0) for each value of A we just compute the normalized ACR R.(f) of the
unmodulated pulse (independent of A) and vary the value of b, Eq. 2.144 with
respect to A. Note also that it is much easier to compute the begin-ambiguity,
end-ambiguity and asymptotic thresholds from Eq. 2.145, Eq. 2.147, Eq. 2.148
and Eq. 2.151 than from using one of the MSE approximations and approximate
upper and lower bounds presented in Sec. 2.2.1 because G(p,0) Eq. 2.146 and
G(p,0) Eq. 2.152 are much easier to evaluate.

Now, in order to derive analytic expressions of the begin-ambiguity, end-
ambiguity and asymptotic thresholds we consider the following approximation
of the Q function [89, pp. 83]:

(-3) e % <QO <t t.e>0
U ] (2.154)
Q) ~ th=e %, 6>>1
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where the downside of Eq. 2.154 is due to the fact that % - S% ~ % for & >> 1.
Using Eq. 2.154 we can after some manipulations write Eq. 2.145, Eq. 2.151,
Eq. 2.147 and Eq. 2.148 as:

H(p,bo)ef (Pt = 77{(;%5,0[12_ R(b.)] — H,. (2.155)
Ho(py b o)l teGtams) - TCamioll ;eR(b“m“’)] = Hopr 42.156)
Hip, bo)eH(p,bo) _ 77TG§m2,o[; — R(b,)] = Humoo (2.157)
H(p,b,)ePbe) = 77TGZS,0[12_ R(b,)] ~ H,,., (2.158)

where
H(p,0) = —w (2.159)
H.(p,0) = *w (2.160)

so the asymptotic threshold for non-oscillating ACR and the begin-ambiguity,
end-ambiguity and asymptotic thresholds for oscillating ACR can be approxi-
mated from Eq. 2.155, Eq. 2.156, Eq. 2.157 and Eq. 2.158 as:

Pasc = —2% (2.161)
Pamlo = —2% (2.162)
Pamzo = —27W1‘ 1—(11{3@02)) (2.163)
Paso = 2% (2.164)

where W_1(€) denotes the branch “—1” (because Heys e, Hami1,0, Ham2,0 and
H,s,, are negative) of the Lambert W function that gives the solution of the
equation: W_q (¢ )ewfl(f) = £. This function, like other non-elementary functions
(e.g. Q function, error function, etc), has Taylor series expansion and recursive
formula to compute it, and is implemented in MATLAB so the corresponding
solution can be considered as an analytic solution as it can directly be obtained.

Now we consider both modulated and unmodulated waveforms and prove that
for waveforms that can be written as (e.g. Gaussian, cardinal sine, raised cosine,
etc.):

wp(t) =w(t), ' = Bt (2.165)

where B denotes the bandwidth, the asymptotic threshold only depends on the
shape w(t’) (i.e. independent of B, constant for Gaussian and cardinal sine, and
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function of the roll-off for raised cosine), and that for the modulated waveforms:
wp £, (t) = wp(t) cos(2m fet) = w(t') cos(2mAt"), t' = Bt (2.166)

where f. denotes the carrier, the begin-ambiguity threshold only depends on
the shape w(t’) of the envelope wg(t) of wg s, (t), whereas the end-ambiguity
and asymptotic thresholds are functions of the shape w(t') and the IFBW A
(i.e. independent of the values taken by B and f. separately). This is equivalent
to say that the begin-ambiguity threshold is only function of the shape of the
envelope of the signal, whereas the end-ambiguity and asymptotic thresholds are
only functions of the shape of the signal itself, regardless any other parameters
like the bandwidth and the carrier.

Let us first prove that the asymptotic threshold Eq. 2.145 of the unmodulated
waveform wp(t) is independent of B. From Eq. 2.165 we can write the normalized

oo w wp (t— oo w(t ) w(t' —0")dt’
ACR of wp(t) as R(0) = Ry, (0) = J== wplwslt=0dt ] withw’ 07

[ w2 (t)dt - 22 w2(t)at
R5 0 .
Ry(0'), 0 = BY, and the MQBW Eq. 2.115 as 32 = %0 = _R(0) =
2 ’ .
—%ff(e)b:o = -B? dQ};é”,ge )|9':0 = —B%R,(0), so Eq. 2.145 becomes inde-
pendent of B because Ggs. = w is independent of B and G(p,b.) =

211 — = Ll — / i [ - BT - _ T
PQ(\/ 51— R(be)]) = pQ(/§[1 — Ru(b,)]) with by, = Bb, = B I —Fu(0)
is independent of B.

Let us now prove that the begin-ambiguity threshold Eq. 2.151 of the mod-
ulated waveform wp y, (t) is independent of B and f.. The normalized ACR
envelope er(0) and the EMQBW (2 of wg 1. (t) can be written from Eq. 2.166
as the normalized ACR and the MQBW of the envelope wg(t) of wg ¢ (t) de-

rived above: er(6) = Ry, (0) = Ry (0'), ' = BO, 32 = —B?R,,(0), so Eq. 2.151

becomes independent of B and f. because Ggmi,0 = 8"‘;2’”1 is independent of B

and fca and Ge(py baml,o) = PQ(\/g[l - eR(baml,o)]) = pQ(\/%[l - Rw(b;ml,o)])
with b’ = Bbami,0 = Bﬁ = ﬁ is independent of B and f..

aml,o

Let us prove that the end-ambiguity Eq. 2.147 and asymptotic Eq. 2.148
thresholds of the modulated waveform wg s, (t) are only function of the IFBW
A Eq. 2.141. Using Eq. 2.153 we can write G(p, b,) in Eq. 2.147 and Eq. 2.148 as
G(p,bo) = pQ( g[l - eR(bo)]) = pQ( 5[1 - Rw(bi))]) with b; = Bb, = % = %

2 2
Oftngfc _ OC(Mn2fc

(only function of A). On the other hand we have Ggm2,0 = OTeE

T T 2B2R,(0)

—02‘"1:%’"7’2(3‘; (only function of A) and Gy, = %223% (independent of B and f,).

Whence, Eq. 2.147 and Eq. 2.148 are only functions of .

Note that thanks to the latter proved properties we can express the end-
ambiguity and asymptotic thresholds with respect to the IFBW X\ but we omit
it as we have provided many details.

In Sec. 2.2.3 we show and discuss some numerical results about the thresholds
for both modulated and unmodulated Gaussian pulses.
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2.2.3 Numerical results on thresholds

In this subsection we show and discuss some numerical results about the thresh-
olds for both modulated s(t) and unmodulated e4(t) Gaussian pulses. We can
write s(t) and eg(t) as:

s(t) = es(t)cos(2mfet) (2.167)
2

es(t) o« e TR (2.168)

where e4(t) is the envelope of s(¢) with respect to f.. The bandwidth B at -10

dB and the EMQBW 2 Eq. 2.115 [22] are given by:

10 1

B = 2 H—OT— (2.169)
7 Ty
1

3 = 2Ty (2.170)

w

The results about the unmodulated pulses are given in Sec. 2.2.3.1 an those
about the modulated ones in Sec. 2.2.3.2.

2.2.3.1 A priori and asymptotic thresholds of unmodulated waveforms with
respect to the ATBW

In this paragraph we consider an unmodulated Gaussian pulse s(t) = es(t)
Eq. 2.168 with variable pulse width T, and fixed a priori domain Dg = [—2,2]
ns, and compute the a priori and asymptotic thresholds with respect to the
ATBW ~ Eq. 2.140 feature.

In Fig. 2.9(a), we show the CRLB ¢ Eq. 2.111, the maximum MSE ey
Eq. 2.113, and the MSE approximation e; 1, Eq. 2.132 with respect to the SNR
p and the pulse width T},. We can see that e 1 . converges from ey to ¢ smoothly
for large T, and promptly for small T3,.

In Fig. 2.9(b), we show the a priori threshold py,. 1,1, (obtained from Eq. 2.136
using e 1,c), the asymptotic thresholds pas1,1,c; Pas,3,1,c and pgs,» (obtained from
Eq. 2.139 using €11, €3,1,c Eq. 2.132 and zy Eq. 2.133 respectively), and the
asymptotic threshold pgs,. (obtained from the analytic expression in Eq. 2.161)

with respect to the ATBW ~ Eq. 2.140.

We can see that pus1.1,¢, Pas3.1,¢) Pas,z and pgs. are all almost constant
(Pas,11,c = Passiec = 17 dB, pgs» ~ 16.5 dB and pgs. = 18.5 dB). We have
already proved in Sec. 2.2.2 that the asymptotic threshold is independent of
the bandwidth B for an unmodulated pulse (inversely proportional to the pulse
width T, see Eq. 2.169) if the type (e.g. Gaussian, cardinal sine, raised cosine
with constant roll-off, etc.) of the used pulse does not change. In this special
case of non-oscillating ACR, we can see that the asymptotic threshold obtained
from the approximate ZZLB Eq. 2.133 is the closest to the asymptotic threshold
obtained by simulation (equal to 16 dB, see Fig. 2.7(a) in Sec. 2.1.6.1).
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Fig. 2.9.: (a) CRLB ¢, maximum MSE ey and MSE approximation e; 4 with
respect to the SNR p and the pulse width Ti, (b) A priori and asymptotic
thresholds with respect to the ATBW ~ (c) e3,1,. with respect to Ty, for p =8 :
1.5 : 20 dB (unmodumated Gaussian pulse with variable T;, and fixed Dg).

In Fig. 2.9(c), we show e; 1, with respect to the pulse width T, for different
values of the SNR (p = 8 : 1.5 : 20 dB). We can see that for relatively low
SNR (p < 14 dB) the achieved MSE is approximately constant, whereas for
relatively high SNR (p > 15.5 dB) it decreases as the pulse width T, decreases
(resp. the bandwidth B increases). It becomes proportional to T2 (resp. inversely
proportional to B?) when the CRLB c is achieved (i.e. above the asymptotic
threshold) because ¢ Eq. 2.111 is inversely proportional to 42 which is in turn
inversely proportional to T2 for unmodulated pulses (see Eq. 2.170). It follows
that with unmodulated pulses, we cannot (resp. can) improve the estimation
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performance by changing the parameters (resp. increasing the bandwidth) of the
used pulse if the available SNR is below (resp. above) the asymptotic threshold.

Note that the achievable MSE and the thresholds of the SNR regions ef-
fectively depend on the parameters of the ACR. They depend on those of the
transmitted signal via the parameters of the ACR (e.g. dependency on the pulse
width T, via the bandwidth B). In fact, it is possible to design signals with dif-
ferent widths and shapes but with approximately the same spectral content (e.g.
chirp with constant amplitude and increasing/decreasing frequency compared
to a cardinal sine) so their ACRs become almost identical and approximately
achieve the same MSE. This fact can be clearly observed from the derived MSE
approximations and approximate upper and lower bounds based all on the ACR
of the transmitted signal.

2.2.3.2 A priori, begin-ambiguity, end-ambiguity and asymptotic thresholds of
modulated waveforms width respect to the IFBW

In this paragraph we consider a modulated Gaussian pulse with variable pulse
width Ty, and fixed f. = 6.85 GHz and Dg = [-2,1.5]T},, and compute the a
priori, begin-ambiguity, end-ambiguity and asymptotic thresholds with respect
to the IFBW X\ Eq. 2.141 feature. The number of the local maxima of the ACR
increases, and the gap between neighboring maxima decreases, as the IFBW
increases.

In Fig. 2.10(a), we show the CRLB ¢ Eq. 2.111, the ECRLB ¢, Eq. 2.112, the
maximum MSE ey Eq. 2.113, and the MSE approximation e; 1, Eq. 2.132 with
respect to the SNR p and the pulse width T,. We can observe that:

e The maximum MSE increases with T,, since the width of the a priori
domain Dg = [—2,1.5|Ty, is proportional to Ty,.

e The ECRLB increases with T, as it is inversely proportional to the
EMQBW ? Eq. 2.170 which is inversely proportional to T2.

e The CRLB is approximately constant with respect to Ty, because it is
inversely proportional to the MQBW (32 Eq. 2.117 that is approximately
equal to 472 f2 (f. is constant in this experience).

e The ambiguity region is not observable for small T, since e; 1, converges
from ey to ¢ without staying long equal to ¢, due to the weak oscillations
in the ACR. This explains why the begin-ambiguity and end-ambiguity
thresholds are very close to each other for small IFBW as can be seen in
Fig. 2.10(b).

e For high T, the ambiguity region is easily observable. It has a triangu-
lar shape due to the gap between the begin-ambiguity and end-ambiguity
thresholds that increases as the IFBW )\ increases as can be seen in
Fig. 2.10(b).
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Fig. 2.10.: (a) CRLB ¢, ECRLB ¢, maximum MSE ey, and MSE approximation
e1,4 with respect to the SNR p and the pulse width Ty, (b) A priori, begin-
ambiguity, end-ambiguity, and asymptotic thresholds with respect to the IFBW
A (Gaussian pulse with variable T, and Dg, and fixed f.).

In Fig. 2.10(b), we show the a priori threshold p,.11, (obtained from
Eq. 2.136 using e1,1,0), the begin-ambiguity threshold pgmi,1,1,0 (obtained from
Eq. 2.137 using e1,1,,), the begin-ambiguity threshold pgm1,, (obtained from
the analytic expression in Eq. 2.162), the end-ambiguity threshold pam2,1,1,0
(obtained from Eq. 2.138 using €11 ,), the end-ambiguity threshold pgmz2., (ob-
tained from the analytic expression in Eq. 2.163), the asymptotic thresholds

Pasilo = Pas3l0s Pasz a0d pgsp (obtained from Eq. 2.139 using €110, 20
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Eq. 2.133 and by Eq. 2.134 respectively), and the asymptotic threshold pys .,
(obtained from the analytic expression in Eq. 2.164) with respect to the IFBW
A Eq. 2.141. We can observe that:

e Both the a priori and begin-ambiguity thresholds are approximately con-
stant. In fact, we have already seen in Sec. 2.1 that a modulated signal
achieves below its end-ambiguity threshold the same MSE as its envelope.
Therefore, the a priori and begin-ambiguity thresholds of the modulated
signal are approximately equal to the a priori and asymptotic threshold of
its envelope. Furthermore, the a prior: threshold of an unmodulated Gaus-
sian pulse (envelope of the modulated pulse under study) is function of the
ATBW Eq. 2.140 (which is now constant), and its asymptotic threshold is
constant as proved in Sec. 2.2.2 and observed in Sec. 2.2.3.1. This explains
why the a priori and begin-ambiguity thresholds should be constant here.

e Both the end-ambiguity and asymptotic thresholds increase as the IFBW
increases. In fact, by increasing the IFBW we reduce the gap between the
global and the local maxima of the ACR so it can be crossed by a relatively
low noise. Therefore, a higher SNR is required to guarantee that all ML
estimates will only fall around the global maximum.

e The gap between the end-ambiguity and asymptotic thresholds increases
as the IFBW increases. This might be due to the gap between the CRLB
and ECRLB that increases with the IFBW.

e The begin-ambiguity, end-ambiguity and asymptotic thresholds pgm1,0,
Pam2,0 and pgs, obtained from the analytic expressions in Eq. 2.162,
Eq. 2.163 and Eq. 2.164 are very close to the corresponding thresholds
Pami,1,05 Pam2,1,1,0 a0d pas 11,0 Obtained from Eq. 2.137, Eq. 2.138 and
Eq. 2.139 using e1,1,, Eq. 2.132. The thresholds pam1,1,1,0, Pam2,1,1,0 and
Pas,1,1,0 are computed with respect to the IFBW by fixing the carrier f,
and varying the pulse width T,,, whereas pgm1,, is directly obtained from
its expression by considering an unmodulated Gaussian pulse with an arbi-
trary value of Ty, and pam2,0 and pgs,o are directly from their expressions
as well by considering the same unmodulated pulse used for pgm1, and
by varying the value of f. (in the expressions of the thresholds) according
to the value of the IFBW A. The obtained results validate the obtained
expressions of the thresholds, as well as the proved fact, that the begin-
ambiguity threshold is constant for a constant envelope shape, and that
the end-ambiguity and asymptotic thresholds are functions of the IFBW.

e The asymptotic threshold pgs,1,1,0 is very close to that obtained from the
approximate BTLB by Eq. 2.134, and a bit far from that obtained from the
approximate ZZLB zy Eq. 2.133. We did not compute the begin-ambiguity
and end-ambiguity thresholds using the approximate ZZLB and BTLB
because we have seen in Sec. 2.1 that they roughly detect the ambiguity
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region, unlike the asymptotic region that they can accurately detect (see
Fig. 2.8(c)).

Thanks to Fig. 2.10(b), we can predict the value of the achievable MSE based
on the values of the available SNR and IFBW (p, A). It is approximately equal to
the maximum MSE if (p, A) falls in the a priori region (below the a priori thresh-
old curve), between the maximum MSE and the ECRLB if (p, A) falls in the a
priori ambiguity transition region (between the a priori and begin-ambiguity
threshold curves), approximately equal to the ECRLB if (p, A) falls in the ambi-
guity region (between the begin-ambiguity and end-ambiguity threshold curves),
between the ECRLB and the CRLB if (p, A) falls in the ambiguity asymptotic
transition region (between the end-ambiguity and asymptotic threshold curves),
and approximately equal to CRLB if (p, A) falls in the asymptotic region (above
the asymptotic threshold curve).

To summarize we can say that:

e The a priori threshold depends on both the shape of the envelope of the
ACR and the a priori domain.

e The begin-ambiguity threshold only depends on the shape of the envelope
of the ACR function regardless any other parameter like the bandwidth.
This shape is sometimes described by a parameter like the roll-off for raised
cosine waveforms.

e The end-ambiguity and asymptotic thresholds only depend on the shape of
the ACR function, or on any set of parameters describing this shape like the
shape of the envelope and the IFBW together. They do not depend on any
other parameter like the bandwidth and the mean frequency separately.

2.3 SIGNAL DESIGN FOR MINIMUM MSE ON TOA ESTIMATION

We have seen in Sec. 2.2.2 and Sec. 2.2.3 that the achievable MSE depends on the
available SNR and some parameters of the transmitted signal. It has been shown
that according to the IFBW of the transmitted waveform, the MSE achieved by
a given SNR can be equal to the CRLB, the ECRLB, the maximum MSE, or
an in-between value. In this section we investigate the design of the transmitted
signal with respect to the available SNR in order to minimize the achievable
MSE.

We assume that the transmitted signal is a modulated Gaussian pulse
Eq. 2.167. Our goal is to find the optimal values T, o and f.o of the pulse
width T, and the carrier f. that minimize the achievable MSE given that the
available SNR p is equal to pg.

We consider two constraints about the spectrum of the transmitted pulse. The
first constraint says that the spectrum of the transmitted pulse should fall in a
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B

Fig. 2.11.: Feasible regions corresponding to the constraints C Eq. 2.171 (region
with horizontal dashed bars) and Cy Eq. 2.183 (region with vertical solid bars).

given available frequency band, whereas the second one says that the spectrum
should fall in the available band, and it should also have a given bandwidth.
The optimization problem with respect to the first constraint is considered in
Sec. 2.3.1 and the problem with respect to the second constraint in Sec. 2.3.2.

2.3.1 Waveform with spectrum falling in a given frequency band

In this subsection we consider the constraint that the spectrum of the transmitted
pulse should fall into the frequency band [f;, f]. This constraint can be written
as:
fe; B>0
Cr:g fe— % > fi (2.171)
fc + 2 < fh~

In our numerical examples we consider the FCC [1] UWB band [f;, fr] =
[3.1,10.6]) GHz. We can formulate our optimization problem as:

(By, fe,0) = argmin {e} s.t. p = py, C4 (2.172)

(B fe)
where e is the achievable MSE. The optimal pulse width 7', ¢ can be obtained
from the optimal bandwidth By using Eq. 2.169. As we can see in Fig. 2.11, the
feasible region corresponding to constraint C; Eq. 2.171 is a triangular region
(region with horizontal dashed bars) in the space of (B, f.) limited by the three
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lines:
Ly : B=0 (2.173)
Ly« fe=fit g (2.174)
Ly, + fe=fn— g (2.175)

Obviously, the maximum available bandwidth is:

Brax = fn — fi (2.176)
where Bpax = 7.5 GHz for the FCC UWB band.
For a given bandwidth B = b, the minimal IFBW is given by:

Ji

1
min — 7~ 5 Nl
b, b + 5 (2.177)
and corresponds to the point of intersection
b
Lyn Ly =0 fi+3) (2.178)
of the lines Ly, Eq. 2.174 and
Ly: B=b. (2.179)
It follows that, the minimal IFBW in the feasible region of C; Eq. 2.171 is equal
to:
fi 1
Amin = + = 2.180
fo—fi 2 ( )

and corresponds to the point (f5 — fi, %) We have A\pin = 0.913 for the FCC
UWB band.

Let us now consider the minimization of the achievable MSE. According to
the value of the available SNR pg, four cases can be distinguished:

1. po is lower than or equal to the a priori threshold.

2. po is between the a priori and the begin-ambiguity thresholds.
3. po is close to the begin-ambiguity threshold

4. pg is larger than the begin-ambiguity threshold.

Consider first the case pyg < ppr where the available SNR is lower than or
equal to the a priori threshold. Obviously, the maximum MSE is achieved in
this case and nothing can be done to improve the estimation which is useless.

Consider now the second case where the available SNR is between the a pri-
ori and begin-ambiguity thresholds (ppr < po < pam1). We have already seen
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that both the modulated signal and its envelope approximately achieve the same
MSE below the begin-ambiguity threshold of the modulated signal (approxi-
mately equal to the asymptotic threshold of the envelope), and we have seen in
Fig. 2.9(c) that below the asymptotic threshold of the envelope the achieved MSE
is approximately constant and independent of the pulse width and the band-
width. In result, nothing can be done to reduce the MSE when p,, < po < pam1-

Consider the third case where the available SNR is close to the begin-
ambiguity threshold (po &~ pam1). As the ECRLB ¢, Eq. 2.112 is approximately
achieved in this case, we can minimize the achievable MSE by maximizing the
bandwidth B (i.e. minimizing the pulse width T,,, see Eq. 2.169) so the EMQBW
(2 Eq. 2.112 is maximized and ¢, (inversely proportional to 32) is minimized. We
have already seen in Fig. 2.9(c) that the achieved MSE becomes proportional to
the squared pulse width T2 when the SNR is approximately equal to the begin-
ambiguity threshold. Accordingly, the optimal solution when pg & pgm1 and the
corresponding achievable MSE are given by:

(Borfeo) = (o 2L

= = = 2.182
pofBZy  2mpo  w2Bipo ( )
where Eq. 2.182 is obtained using Eq. 2.169 and Eq. 2.170. Note that f, — f; is
equal to the maximum bandwidth Ba.x Eq. 2.176. As pgm1 =~ 14 dB as can be
seen in Fig. 2.10(b), we have eg ~ 330.24 ps? for the FCC band (By = 7.5 GHz).

Consider now the last case where the available SNR is larger than the begin-
ambiguity threshold (pg > pam1). As we can see in Fig. 2.10(b), the point (pg, A)
will fall, according to the value of the IFBW A, in the ambiguity region, the
ambiguity-asymptotic transition region, or the asymptotic region. Therefore, the
achievable MSE is equal to the ECRLB c¢,, between the ECRLB and the CRLB
¢, or equal to the CRLB. Now, in order to find the optimal bandwidth By and
carrier f. o we proceed as follows:

1. We pick from Fig. 2.10(b) the value A\g of the IFBW \ for which the
available SNR, py belongs to the asymptotic threshold curve. Note that it
is possible to express Ag with respect to pg, but this is omitted for the sake
of conciseness.

) (2.181)

Q

€o

2. In order to guarantee that the CRLB is achieved, we consider the constraint
that A is lower than or equal to the picked Ag. If this constraint cannot
be satisfied because pg is lower than the minimal IFBW A, Eq. 2.180
in the feasible region of constraint C'; Eq. 2.171, then the CRLB cannot
be achieved. In order to make the achievable MSE the closest possible to
the CRLB, we set A at the minimal IFBW ... This constraint can be

expressed as:
A
Cy: { ]\

Amin if )\0 < )\min (2183)
Ao

if )\O Z Amin

Je
L
B

VAl
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3. Now, given that the estimator achieves the CRLB or a MSE that is the
closest possible to the CRLB thanks to the previous step, we minimize the
achievable MSE by minimizing the CRLB itself.

Following the last step, we can write from Eq. 2.171 and Eq. 2.183 the mini-
mization problem in Eq. 2.172 as:

(By, fe,0) = argmin {c} s.t. Cq, Co. (2.184)
(B, fe)
As ¢ can be approximated from Eq. 2.111 and Eq. 2.117 by:
1 1 1
TR T W iy 2459

we can rewrite the minimization problem in Eq. 2.184 as:

(Bo, feo) = argmax { f.} s.t. C1,Cs. (2.186)
(B, fe)
As shown in Fig. 2.11, the feasible region of constraint Co Eq. 2.183 is the
half-space (region with vertical solid bars) below the line:

Ly, : fo = AoB. (2.187)

We have already seen that the feasible region of constraint C; Eq. 2.171 is the
triangle limited by the lines Lo, Ly, and Ly, . Therefore, the feasible region
of C1 and Cy together is the triangular region limited by Ly, Ly, and Ly,
(region with both vertical and horizontal bars). Consequently, the solution of
the maximization problem in Eq. 2.186 corresponds to the point of intersection
(%%fh, #Aj)rlfh) of the lines Ly, and Ly, as can easily be seen from Fig. 2.11.
In the special case where \g < Apin, the feasible region of Cy reduces to the
line Ly, : fe = AminB so the feasible region of C; and C5 reduces to the point

(fn— f1, %) which is consequently the solution of Eq. 2.186.

Finally, the solution for py > pam1 and the corresponding achievable MSE are
given by:

(Bo, feo) = (fn— fr, 155) .
21n10 . 1 if Ao < Amin
€0 S (7T2B2PO760,1)7 €0,1 < a2 fZ po
B B 2“ 220 @0 (2.188)
( Oafc,zz ; (2)\01_;_1fh7 2)\0+1fh) if )\0 > >\min

47"2f3,opﬂ

where the term 2219 is the achievable MSE Eq. 2.182 when 00 & Paml-

w2 Bg po

The solution given in Eq. 2.188 for A\g > Anin is suboptimal. As a matter of
fact:

e The minimum MSE is not reached in the asymptotic region but at the end
of the end-ambiguity asymptotic transition region but slightly below the
asymptotic region.
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e The asymptotic threshold is defined as the SNR when the MSE becomes
equal to s = 1.1 times the CRLB.

e The asymptotic threshold is obtained from a MSE approximation or ap-
proximate bound.

e We have neglected the term 32 in the expression of the CRLB in Eq. 2.185
used to formulate Eq. 2.186.

Even tough, the obtained solution is approximately equal to the optimal one as
we will see below in Fig. 2.12(a), Fig. 2.12(b) and Fig. 2.12(c). The main two
advantages of the proposed method is that it is highly accurate and very easy
to compute. It can directly be found from the curve of the asymptotic threshold
with respect to the IFBW. To find the optimal solution we should perform an
exhaustive search in the feasible region using the true achievable MSE. The latter
method is however much more complicated than our proposal. Furthermore, as
we do not know the expression of the true MSE, the exhaustive search should
be performed using a MSE approximation or an approximate bound.

Denote by (Bj, fc,1) the point minimizing the MSE approximation ey, in
the feasible region of Cy Eq. 2.171, e; the minimal e; ; ,, and \; the correspond-
ing IFBW. The feasible region is swept using an increment of 0.2 GHz for the
bandwidth B and 0.1 GHz for the carrier f..

In Fig. 2.12(a) we show A (obtained from the suboptimal method) and A\;
with respect to the available SNR pg. We can see that \; is a bit smaller than \g.
This is due to the factor ags = 1.1 in the definition of the asymptotic threshold
in Eq. 2.139.

In Fig. 2.12(b) we show By and f.o (bandwidth and carrier obtained from
the suboptimal method), and By and f. 1 (obtained from the exhaustive search)
with respect to pg. We can see that By is very close to By, and f. o to f.1 which
validates that the suboptimal solution (By, f.0) is very close to the optimal one.
We can also see that By (resp. fe1) is a bit larger (resp. lower) than By (resp.
feo)- In fact, p1 < po as already seen from Fig. 2.12(a).

In Fig. 2.12(c) we show ey (minimum MSE obtained by the suboptimal
method) and e; (obtained from the exhaustive search) with respect to py. We
can see that ey and e; are very close to each other. For py = 22 dB, we have
Ao = 1.9 and A\ = 1.8, (Bo, feo) = (4.42,8.39) GHz and (By, f.1) = (4.6,8.3)
GHz, and ey = 2.27 ps? and e; = 2.32 ps?.

To summarize, we can say that:

e For an available SNR lower than the begin-ambiguity threshold (py <
Pam1), nothing can be done to improve the estimation.

e For an available SNR approximately equal to the begin-ambiguity threshold
(po = pam1) the optimal solution given in Eq. 2.181 consists on using the
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Optimal IFBW
GHz

MSE (sec?)

20 22 24 26 28 30
p, (dB)

(c)

Fig. 2.12.: (a) Suboptimal A\g and optimal A\; IFBW with respect to the available
SNR py (b) Suboptimal (By, f,0) and optimal (B, f.1) bandwidth and carrier
frequency with respect to pg (¢) Suboptimal ey and optimal e; MSE with respect

to po.

total available band. The achievable MSE in this case is approximately
equal to the ECRLB Eq. 2.182.

e For an available SNR greater than the begin-ambiguity threshold (pg >
Pam1) With Ao = Amin, the suboptimal solution given in Eq. 2.188 varies
with pg. The achievable MSE in this case is approximately equal to the
CRLB.

e For an available SNR greater than the begin-ambiguity threshold (py >
Pam1) With Ag < Amin, the optimal solution given in Eq. 2.188 consists
on using the total available band. The achievable MSE in this case lies
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between the ECRLB Eq. 2.182 achievable for pg =~ pam1, and the CRLB
achievable for pg > pam1 and A\g = Anin-

In practice, we do not need to compute the suboptimal bandwidth By and carrier
fe,0 in real time. It suffices to compute them once for all possible values of the
available SNR, then during the communication we measure the SNR, pick the
corresponding By and f. o, and tune the spectrum of the transmitted signal to
meet the suboptimal band.

2.3.2 Waveform with spectrum falling in a given frequency band and
having a given bandwidth

In this subsection we consider the constraint that the spectrum of the transmitted
pulse has a given bandwidth B = b, and falls in the frequency band [f;, f].

The feasible region corresponding to the constraints C; Eq. 2.171 and:
Cy:B=b (2.189)

is the segment of the line L, Eq. 2.179 limited by the lines Ly Eq. 2.174 and
Ly, Eq. 2.175. We can see from Fig. 2.11 that in this feasible region, the IFBW
A belongs to the interval [Ap min; Ap,max] Where Ay min is given in Eq. 2.177 and
corresponds to the intersection Ly N Ly, Eq. 2.178 of the lines Ly and Ly,, and
Ab,max 1S given by:

fno 1
AMpmax = =— — = 2.1
b, b 3 (2.190)
and corresponds to the intersection
b
LyN th = (b, fh — 5) (2191)

of the lines Ly and Ly, .

As the available SNR should fall in the asymptotic region in order to minimize
the MSE, we can write the following constraint similarly to Cy Eq. 2.183:

\ = % = )\b,min if A < >\b,min
C4 . /\ = ?ﬁ < )\0 lf Ab,min < AO g )\b,max (2192)
= EC = /\b,max if )\0 > )\b,max~

Similarly to Eq. 2.186 we formulate our optimization problem as:

(Bo, fe0) = argmax { f.} s.t. C1,Cs5,Cy. (2.193)
o

2fe

Obviously, the solution of Eq. 2.193 is LyN Ly, Eq. 2.178 for A\g < Ap min, LsN Ly,
Eq. 2.191 for Ay > Ap,max, and the intersection:

Ly N Ly, = (b, A\ob) (2.194)
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of the lines Ly, and Lj,.

Finally, we can write the solution of our optimization problem and the corre-
sponding achievable MSE as:

B s Je = b, + Q

( 0 f 70) (L2) if  Ag < Apmin
eg > w272 oo ’

Bo.feo) = (b Aob

( 0 f 70) — (i) if >\b,min < >\0 < )\b,max (2195)
€ = 4m2f2 o

B s Je = b) -3

( 0 f ,0) _ (LQ) if Ao > >\b,max~
€0 = T2 5

Note that the results obtained in this section are completely different from
the results that we get by minimizing the CRLB. With the latter method, the
threshold and ambiguity effects are not taken into account so the optimal solution
always consists on filling the available band with the maximum allowed PSD
starting from the highest frequency, which is absolutely different from the method
described above.

2.4 CONCLUSION

In this chapter, we have considered the problem of deterministic nonlinear esti-
mation and studied the threshold and the ambiguity phenomena.

We have approximated the statistics of the MLE by splitting the a priori
domain of the unknown parameter into subdomains, and computing the subdo-
main probability and the statistics of the subdomain MLE. The derived MSE
approximations are highly accurate and follow closely the truly achieved MSE.
We have used the subdomain probability to propose other approximations of the
MLE statistics and to derive two approximate upper bounds. The MSE approxi-
mations obtained via this method are very accurate as well and the approximate
upper bounds are sufficiently tight. We have used the Taylor series expansion
of the noise limited to second order to get an approximate lower bound tighter
than the CRLB. We have employed the principle of binary detection proposed
by Ziv and Zakai to derive some approximate lower bounds for deterministic
estimation. Numerical results about the derived MSE approximations and ap-
proximate upper and lower bounds are obtained by considering the problem of
TOA estimation based on UWB signals.

By making use of the derived MSE approximations and approximate upper
and lower bounds, we have computed the thresholds of the a priori, ambiguity
and asymptotic regions. We have derived analytic expressions for the begin-
ambiguity, end-ambiguity and asymptotic thresholds. We have shown that the
a priori threshold depends on both the shape of the envelope of the ACR and
the a priori domain, whereas the begin-ambiguity threshold only depends on the
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shape of the envelope of the ACR. The end-ambiguity and asymptotic thresholds
only depend on the shape of the ACR regardless any other parameter like the
bandwidth and the carrier. We have accordingly shown that both the asymptotic
threshold of unmodulated waveforms and begin-ambiguity threshold of modu-
lated waveforms are constant for a given waveform shape (e.g. Gaussian, cardi-
nal sine, raised cosine with constant roll-off), and that the end-ambiguity and
asymptotic thresholds of modulated waveforms vary with the IFBW regardless
the values of the bandwidth and the carrier separately.

We have exploited the results about the begin-ambiguity and asymptotic
thresholds to design, according to the available SNR, the spectrum of the signal
that achieves the minimum attainable MSE. We have proposed an optimization
method that is very simple and very accurate. We have considered the constraint
that the spectrum of the transmitted signal falls in a given frequency band, and
the constraint that it falls in a given band and has a fixed bandwidth.






CHAPTER 3

NEW TOA ESTIMATORS: MAXIMUM
DELAYING-AND-MULTIPLYING
ESTIMATOR AND DFT-BASED
ESTIMATORS

HANKS to their ultra short pulses, IR-UWB signals can serve to perform
highly accurate positioning by employing the TOA technique. However,
TOA estimation via IR-UWB signals suffers from the MP aspect of the channel
and the effects of the MUI. While the estimation of the TOA is widely investi-
gated in the literature for MP channels, only few works addressed this problem
in MU systems (see Sec. 1.1.4 for more details about the state-of-the-art).

As already mentioned in Sec. 1.1.4, the existing TOA estimators are based on
either the time-domain or the frequency-domain. Most time-domain estimators
make use of the following receivers:

e CR/MF receivers.
e Energy receivers.
e Dirty-template receivers.

In this chapter we propose two new TOA estimators. The first one is con-
sidered for MU systems employing TH-IR-UWB signals and is based on the
time-domain; it makes use of a new receiver, also proposed in this chapter. The
second estimator, or more precisely, class of estimators, is based on the frequency-
domain and can be used with any type of UWB signals; the proposed frequency-
domain estimators are investigated for single-user in AWGN/MP channels.

73
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In Sec. 3.1, we describe the new receiver that we call “delaying-and-
multiplying” (DM) receiver. We derive some statistics and probabilities of error
related to both, the new receiver and the CR receiver.

In Sec. 3.2, we introduce the new TOA estimator that we name “maximum
delaying-and-multiplying estimator” (MME). We derive some approximations of
the local MSE achieved by this estimator, and compute the asymptotic MSE.
The MME is compared to the MLE. Note that in the case of single-user, the
MLE is equivalent to the so-called “maximum CR estimator” (MCE) that is
based on the CR receiver. The MCE consists on maximizing the CCR of the
received signal and the waveform corresponding to the user of interest.

In Sec. 3.3, we propose two TOA estimators based on the phase of the DFT
of the received signal. The first one relies on the relative phase, whereas the
second one relies on the absolute phase. We derive the statistics of the proposed
estimators and compare them to the MLE. Both the cases of AWGN and MP
channels will be considered.

The main contributions in this chapter are the following;:

e We propose a new receiver for TH-IR-UWB signals, compute its statistics
and compare it with the CR receiver. The proposed receiver is totally
different from the three receivers presented at the beginning of this chapter.

e We propose the MME, compute its local and asymptotic MSE, and com-
pare to the MLE. We show that both estimators approximately have the
same performances.

e We propose two TOA estimators for AWGN channels based on the DFT
of the received signal. We compute the MSE achieved by both estimators.
The first /second estimator asymptotically achieves the baseband /passband
CRLB. The passband CRLB is achieved by the MLE faster than ours. De-
spite the case of time-domain estimators where the sampling period should
be smaller than desired accuracy (which increases the number of the treated
samples), only few samples (obtained at a sampling rate equal to the signal
bandwidth) are required in our approach to perform the estimation. At low
SNRs, the proposed estimators outperforms the MLE. We show that many
improvements can be introduced to our estimators in order to make them
achieving the CRLB faster.

e A two-step TOA estimator for MP channels is proposed by making use of
the DFT based estimators mentioned above.

e We compute the exact statistics of the unwrapped phase of the DFT of a
signal corrupted by an AWGN.

We recall that the MME is mainly proposed for MU systems; therefore, its
main role is to mitigate the MUIL. Optimal mitigation can be performed using
the joint MLE of the TOAs of all users. As this estimator is very complex to
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implement (even by using iterative algorithms like the one proposed in [48]), a
simple approach (proposed in [39] for symbol detection, see Sec. 1.1.4) consists
on modeling the MUI by an AWGN so the TOA of the user of interest can be
estimated using the MCE. The main goal in this thesis regarding the MME, is
to compare the potentials of the MME and the MCE in mitigating the MUI. As
the MCE is equivalent for single-user to the MLE, we are interested in checking
the asymptotic (whether the estimator achieves the CRLB), local (effects of the
shape of the used pulse) and global (effects of the shape of the TH-IR-UWDB
waveform) performances of the MME in the case of single-user as well. Note
that the performance degradation related to the shape of a given TH-IR-UWB
waveform is due to the collision among the pulses of the same waveform (when
an ACR is performed), whereas the degradation related to the MUI is due to
the collision among the pulses of the different user waveforms (when a CCR is
performed). For this reason, it seems more coherent to study the asymptotic and
local performances for single-user in this chapter, and to postpone the study of
the global performances for single-user and multiuser to the next chapter.

3.1 DELAYING-AND-MULTIPLYING RECEIVER

In this section, we introduce the DM receiver. We compute the local and global
statistics and probabilities of error for both the DM and the CR receivers. As we
will see later, the DM receiver consists on filtering the received signal, delaying
it according to the used TH codeword, then multiplying the delayed branches.

The DM receiver will be used later in this chapter to derive the MME. The
local (resp. global) statistics will be employed in this chapter (resp. the next
chapter) to study the asymptotic and local (resp. global) performances of both
the MME and the MCE.

In Sec. 3.1.1, we describe the considered system model. In Sec. 3.1.2, we
present the DM and the CR receivers. In Sec. 3.1.3 and Sec. 3.1.4, we compute
the local and global statistics and probabilities of error for both receivers.

3.1.1 System model

We describe here the considered system model. The transmitted signal

N.—1
s(t) = ﬁ > plt—aTh) (3.1)
¢ =0

consists of a TH waveform of energy E and duration 7', containing N, pulses
located at ¢; Ty, (i =0,--+ ,N.— 1) with T}, = Nlh the time-hop (larger than the
pulse width) and ¢ = (¢;)i=0,... N.—1, G € {0,--'- , N, — 1} the considered TH
codeword. Obviously, the energy of p(t) in Eq. 3.1 is normalized to one.

We can write the received signal as:

r(t) = as(t — O) + w(t) (3.2)
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DM signal  MME

CR signal MCE

i

2

Fig. 3.1.: (a) DM receiver and MME estimator (b) CR receiver and MCE esti-
mator.

where o and © denote the gain and the time delay introduced by the channel,
and @(t) the AWGN of two-sided PSD of &2.

3.1.2 CR receiver and delaying-and-multiplying receiver

We present now the DM and the CR receivers. As depicted in Fig. 3.1(a), the
DM receiver consists on filtering the received signal with the filter p(—t) matched
to the transmitted pulse p(t), delaying the filtered signal by the delays —c¢;Tj,
(i = 0,---,N. — 1) corresponding to the different pulses of the transmitted
signal, then multiplying the N, obtained signals. The CR receiver, represented
in Fig. 3.1(b) simply consists on adding the delayed signals instead of multiplying
them. Denote by X, ,(6) the received signal filtered with p(—t), and by P, ,(0)
and A, ,(#) the DM and the CR signals obtained at the outputs of the DM and
CR receivers respectively.

By splitting the time axis into the intervals

T T
I, = nTh—l—@—?h,nTh—l—@—l—?h[,n:—oo,-~-,+oo (3.3)
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of equal width T},, we can write X, ,(6) from Eq. 3.2 as:

X p(0) = 7(0) @p(— —a\/iz:R 0—0 —cTh) +w(d)
= Z X,.(6) (3.4)

Xn(0) = Rzn_(9) + wn (0) (3.5)
Rn(0> _ { \/>R 9 6 — nTh) n e {CQ7 CNC—I} (36)
n&{co, - cn.—1}

wa(0) = {7(“)”"(9) z;g (37)

where R,(0) denotes the ACR of p(t), w(6) the filtered Gaussian noise of covari-
ance

Cu(0) = 2 R,(0) (3.5)

and X,,(0), R, (0) and w,,(0) the filtered received signal, filtered useful signal, and
filtered noise in the interval I,, respectively. Obviously, each I,, contains either the
sum of a pulse ACR component a4/ %RP(G — © —nT},) and a noise component
wp(0) (when n € {co,--- ,cn.—1}, see Eq. 3.6), or only a noise component (when
n ¢ {co, - ,cn.—1}, see Eq. 3.6). Given that T}, (equal to the width of I,)
is larger than the width of p(t), we can deduce from Eq. 3.8 that the noise
components wy,(0) corresponding to different intervals are uncorrelated.

As both the DM and CR signals are obtained from N, delayed versions
of the filtered received signal X, ,(#) containing N, pulse ACR components

ay/ NECRP(H — © — nT},) corrupted by noise, the signal at the output of the DM

receiver (resp. CR receiver) will contain in each interval I,, the product (resp.
the sum) of N,, € {0,---,N.} pulse ACR components corrupted by uncorre-
lated noise components, and of N. — N,, pure uncorrelated noise components.
Accordingly, the DM and CR signals P, ,,(t) and A, ,(t) can be written as:

N.—1 400
Prp(0) = T Xep@+cTu)= > Pul0) (3.9)
=0 n=-—oo
N.—1
Arp(0) = Z Xop(0 + ciTh) = Z Al (3.10)
/ E
Pn(ﬂ) = 0 G_nTh +wnz } H wnz 311

=Ny,
N.—1

An(0) = S {a\/? p(GfonTh)qun,i(G)} 3 wai(6)(3.12)

i=0 ¢ i=Np,
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where w,, 0(0),- -+, wy, n,—1(0) correspond to a permutation of the N, uncorre-
lated noise components wy, ¢, (6 +coTh), -+, Wntey, , (0 4+ cn,—1Th). Note that
A, ,(09) is also equal to the received signal filtered by the filter s(—t) matched
to the transmitted signal s(t). For n = 0, we have Ny = N, and the interval
Ip = [©— 22 0+ I:[is located around © (the unknown time delay to estimate)
and contains the global maxima of the useful components of both P, ,(6) and
A, ,(0). Therefore, we can write:

N.—1 E

RO = {ay/ 3 Fol0 = ©) +1w0,(6) | (3.13)
oo

Ao(0) = {a R0 -0) + wo7i(9)} (3.14)
i=0 ¢

3.1.3 Local statistics and probabilities of error

In this subsection, we compute the local statistics and probabilities of error
relative to the DM and the CR receivers. By local statistics and probabilities of
error, we mean those in the interval I. The goal of computing these statistics is
to study the impact of the ambiguity due to the pulse shape on the DM receiver.

Let us consider the interval Iy containing the useful component carrying the
information on ©. We rewrite Py(f) and Ag(0) from Eq. 3.13 and Eq. 3.14 as:

Po(e) = Ho(e) + Vo(a) (3.15)
Ao(0) = So(0) +Uo(0) (3.16)
where
o(0) = [a\/ﬁcz-zp(e - @)} N (3.17)
So(0) = a/N.ER,(0—0O) (3.18)
Ne 1D Ne—i
Vo) = Y |ay/ i R0 -0)] " W) (3.19)
i=1 ¢
Wo,i(e) = Z wo»jl(e)'”woyji(g)v (jlv"' 7ji :07 7NC - 11320)
J1# - Fdi
N.—1
Uo(g) = WO,1(9) = Z ’LU()J‘(@) (321)
j=0

with Wy ;(0) equal to the sum of the product of the possible combina-
tions wo j, (6), -+ ,wo;(0) of i elements among the N, noise components
wo,0(0), - ,won,—1(0). The number of terms in Wy ;(6) is equal to CN (the
combination of ¢ in N.). We can see IIp(#) and Sp(#) as the useful DM and CR
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observations respectively. To illustrate this, we write IIp(6) in the case of N, = 3:

Po(0) = [ay/ 1 Fp(0 - ©)] ’

@) 2| &

+ [a R0 @)} ’ [ww(e) +wo1(0) + wo,g(e)]

& =

(&% Rp(9 - @) [IUQ,()(G)UJOJ(@) + IUQ()(G)UJQQ(@) + wo,l(e)’LUo72(0):|

wo’o(ﬁ)wo,l (6‘)@0072(9)

Z

_|_
+

As the noise components wg;(6), (i = 0,---,N. — 1) are all zero-mean
and uncorrelated, we can easily show that E{wg;, (0)---wo;,(0)} = 0 if
i # o #F i E{wog (0) - wo,, (O)wo i (07) - wo i, (60 = 0 if 0 #
i’ (because we have at least one noise component that appears only one
time inside the expectation), E{Wy ()W (0')} = 0 if i # ¢ (thanks
to the previous equation), E{wo,j, (0) - woj,(0)wo j; (0') - wo j:(0))} = 0 if
(J1s -+ 4 di) # (J1. -+ .7i) (because we have at least two noise components
that appear only one time inside the expectation), and E{Wy ;(0)Wy,(0")} =
S iy E{w03, (0) -+ wo 5, (O)wo 4, (6) - -wo 5, (6)y = CFCL(6 —0) =
CN[Z2R,(0 — 0")]" (thanks to the previous equation, C;'* denotes the com-
bination and C,(#) the covariance in Eq. 3.8) so the mean, the covariance and
the variance of Py(f) Eq. 3.15 can be expressed as:

mp,(#) = Io(6) (3.22)
Cr(0,0) = [O‘QES}N“ [Rp(e —O)R,(0' — @)} NC{ [1
e Rp(0 —0") Ne
T RO OR, (O @)} -1} (3:23)
~ ]\f [aj\fs}NCRp(Q —0)[Ry(0 — O)R, (¢ — ©)] e
= Cp, (0,0 (3.24)
0% (0) = Cy(60,60) = [O‘;VES}NCRf,Nc(ef@)Hl
* ]\;R;(el @)}NC -1 (3.25)
~ Jz : [“JQVE} YR e) = o2, (0) (3.26)
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and those of Ay(f) Eq. 3.16 as:

ma,(0) = So(0) (3.27)
Car(0,0)) = NC%RP(G—Q’) (3.28)
o, (0) = OA0(9,9):NC%. (3.29)

We can see from Eq. 3.23 and Eq. 3.24 that Py(0) is not a weak-stationary process
because Cp, (6,0") cannot be written as a function of 6 — §’. We can also see that
Cpy(0,0") = Cp,(0',0). In Eq. 3.24 and Eq. 3.26, Cp, ,(0,6') and o3, _(f) denote
the covariance and the variance of the process Py ¢(6) defined below in Eqg. 3.31.
For 6 = O, the variance of Py(0) is given by:

03, (6) = [ajvffsff'{p Nt 1) vag

ZE]"

N (3.30)

Note that the approximated Covariance and variance in Eq. 3.24 and Eq. 3.26
can directly be obtained by approximating Py(#) from Eq. 3.15 and Eq. 3.19 by:

Po6(0) = [o NECRP(Q -0)] e [a\/izzp(e —0)+0y0)]  (331)

where the process Py ¢(6) is Gaussian due to the distribution of Uy(6) Eq. 3.21.
Note that although Py ¢(6) is Gaussian, it is not weak-stationary. The approx-
imation in Eq. 3.31 is only valid at sufficiently high SNRs where the sum in
Eq. 3.19 can be limited to the first term (i.e. i = 1).

As the approximate upper bounds, as well as the approximate ZZLB and
BTLB lower bounds, all derived in Chap. 2, are based on the probability that
the observation at a given testpoint is larger than the observation at the testpoint
0 = O, it makes sense to define the local probabilities of error relative to the DM
and CR receivers as follows:

Qr,(0,0) = P{Py(0) > Py(O)} (3.32)
Qa,(0,0) = P{A(0) > Ay(O)} (3.33)

and to express from Eq. 3.23 and Eq. 3.24 the covariance of the DM observation
Py(0) for 0" = O as:

Cp,(0,0) = [O‘;E] NCR;,W(Q - @){ [1 + %} A 1} (3.34)
~ 1\;3 [O‘ij}NCR;Vc (60— ©) =Cp,,(0,0). (3.35)

To compute the probability of error relative to the DM receiver we have to
know the bivariate cumulative distribution function relative to the distribution
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of Py(#) Eq. 3.15, which does not seem easy to compute analytically. To over-
come this problem we assume that the SNR is sufficiently high so Py(6) can be
approximated by the Gaussian process Py ¢(6) in Eq. 3.31. Accordingly, we can
approximate Qp,(6,0) Eq. 3.32 and write Q4,(0,©) Eq. 3.33 as:

Qrc(0,0) = P{Ral0) - Poa(®) >0}

P 1*R§,V°(9*@)
- Q (3.36)
I~ V1+RND(0 - 0)—2RY-(0— ©)
0.0) = @Q[\/51-R,0-0)] (3.37)

where denotes the Q function already introduced in Chap. 2. The statistics of
Py c(8) — Po,c(O) are given from Eq. 3.31, Eq. 3.26 and Eq. 3.35 by:

Po.c(0) = Poc(O) ~ N (mar,(0), 04 p, . (0)) (3.38)

where

mara® = Joy[ 2] [RY-0 - 0) -1

N2 ra?FE,
2 —
O—APOG(Q) - p [ Nc

We can see from Eq. 3.36 and Eq. 3.37 that the approximated probability of
error of the DM receiver is equal to the probability of error of the CR receiver
for N. = 1.

N, B
} [1+R2 V(6 —©) — 2RN (6 @)}(3.39)

As the distribution involving the product of independent Gaussian variables
has, unlike the Gaussian distribution, a very sharp shape in the vicinity of zero,
we expect that the approximation of the joint distribution of Py(6) and Py(©) by
a joint Gaussian distribution (based on Eq. 3.31) leads to a considerable overes-
timation of the probability of error @p, (0, ©) Eq. 3.32. To solve this problem, we
evaluate Qp, (6, ©) by simulation. To do so we proceed as follows. From Eq. 3.13,
we can easily show that Qp,(6,0) can be written as:

Cr(0,0) = P{C—£>O} (3.40)
& = ﬁ{u[;]%%}

Z;Cl N.q1
¢ = E{RP("@)+[p]2[Rp(9®)w+ 1*322,(97@)1/1]}

where 1, - ,yn.,v1, 0 ,vn. ~ N(0,1) and are statistically independent.
Then, by randomly generating according to N(0,1), once, a 2N, X Nypq ma-
trix of independent elements, with N,.,q being the size of the population, we can
compute Cp,(0,0) along the 6 axis.
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Fig. 3.2.: R,(0—©) and RY<(§—©) (N, = 5,0 = 0) (a) T, = 0.685 1s, B = 2.5
GHz, f. = 7.25 GHz (b) T\, = 0.228 ns, B = 7.5 GHz, f. = 6.85 GHz.

In Fig. 3.2(a) we show R,(6 — ©) (useful CR observation Sy(6) Eq. 3.18
normalized with respect to ay/N.E) and R)<(§ — ©) (useful DM observation

IIy(0) Eq. 3.17 normalized with respect to [“;f]%) with respect to § — ©. We
consider a Gaussian pulse of T,, = 0.685 ns of width (bandwidth at -10 dB equal
to B = 2.5 GHz) modulated with f. = 7.25 GHz (pulse filling the total EC UWB
spectrum [2, 3]). We take N. = 5 and © = 0. We can see that R)<(f — ©) is
much shorter than R, (6 — ©) and that the gap between the global and the local
maxima is much larger with R)(0 — ©) than with R,(6 — ©).

In Fig. 3.2(b) whe show R,(0—©) and R)(6—©) for T\, = 0.228 ns (B = 7.5
GHz) and f. = 6.85 GHz (pulse filling the total FCC UWB spectrum [1]). Now,
R[Y<(0 — ©) has only one positive maximum.

We can expect from the shape of R)<(6 — ©) (i.e. the relatively high gap
between the global and the local maxima), that the DM receivers can serve to
mitigate the ambiguity effects due to the local maxima in R,(6 — ©). However,
we will see later that, unfortunately this is not true because the noise is amplified
due to the multiplication with R,(6 — ©) in the expression of Py(#) (see Eq. 3.15
and Eq. 3.19).

In Fig. 3.3(a) we show Cp,(0,0) and C(PO’G(G,@) (exact Cp,(6,0) Eq. 3.34
and approximated Cp, . (6,0) Eq. 3.35 covariances of the DM observation, nor-
o’E

malized with respect to | NCS]NC) with respect to § — ©, for the EC pulse (i.e.
T, = 0.685 ns and f, = 7.25 GHz) with N. =5, © = 0 and p = 15 dB (SNR),
and in Fig. 3.3(b) 67, () and 51230,G(9) (exact 0%, (0) Eq. 3.25 and approximated

0% () Eq. 3.26 variances of the DM observation, normalized with respect to
Po,c

[—ajVES]NC). We can see that for the considered SNR (p = 15 dB), the exact co-

variance is slightly larger than the approximated one, and this holds similarly for
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Fig. 3.3.: (a) Exact Cp, (0,©) and approximated Cp, , (6, ©) normalized covari-
ances of the DM observation Py(f) (b) Exact 63, () and approximated 53, . (6)
normalized variances of Py(6) (c¢) Local probability of error @, (6, ©) of the CR
receiver, and simulated Qp, (0, ©) and approximated Qp, (6, ©) local probabil-
ities of error of the DM receiver (Gaussian pulse, T, = 0.685 ns, f. = 7.25 GHz,
N.=5,0=0, p=15dB).

the exact and approximated variances. This means that a higher SNR is required
to ensure the convergence of the DM observation Py(6) to the Gaussian process
Py.(0) in Eq. 3.31.

In Fig. 3.3(c) we show for the same setup as in Fig. 3.3(a) and Fig. 3.3(b), the
local probability of error Q4,(0,0) Eq. 3.37 of the CR receiver, and simulated
Qp,(0,0) Eq. 3.40 and approximated Qp, ,(6,0) Eq. 3.36 local probabilities
of error of the DM receiver. We can see that the CR probability of error is
smaller than the DM probability of error. Note that the gap between Q4,(6,O)
and Qp,(0,0) increases as N, increases. We can expect from this that TOA
estimation based on the CR receiver will outperform that based on the DM
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receiver. We can also see that the probability of error @p, (6, ©) obtained from
the Gaussian estimation of the DM observation highly overestimates the one
Qp,(0,0) obtained by simulation. This validates the fact, already mentioned
above, that the DM observation Py() cannot be rigorously approximated by a
Gaussian process except for sufficiently high SNRs.

We show neither the variance of the CR observation since it is constant, nor
its covariance because it has the same shape as R,(0 — ©) (see Fig. 3.2(a) and
Fig. 3.2(b)).

3.1.4 Global statistics and probabilities of error

We compute here the global statistics and probabilities of error relative to the
DM and the CR receivers. By global statistics, we mean those inside an interval
I,, n # 0, and by global probability of error, the probability that the observed
signal is stronger in I,,, n # 0, than in Iy. The goal of this study is to evaluate
the effects of the ambiguity due to the collision between the different pulses of
the TH transmitted waveform on the TOA estimators based on the DM and the
CR receivers. Unlike the case of Sec. 3.1.3, the results of this subsection will
not be used in this chapter but in Chap. 4 dedicated to TOA estimation in MU
systems.

From Eq. 3.11 and Eq. 3.12, we can write the DM and CR observations in the
interval I,, as:

Pou(0) = Pun, (0)Vin, (0) (3.41)
An(9 = An,Nn (9) + Un,Nn(e) (342)
where
N,—1 5
Pun. () = ]}) {a\/;cRp(é)—@—nTh)—i—wn,i(ﬁ)} (3.43)
N.—1
Van,(0) = J] wni6) (3.44)
=N,
N,—1 5
A, (0) = ; {a\/;CRp(e—@—nThHwn,i(e)} (3.45)
Unn, (0) = i wni(9) (3.46)
=N,

Note that P, n, (0) and A, n, (0) correspond to the product and the sum of the
N,, pulse ACR components corrupted by noise, colliding in I,,, respectively.

Let us consider the computation of the global probabilities of error Qp, (6, ©)
and @ 4, (6, ©) corresponding to the DM and CR receivers respectively. We define
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the global probability of error relative to a given observation, as the probability
that the observation at the testpoint (middle of I,,)

0, = © +nT) (3.47)

is stronger than the observation at © (abscissa of the global maximum of the
useful observation, middle of Iy). We can write from Eq. 3.9, Eq. 3.10, Eq. 3.11
and Eq. 3.12:

Qp,(0,,0) = P{P.,(0,) > P.p(0)} = P{P.(6,) > Py(©)} (3.48)
Qa,(0,,0) = P{A,(0,) > A4.,(0)} = P{A.(6,) > As(©)}. (3.49)

As the transmitted signal contains only N, pulses, and as the interval I
contains N, pulse ACR components (after delaying the filtered received signal
with respect to the TH delays corresponding to the diffferent pulses), the DM
component P, n,(8) Eq. 3.43 of P,(0) Eq. 3.41 is totally contained in Py(6)
Eq. 3.13 (interval Ij)), and the CR component A,, v, (0) Eq. 3.45 of A,,(0) Eq. 3.42
is totally contained in Ag(6) Eq. 3.14. It follows from Eq. 3.13 and Eq. 3.14 that:

Py(9) = Pon,(0+nTh)Pon.—n,(0) (3.50)
Ap (0) An,Nn, (9 + TLT}L) + AO,NC—Nn (9) (351)

where the noise components in Py y,—n, (6) and Ag n.—n, (8) are different (so
uncorrelated) from those in P, , (6 +nT}) and A, n, (60 + nT}).

Using Eq. 3.41, Eq. 3.42, Eq. 3.50 and Eq. 3.51, we can write the probabilities
of error Qp,(0,0) Eq. 3.48 and Q4,(0,©) Eq. 3.49 as:

QPn (anv@) - P{Pn,Nn (on)vn,Nn (971,) > Pn,Nn (an)PO,NC—Nn (@)}
= Qp,aQp,2+(1—-Qp,1)(1-Qp,2)
= 14+2Qp,1Qp,2— (Qpr,1 +Qp,2) (3.52)
QA,L (0n7 @) = P{An,Nn (an) + Un,Nn (Qn) > An,Nn (gn) + AO,chNn (6)}
= P{Unn,(0,) > Aon.-n,(0)} (3.53)
where
QPn,l = P{Pn,Nn (en) > O} (354)
QPn,2 = P{Vn,NTL (9n) > P07Nc*Nn (@)} (355)

Let us now compute the means and the covariances of the signals P, n, (6),
Va.n, (0), Ay N, (0) and Uy, n, (6) present in Eq. 3.52 and Eq. 3.53. Similarly to
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the methodology followed in Sec. 3.1.3 we can write:

mp, v (0) = I, (0 (3.56)

Cro, 0.9) = [S2) " [m0 - 00m0 —00]) {1
-0 n

* ]\;?Rp(oRgngfa)fen)}N -1 (3.57)

~ anzvc [O‘jv]fﬂN"Rp(e — ) [Ry(6 — 00) By (6" - en)}N"*l

= Cp,n,6(0,0) (3.58)

my, x,(0) = 0 (3.59)

o, (0,07) = [%]NC*N"R;VC—M(Q—G’) (3.60)

ma, v (0) = Sun,(0) (3.61)

o, 0.0) = NSLR,(0-0). (3.62)

mu, v, (0) = 0 (3.63)

Ct (0.6) = (Ne= N) 2 Ry(0— 01 (3.64)

where
v, (0) = [a\/iRp(e—en)}N" (3.65)
Sun, (0) = aN, %Rp(ﬁ—en). (3.66)

Note that both P, n, (0) and V,, n, (0) are not weak-stationary, and that P, n, (0)
can be approximated by a Gaussian process at sufficiently high SNRs which is not
the case of V;, n, (#) (product of pure zero-mean Gaussian processes). However,
both A, n, (0) and Uy, n, (0) are weak-stationary and Gaussian.

From Eq. 3.61, Eq. 3.62, Eq. 3.63 and Eq. 3.64 we can write the CR global
probability of error Q 4, (6,,,©) Eq. 3.53 as:

Qa,(0,,0) = P{N[ - (V. - Nn)[o‘;fﬁ,z(zvc ~ N > 0]}
—o( g[l_%:q). (3.67)

By assuming both P, n, (0) and V, n,(0) Gaussian, we can approximate
Qp, (0,,0) Eq. 3.52 from Qp, 1 Eq. 3.54, Qp, » Eq. 3.55, BEq. 3.56, Eq. 3.58,
Eq. 3.59 and Eq. 3.60 by:

Qp,(0n,0) =1+2Qp, 1QP, 62— (QP, c1 +QP, 5.2) (3.68)
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where
Qrocn = PN(IGEH 2™ > 0)
- Q( F) (3.69)
Qroge = PAN(- (G2 [ty el
< I Yol
- Q({WH%]NCM}_;). (3.70)

Like the local DM probability of error (see Sec. 3.1.3), the global DM probability
of error Qp, (0,,0) can be computed form Eq. 3.52 via simulation by noticing
that:

Qr,1 = P{r>0} (3.71)
Qp,2 = P{C—£>0} (3.72)
ko= H{ %i}
1\77 1
§ = 1;[ { pc 5%‘}
N
¢ =5 I »

where V1, L UN, V1, YNe— N, s V1s 0 s UNa—N, ~ N(0,1) and are statisti-
cally independent. Accordingly, by randomly generating following N(0,1), a
2N, X Nppq matrix of independent elements, with N,,q being the size of the
population, we can compute ) p, 1 and @ p, 2 for all possible values of p and V,,.
Note that for a given N,,, a [N,, + 2(N. — N,,)] X Nypq matrix is required.

In Fig. 3.4(a) we show with respect to the SNR p for N,, = 0,--- ,N. — 1
with N, = 5, the global probabilities of error of the CR observation Q4. (6,,©)
Eq. 3.67, and the global probability of error of the CR observation obtained
by the Gaussian approximation @Qp, (0., ©) Eq. 3.68 and by simulation (from
a population of million elements) Qp, (6,,,©) based on Eq. 3.52, Eq. 3.71 and
Eq. 3.72. We can observe that:

e The probabilities of error corresponding to both, the CR and the DM
observations converge to zero at high SNRs for all the values of N,,.

e The probability of error is much smaller (at low SNRs) and convergences
(to zero) much faster with the CR receiver than with the DM receiver.
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Decreasing Nn

Global probabilities of error

Global DM probability of error QP (en,(a

Fig. 3.4.: (a) Global probability of error of the CR receiver Q4, (6,,0), and
global probabilities of error of the CR receiver obtained by the Gaussian ap-
proximation Qp, . (0n,©) and by simulation @p, (6,,0) (from a population of
million elements) with respect to the SNR p for N,, =0,--+ , N, —1 with N, =5
(b) Qp, (0,,0) in logarithmic scale.

e The probability of error increases as the number N,, of the colliding pulses
in the interval I,, increases.

e The gap between the values of the probability of error obtained at the
different values of NV, is more significant with the CR receiver than with
the DM receiver. This is due to the addition of the elementary observations
(i.e. the delayed versions of the filtered received signal) with the former and
to their multiplication with the latter.

e The Gaussian approximation of the probability of error relative to the
DM receiver significantly underestimates (resp. overestimates) at low (resp.
relatively high) SNRs the probability obtained by simulation.

In Fig. 3.4(b) we show the global probability of error of the DM observation
obtained by simulation Qp, (6,,,0) in the logarithmic scale. We can see that
Qp, (0,,0) is not evaluated above p = 21 dB for N,, = 0, 1 and 2 because
it becomes lower than 10~% while we have considered a population of million
elements.

3.2 MAXIMUM DELAYING-AND-MULTIPLYING ESTIMATOR

In this section, we compute the asymptotic and local performances of the MME
(maximum delaying-and-multiplying estimator); as mentioned above, we post-
pone the global performances to the next chapter.

In Sec. 3.2.1, we define the new estimator. In Sec. 3.2.2, we compute its
asymptotic performances. In Sec. 3.2.3, we derive some approximations of its
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achieved MSE. In Sec. 3.2.4, we present and discuss some numerical results
about the proposed estimator in comparison with the MLE.

3.2.1 The estimator

Denote by O the MME obtained by maximizing the DM observation (see
Fig. 3.1(a)). We have:

Oum = argmax P, ,(6) (3.73)
0cDeo

where P, ,(0) is the DM observation given in Eq. 3.9 and Dg = [©1, O3] the a
priori domain of ©.

In this chapter, we are only interested in the local performances of the pro-
posed estimator. The goal is to study how it is influenced by the ambiguity due
to the shape of the transmitted pulse. The ambiguity due to the shape of trans-
mitted TH waveform will be considered in Chap. 4. Accordingly, we can limit
our study to the interval Iy = [© + %, SR %] Eq. 3.3. Using Eq. 3.9, we can

write O, as:

Oum = argmax Py (6) (3.74)
oecly

where Py(6) Eq. 3.15 is the DM observation inside the interval Ij.

3.2.2 Asymptotic performances

In this subsection, we study the asymptotic (i.e. at high SNRs) performances of
the MME O 4,,.

To do so, we consider the Taylor series expansion of the DM observation
Py(0) about O. For convenience, we recall the expressions of Py(f) Eq. 3.15, the
useful DM observation IIp(f) Eq. 3.17, and the Gaussian approximation of the
covariance Cp,(6,0) Eq. 3.35 of Py(0):

Py(0) = TIo(0) + Vo(6) (3.75)
B N

o(0) = [a F}g(@-@)} (3.76)

Cp(0,0) ~ ]\f [%}NCR,&(@—@). (3.77)

By limiting the expansion of the useful observation IIy(#) to second order and
that of the DM noise Vp(6) to first order, and taking into account that ITo(©) = 0
(because © is the abscissa of the global maximum of IIy(6), see Eq. 3.17), we
can approximate Py(6) Eq. 3.75 by:

Fo(6) % T1o(®) + 3 TIo(6)(6 — ©)? + V5(6) + Th(©) (¢ — ©)
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so that (:)dm Eq. 3.74 can be approximated by:
Vo(6)

Oum = {0; Py(6) =0} ~ © — . (3.78)
Iy (O)
The second derivative of IIy(6) follows from Eq. 3.76:
Io(0) = N, [ E]N“[N —1)RN"2(9 - ©)R2(0 - ©
0 = INe | N. ( c ) D ( ) p( )
+ RYH0 — ©) Ry (0 — @)} . (3.79)

Using the Wiener-Khintchine theorem, we can write the mean and the covariance
of the derivative V;(6) of the DM noise V4 (), from Eq. 3.19 and Eq. 3.77 as:

my (6) = E{Vo()} =0 (3.80)
Cp(0,0) = F~ {4772f2]-"{6’p0 )}}

(0,
— Ng[ } “Har? [ @M F{R,(6 - 0)}]}

p
_ ]f[ Y [0 PR (6 - ©))] 0 4 LR, (6
- o)l= Jic [O‘NE} "RV (g~ @)R, (0 - ©) (3.81)

where F{-} denotes the Fourier transform operator and f the frequency variable.
It has been taken into account in Eq. 3.81 that j27f and —47%f? are the fre-
quency responses of the first and second derivative filters, respectively. By taking
0 = © we get from Eq. 3.79 and Eq. 3.81:

in(©) = N.[a NE]NCR,,(O) (3.82)
mg (©) = 0 ‘ (3.83)
9 Nf a?E 1 Ne ..

02 (0) = _T[Tc} 2,(0) (3.84)

From Eq. 3.78, Eq. 3.82, Eq. 3.83 and Eq. 3.84, we can write the asymptotic
mean and variance of the MME Oy, as:

e = O (3.85)
o— 7%, () SRS S (3.86)
~ = TRe) T ph0) 0P '
where
. +OO
B o= —Ry(0) = / 4x 2\ F{p(t)} 2 (3.87)
1
c = — (3.88)
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denote the MQBW of p(t) and the CRLB of ©, respectively (the energy of p(t)
in the expression of 32 is equal to one).

Finally, we can deduce that the MME is asymptotically unbiased and achieves
asymptotically the CRLB.

3.2.3 Approximation of the local MSE

We have shown in the last subsection that the MME achieves asymptotically
the CRLB. In this subsection, we consider the performances of the MME at
medium and low SNRs. We use the subdomain method proposed in Chap. 2 to
approximate the MSE of the MME, and the approximate lower bounds derived
therein to propose two alternate approximations of the MSE.

We have seen in Chap. 2 that by splitting the a priori domain Dg = [©1, ©5]
of ® into N =ns —ny+1, (ng <0, ny = 0) subdomains D, (© should be
contained in Dy), we can write the MSE of the MME ©g,, as:

u:}i?%KG—Mmz+aﬂ (3.89)

n=ni

where P,, denotes the probability that é)dm falls in the subdomain D,,, and g,
and 02 its mean and variance in that subdomain. As pointed out above, the a
Ty

priori domain Dg is equal in our case to Ip = [© + %, S) - 2] (see Eq. 3.3)

because we are interested here in the local performances of ©g,.

Let us choose a testpoint ¢,, in each subdomain D,,, assume that o ~ © and
02 ~ ¢ (cis the CRLB) in Dy (around ©) thanks to the asymptotic performances
of the MME (see Sec. 3.2.2), approximate p, by t, (width of D,, much smaller
than [t, — ©|, Vt, € D,), neglecting o2 for n # 0 (02 much smaller than
(© — pn)?), and approximate, as in Sec. 2.1.3.1, P, by:

(2)
Pr(zg) = P 2)
Do, P
where
n P{P()(tn)>P0(®)}:Qp0(tn7@) TL#O

with @Qp, (6, ©) being the local probability of error of the DM receiver computed
in Sec. 3.1.3. We recall that Qp,(6,0) can either be computed from Eq. 3.36
by assuming Gaussian processes or from Eq. 3.40 by simulation. We also recall
that for signals with oscillating ACR, the testpoints ¢,, should be chosen as the
abscissa of the local maxima of the ACR. Let us further approximating Py by 1
(because 03 ~ ¢ << p2 ~t2, n #0). We can now approximate the MSE of the
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MME by:
eam =c+ » PP (tn — ©). (3.90)
n#0
From the approximated ZZLB and BTLB lower bounds derived in Chap. 2,
we propose the following two approximations of the MSE of the MME:

Zdm — /60 QQPO(Q, @)d9 (391)
0
bam = /060 oV{Qp,(0,0)}do (3.92)

where V{f (&)} = max{f(§ > &)}, £ > 0, is the valley-filling function, and
€0 = 24/ey, with

ev = 0% + (O - )’ (3.93)

the maximum MSE given in Chap. 2 (see Eq. 2.20). We have considered zgn,
and by, as approximations and not as approximate lower bounds. Indeed, to
derive the approximate lower bounds we have to find the likelihood function of
the DM observation, then compute properly the minimum probability of error
relative to the optimal decision rule based on the likelihood ratio (see Sec. 2.1.4).
We have set ¢y at 2/ey to force 24, and bg,, to converge to ey at low SNRs.
In fact, Qp,(0,©) approaches % at low SNRs, so both z4, and dg,, approach

2
1 e — %
5 )y 0d9 = 3.

3.2.4 Numerical results and discussion

Here, we discuss some numerical results about the MME and compare it with
the MLE. We consider the EC (i.e. T,, = 0.685 ns and f. = 7.25 GHz) and FCC
(i.e. Ty = 0.228 ns and f. = 6.85 GHz) pulses already used in Sec. 3.1.3 (see
Fig. 3.2(a) and Fig. 3.2(a)). We take © = 0 and T}, = 2T},

As mentioned in the beginning of this chapter, the MLE is equivalent for
single-user to the MCE (maximum correlation estimator) ©., obtained by max-
imizing the CR observation (see Fig. 3.1(b)). We have:

O = argmax Ay(6) (3.94)
IS

where Ag(0) is the CR observation in Iy (see Eq. 3.14, Eq. 3.16).

In Fig. 3.5(a) and Fig. 3.5(b) we show for the EC and FCC pulses, respectively,
the CRLB ¢ Eq. 3.88, the ECRLB ¢, (derived in Chap. 2, see Eq. 2.23), the
maximum MSE ey Eq. 3.93, the MSE e., s of the MLE obtained by simulation
(10000 trials), the MSE egy,,, s of the MME obtained by simulation, and four MSE
approximations egm, c, €dm, Zdm and by, of the MME, all versus the SNR p. Note
that both egn, ¢ and eq, are obtained from the subdomain formula Eq. 3.90,
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8 10

Fig. 3.5.: CRLB ¢, ECRLB ¢., maximum MSE ey, MSE e s of the MLE
obtained by simulation, MSE eg, s of the MME obtained by simulation, and
four MSE approximations €gm,c, €dm, Zdm and bg, of the MME, all versus the
SNR p (a) EC pulse (b) FCC pulse.

whereas zg,, and by, follow from Eq. 3.91 and Eq. 3.91 respectively. However,
€dm,c uses the Gaussian approximation (in Eq. 3.36) of the local probability of
error Qp, (tn, ©), whereas e€gm, zdm and bay,, all use the local probability of error
computed by simulation according to Eq. 3.40.

We can observe that:
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e The CRLB is approximately achieved by both the MLE and the MME at
the same SNR.

e In the ambiguity region of the EC pulse, the MLE slightly outperforms the
MME. We can deduce that the ambiguity phenomenon has approximately
the same impact on both estimators.

e In the threshold region of the FCC pulse, the MLE outperforms signifi-
cantly the MME. We can deduce that the impact of the threshold phe-
nomenon is stronger on the MME.

e The MSE approximation ey, ¢ of the MME based on the subdomain
method and the Gaussian approximation of the local probability of er-
ror overestimates appreciably the MSE truly achieved in both ambigu-
ity /threshold and asymptotic regions. In fact, the Gaussian probability
approximation overestimates widely the true probability as already ob-
served and discussed in Fig. 3.3(c).

e The MSE approximation eg,, of the MME based on the subdomain method
and the simulated local probability of error converges to the CRLB at
approximately the same SNR (especially for the EC pulse) as the simulated
MSE egm,s. However, it overestimates eg, s in the ambiguity/threshold
region. This can be interpreted by the fact that the local probability of
error does not take into account the correlation between all testpoints, but
just between the actual testpoint and the tespoint ©.

e Both MSE approximations zg,, and bg,,, based on the approximated ZZLB
and BTLB respectively, seem to be more accurate below the asymp-
totic/threshold region than the MSE approximation egm,; bam, is slightly
more accurate than zg, thanks to the valley-filling function (especially for
the EC pulse where the local maxima are stronger).

Let us now discuss why the MLE outperforms the MME at medium SNRs. Due
to the TH coding, the total available energy is split among the pulses of the TH
waveform, so the SNR relative to each pulse is N, times lower than the total SNR.
This makes the ambiguity and threshold effects stronger if we consider the pulses
separately. With the CR receiver, the effect of the SNR splitting is completely
canceled thanks to the addition operation (because the noise components are
independent). However, with the delaying-and-multiplying receiver, this effect
cannot be completely canceled, due to the multiplication operation.

Finally, we can say that the local performances of the MLE and the proposed
maximum delaying-and-multiplying estimator are very similar.

3.3 DFT-BASED ESTIMATORS

In this section, we propose two TOA estimators based on the phase of the DFT of
the received signal. The first one relies on the relative phase, whereas the second
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one on the absolute phase. For both estimators, we compute the local estimates
corresponding to the different frequency components, and then combine them to
get the global estimates.

The main contributions of this work have been stated in the beginning of this
chapter. We have already mentioned in Sec. 1.1.4 that some estimators inves-
tigated in the literature employ the DFT. However, there are many differences
between this work and the previous proposals. The TOA estimation in [51, 52]
is not built on the phase of the DFT. In [53, 54|, the authors bypass the problem
of phase ambiguity by assuming that the maximum time delay is smaller than
the period of the highest frequency component. Although the problem of phase
ambiguity is well investigated in [49, 50, 55], it is however solved by the Chinese
remainder theorem in [49, 50], and by a recursive correction of the TOA estimate
in [55]. In contrast, the problem is solved in our approach by unwrapping the
phase.

From the advantages of our estimators is that they require a sampling fre-
quency equal to the bandwidth of the transmitted signal and generate directly
their TOA estimates from few samples with no need of further interpolations.
They can be used for IR-UWB signals as well as for MC-UWB signals. How-
ever, they do perform better with IR-UWB signals. The main goal of this work
is to show that we can estimate the TOA by using the phase of the DFT of
the received signal in such a way to obtain interesting performances. Many im-
provements can be introduced to the proposed estimators in order to make them
achieving the CRLB at lower SNRs.

In Sec. 3.3.1, we describe our system model. In Sec. 3.3.2, we consider the
MLE of the local (i.e. at a given frequency component) phase and compute the
statistics of the unwrapped phase. In Sec. 3.3.3, we derive the local phase-slope-
based and the local absolute-phase-based TOA estimators, and in Sec. 3.3.4 the
corresponding global ones. In Sec. 3.3.5, we show how one can apply our proposed
estimators in UWB MP channels.

3.3.1 System model
We describe here our system model. We assume that the transmitter and the
receiver communicate through an AWGN channel.

Denote by s(t), r(t) and n(t) the complex envelopes (i.e. baseband signals) of
the transmitted signal, the received signal and the AWGN, all band-pass filtered
in the band [f. — £, f. + £] (f. is the central frequency and B the bandwidth).
We can write r(t) as:

r(t) = ae 9T 5(t — 1) + n(t)
= ae T (1) 4 n(t)

where o and 7 are the gain and the time delay introduced by the channel, and
s(t) = s(t—7).
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After sampling at the rate B, we get:
r[m] = ae™92™ <5 [m] 4+ n[m)]

where z[m] denotes the sample of the signal z(t) at t = mT, (T, = % is the sam-
pling period). The sequence n[m] is a white (i.e., the samples n[m] are indepen-
dent and identically distributed) Gaussian sequence because the sampling rate
is equal to band-pass filter width. The variance of n[m] is given by 02 = 2Ny B

where 2N is the one-sided power spectral density of the AWGN.

Denote by R[k], (k = —4f,..., 2L — 1 assuming M to be even) the DFT of
r[m]. Then:

iy

M
R[K] = " rlm]e 2™ = ae™?™T S [k] + NIK] (3.95)
m=0

where S;[k] and N[k] are the DFTs of s.[m] and n[m], respectively. As n[m] is a
white Gaussian sequence, N[k| is also white Gaussian with a variance given by
0% = Mo?2 = 2M NyB [78]. By assuming that the Shannon sampling theorem is
respected, and that both s(t) and s, (t) are falling in the period of observation,
we can write:
Se(fi) _ e PTTS(fi) _ jonrs

= = = kT k .

T, T e S[k] (3.96)
where S;(f) and S(f) denote the FTs of s,(¢) and s(t), respectively, S[k] the
DFT of s[m], and:

S [k]

ok
T MT,

Tk =kAf. (3.97)

To simplify the discussion, we denote from now on S[k], R[k] and N[k] by
Sk, Rr and Ny, respectively. From Eq. 3.95 and Eq. 3.96, we can write Ry as
follows:

Ry = ae*jQW(chrfk)TSk + N, = U, + Ny, (3.98)

where U, = ae=727(fe+/%)7 G, is the DFT of the useful part of the received signal.
Denote by pz,0z,xz and yz the modulus, phase, real part and imaginary part
of the complex number Z. From Eq. 3.98, we can define ¢}, as:

o = 0s, — Oy, =27 (fe + fi) T (3.99)

Given that Ny is Gaussian, we can write the PDF of Ry as:

1 _('L'Rk*wyk)2+(yﬁ{k*’yuk)2
T, (ka ) yRk) 202 € 207
%, el —20R, PU, cos(0R, —0u,)
PR, I Be U k Uk k Uk
Tr, (ka70Rk) = e 202 (3100)

2702

2
where 02 = ZX = M NyB denotes the variance of both a2, and yy, .
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3.3.2 Statistics of the unwrapped phase

In this subsection, we consider the MLE of the phase and compute the statistics
of its unwrapped version.

The joint log-likelihood function of py, and ¢y can be written from Eq. 3.99
and Eq. 3.100 as:

B Pk, + P, — 20R,.PU, €OS(OR, — O, + @)

APUR Pk — . 3.101
k 20,2 ( )
From Eq. 3.101, we can easily write the CRLB of ¢}, as:
2
1
== — (3.102)
Pu, Vg
where
2 2
o pU _ QPS.
Vg = 02’“ =« 02" (3.103)

is the SNR obtained at the frequency fi. We call v the local (or instantaneous)
SNR (i.e. the SNR corresponding to the local frequency fi). The global SNR is
defined as:

N
N

V= Z . (3.104)

=N

Obviously, the time delay can be estimated from an estimate of ¢, Eq. 3.99
as:

e The phase pj, to angular frequency 27 (f. + fx) ratio.
e The slope of the phase with respect to the angular frequency.

For both approaches, the phase estimate should be continuous (i.e. not limited
to an interval of width 27). With the former the phase estimate should also be
around its true absolute value, whereas with the latter a constant offset along
the frequency axis is acceptable. As in practice the phase is computed modulo
27 (i.e. the wrapped phase), an unwrapped version of it is needed in order to
rebuild the continuous phase.

In practice, the unwrapped phase can be obtained recursively by adding a
multiple of 27 to the wrapped one until the absolute difference between the
neighboring unwrapped phases becomes less than or equal to 7. Denote by ¢y,
the wrapped MLE of the phase and by ¢y, the unwrapped version of ¢;. We can
write the unwrapping criterion as follows:

[Pk — Pr—1| <7 (3.105)
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where the non-ambiguity condition 27 A fr < 7 should be respected. The un-
wrapping procedure can be performed using the “unwrap” MATLAB function.

As the true value of the phase is unknown in practice, we can start the un-
wrapping procedure from an arbitrary ko by taking @i, = ¢k,, then running
the unwrapping procedure for ko + 1, ..., % —land kg —1,..., f%. Obviously,
the unwrapped phase may have an offset (almost the same for all frequency
components) with respect to the true phase. This offset depends on the offset
27 (fry + fe)T — Pr, present at the starting unwrapping point.

Let us now consider the wrapped MLE ¢, (called in the sequel the “wrapped
phase”). By equating to zero the partial derivative of APUx %% Eq. 3.101 with
respect to ¢y, we can write @y, as:

ok = 0s, — O, = 05, R (3.106)

where {-}* denotes the complex conjugate. Given that N Eq. 3.98 is a white
sequence, the estimates ¢ obtained at the different frequencies k are indepen-
dent. By integrating the joint PDF Ty, (pr,,0r,) Eq. 3.100 of pg, and g, over
pr, (in order to obtain the marginal PDF of 6, [105]), we can write the PDF
of ¢ using Eq. 3.106 as:

Y7o = S Vk 3 — 2k sin?(Pr—on
T, (Pr) = or =+ o cos(Qr — pr)e 2 (Pr—k)
X Q [\/vk cos(@r — o)) (3.107)

where Q(-) denotes the Q function, and the superscript “" the wrapped phase.
Obviously, T;j’kf'(@k) is 2m-periodic and can be defined in any interval I., =

[ck — m, e, + 7] of width 27 ([, T (pr)dpr = 1, Veg). It has been shown
°k

k
in [106] that the distribution of the wrapped phase can be approximated by
a normal distribution if the local SNR v is sufficiently high, and a uniform
distribution along I., if vy is very low.

Let us now compute the PDF of the unwrapped version @, (called from now on
the “unwrapped phase”) of the wrapped phase ¢5. We assume that we start the
unwrapping procedure from k = 0 (i.e. pg = ¢¢). Let T, ($r) be the marginal
PDF of ¢5. We will show below that T, (@) can be computed recursively for
k:l,...,%—l and k:—l,...,—% starting from @g.

From the unwrapping criterion in Eq. 3.105 we can write the domain of ¢y
given Qp_1 as:

Dy|@r—1 = Ig,_, = [Pr—1 — T, P—1 + 7. (3.108)
As for k = 0 the marginal domain of ¢ is given by Dy = [—m, 7| (because
Po = $o), we can write from Eq. 3.108 the marginal domain of ¢y, as:
N N

Dy = [ =k +1m, |k +1|x], (k = - —1). (3.109)

57...75
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Given that ¢y is unwrapped with respect to ¢y _1, Tg’;(@k) Eq. 3.107 is 27-
periodic, and |pr — @] = 2lw (with [ integer due to the unwrapping), we can
write the PDF of ¢ given ¢r_1 as:

T30 (Pr) = T5, (Pr)

where the domain of T3, 5, ,(¢r) is I5,_, Eq. 3.108.

Pr—1

Now, in order to express the marginal PDF Ty, (¢5) of ¢ with respect to that
of ¢r—1, we first compute the joint PDF Ty, 5, (P, Pr—1) of @r and @p_1,
and then integrate with respect to @p_; taking into account that ¢r_1|Pr €
[Pr — 7, @k + 7] (due to the unwrapping criterion in Eq. 3.105). Accordingly we
can write:

Tsp601(Prs Pi—1) = T 10y (Pr) Ty (Pr—1) = T, (Pk) T, (Pr—1)
Prt+m
T@k(¢k) = T@k@kﬂ(@k,@k—l)d@k—l
Prp—T
Pr+m
= 1@ [ Ta(Gdan (3.110)
Pr—T

where the domain of Ty, (@r) is Di Eq. 3.109. So, T, (¢x) can now be computed
recursively from Eq. 3.110 for k =1, ..., % —land k= —1,...,—5 taking into
account that:

T, (%0) = T3, (20)
Using Eq. 3.109 we can write the mean and the variance of ¢y, as:

|[k+1|m

po = [ @aTaleoda (3.111)
—|k+1|m
|k+1|m

O—?Z’k = / (@k - :U'@c)QTsEk (@k)dSZk (3.112)
—|k+1|m

In Fig. 3.6(a), we show the true phase ¢ Eq. 3.99, a realization of the wrapped
phase ¢, (P € [—m,7]), and the corresponding unwrapped phase @y, all versus
the frequency fr + f.. The transmitted signal consists on a cardinal sine of a
bandwidth of B = 2 GHz modulated by the carrier f. = 2 GHz. We consider a
time delay of 7 = 2ns, a global SNR Eq. 3.104 of v = 17dB, and M = 16 samples
(k = —8,...,7). The unwrapping procedure is started here from k = —8. We
can see that ¢ is almost continuous with a phase offset almost constant with
respect to the true phase.
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Fig. 3.6.: (a) True phase ¢, versus fr + f. (a) (b) (c) one realization of the
wrapped phase ¢, and the corresponding unwrapped one @y, (cardinal sine wave-

form modulated by f.=2GHz, k= —-8,...,7).

In Fig. 3.6(b) and Fig. 3.6(c) we show two more realizations of the wrapped
¢k and unwrapped @ phases. We can see that some errors multiple of —27 have
been introduced to ¢ during the unwrapping procedure. This happens when the
unwrapping procedure should add a multiple of 27 to the next phase (for instance
at k = —3 in Fig. 3.6(b)), but does not add it because the absolute difference
between the neighboring wrapped phases is less than 7 (i.e. |[¢_3 — p_4| < 7)
due to the noise. Each time this phenomenon happens, an further error of —2xw

will be introduced.
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Fig. 3.7.: Marginal PDF T, (¢r) of the unwrapped phase ¢ (a) k =1,...,15
(b) k = 15.

Note that errors multiple of 27 can also be introduced. This happens when
the unwrapping procedure should not add a multiple of 27 to the next phase,
but adds it because the absolute difference between the neighboring wrapped
phases is greater than 7 due to the noise. Such errors rarely occur if the phase
vk Eq. 3.99 is increasing with the frequency (i.e. positive slope).

In Fig. 3.7(a) and Fig. 3.7(b) we show the marginal PDF Ty, ($5) Eq. 3.110
of the unwrapped phase ¢y for £ = 1,...,15 and k = 15, respectively. We take
B = 2GHz, f. = 0GHz, 7 = 1ns, M = 32, and a local SNR Eq. 3.103 of
v = 5dB, Vk. In this experience, we have started the unwrapping procedure
from k = 0. We can see in Fig. 3.7(b) that for k = 15 (the phase corrected at the
end of the unwrapping procedure), the PDF has three secondary lobes located
at —4m, —2m, and 27 from the main lobe. The strongest secondary lobe is the
one located at —27 from the main lobe.

As already mentioned above, the presence of these secondary lobes is due
to errors multiple of 27 introduced by the unwrapping procedure. The main
lobe becomes weaker and the secondary lobes stronger as the frequency increases.
This means that we have more chance that such errors (i.e. the errors multiple of
+27) occur. In fact, the £27 errors accumulate over the course of the unwrapping
procedure as the frequency increases because the unwrapping is performed recur-
sively (see Fig. 3.6(b) and Fig. 3.6(c)). If we decrease the local SNR Eq. 3.103 by
either increasing the number of samples or decreasing the global SNR Eq. 3.104,
then the secondary lobes (which are located at -, —4m, —27, 2w, 47, - -+ from
the main lobe) become stronger. Errors multiple of —27 (resp. 27) are more
frequent if the slope of the true phase is positive (resp. negative). We can see
from the PDF of ¢, that the unwrapped phase is biased. As the secondary lobes
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Fig. 3.8.: Theoretical and simulated (simu) variance U%k and MSE €2¢k7 and the
CRLB ¢+ of oy, versus fi + fo (a) v, = 5dB, Vk (b) v, = 28dB, Vk.

become stronger when the frequency increases, we can expect that both the bias
and the variance of ¢y will increase with the frequency.

In Fig. 3.8(a) and Fig. 3.8(b), we show for the same setup considered
in Fig. 3.7(a) and Fig. 3.7(b) the theoretical variance o3, and MSE €3 =
U%k + (p@, — ¢r)? of the unwrapped phase @y (p1z, and oék are computed from
Eq. 3.111 and Eq. 3.112 respectively), the CRLB ¢#* Eq. 3.102 of ¢, and the
variance and MSE of obtained by simulation (based on 10000 trials), all versus

the frequency, for a local SNR of v, =5 and 28 dB, Vk, respectively.
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In Fig. 3.8(a) (where a relatively low local SNR of v, = 5 dB is considered),
we can see that the simulated variance and MSE follow closely the theoretical
ones, which validates our theoretical approach. However, the variance and the
MSE do not follow the CRLB, and they both increase with the frequency. This
fact, which has been expected in our comments to the PDF of @ in Fig. 3.7(b),
is due to the errors multiple of 427 introduced by the unwrapping procedure.

In Fig. 3.8(b) (where a sufficiently high local SNR of v, = 28 dB is considered),
we can see that the theoretical and simulated variance and MSE are all very close
to the CRLB. In fact, the wrapped phase ¢, is correctly unwrapped, and there
are no +£27 errors that have been introduced by the unwrapping procedure,
because the considered local SNR is very high.

3.3.3 Phase-slope-based and absolute-phase-based local TOA estimators

In the previous subsection, we have studied the wrapped ¢ and unwrapped ¢y,
phases. Here, we propose two local TOA estimators based on the unwrapped
phase Q.

In order to overcome the defect of the phase offset between the true phase
¢k and the unwrapped phase @y recognized in Fig. 3.6(a), we can define from
Eq. 3.99 the first local TOA estimator based on the slope of ¢, as:

~bb Pr — Yo

A= k#£0 (3.113)
where %,lc’b is referred to as the “local baseband TOA estimator” because the
information on the time delay 7 is only carried by the frequency components fj
of the envelope (we have get rid of the information carried by f., see Eq. 3.99).
By assuming (for simplicity of the exposition) that the samples of ¢, obtained at
the different frequency tones are independent (not true due to the unwrapping
procedure), the covariance of 72° can be written as:

o2

- k£ K
PP ) = ey ’ (3.114)
k20 — g2, k=kK
47‘1’2f,c Tk

where 0‘?_1,,, denotes the variance of %,Sb.
k

As the offset between @ and @y, is multiple of 27, it can be estimated by:

2 ‘~bb 5
M} (3.115)

Ay = 27 round {
2

where “round” denotes the “round to nearest integer” function, and 7% the
global slope-based estimator (i.e. the estimator involving the samples of the
local estimator obtained at all frequency tones). The expression of 7% is given
in Sec. 3.3.4 as a linear combination of %,gb Eq. 3.113.
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In order to benefit from the information carried on 7 by the passband fre-
quency components, we can now define from Eq. 3.99 and Eq. 3.115 the second
local TOA estimator, based on the absolute phase as:

7~_pb _ @k + A‘)O
¥ Qﬂ(j% +’jk)

where 7} ¥ is named “the local passband TOA estimator” because the information

on 7 is carried now by the frequency components f. + fi of the real passband

transmitted signal (see Eq. 3.99). By assuming A equal to the true offset (true

for sufficiently high SNRs), and by assuming that the samples of ¢ are inde-
. ~pb .

pendent, the covariance of 7; can be written as:

{o k£ K

(3.116)

~pb ~pb

D(77 7)) = o2 (3.117)

% _ 2 —
WG = O B=H

where 02, denotes the variance of 77 b
Tk
The local passband CRLB of 7 can be written from Eq. 3.99 and Eq. 3.102
as:
O
Y aru (fo+ fi)’

By getting rid of the information carried on 7 by the central frequency f. we
can define the local baseband CRLB (equivalent to the envelope CRLB defined
in Chap. 2) from Eq. 3.118 as:

(3.118)

1
bb
=—. 3.119
ck 47_[_2ka]3 ( )
As for sufficiently high SNRs, the unwrapped phase becomes unbiased and its
variance converges to its CRLB ¢#* Eq. 3.102, we can deduce from Eq. 3.117
and Eq. 3.118 that the local passband TOA estimator becomes unbiased and
achieves its local passband CRLB too. From Eq. 3.102, Eq. 3.114 and Eq. 3.119
we can see that the local baseband TOA estimator achieves asymptotically the
sum 08” + czb.
In Fig. 3.9, we show the local baseband and passband CRLBs (ct* and cgb),
and the MSEs of the local baseband and passband TOA estimators (eibb and
k
€2,,) obtained by simulation based on 1000 trials, versus f + f.. The transmitted
Tk

signal is a Gaussian pulse of width T, modulated by a carrier:

2

s(t) o e I cos(2m fet).
Ty

We take To, = 0.5ns, Ty = 5= (sampling period), f. =4 GHz, 7 =1 ns, M = 32
(number of samples) and v = 25dB (global SNR). We can see that 77 achieves
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Fig. 3.9.: Local baseband and passband CRLBs (cib7 czb), and MSEs of the local
baseband and passband TOA estimators (e2,, and €2,,) obtained by simulation,
k T

versus fi + fe.

the passband CRLB because the SNR is sufficiently high, whereas 72° does not
achieve the baseband CRLB. In fact, The gap between eibb and ch is equal to
k

2

the baseband CRLB c% at & = 0 and corresponds to the term 4;:% in the
k

expression of 02,, in Eq. 3.114.
k

3.3.4 Phase-slope-based and absolute-phase-based global TOA estimators

In this subsection, we derive the global TOA estimators based on the local TOA
estimators considered in Sec. 3.3.3.

The global baseband (resp. passband) TOA estimator 7% (resp. 77%) is defined

as the minimum-variance unbiased linear combination of the local estimators %};b,
_ _ M M ~pb
(k—_77,7_ )(resp. Tk‘ )

Consider M unbiased estimators fk of the same parameter ¢. The minimum-
variance unbiased linear combination of () is given by:

i g; = argmin {0}, -} r
(= :
¢

; [ — 3.120
st > a=1 T 2(25 1 ( )

[

where {-}7 denotes the transpose operator, z the vector (z;---zy)7, Torg

8{(@T(§ —(1))?} (E{-} denotes the expectation operator), > a the sum of the
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elements of @, 1 = (1---1)7, and L' the covariance matrix of g The variance of
Q: is given by: -

T
a 25

&

From Eq. 3.114 and Eq. 3.120, we can write the global baseband estimator
and its variance as:

(CoD”

L s (3.121)
Z(gibbl)

o2y = @inCy s (3.122)

Given that the covariance matrix of 77 is diagonal (see Eq. 3.117), we can
write the global passband estimator and its variance as:

b

N-1 7
~pb 0 Jif’)
k=0 0-12"—”"
k
1
2 _
0'7:1)1, == ﬁ (3124)
— -2

We can see from Eq. 3.121 and Eq. 3.123 that in order to compute the global
baseband and passband TOA estimators, we need to know the covariances of
the corresponding local estimators. These covariances can be computed from
Eq. 3.114 and Eq. 3.117 based on the variance ofbk Eq. 3.112 of @ If we assume
that ¢ achieves its CRLB ¢#* Eq. 3.102, we can replace oék in Eq. 3.121 and
Eq. 3.123 by é (because ¢¥* is inversely proportional to p2Sw see Eq. 3.102
and Eq. 3.103). IIcf ¢#* is not achieved by @ (due to the threshold phenomenon
studied in Chap. 2), then the latter approach (i.e. replacing U%k by é) will not

k

be anymore optimal and the performances of the global estimators deteriorate
with respect to what can be achieved by considering the true variance O’%k. We
have already seen in Fig. 3.8(a) that for relatively low local SNRs, aék becomes
much larger than the CRLB ¢#*, and increases with the frequency.

Given that Ny in Eq. 3.98 is a white sequence (which makes the global log-
likelihood function equal to the sum over k of the local log-likelihood functions
in Eq. 3.101), the global passband and baseband CRLBs of 7 can be written
from the corresponding local CRLBs in Eq. 3.118 and Eq. 3.119 as:

oo L 1 B 1
chTib Yopdmive(fe+ fu)? v(4m?f2 + 62)
M 1 1 1

Zk é Zk 471'2ka1? Vﬁ?
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7pb

Fig. 3.10.: Global baseband ¢ and passband ¢?* CRLBs, MSEs €2,,, €2,,, €2
+

and €2, (obtained by simulation) of the first 7°* and the second ?Jbrb global
T+

baseband TOA estimators, and the first 77° and the second %fb global passband
TOA estimators, and the MSE €Z,,, (obtained by simulation) of the time-domain
MLE, all versus the SNR v.

7‘,2 2 2
where v is the global SNR defined in Eq. 3.104 and 32 = W the discrete
k

Sk

mean quadratic bandwidth of s[k]. Note that when the assumptions of Eq. 3.96
are satisfied, then the global SNR and the discrete mean quadratic bandwidth
become equal to the SNR and the mean quadratic bandwidth of the continuous
signal s(t), respectively.

Denote by sp,(t) and r,,(t) the real passband transmitted and received signals
respectively. We can write the time-domain MLE of 7 as:

77 = argmax {ry(¢) ® spp(—C)}
¢
where ® denotes the convolution operator.

In Fig. 3.10, we show the baseband and passband CRLBs (c”® and ¢?*) of 7, the
MSEs (ezbb and eﬁpb) obtained by simulation based on 10000 trials of the global
baseband and passband TOA estimators (7% Eq. 3.121 and 77* Eq. 3.123), and
the MSE eﬁml of the time-domain MLE 7™ obtained by simulation, all versus
the global SNR v. We consider a modulated Gaussian pulse with 7, = 0.5 ns,
fe = 4GHz, Ts = %“ (sampling period), 7 = 1ns, and M = 32 (number of
samples). For the MLE, the sampling period must be smaller than the expected
accuracy (T™ < \/c%). For instance we have taken 77" = 1 ps (125 times
smaller than the DFT-based sampling period Ty). The global TOA estimators
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7% and 7P are computed from Eq. 3.121 and Eq. 3.123 respectively by assuming
that @, achieves the CRLB ¢#* of ¢y.

We can see that the global baseband estimator 7%° achieves asymptotically
a multiple of the the baseband CRLB ¢* (eﬁ,,,, ~ 1.5¢" at v = 28 dB). This
factor of 1.5 is due to the term ‘7330 in the expression of the variance of the local
baseband estimator 72* and to the CR between the different samples of 72 (see
the covariance of Tbb in Eq. 3.114). Both the time-domain MLE 7™ and the
global passband estimator 7Pb achieve asymptotically the passband CRLB cP?.
However, 7™ achieves ¢”” much faster than 77 (8 dB of difference between the
corresponding asymptotic SNR thresholds). We have already mentioned that
many improvements can be introduced to our estimators for they achieve the
baseband and passband CRLBs faster (e.g. considering the true variance ka of
Pk instead of approximating it by the CRLB ¢¥*).

We have to emphasize the fact that with time-domain-based estimators the
sampling period should be smaller than the expected accuracy (i.e. the square
root of the CRLB), or interpolation should be performed to find precisely the
location of the global maximum. However, with the proposed DFT-based esti-
mators, the required sampling frequency is equal to the bandwidth of the trans-
mitted signal, and the TOA estimates are directly generated from a very small
number of samples, and without any interpolation.

Below, we will briefly describe one more improved baseband estimator and an-
other improved passband estimator. We have already seen that the unwrapping
procedure introduces errors multiple of —27 to the unwrapped phase. These er-
rors seriously deteriorate our estimators. In order to overcome this vexing defect,
we first consider the following phase-slope-based TOA estimator:

~sp Pk — Pr—1 3.125
Tk 27TAf ( . )
where Af = W (already defined in Eq. 3.97). Its covariance can be written as:
0 k— k| >1
02_
D(RP 70 =1 —aap K=k+1 (3.126)
o2 +U

v:TrZAW;2 1 0_%:1) k/ — k
where O’ o denotes the variance of 7.”. In order to mitigate the —2m errors in-
troduced by the unwrapping procedure, we force the time delay to be positive by
putting the reference pulse at the beginning of the observation period, then com-
pute 7,7 Eq. 3.125 and only keep the posmlve samples. Denote by 77" the vector
containing the positive samples of 7,” and by g%w the corresponding covariance

+
matrix. A new global phase-slope-based TOA estimator can be obtained from
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Eqg. 3.120 and Eq. 3.126 as:

(L D"
P = 7V (3.127)

- Iy
S(Ch1)
T+

Now, we want to find again the baseband an passband local and global TOA
estimators using 77" Eq. 3.127. To do so we generate from the wrapped phase ¢y,
a new unwrapped phase ¢;”, which is not unwrapped recursively like ¢y, but for
each k we unwrap ¢, with respect to 27 (f + f)7:" to obtain ¢;”. Accordingly,
&F falls now around the true phase ¢, and there is no phase offset (i.e. the phase
offset is equal to zero for good SNRs) to be estimated like in Eq. 3.115. Denote
by 7, and 7% the new local and global baseband TOA estimators respectively,
and by %,f,bJr and ﬂ'ib the new local and global passband estimators. Finally, ?,?f’ f
is obtained from Eq. 3.113 after replacing @ by 7, 72 from Eq. 3.121 using
%,Sf’+ instead of 72, %,fir from Eq. 3.116 after replacing @y, + A by ¢, and %ﬁb
from Eq. 3.123 using ﬂfl;_ instead of %,fb,

The MSEs €2,, and €2,, (obtained by simulation) of 7} and %ﬁb respectively,

+ T+

are shown in Fig. 3.10. We can see that the new global baseband estimator
%j’_b achieves the global baseband CRLB ¢ faster than the initial estimator
7% and the new global passband estimator %ﬁb achieves the global passband
CRLB ¢?* faster than the initial estimator 7P°. Still, the time-domain MLE
achieves the global passband CRLB ¢® much faster than both the initial and
the new global passband estimators. However, both the new global baseband and
passband estimators outperform the time-domain MLE at low SNRs (v < 14 dB).

3.3.5 DFT-based estimation in multipath channels

Consider now a multipath UWB channel with IR-UWB signals. The baseband
channel impulse response can be written as:

L
h(t) =2 Z a(l)e_jQﬂ'ch(”(s(t _ T(l))
=1

where a¥ and 7(Y denote the gain and the time delay introduced by the Ith
MPC. We assume that the relative delay between two neighboring MPCs is
greater than the width of the transmitted pulses so the MPCs can be assumed
resolvable. The corresponding baseband received signal can be written as:

rup(t) = s(t) @ h(t).
Denote by:

Lrpp,s(t) = [racp(t) @ s(=1)]
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the modulus of the CCR of the baseband transmitted and received signals. We
assume that the baseband received signal is sampled at a rate equal to the
bandwidth B of s(t).

The proposed estimator consists of two steps:

1. Coarse estimation: we estimate the time delays of the different MPCs as
the locations of the peaks of T',,,, s(t) crossing a given threshold.

2. Fine estimation: we consider a window around each MPC slightly wider
than the pulse width and we apply our DFT-based estimators to each MPC
separately.

The performances of the proposed multipath estimator are expected to be the
same as those of the DFT-based estimators presented in the previous subsections.

3.4 CONCLUSION

In this chapter we have introduced a new receiver (the DM receiver) for TH-IR~
UWB signals. We have computed for both the DM and the CR receivers, the
local and global statistics and probabilities of error. We have seen that the CR
receiver always outperforms the DM receiver.

We have proposed a new TOA estimator (the MME) based on the DM re-
ceiver. We have computed its asymptotic performances and derived some ap-
proximations of its local MSE. We have compared it with the MLE. The MME
and the MLE approximately achieve the CRLB at the same SNR. However, the
MLE slightly outperforms the MME in the ambiguity and the threshold regions.

We have proposed two TOA estimators (the global baseband estimator and
the global passband estimator) based on the relative and the absolute unwrapped
phase of the DFT of the received signal. We have derived the local estimators
and combined them to get the corresponding global estimators. We have shown
that the global baseband (resp. passband) estimator achieves asymptotically the
global baseband (resp. passband) CRLB. We have seen that the time-domain
MLE achieves the global passband CRLB faster than the global passband esti-
mator which outperforms the MLE at low SNRs. Unlike the case of time-domain
estimators where the sampling period should be in the same order of the ex-
pected accuracy, the proposed DFT-based estimators require a sampling fre-
quency equal to the bandwidth of the transmitted signal, and estimate the TOA
directly from few samples without performing any interpolation. We have calcu-
lated the statistics of the unwrapped phase. We have shown that our estimators
can be improved for they achieve the CRLB faster. We have also described how
the proposed estimators can be employed in MP channels.



CHAPTER 4

TOA ESTIMATION IN MULTIUSER
SYSTEMS USING TH-IR-UWB SIGNALS:
MAXIMUM-DELAYING-AND-MULTIPLYING
AND MAXIMUM-CORRELATION
ESTIMATORS

MULTIUSER interference is one of the major challenges in the realization of low-
complexity TOA estimators. It has been already mentioned in Sec. 1.1.4
that few publications addressed this field in the literature.

In this chapter, we investigate the MME (maximum delaying-and-multiplying
estimator) and the MCE (maximum correlationn estimator) introduced in the
previous chapter. We consider the case of single-user, then the case of multiuser.
We evaluate the global performances of both estimators. We derive some approx-
imations of the MSE and some approximate lower bounds. The MUTI effects are
studied by assuming both deterministic MUI and random MUI. Given that the
effects of the MUI closely depend on the properties of the ACR and the CCR of
the used waveforms, we propose some algorithms to generate THMA codes with
minimum sidelobe ACR and minimum CCR.

The main contributions in this chapter are as follows:

e We derive some approximations of the MSE achieved by both estimators
and some approximate lower bounds for the case of single-user, by employ-
ing the subdomain and the Ziv and Zakai methods introduced in Chap. 2.
The obtained results allow us to examine the properties of the candidate
TH-IR-UWB waveform before using it.

111
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e We considere some particular setups with deterministic MUI, and analyzed
for each case the potential of each estimator in mitigating the MUI.

e We derive an approximation of the MSE achieved by each estimator when
the MUI is random. We have modeled the MUI as an AWGN. We have
compared the derived approximations with the MSEs obtained by simula-
tion and discussed the obtained results.

In Sec. 4.1, we introduce our system model. In Sec. 4.2, we consider the MCE
and the MME and derive some MSE approximations and some approximate
lower bounds. We handle the case of single-user in Sec. 4.3 and study the MUI
effects in Sec. 4.4. In Sec. 4.5, we consider the generation of THMA codes with
optimal properties.

4.1 MULTIUSER SYSTEM MODEL AND JOINT MLE AND CRLBS

In this section we describe the considered MU system model and derive the
expressions of the joint MU gain and TOA MLE and the CRLBs for the joint
MU gain and TOA estimation.

In Sec. 4.1.1 we describe the structure of the considered TH waveforms, and
in Sec. 4.1.2 we consider the joint MLE and CRLBs.

4.1.1 Time-hopping waveforms

wlt) =[S ) (11)

the TH waveform of energy F and duration T transmitted by the kth user
(k=1,---,K) (E and T are assumed to be equal for all users), where p(t)
denotes the used pulse, and th) ¢ [0,T], (n =0,---,N. — 1) the time delays
introduced by the TH code to the N, pulses of wy(t) (called Waveform k). The
energy of p(t) is normalized to one.

Denote by:

We consider two types of TH waveforms:

e Waveforms with chip separation: the time delay corresponding to the nth
pulse is given by:

t®) =nT, + T, = (0N, + T, (4.2)

where T, = Nl denotes the chip period (average pulse repetition period)

T,
Ny,

(we have N, chips per waveform), T}, = the time-hop (N}, is the number

of time-hops per chip), and

C(k) = (C%k))n:()’...’]vc_l, Cglk) S {O, -oo o Np — 1} (43)
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the TH codeword associated with the kth user (called User k). In this case
we have:

T
Ny = 7 = NNy (4.4)
h

time-hops per waveform.

e Waveforms without chip separation: in order to make the waveforms
shorter, we directly split the waveform duration 1" into

T
Ng=Np = — 4.5
= (45)
time-hops so that the time delay corresponding to the nth pulse can be
written as:
tk) = ), (4.6)

n n

where cS{“) is given in Eq. 4.3.

For both codes, the time-hop T} should be larger than the pulse width T,,.
Obviously, the waveform wy(t) is totally contained in the interval:

Iy = [—%,T - 7;” [ (4.7)
Denote by:
+00
Xey(0) = / x(t+ 0)y(t)dt
RO) = Xon(0)
E, = R,(0)

the CCR of the two generic signals z(t) and y(t), the ACR and the energy of
x(t), respectively. From Eq. 4.1 we can write the CCR Xy, w,, () of Waveforms
k and k' and the ACR R,,, (0) of Waveform k as:

N.—1N.—1
E - - ’
Koy 0) = R0 — [t — 1, )]) (4.8)
¢ n=0 n'=0
Ne—1Ne.—1
Ru(0) = Ry(0 — [t — 1)) (4.9)
¢ n=0 n'=0

where R,(6) is the ACR of p(t) (R,(0) = E,
Ry(0) ~ 0 for 7 ¢ [ Ih)

202
Let us call {éR,(6 — ¢) “pulse ACR component” ({ and ¢ denote two con-
stants). We can see from Eq. 4.8 and Eq. 4.9 that X, ., (f) contains up to N2

pulse ACR components corresponding to the N2 possible couples (tgc),tgfl)),

1). As T}, > T, we can write
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(n =0,---,N.—1), ( =0,---,N. — 1). If, for M;k’k/) different couples
(k,k")

’ ‘7 ’ ’

then Xy, w,, (6) will contain the pulse ACR component M;k’k )NQCRP(H - t§-k’k ))
(of amplitude Mj(kk ) Z and located at t\** )). As for Ry, (0), the N, differ-

Ne J
ent couples (tSf), %k)), (n = 0,---,N. — 1) have all the same relative delay

t ) — g, Ry, (0) contains up to N2 — (N, —1) = N.(N.—1)+1 pulse ACR

(tgf),tgf/)) the relative delays ) t;}f/) are all equal to the same value ¢

components (for this reason, we will have Nék) = N, below in Eq. 4.16). Let:
kk) k (k")
R O =0 N1} (4.10)
k) _ k (k)
T® = {t =t ] o N1 ) (4.11)

Given that ¢ is a multiple of T},, we can write X, ,, () and R, (0) in the
interval

Ly =] -T,T| (4.12)
as:
E j(k‘»’c/)
kK k, k'
X ) = 37 2 M*FIR,(0 - ) (4.13)
j=1
E Ng—1 ,
- = NEFIR (0 —iTy) (4.14)
¢ i=—(N.,—1)
B j(k')
Ry, () = FZM;k)Rp(07t§k)) (4.15)
c =1
Ng—1
E 3 ,
= W N Ry (0 iTy) (4.16)
€ i=—(Ns;—1)

where N, is given in Eq. 4.4, Eq. 4.5, j&%) < N2, M5 ¢ {0,- N},
(k")

i S NANe = 1)+ 1, MY e {0, Ny, I M) = o N =

1=—00 "1

oo UNE = I8 R = N2 gD @ k) 4 ¢ )| ang

1=—00 "1 7j=1

/ 0 iTy, ¢ THH)
NFEF) { , , (4.17)
i (kk') o (kK
MJ ZTh = tj
N, 1=0
N® = 0 iTy, ¢ T™ (4.18)
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Note that both Xy, w,, (0) and Ry, (0) are null outside Ior Eq. 4.12 because
®) e [0,T[, (n =0,--+,N. — 1). From now on, we call M;k’k/), Ni(k’k,), M;k)
and Ni(k) “normalized amplitudes”.

We can deduce that if

9t A D ), V') # (mom) (4.19)
t%k) - t»ELk/) 7é tg]l:) - tfj’)v V(n, n/) 7é (m7 m/)7 n 7é TL/, (420)

then Waveforms k and k&’ will have minimum CCR, and Waveform k will
have minimum sidelobe ACR, respectively. We mean by minimum CCR that
X w,, (0) contains N2 different pulse ACR components of normalized ampli-
tudes equal to one (i.e. M;k’k,) =1, Yy, Ni(k’k/) =0or 1, Vi, in Eq. 4.13, Eq. 4.14),
and by minimum sidelobe ACR that R, () contains one pulse ACR component
of normalized amplitude equal to N., and N.(N. — 1) other pulse ACR compo-
nents of amplitude equal to one (i.e. M;k) = N, for t;k) =0, M;k) =1, Vt;k) #0,

N = N, and N =0 or 1, Vi # 0, in Eq. 4.15, Eq. 4.16).

4.1.2 Joint MLE and CRLBs for the multiuser gain and TOA

In this subsection we describe the considered MU system model and derive the
expressions of the joint MU gain and TOA MLE and the CRLBs for the joint
MU gain and TOA estimation. We consider in Sec. 4.1.2.1 the case where only
one waveform is transmitted by each user, then in Sec. 4.1.2.2 the case where
periodic signals are transmitted.

4.1.2.1 One transmitted waveform per user

Let us assume here that every user only transmits one waveform. We can write
the signal received through an AWGN channel as:

K
r(t) =Y agwi(t — Ok) + bg(t) (4.21)

k=1

where «j and ©f denote, respectively the gain and the time delay introduced by
the channel between User k and the receiver, and 0¢(t) stands for the AWGN
of two-sided power spectral density (PSD) of %

Throughout this chapter, we consider User k as the user of interest, and the
other as interfering users. We assume that the delay ©; corresponding to User k
has a deterministic unknown value in the a priori domain assumed equal to be

equal to Ir:

T T
2 2
We also assume that the delays corresponding to the interfering users are uni-
formly distributed in Dg. Accordingly, the maximum MSE (obtained when the

Do = I = [~ [ (4.22)
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estimator becomes uniformly distributed in Dg) is given by:

T-T,\> T2
ev = (@k h) + (4.23)

2 12°

From Eq. 4.21, we can write the log-likelihood function for the joint estimation
of all users parameters a = (a; -+ ax)’ and © = (0 ---Ox)7T as [78]:

+oo K 2
A’ 0) = _NLO/_OO {r(t) _’;a;wk(t—ak)} dt (4.24)

1 K K K
. _FO{ET +30 3" ahad X, (O — 04) =23 04 X (60) }
k=1

k=1k'=1 =
(4.25)

where o/ = (o) ---a%)T and @ = (61 ---0x)T denote the vectors of the users
candidate gains and delays, respectively. From Eq. 4.21 we can write the CCR
Xyrw, (0), in Eq. 4.25, of the received signal r(¢) and Waveform k as:

K
Xr,wk (0) == akak (0 - @k) + Z ak/ka/,wk (0 - ®k’) + vg (0)
k'=1,k'#£k
= apRy, (0 — O4) + 08, (0) + vax(0) (4.26)

where v 1 (0) = X w, (0) is a zero-mean colored Gaussian noise of covariance
given by:
No

CUG’,C(G) = 5{UG,k(t)UG’k(t — 9)} 5 ka (9) (4.27)
and N
W@ = Y awXuy.w (8- O) (4.28)
k'=1,k'#£k

is the MUI component corrupting, beside the noise component vg (), the useful
correlation component ayRy, (0 — ©). Note that we can regard X, ., (0) as
the observation relative to User k. Note also that X, ,, (f) can be written as
[Nip]% times the correlation observation at the output of the correlation receiver
presented in Chap. 3.

By assuming that the waveforms associated with different users are uncorre-
lated:
Xoywy, (0) =0, VO, Yk # K (4.29)

we can write the log-likelihood function in Eq. 4.25 as:

K K
1
A, 0) = _E{ET +EL Y (@) -2 ah X, (ok)}. (4.30)
k=1

k=1 =
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As the energy E,. of the received signal is independent of the candidate gains '
and delays 0, we can easily show from Eq. 4.30, by equating to zero the partial
derivatives of A(c/,0) with respect to the elements of the vectors o and 6, that
the joint MLE of the gains ay and delays ©y of all users (k =1,--- , K) is given
by:

A er S)

ap = hwe Tk fE( K, (4.31)

6, = argmax { X, ., (0) }. (4.32)
6€Deo

We can see from the expression of the observation X, ., (6) in Eq. 4.26 that,
when the assumption of uncorrelated waveforms in Eq. 4.29 is not satisfied, then
the estimator in Eq. 4.32 no longer corresponds to the MLE of O due to the MUI
component vg\f[)U(G) in Eq. 4.28 corrupting X, ., (f). Note that ©}, corresponds
to the maximum correlation estimator already considered in Chap. 3.

Let us now compute the CRLBs for the joint estimation of a and ©. The
CRLBs of the elements of o« and © are the diagonal elements of the inverse of
the Fisher information matrix (FIM) given by [78]:

F(Qa i®) - (f‘i)lvq)l’)l}l’:Lw,QK 5 (Dl € (Q‘L—)) (433)
0?A(d,0) ,
Jovo ¢ { 00w ¢,:¢l,,¢Z:¢L,} ¢ € (alf)

Always under the assumption of uncorrelated waveforms, we can show from the
expression of the log-likelihood function in Eq. 4.30 that the elements of the FIM
in Eq. 4.33 can be written as:

E
., —— Ok 4.34
for,a, Noy2 ok (4.34)
) .
ak‘ka W, (0) akak (0)
= 5 Okk =~ o Ok 4.35
fer.0. No/2 K.k Noj2 Ok (4.35)
apwy (673
fora = T/Qak,k’ =0 (4.36)

where 0y, 1 = {(1J ’Z;Z: We have assumed in Eq. 4.36 that wg(¢t) — 0 as t — +oo.
We can see from Eq. 4.34, Eq. 4.35 and Eq. 4.36 that the FIM F(«a, ©) is diagonal,
so we can write the CRLBs of «; and O, as:

1 1
[ = — 4.37
" fak,ak Pt ( )
1 1

co, = (4.38)

foror  PEB2
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where
2Ew
po= O;\,Oﬁ (4.39)
o _Rw(© B S5 (DI
’ E E [ Fu ()12
+oo
~ [ ey - 5 (4.40)

denote, respectively the SNR and the MQBW of wy(t). We assume that (2 is
the same for all users, and is equal to the MQBW of the used pulse p(¢). In
Eq. 4.40 we denote by F, (f) and F,(f) the Fourier Transforms of wy(¢) and
p(t), respectively.

We recall that the expressions of the MLEs and the CRLBs of « and O in
Eq. 4.31, Eq. 4.32, Eq. 4.37 and Eq. 4.37 are all obtained under the assumption of
uncorrelated waveforms in Eq. 4.29. In practice, this assumption can be satisfied
only if the multiple-access codes are orthogonal and the users are synchronized.
As we consider in this work the localization in asynchronous systems, the un-
correlated waveforms assumption is not satisfied, so the estimators in Eq. 4.31
and Eq. 4.32 no longer correspond to the MLEs and the CRLBs in Eq. 4.37 and
Eq. 4.37 can no longer be necessarily achieved. To obtain the true joint MLE
corresponding to this case, we have to maximize the log-likelihood function in
Eq. 4.24 and Eq. 4.25, which is obviously much more complicated to perform.

Nevertheless, in the sake of designing low complexity receivers, we will employ
the estimators in Eq. 4.31 and Eq. 4.32. Therefore, it is interesting to reduce as

much as possible the effects of the MUI component vg\?U(Q) in X, ., (6) Eq. 4.26.

From the expressions of vg\f[)U(G) Eq. 4.28 and the CCR Xy, w,, (6) Eq. 4.13 of
Waveforms k and k', one may intuitively says that it is possible to reduce the
effects of UJ(S)U(G) by considering waveforms with minimum CCR, components
NEFIR (6 —iTy,) (ie. N**) = 0or 1, V).

We have also seen in Chap. 2 that the performances of any nonlinear estima-
tion problem fully depend on the shape of the ACR, and that they drastically
deteriorate at low and medium SNRs due to the presence of strong local maxima
in the ACR. Therefore, it seems to be interesting to consider waveforms with
minimum sidelobe ACR components Ni(k)Rp(H —iTy) (i.e. NF =0or 1, Vi # 0,
see Eq. 4.15). The design of waveforms with both minimum sidelobe ACR and
minimum CCR is investigated below in Sec. 4.5.

4.1.2.2 Periodic transmitted signals

Assume now that the waveforms of the different users are periodically trans-
mitted. This assumption matches to the reality more than the last assumption
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of only one transmitted waveform does. In this case, we can write the signal
transmitted by User k and the signal received from all users as:

+oo

se(t) = > wi(t—i) (4.41)
7,;(700

r(t) = > skt — Ok) + ig(t). (4.42)
k=1

As the signal transmitted by User k is infinite, we have to correlate at the
receiver side by the waveform wy(t) instead of the whole transmitted signal.
Therefore, all the integrals considered above should now be computed in an
interval of duration T'. Obviously, this can be performed using the circular ACR
and CCR. Without loss of generality, let us assume that the interval of interest
(i.e. period of observation) is It Eq. 4.7. We can then define the circular CCR
of the signals z(t) and y(¢) inside It as:

—+oo

X, (6) = / w(t) S ylt—iT — o). (4.43)

T i=—00

It can be easily seen that ng(e) is T-periodic. Now all the signals Xy, w,, (6),

Ru (0), Xy (8), ve.(0) and v’ (6) should be replaced by their circular ver-
sions.

Let us first consider the circular CCR X (0) of Waveforms k and k' and

Wi , Wt
the circular ACR RS, (6) of Waveform k. We can show from the non-circular
CCR Xy w,, (0) and ACR Ry, (0) in Eq. 4.14 and Eq. 4.16 respectively that we
can write X$ , (0) and RS () inside I as:

W, Wt
E !
kK’ .
X 0 = D NEFIR, (0 —iTy) (4.44)
¢ i=0
B Ns—1
¢ i=0
where
NERD NgE i=0
N L NG i 20
N, 1=20
N® = y
o NP NE i,

with Ni(k’k/) and Ni(k) being the normalized amplitudes corresponding to the
non-circular CCR and ACR, respectively (see Eq. 4.14, Eq. 4.16, Eq. 4.17 and
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Eq. 4.18). Note that the main difference between the non-circular CCR and ACR,
and the circular ones, is that the latter contain all the pulse ACR components
which are contained in the former, but concentrated in the interval I Eq. 4.7
(instead of being spread out in Iy Eq. 4.12).

Note that the circular CCR expression in Eq. 4.44 can be interpreted as
follows: if the circular relative delay (Op — O4)¢ (where (O — 0;)¢ =
O — Ok + KT, O — O + T € Ip, K integer) corresponding to the signals
wyr (t — O ) and wy(t — O) is equal to T}, then we will have Ni(fé’k ) colliding
pulses.

Let us now consider the circular versions of the signals Ry, (6 — ©) and
Xwy wy, (0 — Opr) in Eq. 4.26 and Eq. 4.28 respectively. Let:

i = round(%’j) (4.46)
5r = Op—ixTh (4.47)
o) = 6 +iTy, (4.48)

where round denotes the “round to nearest integer” function (we have |6 < Z).
From Eq. 4.44 and Eq. 4.45, we can write:

FE
RS (0661 = + S LR, 0 -6 (4.49)
€ =0
Ns—1
E Kk K
XS L, (006y) = = ST LR, 0 -0)) (4.50)
€ i=0

where & denotes the operator of the circular shifting to the right, with

(k) -
e { Ni;ik,c i=tg,r, No— 1 (4.51)
No—iptic 0= 050 yip —1
, N,(k/.’k) ':'/,---,Ns—l
R { e S (152
Ns—iypr+1,C 7’:07'“ ) Uk -1

In the case of periodic waveforms, two categories of estimators can be consid-
ered. In the first category we look at the whole received signal to estimate the
TOA, whereas in the second category we only look at the received signal in the
interval Ir. From the first category, we can give the example of the estimator
consisting on correlating the whole received signal, using the normal correlation,
with the waveform of the user of interest, then looking at the maximum in the
a priori domain of Of. From the second category, we can give the example of
the estimator consisting on correlating the received signal inside I, using the
circular correlation, with the waveform of the user of interest, then looking at
the maximum. We can show that the second estimator outperforms the first one.
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In fact, the first estimator introduces noise components from outside Ir. How-
ever, the main drawback of the second estimator is that, for signals modulated
with data, we have to consider all the cases possible for two consecutive data
symbols, then to correlate for each case, the received signal inside I, with the
two consecutive waveforms corresponding to that case.

Note that in this work, we consider the case of periodic transmitted signals,
and study some estimators from the second category where we only look at the
received signal in the interval Ip.

4.2 MSE APPROXIMATIONS AND APPROXIMATE LOWER BOUNDS
FOR THE MAXIMUM-CORRELATION ESTIMATOR AND THE
MAXIMUM-DELAYING-AND-MULTIPLYING ESTIMATOR

In this section we consider the MME and the MCE already introduced in Chap. 3.
In Sec. 4.2 we derive for both estimators the general expressions of the MSE
approximation based on the subdomain method proposed in Chap. 2, and of the
approximate ZZLB and BTLB also proposed in Chap. 2, then we consider the
special case of single-user in Sec. 4.3 and the case of multiuser in Sec. 4.4.

In the system model considered now, where the transmitted signals are pe-
riodic, the CR (resp. DM) receiver consist on filtering the received signal with
the filter matched to the used pulse p(t), retaining the piece of the filtered signal
falling inside the interval I Eq. 4.7, circularly delaying the retained filtered piece
by the delays —t%k), (i=0,---,N. — 1) corresponding to the different pulses of
Waveform k, then adding (resp. multiplying) the N, delayed signals.

Denote by X,g;) (0) the filtered signal inside Iy (i.e. before performing the

delaying operation). From Eq. 4.1, Eq. 4.41 and Eq. 4.42, we can write chp) (9)
as:

No—1
FE
k / Z k k
XT(J,)(G) - Ne &~ B - 1 © Or) +u (9) (4.53)

u®0) = uf(0) + uc(0) (4.54)
K N.—1

(k) _ B (k)

ull () = N k,_;’#kak,;@(e t*F) o0 (4.55)

where u*) (f) denotes the total noise, ug\]})U(Q) the MUI noise, and ug(6) a zero-

mean colored Gaussian noise of covariance given by:
No
Ouc (0) - 7

Let us split the a priori domain Dg Eq. 4.22 into the subdomains:

%[7 (i=0,---,Ny—1). (4.57)

R,(0). (4.56)

T
DY =0~ D
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Note that if §; # 0, then D((Jk) U---u Dg\l,i)_l corresponds to a slightly translated
version of Dg. Denote by: '

(k) (k)
' 0 9 ¢ D*)
(k) (k)
(k) _ ug'(0) 6 €D,
ugi(0) = { o 6¢ D (4.59)
(k) (k)
k u 0) 0eD,
uh(0) = { OMU( : 0¢ D® (4.60)

the total, Gaussian and MUI noise components inside the subdomain ng), re-
spectively.

Denote by Pg;)(ﬁ) and AS@ (0) the signals at the outputs of the DM and CR
receivers (called like in Chap. 3, DM and CR observations), respectively. From
Eq. 4.53 and Eq. 4.49 we can write:

N,—1
k
PRO) = > FY0) (4.61)
i=0
N,—1
k
AR@) = > AP (4.62)
i=0
Lgk)—l B N,.—
k k k k
PP = T {ay|m0- 0"+l @)} TT ulO) (163)
1=0 ¢ =1,
L1 7 Ne—1
k k k k
AR = {a/ 5 B0 =0 +uD @)} > ul0) (a64)
1=0 ¢ =1
where ugff))(e), e ,ugﬁz,c_l(ﬁ) correspond to a permutation of the N, noise com-
ponents w,, ., 7, (Oty), YWy, (G@tg\l,i)fl) (see Eq. 4.59) (we denote

by @ the operator of the circular shifting to the left).

Let us consider the MCE é&’ﬁ) and the MME (:)filf% These estimators have
been already utilized in Chap. 3. They consist on maximizing the outputs of the
CR and DM receivers, respectively. Accordingly, we can write:

6 = argmax {Agkg (0)} (4.65)

R 6eDeo

@g;)l = argmax {PT(,];) (0)}. (4.66)
0eDgo

Denote by e and eg;)l the MSEs achieved by the MCE oW Eq. 4.65 and
the MME @g:i Eq. 4.66, respectively. For simplicity, we use from now on the
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subscript , to refer to both the CR and the DM receivers (i.e. x = cr or dm)
(e.g. o, exk)).

Using the subdomain method presented in Chap. 2, we can write the MSE

§; ) achieved by the estimator é)SZ“) as:

N,—1 N,—1
=3 Pl = > PO — ul)) + (01)] (4.67)
=0 =0

where Pa(ci.) = P{é);k) € ng)} denotes the probability that the estimator @(k)
falls in the subdomain ng) (subdomain probability), and M(k) (o (k)) and e(k)

€T,

the mean, the variance and the MSE of the subdomain estimator @( ) defined
by © (k) {G(k)|®(k) € D(k)} subdomain mean, variance and MSE).

We have seen in Sec. 2.1.3.1 that Pm’i
p*)(2)
pRE = 8 (4.68)
i No—1 (k)2
2o Pi:,i)( )

can be approximated by:

where

k@ _ 1 i =k
4.69
Pai {P{O(k )0 > o) e} i # i, (4.69)

with 0£f§2 (0) being the observation at the output of the receiver of interest (i.e.
O = A for the CR receiver and P for the DM receiver). We have already defined

ir in Eq. 4.46 and ) in Eq. 4.48.

Note that 73;};)(2) in Eq. 4.69 corresponds to the global probability of error

considered in Sec. 3.1.4 in the case of single-user, and eikl)k in Eq. 4.67 to the
local MSE considered in Sec. 3.2.3 in the same case of single-user. Remind that
i, Eq. 4.46 is the index of the subdomain D(k) containing the global maximum

of the useful observation. Accordmgly, 77( )k is the probability of the local error

T,

(i.e. probability that the estimator 6% falls inside ng)).

By approximating the probability of the local error P(k)k by 1 (because
e <o e i # i), m) by H(k Eq. 4.48 (because the width T} of D(k)

Ilk
is much bmaller than |9 — Ok]) and neglecting (o, (k )) for i # 0 (because
(o (k)\2

TZ

)? is upper bounded by 1’% which is much smaller than (ng) — O)?), we

can approximate e& ) Eq. 4.67 by:

) =) 417 Z (i —ix)?. (4.70)
1=0,iF1



124 TOA ESTIMATION IN MULTIUSER SYSTEMS USING TH-IR-UWB SIGNALS
Denote by:
K - k)
pE = S P =1-p") (4.71)
i=0,i%iy,

the probability of the global error (i.e. probability that the estimator O falls
outside D(k)). By assuming P(k) = 1, that all subdomains, except Dz(f), have
(k)

equal probabilities (i.e. P,

9;(“) is uniformly dlstrlbuted in DE ) (i.e. '“x,z? = ng) and (afc]fi))2 = :fi, Vi # i),
we get from Eq. 4.67 the following MSE approximation:

i # i) and that the subdomain estimator

N.—1

k k Pa:, o 1
eé,i— :(rz)k+N gTh Z {(Z—Zk)Q‘FE}
i=0,iti,
N:—1 2
k) 4 pky_ N {T2 i[-_- 2 L]_iﬂ}
mlk—’—P’gN h;N(l ’Lk) +12 N12
2
_ (k) N { B iﬂ}
R S U T
(k) ) (k)
wzk +Px geU (472)

where egjk) is the maximum MSE given in Eq. 4.23. To simplify the discussion,

we can approximate Pg(gk) by:

PH) = (Ny — 1) mln{P(k)} (4.73)
and so we obtain from Eq. 4.72 an approximation that acts globally (i.e. with
respect to the effects of the shape of the considered TH waveform) as an approxi-
mate lower bound. However, the behavior of 6512 depends locally (i.e. with respect
to the effects of the shape of the used pulse) on the approximation adopted for
the local MSE e( ) . As we will see later, the approximate lower bound obtained
from Eq. 4.72 and Eq. 4.73 is very interesting because it is independent of the
used codeword.

Let us now consider the derivation of the approximate ZZLB. As shown in
Sec. 2.1.4, if the minimum probability of error corresponding to the considered
observation can be written as a function of one variable, then we can write the
approximate ZZLB as:

(k)

0= [ eri s (474
where P%) (f) denotes the minimum probability of error to find, and

e® = max {6(11«)’ eék)} (4.75)
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with

T

egk) = min{@k—F; (k)}
h
2

T,
egk) = min{T— @k, }

T; T;
e(()k) min { 2 ®k+i T——h—@k
2 2
As we will see later, the shape of Péﬁm(f) follows that of the circular ACR
RS, (0) in Eq. 4.45. Accordingly, po (&) is even around iT}, in the interval

mln x

[iTy, — = zTh + In] for i # 0 (because the corresponding pulse ACR component

is even) S0 f §P(k

min,r
write zg(gk) from Eq. 4.74 as:

/ THNG df+2 /;Tm €PLE) ()

(& +iTy)d¢ = 0. Taking this fact into account, we can

i) In
/ P L(6) d§+Z / (€ +iT3) i) (€ + iT3)de
i (k) Th
2
:/ fpﬁr(@d“ThZi/ P®) (& +iTy)de
0 =1 7% '
3 (F)
=20+ Tk ZZ_( ! (4.76)
where
250 = / PN L (€)de (4.77)

denotes the local approximate ZZLB (the one considered in Chap. 2 for the CR
receiver and in Chap. 3 for the DM receiver) with

T

1 2
7o) = / P (€ +iTy)de (4.78)
s Th -~ TT}
the average of the minimum probability of error in the interval [i7}, — TQ’ LiTh+ %’}
for i # 0, and
k) _ T
i) = round [ ——2 | — 1. (4.79)
Tj
Let:
Zmin = min{z,2)) (4.80)
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From Eq. 4.76 and Eq. 4.80, we obtain the following approximate lower bound:

1MW +1) 28 4 50 (€M)
2 ,0 Zx,min 9

(4.81)

where €%) is the upper integration limit in Eq. 4.74. The last approximate ZZLB
is very interesting because it is valid for any considered codeword.

Let us now consider the derivation of the approximate BTLB. As shown in
Sec. 2.1.4, we can write the approximate BTLB as:

(B
b = / eVi{P® (¢)}de (4.82)
0

where V{-} denotes the valley-filling function. We have already mentioned that
the shape of P{) (€) follows that of the circular ACR RS, (6) in Eq 4.45. Ac-

mll'l xT
cordingly, the global maximum of Pxffn)a x(ﬁ ) in each interval [iT}, — 2=, 4T}, + 2]
is located at & = iT}. Denote by iy, - -- NG the indexes of the mtervals con-
b,z

taining the highest normalized amplitudes Nz‘(,kc% (see Eq. 4.45) in the descending

order starting from i = 1. We look at the intervals with i = 1,--- 7 (i(k) is
given in Eq. 4.79). We can write:

i1 = argmax N1(C) (4.83)
i=1,-,i(k)
ij =  argmax Nfg (4.84)
i=i5_q1,,i(K)
iy i) (4.85)
Accordingly, bé’“) can be written as:

b = / Sl }d§+2 / | T£V{Péfim (&) }de
0

% i1Th
= [T e (pl @b+ B ) [, e
0

2

N .
(®) S
+ 30 P67 / gde
j=2 ij—1Th
NG
T2
k .
= b-(La()) + 7}1 |:Pr51121 ac( 1Th) —0. 52 Z mln T Z Th 2 - 7’?—1) (486)

b = / ev{P®) (€)}de (4.87)
0
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denotes the local approximate BTLB (the one considered in Chap. 2 for the CR
receiver and in Chap. 3 for the DM receiver).

When the used code is with minimum sidelobe ACR, then the maximum

normalized amplitude (i.e. Ni(’kcz in Eq. 4.45) is less than or equal to one for

Vi # 0. By assuming that the last pulse MPC ACR component falls in the

interval [(Ns — 1)1}, — %, (Ns—1)Ty + %}, then we can show that N,Sk

Eq. 4.85) so ") becomes from Eq. 4.86:

I): 1 (see

T2 B (k)2

B9 =1+ Al im0 ~ o 150, 8 sy
where

b i = Pl o (iT0): NS = 1. (4.89)

The bound in Eq. 4.88 is also a bound that fits to any codeword. It is very close
globally to that given in Eq. 4.81. However, it depends locally on the used pulse
shape (like we have seen in Chap. 2).

Finally, note that if we are only interested in the global performances of the

used TH waveforms then we can replace egfgk in Eq. 4.70 and Eq. 4.72, z;kg in

Eq. 4.76 and Eq. 4.81, and b} in Eq. 4.86 and Eq. 4.88 by the CRLB.

4.3 TOA ESTIMATION WITH SINGLE-USER

In this section, we consider the case where only one user is transmitting. The goal
is to study the impact of the shape of the used TH waveform on the achieved
MSE, and then to compare the performances of TH codes with and without
minimum sidelobe ACR. Another point to mention is that the case of multiuser
with random MUI is very similar to the case of single-user. In fact, the main
difference between both cases is how the MUI noise will be modeled. However,
the case of single-user is totally different from that of multiuser with deterministic
MUI. As the case of single-user is considered, the corrupting noise is only the
AWGN.

In this work, we only consider deterministic codes. We mean by determin-
istic codes that the codewords associated with the different users are known.
Considering the case of deterministic codes seems to be more interesting than
the case of random codes, because it allows us to examine the performances of
the candidate codeword before using it. However, by just studying the average
performances of a given random code, we may generate a codeword with very
bad performances even the average performances are very good.

In Sec. 4.3.1 we consider the MCE and in Sec. 4.3.2 the MME.
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4.3.1 Maximum-correlation estimator

We consider here the maximum correlation estimator. The MSE approximations
and approximate lower bounds that we will evaluate here are e Eq. 4.70, et

l,er 2,cr
Eq. 4.72, 24 Eq. 4.76, 2{*) Eq. 4.81, b Eq. 4.86 and b{") Eq. 4.88.
(k)

To compute e; /. Eq. 4.70 based on the probability approximation in Eq. 4.68,
we need P2 Eq. 4.69, which corresponds to the global CR, probability of error

cry

computed in Sec. 3.1.4. From Eq. 3.67 and Eq. 4.49 we can write PR 4

cryi

(k)(2) _ P L

To compute eé’fc)r Eq. 4.72 we need pk) Eq. 4.73. By noticing that the lowest

cr,g,min
Lgk) is equal to zero, we can easily show from Eq. 4.68, Eq. 4.69, Eq. 4.73 and
Eq. 4.90 that:

(k) _ P
Pcr,g,min - Q( 5) . (491)
Notice that the expression of egfc)r Eq. 4.72 obtained by means of Eq. 4.91 is very

easy to evaluate, especially if we replace e;kq)k by the CRLB. We recall that e;kl)k
corresponds to the local MSE approximated in Chap. 2.
To compute zyﬁ) Eq. 4.76 we need p® (€). We can show from the expression

min,cr

of the CR observation in Eq. 4.62 and Eq. 4.64 and from Eq. 4.45 that ) (€)
can be written as:

) i N
P @ = Q4| 5 [1 =2 = Ry(6 —iTh)] ) (4.92)
i=0 ~ ¢
where
O+ L7 -1 g,
i) = round (max{ ET 2 2 k}> -1 (4.93)
) Th
From Eq. 4.92 we can see that ng)z Eq. 4.78 used in zﬁf) Eq. 4.76 is given by:
T (k)
Sk L[ o1, Nic
i =7 Q(\/ 51— N Rel©)] ) e (4.94)

(k)

l,cr

Eq. 4.94 that z*)

cr,min

(k)

ermin 4. 4.80. Now, we can easily see from

To compute z; /. Eq. 4.81 we need Z,

is given by:

fif,)min = Q(\/g). (4.95)
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(k)

Again, the expression of 2y,

use of Eq. 4.95.

Eq. 4.81 becomes very easy to compute by making

To compute b Eq. 4.86 and bglfc)r Eq. 4.88 we need nguzl er(i5Th) and bg:)mm
Eq. 4.89 respectively. Now, we can easily see from Eq. 4.92 that:

P L) = Q(y2i- we]) (4.90)
i = /2[1-+]) (107

Let us consider some THMA codewords with and without minimum sidelobe
ACR and compute the derived MSE approximation and approximate ZZLB and
BTLB, as well as the MSE obtained by simulation.

We consider the following three codewords with N, =5 and Ny = 25:
e ¢ =(0,1,3,7,12) (with minimum sidelobe ACR);

e ¢y = (3,14,16,20,24) (randomly generated);

e ¢3=(0,1,2,3,4) (with equidistant pulses).

We use the FCC pulse used in Chap. 3 (i.e. with pulse width of T,, = 0.228
ns and carrier of f. = 6.85 GHz). We take T, = 0.5 ns and O, = 1273. From
Eq. 4.79 and Eq. 4.75, we have ¢®) = L and i*) = 12 and from Eq. 4.93 we

have zgfb) =12.

In Fig. 4.1(a), Fig. 4.1(b) and Fig. 4.1(c), we show the circular ACR RS ()
Eq. 4.45 normalized with respect to Nﬂc, corresponding to ¢y, co, and c3 respec-
tively. We can see that with ¢; the normalized amplitudes of all sidelobe ACR
components are equal to one, whereas with ¢, we have sidelobe components
with normalized amplitudes equal to one, two and three, and with ¢ normalized
amplitudes equal to one, two, three and four.

In order to make the equations of the approximate ZZLB and BTLB more

clear we show in Fig. 4.2(a), Fig. 4.2(b) and Fig. 4.2(c), for the considered

codewords, the minimum probability of error Pr(mz] or(§) Eq. 4.92 and its version

after applying the valley-filling function. We take p = 0 dB. Now the derivation
of Eq. 4.76 can be understood by looking at Prgﬁ])ﬂ or
To understand Eq. 4.86 we look at Péﬁi (&) and V{Péﬂkn)[1 (&)} for the second
code; in this case we have ng,c)r = 3 Eq. 4.85. To understand Eq. 4.88 we look
at Pringl (&) and V{ (&)} for the first code; in this case we have Néf;) =1.
By examining p® .(€) we can see that for oscillating pulse ACR, the average

z(F) Eq. 4.95; this is in fact due to the

C’I”l

(&) for any considered code.

min ,CT

Eq. 4.94 can be approximated by s

cr, mm
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Fig. 4.1.: Normalized circular ACR RS, (6) of the codewords (N, =5 and N, =
25): (a) c1 = (0,1,,3,7,12) (b) ¢z = (3,14,16,20,24) (c) 5 = (0,1,2,3,4).

average of R, (&) which is approximately null, and to the approximate linearity
of P (&) with respect to R, (§).

min,cr

In Fig. 4.3(a), Fig. 4.3(b) and Fig. 4.3(c) we show for ¢1, ca, and ¢z respec-
tively, the maximum MSE ey Eq. 4.23, the CRLB cg, Eq. 4.38 (we have omitted
the subscript g, ), the MSE obtained by simulation eg ., the MSE approxima-
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Fig. 4.2.: Minimum probability of error P,

(k)

min,cr

(&) before and after filling its

valleys, for the codewords (N, = 5 and N, = 25): (a) ¢; = (0,1,,3,7,12) (b)

o = (3,14,16,20,24) (c) cs = (0,1,2,3,4).

tions ej . Eq. 4.70 and ez o, (approximate lower bound) Eq. 4.72 (we have omit-
ted the superscript (k))7 the approximate ZZLBs z. Eq. 4.76 and 2 . Eq. 4.81,
and BTLBs b, Eq. 4.86 and by ., Eq. 4.88 (the superscript k) is omitted), all
with respect to the SNR p. We can obsevre that:
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Fig. 4.3.: Maximum correlation estimator (MCE): maximum MSE ey, CRLB ¢,
MSE obtained by simulation eg .., MSE approximations e; .. and ez ¢, approx-
imate ZZLBs z., and 2 .-, and approximate BTLBs b., and by ., with respect
to the SNR p in dB (a) codeword ¢; (b) codeword ¢z (¢) codeword c.

e The MSE obtained by simulation es ., converges to the CRLB at p = 17
dB with both ¢; and c3, and at p = 21 dB with ¢3. The codeword ¢y
with minimum sidelobe ACR slightly outperforms c¢o randomly generated,
whereas both ¢; and ¢s highly outperform c¢3 due to the strong sidelobes
in the ACR of the latter.

e The MSE approximation e; ., is very close to eg ., below the asymptotic
region but converges to the CRLB later than eg .. The same problem
is observed with the approximate BTLB b.. which is only tight below
the asymptotic region. We think that this problem is due to some issues
related to the simulation (the number of trials should probably be larger
than 10000).

e The approximate ZZLB z., act very well in all regions.
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e The approximate lower bounds ez ., 21,¢r and by o (stated to be valid for
any codeword) act very well.

4.3.2 Maximum-delaying-and-multiplying estimator

We consider here the MME. The MSE approximations and approximate lower

k k k
bounds that we want to evaluate here are eg ;m Eq. 4.70, eg ) Eq. 4.72, z§ 3m

Eq. 4.81, b Eq. 4.86 and b{")  Eq. 4.88. We do not compute here 24, Eq. 4.76

because the continuous minimum probability of error function Plinzl dm(§ ) is not
easy to evaluate.

Similarly to the case of the maximum correlation estimator, the required
probabilities of error have been already computed in Sec. 3.1.4. However, with
the DM receiver we have seen in Sec. 3.1.4 that probabilities are evaluated by
simulation, and under the Gaussian approximation.

From Eq. 3.52 we can write Pg:,z(f) (needed to compute egkc)im) as:

P

dm,i

V=142l P (PR 4 P (4.98)

m,,2

where 776(12(12 )1 nd 7752(12 )2 are given under the Gaussian approximation from

Eq. 3.69 and Eq. 3.70 by

PE = Q- L(ka) (4.99)
Pimas = Q([(Nc_ﬁgk)w% [JZC]N“LEM]_%) (4.100)

and by simulation from Eq. 3.71 and Eq. 3.72 by:

P = Pk >0} (4.101)
Pt = P{C-¢>0} (4.102)
(k)
3 ]\[C 1
= ]_+ _Z2 i
P 1_11{ =] v}
N—L"
= 14 [2]2,
¢ = I {1+ 515

Ne—L{F) N—L"™

c= X7 0w

P i=1

where vi, - LU 0, Y1 Yy 8 VL S Uy ) N(0,1) and are statis-
tically independent. ' /
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We can write 73‘({]2 g,min a0d 21(1’2 min Deeded to compute eékgm and z&zm re-

spectively, under the Gaussian approximation as:

k) (k) Q({NE + [%]Nﬂ}_%) (4.103)

dm,g,min = de,min P P)

and by simulation as:

,Pc(lif)L,g,min = Eég,mm = P{C - 5 > O} (4104)
N, )
¢ = MI{x+[=1)
i=1 P
Nop% %
Y
P i=1
where v1,- -+ , YN, V1, VN, ~N(0,1) and are statistically independent.

that are needed to compute bgk) and b%)

m 1,dm>

Now, Pr(nki:l,dm(ijTh) and b

dm,min
respectively, are given from Eq. 4.98 by replacing LZ(-k) by Ni(ﬁ)c Eq. 4.45 and 1,
respectively.

Now we only treat the codeword with minimum sidelobe ACR ¢; considered
above. The probabilities of error are computed using the Gaussian approximation
and by simulation. In Fig. 4.4(a) (Probabilities of error obtained by the Gaussian
approximation) and Fig. 4.4(b) (Probabilities of error obtained by simulation) we
show the maximum MSE e, the CRLB ¢ (the subscript o, is omitted), the MSEs
es.cr and eg g obtained by simulation for the MCE and the MME, the MSE
approximations €1 g, and ez g5, (approximate lower bound) (the superscript (k)
is omitted), the approximate ZZLB #1 g4y, and the approximate BTLBs by, and
biam (the superscript ®) is omitted), all with respect to the SNR p. We can
obsevre that:

e The MCE outperforms the MME. However, the MME comports very well.
We recall that we do not expect that the MME outperforms the MCE in
the case where only an AWGN is corrupting the observation, because the
MCE corresponds in this case to the MLE which is the best. We just want
that the MME will not be very worse than the MCE.

e All the MSE approximations and approximate lower bounds obtained using
the Gaussian approximation highly overestimate the MSE truly achieved.
In fact, the Gaussian approximation overestimates the probability of error
as we have already seen in Sec. 3.1.4 (see Fig. 3.4(a)).

e The MSE approximations and approximate lower bounds obtained using
the probabilities of error computed by simulation, are much better than
those obtained via the Gaussian approximation. However, they still over-
estimate the truly achieved MSE.
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Fig. 4.4.: Maximum delaying-and-multiplying estimator (MME): maximum MSE
ey, CRLB ¢, MSEs obtained by simulation eg ., (MCE) and eg 4 (MME), MSE
approximations ei g, and eg g, approximate ZZLB zq g, and approximate
BTLBs bgm and by gm, with respect to the SNR p in dB (codeword c¢;) (a)
Gaussian approximation (b) Probabilities of error obtained by simulation.

4.3.3 Summary

Let us summarize what we have seen in this section with single-user. We have
applied the subdomain method proposed in Chap. 2 and the approximate lower
bounds derived there to derive some MSE approximations and approximate lower
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bounds for TOA estimation based on TH-IR-UWB signals. We have considered
both the MCE and the MME.

We have also compared the global performances of the MCE and the MME
and seen that the MCE slightly outperforms the MME. We have also noticed
that this result was expected because the MCE corresponds in the case of single-
user to the MLE which is the best. However, the MME comports very well as it
approximately achieves the CRLB at the same SNR as the MME.

4.4 TOA ESTIMATION WITH MULTIUSER INTERFERENCE

In this section, we consider both the MCE and the MME in the case of multiuser.
We consider the case where the MUI is deterministic in Sec. 4.4.1, and the case
where it is random in Sec. 4.4.2.

Before continuing, we recall here that the MME has been mainly proposed as
mentioned in Chap. 3 to examine its potential in mitigating the MUI.

4.4.1 Deterministic multiuser interference

We mean here by deterministic interference that we know the values of the delays
introduced by the channel to the waveforms of the interfering users.

The first goal of this study is to understand in a rigorous manner the origin of
the deterioration of the estimation caused by MUI The second goal is to verify
whether there are some special scenarios where the MME outperforms the MCE.
To reach both goals we consider a MU system with three users using codes with
minimum circular sidelobe ACR and minimum circular CCR (in Sec. 4.5 we
describe some algorithms proposed to generate code with minimum CCR and
sidelobe ACR). For the underlying system we consider different realizations of
the delays of the interfering users and examine for each realization the achieved
MSE by both the MCE and the MME.

Before proceeding, let us explain why we have thought that the MME may
outperform the MCE in mitigating the effects of MUI. We have seen that, for
both CR and DM receivers, we filter the received signal with the filter matched
to the transmitted pulse, then shift the filtered signal with the negatives of the
delays corresponding to the different pulses of the TH codeword of the user of
interest. Accordingly, we will obtain N, branches corresponding to the N, pulses
of the TH-IR-UWB waveform. With the CR receiver, we add the signals of these
branches whereas with the DM receiver, we multiply them.

Assume for instance that the AWGN is null. Then imagine that inside a given
subdomain ng) (of width T}, see Eq. 4.57), some branches contain interfering
components whereas the remaining branches do not. By adding the different
branches the resulting signal will contain an interfering component in the con-
sidered subdomain. However, by multiplying the branches, the resulting signal
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Fig. 4.5.: Reference case: (a) Normalized TH-IR-UWB waveforms wi (t), wa(t)
and ws(t) (b) Normalized RS (6), XS, ,,, (0) and X$ , (#) (c) Maximum MSE

ey, CRLB ¢, MSEs eg o (MCE) and eg 4, (MME) obtained by simulation, with
respect to the SNR p.

will not contain any interfering component thanks to the multiplying operation
if one or more branches do not contain interfering components. Assume now that
the AWGN is not null. We can expect that the probability that the observation
in the considered subdomain is stronger than that in the subdomain Dgf) (see
Eq. 4.46) containing the maximum of the useful observation, is lower with the
DM receiver than with the CR receiver.

In our case study we consider the following codewords with N. = 3 and
Ny = 21:

® C1 = (0,1710),
® Co = (07278)7
e c3=(0,3,7).
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We assume that User 1 is the user of interest. We take oy = a9 = a3 = «.

In Fig. 4.5(a) we show the normalized waveforms associated with ¢y, ¢z and ¢,
and in Fig. 4.5(b) the normalized (with respect to N%) ACR RS, (0) Eq. 4.45 of
Waveform 1 and the normalized CCRs X . (), k = 2,3 Eq. 4.44 of Waveform

Wk, W1
2 and 3 with Waveform 1.

In Fig. 4.5(c) we show, in the case where only w (t) is transmitted, the maxi-
mum MSE ey, the CRLB ¢, and the MSEs eg . and eg, 4m achieved by the MCE
and MME respectively (obtained by simulation), with respect to the SNR. This
case is considered as the reference case for all the cases considered later. We can
see that both the MCE and the MME achieve the CRLB at p = 17 dB.

4.4.1.1 Casel
We consider here the first case. We take ©1 = 0, Oy, = —4T), and O3 = —4T},.

We show in Fig. 4.6(a) the three normalized branches of the receiver (by
assuming null AWGN), and in Fig. 4.6(b) the normalized CR A, () and DM
P, ,(9) observations (i.e. the sum and the product of the branches respectively,
we have omitted the superscript *)). In Fig. 4.6(c) we show the maximum MSE
e, the CRLB ¢, and the MSEs eg ., and eg 4, achieved by the MCE and MME
respectively (obtained by simulation), with respect to the SNR.

We can see in Fig. 4.6(a) that we have in the filtered signal a component of
normalized amplitude equal to 2. This means that there are two signals (those
of Users 2 and 3) colliding at one position. In Fig. 4.6(b), the useful component
(around 6 = 0) of the CR observation A, ,(#) has an amplitude equal to 3 which
is expected because we have three pulses per waveform. A, ,(0) also contains
sidelobe components of amplitudes equal to 1 and 2. With the DM receiver, we
can only see the useful component of amplitude equal to 1. In fact, the sidelobe
components are all killed by the branch with no MU component. Note that in
this scenario, Waveform 1 is not colliding with any other waveform because the
amplitude of the useful component of A, ,(0) is equal to N, and that of P, ,(6)
to one.

In Fig. 4.6(c) we can see that MME outperforms the MCE. It achieves the
CRLB at p = 22 dB instead of p = 25 dB with the MCE. This is in fact due to
the MUI components killed thanks to the DM receiver.

4.4.1.2 Case 2

We consider here the second case, with ©; =0, O, = 0 and ©3 = 0.

The results are shown in Fig. 4.7(a), Fig. 4.7(b) and Fig. 4.7(c). We can
observe that:

e Waveforms 1, 2 and 3 are all colliding at one pulse. In fact, the filtered
signal (see Fig. 4.7(a)) has a component of amplitude equal to 3, and the
amplitude of the useful component of A, ,(6) (see Fig. 4.7(b)) is equal to
5.



Branch 2 Branch 1

Branch 3

TOA ESTIMATION WITH MULTIUSER INTERFERENCE 139

2fF 5 ' '
0 R R WO N O
W VTVYTVY VY oy VY 8
2L A %0 WHMMMWWWMM
-5 0 5 <«
t (ns)
- - 5= -
2 -5 0 5
(2) AVJ\UA vnv vnv vﬂv v'\v v,\v v"v vﬂv 1 6 (ns)
-5 0 5 2
t (ns) s ]\
. a 0 v
2
0 Wl—h ) v el &
VY WWovy W W VY _2
2 N .
-5 0 5 -5 0 5
t(ns) 0 (ns)
(a) (b)
TG e
18 <o u
10 S - —--c
\,\ ““““ eS,cr
—.—e
-20 \ S,dm
10 N
N!I) \
\
1078 \
T~ \ -
T-< .
10’24 TTU~a -~ 1
10 15 20 25 30
p (dB)

Fig. 4.6.: Case 1: (a) Normalized branches of the CR and DM receivers (b)
Normalized CR A, ,(0) and DM P, ,(0) observations (¢) Maximum MSE ey,
CRLB ¢, MSEs eg ¢ (MCE) and eg 4m (MME) obtained by simulation, with
respect to the SNR p.

Both the MCE and the MME achieve a bound lower than the CRLB. This
is in fact due to the constructive collision with the user of interest which
makes its energy higher.

Both eg . and eg g converge approximately to their asymptotic regions
at the same SNR (p = 18 dB). The MME does not outperform the MCE
because the gap between the useful and the sidelobe components of A,. ,(6)
is sufficiently big (equal to 2). In Case 1 (see Fig. 4.6(b)), it was equal to
one.

4.4.1.3 Case 3
We consider here the third case, with ©1 = 0, O3 = T}, and O3 = 2T},
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Fig. 4.7.: Case 2: (a) Normalized branches of the CR and DM receivers (b)
Normalized CR A, ,(¢) and DM P, ,(#) observations (¢) Maximum MSE ey,
CRLB ¢, MSEs eg ¢ (MCE) and eg 4m (MME) obtained by simulation, with
respect to the SNR p.

The results are shown in Fig. 4.8(a), Fig. 4.8(b) and Fig. 4.8(c). We can
observe that:

e Waveform 1 collides with Waveform 2 or 3 at one pulse, and Waveforms
2 and 3 collide at one pulse. Note that it is impossible that two wave-
forms collide at more than one pulse thanks to the minimum CCR of the
considered code.

e The gap between the useful and the sidelobe components of A, () is not
sufficiently big (equal to 1). We can expect that, like in Case 1 (with gap
equal to 1 too, see Fig. 4.6(b)), the MME will outperform the MCE.

e The MME outperforms the MCE; it achieves the CRLB at p = 21 dB
instead of p = 24 dB.
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Fig. 4.8.: Case 3: (a) Normalized branches of the CR and DM receivers (b)
Normalized CR A, ,(0) and DM P, ,(0) observations (¢) Maximum MSE ey,
CRLB ¢, MSEs eg ¢ (MCE) and eg 4m (MME) obtained by simulation, with
respect to the SNR p.

4.4.1.4 Case 4
We consider here the fourth case, with ©1 = 0, O3 = 3T}, and O3 = 47T},.

that:

The results are shown in Fig. 4.9(a), Fig. 4.9(b) and Fig. 4.9(c). We observe

e In A, (), we have three sidelobe components with amplitudes equal to
that of the useful component (i.e. 3). This phenomenon is not observed in
P, ,(9). In fact, by looking at the three branches of the filtered signal, we
can see that the sidelobe component at the right of the useful one, is the
sum of three components of amplitudes 1, 0 and 2 respectively. In the DM
receiver, the component of amplitude 0 kills the two other components.
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Fig. 4.9.: Case 4: (a) Normalized branches of the CR and DM receivers (b)
Normalized CR A, ,(¢) and DM P, ,(#) observations (¢) Maximum MSE ey,
CRLB ¢, MSEs eg ¢ (MCE) and eg 4m (MME) obtained by simulation, with
respect to the SNR p.

e Due to the phenomenon discussed in the last point, the MCE is approx-
imately uniformly distributed in the a priori domain of ©; the MSE
achieved by it is slightly larger than the maximum MSE. However, the
MME achieves the CRLB at p = 24 dB.

4.4.1.5 Caseb

In the last four considered cases, the collisions among the different waveforms
were constructive because the relative delays were multiples of the modulating
carrier period. As in practice the waveforms can arrive with any relative delays,
it seems to be interesting to consider too the case of destructive collisions. To
do so we consider the destructive version of the last case (Case 4) which was the
worst for the MCE.
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Fig. 4.10.: Case 5: (a) Normalized branches of the CR and DM receivers (b)
Normalized CR A, ,(0) and DM P, ,(0) observations (¢) Maximum MSE ey,
CRLB ¢, MSEs eg ¢ (MCE) and eg 4m (MME) obtained by simulation, with
respect to the SNR p.

Let ©1 =0, Oy = 3T}, and O3 = 4T}, + 27}2 (fc is the carrier). The results are
shown in Fig. 4.10(a), Fig. 4.10(b) and Fig. 4.10(c).

We can observe that:

e In A, ,(0), there are no sidelobe components with amplitudes equal to that
of the useful component like in Case 4. By contrast, A, ,(6) has now the
shape of a CR observation in the case of single-user (sidelobe amplitudes
equal to 1) because the colliding pulses of Waveforms 2 and 3 are destruc-
tive.

e Both the MCE and the MME comport now much better than in Case
4; they achieve the CRLB at p = 21 dB and p = 22 dB respectively.
Obviously, the MCE outperforms now the MME.
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Fig. 4.11.: Case 6: (a) Normalized branches of the CR and DM receivers (b)
Normalized CR A, ,(¢) and DM P, ,(#) observations (¢) Maximum MSE ey,
CRLB ¢, MSEs eg ¢ (MCE) and eg 4m (MME) obtained by simulation, with
respect to the SNR p.

4.4.1.6 Caseb

In Case 5 we have considered interfering users destructing themselves (favorable
case). Let us consider here the case of interfering users destructing the user of
interest. To do so, we consider the destructive version of Case 3. Note that this
case is very important to understand what will happen with random MUTI.

Let © = 0, O, = Ty, + i and ©3 = 2Tj,. The results are shown in
Fig. 4.11(a), Fig. 4.11(b) and Fig. 4.11(c).

We can observe that:

e The amplitude of A4, ,(0) at § = 0 is now equal to 2.275 instead of 3 due
to the destructive collision.
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e The asymptotic MSE does not converge in this case to the CRLB but
to a constant value. This means that a bias has been introduced by the
destructive collision. The absolute value of this bias will almost be lower
than the pulse width T, of p(t). Accordingly, we can propose the following
asymptotic MSE approximation in the case of random MUI:

(2T,)?

as — 4.105
emu, 3 ( )

which corresponds to a variable uniformly distributed in [—T3,, T3, ]. We did
not propose [—Ty,, T,,] because we will find this value in the case of random
MUTI but because in both A, ,(6) and P, ,(6), the present component is the
ACR of p(t) and not p(t) itself.

4.4.2 Random multiuser interference

In this subsection we consider the case of random MUI. We assume that the TOA
of the user of interest is deterministic, whereas those of the interfering users are
uniformly distributed in the a priori domain Dg Eq. 4.22.

Let us first consider the CR receiver. Instead of using the expression of the
CR observation AS«{CP) (#) in Eq. 4.62, we consider the circular version of X, ,,, ()

in Eq. 4.26 (the latter is equal to [NE]% times the former). The circular version
of X, (0) can be written as: ‘

X0 (0) = xR, (06 O) + 0§ (0) + 0G4 (0)
K
= RGO (000K + Y vipw(0) + 084 (60), (4.106)
k'=1,k'#£k
Vo) = awXS ., (0606) (4.107)

where for convenience we rewrite the expressions of RS (6 © ©;) Eq. 4.49 and
X¢ (06 6y) Eq. 4.50:

wk/,wk
E& (k)
C _ k k
R$ (000 = A Z%L R,(0 —0") (4.108)
E Nso—1
Kk %
X w0660) = <= > LEYR,0-0). (4.109)
¢ i=0

The covariance of ’Uch(e) is given by:

Cpe (0) = %ng ()

UG,k

“YER,(0) (4.110)

where we have taken into account in the right side of Eq. 4.110 that Né?j =N,
(see Eq. 4.45). As O/, k' # k is uniformly distributed in Dg, the noise v]((;U’k/(G)
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is weakly stationary. The mean and the covariance of ’U]%U’ w (0) are given by:

Th
1
m%U,k/(a) f/Th U]%Uyk/(a)d@k/ %O (4.111)

Q

1 T
CJ\C/IU,k/(Q) T/Th U]%U,k/('g/+0)”1?/[U,k’(9/)d@k’

Ny,—1
oel-, 2 1 , E?

(K" ,k)N\2
fak/ﬁf 2 (L; ) RRP(H) (4.112)
where
—+o0
RRP(G) = R,(t+ 0)R,(t)dt (4.113)

is the ACR of R,(0). Denote by Er, = Rg,(0) the energy of R,(0) (Er, is not
like the energy of p(t) which is equal to one). Note that m§; . () is approxi-
mately null only for oscillating pulses.

From Eq. 4.106, Eq. 4.108, Eq. 4.110 and Eq. 4.112, and taking into account
that the delays of the interfering users are statistically independent, we can write
the SINR of User k (the user of interest) as:

2
o [ R, (0)] B a2E
G,MU = K = EE ok
C'ng(o) + Zk':l,k’#k O]C\JU,k:’ (0) % _|_ T]\ZZP i(’:l’k;’gék Oé]%,Eé )
1
=T (4.114)
o
where
’ Ns—1 ’
B = 3@y > N2 (4.115)
i=0
2
o B
- 4.116
Pk No/2 ( )
2 2
k o TN,
Phiy = . AR (4.117)

K (

Eg, Ek’:l,k/;ék ai/Ed
We can see in Eq. 4.114 that pgf )MU approaches PS\IZ)U as pg approaches infinity.
In Eq. 4.115, Ec(lk,’k) becomes equal to N2 for codes with minimum circular CCR

(because Ll(»k/’k) =0 or 1, Vi). Accordingly, the maximum SINR is given by:
() apE

pG MU,max — FE .
) ’ No Rp K 2
2 t 7 Zk’:l,k/;ék Qs

(4.118)
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Let us consider the same setup considered in Sec. 4.3. We have:
o T'=N,T, =1.05x 1078 s.
o Ep, =~ 8x 107 s.

K k)

o« BfM —N2—9

o pi, ~ 65~ 18 dB.

In Fig. 4.12(a) we show the total SINR pg,)JVIU Eq. 4.114 with respect to the SNR
pr Eq. 4.116 (we have omitted the superscript (%) and the subscript k). We can
see that pgﬂ,)MU converges to pg\lf[)U ~ 18 dB as expected from Eq. 4.114. From
this result we can expect that the MSEs achieved asymptotically by both the
MCE and the MME are equal to those achieved in the case of single-user at the
SNR equal to the asymptotic SINR. We can see from Fig. 4.5(c) that the MSE
achieved by both the MCE and the MME at p, = 18 dB is approximately equal
to 9 ps2. We can deduce that the MSE achieved in the case of MUI depends on
both the SINR and the MSE achieved at this SNR in the case of single-user. To
be rigorous we have to say that this is true if the MUI comports as an AWGN.

In Fig. 4.12(b) we show the maximum MSE ey, the CRLB ¢, the MSE eg ¢
of the MCE obtained by simulation (by randomly generating the AWGN and
the delays of Waveforms 2 and 3), the MCE MSE approximation e ., the MSE
es,dm of the MME obtained by simulation, the MME MSE approximation e; g,
and the asymptotic MUI MSE approximation epsy,qs Eq. 4.105 proposed in Case
6 Sec. 4.4.1.6, all with respect to the SNR p. Note that the MSE approximations
of both the MCE and the MME are obtained from Eq. 4.70 by using the SINR
instead of the SNR, and by replacing e(k?k by the CRLB. For the MME, we have

x,0
computed the probability of error by simulation. We can observe that:

e The MCE MSE and the MME MSE converge to the constant values 2 x
1072% 52 and 6.5 x 10720 52 respectively. This phenomenon is due to the
average effect of the destructive collision with the user of interest.

e The MSE approximations e; .. and ej g, have the same behavior as the
ones obtained by simulations (i.e. they converge to a constant value). How-
ever, they do not follow them closely.

e The asymptotic MUI MSE approximation ejsy,qs proposed in Sec. 4.4.1.6
is very close to the asymptotic MUI MSE truly achieved. This value is
totally different from that expected from the asymptotic SINR and the
MSE achieved in the case of single-user. In fact, the effects of the MUI
cannot be rigorously approximated by those of an AWGN. The single-user
SNR achieving the MSE which is achieved here, is equal to p, = 16 dB
instead of 18 dB (see Fig. 4.5(c)).

e The MCE slightly outperforms the MME.
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Fig. 4.12.: Random MUI: (a) SINR p¢ pp with respect to the SNR p (b) Max-
imum MSE ey, CRLB ¢, MCE MSE obtained by simulation eg ., MCE MSE
approximation e; .., MME MSE obtained by simulation eg g,,,, MME MSE ap-
proximation ej g4y,, and asymptotic MUI MSE approximation esy,qs, with re-
spect to the SNR p.

4.5 THMA CODES WITH MINIMUM CCR AND SIDELOBE ACR

In this section we propose some algorithms to generate time-hopping codes with
minimum sidelobe ACR and minimum CCR. We consider two THMA codes
structures: with chip separation (see Eq. 4.2, Eq. 4.3 and Eq. 4.4) and without
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chip separation (see Eq. 4.3, Eq. 4.5 and Eq. 4.6). For both structures we consider
the cases of non-periodic and periodic signals.

In Sec. 4.5.1, Sec. 4.5.2, Sec. 4.5.3 and Sec. 4.5.4 we consider the cases of
THMA codes with chip separation for non-periodic signals, with chip separation
for periodic signals, without chip separation for non-periodic signals, and without
chip separation for periodic signals, respectively. In Sec. 4.5.5 we deal with the
same codes considered in Sec. 4.5.1, Sec. 4.5.2, Sec. 4.5.3 and Sec. 4.5.4 but with
variable code length. In Sec. 4.5.6 we show and discuss some codes generated
using the proposed algorithms.

4.5.1 THMA code with chip separation and minimum CCR and sidelobe
ACR

We consider here THMA codes with chip separation for non-periodic signals.

For convenience we rewrite the normalized (with respect to Ni) versions of

Eq. 4.8 and Eq. 4.9:

E .
X ™) = 5 2 2 Ry (r — [t — D) (4.119)
€ n=0 n'=0
E N.—1N.—1
k
Ru(r) = 5 2 D Rylr =1t = 1)), (4.120)

We can see from Eq. 4.120 that the global maximum of R, (0) (equal to N;)
is located at 7 = 0, and that N.(N, — 1) local maxima equal to 1 are located

) tgf), Vn # n', if and only if, for each couple (n,n’) the condition

®) _ tgf) £t _ tfj,) is satisfied V(m,m’) # (n,n’). However if we can find
(k) (k)
B gl

at 7 =

N, < N, — 1 couples (n,n’) having the same relative delay ¢ , then a

local maximum equal to N, will be located at 7 = tglk) — tiﬁ). We can see from

Eq. 4.119 that N2 local maxima equal to 1 are located at 7 = ¢ ftgf/), Y(n,n’),

if and only if, for each couple (n,n’) the condition £ tgf/) + R _ tfjj//) is
satisfied V(m,m’) # (n,n'). However if we can find N, < N, couples (n,n’)

having the same relative delay ) — tfﬁl),

located at 7 = tglk) — tgfl). Accordingly, and by assuming that £, = 1, we can

write:

then a local maximum equal to N, is

RK) - — max_ {Ry, (1)} € {1, -+, N, — 1} (4.121)
Th Th
TE[— =3+, 3]
X0k) = max{Xu,u, (1)} € {1, Ne} (4.122)
where R{¥), denotes the maximal local maximum of Ry, (7) outside [—Zx, L0,

and X,(f;;f/) stands for the maximal local maximum of X, .,, (7). Note that
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more local maxima may fall around the mentioned local maxima due to the
oscillations in the used IR-UWB pulse.
t —t®) and ¢ — ¢

Taking into account that R, (7) is symmetric (i.e. are

both locations of local maxima), and that t;k) — tgfl) #+ tffi) — tgf,/) is equivalent
to tS{” — t,(qli) #+ tgf ) _ tgj,), the necessary and sufficient conditions for Rfffgx —

min(cgk)){Rgfgx} =1 and Xﬁ,ﬁ;,’i') = min(cgk>) (C<k/)){X,§fg,’§/)} = 1 can be written

as:
(k) (k) . ! . / ’
Ayr F s V(o0 >n);¥(m,m’ >m) # (n,n') (4.123)
dffzt, # dgf:in,; V(n,n' > n);V(m,m’" >m) (4.124)
where dfﬁ, denotes the normalized relative delay between the nth and n’th
pulses of wg(t), given by:
&) — )

k k
= st
Afjfil, = B W e {-N, +1,-- N, — 1} (4.126)

Note that Eq. 4.123 means that there are no different couples of pulses in wg(t)
having equal relative delays, whereas Eq. 4.124 means that the relative delay of
any couple in any waveform wy(t), (k = 1,---, K) is different from the relative
delays of all other couples in the same waveform and in the other waveforms.
Accordingly, Eq. 4.124 guarantees that both the minimum CCR and the min-
imum sidelobe ACR are satisfied. Denote by dgk), (¢ =1,--+- ,N.— 1) the row
vector of N, — i elements, containing the normalized relative delays between the
pulses of wy(t) separated by ¢ chips:

d" = (d, Dnive ne—1 = iN + AP (4.127)
AP = A", Y Nt (4.128)

Using Eq. 4.127, we can write the necessary and sufficient conditions in Eq. 4.123
and Eq. 4.124 as:

;g # xin Vi# g a,a €d® (4.129)
T 7é ZTjrs VJ # j/;xj,xj/ ed (4130)
where z; and z;; denote the jth and j'th elements in the row vectors
E k
d® = @P... |d§V371) (4.131)
d = (dV]---]d¥)) (4.132)

of Zf\[:cfl(Nc—i) = NC(A;C_U and KN“(éVC_l) elements containing the normalized

relative delays between all pulse couples in wg(t), and in all wg(t). By assuming
that:
d®), o d®) v, A% ) € di x diss (4.133)

n—i,n’ n'—i’ n’
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where
d; = (dV]-1d") = A, +iN, (4.134)
Ay = (AP al). (4.135)

We can write the necessary and sufficient conditions in Eq. 4.123 and Eq. 4.124
using Eq. 4.127 and Eq. 4.128 as:

z; # wi Vj# G Visag,ap € Agk) (4.136)
T 7é ZTjrs V7 #j/;Vi;"L'j,ZL'j/ ISYAY] (4137)

where j,j7' = 1,--- N, — ¢ in Eq. 4.136 (N, — i is the length of AE’C)), and
5y =1 7K(N — 1) in Eq. 4.137 (K (N, — i) is the length of A;). Note that
Eq. 4.136 and Eq. 4.137 mean that Vi, Aik) (see the rows of A®) Eq. 4.138), as
well as A; Eq. 4.135, should not contain equal elements:

k k 2
A(l ) Aé,l) e ASVC)72,NC71
AW = | - - : : (4.138)
(k) k
N AN

Note that Eq. 4.133 used to obtain Eq. 4. 136 and Eq. 4.137 is satisfied Vi’ >

i+ 1, and for ¢’ —z—i—lonlylfA(k) —AK) # Ny, Vn,n' kK i. In fact,

n zn n'—i’' \n’/
d%), . —d DNy + A%, - AW with (A0 AW

nzn_( n—i,n n—i,n \
2Ny, —2 because \A

neinl < Np—1as c(k) €{0,---, Ny —1}. Due to this fact
we will set N, = Nj + 1 during the procedure described below until Eq. 4.133
becomes satisfied.

Let us now describe the algorithm proposed to generate the THMA code
satisfying Eq. 4.124. We assume that only K and N, are known:

1. Finding ¢®, (k =1,--- , K) that satisfy Eq. 4.151:

(a) Generate arbitrarily cék), (k=1,---,K); generate the empty vectors

A; Eq. 4.135, (i=1,--- N, — 1).

(b) Forn=1,--- /N, — 1
Fork=1,--- | K:

i. Set c%k) =0.
ii. Compute AL

n—i,n’

(¢=1,---,n) using Eq. 4.126.
i, If 3i st AP ¢ A,;, then set c( ) = cﬁﬁ + 1 and repeat from

’I’LZ’I’L

Ttem 1(b)ii until N g A, (i=1,---,n).

n— ’LTL

iv. Put A® . ip A, (i=1,---,n).

nzn

2. Finding Nj, that satisfies Eq. 4.133:
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(a) Set Nj, = maxk,n{cglk)} + 1.
(b) Generate d = (dy|---|dn,—1), di = A; + iNy.

(¢) If d contains equal elements, then set N, = Nj + 1 and repeat from
Item 2b until d contains no equal elements.

(k)
0

Note that the value of IV, varies with the choice of ¢y’ in Item la. We can reduce

Ny, by trying different values of cék).

4.5.2 THMA code with chip separation and minimum circular CCR and
sidelobe ACR

In the code presented in Sec. 4.5.1 we have computed the CCR and the ACR by
considering only one waveform for each user. As in practice waveforms are sent
periodically, it is also interesting to consider the circular correlation. Accordingly,
we have to verify now that the relative delays of the pulse couples in any non-
repeated waveform wy,(t) are different from the relative delays of all other couples
in the same waveform repeated twice wy, (t)+wy (t—T) and in the other waveforms
repeated twice.

(k) _ 1) =t

, =
n,n Th

Eq. 4.125 with both %) and t;’f) Eq. 4.2 (positions of the pulses) in the same
waveform (n,n’ < N, — 1, n' > n). Now, we have to consider in addition:

In Sec. 4.5.1, we have considered the normalized relative delay d

i%) 4

dfhy = 2 = (Ne 0’ = )Ny + AL, (4.139)
; 3 ;
where Ag?l, is defined in Eq. 4.126, and
i) =T 4 nT. 4+ Py, = (NoNp, + nNy, + )T, (4.140)
is the position of the nth pulse in the waveform wy(t — T'). As for n’ > n, cZEL’“ZL,

Eq. 4.139 becomes equal to dfbkzl, Eq. 4.125 modulo Ng Eq. 4.4, we have to only
consider n’ < n in Eq. 4.139. We can see from Eq. 4.139 that to have two pulses
distant by ¢ chips, we should now have N. + n’ —n = i. Accordingly for the
pulses distant by one chip we have to only consider the first pulse n’ = 0 in the
second waveform with the last pulse n = N, — 1 in the first waveform, whereas
for the pulses distant by N. — 1 chips we have to consider the pulses number
n' =0, -+, N, —2 in the second waveform with those number n =1,--- , N, —1
in the first waveform. Accordingly we can write the duals of dgk) Eq. 4.127,

A™ Eq. 4.128, d*¥) Eq. 4.131, d Eq. 4.132, d; BEq. 4.134 and A; Eq. 4.135,
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A = (AN In0 i = iy + A (4.141)
AP = (AR im0 i (4.142)
et 3(k 7(k
d» = @*)-1d¥_)) (4.143)
d = (dV]-.-|d") (4.144)
di = (dM]--1d"y (4.145)
A; = (AY].. |AE)y (4.146)
with
~ (k k
[ AY AR 1o
AP = - 5 (4.147)
A (K k k
AR, A AR s

where the term in the first row in A(k) Eq. 4.147 is the opposite of that in
the last row in A® Eq. 4138 (A | = —Al), ), and the terms in the

last row in A(k) Eq. 4.147 are the opposite of those in the first row in A
Eq. 4.138 (Agkg = —A(()]f1)7~-~ ’A%c)fl,Ncﬂ = _Agxlﬁc)fz,Ncq)' Note that unlike
dgk) Eq. 4.127 which contains N, — ¢ elements, dz(-k) Eq. 4.141 contains i ele-
ments. However, d*) Eq. 4.143 and d Eq. 4.144 contain like d*) Eq. 4.131 and
d Eq. 4.132, Zivz‘flz = Zf\[:cfl(Nc —1i) = w and % elements
respectively.

The conditions in Eq. 4.129 and Eq. 4.130 can now be written as:

Z; 7'5 X3 Vj 7é j’;xj,xj/ S (i(k) = [Ci(k)|d(k)] (4148)
x; # xp; Vi xg, € d=][dd] (4.149)

and those in Eq. 4.136 and Eq. 4.137 as:
T # wps Vi Vi, ey € Al = AP (4.150)
x; # xy Vi # Vi, xp € Ay = [Ai|A] (4.151)
under the assumption:

v #aiV(z,2') € di X dirs, (4.152)

where d; = [d;|d;]. Note that we can write Agk) in Eq. 4.150 from Eq. 4.138 and
Eq. 4.147 as:

A(k) _ [A(’“”é(l@)} = [~ Ié(k”é(k)} (4.153)
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where — | A®) denotes the opposite of the matrix AF) flipped in the up-down
direction about a horizontal axis. Note that A(k) is N. x N, whereas é(k) is
N.—1x N, —1 but empty below the diagonal and A(k) is N.—1x N, —1 but

empty above the diagonal.

Let us now describe the algorithm proposed to generate the THMA code
satisfying Eq. 4.149:

1. Finding ¢®, (k =1,--- , K) that satisfy Eq. 4.137:

(a) Arbitrarily generate c(()k)7 (k=1,---,K); generate the empty vectors

A; Eq. 4146, (i =1,--- ,N, — 1).
(b) Forn=1,---,N, — 1
Fork=1,--- ,K:
i. Set ¢ = 0.

ii. Compute A;‘k_)i,n, (¢t=1,---,n) using Eq. 4.126.

iii. 3ist. ALY, e Ajor —A%,
and repeat from Item 1(b)ii until Aflkzi’n
ANC—M (Z = 17 e ’n)'

iv. Put AW in A, and —Agi)im in ANC—z" (i=1,---,n).

n—i,n

2. Finding N}, that satisfies Eq. 4.133:

€ ANC,Z-, then set ch) = Cgc)-l-l
¢ A and —A, ¢

(a) Set Ny = maxkyn{c%k)} + 1.
(b) Generate d = (d|---|dn._1), d; = A; + iNy,.

(c) If d contains equal elements, then set N, = Nj, + 1 and repeat from
Item 2b until d contains no equal elements.

4.5.3 THMA code without chip separation and with minimum CCR and
sidelobe ACR

Now we consider the generation of THMA codes without chip separation (see
Eq. 4.3, Eq. 4.5 and Eq. 4.6) and with minimum CCR and sidelobe ACR.

The row vectors containing the normalized relative delays of the couples of
pulses of wy(t) separated by ¢ pulses (i = 1,--- ,N. — 1, ¢ = 1 corresponds
to adjacent pulses), of all couples of wy(t), and of all couples of all waveforms
(k=1,---,K) are given by:

49— (@, Jnie e = AW (1.154)
k k
d® = @®)--1a_) (4.155)

d = (dY|...|a%)) (4.156)
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where

(k) _ (k)
a® ty —tn AW

) = / 4.1
n,n Th n,n ( 57)

denotes the normalized relative delay between the nth and n’th pulses of wy(t)
with tﬁf) given in Eq. 4.6 and Aikzl, in Eq. 4.126.

The necessary and sufficient conditions for minimum sidelobe ACR, and min-
imum CCR can now be written like in Eq. 4.123 and Eq. 4.124 as:

z; # xp Vi # iy ap € d® (4.158)
xj # xy Vji# iz ey ed (4.159)
where z; and z;, denote the jth and j'th elements in the vectors d®) Eq. 4.155

and d Eq. 4.156 of Zf.vz”l_l(Nc —i) = Nc“gc_l) and KN"(éVC_l) elements respec-
tively.

Let us now describe the algorithm proposed to generate the THMA code
satisfying Eq. 4.149:

1. Finding ¢®), (k = 1,--- , K) that satisfy Eq. 4.159:

(a) Set cgk) =0, (k=1, -, K); generate the empty vector d.

(b) Forn=1,--- /N, — 1:
Fork=1,--- | K:

i. Set cﬁ{“) ) + 1.

n—1
ii. Compute AP (¢=1,---,n) using Eq. 4.126.

n—i,n’

iii. If 3¢ s.t. Agi)i_’n € d, then set ') = ¢ + 1 and repeat from

Item 1(b)ii until AV, ¢d, (i=1,---,n).
iv. Put A (i=1,--+,n)ind.

n—i,n’

2. Finding Np,: Nj = man,n{ngk)} +1

4.5.4 THMA code without chip separation and with minimum circular
CCR and sidelobe ACR

In this section we propose an algorithm to generate THMA codes without chip
separation and with minimum circular CCR and sidelobe ACR.

We can write the normalized relative delay between the m’th pulse of the
repeated waveform wy(t — T') and the nth pulse of the non-repeated waveform
w(t) as:

7(k) (k)
~ t,) —tn
dglkaz’ =L T, = Np+ Agle/ (4160)
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where A{"), is defined in Eq. 4.126, and
t®) =17 4 BT, = (N, + M), (4.161)

is the position of the nth pulse in the waveform wy(t — T). The row vectors
containing the normalized relative delays of the couples of pulses of wy(t) and
wi(t —T) (the first pulse in the first waveform and the second in the repeated

one) separated by ¢ pulses (¢ = 1,--- , N.—1, where i = 1 corresponds to adjacent
pulses), of all couples between wy(t) and wy(t — T'), and of all couples between

w(t) and wi(t — T') for all users (k =1,--- , K) can be expressed as:
dgk) - ( N +n i, n) =0, ,i—1 = Np + Agk) (4162>
Aik) - ( Nc+n %, n)’ﬂ 0, -1 (4163)

5 5(k k

o = (@ |d§v3_1> (4.164)
d = dY|--|d") (4.165)

where the terms of Agk) Eq. 4.163 for a given i are the opposite of those of Ag\l,i)ﬂ
Eq. 4.154.

The minimum circular sidelobe ACR and CCR constraints can be written as:
xj # xp; Vi # i xgap € d® = [d®|a®) (4.166)
xj # oz Vi# i xy,x €d=[dd]. (4.167)
Let us now describe the algorithm proposed to generate the THMA code
satisfying Eq. 4.167:
1. Finding ¢®, (k =1,--- , K) that satisfy Eq. 4.159:
(a) Set c(k) 0, (k=1, -+, K); generate the empty vector d Eq. 4.156.

(b) Forn=1,--- ,N.— 1
Fork=1,--- K:

i. Set c(k) = (k) 1+ 1
(t=1,---,n) using Eq. 4.126.
€ d, then set c%) = c%k) + 1 and repeat from

ii. Compute A( )

n— 177,7

iii. If 3i s.t. AW,

Item 1(b)ii until An in®d, (i=1,--,n).
iv. Put A®. (i=1,--- ,n)ind.

n— ’L’I’L7

2. Finding N}, so that the generated ¢(®) satisfy Eq. 4.167:
(a) Set Ny = maxk,n{c%k)} +1.
(b) Generate d = [d|d] = [N}, — d|d).

(c) It d contains equal elements, then set Nj, = Nj, + 1 and repeat from
Item 2b until d contains no equal elements.
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45,5 THMA codes with variable length

In this section we assume that we know the duration of the waveform in time-hops
N, Eq. 4.4, Eq. 4.5, and the minimum N i, and maximum N¢ max code lengths.
We propose an algorithm to generate the maximum number of codewords (with
variable length) of the codes presented in Sec. 4.5.1, Sec. 4.5.2, Sec. 4.5.3 and
Sec. 4.5.4.

For the THMA codes in Sec. 4.5.1 and Sec. 4.5.2 we take Nj, = —=—, and

Ne max
for the THMA codes in Sec. 4.5.3 and Sec. 4.5.4 we have N, = N, Eq. 4.5.
Remind that unlike the codes in Sec. 4.5.1 and Sec. 4.5.3, those in Sec. 4.5.2 and
Sec. 4.5.4 consider the circular correlation.

Denote by K the number of generated codewords (size of codeword book),
N. = (N¢1 -+ Ng k) the vector containing the number of pulses in each code-
word, ¢ = (Co - -+ Cy,__;) a candidate codeword (not necessarily added after to the

codeword book) of instantaneous length Nc, and ¢, an instantaneous candidate
element to ¢ (not necessarily added to it).

Let us first describe the algorithm proposed to generate codewords for the
THMA code given in Sec. 4.5.4:

1. Generate the empty vectors d and Ng; set K =0.
2. Set ¢ = 0.
3. Setce =cy _, +1

4. Compute d = é. — ¢.
5. Set d = (d|Ns — d).

6. If {cz contains equal elements or dx € cie; T e cz}, then set ¢. = ¢. + 1 and
repeat from Item 4 until either, {d contains no equal elements and fz € d,;
x € d}, or {¢. = Np}.

7. If é. # Np, then set ¢ = (¢|c.), N.,=N,+1and d= (d\d) and proceed to
Item 8, otherwise proceed to Item 9.

8. If N. = Nenaw, then set N. = (N.|N,) and K = K + 1, add ¢ to the
codeword book, and proceed to Item 2.

9. If N. > N, then set N, = (N.|N.) and K = K + 1, add ¢ to the
codeword book, and proceed to Item 2, otherwise stop the algorithm.

Now, for the THMA code in Sec. 4.5.1, we can generate ¢ randomly in Item 2,

we set ¢ = 0 in Item 3, we compute d as d = ¢ — ¢+ (N.---1)Np, in ITtem 4,
and we skip Item 5.

For the THMA code in Sec. 4.5.2, we do the same as for the code in Sec. 4.5.1
but we do not skip Item 5.

For the THMA code in Sec. 4.5.3, we just skip Item 5.
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Fig. 4.13.: Code 1: K =5, N, = 10, N, = 640 and Nj, = 64 (a) Codewords (b)
ACR and CCR (c) Circular ACR and CCR.

4.5.6 Numerical results

In this section we present some numerical results obtained using the algorithms
proposed in Sec. Sec. 4.5.1, Sec. 4.5.2, Sec. 4.5.3, Sec. 4.5.4 and Sec. 4.5.5.

We denote by Code 1, Code 2, Code 3 and Code 4 the codes presented in
Sec. 4.5.1, Sec. 4.5.2, Sec. 4.5.3, Sec. 4.5.4 respectively, and by Code 5.1, Code
5.2, Code 5.3 and Code 5.4 the codes with variable length presented in Sec. 4.5.5
and having the properties of Codes 1, 2, 3 and 4. We recall that for Codes 1, 2, 3
and 4, the number of codewords K and the length N, of the code are both known
and constant, whereas for Codes 5.1, 5.2, 5.3 and 5.4, the duration Ny of the
waveform in time-hops is known as well as the minimum N i, and maximum
N¢ max code lengths, but K is unknown and V. is not the same for all codewords.
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Fig. 4.14.: Code 2: K =5, N. = 10, N, = 1140 and N;, = 114 (a) Codewords
(b) Circular ACR and CCR.

Let us first consider Codes 1, 2, 3 and 4. We take K = 5 and N. = 10. We
have obtained Nj, = 64 and N, = 640 for Code 1, N, = 114 and N, = 1140
for Code 2, Ny = Nj = 409 for Code 3 and Ny, = N;, = 789 for Code 4. The
codewords obtained for Codes 1, 2 and 3 are given below:

10

COO0OO WADN K s oon

T WD~ OO0 O OoOOo

= W e Ot W

DN W = Ot

1

17
15
10
12
11

1 16
11 2
120
10 2
10 20

0 10
10 1
11 4
9 18
12 0

26 65
29 62
31 54
34 53
43 61

27
15
19
24
0

22
16
18
0
20

85
98
89
105
118

39 3 45
33 0 20
15 8 44
7 32 53
14 43 59
39 6 59
37 8 54
34 52 71
31 53 25
33 13 48
165 228
153 219
126 171
145 233
142 220

19

47
28
0
3

32
39
23
72
76

332
322
261
275
296

402
395
358
383
408

Note that the codewords of Codes 3 and 4 are equal as can be seen from the
algorithms in Sec. 4.5.3 and Sec. 4.5.4. However, the waveform duration Ny is
not the same for both. We can see that Codes 1 and 2 (N; = 640 and 1140)
are longer than Codes 3 and 4 (N, = 409 and 789) respectively due to the chip
T. = N}, separation between the consecutive pulses of Codes 1 and 2, and that
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Fig. 4.15.: Code 3: K =5, N, = 10, Ny = Nj, = 409 (a) Codewords (b) ACR
and CCR (c) Circular ACR and CCR.

Codes 2 and 4 are longer than Codes 1 and 3 respectively because they satisfy
the circular correlation constraints.

Let us now consider Codes 5.1, 5.2, 5.3 and 5.4. We take N, = 1000,
Nemin = 6 and Nemax = 10. Different results have been obtained for

Codes 5.1 and 5.2 because c(()k) is generated randomly. We have obtained
K = 9 with N. = (10,10,10,10,10,10,10,7,6) for Code 1, K = 9
with N. = (10,10,10,10,8,8,6,6,6) for Code 2, K = 13 with N, =
(10,10, 10,10,10,10,9,8,7,7,6,6,6) for Codes 5.3, and K = 10 with N, =
(10,10,10,10,10,10,10,10) for Codes 5.4.
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Fig. 4.16.: Code 4: K =5, N, =10, N, = N}, = 789 (a) Codewords (b) Circular
ACR and CCR.

Denote by:

wilj],j =0, ,Ns =1 (4.168)
X wys 17] = 20 i€ + Jlwi €] (4.169)

the discrete waveform relative to wy (), and the discrete CCR of wy[j] and wy[4],
with wy[j] = 1 (resp. 0) if a pulse is (resp. is not) contained in [jT},, (j+1)1}). The
circular correlation can be obtained by correlating wy,[j] with wg[j]+wg [j — N4

In Fig. 4.13(a) we show the discrete waveforms of all codewords of Code 1, in
Fig. 4.13(b) the discrete ACR of all waveforms (figure on the top) and the discrete
CCR of all different waveforms (figure on the bottom), and in Fig. 4.13(c) the
discrete circular ACR and CCR. We can see that the constraint of minimum
CCR and sidelobe ACR is satisfied (CCR and sidelobe ACR always lower than
or equal to one) but not the constraint of minimum circular correlation (we have
some points where the CCR and the sidelobe ACR are equal to two). Note that
the ACR is always equal to N, for a relative delay equal to a multiple of N,
(waveform duration in time-hops).

In Fig. 4.14(a) we show the obtained waveforms of Code 2, and in Fig. 4.14(b)
the corresponding circular ACR and CCR. We can see that the constraint of
minimum circular CCR and sidelobe ACR is satisfied.

In Fig. 4.15(a) we show the obtained waveforms of Code 3, in Fig. 4.15(b) the
corresponding ACR and CCR, and in Fig. 4.15(c) the circular ACR and CCR.
Like Code 1, we can see that the constraint of minimum CCR and sidelobe ACR
is satisfied but not the constraint of minimum correlation.
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Fig. 4.17.: Ny = 1000, N¢min = 6 and N¢ max = 10 (a) Code 5.1 (b) Code 5.2
(c) Code 5.3 (d) Code 5.4

In Fig. 4.16(a) we show the obtained waveforms of Code 4, and in Fig. 4.16(Db)
the corresponding circular ACR and CCR. Like Code 2, the constraint of mini-
mum circular CCR and sidelobe ACR is satisfied.

By comparing Codes 1 and 3 (resp. Codes 2 and 4), we can see that unlike
Code 3 (resp. Code 4), the pulses of Code 1 (resp. Code 2) are approximately
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equidistant thanks to the chip separation. However, the waveforms of Code 1
(resp. Code 2) are longer as already mentioned. By comparing Codes 3 and 4 we
can see that a guard time (less than the duration of the waveforms of Code3)
is added after the last pulse to satisfy the constraint of minimum circular CCR
and sidelobe ACR.

In Fig. 4.17(a), Fig. 4.17(b), Fig. 4.17(c) and Fig. 4.17(d) we show the obtained
waveforms for Codes 5.1, 5.2, 5.3 and 5.4 respectively. We can see that unlike
Codes 5.1 and 5.2, the average relative delays between the consecutive pulses of
the waveforms of Codes 5.3 and 5.4 increase with the waveform generation order
(i.e. it is larger for a waveform generated later). This is due to the generation
algorithms proposed in Sec. 4.5.5.

4.6 CONCLUSION

In this chapter we have considered TOA estimation based on TH-IR-UWB sig-
nals using both the MCE and the MME. We have derived based on the results of
Chap. 2 and Chap. 3 some MSE approximations and approximate lower bounds
for both estimators. The derived MSE approximations and approximate lower
bounds are applied to TOA using TH-IR-UWB signals assuming single-user. We
have seen that both the MCE and the MME approximately have the same global
performances. We have considered TOA estimation with MUI. The cases of de-
terministic and random MUI are treated separately. We have presented some
cases where the proposed MME outperforms the MCE. We have compared the
MSE approximations to the MSE truly achieved with random MUI. The MCE
slightly outperforms the MME in the case of random MUI. We have also pre-
sented some algorithms to generate THMA codes with minimum sidelobe ACR
and minimum CCR






CHAPTER 5

CRLBS FOR POSITION ESTIMATION AND
JOINT TOA AND AOA ESTIMATION IN
MIMO AND UWB SYSTEMS

THERE is a growing interest in UWB based positioning since the FCC has
allowed in 2002 the unlicensed use of the UWB spectrum [1].

Different techniques, like the RSS, the TOA, the AOA, and the hybrid based
methods, can be used, following the target application and the features of the
transmitted and received signals.

The AOA estimation is based on the use of antenna arrays. An array of three
non-collinear elements can determine the two-dimensional (2D) AOA without
ambiguity. With RSS and TOA techniques, three reference nodes at least are
needed to perform the 2D positioning without ambiguity. However, with the AOA
technique, only two reference nodes are, in general, sufficient (see Sec. 5.1.8 for
more details). By combining different techniques together (e.g. TOA and AOA),
only one reference becomes sufficient.

In this chapter we consider positioning in UWB systems, TOA and AOA
estimation in wideband (WB) SISO, SIMO, MISO and MIMO systems, and the
estimation of the gain and the TOA in UWB MP channels.

In Sec. 5.1 we assume that UWB signals are transmitted. We derive the CRLB
for position estimation based on the AOA technique, and for position estimation
based on the TOA and AOA techniques simultaneously. The communication
channel is supposed to be of the MP type, but with non-overlapping components.

165
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The subject investigated in this section is based on our work published in [93,
107].

In Sec. 5.2 we investigate the problem of positioning in MISO and MIMO sys-
tems. We derive the CRLBs for the joint estimation of the TOA and the AOA.
We assume that WB signals are transmitted. We consider both the cases of or-
thogonal and non-orthogonal signals. We compare the CRLBs obtained in SISO,
SIMO, MISO and MIMO systems to each others under the assumption that the
total transmitted energy is the same for all systems. We show that for TOA esti-
mation, SIMO and MIMO systems are equivalent, and MISO and SISO systems
are equivalent as well, when the transmitted signals are orthogonal. However,
for non-orthogonal signals, MIMO systems are better than SIMO systems, and
MISO systems are superior to SISO systems, in the regions where the received
signals are constructive. For AOA estimation, we show that MIMO systems are
better than SIMO systems, and that SIMO systems outperform MISO systems,
when the transmitted signals are orthogonal. However, for non-orthogonal sig-
nals, MIMO systems become much more better in the regions where the received
signals are constructive. The results presented in this section are already pub-
lished in [108, 109].

As mentioned above, we consider in Sec. 5.1 UWB channels with non-
overlapping MPCs. In order to study the impact of the overlapping among
the neighboring MPCs on the performances of the estimation, we consider in
Sec. 5.3 the problem of the joint estimation of the gains and the TOAs of all
present MPCs, and derive the corresponding CRLBs. We have already treated
this topic in [110, 111]. We compute the average CRLBs for the IEEE802.15.4a
UWB channel model. The CRLBs obtained by averaging more than 80% of the
possible cases of the considered channels, are very close to the CRLBs obtained
under the non-overlapping assumption.

5.1 CRLBS FOR UWB-BASED POSITIONING USING AOA AND
HYBRID TOA-AOA TECHNIQUES

UWB-based positioning has been mainly studied for the TOA method [112, 113].
Ounly few works can be found on CRLB for UWB-based AOA estimation [107,
114]. AOA is widely investigated in the literature for narrowband and WB signals
but under the assumption of a narrowband signal [115-118]. In [116], the authors
report the CRLB on the position for DS code division multiple access (CDMA)
based positioning using simultaneously TOA and AOA whereas in [117], CRLBs
are reported for joint AOA and TOA estimation in DS-CDMA systems.

In this section we consider the AOA method in a rigorous manner, that
is, without the narrowband assumption. Furthermore we investigate a hybrid
method by incorporating both the AOA and TOA information. The UWB signal
under consideration is supposed to be composed from a train of pulses modu-
lated by unknown data. The channel is supposed to be of the MP type; however
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Fig. 5.1.: The unknown location node and the reference nodes arrays.

the impact of MP will be shown to be limited thanks to a realistic assumption
(i.e. the non-overlapping assumption introduced in Sec. 5.1.2).

Our goal in this work is to evaluate the potential of a number of positioning
techniques when a UWB signal is used. We do not focus however on implemen-
tation challenges.

In Sec. 5.1.1 we describe our system model. In Sec. 5.1.2 we introduce the
non-overlapping assumption. In Sec. 5.1.3 we derive the CRLBs for the joint
estimation of the direct path TOA and AOA. In Sec. 5.1.4 we propose a method
that allows us to obtain the CRLBs for the joint estimation of a set of parameters,
from the CRLBs of another set of parameters, that is function of the first set.
In Sec. 5.1.5 we derive the CRLBs for AOA-based positioning. In Sec. 5.1.6
we derive the CRLBs for hybrid TOA-AOA based positioning. In Sec. 5.1.7 we
compare the exact AOA CRLB to the approximated CRLB obtained using the
narrowband approximation. In Sec. 5.1.8 we present and discuss the numerical
results obtained for AOA-based positioning and hybrid positioning, considering
some typical scenarios.

5.1.1 System model

In our reference scenario depicted in Fig. 5.1, we consider an unknown location
node called Unk and N reference nodes called Refy,--- ,Refy. Unk is equipped
with a one-element antenna for transmission, and each Ref,, (n = 1,--- | N)
equipped with a planar antenna array of M, elements for reception. We call
Elt,, ,, the m!" element of Ref,,.

UWB channels are very challenging. One of the main channel impairment is
the MP propagation. In view of this, several simplifying assumptions are intro-
duced:
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e The channel is assumed to contain a line of sight (LOS) component, to be
non distorting and with AWGN.

e Unk and the scatterers leading to MP are sufficiently far away from all
reference nodes, so that the received signals arrive as plane waves; this is
equivalent to the far-field assumption.

e For a given element of the receive array, the contribution carried by the di-
rect path in the received signal does not overlap with the replicas carried by
the other paths. This condition is called the “non overlapping assumption”
(NOLA).

We will show in Sec. 5.1.3 that once the NOLA is satisfied, the position estimate
will not be impacted by the MP phenomenon. The NOLA will be discussed in
Sec. 5.1.2.

The signal received at Elt,, ,, can be written as:

Tn,m(t) = ag,)ms(t - T7(zl,2n) + Np,m (1) (5.1)

ST}
L

n

0,580, (1) + im0 5.2

Il
-

where s(t) denotes the signal transmitted by Unk, L,, is the number of paths
between Unk and any element Ref,, aﬁf}m and T,Sl)m are the gain and the time
delay introduced by the I*" path between Unk and Elt,, ,,, and n, ., (t) is the
AWGN at Elt,, ,,. Signals np,1(t),- -+ ,nnu, (t) are independent and identically

distributed with two-sided PSD of Ny/2.
The signal transmitted s(t) is given by:

K
s(t) =Y arp(t — kT) (5.3)

k=1
where a1, - ,ax denote K unknown symbols belonging to a pulse amplitude

modulation (PAM) constellation, Ty is the symbol period, and p(t) is the basic
pulse waveform.

The far-field assumption allows us to write:

ozg?m ~ ol vm (5.4)
O~ O = os(00) — o) (5.5)

where T,Sl) denotes the delay corresponding to the [*" path between Unk and G,

(the geometric center of the n* reference node), <p£f) is the AOA with respect
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to the  axis of the tap associated with the I** scatterer, Tn,m and ¢, ., are the

polar coordinates of Elt,, ,,, with respect to G,, and c is the speed of light.

Denote by (z,y) and (z,,y,) the Cartesian coordinates of Unk and Ref,,
respectively, with respect to an absolute reference and by (r,,y,) the polar
coordinates of Unk with respect to the geometric center G, of Ref,. We can
write r, and ¢,, as:

T'n = \/(x —2n)? + (Y — yn)? (5.6)
(y * yn)
(Z‘ - xn) + \/(x - mn)z + (Z/ - yn)2

pn = 2arctan (5.7)

where the expression of ¢, is valid V(z,y), except the points with y —y,, = 0

(1)
and x — z,, < 0 simultaneously. Notice that r,, = Tj: and ¢, = (pg) where

TT(LI) and @511) are the time delay and the AOA associated with the direct path,
respectively (see Eq. 5.5).

5.1.2 Non-overlapping assumption

In this subsection we analyze the impact of the NOLA and discuss whether this
assumption is valid for realistic environments.

The following conditions are sufficient in order to benefit from the NOLA:

(5.8)

P > Ty +
<

i) — 7V T, -

ol

D
c

where D denotes the diameter of the smallest circle centered on GG, and including
all the elements of Ref,, and T, is the duration of p(¢). The first condition is
associated with the possible overlapping between the direct path and the first
replica, of a given transmitted pulse (we have K transmitted pulses, see Eq. 5.3);
the second condition concerns the possible overlapping between the last replica
of a given transmitted pulse, and the direct path of the next pulse.

Let us now consider a simplified version of the UWB channel model proposed
for IEEE 802.15.4a in [9]. It has been assumed that the MP taps arrive grouped in
consecutive clusters. The cluster TOA follows a Poisson process with conditional
probability:

p(Ti|Tie1) = Aexp [-A(T; — T4

where T} denotes the TOA of the i*" cluster and A the average rate of arrival
of clusters. Within a given cluster, the TOA of a given tap follows a mixture of
two Poisson processes with conditional probabilities:

P(75.ilmj-1,4) = ndrexp [=01 (7). — Tj—1.4)] + (1 =)oz exp [=02(7ji — Tj—1.i)]
(5.9)
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‘ H Residential LOS ‘ Office LOS ‘

| Range[m] || 7 — 20 | 3 —28 |
| A7'[ns] || 21.28 | 625 |
| Ths] | 22.61 | 146 |
| 67%, 65 ms] || 0.65,6.7 | 5.26, 0.34 |
| " | 0.095 | 0.0184 |
| Ans] ] 12.53 | 64 |
| oldB] || 2.75 | 3 |

Table 5.1.: Parameters of the IEEE 802.15.4a channel model for LOS residential
and LOS office environments.

where 7;; denotes the TOA for the j* tap of the i'" cluster and §; and J2 tow
average rates of arrival. The mean power corresponding to 7;; is given by:

5{|0¢j,i|2} o Q; exp <TJ71>

where £{-} denotes the expectation operator, « is the intra-cluster time constant;
Q; follows a log-normal distribution:

101og(€;) = 10log [exp (—?)} + N(0,0?). (5.10)

I" denotes the inter-cluster time constant, and A stands for a normal distribution

with variance 2.

Table 5.1 shows the values taken by the model parameters for LOS residential
and LOS office environments. From this table, the values of T,, and T can
be chosen so that NOLA is approximately satisfied, that is to say the first tap
overlaps rarely with next taps and the replicas of a certain impulse reach the next
impulse with relatively small energy in average. The probability of overlapping
is computed in Sec. 5.3 of this chapter, with respect to the pulse width and the
average taps rate of arrival.

5.1.3 CRLBs for the joint estimation of the direct path TOA and AOA

In this subsection, we derive the CRLBs for the joint estimation of the parameters
of the direct path (i.e. TT(LD and <p5L1)). In Sec. 5.1.3.1 we assume that the symbols

ay,- -+ ,ax modulating the transmitted signal are known (see Eq. 5.3), whereas
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in Sec. 5.1.3.2 we assume that they should be jointly estimated with the the
direct path parameters.

Denote by © = (O - Oy, )T (-7 denotes the transpose operator) a vector of
N unknown parameters to estimate. The CRLBs of the elements of © are the
diagonal elements of the CRLB matrix C given by [78]:

C = FIM! (5.11)

F = (f@i,@u)iiIZI e Ne (512)
9?A

f910 = g9 5.13

{6&89,7 ei—(a,-,ei/—ei,} ( )

where F denotes the FIM and A the log-likelihood function for the joint estima-
tion of Oy, ,On,.

5.1.3.1 Pilot aided case

Here, we assume that the modulating data ai,--- ,ax are pilot symbols known
to the receiver. Accordingly, the unknown parameters present in our model, for
a given Ref,, are:

agll)7 TT(I,l)7 (10$L1)7 e 7a£LLn)7 T7(LLn)’ WSLLTL)

in which only T,(ll) and <p$}) are the useful parameters; all remaining parameters

are nuisance parameters .

In order to find the CRLBs for the estimation of Tr(bl) and @%1), we first consider
the joint estimation of all channel parameters.

The log-likelihood function for the joint estimation of all channel parameters
can be written from Eq. 5.2 as:

| Moo Ln 2
A=—— / Fam(t) =Y oW ()| dt 5.14
S oy UITE SHRE an
where [tq,t2] is the observation period.

Denote by #(t) the derivative of a generic signal z(¢t), and by E, = :12 22 (t)dt
its energy. From Eq. 5.12, Eq. 5.13 and Eq. 5.14, we can write the elements of
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the FIM as:
(1)y2
1 2 n .
ool _ % Esiny (o0) (5.15)
W, 2Mn(a511))2
£n = — 2 "' F. 5.16
Ny (5.16)
(1)2
L (D —2ap, 1
fenT = T Rl =0 5.17
Noe Eitn (5.17)
a® M 9 Lo M, aM (M
et = S0 Y k=0 (5.18)
m=1
w(l,) w® & wszl,)ww(Ll) ' (1) :(1)
R A {00, (dE =0 (5.19)
m=1 31
) M o aum [t Uy 14y a(1)
f n %n = km Snm’b(t)sn,m(t)dt = 0 (520)
m=1 t1

where w ) ¢ {@%1)77'”1)} U #1, k is a deterministic number, and

() = Z 12 sin® (08 = on m) (5.21)
I My,
7“7% = Z Tn,m Sin(wﬁll) — Qnm) = sin(<p£})) Z Trm COS(Pn.m)
= m=1
My,
— cos(pM) Z Trm SIN(@n.m) = 0. (5.22)
m=1

In Eq. 5.17 and Eq. 5.22, 7;- is null because (7,m, @n.m), (m =1,-++, M,) are
the polar coordinates of the elements of Ref,, with respect to their geometric
center G, so 2%21 Tnm COS(Pn.m ), and Z]\m@l Tm SIN(@p,m) are null directly
from the definition of the geometric center. In Eq. 5.18, we have assumed that the
observation interval [t1,t2] is sufficiently large so that s2(t )’tz = 0. In Eq. 5.19

and Eq. 5.20, both ftQ s 2,1 (1)), (#)dt and f sn )65, (t)dt are null because
the direct path does overlap with any MP rephca thanks to the NOLA.

The magnitude i,(¢) in Eq. 5.21 can be seen as a kind of inertia in the
direction ¢, — 5. It becomes constant when the array of Ref,, is regular (i.e.
Tr.m = TRef, s Vm and @, = Pno + (minl)”), or when it is the superposition
of regular arrays, all centered in G,,; in Appendix B, we show that for regular

arrays, i, (¢) becomes independent of ¢ (i.e. omni-directional):

2
T
i, (p) = M% =1i,Ve. (5.23)
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From Eq. 5.15, Eq. 5.16, Eq. 5.17, Eq. 5.18, Eq. 5.19 and Eq. 5.20 we can
write the FIM for the estimation of the parameters relative to Ref,, as:

et el 0
(1) (1) 0

FRefn — 0 fm (5.24)

nuisance
0 | P2

where Q""" ig the nuisance parameters vector.

From Eq. 5.15 we can write the CRLB matrix 8 for the joint estimation

of cpsll) and TT(Ll) as:

L L Noi/Q %[" 2 - ﬁ" 2 (5.25)

- Wyep \ 0 —S57 ) W2 \ 0 - °m '

(a, )2 B i () pn’ D3 in(en’)
(1)y\2

W _ (e )°Es 2
o D (5.26)
g B LTS 5o

T OB [TRIS(hPdf '

where pg) denotes the SNR of the direct path at Elt,, ,,, 52 is the mean quadratic
bandwidth of the transmitted signal, S(f) is the Fourier transform of s(t¢), and
f the frequency variable.

Two conclusions can be drawn:

e Under the NOLA, the CRLBs for the joint estimation of the direct path pa-
rameters do not depend on the parameters of the other paths. Accordingly,

the accuracy achievable in such MP channels is the same as the accuracy
achievable in AWGN channels.

e With an array of M,, elements, the CRLB for the estimation of the TOA is
M, times smaller than the CRLB with only one antenna. In fact, the signals
received at the different elements of the array carry all the same information
on 7'7(,,1). Furthermore, these signals are corrupted by independent noise
components.

5.1.3.2 Joint estimation of data and parameters

Here, we assume that the modulating data ai,--- ,ax are not known to the
receiver, and have to be estimated jointly with the parameters of the direct
path.

In order to compute the FIM for this joint estimation problem, we need to
incorporate new terms into the FIM, which are of the form:

1 (1)
el = )2 S ki =0 (5.29)
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)
where k7" denotes a deterministic number; farwi” is null because p2(t) if =0.
The result in Eq. 5.28 also means that with unknown data, the achievable
accuracy of the parameters is not impacted when joint estimation of parameters
and data is performed.

5.1.4 FIM transformation formula

In this subsection, we propose a method to obtain the FIM for the joint estima-
tion of a set of parameters, from the FIM of another set of parameters, which is
function of the first set. The obtained formula will be later used in Sec. 5.1.5 and
Sec. 5.1.6 to find the CRLBs for the estimation of the position using the AOA
technique, and using the hybrid TOA-AOA technique.

Denote by ¥ = (Uy---¥)T and Q = (Q1---Qs)7 two vectors of I and J
parameters respectively. We assume that the FIM F£ of  is known. Our goal is
to find the FIM F¥ of ¥ taking into account the fact that ¥ and Q are functions
of each other.

It can be shown that:

02A XJ: {awj AN awj/} N 0w,

Oy 0~ o | Oy £ Dy Oy Oy | Dy By O
T 92
(22 Phas on o0 (0 o

i ) Ow? Y Ow Oy \ O

where A denotes the log-likelihood function, and
ow aUJ1'.'aUJJ r
o\ Oy
oA _ (or on
6@ B awl aLL)J
#r_ (o
8@2 N (9wj8wj/ j,j'zl,“',J.

By applying the expectation operator to the negative of % in Eq. 5.29,
in conjunction with the regularity condition £ [%] = 0, we obtain the generic
element of the FIM of W: B

92\ ow\7' o Ow
Y _ _ = QU=
! 5{ 6wifawj (awi/) a0, (5.30)

Finally, we can write the FIM of ¥ from Eq. 5.30 as:

FY = (Ji)T F2 2 (5.31)
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where

Ow Ow;
Jy=5 =52 5.32
S oY (awi>i_1,---,l,j_1,~--,.] | !

is the Jacobian of w with respect to .

5.1.5 CRLBs for AOA-based positioning

In this subsection we derive the CRLBs for the estimation of the position, based
on the information on the angles of arrival, at the different reference nodes, of
the signal transmitted by the unknown location node. As already mentioned,
the CRLBs will be computed using the FIM transformation formula derived in
Sec. 5.1.4. As we only focus on the first path, we omit from now on index 1, for
the sake of conciseness.

Given that the AOAs ¢ - - - pn at the different reference nodes are considered
as independent parameters, we can write the FIM for the estimation of ¢ =

(p1--- LpN)T from Eq. 5.15, Eq. 5.26 and Eq. 5.27 as:

2
F? = diag{f“"l’“"1 .- -f“"N"pN} = %diag{plil(gpl) e pliN(goN)} (5.33)

where diag (-) denotes the diagonal matrix.

From Eq. 5.31, we can write the FIM for the joint estimation of the Cartesian
coordinates (x,y) of Unk using the AOA technique as:

T
Foy — (Jmfy) Fe gL, (5.34)

where J%y is the Jacobian of ¢ with respect to (x,y) given from Eq. 5.32 and

Eq. 5.7 by:
T

" __singy ... _sinpn
J:?,y = ( cosTcpll o cos:a"N ) . (5'35)
1 Tn
From Eq. 5.34, Eq. 5.34 and Eq. 5.35, we have:
N . . sin(2¢,,)
B2 <~ Paln(pn) [ sin?p, ——22Cen)
Fry — Fs o 2 . 5.36
2 n;l T72L 7sm(§<pn) cos? On ( )
By inverting F*¥ the CRLB matrix becomes:
2 N . 2 sin(2¢,,)
C pnln(@n) COS™ Y —5 —
Ty _ 2
coY = F2AzY nz::l r2 (Sin(gw) sin2 On (5.37)
where
N Pain(@n) prrin (9w)
A= 3 T s e —w). (539)

n=1 n'=n+1
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Denote by ¢* and c¢¥ the CRLBs of = and y, respectively. They are the diagonal
elements of C*Y.

5.1.6 CRLBs for hybrid TOA-AOA based positioning

In this subsection we derive the CRLBs for the estimation of the position, based
on the information on the angles and the times of arrival, at the different reference
nodes, of the signal transmitted by the unknown location node. Like for the case
of AOA-based positioning considered in Sec. 5.1.5, the CRLBs will be computed
here using the FIM transformation formula derived in Sec. 5.1.4.

In Sec. 5.1.6.1, we consider the problem of hybrid positioning based on only
one array. In Sec. 5.1.6.2, we consider the same problem but based on N arrays.
5.1.6.1 Hybrid positioning with one array
As mentioned above, we consider here the case of one array.

For the polar coordinates (r,, ¢, ) of the position of the Unk with respect to
the center G,, of Ref,,, the FIM can be easily deduced from Eq. 5.24, and the
CRLB matrix from Eq. 5.25:

2
Tn,Pn _ pnﬁs Mn O
F = 2 0 in(en) (5.39)
c? . 0
Tn;$Pn — M,
o= owm () o0

Denote by ¢ and c¢?» the CRLBs of r,, and ¢,, respectively. Then, ¢ and c¢¥»
are the diagonal elements of C™%». We want now to find the CRLBs for the
estimation of (x,y). We first compute the Jacobian J;7#» and then use the FIM
transformation formula derived in Sec. 5.1.4 to find the FIM of (z,y); Jyme" is
given from Eq. 5.32, Eq. 5.6 and Eq. 5.7 by:

oo [ COSPn  sinpy,
s = (a mi). (5.41)
About the FIM,
v (grasen)T prasen grosen  Pol0s (du® dy?
Fpv = (Jme ) Frmn#n Jinén — 3 <di’y v (5.42)

where,
dy* = M, cos <pn+1n(<pn)75m “n

T’!L

2
Yo ; cos” p,,
dvy = M, sin® @, + in(0n) 222

n

iy = $nen) (Mn _ M)

T n

By inverting F*'¥ Eq. 5.42 we obtain the CRLB matrix of (x,y):

027"2 d¥Y —dzy
Y = — D n "
“r= My, pnB2in(on) (dfgy dz® ) : (5.43)
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5.1.6.2 Hybrid positioning with N arrays
As already mentioned, we consider here the case of N arrays.

For simplicity reasons, we assume that the N arrays are identical and regular.
Accordingly, the inertia becomes omni-directional (i.e. M,, = M, i,(p) = i, Vo,
Vn, see Eq. 5.23).

The total FIM is equal to the sum of the N elementary FIMs in Eq. 5.42.
This is due to the statistical independence between signals observed at different
arrays. We can write:

N N
x vy _ P dy* dy?
F y:ZFny:CTZP” =y qu |-
n=1 n=1 n n

Hence, the CRLB matrix becomes:

2 N
cc 1 avy  —dzy
T,y __ n n
¢ B2 Ary nzzlp " (df;y dze )

where,
N Mi N—-1 N 12
o 9 a2 2
APY = g Pnﬁ + E E PnPn’ { S (‘pn - Spn’) <M + T%T2,>
n=1 n=1n'=n+ "

n’

1

1 1
iM 2 n — ¥n’ - 5 .
+ 1M cos*(on — ¢ )<r%+r2>}

5.1.7 Comparison of the exact AOA CRLB and the CRLB obtained with
the narrowband assumption

In this subsection we compare the exact value of the CRLB for AOA estimation
with the approximated value obtained when the narrowband approximation is
made (i.e. when the transmitted signal is assumed to be a monochromatic sine
wave around the central frequency). Obviously, the signal used in both cases is
the same: a UWDB signal.

The purpose here is not to compare the potential of narrowband with that
of UWB-based positioning, but to compare the bounds obtained by considering
the true UWB structure with those computed by making a narrowband approx-
imation.

Under the narrowband approximation, the mean quadratic bandwidth in
Eq. 5.27 becomes:

B2~ g = 4n° f2 (5.44)

where f. denotes the central frequency of the spectrum of the transmitted sig-

nal (subscript yp denotes “narrowband”). Denote by NWR the narrowband to
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Fig. 5.2.: The narrowband to UWB, AOA CRLBs ratio, with respect to the
central frequency f. and the bandwidth B.

UWB CRLBs ratio, and by fi, fn, and B = f; — f; the lowest frequency, the
highest frequency, and the bandwidth of the transmitted signal, respectively.
From Eq. 5.25, we can write NWR as:

awp K 02 ) PSP
o Bm g2 [ 1S(p)|df

(5.45)

where ¢ denotes the exact value of the CRLB and c¢%/; the approximated one.
Eq. 5.45 shows that c%/}; is greater than c#» because in general ffh F21S(f)2df

fC
is larger than fflc F2IS(f)2df .
When [S(f)| is constant in the interval [f;, fr], NWR becomes:

B2

Fig. 5.2 shows the values of NWR for different values of f. and B when [S(f)]
is constant inside [fj, fn]. We can see that, as can be expected from Eq. 5.46,
that NWR increases as the fractional bandwidth £ increases. Obviously, as
the CRLBs ratio is very close to one, we can deduce that for relatively low
fractional bandwidths, narrowband and UWB signals theoretically achieve the
same accuracy for AOA estimation. However, this does not mean that both
systems are equivalent. In fact, UWB signals may outperform narrowband signals
for ambiguity issues.
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Fig. 5.3.: The triangular array in use and, the polar and Cartesian bounds.

5.1.8 Numerical results and discussion

In this subsection we consider a special scenario for which we provide numerical
values for the CRLBs. In Sec. 5.1.8.1 we describe the considered scenario, and
in Sec. 5.1.8.2 and Sec. 5.1.8.3 we present and discuss the results obtained for
AOA-based positioning and hybrid positioning, respectively.

5.1.8.1 Illustration scenario
As mentioned above, we describe here our illustration scenario.

The transmitted signal s(t) is supposed to have the following characteristics:
Cardinal sine pulse (in order to have a flat spectrum) modulated by carrier
with [f., B] = [6.85,7.5] GHz (i.e. [fi, fn] = [3.1,10.6] GHz), v(f) = 7s = —41.3
dBm/MHz (PSD) and T' = 1 us (time of observation). The pulse mainlobe width
(from zero to zero) is given by T, = & ~ 0.27 ns.

From Eq. 5.9 we can approximate the average rate of arrival of replicas within
clusters by 671 = né; ' + (1 — n)d; '. From Table 5.1 we obtain 6~* ~ 0.43 ns
(resp. 671 ~ 6.1 ns) for LOS office (resp. LOS residential) environments. As
T, = 0.27 ns, we can suppose that the first condition of the NOLA (see Eq. 5.8)
is satisfied for LOS office environments. Furthermore, we can see from Eq. 5.10
that the time constant I' (I" = 14.6 ns for LOS office environments, see Table 5.1)
determines the vanishment of the average power of clusters. Therefore, if we
consider a symbol period Ty sufficiently larger than 14.6 ns, we can suppose that
the second condition of the NLOA (see Eq. 5.8) is also satisfied.

We consider identical arrays of three elements built from an equilateral trian-
gle (see Fig. 5.3). Accordingly, i, (¢) Eq. 5.21, Eq. 5.23 is omni-directional thanks
to the array regularity. Denote by e the length of one side of the triangle. For
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e = 25 cm, we obtain D &~ 29 c¢cm (diameter of the smallest circle containing the
array) and i = 0.0312 m2. We suppose that the far field assumption is satisfied

beyond dfy = 2%? ~ 59 m (\, = fih denotes the wavelength of the highest
frequency).

For convenience, we recall the expression of the SNR in Eq. 5.26:

- 2B,
-~ No/2

p (5.47)

where « denotes now the gain (i.e. attenuation) of the channel including all the
undesired effects, and Fs the energy of the transmitted signal. We can write F
and o? as:

E, = ~(f)BT (5.48)
A2l 1
2 c
= — — 5.49
@ 47 47Td2 il Nn f ( )

2
where i—; is the aperture of the receive antenna evaluated with respect to the
central frequency f. (\. is the corresponding wavelength), ﬁ the attenuation
due to the propagation, 7;; = 2.5 dB the implementation loss and 7,5 = 6.6 dB

the noise figure. We take Ny = —110 dBm/MHz.

In Sec. 5.1.8 we denote by ¢", 0%, ¢ and o¥ the square roots of the CRLBs
¢ c™ ¢” and c¢Y, respectively.

5.1.8.2 AOA-based positioning

Here, we present and discuss the results obtained for AOA-based positioning.

We consider the two following setups:

1. Setup with two reference nodes located at (—10,0) m (Cartesian coordi-
nates) and (10,0) m, respectively.

2. Setup with four reference nodes located at (—10,—10) m, (—10,10) m,
(10, —10) m and (10, 10) m, respectively.

Let us start with the first setup. Fig. 5.4(a) and Fig. 5.4(b) show the square
roots of the CRLBs of  and y with respect to the position of Unk, respectively.
Fig. 5.4(c) shows the SNRs at Ref; and Refy with respect to the position of
Unk. The positions of Ref; and Refy correspond to the maxima of the corre-
sponding SNR curves. In Fig. 5.4(a) we see that o approaches infinity when
Unk approaches the axis joining the geometric centers of the two used arrays.
This result can be expected from the expression of the CRLBs in Eq. 5.37. We
can deduce that, in order to be able to locate Unk everywhere using the AOA
technique, two reference nodes are insufficient. We can see from Fig. 5.4(a) and
Fig. 5.4(b) that for (z,y) = (—30,—15) m, we have ¢ ~ 0.65 m and o¥ ~ 0.46
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Fig. 5.4.: AOA-based positioning: setup with two arrays located at (—10,0) m
and (10,0) m (a) Square root of the CRLB of  with respect to the position
(x,y) of Unk (b) Square root of the CRLB of y with respect to (x,y) (c) SNR
at Ref; and Refy with respect to (x,y).

m, whereas for (x,y) = (—30, —1.5) m (near the axis joining the two arrays), we
have 0 ~ 5.1 m (very high) and ¢¥ ~ 0.37 m.

Consider now the second setup. Fig. 5.4(a) and Fig. 5.4(b) show the standard
deviations corresponding to the CRLBs of x and y, and Fig. 5.4(c) the SNRs
at Refy, Refy, Refs and Refy, all with respect to the position of Unk. We can
see that the CRLBs of both x and y are much smaller with the actual setup of
four arrays, than with the previous setup of only two arrays. We can see that
for (z,y) = (0,0) m, we have (¢”,0Y) =~ (1.6,1.6) cm, whereas for (z,y) =
(—30,—30) m, we rather have (¢%,0¥) ~ (37,37) cm.

5.1.8.3 Hybrid positioning

Here, we present and discuss the results obtained for hybrid positioning.



182 CRLBS FOR POSITION ESTIMATION AND JOINT TOA AND AOA ESTIMATION IN MIMO AND UWB SYSTEMS

JARN \\{\ “”
TR
Rt St
il
\\\\\\ s ',%l Y
Nl
il
Y
\

v 4
A
7

N

Fig. 5.5.: AOA-based positioning: setup with four arrays located at (—10,—10)
m, (—10,10) m, (10, —10) m and (10,10) m (a) Square root of the CRLB of x
with respect to the position (z,y) of Unk (b) Square root of the CRLB of y with
respect to (z,y) (¢) SNR at Ref;, Refs, Refs and Refy with respect to (x,y).

We consider the two following setups:
1. Setup with one reference node located at (0,0) m.

2. Setup with four reference nodes located at (—10,—10) m, (—10,10) m,
(10,—10) m and (10,10) m, respectively (the same as the second setup
considered for AOA-based positioning).

Let us consider the first setup.

Before discussing the obtained results, let us denote by t,, = r,¢, the curvilin-
ear abscissa (or tangential abscissa) of Unk with respect to Ref,, (¢, is depicted
in Fig. 5.3). From Eq. 5.40, we can write the CRLB of ¢,, as:

CZT2
PB3in(pn)

tn 2.2 on
cm =r,ctt =

(5.50)
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Fig. 5.6.: Hybrid positioning: setup with one array located at (0,0) m (a) Square
roots of the CRLBs of r,, and ¢, with respect to the position (z,y) of Unk (b)
Square roots of the CRLBs of « and y with respect to (z,y).

We also denote by o!» the square root of ct».

From Fig. 5.3 (where %% = g%, g%¥ = g¥, g™ = g"n glntn = gln g¥n¥n =
o%m), we can see that 0% (resp. o¥¥) is mainly determined by o™ when Unk
is closer to the x axis (resp. y axis) than the y axis (resp. x axis). However, when
Unk moves away from the x axis (resp. y axis), o** (resp. o¥¥) becomes mainly
determined by gtntn.

Consider now Fig. 5.6(a) and Fig. 5.6(b) where are shown the square roots
of the CRLBs of r,, and t,, and those of z and y with respect to the position
of Unk, respectively. We see in Fig. 5.6(a) that ¢"» is much smaller than o'=.
For (z,y) = (0,—30) m, we have ¢ ~ 0.35 mm and o~ ~ 10.4 cm. This result
could be expected from Eq. 5.40 and Eq. 5.50. In Fig. 5.6(b), we see that o
(resp. o¥) reaches its lowest values along the z axis (resp. y axis). This result
could be expected from our comments above Fig. 5.3 in conjunction with the fact
(already observed in Fig. 5.6(a)) that 0" is much smaller than o'~. It also could
be expected from the expressions of the CRLBs in Eq. 5.43. For (z,y) = (0, —30)
m (the same considered above), we have 0% ~ 10.4 cm and 0¥ ~ 0.35 mm. Notice
that, as Unk is now located at the y axis, we have 0% ~ o'» and o¥ ~ o".

Consider now the second setup with four reference nodes. Fig. 5.7(a) and
Fig. 5.7(b) show the standard deviations corresponding to the CRLBs of 2 and
y, respectively. Thanks to the information about the position contained in the
TOA information, we can see that the CRLBs are now highly much smaller than
those obtained with the same setup but using the AOA technique. We can see
that for (z,y) = (—30,—30) m (the same point considered above in the setup of
four reference nodes with the AOA technique, see Fig. 5.5(a) and Fig. 5.5(b)),
we have (07, 0Y) =~ (0.85,0.85) mm.
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Fig. 5.7.: Hybrid positioning: setup with four arrays located at (—10, —10) m,
(—10,10) m, (10,—10) m and (10,10) m (a) Square root of the CRLB of x with
respect to the position (x,y) of Unk (b) Square root of the CRLB of y with
respect to (z,y).

5.2 CRLBS FOR JOINT TOA AND AOA ESTIMATION IN WIDEBAND
MISO AND MIMO SYSTEMS: COMPARISON WITH SISO AND
SIMO SYSTEMS

MIMO technology has been widely investigated in the literature for communica-
tion systems in order to exploit the spatial diversity in fading channels. In this
paper we aim to see if we can benefit from MISO and MIMO configurations for
positioning purpose. To do so, we derive the CRLBs for the joint estimation of
the TOA and the AOA at the receiver. This matter has already been investigated
for target detection in MIMO Radar systems [119-124]. The main two differences
between the two scenarios are that in MIMO Radar we locate the target instead
of the receiver or the transmitter like in our case and that the received signals are
the reflection of the transmitted signals by the target instead of being received
directly from the transmitter.

In [122] the CRLB of the target position (z,y) is computed assuming orthog-
onal signals. In [121, 123, 124] the CRLB for direction estimation is computed
using the same array for both transmission and reception. In [121] arbitrary
signals are considered, unlike [123, 124] where signals are supposed to be orthog-
onal. In [119] it has been shown that the CRLB for direction estimation is the
same in 1 x 2 and 2 x 1 setups when orthogonal signals are used which has also
been shown in [120] for 1 x 3, 2 x 2 and 3 x 1 setups. However, in [119, 120] the
energy captured by each one of SIMO antennas is supposed to be the same as
the energy received from each one of the MISO transmit antennas which means
that the total radiated energy in the N x 1 MISO setup is N times the energy
radiated in a 1 x N SIMO setup.
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Fig. 5.8.: MIMO model: Tx and Rx are sufficiently far away so that the rays
coming from Tx can be considered parallel at Rx.

We first consider arbitrary signals. Then we show that, constrained to the
total radiated energy, SISO is equivalent to MISO and SIMO is equivalent to
MIMO for TOA estimation when the signals are orthogonal. For non-orthogonal
signals, MISO performs better than SISO, and MIMO outperforms SIMO in the
regions where the received signals are constructive. For AOA estimation we show
that for orthogonal signals MIMO is the best, then SIMO, then MISO. For non-
orthogonal signals, we show that in constructive regions, MIMO is better than
orthogonal MIMO, and MISO is worse than orthogonal MISO.

In Sec. 5.2.1 the system model is described. In Sec. 5.2.2 the expressions of the
CRLBs for the estimation of the TOA and AOA are derived. In Sec. 5.2.3 the
CRLBs of the TOA and AOA are compared in SISO, SIMO, MISO and MIMO
systems. In Sec. 5.2.4 a typical scenario is considered and numerical results are
provided and discussed.

5.2.1 System model

In this subsection we describe our MIMO system model. Given that MISO is a
special case of MIMO, we derive the CRLBs in MIMO systems and then deduce
those of MISO conditions.

In our model depicted in Fig. 5.8, we consider an antenna array Tx of IV
elements for transmission and an array Rx of M elements for reception. Let
(P, 0r) and (71, dm) be the polar coordinates of Tx,, (n'" element of Tx) and
Rx,, (m!" element of Rx) with respect to G (geometric center of Tx) and
Gr (geometric center of Rx), respectively. Given the definition of (p,,6,) and
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(Fm, ¢m) We can write:

Yoney pusin(0 — 0,) =0,v0 (5.51)
S P sin(0 — fm) = 0,0 (5.52)

where 6 denotes the angle of departure measured with respect to the geometric
centers of Tx and Rx. In Fig. 5.8, Dy and Dp denote the diameters of the
smallest circles containing the arrays Tx and Rx, respectively.

Assume that the communication channel between Tx and Rx is AWGN. Even
if this assumption is not realistic especially in WB systems, it allows us to obtain
the lowest reachable CRLBs and to compare with SISO and SIMO configurations.
Assume also that Tx and Rx are sufficiently far from each other so that:

Onm R«
{ Tom = T — E2cos( —0,) 4+ ™= cos(0 — ) v(n,m) (5.53)

where o and 7 (resp. ag m and 7, ,,) denote the gain and the time delay of the

channel between G and Gg (resp. Tx,, and Rx,,), and ¢ the speed of light.

Let s,,(t) be the complex envelope of the signal transmitted by Tx,; s, (t) can
be written as:

“+oo N.—1
Sn(t) = Z dn,i Z Cn,jp(t — il — ch) (554)
=0

i=—00

where (d,, ;) are the modulating symbols associated to Tx,, (cy, ;) the code of
length N, associated to Tx,, Ts the symbol period, T, (Ts = N.I.) the chip
period and p(t) the used waveform.

Let v, (t) be the complex envelope of the signal received by Rx,,; we can
write:

N
v (t) = « Z e IW0Tnm g (t — Tnym) + T () (5.55)
n=1

=t (t) + nm(t) (5.56)

where wy is the angular frequency of the carrier, and wy, ., (¢) and n,,(t) are the
complex envelopes of the useful signal received by Rx,,, from Tx,, and the back-
ground noise at Rx,, respectively. Assume that ny(t),--- ,na(t) are independent
and identically distributed, and that 2Ny is their PSD (% is the PSD of the real
bandpass noise). Denote by 4(t) the derivative of the generic signal z(¢), X (f) its
Ey _ [AnPf2IX(H)2df

Fourier transform, E, = [ |x(t)|?dt its energy and 37 = £ = TIx(hEar - it
mean quadratic bandwidth. We assume that the energy and the mean quadratic
bandwidth are the same for all transmit antennas (i.e. F;, = Es, Vn, and

ﬁ?n = 32, Vn).
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5.2.2 CRLB:s for the joint estimation of the TOA and the AOA

In this subsection we derive the FIM and the CRLBs for the joint estimation
of the TOA and the AOA in MIMO and MISO systems. We assume that the
unknown parameters are 7 and 6 only.

The part of interest in the log-likelihood function can be written from Eq. 5.56
as:

N

=) ()

(5.57)

2N0 Z /+oo

Denote by 2*(t) the complex conjugate of x(t), X, ,(7) = [z(t+7)y*(t)dt the
cross-correlation function of z(¢) and y(t), v = a®E4 /Ny the signal to noise ratio
(SNR) per one transmitted signal vy = Nv the total SNR, i7 = Zi:;l p2 sin?(6—
0,) and ip = Z% (72, 8in%(0 — ¢,,,) the inertias (the interia of an array has
been already defined in Sec. 5.1, see Eq. 5.21) of Tx and Rx (remind that Tx
and Rx are arrays) in the direction 6 (remind that iz and ig are independent of
¢+ 7 in the case of regular arrays, see Eq. 5.23), 37, . {-} = Zg Zf:f,zm_l{},
Ap = ppsin(d — 6,,), and A7, ,, the delay between t,p, (t) and uy, n,(f). Note
that ir, ir, A, and A7, , are all functions of . However, we omit 6§ for sake of
conciseness. From Eq. 5.53, we can write A7, ,, as:

ATn’,n =Tn'm — Tn,m

1
= [pn cos(0 — 0,,) — pps cos(0 — 0,0)] . (5.58)

Given that we are in the far-field assumption, A7, ,, is independent of m, the
shape of Rx and the distance between Tx and Rx; it just depends on the shape
of Tx and the angle 6.

Taking the negatives of the expectations of the second partial derivatives of
A% Eq. 5.57 with respect to 7 and 6 and taking account of Eq. 5.51 and Eq. 5.52,
the elements of the FIM of 7 and 6 (see the definition of the FIM in Eq. 5.12)

. £77 f‘r,0
Frf = <f9,7’ fe,e)) (5.59)
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can be written as:

- Mu{ﬂzuv FTE) 4 (N 4 T) 2woﬂsfz”f;} (5.60)
v . w . w . w
0 = 02{53 [{R(N +T50) & Moz + 1) | 4+ i (N + T3)
+ M((ir + If:°):| — 2woBs [iRF:,Os + MI;(;} } (5.61)
M
0 = 07 = C”{ﬂ?ﬁ“ + w0 - 2woﬂsJ§f§} (5.62)

where the expressions of ['Y?, I¥° and J*° are given below, whereas those of I'{®,
Y0, 190, I35, J2° and J¢ in Appendix C since they will be shown below to be

$,87 7§ $,87 Y$

negligible. We have:

ree = 23 X (5.63)
n#n'
I = 23 A, A X, (5.64)
n#n'
Jeo = Z (A, + An’)X:):sn/ (5.65)
n#n'
where
~ . Xs S,/ A n’.n
X, = %{ejwoﬁfylf,yl%}_ (5.66)

X denotes the correlation coefficient between tuy, , (t) and . () (i.c. the

SnSp/

signals received by Rx,, from Tx,, and Tx, respectively). We have |X;J°5n/| <1
because it is normalized with respect to Es (Fy is the energy of s,(t), Vn).
Given the expression of A7, ,, (see Eq. 5.58), X;’:S’ , is the same for all reception
elements. It just depends on the transmitted sign’zlauls7 the shape of Tx and the
direction (i.e the angle of departure #) of Rx. Note that I'“® is a number like

Xwo 10 a squared distance like 77 and i, and J£° is a distance.

SnSpt?

For narrowband and WB signals where the carrier frequency fj is much larger
than the bandwidth B, 3? (mean quadratic bandwidth of the baseband trans-
mitted signal) can be neglected with respect to w3. If |U(f)| is constant along
the band, 32 reaches its maximum 72B2. For B = 20 MHz and f, = 2.4 GHz,
we have 5—0 = % ~ 0.0042 (note that even for UWB signals we can neglect
the envelope mean quadratic bandwidth, see Sec. 5.1.7, and our comments to

Eq. 2.28 in Sec. 2.1.1.2). Accordingly, f™7, f%% and f™? can be approximated
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from Eq. 5.60, Eq. 5.61 and Eq. 5.62 by:

77 = Mywg (N +T%°) (5.67)
0.0 — ”C—“;g in(N +T9) + M(ir + I;JO)} (5.68)
0 = M%“"%J;JO. (5.69)
In the computation of f77, f%¢ and ™ we have assumed that we are able to

know the phase of the carrier at Tx and Rx; otherwise the accuracy on the
estimation of 7 will be much lower and w3 must be replaced by 52 in Eq. 5.67.
We have also to note that, due to the ambiguity phenomenon studied in Chap. 1,
the accuracy associated with w3 cannot be in general achieved with WB signals
except at very high SNRs. The accuracy on the estimation of the angle is always
dependent on w? since 6 is function of the time difference of arrival of the signals

received at Rx rather than the absolute time delay between Tx and Rx.

We have already seen in the definition of the CRLB in Eq. 5.11 in Sec. 5.1.3
that the CRLBs are the diagonal elements of the inverse of the FIM. Accordingly,
when the FIM F7 Eq. 5.59 of 7 and 6 is diagonal (i.e. f™? = %7 = 0), then
the CRLBs of 7 and 6 will be given by ¢ = f}, and ¢? = f(,%, respectively. In
the general case, the expressions of ¢” and ¢? are much more complicated and
difficult to interpret. Below, we analyze the expressions of {7, f%:¢ and f™¢ (the

elements of the FIM) and compute ¢” and c? in some special cases.

In Eq. 5.67 and Eq. 5.68, I'“° is a measure of the correlation among
Um (t), -+, unm(t) (the useful signals received by Rx,, from Txy,---,Txy re-
spectively). From now on, received signal components will stand for the use-
ful components wy,,(t), - ,unm(t) of an arbitrary received signal v,,(t) (see
Eq. 5.56) instead of vy(t),--- ,vp(t) (the signals received at Rxy,---,Rxpr).
From Eq. 5.63 and Eq. 5.66, we can see that I'“° is the same for all Rx,,; it
depends on s1(t), -, sy(t), the shape of the array Tx, and 6. It belongs into
the interval [N, N(N — 1)]. Note that it is not necessary that I'“° takes all its
possible values in every scenario.

I'¥0 is positive (resp. negative) when the received signal components are con-
structive (resp. destructive) and null when they are orthogonal. Note that the
energy of the sum of constructive (resp. destructive) signals is greater (resp. less)
than the sum of their energies, and that the energy of the sum of orthogonal sig-
nals is equal to the sum of their energies. I'v° reaches its upper bound when the
received signal components are completely correlated (i.e. X;’;’s , = 1,¥(n,n))
and reaches its lower bound when the sum of the received signaT components is
null. Given that I'“° is function of 6, the received signal components cannot be

constructive, destructive or orthogonal for all positions.

When I'¥ is equal to N(N — 1), then I Eq. 5.64 is equal to —ip (), J«°
Eq. 5.65 and ™ Eq. 5.69 are equal to zero (diagonal FIM), and ™" Eq. 5.67 is
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accordingly maximal, so ¢” becomes minimal. The expressions of the CRLBs of
7 and 6 are given in this case by:

1 1
T = = 5.70
CMIMO,c MN?vw?  MNuvyw3 ( )
c? c?
C‘]g\/[I]WO,c = (5.71)

N2vwiip - Nuwiin

where the subscript . denotes that the received signal components are construc-
tive. In Eq. 5.70 and Eq. 5.71 the term N? highlights the fact that the energy
of the sum of N identical signals is equal to N? times the energy of each one of
them. In the expression of c§,; Mo, We do not see i (the inertia of the array
Tx) because receiving the sum of identical signals coming from different trans-
mission elements is equivalent to having only one transmission element. For the
same reason we will see below in Eq. 5.73 that in MISO systems, ¢? approaches
infinity when the received signals are identical.

The expressions of the CRLBs of 7 and 6 in MISO systems, in the case of
constructive received signal components, can be deduced from those (i.e. Eq. 5.70
and Eq. 5.71) in MIMO systems by taking M =1 and iz = 0:

1

—_— .72
Nytwg (57 )

T —
CMISO,c =

C?\/[ISO,C = 0. (5.73)

When T'¥® is equal to —N (received signal components completely destruc-
tive), then ¢” approaches infinity in MIMO and MISO systems whereas c? be-
comes a function of the shape of the array Tx and the distribution of the trans-
mitted signals on the transmission elements.

In both cases considered above (i.e. T“° = N(N—1) and ['“° = —N), c¢” and ¢’
are very sensitive to the value of the angle; they are subject to strong oscillations
with the variation of 8. To illustrate this fact, we consider a uniform linear array
(ULA) of two elements transmitting the same signal; the ULA is supposed to be
orthogonal to the x axis. The signal received by an element located on the z axis
is the sum of two identical signals, so A7y 5 = 0 and X;’losz = 1. If we move the
receiver so that A7y o becomes equal to half the period of the carrier, then wq(¢)
and us(t) become destructive (in phase opposition) and their sum becomes quasi
null (X;JIOSQ ~ —1, we say “quasi” because the corresponding envelopes are not
100% equal because they are delayed from each other). For the first position, ¢”
reaches its minimum, whereas for the second position it becomes quasi infinite.

Assume now that the codes (c¢p ;) and (¢n ;) used in transmission (see
Eq. 5.54) are orthogonal, Vn # n’. We have already mentioned that the re-
ceived signal components are not necessarily orthogonal at the receiver, even if
they are orthogonal at the transmitter. The maximum possible delay between
two different received signal components is given by AT;‘,‘%‘ = D—CT (see Eq. 5.58,
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D7 has been already defined as the diameter of the smallest circle containing
Tx). Given that the array inter-element spacing is in general smaller than half
the carrier wavelength, AT;:}?;L( will be in the order of a few periods of the carrier.
Furthermore, given that the chip period 7. (see Eq. 5.54) is much larger, in WB
signals, than the carrier period, A7}%* will be much smaller than T¢, so the
received signal components can be considered orthogonal for all values of 6. It
follows that X;’:sn/, Ieo, IX0 and Jg° are all quasi null V8. The CRLBs of 7

and 6 obtained in this case, can be approximated from Eq. 5.67, Eq. 5.68 and
Eq. 5.69 by:

i 1 1
C = =
MIMO.0 = MNvwg — Muw?

c? c?

0
c = - — = 5.75
0o = L Nin Mirl ~ wh it ] )

(5.74)

where the subscript , indicates that the transmitted signals are orthogonal. In
Eq. 5.74 and Eq. 5.75, the term N highlights the fact that the energy of the sum of
N identical orthogonal signals is equal to IV times the energy of each one of them.
The term M highlights the fact that the Fisher information contained in the M
signals received at the M elements of Rx, is M times the Fisher information
contained in each one of them, because they are statistically independent, and
separately contain equal information.

The expressions of the CRLBs of 7 and 6 in MISO systems, in the case of
orthogonal transmitted signals, can be deduced from those (i.e. Eq. 5.74 and
Eq. 5.75) in MIMO systems by taking M =1 and ir = 0:

- 1
CMI1SO,0 = ng (5.76)
N2
0
= . 5.77
CMI1SO,0 VM%Z-T ( )

5.2.3 Comparison of SISO, SIMO, MISO and MIMO configurations

In this subsection we compare the CRLBs of the SISO, SIMO, MISO and MIMO
configurations. We assume that the total transmitted energy is the same in all
systems. We also assume that the arrays Tx and Rx are identical and have the
same orientation so that M = N and ig = i, V0.
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Let us first give the expressions (easily deduced from the expressions obtained
in MIMO systems) of ¢” in SISO and SIMO systems, and c? in SIMO systems:

. 1
Csrso = 2 (5.78)
i 1
Csrvo = m (5.79)
0 ?
Csrvmo = vedin (5.80)

Consider first the TOA estimation. We can deduce from the expressions es-
tablished above that the smallest value of ¢, which is also insensitive to the
angle, is obtained in SIMO and orthogonal MIMO configurations; it is M times
lower than the smallest value obtained in SISO and orthogonal MISO configu-
rations. However, MIMO can do better than SIMO, and MISO can do better
than SISO in the regions where the received signal components are constructive.
When the received signal components are completely correlated, the value of ¢”
obtained in MIMO configurations is /N times lower than that obtained in SIMO
configurations, and the value of ¢” obtained in MISO configurations is N times
lower than that obtained in SISO configurations.

Consider now the AOA estimation. The smallest value of ¢?, which is also
insensitive to the angle, is obtained in orthogonal MIMO configurations, then
in SIMO configurations, then in orthogonal MISO configurations. The smallest
value of ¢? obtained in orthogonal MIMO configurations is half (for identical Tx
and Rx) of that obtained in SIMO configurations, and this latter is N times lower
than that obtained in orthogonal MISO configurations. However, MIMO can do
better than orthogonal MIMO in the regions where the received signal com-
ponents are constructive. When the received signal components are completely
correlated, the value of c¢? obtained in MIMO configurations is N times lower
(instead of being equal to the half) than that obtained in SIMO configurations
(for identical Tx and Rx), whereas it approaches infinity in MISO configurations.

5.2.4 Numerical results and discussion

In this section we show and discuss some numerical results obtained in some
typical scenarios.

The considered setups are:
e SISO: 1 x 1.

SIMO: 1 x 2 and 1 x 4.

e MISO: 2 x 1 and 4 x 1.

MIMO: 2 x 2 and 4 x 4
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Fig. 5.9.: SISO 1 x 1, SIMO 1 x 2, MISO 2 x 1 and MIMO 2 x 2 systems (a) ['%"
with respect to the angle 6 (b) Square root o™ of the CRLB of 7 with respect to
6 (c) Square root o of the CRLB of 6 with respect to 6.

In 2x1,2x2 4x1 and 4 x 4, both orthogonal transmitted signals, and
identical transmitted signals have been considered. When orthogonal signals are
considered, Alamouti code [125] is used in 2 x 1 and 2 x 2, and Hadamard (4)
code in 4 x 1 and 4 x 4. ULAs are used in transmission and reception. Tx and
Rx are orthogonal to the x axis. The modulating symbols (£1 =+ j) (20 symbols)
are generated randomly and shaped by a root raised cosine of roll-off equal to
0.5. We take fo = 2.4 GHz (carrier), R. = 20 MHz (chip rate), v, = 20 dB (total
SNR, the same for all systems) and d = 5 cm < 6.25 cm = % (d denotes the
array inter-element spacing, and A9 the wavelength of the carrier). We denote
by o™ and ¢? the square roots of ¢™ and c? respectively.

Consider first the systems SISO 1 x 1, SIMO 1 x 2, MISO 2 x 1 and MIMO
2 x 2.
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In Fig. 5.9(a) we show I'“° with respect to the angle 6, for MISO and MIMO,
for both the orthogonal and identical transmitted signals cases. We can see that
I'“o is quasi null for the case of orthogonal signals. For the case of identical
signals, we can see the regions where the received signal components are con-
structive (for 6 € [0, 38]° where I'° > () and destructive (for 6 € [39,80]° where
Yo < 0). We can also see that as N = 2, we have 'Y € [—2,2]. It has been
already noticed that T'*° € [-N, N(N — 1)].

In Fig. 5.9(b) we show the square root o7 of the CRLB of 7 with respect to
the angle 0, for SISO, SIMO, MISO and MIMO, for both the orthogonal and
identical transmitted signals cases. We can see that, like it has been expected, the
smallest o7 is obtained with MIMO in the constructive region, then with SIMO
and orthogonal MIMO, then with MISO in the constructive region and MIMO
in the region where the received signal components are not very destructive (i.e.
for 6 € [39,56]°), then with SISO and orthogonal MISO, then with MISO in the
destructive region and MIMO in the region where the received signal components
are very destructive (i.e. for 6 € [57,80]°).

In Fig. 5.9(c) we show the square root 6% of the CRLB of # with respect to
the angle 0, for SIMO, MISO and MIMO, for both the orthogonal and identical
transmitted signals cases. We can see that the smallest of is obtained with MIMO
(for both orthogonal and identical transmitted signals), then with SIMO, then
with orthogonal MISO. The value of ¢? is increasing with 6 because i and ig
are decreasing with 0; ip and i are maximal for § = 0 and approach infinity
(because linear arrays) for § = /2. We do not show ¢? for identical transmitted
signals because it approaches infinity when 6 approaches zero (see Eq. 5.73).
In Sec. 5.2.3 we have seen that ¢ is the lowest in constructive MIMO but is
very sensitive to #. However, ¢? is the same here in constructive and orthogonal
MIMO. In fact, in this special case where we consider a MIMO 2 x 2 with two
identical arrays, we can prove that igI'“0 + M T4 = 0, V0 (see Eq. 5.68) which
leads to the obtained result.

Consider now the systems SISO 1 x 1, SIMO 1 x 4, MISO 4 x 1 and MIMO
4 x 4.

We can see in Fig. 5.10(a) that T“° varies now, in the case of identical trans-
mitted signals, from —N = —4 to N(N—1) = 16. For 6 ~ 38°, we have T'** ~ —4
which means that the received signal components are quasi, completely destruc-
tive; we can see in Fig. 5.10(b) that in this region of strong destruction, o”
approaches infinity in both MIMO and MISO systems, as has been already ex-
pected; however, we can see in Fig. 5.10(c) that unlike o™, ¢¥ is not singular in
this region. As now (gl +MT¥° # 0 (unlike the case of MIMO 2 x 2 considered
above), we can see in Fig. 5.10(c) that o7 is, as expected, the lowest in MIMO
systems in the constructive region than in orthogonal MIMO systems.
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Fig. 5.10.: SISO 1x 1, SIMO 1 x 4, MISO 4 x 1 and MIMO 4 x 4 systems (a) T
with respect to the angle 6 (b) Square root o™ of the CRLB of 7 with respect to
6 (c) Square root o of the CRLB of 6 with respect to 6.

5.3 CRLBS FOR UWB CHANNEL ESTIMATION: IMPACT OF THE
OVERLAPPING OF THE MPCS ON THE JOINT GAIN AND TOA
ESTIMATION

UWB signals can serve for very accurate positioning thanks to their high fre-
quency components and large bandwidth. One of the most severe challenges is
the parameter estimation in MP channels. CRLBs for UWB MP channel estima-
tion have been widely studied in the literature assuming non overlapping MPCs
[93, 126]. In [127] the overlapping between the different MPCs is investigated.
It has been shown that the smallest CRLBs are obtained under the NOLA and
more MPCs leads in general to higher CRLBs and less performance.

In this section we study the impact of the overlapping on the performance of
the estimation. We compute the probability of the overlapping between neighbor-
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ing MPCs with respect to the pulse width to average MPC rate of arrival ratio.
We consider the IEEE802.15.3a [7] and IEEE802.15.4a [9] UWB channel models.
We show that for a pulse width sufficiently smaller than the average MPC rate
of arrival, the probability to have more than three overlapping MPCs is rela-
tively small. We show also that instead of considering all MPCs together we can
split the received signal into consecutive non-overlapping blocks and study each
block separately. We compute the CRLBs for MPC gain and TOA estimation in
blocks of up to three overlapping MPCs and compute the average bounds. We
show that for a pulse width to average rate of arrival ratio equal to 0.3824 and
an SNR of zero dB, the bounds obtained by averaging more than 80% of cases
are very close to the smallest reachable bounds (i.e. the ones obtained in AWGN
channels, and in MP channels under the non-overlapping assumption).

In Sec. 5.3.1 we describe our system model. In Sec. 5.3.2 we present the con-
sidered channel statistical model. In Sec. 5.3.3 we compute the probability of
overlapping between neighboring MPCs. In Sec. 5.3.4 we derive the FIM for the
joint estimation of the MPCs gains and TOAs. In Sec. 5.3.5 we compute the
CRLBs corresponding to blocks of up to three MPCs. In Sec. 5.3.6 we compute
the average CRLBs.

5.3.1 System model

In this subsection we describe our system model. We consider a LOS MP AWGN
communication channel. The signal received by the receiver (Rx) can be written
as:

L

r(t) = Z aWst —7W) 4+ n(t) (5.81)

=1

where s(t) is the signal sent by the transmitter (Tx), o® and 7() the gain and
the time delay of MPC® (the I MPC), L the number of MPCs and n(t) the
AWGN. Let ~, = unf% be the bilateral PSD of n(t) where v, is the noise

figure and % the PSD at the room temperature.

The transmitted signal s(¢) is an IR-UWB signal. Both PAM and PPM mod-
ulations can be used, and both DS and TH spreading and multiple access codes
as well. Signal s(t) can be written as:

“+oo N.—1
st)= Y ai > cpr,(t—ils — jT. — d;Ty — bie) (5.82)
i=—00 =0

where pr, (t) is the used pulse and T, its width, a; and b; the PAM and PPM
symbols respectively, (¢;) and (d;) the DS and TH codes, N, the code length, T}
the symbol period, T, (Ts = N.T.) the chip period, T} the time hop and e the

PPM time shift. We say that s(t) is invariant with respect to the time to pulse
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Fig. 5.11.: SNR pﬁl) in dB with respect to the distance d.

width ratio (t/T,,) if pr, (t) can be written as:

pr,(t) =p (;ﬂ)) VT (5.83)

Gaussian pulse and its multiple derivatives are an example of pulses satisfying
Eq. 5.83. In this section we consider a doublet (second derivative of the Gaussian
pulse) for numerical illustration:

o (b) [1 _4r (71;)2

Denote by vs(f) and Ps = f0+°° ~s(f)df the unilateral PSD and the power of

s(t), T the integration time, VI()Z) the loss due to the propagation through the [*"

path (1/,()1) = 4nd® where d is the distance between Tx and Rx), A = ¢?/4n f?
(fe the central frequency) the aperture of Rx, v;; the implementation loss, p; the

e_QW(ﬁ)Q,

transmitted signal to received noise ratio, and pg) the SNR of MPC®. We can
write is ind d O as:
pt (pe is independent of d) and p;” as:

P,T

Tn

P, TA
() s
Pr = 0) :
Vp "VilVn

Pt =

In Fig. 5.11 we show ,05»1) with respect to d when a doublet is used. We take

yPeak = —41.3 dBm/MHz, T,, = 0.13 and 1.3 ns, T = 50 and 200 ns, Ny/2 =
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‘ H Residential LOS ‘ Office LOS ‘ Outdoor LOS ‘ 0-4 LOS ‘

| Range (m) || 7-20 | 3-28 | 5-17 | 0—-4 |
| 1/A (ns) || 21.28 | 625 | 2083 | 4292 |
| 1/)\1 ns) || 0.65 | 526 | 3.7 | 04 |
| 1/X2 (ns) || 6.67 | 034 | 0.41 | |
| 1/)\ ns) || 6.1 | 043 | 0.44 |04 |

Table 5.2.: Parameters of UWB channels in some types of environments.

—114 dBm/MHz, Upf = 6 6 dB and v;; = 2.5 dB. For T\, = 0.13 ns, T" = 50 ns
and d =9 m, we obtain p ~ 20 dB and p; = 90 dB.

5.3.2 Channel statistical model
In this subsection we describe the statistical model of our UWB MP channel.

Based on the IEEE 802.15.3a and IEEE 802.15.4a models [7, 9], we assume
that the MPCs arrive to Rx in consecutive clusters. The TOA of a cluster follows
a Poisson process of average-rate-of-arrival of 1/A while the TOA of a MPC
within a cluster follows a mixture of two Poisson processes of average-rates-of-
arrival 1/A\; and 1/\;. We can write:

T:, . ir, = AeAla—Tion) (5.84)

i1 Ti—1,1
T, = kAe M) 4 (1 - g)Age P2 (M- (5.85)

il Ti -1

where Ty.3 denotes the probability density function (PDF), 7; ; the TOA (taking

as reference the time of transmission) of the j:* MPC within the i*" cluster, and
k€ [0,1].

We define the average of the MPC average-rates-of-arrival (within a cluster)
as:

1/ AN=58/M+(1—K)/ s (5.86)

Unless otherwise mentioned, we mean from now on by average-rate-of-arrival the
magnitude 1/\ defined above.

In Table 5.2 we show for some environments the cluster average-rate-of-arrival
1/A, the MPC average-rates-of-arrival 1/A; and 1/)\y, and the average-rate-of-
arrival 1/A.
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5.3.3 Probability of overlapping between neighboring MPCs

In this subsection we compute the probability of overlapping between neighboring
MPCs.

Assuming that the chip period T, in Eq. 5.82 is larger than the time delay
corresponding to the last MPC, we can consider without loss of generality the
transmission of only one pulse. From the channel statistical model presented in
Sec. 5.3.2, we can assume that if the pulse width is sufficiently smaller than
the average-rate-of-arrival, then the received signal can be split into consecutive
non overlapping blocks, of overlapping pulses (i.e. the blocks are not overlapping
while the MPCs within a given block are overlapping).

Denote by PE’T the probability that Ar(-i=1) = (T(l/) —70) < ty. Assuming
that MPCU~1 and MPC® fall in the same cluster, we can write:

to
PX)T = / {/{)\16_)‘1t + (]. — I{))\Qe_)\Qt} dt
0
= k(1 —e M) 4 (1 — k)(1 — e 2l0), (5.87)

Denote by Pé”b the probability that the number L; of the MPCs falling in the
first block, is equal to l,. Assuming that BK; (BK; denotes the i*" block) falls
in the first cluster, we can write:

Pl — P{Lb - zb} - P{ (ATW—U < Tyl =2, lb)&(mab“alb) > Tw)}
= (Pao) (1= PR2) (5.88)

where P{-} denotes the probability operator.

Note that even if BK; does not fall in the first cluster, Eq. 5.88 can be con-
sidered as a good approximation if the pulse width T, and 1/\ are sufficiently
smaller than 1/A. However, the probability that an arbitrary block contains I,
MPCs is slightly different from that given in Eq. 5.88.

Let us define the pulse width to average-rate-of-arrival ratio as:
AT, (5.89)

where 1/) is the average-rate-of-arrival defined in Eq. 5.86.

In Fig. 5.12 we show Pibb with respect to the pulse width to average-rate-of-
arrival ratio \T,, for [, = 1,2,3 and for I, < 3. We vary AT, from 0.1 to 2.
Residential LOS and office LOS environments have been considered. We can see
that Pib > be > Pgb, VAT,; this result could be expected from Eq. 5.88. We
can also see that for AT, = 0.5, the probability to have no more than three
MPCs in the first block, is greater than 0.9 for both residential LOS and office
LOS environments.
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09 —— Ib=1, Res.
e _<_Ib=2, Res.

0.8 —s—1,=3, Res.

0.7 o —— Ib£3, Res.

- e -l =1, Off.
0.6 N b
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Fig. 5.12. Pibb with respect to AT, for I, = 1,2,3 and for [, < 3 in residential
LOS (Res.) and office LOS (Off.) environments.

We will see in Sec. 5.3.4 that non-overlapping blocks can be studied separately.
In addition, by taking into consideration the small probability to have more than
three MPCs per block, we can simplify our study by only considering blocks
of one, two and three MPCs instead of considering the whole channel impulse
response. When the pulse width becomes larger than the average-rate-of-arrival,
blocks of more than three MPCs should be considered. In this work, we only
consider blocks of up to three MPCs.

5.3.4 Fisher information matrix for multipath channel parameter
estimation

In this subsection we derive the FIM for the joint estimation of the channel
parameters.

We assume that the unknown parameters to estimate are
a® 7MW o o) (L) Denote by J%T the FIM for the joint estimation
of a = (@M. -.aINT and 7 = (V... 7T "and by " and ¢ the CRLBs
of a® and 7 respectively.

From Eq. 5.81 we can write the log likelihood function for the joint estimation
of a and T as:

L

or o 2 [ S oWt — #O 2
AT = K 2%/;{ ()= aWs(t )} dt (5.90)

=1
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where K denotes a constant.

Denote by w(t), X(f), E. = fT 2t )dt 52 = FE;/E, =
JAm2 X ()12 [1X(f)|?df and Ry( S a( z(t)dt the deriva-
tive, Fourier transform, energy (in 7'), mean quadratlc bandvvldth and auto-
correlation function of z(t) respectively, X, = Jr( )dt the cross-

correlation function of z(t) and y(¢), and Rm( ) I( )/Em and X, (1) =

7)/\/Exz By, the normalized auto and cross correlation functions (| R, (7)| <
1 and | X, ,(7)] <1). We can prove that when z(t) satisfies Eq. 5.83, then R, ()
satisfies it as well, and 32 becomes inversely proportional to the squared pulse
width T2 (i.e. 82T?2 is constant), and when both z(t) and y(t) satisfy it, then
X, (1) satisfies it as well.

Taking the negatives of the expectations of the second partial derivatives of
AST Jeads to the following elements of the FIM J<T:

) .0
ot Rs ™ pRUD (5.91)
Tn
W _ah a(l)a(l/)R(:l/’ ) (l) (l’ 2 (l )
n
’ — (l/)X(ll’l) 4 5 (17
fa(l),r(l ) — aﬂyi"'? = — ptp,(»l )ﬁst(i D (593)

(OIC)] (GOl

where 2D denotes z(AT(ll’l)), and f¢ = fT . Taking [ = I’ and
assuming that s%(t)|r = 0, we obtain the elements of JO‘T corresponding to
MPC®):

NOINO)

Fe = gy (5.94)
ot = g2 (5.95)
g, (5.96)

therefore, we can write J%T as

Ja1n ‘ J1.2) ‘

ger — | ge ‘ J(2:2) \ (5.97)

where,

) 4"

O
g Jooe fe
- fT(l)D‘(l/)’ me 709 ’
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Note that for I’ # [, the matrix J) g diagonal because f”‘m’T“) = 0 (see

Eq. 5.96). Furthermore, if MPC®) does not overlap with any other MPC, then
JE) becomes null for all ! # 1 (see Eq. 5.91, Eq. 5.92 and Eq. 5.93, and take
into account that X, ,(7) = 0 if z(t+7) and y(¢) do not overlap). As the CRLBs
of the parameters to estimate correspond to the diagonal elements of the FIM
inverse (JT)~! we can easily show that when MPC® does not overlap with
any other MPC, then the CRLBs @ and ¢™” of a® and 7() are the inverses
of fae"” Eq. 5.94 and f7" 7" Eq. 5.95 respectively. The CRLBs obtained
in this case are the smallest that can reached. They correspond to the CRLBs
obtained in an AWGN channel.

We have seen in Sec. 5.3.3 that the received signal can be split into non-
overlapping blocks of overlapping MPCs when the pulse width is sufficiently
smaller than the average-rate-of-arrival. Let us denote by J;"* the FIM corre-

sponding to the block BK;. As the Fisher information fo‘(l)vo‘(l/) Eqg. 5.91, fT(l) S
Eq. 5.92 and fo“"" Eq. 5.93 are null if MPC® and MPC®) belong into two
different blocks (because they do not overlap), we can write the FIM in Eq. 5.97
as:

Jb%z‘ 0 ‘

me=| o [

We can deduce from the structure of J%Z in Eq. 5.98 that the CRLBs of the
parameters of a given block can be obtained by only inverting the sub-FIM
corresponding to the concerned block. This means that different blocks can be
considered separately and that by studying all possible cases of an arbitrary
block, we can characterize the whole channel. We have already mentioned that
only blocks of up to three MPCs will be considered in this work.

(5.98)

5.3.5 CRLBs for channel parameter estimation

In this subsection we compute the CRLBs of the gains and the TOAs of the
MPCs belonging to blocks of one (Sec. 5.3.5.1), two (Sec. 5.3.5.2) and three
MPCs (Sec. 5.3.5.3). From now on, we denote by MPC®) the I** MPC in the
considered block.

5.3.5.1 CRLBs for blocks of one MPC

Here we consider blocks of one MPC. Given that the considered MPC does not
overlap with any other MPC, the CRLBs of a(!) and 7(!) are given from Eq. 5.94,



CRLBS FOR UWB CHANNEL ESTIMATION WITH OVERLAPPING MPCS 203

x10
0.18
3
0.16}
25 ] 044l
| 0.12f
2 =
s T, SR
B = [
o 15 1 ™ o008}
1 ] 0.06[
0.04f
05
0.02f
70 75 80 8 90 95 100 0 5 10 15 20 25 30
p, (dB) p'" (dB)

(a) (b)

Fig. 5.13.: Block of one MPC (a) Square root U%le)l of the CRLB of a(!) with
respect to p; (b) Normalized square root az(:;l /T, of the CRLB of 7(!) with

respect to pgl) .

Eq. 5.95 and Eq. 5.96 by:

a® 1 1

CLy=1 = Fata® = o (5.99)
(1 1 1

Al = - . (5.100)
b FrOr0 pg)ﬂz

We can see in Eq. 5.99 and Eq. 5.100 that ¢, | is, unlike ¢, |, independent of
a®; it depends just on the transmitted signal to received noise ratio p;. Given
that 32772 is constant for pulses satisfying Eq. 5.83, it seems more significant to
(1) 2 . ()
evaluate c7, _, /Ty, instead of ¢, _;.
Remember that all the numerical results provided in this paper are obtained
using a doublet. In Fig. 5.13(a) we show 0%221 (the square root of the CRLB

c%iil of aM) with respect to p;. p; is varying from 70 to 100 dB. For p, = 90
dB, we obtain U%le)l =0.3x 107

In Fig. 5.13(b) we show the normalized square root Jzi)l;l/ﬂu of the CRLB
cz(:;l of (M with respect to ps,l). We vary p&” from 0 to 30 dB. Remember that
the difference of 70 dB between p; and psﬂl) corresponds to T, = 0.13 ns, d = 9 m

and v;; = 2.5 dB. We can see that for pgl) = 20 dB, we have Uz(bl;l = 0.0182T,.

5.3.5.2 CRLBs for blocks of two MPCs

Here, we consider blocks of two MPCs.
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The FIM J;** corresponding to the block BK has the same structure as the

FIM in Eq. 5.97. Accordingly, the CRLBs cL ", and cLb o, 1 =1,2, of ¥ and
7 respectively, can be obtained by inverting Jbi’* then taking the correspond-
ing diagonal elements. Using Eq. 5.91, Eq. 5.92 and Eq. 5.93 we obtain:

N 2 R 2
e e

a® s8

Ty = A (5.101)
1 [X(;,l)]2 N [é(z,wr

+0 s$ S

g, = A (5.102)

where
A1y {Xﬁ?’l)}Q B [Rgm)r B {Rgzd)]z N (Rg27l)R£2,1) n {Xs(il)r)

In Eq. 5.101 and Eq. 5.102, we can see that C%;L)ZQ does not depend on any
1
MPC gain whereas cT(): only depends on the gain of MPC®). This property is
Ly=2
true with blocks of any size. Both C%(bl)zz and CE(:)ZQ depend on the transmitted

signal and the inter-MPC delay A7(>1. Thanks to the symmetry in blocks of
two MPCs, we have cLil)2 = cL(iz regardless the values taken by o) and a(?),

e e
whereas ¢}, _, = ¢}, _, only if al) = @),

Notice that both c%il)zz and 022;2 approach infinity when A7 approaches
zero. This just means that we are unable, due to the background noise, to dis-
tinguish between two neighboring MPCs when they are very close to each other.
However, we are always able (if MPC(!) and MPC(?) are not destructive) to esti-
mate oY) and 7() with high accuracy by doing marginal estimation and treating
MPC® and MPC® as one MPC. The optimal solution consists on choosing
the joint estimation when it is more accurate and the marginal estimation when
it is more accurate. Since the CRLBs of marginal estimation are not computed
here, we assume that we are unable to distinguish between MPC() and MPC ()
when the CRLB 0221;2 of the TOA of MPC( is larger than the squared inter-
MPC delay (A7(1)2, Denote by AT, the value of A2 for which, we have

(1)
Cly=2 = (AT(Z 1))

Given that Eq. 5.83 holds for R,(7), Rs(7) and X,(7) if it holds for pr, (¢), it
seems more significant to evaluate " and CT(Z)/Tw with respect to A3 /T,
instead of A7(>1). In Fig. 5.14(a) we show Ug::)l (the square root of the CRLB
obtained in the case of blocks with one MPC) and 02‘212 (the same for I = 1, 2)
with respect to Ar(21) /T We take p; = 90dB. For AT = 0.17,, we obtain

o9, 7 0.0027 ~ 8509 .



CRLBS FOR UWB CHANNEL ESTIMATION WITH OVERLAPPING MPCS 205

Fig. 5.14.: Block of two MPCs (a) 0%21:)1 (one MPC per block) and O’%iig
F)

with respect to A7 /T, (b) 07,=1/Tw (one MPC per block), ozil):Q/Tw and
AT /T, (first bisector) with respect to AT /T,

In Fig. 5.14(b) we show az(bl;l/Tw (corresponding to the case of one MPC
per block), Uzil):Q/Tw (the same for I = 1,2 if we consider equal SNRs) and
A7V /T, (first bisector) with respect to A7) /T, We take p\) = 20dB. We
can see that O’E(J)ZQ becomes larger than A7(D for A7(21) < AT}E}QQ = 0.16T7,.
Note that ATE;EQ decreases as the SNR pEf) increases. For Ar(21) = 0.17,,, we
obtain oF. L, ~ 0.45T,, ~ 2507~ .

We can see from Fig. 5.14(a) and Fig. 5.14(b) that U%Ziz becomes ap-

. o) ) . )
proximately equal to of, _;, and o7 _, approximately equal to o7,_,

ATZD = 0.5T,.

for

5.3.5.3 CRLBs for blocks of three MPCs
Here, we consider blocks of three MPCs.

As c%;l):?, and cz(bl):3 do not have closed form in this case, we compute them
numerically. Given the non-symmetry of blocks of more than two MPCs, the
CRLBs of the parameters of the different MPCs are not equal even if the MPC
gains are equal. For this reason, we only consider here the first MPC.

In Fig. 5.15(a) we show J%izl (the case of one MPC per block) and 0%21:)3
with respect to both A7 /T, (normalized relative delay between MPC(!)
and MPC®) and A7(3?) /T, (normalized relative delay between MPC() and
MPC®)). We can see that for A7V = A7G32) = 0.1T,,, we have 03223 R~

JYED)

0.0072 ~ 22607, .



206 CRLBS FOR POSITION ESTIMATION AND JOINT TOA AND AOA ESTIMATION IN MIMO AND UWB SYSTEMS

(1) 1)

Fig. 5.15.: Block of three MPCs (a) of,_; (one MPC per block) and 0%223
with respect to A7(> /T, and AT(32) /T, (b) az(:;l/Tw (one MPC per block),
0221;3/Tw and AT /T, (bisector) with respect to A7V /T, and A2 /T,

In Fig. 5.15(b) we show Uz(:;l/Tw (the case of one MPC per block), O’E(:;?’/Tw
and A7V /T, (bisector) with respect to A7V /T, and A7) /T,,. We can
see that for A7 and A7(32) larger than AT‘LT;Q, = 0.24T,,, 02:;3 becomes
larger than A7(21),

We can also see from Fig. 5.15(a) and Fig. 5.15(b) that 0%213 becomes close

to 0%221, and azil)zg close to aziil, for A7(2D = 0.5T), even if A7(32) = 0.1T,.

5.3.6 Average CRLBs

In this subsection we compute the averages of the square roots of the CRLBs of
the gain and the TOA of the first MPC, when the square root of the CRLB of
the TOA is smaller than the inter-MPC delay, in blocks of up to three MPCs.
Since the considered average does not take account of all possible cases, we also
compute the probability of the averaged cases.

The average of the square root of the CRLB of § € {a™, 71} is given by:

(5.103)
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where
P = P{L,=1}=1-PL
Armin
po= Pl = )&(AT<“>>A“““ )} = (PXy = Py (1 - PE)
Py = P{(Ly = 3)&(Ar®D, ArD > Arpin )L
A min
= (PAr = Pp (1 PLY)
and
(0=1) = 0L, (5.104)
Tw
0 fATZ‘i’lz O—inQTETdtl
(0L,—2) = - (5.105)
' Do TLdt
ATE];);Q ATYL
T Ty |
0 fATE“’ls fATi’“E:} o—%b:?)TZTTETdtldtQ
(0h=s) = — . (5.106)
© o T T dtydty

ATE];);S ATEHbiiS
with t; = A7ty = A7) and T4, the PDF given in Eq. 5.85. Note that
0} _, and ¢f _5 are functions of ¢1 and (t1,t2) respectively.

We can easily show that the average of all possible cases approaches infinity.
This does not mean that we are not able to estimate the MPC parameters with
good accuracy. It just says that we can not distinguish between neighboring
MPCs when they are very close to each other. The probability of the cases
averaged in Eq. 5.103 is given by:

P=P + P+ Ps.

In Fig 5.16(a), we show the square root bound of a® in blocks of one
MPC o ,1, the average square root bounds in blocks of two and three MPCs

<0’%(1:>l >, I, = 2,3, and the average square root bound in blocks of up to three
b b

MPCs <aa(1)> with respect to the transmit SNR p;. We consider a doublet of

T, = 0.13 ns, and office LOS environments, so the pulse width to average-rate-
of-arrival ratio is equal to ATy, = 0.3824.

In Fig. 5.16(b), we show the square root bound of 7() in blocks of one MPC
T(lil /T, the average square root bound in blocks of two and three MPCs

< LS) lb> /Tw, ly, = 2,3, the average square root bound in blocks of up to three
MPCs <c >/Tw and the minimum inter-MPC delay A7, /T, all with
respect to the SNR of the first MPC p&l).
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(
b

Fig. 5.16.: (a) of 1;1 (one MPC per block), <U%i1:)lb> for I, = 2,3 (average
bounds), and <a°‘(l)> (average bound) with respect to the transmit SNR, p; (b)
az(bl;l/Tw (one MPC per block), <az(:;lb> /Ty, for I, = 2,3 (average bounds),
<0T(1)> /T, (average bound), and A7, /T, (minimum inter-MPC delay) with

respect to the SNR of the first MPC ,0&1) (c) Probabilities to have one Py, two
P, three P3, and up to three P MPCs per block, with respect to pg).
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In Fig. 5.16(c) we show the probabilities to have blocks with one MPC P,
two MPCs P,, three MPCs P35, and up to three MPCs P, with respect to the
SNR of the first MPC p,(}).

We can see that the average bounds for both gain and TOA estimation are
very close to the bounds obtained under the non-overlapping assumption (which
are the smallest reachable bounds). We can also see that the probability of the
averaged cases is greater than 0.8 (resp. 0.9) for pg}) = 0 dB (resp. pﬁl) > 23
dB). This means that, in the case where the CRLBs can be achieved (i.e. in the
asymptotic region), good accuracy can be often achieved by joint estimation in
the considered environments. Note that by performing marginal estimation when
the neighboring MPCs are very close to each other, and joint estimation when
they are sufficiently far, we can then average all the possible cases to obtain
small bounds instead of infinite bounds.

5.4 CONCLUSION

In this chapter we have considered the derivation of performance limits for pa-
rameter estimation for positioning in WB and UWB systems, assuming AWGN
and MP channels.

We have considered UWB-based positioning using the AOA-based method
and the hybrid TOA-AOA based method. For both methods, we have derived
the CRLBs for position estimation. We have first derived the CRLBs for the joint
estimation of the direct path TOA and AOA, assuming an UWB MP channel.
We have shown, that under the non-overlapping assumption, the estimation is
not impacted by the MP aspect of the channel. We have compared the exact
AOA CRLB and the approximated one obtained by assuming a narrowband
signal. The analytical results obtained for the CRLBs have been illustrated by
numerical results for some typical scenarios.

We have derived the CRLBs for the joint estimation of the TOA and the
AOA in WB MISO and MIMO systems. For TOA estimation, SIMO and MIMO
are equivalent, and MISO and SISO as well when the transmitted signals are
orthogonal. For non-orthogonal signals, MIMO is better than SIMO, and MISO
is better than SISO when the received signals are constructive. For AOA esti-
mation, MIMO is better than SIMO, and SIMO is better than MISO when the
transmitted signals are orthogonal. For non-orthogonal signals, MIMO is much
better when the received signals are constructive. However, the CRLBs obtained
in MISO and MIMO systems when the transmitted signals are not orthogonal
are very sensitive to the angle. As AWGN channels have been assumed, the
CRLBs for the joint estimation of the TOA and the AOA should be investigated
in realistic MIMO configurations where MP fading channels are considered.

We have considered parameter estimation in UWB MP channels. We have
studied the impact of the overlapping of the MPCs on the joint MPC gain and
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TOA estimation. Instead of considering the estimation of the total channel im-
pulse response, we can split the received signal into non-overlapping blocks of
overlapping MPCs, then estimate the parameters of these blocks separately. We
have considered the IEEE802.15.3a and IEEE802.15.4a UWB channel models.
For sufficiently small pulse width to average-rate-of-arrival ratio, the probabil-
ity to have more than three MPCs per block is relatively small. Accordingly,
we have computed the CRLBs for the joint MPC gain and TOA estimation in
blocks of up to three overlapping MPCs. Based on the obtained results we have
computed the average CRLBs. It appears that the CRLBs obtained by averaging
more than 80% of possible cases are very close to the CRLBs obtained under the
non-overlapping assumption.



CHAPTER 6

TESTBED FOR IR-UWB BASED RANGING
AND POSITIONING: EXPERIMENTAL AND
THEORETICAL PERFORMANCES

ESTING the algorithms and estimators proposed in the literature on measure-
ment data is a fundamental step in the development of positioning systems.

IR-UWB based positioning faces many challenges including multipath con-
ditions where the detection of the first MPC which is not always the strongest
one becomes a hard problem especially at low SNRs. Many TOA estimators
has been proposed for dense multipath channels. In [22], the authors have stud-
ied the threshold and energy based estimators and evaluated their performances.
They have also obtained some results based on experimental measurements in an
indoor residential environment. In [33], the authors have considered a threshold-
based estimator and some suboptimal estimators based on peak detection and
tested them on data collected in a typical office building.

In this chapter we describe a testbed for IR-UWB based ranging and posi-
tioning. The testbed is realized at UCL. It consists of a FPGA with high speed
serial module used as pulse generator, four UWB antennas, and either a sam-
pling oscilloscope or realtime oscilloscope used as receiver. Two setups have been
considered, one for ranging with one transmit antenna and one receive antenna,
and another one for positioning with one transmit antenna and three receive
antennas. The results presented in this chapter are based on the work published
in [96, 128].

211
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In order to estimate the distances and the position we first estimate the TOA
by either using the MLE, or a threshold-based estimator. Based on the collected
data, we compute the variances for range and position estimation and compare
them to the corresponding CRLBs. We discuss the impact of the shape of the
autocorrelation of the transmitted pulse, and that of the multipath ascpect of
the channel on the estimation accuracy.

When the TOA is estimated using the MLE, the variances for ranging and
positioning are very close to the corresponding CRLBs if the first MPC is the
strongest one, and if the mainlobe of the autocorrelation of the received pulse is
stronger than the sidelobes. However, when a given MPC is stronger than the first
one due to the channel, or when a given sidelobe is stronger than the mainlobe
due to the additive noise and/or the channel fading, the estimation performances
deteriorate drastically. In fact, a false MPC (resp. sidelobe) detection easily
leads to an error of 60 cm (resp. 21 cm) in ranging and 14 cm (resp. 7 cm) in
positioning.

By estimating the TOA using a threshold-based estimator, we can detect
the first MPC even if it is not the strongest one, so the estimation errors due
to false MPC detection can be removed. However, the errors due to sidelobe
detection cannot be removed using threshold-based estimators. We will also see
from experimental results that, even in the presence of errors due to false MPC
detection, the positioning accuracy can be improved by increasing the number
of receivers.

In Sec. 6.1 we describe the TH-IR-UWB generator. In Sec. 6.2 we describe
the realized testbed. In Sec. 6.3 we present the characteristics of the generated,
transmitted and received signals. In Sec. 6.4 we describe the channel model
adopted in this work and the considered TOA estimator. We show and discuss
the results obtained for ranging in Sec. 6.5 and those obtained for positioning in
Sec. 6.6.

6.1 TH-IR-UWB GENERATOR

Many UWB pulse generators have been proposed in the literature. It will suf-
fice to mention the step recovery diode pulse generators [129-132], the tunnel
diode pulsers [8], the emitter coupled logic [8], the Scholtz’s monocycle generator
[133], the programmable Complementary metal-oxide semiconductor (CMOS)
pulse generator [134], and the voltage controlled ring oscillator (VCRO) based
generator [135, 136].

The main goal of the research activities in this field is to design integrated
low-consumption generators, that respect the emission masks, and that can be
integrated in future UWB transceivers. However, our objective in this work is
restricted to design a multiuser TH-IR-UWB generator for experimentation pur-
poses.
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Kb ML 505

Fig. 6.1.: Xilinx ML505 development board.

The proposed generator is based on a FPGA with high-speed serial mod-
ule. The main issues considered in this work are the generation of monopulses
(i.e. pulses of one positive lobe), the generation of shaped pulses (i.e. oscillating
pulses), and the generation of TH-IR-UWB waveforms for single-user and for
multiuser.

In Sec. 6.1.1 we will describe the monopulse generator and the TH-IR-UWB
generator for single-user. In Sec. 6.1.2 we will describe the multi-user TH-IR-
UWB generator. In Sec. 6.1.3 we will describe the methods proposed to obtain
shaped pulses from the unshaped generated monopulses.

6.1.1 Monopulse and single-user TH-IR-UWB generation

We will describe here how an FPGA with a high-speed serial module can serve
as a monopulse generator and a TH-IR-UWDB generator.

In our experimentations we have considered the following three Xilinx de-
velopment boards, each of them containing an FPGA and a high-speed serial
module:

1. The ML505 board (see Fig. 6.1) based on the Virtex 5XC5VLX50T FPGA
and a single-channel GTP Rocketlo serial module of maximum line rate of
R, = 3.75 Gb/s.

2. The ML507 board based on the Virtex XC5VFX70T FPGA and a single-
channel GTX Rocketlo serial module of maximum line rate of R, = 6.5

Gb/s.

3. The ML523 board based on the Virtex XC5VFXT100 FPGA and 16 chan-
nels GTX RocketIo serial module of maximum line rate of R, = 6.5 Gb/s.
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Fig. 6.2.: (a) LVDS driver with two complementary outputs (Out 1 and Out 2)
(b) The TH-IR-UWB waveforms observed at Out 1 and Out 2 for the pattern
“00000000000000000001”.

In order to generate our monopulse we use the Xilinx’s Integrated bit error
ratio tester (IBERT) application which allows the serial module to send period-
ically a pattern of N, = 20 bits (N, is the number of bits per pattern) at the
rate Ry = 1/T} (T is the duration of one bit). By setting 19 bits to “0” and one
bit to “1” we obtain a periodic monopulse with pulse width of T}, ~ 1/R;, and
repetition period of T, = 207T,.

On the electronic level, the predefined patterns are sent using a low voltage
differential signaling (LVDS) driver (see Fig. 6.2(a)), containing two complemen-
tary outputs (Out 1 and Out 2) accessible on SubMiniature version A (SMA)
connectors.

By increasing the rate R} of the serial module, we decrease the pulse duration
until it reaches a given threshold determined by the present low-pass filtering
effects. In the latter case, the pulse width is no longer equal to the bit duration
(i.e. Ty, > Tp). The repetition period is always given by T, = NyTy,.

The main drawback of the IBERT application is its very short pattern of
N, = 20 bits. Assume for example that a given repetition period is required to
garantee that the last MPC (due to the multipath channel where the measure-
ment campaign will be carried out) corresponding to a given transmitted pulse,
is received before sending the next pulse. Then, to increase the repetition period
T, = 20T, we have to decrease the rate R, which makes the generated pulses
wider.

To solve this problem we have used another application which allows us to
define, in the memory of the FPGA, patterns with the required lengths. By using
this application, the pulse duration T;, can be chosen by tuning the rate R} of
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Fig. 6.3.: TH-IR-UWB waveforms corresponding to different patterns.

the serial module, and the repetition period 7T, by varying the length NV, of the
predefined pattern.

The generated signal can be written as:

oo o0 Nbfl
s(t) =Y wt—iNyTy) => Y ajpy(t —iNyT} — jT,)
i=0 i=0 j=0

where pg4(t) denotes the generated monopulse, w(t) the TH-IR-UWB waveform
corresponding to the defined pattern, N, the length of the pattern, and a; the
value of the jth bit in the pattern. By setting a; to either “0” or “1” we obtain
the wanted waveform.

In Fig. 6.2(b) we show the TH-IR-UWB waveforms obtained at the comple-
mentary outputs Out 1 and Out 2 of the LVDS driver (see Fig. 6.2(a)), for the
pattern “00000000000000000001”, at the rate R, = 3.75 GHz, using the board
ML505.

In Fig. 6.3 we show the TH-IR-UWB waveforms corresponding to
the following patterns: “00000000000000000001”, “100000000000000001017,
“00001000010000100001” and “00000111110000011111”.

6.1.2 Multiuser TH-IR-UWB waveforms generation

In Sec. 6.1.1 we have described how TH-IR-UWB waveforms for single-user can
be generated by setting the bits of the available pattern to either “0” or “1”.
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Here we will describe the methods proposed to generate multiuser TH-IR-UWB
waveforms.

TH is a particular type of multiple-access techniques. The kth user TH wave-

form can be written as (k=1,--- , K):
N.—1
wh () =Y py(t —nTe — PT) (6.1)
n=0

where T, denotes the chip period, N, the number of chips per waveform (N, is

also the length of the TH code), T}, = ﬁ; the time-hop equal to the bit duration

Ty, and (c(()k), e ,0%6371), P e {0,---, N}, — 1} the code of the kth user.

In order to generate multiuser TH-IR-UWB waveforms, both single-channel
(e.g, ML505 and ML507) and multi-channel (e.g, ML523) boards can be used.

With multi-channel boards, multiuser waveforms can be generated by as-
signing a channel to each user, then defining for each channel its own pat-
tern. The TH-IR-UWB waveforms in Eq. 6.1 are obtained by considering pat-
terns of N, = N.Nj, bits, then setting the bits of number niN, + c%k) + 1,
(n = 0,---,N. — 1) to “1” and the remaining bits to “0”. For N. = 3,
Nj, = 4 and K = 2 (K denotes the number of users), the codes ¢) = (0,0, 1)
and ¢® = (1,3,1) are obtained by the patterns p(*) = 100010000100 and
p®) = 010000010100 respectively. The main advantage of this approach is its
simple implementation. However, its main two drawbacks are that:

e The number of users is limited to the number of available channels.

e Multi-channel boards are more expensive than single-channel boards.

In Fig. 6.4 we show the normalized TH-IR-UWB waveforms corresponding
to the codes ¢! and ¢®). Note that we have successfully generated multiuser
TH-IR-UWB waveforms using the ML523 board. However, the waveforms shown
in Fig. 6.4 are obtained by simulation.

With single-channel boards, multi-user waveforms can be generated by defin-
ing one pattern of N, = K N_.Nj, bits obtained by concatenating the patterns
of the different users. For the same example considered above, the pattern to
define is p(*?) = pM|p(2) = 100010000100010000010100. Now, to separate the
waveforms corresponding to the different users from each others, we have to de-
multiplex the output of our single-channel at the frequency N%, = ﬁ The
demultiplexer can easily be fabricated from low-cost switches. For 2! users, we
need 1+2+44+---42=1 = 2! _1 switches. The major drawback of this approach
is that the waveforms at the output of the demultiplexer are K times longer than
the required waveform length. In contrast, the main advantage is that there is
no limitation regarding the total number of users.
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Fig. 6.4.: TH-IR-UWB waveforms corresponding to the TH codes ¢(!) = (0,0,1)
and ¢ = (1,3,1).

6.1.3 Pulse shaping

In Sec. 6.1.1 and Sec. 6.1.2 the generated waveforms are based on monopulses
(i.e. pulses of one lobe, we also call them unshaped pulses). As the spectra of
such pulses fall around the DC frequency, the generated monopulses should be
shaped in order to make their spectra falling in higher frequency bands.

In order to obtain pure IR-UWB waveforms, we have considered two shap-
ing methods, the antenna based shaping method and the complementary-
output based shaping method, both without modulating by a carrier. In
Sec. 6.1.3.1 we present the antenna-based shaping method, and in Sec. 6.1.3.2
the complementary-output based shaping method.

6.1.3.1 Antenna based shaping

We describe here the shaping method based on the use of the transmit antenna.

This method simply consists on sending the generated monopulse directly
to the transmit antenna. Therefore, the received pulse is shaped by both the
transmit and the receive antennas.

In Fig. 6.5(a), we show the normalized monopulse p(t) generated by the board
ML523 at the rate R, = 6.5 Gb/s, the normalized received pulse p;(t) shaped
by an UWB antenna having the same shape as the antenna (called Antenna
1) described in [137] and shown in Fig. 6.6(a), but 4 times smaller, and the
normalized received pulse po(t) shaped by a 2.4 GHz dipole antenna (called
Antenna 2). The widths of p(t), pi(t) and po(t) are equal to Tp, = 368 ps,
Ty =1.2ns and Ty, » = 3.6 ns, respectively.
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Fig. 6.5.: (a) Normalized monopulse p(t), and normalized pulses p;(t) and pa(t)
shaped by Antenna 1 and Antenna 2 (b) Normalized ESDs v(f), v1(f) and v2(f)
of p(t), p1(t) and pa(t).

In Fig. 6.5(b), we show the normalized energy spectral densities (ESDs) v(f),
v1(f) and ~2(f) corresponding to p(t), p1(t) and pa(t) respectively. The band-
width at -10 dB of p(¢) is equal to B = 2f}, = 6.7 GHz (f}, denotes the highest
frequency). The bandwidths and central frequencies corresponding to p;(t) and
p2(t) are equal to (f.1, B1) = (2.67,2.35) GHz and (f. 2, B2) = (2.41,0.48) GHz,
respectively.

The energy E, of the generated monopulse is measured by connecting Out
1 directly to the oscilloscope (Out 2 is connected to the transmit antenna); we

2
can write E, = [ +;o ng;t) dt = 0.36 pJ where py(t) denotes the voltage signal

observed by the oscilloscope and R = 502 the impedance of the oscilloscope.
The received energy FE, is measured by connectmg the receive antenna to the

oscilloscope; we can write E, = [~ tor ’Iét) dt where p,(t) denotes the signal
observed by the oscilloscope. Denote by -(f) the Fourier transform of p,(t),

and £ (f) and v5(f) = % the transmitted and received ESDs respectively.
The transmitted energy is given by:

+oo
B= [ i (6.2)

— 00

Using the Friis transmission formula, we can write:

(6.3)
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Fig. 6.6.: (a) UWB antenna (b) ML507 board with two complementary out-
puts, chain of connectors used to introduce delay, power combiner, and sampling
oscilloscope visualizing the shaped pulse.

where

_a6 -t € _aa (- i 6.4
V(f>— trmm— tT<47Tdf> ()

with G; and G, representing the gains (approximately constant in the considered
frequency bands) of the transmit and receive antennas respectively (non-isotropic
antennas), d the distance between transmit and receive antennas (we have con-

2
sidered d = 30 cm), ﬁ the loss due to free-space propagation, and ij the
aperture of the receive antenna around the frequency f.

By computing E; and dividing it by E, we have found that 1/4 and 1/30
of the generated energy is radiated by Antenna 1 and Antenna 2 respectively
(i.e. 3/4 and 29/30 dissipated). For the antenna described in [137], shown in
Fig. 6.6(a) and used later in Sec. 6.2 we have found that 1/13 of the energy is
radiated. Note that for the antenna in [137] we have G; = G, = 2.15 dB whereas
for Antenna 1 and Antenna 2 we have assumed that the antennas are isotropic
(i.e. Gt = G, = 0 dB) because we do not know their specifications (this means
that the values of corresponding radiated energies are lower than the obtained
ones).

The main weaknesses of antenna based shaping lie in the fact that:

e Most generated energy is dissipated in the transmit antenna, and only a
small portion is radiated.

e The bandwidth of the shaped pulse is much smaller than that of the un-
shaped one.
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Fig. 6.7.: (a) Complementary monopulses ws(t) and ws(t) and shaped pulse
wi,2(t) (b) Normalized ESDs v1(f), 71,2(f) of w1 (t) and wy 2(¢).

e The required transmission frequency band (i.e. that of the shaped pulse)
should totally fall in the frequency band of the generated pulse. This also
means that the monopulse should be highly short.

6.1.3.2 Complementary-output based shaping

We describe here the shaping method based on the use of the complementary
outputs of the LVDS driver.

As pointed out in Sec. 6.1.1, we have two complementary outputs per channel
thanks to the LVDS driver (see Fig. 6.2(a) and Fig. 6.2(b)). The second shaping
method consists on exploiting these outputs in the shaping procedure. To do so,
we apply a time delay approximately equal to the monompulse width to one of
the two outputs, then add both outputs.

To validate our idea, we have used a chain of connectors to introduce the
necessary delay and the R&S RVZ 0-2700 MHz power splitter (and combiner) to
add the two outputs. In Fig. 6.6(b), we can see the ML507 board used to generate
the monopulse with the two complementary outputs, the chain of connectors, the
combiner and the shaped pulse on the oscilloscope.

In Fig. 6.7(a) we show the complementary generated monopulses wy (t) and
wa(t), and their sum wn 2(¢) after shifting wq (¢). In Fig. 6.7(b) we show the nor-
malized ESDs 1 (f) and 71 2(f) corresponding to ws () and wy 2(t) respectively.
The unshaped pulse (generated using the ML507 board at the rate R, = 3 Gb/s)
has a width of T,, = 600 ps and a bandwidth of B = 2.44 GHz, whereas the
shaped pulse has a width of T\, = 950 ps, a central frequency of f. = 1.45 GHz,
and a bandwidth of B = 1.79 GHz. The energy loss due to the power combiner
is equal to 4.5 dB.
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Fig. 6.8.: (a) Complementary waveforms w;(t) (two consecutive monopulses)
and ws(t) and shaped waveform ws 2(t) (b) Normalized ESDs 1 (f), v1,2(f) of
wy (t) and wy o(t).

In Fig. 6.8(a) we show the complementary generated waveforms ws(t) and
wso(t) when two consecutive monopulses have been generated, and the shaped
waveform wq 2(t). In Fig. 6.8(b) we show the normalized ESDs corresponding to
wy (t) and wy o(t).

The main advantage of this shaping method is that the energy loss is relatively
small because it is only due to the component introducing the delay and to
the combiner. However, like the antenna based shaping method, the required
transmission frequency band should totally fall in the frequency band of the
generated pulse.

6.2 THE TESTBED

In this section we describe the testbed realized at UCL in order to perform
ranging and positioning based on IR-UWB signals.

We have already mentioned that the testbed is composed of a FPGA with
high speed serial module as IR-UWB pulse generator, four UWB antennas, one
(Tx) for transmission and three (Rxi, i = 1,2, 3 for reception, and an oscilloscope
used as receiver.

The IR-UWB pulse generator has been considered in detail in Sec. 6.1. In
the measurement campaigns presented in this chapter, we have used the Xilinx
single-channel ML507 development board as pulse generator. Now, instead of
combining the two outputs Out 1 and Out 2 together to obtain a shaped pulse, we
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Fig. 6.9.: (a) Tektronix (top) and Agilent (bottom) oscilloscopes (b) Character-
ization room.

have connected Out 1 to the transmit antenna Tx, and Out 2 to the oscilloscope
in order to be used as a reference for TOA estimation.

The Rocketlo output Out 1 is matched to 50 2 impedance such that it can be
connected to Tx. The UWB antennas (3x10x8 cm?, see Fig. 6.6(a)) are designed
and fabricated at UCL [137].

Either the Tektronix 11801C digital sampling oscilloscope, or the Agilent
DSA91304A Digital Signal Analyzer, have been used in the carried out measure-
ment campaigns. The Tektronix 11801C Digital Sampling Oscilloscope shown in
Fig. 6.9(a) (the one on the top) has a bandwidth from DC to 50 GHz and a
sampling interval equal to 0.01 ps. It contains 4 heads with up to 2 channels per
head. The Agilent DSA91304A Digital Signal Analyzer shown in Fig. 6.9(a) (the
one on the bottom) has a bandwidth of 13 GHz and a sampling frequency of 40
GS/s. It contains 4 channels.

Gore phaseflex cables [138] of 4 and 8 meters are used to connect the FPGA
to the transmit antenna and the oscilloscope, and the receive antennas to the
oscilloscope. An amplifier is also used to compensate the losses in the cables.

Two setups have been considered: one for ranging and one for positioning.
In the first setup, we have used one transmit antenna and one receive antenna,
whereas in the second setup, we have used one transmit antenna and three receive
antennas. For both setups, the measurement phase is preceded by a phase of
calibration. The main roles of the phase of calibration are:

e Finding the characteristics of the generated, transmitted and received
pulses.
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e Estimating the noise corrupting the acquisition.
e Estimating the delays introduced by the cables.

The measurement campaigns are carried out in a wide characterization room
(33 x 9 x 2.8 m?) containing many tables with many electronics equipments (see
Fig. 6.9(b)).

6.3 SIGNALS CHARACTERISTICS

In this section we present the characteristics of the generated, transmitted and
received signals.

Denote by p,(t) the generated pulse, py.(t) the clean generated pulse obtained
by bandpass filtering p,(t) between 0.2 and 2 GHz then keeping the main lobe
of the filtered pulse, p,(t) the received pulse, and p,.(t) the clean received pulse
obtained by bandpass filtering p,.(¢) between 0.5 and 2 GHz then keeping five
main lobes of the filtered pulse. The generated py(t) and clean generated pg.(t)
pulses are shown in Fig. 6.10(a), and the received p,(t) and clean received py.(t)
pulses in Fig. 6.10(b). Note that we have defined the clean generated and received
pulses in order to remove the ringing present at the output of the FPGA, and
to obtain smooth spectra that can be used below in the computation of the
frequency response of the antenna. Note that we have defined the clean generated
and received pulses in order to remove the ringing present at the output of the
FPGA, and to obtain smooth spectra that can be used below in the computation
of the frequency response of the antenna.

Denote by v2(f), vb.(f), 72 (f) and 72.(f) the power spectral densities (PSD)
corresponding to the pulses py(t), pge(t), pr(t) and p,.(t), respectively. The PSD
~vP(f) of a given voltage signal x(¢), that is measured using the oscilloscope (such
as py(t) and pr(t)), is given by:

X

e (f) T

(6.5)
where X (f) denotes the Fourier transform of x(¢) and T, the repetition period.
In Fig. 6.10(c) we show ~2(f) and 7.(f), and in Fig. 6.10(d) v2(f) and 72.(f)-

For later use in Sec. 6.4 (see Eq. 6.8 and Eq. 6.10) we denote by h(t) and
H(f) the normalized (with respect to v(f) in Eq. 6.4 so that the effects of v(f)
will be contained in oV in Eq. 6.9) impulse and frequency responses counting
for all effects between the input of the transmit antenna and the output of the
receive antenna. We can write:

Pre(t) = pge(t) @ h(t) (6.6)

{ Pelh) ¢ € [0.5,2] GHz

H(f) \/v<f)Och<f>

(6.7)
elsewhere.
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Fig. 6.10.: (a) Generated py(t) and clean generated py.(t) pulses (b) Received
pr(t) and clean received p,.(t) pulses (c) PSDs 72(f) and v2.(f) of py(t) and
Pge(t) (d) PSDs 77(f) and A7.(f) of pr(t) and py(t)-

In Fig. 6.11, we show |Hnorm (f)|, the normalized module of H(f).
The characteristics of the clean generated pulse py.(t) are as follows:
e Pulse duration (from zero to zero): Ty, = 672 ps.
e Bandwidth (at -10 dB from the PSD peak [1]): By = 3.7 GHz.
The characteristics of the clean received pulse p,..(t) are given by:
e Pulse duration: T}, = 2.1 ns

e Lowest frequency, highest frequency, mean frequency and bandwidth: f; =
0.73 GHz, f, = 1.7 GHz, f,, = 1.29 GHz and B,. = 0.97 GHz.
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Fig. 6.11.: Normalized module |Hyyrm(f)| of the frequency response between
the generated and the received pulses.

e Mean quadratic bandwidth: 32 = 6.86 x 10'? s72.

Regarding the radiated power and energy, we have obtained (without taking into
account the attenuation in the cables connecting the FPGA to Tx, and RXs to
the oscilloscope):

e Transmitted energy per bit: E;, = 3 pJ. We have computed E, using
Eq. 6.2, Eq. 6.3 and Eq. 6.4 by considering a distance of d = 30 cm.

e Power: 0.0281 mW; this value is below the limit set by the US Federal
Communications Commission (FCC) and the European Commission (EC)
to approximately 0.5 mW and 0.167 mW, respectively. We have considered
a repetition period of T,, = 106.666 ns.

e Mean PSD: 1.11 x 10~'* W/Hz; this value is below the limit set by the
FCC and the EC to 7.4 x 1074 (-41.3 dBm/MHz). Given that we radiate
between 0.5 and 2 GHz, we should upconvert our signals into the band
located between 3.1 and 10.6 (resp. 6 and 8.5) GHz in order to be compliant
with the FCC (resp. EC) emission masks.

e PSD peak: 1.97 x 10~ W/Hz; this value is below the limit set by the EC
to 2 x 101 W/Hz (0 dBm/50MHz).

6.4 CHANNEL MODEL AND TOA ESTIMATOR

In this section we describe the channel model adopted in this work and the
considered TOA estimator.
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Denote by s(t) the generated signal and r(t) the signal received through a
multipath AWGN channel. Signal s(¢) consists of a burst of the monopulses
pg(t) (presented in Sec. 6.3). We can write r(t) as:

L
r(t) = s(t) @ h(t) @ c(t) +n(t) =Y als.(t —71) + n(t) (6.8)
=1
with
L
e(t) = Z aWst — 1) (6.9)
=1
se(t) = s(t) @ h(t) (6.10)

where n(t) denotes the AWGN of bilateral PSD of Ny/2, a¥ and 7(¥) the gain
and the time delay of the [th MPC, L the number of MPCs, c(t) the channel
impulse response, and s, (t) the generated signal filtered by the transmit and
receive antennas. We recall that h(t) is given in Eq. 6.6.

By assuming the first MPC (containing the information about the distance)
the strongest one, we can estimate the time delay 7 = 7(1) using the MLE:

7= arginax {z(t)} (6.11)
where
z(t) = r(t) ® sp.(—t) (6.12)

is the cross-correlation of r(t) and s, (t).

Note that in Eq. 6.12 we have filtered the received signal by the filter matched
to s-(t) Eq. 6.10, and not to the generated signal s(t) (see Eq. 6.8). In fcat, we
have seen in Sec. 6.3 that the pulses py(¢) (the unshaped generated monopulse)
and p,(t) composing the signals s(¢) and r(¢) do not have the same shape. By
contrast, the pulses of r(t) Eq. 6.8 and s,.(t) Eq. 6.10 have the same shape. Note
also that on the oscilloscope, we only get the samples of s(t) and r(t). So, in
order to use the MLE in Eq. 6.11, we have to filter s(t) twice by h(t) according
to Eq. 6.10 to obtain s, (f).

We have seen in Chap. 5 that when the first MPC does not overlap with the
following MPCs, the CRLB for TOA estimation can be written as:

N2 1
O = QOREE (6.13)

where E; denotes the transmitted energy (i.e. energy of s,.(t) in Eq. 6.10), and
E,. = (aM)?E; and p = NL§72 the useful received energy and the SNR of the first
MPC.
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6.5 RANGING

In this section we show and discuss the results obtained for ranging. We consider
one transmit antenna (Tx) and one receive antenna (RX). The distance between
Tx and RX belongs to the range 1 to 6 meters.

In order to get an accurate estimation of the TOA we must estimate the
delays introduced by the cables connecting the FPGA to the oscilloscope and
to the transmit antenna, and the cables connecting the receive antennas to the
oscilloscope. In this setup, where only one receive antenna is used, we have to
estimate only one delay (7.), while in the positioning setup in Sec. 6.6 below
where three receive antennas will be used, we have to estimate three delays (7.1,
Te2 and Tcg).

In order to estimate 7., we put Rx at a known distance (d. = 30 cm) from
Tx, estimate the observed time delay 7., (we mean by “observed” the time delay
containing both the time of flight and the cables delay) by using Eq. 6.11, and
subtract the time of flight d./c from 7., (estimate of 7,):

Te = Teo — de/c.

The estimate 7. of 7. relies on one transmitted pulse. Given that we have trans-
mitted 50 pulses per acquisition, the final estimate of 7, is the mean p+, of the
50 estimates 7.. We have found pz, = —0.32 ns.

Once the delay introduced by the cables is estimated, the distance between
Tx and Rx can be estimated by:
d= (o — piz.)
where 7, is the observed time delay estimated by using Eq. 6.11.

]?enote by o4, g and by = pg — d the standard deviation, mean and bias
of d obtained over the 50 transmitted pulses, respectively. The CRLB for the
estimation of d can be obtained from Eq. 6.13 as:

o ANy/2

_ 2 I
Ca=CC = m = Em

In order to compute Cy, we should know the values of Ny/2 and E,. (82 corre-
sponds to the mean quadratic bandwidth of the clean received pulse p,..(t), see
Sec. 6.3).

We have estimated Ny/2 as the average over the 50 received pulses of the
average of the PSD ~2(f) of the received signal (computed using Eq. 6.5) in the
frequency band between f; = 6 GHz and f, = 250 GHz (there are no useful
signal components in this band). We have found that Ny/2 is in the order of
10~ W/Hz (-100 dBm/MHz).
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Fig. 6.12.: (a) Energy of the first MPC in dB (with respect to Joule) with respect
to the distance d (b) SNR of the first MPC with respect to d (c) Standard
deviation o4 and square root of the CRLB in centimeters with respect to d (d)
Bias by in centimeters with respect to d.

By assuming the energy of the first MPC to be inversely proportional to
the squared distance, we have estimated E,. by Ej /d27 where Ey denotes the
measured received energy per pulse at d = 1 m. In Fig. 6.12(a) we show the
estimated energy Ep/d? in dB (with respect to Joule) versus the distance d (in
meters), and the energy E of the first MPC measured at each distance. We
have already mentioned that d belongs to the range 1 to 6 meters. We can see
that E closely follows Ey/d?. For d = 6 m, we have E = 1.8 x 10717 J and
Eo/d?> =2.1x 10717 J.
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Fig. 6.13.: (left) Rx1, Rx2 and Rx3, positions occupied by Tx (Py,--- , Pgs), and
estimated positions of Tx (My,---,Ms) (right top) Zoom around Pi,--- , Ps
(right bottom) Zoom around Ps.

In Fig. 6.12(b) we show the SNR p in dB, obtained from the measured E and
Noy/2, with respect to the distance. For d = 6 m, we have p = 18 dB.

In Fig. 6.12(c) we show the standard deviation and the square root of the
CRLB in centimeters with respect to the distance. The variance and the CRLB
are very close thanks to the good SNR and the shape of the transmitted pulse.
For d = 6 m, we have g4 = 0.4798 cm and /C; = 0.4676 cm (p = 18 dB).

In Fig. 6.12(d) we show the bias in centimeters with respect to the distance. It
seems to be random with respect to the distance. The minimum and maximum
values of the bias are found at d = 1 m (b; = —1.48 cm) and d = 4 m (b; = 1.53
cm) respectively. From our point of view, this bias is due to the fact that we
have measured the distances using a measuring tape. Given that the measured
variance is very small, we are more confident in the estimated values of the
distance than the ones obtained using the measuring tape.

6.6 POSITIONING

In this section we present and discuss the results obtained for positioning.

We have considered one transmitter Tx as unknown location node and three
receivers Rx1, Rx2 and Rx3 as reference nodes. As depicted in Fig. 6.13
(left), Rx1, Rx2 and Rx3 are located at (160.2,—416) cm, (340,—416) cm
and (66.4,543.4) cm, respectively, and Tx at one of the following six posi-
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tions: P;(104.7,15) cm, P5(154.5,15) cm, P5(204.8,15) c¢cm, P4(244.6,15) cm
P5(286.3,15) cm, and Pg(336.1,15) cm.

Like for ranging, we have first estimated the delays 7.1, 7.2 and 7.3 introduced
by the cables connecting Rx1, Rx2 and Rx3 to the oscilloscope, respectively.
The average values obtained based on 185 transmitted pulses are equal to pz,, =
—0.39 ns, pz, = —0.26 ns and ps,, = —0.29 ns.

In order to estimate the position of Tx, we first estimate the distance d;
between Tx and Rxi (i = 1,2,3), then we estimate the position of Tx by tri-
angulation. The method of triangulation used here consists in minimizing the
following objective function:

where (z,y) and (z;,y;) denote the cartesian coordinates of Tx and Rxi respec-
tively, (#,9) the estimated coordinates of Tx, d; the estimated distance and 03
the variance of czz

Using the formula of transformation relative to the Fisher information matrix
established in Chap. 5, we can write the CRLB matrix for the estimation of

(2,y) as
sin? — sin p; cos @;
Co = B2A Z (— sin <,0Z cos p; cos? @; ) (6.14)

where ¢; denotes the angle between the axis joining Tx to Rxi and the x axis,
pi the SNR at Rxi, Cy, the CRLB for the estimation of d;, and A, is given by

p = Zle Z?,:H_l pipir sin(@; — ). The CRLBs C,, and C, of x and y are
the diagonal elements of C, ,: C, = C;4(1,1) and Cy = C; (2,2). Assuming
that p; = p Vi, we can write:

Cy 5 sin? o, — sin ; cos ©;
Co =Y (e Fee)
i=1

—sin g, cos ¢; cos” @;

where A = Z?:l Z?’:’H—l Sin2(@i - SO’L/)

In Fig. 6.13 (left) we show the positions of Rx1, Rx2 and Rx3, the different
positions P; (j =1,---,6) occupied by Tx, and the estimated positions (M) of
Tx. For each P;, we have 185 M; based on 185 transmitted pulses. In order to
visualize the estimation errors, we make a zoom around Py,--- , Ps in Fig. 6.13
(right top) and around Ps in Fig. 6.13 (right bottom).

In Fig. 6.13 (right bottom), we can see that the estimates of P5 are distributed
among three sets. For each set, the different estimates have approximately the
same ordinate but different abscissas which means that the ordinate is estimated
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Fig. 6.14.: Cross-correlations (for 185 transmitted pulses) of the transmitted
signal and the signals received at Rx3, and the ML estimates of the TOA when
Tx is located at Ps.

more accurately than the abscissa. This is due to the geometry of our setup where
the axis joining Tx to Rxi (i = 1,2, 3) is more aligned with the y axis than the
x axis (cos?p; < sin® ;). This result can be expected from Eq. 6.14 showing
that the ratio between the CRLBs of  and y can be written as: C,/C, =
Zf:l pisin® @;/ Zle picos? p; >> 1.

In Fig. 6.13 (right top), we can see that some estimates of Py (resp. P; and
Ps) fall at around 23 c¢m (resp. 7 cm) from the true position. This error results
from an error in the estimation of the distance between Tx to Rx3. For Ps,
the ranging error is due to a MPC in the signal received by Rx3 stronger than
the first MPC, whereas for P; and FPg, it is due to a sidelobe in the first MPC
stronger than the mainlobe. For P5 (see Fig. 6.13 (right bottom)), we can see
both the MPC errors and the sidelobe errors. For P; and P, we have only the
usual error due to the AWGN which is also the most recurrent type of error for
the other positions.

In Fig. 6.14, we show, for the 185 transmitted pulses, the cross-correlation
23(t) = r3(t) @ s.(—t) (see Eq. 6.12) of the signal r3(¢) received at Rx3 and the
reference signal s,.(t) Eq. 6.10, when Tx is located at Ps. We can see that most
estimates correspond to the mainlobe of the first MPC, whilst some estimates
correspond to the mainlobe of the second MPC, and others to a sidelobe in the
first MPC.

When the second MPC (resp. the first sidelobe of the first MPC) is detected we
have an error on the estimation of the TOA equal to 3.1 ns (resp. 0.7 ns) which
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Fig. 6.15.: (a) Bias of the estimators of x and y in centimeters with respect to
Py,---,Ps for TOA MLE (b; and by) and threshold based estimator (b; and
by ) (b) Standard deviations of the estimators of « and y in centimeters for TOA
MLE (o; and 0y) and threshold based estimator (o3 and o), and square roots
of the CRLBs of x and y.

corresponds to a ranging error of 93 cm (resp. 21 cm). These ranging errors
lead to errors in positioning (distance between true and estimated positions)
which are much smaller (23 cm for false MPC detection and 7 cm for false
sidelobe detection). In fact, Rx1 and Rx2 will pull the estimated position toward
the true position. The positioning error can be even more reduced if we have
more receivers with accurate estimated distance. Suppose now that all receivers
overestimate the distance. In this case, the position obtained by triangulation
will again fall close to the true position. We can deduce that the positioning
accuracy can be highly improved and the errors due to false MPC and sidelobe
detection can be highly mitigated by increasing the number of receivers.

In Fig. 6.15(a) we show the measured bias of  and ¢ (b, and b, respectively)
with respect to the positions Py, - -+, Ps occupied by Tx. In Fig. 6.15(b) we show
the standard deviations of & and ¢ (0, and o) and the square roots of the CRLBs
(C95 and 02.5) of x and y. We can see that b, and b, are relatively small, and
that o, and o, are very close to CY%5 and 02‘57 respectively, when neither false
MPC detection nor false sidelobe detection occur. For Py (neither false MPC
detection nor false sidelobe detection occur), we have (b,,b,) = (1.68,0.46) cm,
(02,04) = (0.7,0.13) cm and (C9%,C)?) = (0.41,0.1) cm, whereas for P5 (both
false MPC detection and false sidelobe detection occur), we have (bg,b,) =
(2.84,-2.02) cm, (04, 0,) = (5.05,6.86) cm and (C9°, C)-°) = (0.36,0.1) cm.

In order to solve the problem of false MPC detection, we consider a threshold-
based TOA estimator. This estimator consists on waiting until the cross-
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correlation z(t), (i = 1,2,3) Eq. 6.12 crosses a given threshold, then searching
within an interval equal to the pulse width for the maximum of z;(¢). The thresh-
old should be carefully chosen with respect to the noise level and the useful signal
level in order to minimize the probability of early detection due to the AWGN,
the probability of late detection due to the channel MPCs, and the probability
of non detection.

In Fig. 6.15(a) and Fig. 6.15(b) we show the bias terms (b,s and b,/) and the
standard deviations (o, and o,/) when the threshold-based estimator is used.
The estimation error is highly reduced for P, and Ps. For Ps, we have now
(bgr, by ) = (1.34,0.005) cm and (0,7, 0,) = (0.77,0.78) cm when the threshold-
based estimator is used compared to (b,,b,) = (2.84,—2.02) cm and (0,,0y,) =
(5.05,6.86) cm when the MLE is used. Note that the errors due to the false
sidelobe detection are still present at P53, P5; and Pz with the threshold-based
estimator.

6.7 CONCLUSION

A testbed for IR-UWB based ranging and positioning is described and a TH-IR-
UWRB generator is presented. The characteristics of the generated, transmitted
and received signals are analyzed.

Based on the collected data, the variances for ranging and positioning are
computed. Those obtained using the TOA MLE are found to be close to the
CRLBs when the first MPC is the strongest MPC and the pulse mainlobe is
stronger than the sidelobes. In realistic multipath environments where the last
assumption is not often true, the MLE can lead to false MPC and sidelobe
detection and to non-negligible estimation errors.

By using threshold based estimators, the errors due to false MPC detection
can be corrected. It has been also shown that the impact of the ranging errors on
the positioning accuracy can be mitigated by increasing the number of receivers.






CHAPTER 7

CONCLUSIONS

To conclude, we summarize the main contributions of this thesis and draw out
some interesting problems for future investigation.

We consider the problem of nonlinear estimation for deterministic parameters.
Both the threshold and the ambiguity phenomena are studied. Some approxima-
tions of the statistics of the MLE are proposed by making use of the subdomain
method initiated by Wozencraft [89] and improved by McAulay [70]. Some ap-
proximate upper and lower bounds are also derived. The main approximate lower
bounds rely on the Bayesian ZZLB [58] and BTLB [60]. The numerical results
obtained by considering the example of TOA estimation via IR-UWB signals,
show that the proposed MSE approximations are highly accurate and that the
derived approximate bounds are very tight.

Utilizing one of the resulting MSE approximations, the thresholds of the begin-
ambiguity, end-ambiguity and asymptotic regions are computed with respect to
the IFBW of the transmitted signal. Also, analytic expressions are derived. Some
thresholds depend on the shape of the ACR of the transmitted signal, while
others depend on the shape of its envelope.

Based on the results related to the asymptotic threshold, we propose a very
simple method to optimize the spectrum of the transmitted pulse with respect

235
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to the available SNR, so that the achieved MSE can be the lowest attainable
MSE at that SNR.

We propose a new receiver (the DM receiver) for TH-IR-IWB signals and a
new TOA estimator (the MME) based on that receiver. The statistics and the
local and global probabilities of error are derived for both the DM and the CR
receivers. Using the subdomain method introduced in Chap. 2, we approximate
the local and the global MSEs of the MME and the MCE. The performances of
the MME and the MCE are similar for single-user and for mutiuser with random
MUI. With deterministic MUI, the MME (resp. MCE) remarkably outperforms
the MCE (resp. MME) for constructive (resp. destructive) MUI This result is
very interesting because one can combine the MME and the MCE together to
obtain an estimator that outperforms both of them.

We propose some TOA estimators for AWGN and MP channels based on the
phase of the DFT of received signal, and compute their achieved MSEs. They
achieve the CRLB asymptotically. We compare them with the MLE.

We study the performance limits of positioning and parameter estimation in
UWB systems, and wideband MIMO and MISO systems. We consider UWB
systems with MP channels and derive the CRLBs for positioning employing
either the AOA technique, or the hybrid TOA-AOA technique. Built on typical
scenarios, some numerical results are presented and discussed.

We study the impact of the overlapping of the components of an UWB channel
on the estimation of the gain and the TOA. The probability of overlapping
is calculated for the IEEE802.15.3a and the IEEE802.15.4a statistical channel
models. By evaluating the average CRLBs, it turns out that the theoretical
performances achievable in MP channels are very close to those achievable in
AWGN channels, in more than 80% of the possible cases.

We deal with the estimation of the TOA and the AOA in wideband MIMO and
MISO systems. The cases of orthogonal and non-orthogonal signals are investi-
gated, and the CRLBs obtained in SISO, SIMO, MISO and MIMO configurations
are compared.

A testbed for IR-UWB based ranging and positioning is presented. We de-
scribe the implemented TH-IR-UWB generator and the investigated shaping
methods. Positioning is performed by making use of the TOA technique. We
study the impact of the channel and the pulse shape on the achieved perfor-
mances. The potential of the threshold estimators in the detection of the first
MPC is demonstrated, and the improvement insured by increasing the number
of the reference nodes is highlighted.

Some topics of interest for future research are:

e The effects of the threshold and the ambiguity phenomena on two-step and
direct positioning.
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e Low-cost TOA estimators for MU systems with MP channels: design, im-
plementation and experimenting in realistic channels.

e Data-fusion methods for NLOS environments: design and testing.






APPENDIX A

CURVATURES OF THE
AUTOCORRELATION FUNCTION AND OF
ITS ENVELOPE

In this appendix we show that for

R.(0,0) = &e{ef‘wc(@*@)%(a,@)} (A1)
+oo
OR{Fr,(¢)}dp
e = 0 {Fr.(»)} (4.2)
o R{Fr,(e)}de
O
Fr.(p) = R.(0,0)e 72m(0=0)qg (A.3)
(CF
we have:
— Ry(0,0) = —R{ép.(0,0)} + 412 2 E,. (A.4)

From the definition of the complex envelope and the Fourier transform in Eq. A.1
and Eq. A.3 respectively we can write the Fourier transform of the complex
envelope er_(0,©) as:

Fen, () = 274 (¢ + ¢c) (A.5)
where 2" () = z() for ¢ >0 and z*(p) = 0 for ¢ < 0.

From Eq. A.1 we can write:

Ry(0,0) = R{e?™2<=O) [¢ (0,0) — Ar’pler (0,0) + jdmpcer, (0,0)]}
(A.6)
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For § = © we can write Eq. A.1 and Eq. A.6 as:

Rs(©,0) = E;= %{635(9,6)}
Ry(0,0) = R{ér.(0,0)} —4r*p?R{er,(0,0)}
+ drpR{jér,(0,0)}.
Using Eq. A.7 we can write Eq. A.8 as:
Ry(0,0) = R{ér,(0,0)} — 4n?p2E, + dmp R{jér,(0,0)}.

(A.9)

In order to prove Eq. A.4 we have to show that R{jér, (0,0)} = 0in Eq. A.9.
To do so we write ér,(0,0) with respect to the Fourier transform F., (¢)

Eq. A5 of e, (6, 0) using the inverse Fourier transform as:

+oo .
ér.(0,0) = / 521 Fer, (@eﬂw(ef@)d@

— 00

+oo
- / JATOFf (9 + @c)e?? =) dy

— 00

—+o0
= [ i = paF @)oo

+o0
= / jan (¢ — we)Fr, (¢)ej27r(¢—<pc>(a—e)d¢
0

where ¢ = ¢ + .. From Eq. A.10 we can write ép_(0,©) as:

—+o0
¢r.(0,0) = / jAn(p — 0o Fr. (o)dy.
0

From Eq. A.2 and Eq. A.11 we can write R{jér, (0,0)} in Eq. A.9 as:

“+oo
Rijén (0,0)} = — / 4r(ip — )R Fn, () bip = 0

so Eq. A4 is proved.

(A.10)

(A.11)



APPENDIX B

INERTIA OF A REGULAR ANTENNA
ARRAY

In this appendix we show that the inertia

M, My 2
in(p) = Z T?L,m sin®(¢ — nm) = .

m=1 m=1

, M

B) (1 —cos[2(¢ — 997z,m)])

of an antenna array becomes independent of ¢ (i.e. omni-directional) if the array
i — _ 2(m—1)m
is regular. As for regular arrays, 7, m = TRef,, VM, and ©nm = ©no + =
in (@) becomes:

m=1

Define S as:

M,
X 2(m — )m . 2(m — 1)m
S = Z {cos [2 (cpcpno( A ) ﬂ + 4 sin {2 (gagong( M, ) )]}
m=1
The use of Euler’s formula leads to:

M., —i4
ol _A(m—D)r o 1 —e 7
S = ei2(e—¢no) E e VT Mn = i2(p—¥no) —— =0,M, >2
m=1 1—e "Mn

where it has been taken into account that S is the sum of a geometric series.
Finally,

2
B MnTRCfn

in() 5
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APPENDIX C

FIM FOR JOINT TOA AND AOA
ESTIMATION IN MIMO SYSTEMS

In this appendix we give the expressions of the magnitudes I';°, I'Y?, I.°, I°

5,87 s SS’

J£° and J79, that appear in the expressions of the elements of the FIM in

5,87

Eq 5.60, Eq 5.61 and Eq. 5.62 and that are neglected. We can show that:

e = 2> X,
n#n’
Ty = 2y X
n#£n’
=2 A X,
n#n’
o= 2 ) Ak,
n#n’
T = D (A An) XS
n#n’
ng = Z(An+,4 )XswoS/
ne£n/
where
X, = %{ewko,nW}
- o Ar, Xans, (ATw n)
Xs.:s”/ — %{je] 0 AT, Y,,LT}.
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