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Abstract

Multiple linear regression is among the cornerstones of statistical model build-
ing. Whether from a descriptive or inferential perspective, it is certainly the most
widespread approach to analyze the influence of a collection of explanatory variables
on a response. The straightforward interpretability in conjunction with the simple
and elegant mathematics of least squares created room for a well appreciated toolbox
with an ubiquitous presence in various scientific fields. In this article, the linear de-
pendence assumption of the response variable with respect to the covariates is relaxed
and replaced by an additive architecture of univariate smooth functions of predictor
variables. An approximate Bayesian approach combining Laplace approximations and
P-splines is used for inference in this additive partial linear model class. The ana-
lytical availability of the gradient and Hessian of the posterior penalty vector allows
for a fast and efficient exploration of the penalty space, which in turn yields accurate
point and set estimates of latent field variables. Different simulation settings confirm
the statistical performance of the Laplace-P-spline approach and the methodology is
applied on mortality data.
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1 Introduction

The dawn of additive models traces back to Friedman and Stuetzle (1981) who suggest a
projection pursuit regression technique in which the response is approximated by a sum of
univariate functions of one-dimensional projections of the vector of covariates. The paper
by Buja et al. (1989) investigates a class of smoothers in additive models and studies the
properties of the iterative backfitting algorithm proposed in Breiman and Friedman (1985)
as the Alternating Conditional Fxpectation algorithm. Backfitting is a well-known tool
for estimating the additive components of the model and imposed itself as a benchmark
strategy in the literature with successful applications. Tjgstheim and Auestad (1994) and
Linton and Nielsen (1995) independently suggested an alternative non-recursive estimation
plan that consists in estimating the regression surface by a multidimensional smoother in
a first step and integrate it in a second step to obtain an estimator of the marginal smooth
function of interest, a method coined “marginal integration”. Complete book-length treat-
ment of additive models are found in Hastie and Tibshirani (1990) and Wood (2017).

We adapt the Laplace-P-spline (LPS) approach to additive models with Gaussian er-
rors and develop a fast and flexible methodology for approximate Bayesian inference in
this model class. Great efforts have been invested in the derivation of analytical formulas
for the gradient and Hessian of the posterior penalty vector, which offers a nonnegligible
computational gain when exploring the posterior penalty space. Moments of a skew-normal
family of random variables are used to accurately approximate the posterior distribution of
penalty parameters, thereby capturing the inherent asymmetric patterns. In Section 2.1,
the Bayesian-P-spline additive model is introduced and a method is proposed to overcome
identifiability problems. In Section 2.2 the priors on the penalty parameters are defined
and the likelihood function is derived together with the conditional posterior distribution
of the latent field vector. Section 3.1 is dedicated to the posterior of the hyperparameter
vector. The nuisance parameters are integrated out in Section 3.2 and the gradient and
Hessian of the penalty vector are obtained in closed-form in Section 3.3. Section 3.4 pro-
poses a strategy to explore the posterior penalty vector based on skew-normal matching
moments. In Section 4 the approximate posterior of the latent field is derived and Section
4.1 covers the derivation of pointwise credible intervals for marginal latent field elements
and smooth functions. Section 5 implements a simulation study to assess the performance
of the proposed methodology and Section 6 illustrates the LPS approach on mortality data
before concluding.

2 The Bayesian P-spline additive model

2.1 Additive structure and latent field prior

Let us consider the set D = {(v;, X;,2;)";} of n independent observations, where y; is a re-
sponse variable, x; = (2;1,...,2;,)' avector of continuous covariates and z; = (21, ..., i) "
a vector of additional continuous or categorical covariates. Fach covariate group is assumed
deterministic such that we are in a fixed design. The additive model is written as follows:

Yi = Bo + Brzin + -+ Bpzip + fr(wa) + -+ folwig) + &3, (1)
for i = 1,...,n, with regression coefficients 8 = (8o, ...,,)" and {e;}1; a sequence of
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independent and Gaussian errors with mean 0, unknown variance 02 < +o00 and precision
7 = 1/0?. The above model is also referred to as the additive partial linear model (explored
among others in Opsomer and Ruppert, 1999; Fan and Li, 2003; Liang et al., 2008; Ma and
Yang, 2011) as one part is specified parametrically and the remaining additive components
are unknown smooth functions. Following the P-spline approach of Eilers and Marx (1996),
the additive smooth components f;, j = 1,...,q are approximated by a large number
of cubic B-splines and a discrete penalty on neighboring spline coefficients is imposed to
counterbalance the roughness of the fit:

K
fizij) = Zejkbjk(xij)u J=1...,q (2)

k=1
where the number K of basis functions b;i(-) is the same for every f;. The vector of B-
spline amplitudes associated to function f; is given by 8; = (0;1, ..., 6, k)", while the set
of all spline coefficients in the additive model is @ = (0, ,..., OJ)T and the vector of B-
spline basis functions at z;; is b;(x;;) = (bj1(zij), .., bjx(xi;)) . The roughness penalty on

finite differences of the coefficients of adjacent B-spline coefficients is @ P(X)@, with block
diagonal matrix P(A) that can be expressed compactly using a Kronecker product:

MP OO0 ... 0
. 0 XP ... 0
P(A) :=diag(Ai, ..., \) @ P = : . e
0 o 0 AP
where A = (A\1,...,\,)" is a vector of positive penalty parameters and P = D D, +¢ly is a

penalty matrix resulting from the product of rth order difference matrices D, of dimension
(K —r) x K. Adding a diagonal perturbation el (with e = 107% say) ensures that P
is a full rank matrix. In a Bayesian setting, Lang and Brezger (2004) suggest to interpret
the roughness penalty as a multivariate Gaussian prior on the spline coefficients @|\, 7 ~
Niime) (0, (TP(X))7!). Also, a Gaussian prior is imposed on the regression coefficients
B|T ~ Naim(s) (0, (TVg)™1) (see for instance Jackman, 2009 p.104 or O’Hagan et al., 2004)
with matrix Vg = (1,41 and small precision (say ¢ = 107°). The latent field of the model
is written as € = (8',0")" and includes the regression and spline coefficients with prior
distribution £|X, 7 ~ Naim(e) (0, (7Q2) ") and the following matrix:

Q== )

Without loss of generality, the covariates z; are mean centered. Let z; =n=' >0 2z, | =

1,...,p and write the centered design matrix 7Z and B-spline matrices B;, j =1,...,q as:

L (zn—21) ... (21p— %) bj(z1) oo bix(x1)
g . . . . . .

1 (an - 21) . (an - Ep) bjl(xnj) c ij(xnj)



The additive model in (1) suffers from an identifiability issue. This can be easily illustrated
through the simple model E(y) = 5y + f(x). Assume our goal is to estimate the expected
value E(y) from a sample {(z;,y;)}’;. Let ¢ be any arbitrary constant and denote by
Bo = fo—cand f(z) = f(z)+ec. It follows that E(y) = fy+ f(z) for any ¢, such that there
exists an infinite number of configurations for Gy and f yielding the same expected value,
meaning that the model “parameters” cannot be uniquely identified and estimated for a
given data set. To reach an identifiable model, we follow an approach similar to Durban
and Currie (2003) and define the centered B-spline matrices:

Ej = Bj — (lnlz/L)Bm j: 1,...,q,

where 1,, and 1, are column vectors of ones of length n and L respectively and Ej is a
B-spline matrix computed on a fine grid Zi;,...,2; of equidistant values on the domain
of f;. The centered matrix can be written as:

(1) — 0 b (Fy) o biglay) — £ 0 bk (F)
R ] : 1 : . ]
bjr(Tng) — 7 222 bin(Tg) oo b (ng) — 7 2200 bik (Ty;)

We denote by Bj(a:ij)T the ith row of matrix éj. Hence, the ith entry of the vector Ejej
is given by:

N K LS
bj(2i;)"0; = > Oibje(wij) — 7 DO Oibi(iy)
k=1

=1 k=1

and according to (2), the identifiability constraint is translated as f;(zy) = f;(ziy) —
L Zle fj(Z1;), i.e. the additive functional components are centered around their average
value (computed over a fine equidistant grid). To see how this solves the identifiability
problem consider again the simple model E(y) = By + f(x) — f, with f = L= 325 | f(&)
the average of f over a fine grid. Adding ¢ to the intercept and subtracting the same

amount from f yields:
L

E(y) = fo+etflz)—c—L"Y (f(#)—c)

= fo+c+(f(z)—f),

such that E(y) # E(y). Centering the B-spline matrices implies a rank reduction as stated
in the following proposition:

Proposition (Rank-reduction due to centering)
The rank of the centered B-spline matrix B; is K — 1.



Proof:
Let us first use the property that 1, = B;1k, i.e. the sum over the rows of matrix B; is
equal to one, and write the centered matrix as follows:

B; = B;—Bj(1x1]/L)B,

= Bj(Ix — B),

where B = (L‘llKlz)éj is a K x K idempotent matrix. Indeed:

BB = L7 'L7Mk1]Bjigl] B,
L L M(171,)1] B; using 1, = Bl
= (L'1x1])B;
= B.

Provided the Schoenberg-Whitney conditions are satisfied, the B-spline matrix B; will have
full column rank K (see Ma and Kruth, 1995). Using the product property of ranks, it
follows that rank(éj) = rank(/x — B). As B is idempotent, (Ix — B) is also idempotent
and so its rank is equal to its trace:

rank(éj) = rank(/x — B)

Tr(Ix — B)

= Tr(Ig) — Tr(L ™ 11, B;)
= K — L7'Tr(Bj1x1})

= K- L 'Tr(1:1))

- K-1. O

To ensure that all the spline coefficients can be estimated in a unique way, we follow Wood
(2017) and fix the K'th element of each spline vector 6; to zero and delete the Kth column
in B and difference matrix D,. Hence B has K — 1 columns and the latent vector has
dlmensmn dim(§) =g¢x (K —1)+p+1. Takmg the identifiability constraint into account,
the ith entry of the vector B'jej becomes:

K-1 K-1

- 1

bi(wij) 05 = Objk(wis) — I DD Oubin(® (3)
k=1 =1 k=1

With the identifiability constraint and the centered Z matrix, the additive model in (1) can
be expressed compactly as:

y = ZB+ B0, +---+B,0,+¢
= Bf+e, (4)

where B is a side by side configuration of design matrices, B = [Z : By - §q] and
corresponds to the full design matrix of the model. In the next section, we summarize the
full Bayesian model and proceed with the derivation of the conditional posterior distribution
of the latent field.



2.2 Latent field conditional posterior

The following priors are used for the penalty parameters \;|6; ~ G(v/2,(vd;)/2), j =
1,...,q and &; ~ G(as,bs), j =1,...,q with as = bs = 107* and v = 3. Moreover, we
use Jeffreys’ prior for the precision p(7) oc 77! and write the hyperparameter vector as
n=(X\",6",7)7, where § = (6,...,0,)". The full Bayesian model is:

p q
yi‘é,T ~ Nl <60 + Zﬁlzil + ij(l’ij)Tej,Tl), 1=1,...,n,
=1 j=1

O|X, 7 ~ Naimo) (0, (TP(N) 1),
EIN, T ~ Naimee) (0, (7Q2) ™),

Ajild; ~ G(v/2,(v6;)/2), j=1,...,q,
d; ~Glas,bs), j=1,....q,

p(T) oc 77h

Taking into account the centering of the covariates in the linear part and the identifiability
constraint of the smooth functions, the likelihood of the model is written as:

L ;D) = ﬁ\/\/;rexl?{ _%<yi_ <50+i51(2i1—51)

The conditional posterior distribution of the latent field can be obtained as follows:
L& 7 D)p(§, A7)
p(A, 7, D)
o< L(& 7;D) p(§|A, 7).

p(&IA, 7, D)

Using the previously specified latent field prior and likelihood we get:

PEAT.D) x exp(—3(vTy -2y BE+€ BTBE) - ZETQX)

x exp (ry B~ Z€T(BTB+ Q). (5)
Note that (5) is the exponential of a quadratic form in &£ and can be written as a Gaus-
sian distribution. To find the mean vector we solve V¢logp(€|A,7,D) = 0 and obtain
& = (B'B+ Q) 'B'y. The precision is —Vzlogp(£|A,7,D) = 7(B'B + Q) and
so the conditional posterior of the latent field is characterized by the following Gaussian
distribution:

(€A, 7. D) ~ Namee) (&x, 7 (BTB+QY)™"). (6)



3 Posterior of the penalty vector

The aim of this section is to derive the posterior of the hyperparameter vector 1, an essential
step to obtain the joint posterior of the latent field. First, we give the expression of p(n|D)
and show how it can be integrated with respect to the nuisance hyperparameters d and 7
resulting in a posterior for the roughness penalty vector. The gradient and Hessian of the
posterior penalty are then analytically derived and used to compute the posterior mode
through a Newton-Raphson algorithm.

3.1 Posterior of the full hyperparameter vector

The posterior of the full hyperparameter vector 7 is:

p(&,nD)
p(&n, D)
L&, 7;D)p(€;n)
p(D)p(&|n, D)
L&, 7;D)p(&Im)p(A, 8|7)p(T)
p(D)p(&|n, D) ’

where p(&§|n) = p(§|AX,8,7) = p(§|A, 7) as & L 8|A, 7 and p(A,é|7) =p(A,6) as A, 6 L 7.
Hence, the expression becomes:

L& 7 D)p(€IN, T (Hp (A6 ) (Hp((%)) p(7)

p(EIN, 7, D) ’

p(n|D) =

p(n|D) o

_1)

where p(A;[0;) o 5]-%/\;%

(10 ) (TT0) = (115 o (- 50)

Jj=1 Jj=1

SN
X ( )\]? >
j=1

Following Rue et al. (2009), the posterior of the hyperparameter vector can be evaluated
around the mode of the conditional posterior of the latent field, namely p(n|D) ’ =i, . Using

exp (— £0;);) and p(d;) o 5;»”_1 exp(—bsd;). Note also that:

the previously derived expressions of the model:

p(n|D) ]5 e, X T2 exp (—zyTy + 7y BE — IETBTB£> ’

’ 525,\
_dime) |Q£|2 exp (——5 Q€€> ‘s—éx
) <ﬁ5§;+a5—1>exp< 0, (bs + A))) <HA(2 >

X 17T B—{—Qg‘|_%.
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Replacing & by £>‘ (B"B + Q") BTy in the above expression, one obtains:

q
n_ _1 1 Ytas—1
p(ID)|_g o TE VBB + Q2 2|@g|2<H6§2 o

J=1

xexp (=0 (bs + 5 )) ) (f[l )\;5—1)>

T T
X exp ( — EyTy +7y ' B(B'B + Qg‘)_lBTy ——y'B

2
<(BTB+Q2) (BB +Q)(B'B+Q) 'B'y)

q
o TG VBTB + QX3 |Q22 (H glatas=l)

XeXp<—5j(bg+%/\j)>> (HA5 1)exp(—%yTy

Jj=1

+7y " B(B'B+Q})"'B'y — ~y B(BTB+Q})" 1BTy>

-
2

55 e (<3, (5s + 20)) )

-1) T T _
) exp (——yTy +-y'B(B'TB+Q}) 1BTy>

x 73 VBB + Q§‘|7%|Q2"% <
q
(10
7j=1
1 1 1 L4 1 v
x VBB + QO (Héﬁm’ oxp (65 (b + 5%‘)))
j=1

x (H A;S—”) exp ( ¥ (L~ BBTB+ Qg)*lBT)y> .

o,
Il <
— :

w\t

2 2

Let us define the scalar function ¢(A) := 1y ' (I, — B(B'B + Q2)"'BT)y and write com-
pactly:

g 1/
pID)|,_e < |B B+ Q2|7 21Q2 > (Ha Y oxp (= (s + gAj»)

Jj=1

X (H )\Eg_l)> & Dexp (- 7o(N)). (7)



3.2 Integration with respect to the nuisance parameters

The nuisance parameter 7 can be integrated out from (7) as expression 7(2 =Y exp (—7¢(\))
is up to a multiplicative constant the density of a Gamma distribution parameterized by
G(n/2,¢(N)). Hence, f0+°o TG Vexp (= 7¢(A)) dr = T'(2)p(A)"2, where I'(+) is the

2
Gamma function. Using this property, the integral is given by:

+oo
s oD) = [ pmiD)] g,

S |BTB+Q2|‘5IQ2|5<12[5 et eXp(“Sﬂ'(bﬁgAj)))

J=1

<HA5 ) (8)

The above expression can be further simplified using the property that the determinant of
a block diagonal matrix is equal to the product of the determinants of the blocks:

1

q 2 q
1 K-1) e+ | g (€i%ut))
Qzl> = (dp*” | [P T A ) = PR, 7
j=1 Vv j=1
constant
such that (8) becomes:

p(A8ID) x |BTB+ Q) —<HA]("+K *) )

J=1
T (a1 v
gtas— -3
x<jHl<sj exp(—5j<b5+§Aj))> $(N)73. (9)
The posterior in (9) can be integrated with respect to ¢; successively for j = 1,...,q

. Ltas—1
since 5; 2 ) ex

parameterized by G(5 + as, bs + 5);), so

/+OO /+OO ( 5( s Dexp(—éj(ba-i-%)‘j))) doy ... do,
([t

(v + 2y ) +a5)) (10)

(v (1

and the posterior of the penalty vector is:

p(AD) = /+o°- . /+°°p(,\, 8|D) ds, ...ds

x [BTB+ Q) (HAJ.(”“;_g)) (H (b5 + gAj)(gm)) S5

J=1 J=1

p ( —9; (65 + g/\j>> is (up to a multiplicative constant) a Gamma density

||z@

NIE

(11)



One can easily compute the ratio:
p(1. A[D)
p(AID)
x 7 exp(—ro(N)),

p(1|A, D)

such that the conditional posterior distribution for 7 is (7|A, D) ~ G (n/2, ().

3.3 Gradient and Hessian of the posterior penalty

The analytical gradient and Hessian of the penalty vector can be derived to find its poste-
rior mode via a Newton-Raphson algorithm. The posterior mode as a measure of central
tendency is essential to construct a grid for exploring p(A|D). To ensure numerical stability,
the penalty parameters are log transformed, v; = log(};), j =1,...,q, and the associated
vector is v = (vy,...,v,)". Using the multivariate transformation method on (11), the
posterior becomes:

p(v|D) « [B'B+ Q‘£|_% (Hexp(vj)(VH;_g))

=1

X (ﬁ <b5 + g exp(vj)> —(g+a5)) gb(v)_%

X (Hexp(vj)>, (12)

where H§:1 exp(v;) is the Jacobian of the transformation, ¢(v) is the following function
of the log penalty vector ¢(v) = 1y" (In —~ B(B'B + Q‘g’)_lBT>y and QF is a symmetric
block diagonal matrix given by:

Qv — glp+1 OIH—L(]X(K—I) )
3 Ogx(k—1)p+1  diag(exp(vi),...,exp(vy)) ® P

Taking the log of (12) yields:

1 v+ K —1)\ < n
logp(v|D) = —7log|B'B+ Q¢+ <T> > v~y logo(v)
Te;IrnI N = , Term IIT
Term 11
v d v
_(5 + CL5) ;log <b5 + 3 exp(vj)> . (13)

(. J/

~
Term IV

10



Gradient

Using Jacobi’s formula for the partial derivatives of the determinant with respect to v; (see
Harville, 1997, Chapter 15), in Term I:

dlog|B' B+ QY| 1 0
v; ~ |BTB+ QF| Ov;
1

0
= WB——i-QdTr<adJ<B B+ Qg) (BTB + Qg))

\BTB+Q§]

1 T v T vy—1

xa%(BTB +Q)
- Tv (MZPU]), (14)

where adj(-) is the adjoint of a matrix (transpose of the cofactor matrix), Mg := (B"B +
Q¢)~" is a symmetric matrix and P,; is a (symmetric) block diagonal matrix defined as:

0
P, = —(B'B+QY
_ Opt1,p+1 Opt1,x (K -1)
Ogx(k—1)p+1  diag(0, ..., exp(v;),...,0) @ P )’

where diag(0, ..., exp(v;),...,0) is a ¢ x ¢ diagonal matrix, whose jth diagonal element is
exp(v;) and all other diagonal elements are zero. Derivation of Term II with respect to v,

is trivial:
0 (v+K-—1 v+ K -1
o < )qu]_ (—) (15)
b

The partial derivative of Term III is:

G- loa(oly)) = s
_ ﬁ( _ %a%( "B(BTB+QY)'By))
_ ﬁ( _ %%Tr<yTB(BTB +Q'BTy))
— ﬁ( - %gTr<BTnyB(BTB +0)7))
_ ﬁ( %T (BTyy" Ba%(BTBJng)l))

11



— —< — —Tr B'yy'B(—(B'B+ QE) B

(
(BB + Q)" 1)))
(

1
= (--Tr y'B(~ M{P,MY)BTy))
o(v)
1 1 + T
— (= y"B(=MIP, M}¥)B )
¢<V)< 2y ( ME JMﬁ) y
Lt T
= BM!P, M{B'y.
2¢(V>y MS JMﬁ y
Taking the derivative of Term IV with respect to v; gives:
0 & v Y exp(v;)
— log<b +—expv«> = 2V—J
v ; o+ 5 op(vy) bs + & exp(v;)
B 1
- 2b
L+ I/eXp(E’Uj)

Finally, taking (14), (15), (16) and (17), the gradient Vy log p(v|D) has entries:

Jlogp(v|D) 1 v+ K -1
QlossvD) _ Ly, (g, ) 4 (LKL
v, g r\(Mefn, ) 2
n T v vpT
————y BM{P, M{B'y
4(v) e

(5 + as)
——z =1,...,q.
2b ] ) 4

1+ Z/expé(vj)

Hessian

(16)

To obtain the diagonal elements of the Hessian, the following differentiation is required:

Uj
= Tr( — M{P, M{P,, + Mgpvj)
2
— —T((MR,) — MIP,).
In addition, recall from (16) that:

a¢(v) _ 1 T v vpT

12



Furthermore, note the following differentiation result:

0
—yTBM‘E’PUjMZBTy
a’Uj

— %Tr (yTBMEPv].MEBTy>

0 v v
= —]Tr(BTnyBM Py, M )
( y

2
- Ty (BTnyB ( —2(MEP,) MY+ MgPUng>)

yTB MVPUJMV)

My P, oMy
PUJMVJFM 5 JMV+M§ " o,

2
- Ty (yTB< —2(MEP, ) MY+ MgPUng> BTy>

2
= 2y B(M{P,) M{B'y +y  BM{P,M{By. (20)

Using (19), (20) and the quotient rule for derivatives yields:

T v vRT
aivjy BMib]zii)A/{EB y _ 4521‘,) ( —26(v)y TB(M‘S’PUJ.)QMEBT}’
+o(v)y BM{P,M{B"y
—%(yTBMZPU].MzBTy)2>. (21)
Finally, note that:
0  (§+as)  bs(1+ %) exp(—vy )’ (22)
0 (1+ 725) (1+ Vefff@j)>2

and using (18), (21), (22), the diagonal entries of the Hessian of log p(v|D) are:
9 log p(v|D)

ov?
) % o (MEij>2 agR) - 4¢;”L(V) ( —26(v)y" B(Mgpvj>2

x/\/lgBTy + gb(v)yTB/\/lngj/\/lgBTy — é(yTB/\/lgR,stBTy) )

~bs(1+ %) exp(—vy)

(o)
vexp(vj)

To obtain the off-diagonal elements of the Hessian, note that for index s # j:

j=1...,q.
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0
v,

Tr((BTBjLQz)’lPUj) - Tr(a@

Us

(BB +Q0)'P,)
— Tr( - M{P M{P,)
= ~Tr(M{PMIR,).
Furthermore, similarly to (20):

0
v,

y' BM{P, M{B'y

_ T v vl
- (y BMYP, MYB y)

T T v v
= T0. (B vy BMgpvj/\/l€>

=Tr (BTnyBngPUj Mg)

ov,

—Tr| Byy'B 8M€P MY+ MY oF — UMY+ MYP, oM
= Yy v, v 8 € e, v,

T T v v v v v v
=Tr| B Yy B<_M£PUSM€PUJM§_M,sPUJMEvaM§>>

=Tr|y'B ( - M{P, M{P, MY — MEPU].MEPUSME) BTy)

= -y BM{P, M{P, M{B"y — (y ' BM{P,, M{P, M{B'y)"
= —2yTBMZPvSMzPUjM§BTy,

such that using the quotient rule, we have:

0 y'BM{P,M{B"y

v, P(v)

1
- 25 ( —26(v)y BMYP, M{P, M{By

—% (v BMP,MEBTY) (v  BM{P, M{BTy)).

Hence, the off-diagonal elements s =1,...,q, j=1,...,q and s # j of the Hessian are:

9”log p(v|D)

Pty %Tr(MszstPvJ

T v v vpT
+% (yTBMzPij‘g’BTy) (yTBMZPvSMgBTy)> .
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To summarize, the gradient and Hessian entries of log p(v|D) are:

Gradient V, logp(v|D) entries for j =1,...,¢

0dlog p(v|D)
81)]-
1 v+ K —1 n
— — T (MgP,) = TBMYP, M{BT
+CL5
vexp(v;)

Hessian V2 logp(v|D), diagonal elements j =1,...,¢:

9?log p(v|D)
(%32»

_ 1T1"<<M§ij>2 B MgR,J.) - ( — 2¢(V)yTB<M§ij>2

2 492 (v)

v v v 1 v v 2
xM{B'y + ¢(v)y BM{P, M{B'y — é(yTBMSPUjMSBTy) )

bs(1 + 24) exp(—v;)
_ =
2bs
(1 + z/exp(v]))
Hessian V2 logp(v|D), off-diagonal elements s =1,...,q, j=1,...,q, j # s

9*log p(v|D)

1
— T ( YR MP,)
Ovs v, 2 g Mg SMg J

T v v vpT
4¢2( ) (200v)y " BMEP, MEP,M{BTy
1 T v vnT T v vnT
5 (v BMEP, M{BTY) (v BMEPLMBTY)).
The R output below compares (for ¢ = 3) the analytical gradient and Hessian formulas with
the numerical derivatives of log p(v|D) obtained with the grad() and hessian() functions

of the numDeriv package at a randomly selected point v with entries v; ~ U(=5,5), j =
1,2,3.

-3.747028 -25.2235628 -9.407790

-3.747036 -25.223532 -9.407792
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[,1] [,2] [,3]
[1,]1 -1.774439 0.849825 0.401218
[2,] 0.849825 -3.846784 1.759438
[3,] 0.401218 1.759438 -3.381276

[,1] [,2] [,3]
1 -1.774438 0.849825 0.401218
2,] 0.849825 -3.846783 1.759438
] 0.401218 1.759438 -3.381276

3

In Table 1, we show the largest difference (in absolute value) between the entries of the nu-
merical and analytical gradients and Hessians respectively computed across 1000 randomly
selected points v with entries v; ~ U(—5,5), j =1,2,3.

U1 U2 U3

Gradient entries 0.000298 | 0.000141 | 0.001738
Hessian diagonal entries 0.010067 | 0.004479 | 0.034679
Hessian off-diagonal entries | 0.000042 | 0.000207 | 0.000127

Table 1: Largest absolute difference between gradient and Hessian entries computed from
our analytical formulas and the numerical derivatives from the numDeriv package.

3.4 Exploration of the posterior penalty space

A crucial step to derive the approximate posterior of latent variables is to identify the
behavior of p(v|D). This is similar to a design problem in the sense that a set of points
has to be efficiently chosen in the domain of a response surface to capture the essence of
the functional pattern. A grid strategy is proposed that is sensible to asymmetries in the
response surface p(v|D), with the skew-normal family of distributions forming the back-
bone that manages the lack of symmetry. The grid will be constructed around the posterior
mode Vv of the target log p(v|D) which can be obtained through a Newton-Raphson method
summarized in Algorithm 1, which contains the previously derived gradient V, log p(v|D)
and Hessian V2 log p(v|D).

An elementary approach to explore p(v|D) could rely on a multivariate Gaussian approx-
imation to the posterior of the log penalty parameters v, namely pe(v|D) = Naim(v) (\7, ( —

H*) _1), where the covariance matrix is obtained from the Hessian H* = V2 log p(v|D) eval-
uated at the mode v. However, as already pointed in Martins et al. (2013), the presence
of potential asymmetries would not be captured by a Gaussian approximation. Instead, to
efficiently explore the posterior penalty space, a grid strategy is proposed, which implic-
itly takes into account asymmetries by using skew-normal distributions to approximate the
conditional posterior of each penalty parameter through a moment-matching approach.
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Algorithm 1: Newton-Raphson to locate the mode of p(v|D)

1: Set tol=1077, dist=3, v(®) = (v§°>, . ,véo)) and m=0.

2: while dist > tol do .

3 vt = y0m) (vg log p<v<m>u>)) V. log p(v(™ D).
4: dist=||v(m+) — v(m).

5: end while

6: At convergence return v = (01, ..., 7).

The skew-normal family was first introduced by Azzalini (1985), see Azzalini (2014) for
more details. In the univariate case, a random variable X has a skew-normal distribution
denoted by X ~ SN(u,<?, p) if its probability density function at x € R is:

o) =2 () 0 (41, (21)

where 1 € R is a location parameter, ¢ € R, a scale parameter and p € R a shape
parameter regulating skewness. Also, ¢(-) and ®(-) denote the standard Gaussian density
function and its cumulative distribution function respectively, such that setting p = 0 yields
the M (p, ¢?) distribution. We suggest to approximate the conditional posterior distribution
of (v;|v_;,D) (j = 1,...,q) with a skew-normal distribution by matching its first three
empirical moments with the theoretical ones for the density in (24), where v_; denotes the
vector v without the jth entry. The derivations to obtain p*, ¢* and p* in the approximating
skew-normal distribution SN;(u*,s*2, p*) to p(v;|v_;, D) through moment matching are
shown below.

The first moment and the second and third central moments of X ~ SN(u,<?, p) are

given by:
E(X) = p+g \/gw,
B(x - B007) = ¢ (1-22),

3
1 2\?
B(X - ECOF) = g-n e (2) 0
where ¢ = p/+y/1+ p? € (—1,1). These theoretical moments will be matched with the

empirical moments of the the conditional distributions p(v;|v_;, D). The empirical moments
of the conditionals are computed on an equidistant grid {v;;}~, with interval length A;:

L
mj1 = Zvjl p<Ujl|‘A’—j7D) Ay,
=1

(vt — mj1)? plop|v_;, D) A,

M=

mio =

~

1

(vji — mj1)® ploj|v—_;, D) A,

3
I
M) =

N
Il
—
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The skew-normal fit to p(v;|v_;, D) is found by matching the empirical and theoretical
moments, i.e. the following system needs to be solved:

my = M+§\/§w (25)
T

mjy = ¢ (1 - % @DQ) (26)
mjs = %(4 —7) ¢ (%)2 Ik (27)

From (26), we isolate :
= § —mfl/ﬂ) >0 (28)

Plugging (28) in (27) yields:

1 m; 2\ 2
mjz = —(4—7r)—ﬂ§(—>2w3

oo-iepT
3 2m.. %
And 1/} 3 mJgTré
(1-2¢2)2  (4—m)m322
3
o ¥ - = my3m?
(1-2¢2)2  (d—7m)vV2m}
m% T2
And v T j? 1 1
(1-29¢2)7  (4-m)s528 mj

1 1
Let k := m;37r%/(4 —7)326 m?,, so that the above equation becomes:

V=K (1—2w2>2
T

22
@w2+iw2—ﬁ2:o
m

22
@w(H;)_Hz:o_

The discriminant of the above quadratic equation in 1 is given by A = 4(1 + %)mz > 0.
Even though there are two solutions, the only solution retained is the one whose sign
is the same as the sign of the third empirical central moment. Indeed, if m;3 is nega-
tive/positive, 1* (and by extension p*) should also be negative/positive to capture the
negatively/positively skewed pattern of p(v;|v_;, D). Hence, using the sign(-) function:
4(/{2 + E)

™

P* = sign(mys) (29)

2 4 42
So, we have p* = ¢*//1 — (¢»*)? and plugging (29) in (28), we recover:
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¢t = \/—(1 — % (¢*>2). (30)

Finally, the location parameter is given by:

2
p=mj — €*\/; (N (31)

The skew-normal fit to the conditional p(v;|Vv_;, D) is written as follows SN;(u*, ¢*2, p*) and
can be used for the grid construction strategy.

Once a skew-normal distribution has been adjusted to the conditional p(v,|v_;, D), we
construct an equidistant grid {v;,, }}_, of size M from the 2.5th to the 97.5th quantiles of
the skew-normal fit denoted by SN 9025 and SNj o975 respectively. This process is repeated
across all dimensions j = 1,...,q and a Cartesian product of the univariate grids is taken,
ending up with a total of M? (multivariate) grid points. Next, a filtering strategy is
implemented to get rid of quadrature points associated to a small posterior mass.

Let us consider the normalized posterior R(v) = p(v|D)/p(v|D) and use the property that
—2log R(v) is approximately distributed as a chi-square distribution with dim(v) degrees

of freedom denoted by X(Qiim(v)' Then, an approximate (1 —«) credible region for v is defined

by the set of values in RY™™) such that R(v) > exp <_‘5X(2iim(v)'1fo¢)' As an illustration,

take a = 0.05 and dim(v) = 2. If we decide to concentrate on quadrature points in the
95% credible region for v, then the preceding result would suggest to discard values v in
the bivariate grid for which R(v) < exp(—.5x3,095) = .05, leaving M grid points after
filtering. Figure 1 highlights the difference between the skew-normal match and the naive
Gaussian fit to the targets p(v;|v_;, D), j = 1,2 with ¢ = 2 nonlinear smooth functions in
the additive predictor and sample size n = 300. Figure 2 shows the surface plot of R(v).

o o
— —— target - —— target
-- SN-match - SN-match
© _| e Normal—-match © 1 A == Normal—-match
(=} o
<o © _]
=} o
<~ <
=} =}
N N ]
o o
e | e :
=} =}
I I I I I I I I I I I
-3 -2 -1 0 -9.0 -8.5 -8.0 -7.5 -7.0 -6.5 -6.0
V1 v2

Figure 1: Skew-normal fit (dashed) and naive Gaussian match (dash-dotted) to the nor-
malized conditional p(vy|0e, D) (left) and p(vs|01, D) (right). The skew-normal fit is closer
to the target and captures the lack of symmetry.
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Figure 2: Surface plot of R(v) when ¢ = 2.

Finally, Figure 3 summarizes the strategy behind the grid construction. In (a), an equidis-
tant univariate grid is constructed in each dimension resulting in a cross-shaped pattern
with center v. The Cartesian product of these univariate grids is computed and shown in
(b). Following our filtering rule, we only keep a subset of the Cartesian product grid as
shown by the blue points in (c). Figure 3 (d) shows the final grid which will be used for

further inference in the additive model.

Univariate grids (a)

Cartesian product (b)
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Figure 3: Grid strategy to explore logp(v|D). (a) Equidistant univariate grid in each
dimension. (b) Cartesian product. (c) Filtering out the points. (d) Final grid used for

further inference in the additive model.
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4 Approximate posterior of the latent field

The quadrature points derived in the previous section will serve to approximate the posterior
of the latent vector & and to construct pointwise estimators and credible intervals of latent
field elements. The posterior of the latent vector can be written as:

p(€ID) :/ / (€N, 8,7[D) A ...dN, dby ...ds, dr
Ryt Ryt

= / / / p(&|A, 7, D) p(T|A, D) p(d, A\|D) dX dé dr
Rip JRL, Ry

:/Rq (/ﬂthp(ﬁ‘)\,T,'D) p(rIAD) dT) (/R (8, AID) d6> dA

++

= [ ([ v n i) i) pixim) an 3

The integral with respect to 7 results in a function of £ that corresponds to a multivariate
Student distribution with n degrees of freedom. Indeed, let us reparameterize the condi-
tional posterior of the precision as (7|A, D) ~ G (n/2, (nsx)/(2n)), with the following scalar
quantity sy =y ' ([n — B(B"B + Qg‘)*lBT) y, so that the integrand can be written as the
product of the two distributions:

dlm(ﬁ) dlm(g)

PEIAT.D) = (2m) BTB+Q*
X exp (——(5 ~&) (BT B+Q)(E-¢&))

) : T(%il) exp ( — TS—AE>,

o) = L A2

3
T
The integrand is thus given by:

P&, 7, D) p(7|A, D)
IBTB+Q2(2)7(5)" (riam .
_ flm(g ) <2> 7_( b (g),l) exp (_7_(%(& _EA)T
(27T) 2 F(E)

x(BTB+@Q) (€~ &) + g*g))

w3
w3

Let u := (% (€ - EA)T(BTB +Q2) (& - EA) + (S}JTL)(TL/Q)) and consider the integral:

/ (e ) exp(—ru) dr =T <n + d1m(£)> - e
Ryt 2

Using the above result the integral is:
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/R (€A 7. D) p(r|A. D) dr

n+4dim 1/ 2 n 3
() s (2)' (o)

(277)6““17(%(%)

(nt-dim(g))
1 " N - 2
<(5le-6) EB Q) E- &)+ 27)

F<n+d12m(5)> ’BTB—FQE‘P(%) (g)

dim(€)
(2m) 2 T (5)
. _ (ntdim(g))
San A~ \T _ ~
X (fg (1 + E(S — €>\) (n skl(BTB + QQ)) (5 — €A)>)
_ _dimQ(s) ) _ dim(§)
= dim(&)
(27T) 2 F (5)
_ (n+dim(&))
1 &\ -1(RT A p ’
X 1—1—5(5—5)\) <n Sy (B B+Q§)>(£_€A)
Note that:
% S _din;@ S 1 _%
T+ (7) 7 =[5 @)
‘ +Q| (- =) (B B+Qg) |
so that the integral is finally given by:
| #€Ixr.D) peIA D) dr
Ryt
n+dim(&)
r (=)
A A 1
()™ 2 (575 + )|
_ (n+dim(£))
—1 2

(1o te-e) (2maa) ) e-4)

The above formula is a multivariate Student distribution for £ (see Jackman, 2009, p.508)
with n degrees of freedom denoted by ¢, (é’ 2 S A) with location parameter é v = (B"B+

Qg‘)*lBTy and symmetric, positive-definite matrix Sy = (BB + Qg‘)fl. Using the
above integral result, the posterior of the latent field in (32) simplifies to:

peiD) = [t (€52) pAID) ax (3)

++

Using the log-transformation on the penalty parameters, (33) becomes:
peD) = [ 4 (6.5) p(vID) v, (34
R4
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where €, = (BTB + QY¥)"'B'y and S, = (sv/n)(B'B + Qz)fl with the scalar s, =

T (In -~ B(B™B —I—Q‘s’)*lBT) y. Let A, be the width of the jth univariate grid and
denote by Av = A, x---x A, the discretized version of dv. Using the quadrature points
from the grid strategy {v(m>}?f;1, integral (34) can be approximated as follows:

M

PEID) =Y tu (& Suen ) PVO™[D) Av. (35)

m=1

Furthermore, define the weights:

m) D) A —
o, = PVIDY AV T (36)

> P(VIM[D) Av

Dividing (35) by the denominator of w,,, one obtains a mixture of multivariate Student
distributions for the approximate posterior of the latent field:

p(&|D) = Z Wi by ( vim)s Sv(m>> : (37)

Note that w,, > 0 and Zm L Wm = 1, such that (37) is a probability density function.

Furthermore, t, (£v<m),Sv<m>) converges in law to Niim(e) (ﬁv(m>,§v<m)) as n — +oo (see
Kroese et al., 2013, p.147), so for n sufficiently large, we can write (37) as a finite mixture
of multivariate Gaussian densities:

p(&D) = Zwm Naim(e ( Eyim), v(m)) (38)

A point estimate for the latent vector is given by the posterior mean of (38) which is simply
the mixture of the location components (see Frithwirth-Schnatter, 2006):

|
M=
(S

(39)

m=1

From (7|v,D) ~ G (n/2,¢(v)), a point estimate of the precision can be obtained by com-
puting the posterior mean of the Gamma at the posterior mode v of logp(v|D), i.e

= 0.5 n (¢(v))"!. Hence, a point estimate of the standard deviation of the error is
6 7705,

4.1 Credible intervals

Approximate quantile-based credible intervals for latent field elements &,, h =1, ..., dim(§)
can be straightforwardly constructed. Starting from the joint marginal posterlor in (38),
we can write the univariate marginal posterior for element &, as:

p(&r|D) = Z wim N (fh vtm)> S v<m>> (40)
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where fh7v<m) is the hth entry of vector év(m) and S'hh,v(m is the hth entry on the diagonal
of matrix S, (m . Posterior (40) can then be used to numerically construct an approximate
(1 —a) x 100% quantile-based credible interval for &, as follows. Construct an equidistant
fine grid, say {&u 1, of width A; and evaluate the posterior at each element of that grid,
i.e. compute p(&y|D) = Z%zl wm N (Shl;éhy(m),ghh’v(m)), for i = 1,...,L. Then, find
the indices gy € {1,...,L} and g, € {1,...,L}, such that Y v p({u|D) A =~ af2
and >/ p(&u|DP) A = 1 — («/2). The resulting interval [€4q,.,, Enq,,) IS an approximate
(1 —a) x 100% quantile-based credible interval for &,.

To obtain pointwise set estimates of a smooth function f;, let {z;}{; be an equidistant
(fine) grid on the domain of f; and &, be the subvector of the latent field corresponding

to the spline vector 8; = (0;1,...,0;x-1)". Also, denote by BZT = (bj1(x1), .., b _1(x1))
the vector of B-splines in the basis evaluated at z;. The function f; at point z; is thus
modeled as f;(zi|€g,) = E;ﬁgj and from (38) the posterior of &, is approximated by the
finite mixture:

M
5(€6,|D) = Y wmn Nic1 <éoj,v(m>7 Soj,v(m) : (41)
m=1

where §9j7v(m> is a submatrix of S'V(m> corresponding to the variance-covariance matrix of & 9,
As fi(z \59]_) is a linear combination of the spline vector, a natural candidate to approximate
the following posterior p(f;(21/€g,)|D) is to use a mixture of univariate normals:

M
ﬁ(fj($l|59j)|p) = Zwm M <blT€9j,v<m>aszSaj,vm)bl)-
m=1

A quantile-based credible interval for f; at point z; can easily be computed from the above
(approximate) univariate posterior.

5 Simulation study

The performance of LPS in additive models (with cubic B-splines and a third order penalty)
is assessed through different simulation scenarios and compared with results obtained using
the gam() function of the mgev package in R (Wood, 2017), a popular and established
toolkit for estimating (generalized) additive models. Options of the gam() function are
carefully chosen so that the generated results can be meaningfully compared to these ob-
tained using our Laplace-P-spline approach. In particular, smooth terms are specified with
the gam() function using s(z, bs= “ps”, k=K, m=c(2,3)) , where z is the vector of covariate
values associated to the estimated smooth function and ps specifies a P-spline basis. The
scalar k is the basis dimension, the first entry in m = ¢(, -) refers to the order of the spline
basis (with order 2 corresponding to cubic P-splines), while the second entry refers to the
order of the difference penalty. Another chosen option in gam() is method = “REML”,
requiring an estimation of the penalty parameters A by restricted maximum likelihood.
It corresponds to an empirical Bayes approach in the sense that a Bayesian log marginal
likelihood is maximized with respect to X in a context where penalties come from Gaussian
priors on the spline coefficients (Marra and Wood, 2011; Wood et al., 2013). The optimiza-
tion method in gam is chosen to be optimizer=c(“outer”, “newton”) as it provides reliable
and stable computations.
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5.1 Simulation results for parameters in the linear part

The first set of simulations consists in S = 500 replications of a sample of size n = 300 with
three covariates in the linear part generated independently as z;; ~ Bern(0.5), 22 ~ N (0, 1)
and z;3 ~ N(0,1), for i = 1,...,n and coefficients 5y = 0.50, 5, = 1.60, B = —0.80, f5 =
0.40. The covariates for the smooth functions are independent draws from the Uniform
distribution on the domain [—1,1]. The functions of interest are partly inspired from
Antoniadis et al. (2012) and are given by:

fi(z1) = cos(2maxy),

fo(za) = 6 (0.1sin(2mzs) + 0.2 cos(2ms) + 0.3 sin®(2mz,)
+0.4 cos®(2mx2) + 0.5sin®(272)) — 0.9,

f3(w3) = 35 + 2sin(4ws) + 1.523 — 0.5.

Three noise levels are considered, namely o € {0.20,0.40,0.60}, corresponding to a high,
medium and low signal to noise ratio. Each smooth function is modeled by a linear combi-
nation of cubic B-splines with a third order penalty and K = 15 B-splines in [—1,1]. The
frequentist properties of the Bayesian estimators are measured by the bias, the empirical
standard error (ESE), the root mean square error (RMSE) and coverage probability (CP)
of the 90% and 95% (pointwise) credible intervals for the linear coefficients. Figure 4 il-
lustrates the shape of the functions fi, fo and f3 with a set of simulated data for n = 300
with medium signal to noise ratio (o = 0.40).

fa(x2)
fa(x3)

Figure 4: Ilustration of functions fi, f2, f3 (solid lines) and simulated data (n = 300)
under medium signal to noise ratio (¢ = 0.40).

The simulation results given in Table 2 show that our LPS estimation procedure exhibits
good performance for the three different noise levels. Nonsignificant biases are observed
and the estimated coverage probabilities are close to their nominal value in each setting.
Furthermore, LPS and gam() have similar results regarding the ESE and RMSE.

In Figure 5, we show the LPS estimaton of the smooth additive terms (gray curves) and
the pointwise median (dashed) curves across all replications when 50 B-splines are used for
each function. The estimated curves are close to their target on the entire domain except
on the boundaries where the estimates exhibit larger variability.
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Figure 5: Estimation of the smooth functions fi, fo and f3 for S = 500 replications (one
gray curve per dataset), sample size n = 300 and o = 0.40 using 50 B-splines for each
function. The solid (black) curve is the true function and the dashed curve is the pointwise
median of the 500 estimated curves.

5.2 Coverage of the smooth functions f;

To assess the quality of approximate pointwise credible intervals for a function f;, one can
work from a Bayesian perspective and consider a Uniform prior on the probability 7,; that
the function f; at point x,; will be contained in the constructed (1 — «) x 100% credible
interval. This is denoted by my; ~ U(0,1). In addition, let Sy, denote the number of
constructed credible intervals at z,; containing the value f;(zs;) among S datasets. The
variable Sy follows a Binomial distribution, i.e. Syym ~ Bin(S, ;). From Bayes’ rule:

p(ﬂ-ser) & P(D|7Tsj) p(ﬂ-sj)

Snum i S—snum
oc o™ (1 — mgy) :

Hence, a posteriori (74;|D) ~ Beta(l + Syum, 1 + 5 — Spum). We say that the constructed
credible interval at x; is compatible with the nominal value (1 —a) x 100% at the 99% level
provided (1—«) falls within the 0.5th and 99.5th quantiles of the Beta(1+ spum, 1+ S — Spum)
distribution. This method is equivalent to the hypothesis test Hy : my; = (1 — «) versus
Hy, : 7y # (1 — ). If (1 — a) falls within the 99% posterior credible interval for m;,
then we do not reject the null. Note also that the posterior mode of the Beta distribution
(751 D)mode = 4™ corresponds to the point estimator of the coverage probability.

Tables 3 and 4 show the coverage estimates of 90% and 95% pointwise credible intervals
for the functions fi, fo and f3 at selected points of their domain and for three different noise
levels with 50 B-splines for each function. The frequentist coverage of credible intervals are
compatible with their nominal value for all the considered noise levels for the LPS and
gam() methods.
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6 Application to Milan mortality data

In this section, the LPS methodology is illustrated on the Milan mortality data (Ruppert
et al., 2003) available in the SemiPar package on CRAN (https://CRAN.R-project.
org/package=SemiPar). The dataset contains observations on n = 3652 consecutive days
between January 1st, 1980 and December 30th, 1989 for the city of Milan in Italy for air
pollution indicators and health variables. The objective is to study how air pollution and
other meteorological indicators impact mortality using an additive partial linear model.
In that endeavor, the square root of the total number of death (Mortality) is taken to be
the response variable. Following Ruppert et al. (2003), the variable TSP measuring the
total suspended particles in ambient air enters as a linear predictor. The dichotomous
variable Holiday is an indicator of public holiday (1=public holiday; 0=otherwise) and is
also naturally added in the linear part of the model. The remaining predictors are modeled
as smooth functions, namely: the mean daily temperature in °C ( Temperature), the relative
humidity (Humidity), a measure of sulfur dioxide (SO:) in ambient air and the number
of days (Numdays) elapsed as from December 31st, 1979. Figure 6 provides a graphical
illustration for some data variables. The quantile-quantile plot of the response variable
on the top-left graph confirms that Mortality is approximately normally distributed. The
scatter plots of the response with Temperature, Humidity and SOy and the associated
locally estimated scatterplot smoothing (LOESS) fit in red suggest that the latter variables
are nonlinearly related to Mortality.

Mortality

0
Theoretical Temperature

Mortality

800

Humidity SO,

Figure 6: The Milan mortality data. Top-left: Q-Q plot of the response variable Mortality.
Top-right: Scatter plot of Mortality and Temperature. Bottom-left: Scatter plot of Mortality
across Humidity. Bottom-right: Scatter plot of the response and SOs,.
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The additive model for the mortality data is written as:

Mortality; = Bo+ 1 TSP; + By Holiday; + f1( Temperature;)
+ fo( Humidity,) + f3(SO9) + fa(Numdays) +¢;, i =1,...,n, (42)

where &; ~ N(0,0?) and smooth terms f;, j = 1,2,3 modeled with 35 cubic B-splines and
a second order penalty. The B-spline basis for a smooth term f; is defined over the domain
% mins Tjmax], 1.6. over the range of its observed values z;. Estimation results for TSP and
Holiday are summarized in Table 5. TSP has a small positive and significant effect on the
response, while Holiday has a negative and significant effect.

Parameters Estimates CI 95% sdost
b1 (TSP) 0.0006 [0.0001; 0.0010] 0.0002
B2 (Holiday) -0.1240 [-0.2342; -0.0164] 0.0558

Table 5: Estimation results for the parametric linear part of the additive model. The
second column is the parameter estimate, the third column gives the associated 95% credible
interval and the last column is the posterior standard deviation.

Figure 7 shows the estimated additive terms with approximate 95% pointwise credible
intervals. We see that the conditional impact of Temperature on the mean response is
slightly decreasing until approximately 25°C after which an explosive increase indicates
that higher temperatures are associated to an important increase in the expected number
of deaths. Humidity seems to have no significant impact on the response as it remains
stable around zero.
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Figure 7: Estimates of the nonlinear predictors with 95% pointwise credible interval.
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An increase in SO, levels from 0 to 180 is associated to an increase in average mortality.
However, further increase of the SO concentrations in ambient air seems to have negligible
impact on the mean response as the smooth estimated term remains flat with a plausible
zero value for the slope. For Numdays, we observe the seasonal pattern already reported
in Ruppert et al. (2003), i.e. average mortality fluctuates over seasons with spikes arising
during winter.

Conclusion

The core contribution of this paper is to adapt the Laplace-P-spline (LPS) methodology
for fast approximate Bayesian inference in additive models with Gaussian errors. Working
from a Bayesian perspective, we model the smooth additive terms with penalized B-splines
and impose a Gaussian prior on the latent field, which is composed of linear regression
coefficients and spline amplitudes.

After having introduced the theoretical foundations of the model, we derive the condi-
tional posterior of the latent vector and use the latter to obtain an expression of the marginal
posterior of the penalty vector. Important efforts have been invested in the derivation of
the gradient and Hessian of the log posterior of the (log-) penalty vector as it enables to
avoid numerical differentiation to obtain its posterior mode and hence accelerates the com-
putational process behind Newton-Raphson.

To efficiently explore the posterior penalty space, we develop a strategy which consists
in adjusting a skew-normal distribution to the conditional posterior of the (log-) penalty
parameters at their modal value. This method has the merit of capturing potential asym-
metries in the posterior penalty and hence allows a precise grid-based exploration. The
constructed grid is then used to compute an approximate version of the joint posterior
latent vector resulting in a finite mixture of multivariate Gaussian distributions from which
point and set estimators can be derived.

The main limitation behind a grid exploration of the posterior penalty space is an ex-
ponentially growing computational budget with the number ¢ of smooth functions in the
additive model. To alleviate the problem, a possibility is to implement a hybrid approach
that alternates between a grid for small or moderate ¢ and a classic MCMC algorithm when
q is above a certain threshold. It is also worth noting that our LPS algorithm requires a
low computational budget even though the modeling approach is fully Bayesian.
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